RATIONAL NUMBERS

4.1 INTRODUCTION

W?f know that for two given -integers m and n, their sum m + n, product m x n and the

di erenie m _t’{ a(;“e always integers. However, it may not always be possible for a given

%nteger 1;’ exactly 1v1de: another given integer. In other words, the result of division of an

integer by a non-zero integer may or may not be an integer. For example, when 9 is
o s : : 9

divided by 4, the result is not an integer. In fact —is a fraction. Thus, there is need to

extend the systerp of integers so that it may also be possible to divide any given integer by
any other given integer different from zero (because division by zero is not possible).

In this _chapter, we shall introduce the system of rational numbers. We shall also learn
comparison of rational numbers and their representation on the number line.

4.2 RATIONAL NUMBERS

In this section, we shall define rational numbers. We shall also show that every integer is a
rational number but a rational number need not be an integer.

P ; }
RATIONAL NUMBER A number of the form E or a number which can be expressed in the form
p . . .
ZI.’ where p and q are integers and g # 0, is called a rational number.

In other words, a rational number is any number that can be expressed as the quotient of
two integers with the condition that the divisor is not zero.

2 -5 -11

Each of the numbers —, —, —, — is a rational number.
3’7 -5 -9

SOME USEFUL RESULTS

Result I: Every natural number is a rational number but a rational number need not be a

natural number.
Explanation: We know that
1 1 2——2— 3= §andsoon
ST SR | '

n . _
In other words, every natural number n can be written as n.= 7, which is the quotient of

two integers. Thus, every natural number is a rational number.

Clearly, —g— ; % _etc. are rational numbers but they are not natural numbers.

Hence, every natural number is a rational number but a rational number need not be a
)

natural number.

Result II: Zero is a rational number.

Explanation: We know that the integer 0 can be written in any one of the following

forms:
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00000000 and 80 on.

R T R

In other words, 0 = ~ . where g is any non-zero integer.
q

)

—_ ; fer
I'hus, 0 can be written as - ;

.where p =0and q 1s any non-zero inte

Hence, 0 is a rational number.
a rational number need not pe

Result 1110 Every integer 1s a rational number but an
nteger,
Explanation: We kpow that
12 3 4 -1, 2 g 3
- 9 - - A= 1= -,-2= -3 =, ands
1,;].2- ],3~1.4_1andsoon.AlSO, 1 1° 1’ 1 50 on,
P PERTE ;

In other words. any integer p can be written as p = 1 which is a rational numbey,

Thus, every integer is a rational number.
-5
3
Hence. every integer is a rational number but a rational number need not be an integer.

Clearly. 2 . . etc. are rational numbers but they are not integers.

Result IV, Every fraction is a rational number but a rational number need not be
fraction

P
Explanation: Let E be any fraction. Then, p and g are natural numbers.
Since everyv natural number is an integer. Therefore, p and g are integers. Thus, the

. P . .
fraction g is the quotient of two integers such that ¢ #0.

P .
Hence, q is a rational number.
We know that —_ is a rational number but it is not a fraction because its denominator is
-5
not a natural number.

Since every mixed fraction consisting of an integer part and a fractional part can be
expressed as an improper fraction, which is quotient of two integers. Thus, every mixed
fraction is also a rational number.

Hence, every fraction is also a rational number.

P . . :
NUMERATOR AND DENOMINATOR If P rational number, then the integer p is known as 15

numerator and the integer q is called the denominator.

POSITIVE RATIONAL NUMBER A rational number is said to be positive if its numerator and
denomuinator are either both positive integers or both negative integers.

In other words, a rational number is positive, if its numerator and denominator are of the
same sign.

, 25 7 -3 N 3 —4
Fach of the rational numbers 3'9' 13’37 ‘84 positive rational number, but Al aré

not positive rational numbers.




ILLUST RATION 1 Every natural number ig a positive rational number.

Solution We know that

1 2 3
1= i,2= i,3= Iandsoon.
In other words, a

n

n= z where n and 1 are positive integers.

ny natural number n can be written as

Hence, every natural number is a positive rational number.
NEGATIVE RATIONAL NUMBER A rational number is said to be negative if its numerator and
denominator are such that one of them is positive integer and another one is a negative integer.

[n other words, a rational number is negative, if its numerator and denominator are of the
opposite signs.

-3 5 -15

Each of the rational numbers = 9" %8 is a negative rational number.

ILLUSTRATION2  Every negative integer is a negative rational number.
Solution We know that

-1 -2 -3
-1= ‘iu,—2= T,-—S: T and so on.
n .
In other words, any negative integer n can be written as n = 1 here n is negative and 1 is

positive.
Hence, every negative integer is a negative rational number.

Remark: The rational number 0 is neither positive nor negative.

EXERCISE 4.1

1. Write down the numerator of each of the following rational numbers:

, .15 v .. 8

(i) 3 (ii) o] (iii) 1 (iv) 3 (v) 5
2. Write down the denominator of each of the following rational numbers:

y = L 1 .. —15 .

(i) 5 (i) Y] (iii) o (iv) 15 (v) 0

Write down the rational number whose numerator is (-3) x 4, and whose denominator is
(34-23)x (7-4).

4. Write the following rational numbers as integers:

7 -12 34 =73 95

Write the following integers as rational numbers with denominator 1:

-15,17,85,-100

Write down the rational number whose numerator is the smallest three digit number and
denominator is the largest four digit number.

- Separate positive and negative rational numbers from the following rational numbers:

512713 (-18 95 1
~7'-5'4"-9"" -7 "116'-9

N—
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Which of the foliowing rational numbers are positive:

. -8 9 .. -19 (iv) —21
) Ei (1) 8 (1) 13 13
8. Which of the following rational numbers are negative?
-3 . =5 9 : -1 15
(1) = (1) 8 (1) 83 (iv) 197
ANSWERS
1. () -7 () 15 (m =17 (iv) 8 (v) 5
2. () 5 (n) 34 (i) —82 (iv) 1 (vi) anynon-zerointeger
= 4. 7,-12,34,-73,95 5, —i= 17 85 —100 Rk
% 33 S eI B TR T TR " 9999
tive: 2,7 718 1 12 18 -85
7. Positive: 7'4 79" egative: 5'29'116
)9 0T e B O
8. (i) 8 () 13 - (i) 7 (iti) 83

4.3 SOME USEFUL PROPERTIES OF RATIONAL NUMBERS
In chapter 2, we have learnt that if we multiply the numerator and denominator of a

fraction by the same positive integer, the value of the fraction does not change. For |

3 . 6
example, the fractions 3 and g are equal because the numerator and denominator of —

2
can be obtained by muliplying each of the numerator and denominator of 3 by 3.

2x11 22

ax11 =£ and so on.

- 83xD 3 -3 -3x(2)_ -6 -3 —3x(—-2)=£ .
4 4x(-1) -4’ 4 4%9 8§’ 4 - 4x(_9) _g andsoon.

-3 =3x(-1) -3x2 -3x(-2) d
4~ 4x(-1)  4x2  4x(-g) ardsoon.
These illustrations suggest us the following:

P . . : .
Property1 If E ts a rational number and m is a non-zero integer, then

P _pxm

g gxm
In other words, a IIational number remains unchanged, if we multiply its numerator and :
denominator by the same non-zero integer. |
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gQUIVALENT RATIONAL NUMBERS  [f q 'S rational number and m is a non-zero integer,

P m

LUV - P
then o 4 ational number equivalent to = .

. 6 9 15 -21 -36
[For example, rational numbers EE'—Z_(;——%C&—B are equivalent to the rational number 1

NOTE: I/ the denominator of a rational number is a negative integer, then by using the
above property, we can make it positive by multiplying its numerator and denomiator by —1.
! 3 3x(1) -3

F())' example, 4 (_4))((_1) - 4
We have learnt in chapter 2, that if we divide the numerator and denominator of a fraction
by a common divisor, then the value of the fraction does not change. For example,

12 12+4 3

32 32:4 8
Also,

210 2102 105 105:3 35 35:7 5

462 462+:2 231 231=3 77 77=7 11

Similarly, we have

27 _(20:3 9 (9-3 3 70 _ _70:2 _35 35 = (=7)
45  45:3 15 15-3 5 0% g4 (84):2 42 (-42)=(-D

These illustrations suggest us the following:

-5
6

P . . . . .
Property2 If E is a rational number and m is a« common divisor of p and q, then
p_p=m
qQ g+m

In other words, if we divide the numerator and denominator of a rational number by a
common divisor of both, the rational number remains unchanged.

We shall now use the above properties in expressing a given rational number in different
forms. The following examples will illustrate the same.

ILLUSTRATIVE EXAMPLES

Example1 Write each of the following rational numbers with positive denominator:

5 15 1
-7’ -28"-13
Solution In order to express a rational number with positive denominator, we

multiply its numerator and denominator by —1. Therefore,
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5 5x(—1) -5 156 16x(-1)  -16 d -17 _f-—]7)r(-]_) 17
e e = e e B e T — . a e T ee—————— .
T e 7 28 (-2B)x(-1) 28 13 (1)1 g E
-5 . . ) ;
Example2 Express 3 288 rational number with numerator:
(i) -15 (1) 10
-5 . ‘ ‘
Solution (i) In order to express g s a rational number with numerator —15 ¥
? (;

first find a number which when multiplied by -5 gives —15.
Clearly, such number is (-15) = (-5) = 3

-5
Multiplving the numerator and denominator of ) by 3, we have

-5 _(5)x3 _-15

6 6x3 18
-15

Thus, the required rational number is 18

-5
(ii) In order to express g asa rational number with numerator 10, we firg

find a number which when multiplied by -5 gives 10.
Clearly, such a numberis 10 +(-5)=-2.

-5
Multiplying the numerator and denominator of 3 by (—2), we have - ‘

-5 _(-5)x(-2) _ 10
6 6x(-2) -12

10
Thus, the required rational number is 12

—4 :
Example3 Express 5 asa rational number with denominator:

(i) 20 (1) -30

, . —4 . : :
Solution (i) In order to express 5 asa rational number with denominator 20, we
first find a number which when multiplied with 5 gives 20.
Clearly, such a number =20 +5 =4
e —4
Multiplying the numerator and denominator of 5 by 4, we have

-4 —4x4 -16
5 5x4 20

.. —4
(1) In order to express 5 as a rational number with denominator —30, W¢

first find the number which when multiplied by 5 gives —30 .
Clearly, such a number =(-30) - 5 = -6
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Multiplying the numerator and denominator of 5 by -6, we have
-4 _(-4)x(-6) 24

5 Bx(-6)  -30

gxample 4 Express o 3 arational number with denominator 5.
48 i 5 first
Solution In order to express ?0" as a rational number with denominator 5, we

find a number which gives 5 when 80 is divided by it.
Clearly, such a number = (60 + 5) = 12

-48
Dividing the numerator and denominator of —— by 12, we have
—48 —48 12 :{

60 60 12 5

gxample5 Express g3 282 rational number with denominator 3.

42
Solution In order to express g3 28 @ rational number with denominator 3, we first
find a number which gives 3 when —63 is divided by it.

Clearly, such a number = (-63) + 3 = -21

42
Dividing the numerator and denominator of —= by -21, we get

-63
42 42+(21) -2
-63 (-63)+(-21) 3
Example6 Fill in the blanks:
35 _—63

T
W 15 35 77 @ 3= =

Solution (i) Wehave, 35+ (-7)=-5

5 _ 5x(-5) _-25

-7 -Tx(-5) -35

Similarly, we have (-77) + (-7) = 11

5 _5x11 55
77 ><11 17

H S5 _-25_55
o 7735 11

(i1) We have, 35+7=5

_’I_f__ Tx5 __3_5
13~ 13x5 65

;‘
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Similarly, we have (-63) + 7= -9
7 Tx(-9)  -63

13~ 18x(-9) -117

Hence — = 30 _ 63
®NC% 13 =65 117
Example7 In each of the following, find an e

quivalent form of the rational Numbeyg
having a common denominator

.5 7 . 25 7
(1) g and 9 (ii) 36 and 17
, ; 5 [ : :
Solution (1) We have to convert 5 and 9 into equivalent rational numbers having

common denominator.

Clearly, such a denominator is the LCM of 6 and 9.
We have, 6=2x3and9=3x3

5. LCMof6and9is2x3x3=18

Now, 18 +6=3and 18 +9=2

5 5x3 15 7 Tx2 14

6 6x3 1897 0x2" 18

. . : : 15 14
Hence, given rational numbers with common denominator are — and —.

18 18
(i1) LCMof3,6and 12is 12

Als0,12+3=4,12:6=2
2 2x4 8 5 5x2 10

37 3x4 126 6% 12

Hence, the given rational numbers with common denominator are

8 10 d 7
1212 % 12
EXERCISE 4.2
1. Express each of the following as a rational number with positive denominator:
. =15 L6 L 28 19
(i) o8 (ii) 3 (iii) 1 (iv) =
3 . . ,
2. Express 5 as a rational number with numerator:
(i) 6 (i) —15 iy 21 (iv) =27
3. Expressg as a rational number with denominator:
L (i) 14 (i) 70 (ii) -28 (iv) -84
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e s a rational number wi
, £xpress 7 a moer with denominator:
() 20 (ii) 36 (i) 44 (iv) 80
2 ; .
. EXP ress ¢ as a rational number with numerator
() ~56 (if) 154 (i) —750 (iv) 500
-192 i ,
5 EXpress 08 as a rational number with numerator:
(i) 64 (i) -16 (iii) 32 (iv) —48
168

10:

11.

EXpress ooz 2 a rational number with denominator:
(i) 14 (i) ~7 (i) -49 (iv) 1470
-14
Write o) in a form so that the numerator is equal to:

(i) -2 (i) 7 (i) 42 (iv) -70
Select those rational numbers which can be written as a rational number with numerator 6:

1234567
22’3’41—5’6,7,8
Select those rational numbers which can be written as a rational number with denominator 4:

7 64 36 -16 5 140

816" 12’ 174’ 28
In each of the following, find an equivalent form of the rational number having a common
denominator:

(i) % and % (ii) %-;— and 11% (iii) g%% and %
ANSWERS
0 152_ (i '?6 il ?—? (i) :;—9
(i) 1—66 (i) %2 (i % (v) %
0=, 0o i o5 0 ==
(i) ;_2- (i) % (i) 3—2 (iv) fg%
0 ":?54% (i) 13_2% (i) %%% (iv) %%
() jG::_G' i) % D) :%’ ) _34?8'
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5 -8 4 28 . -840
7)) 12 (ii) - (iil) 9 ™ 1270
1 2 3 -6
] 7 42 . =70 e
8 0 + (i) — (i) =% ™ 55 % 22°3'%'7
10, 7,84 36 5 140
8716 —12' 4" g
9 5 8 14 11 120 63 108 __ 160
1. —and— ) = Zag iy —,—,—and—
(i 5 e () 12,12and12 (i) 168168168 " 168

4.4 LOWEST FORM OF A RATIONAL NUMBER

DEFINITION A rational number 2 is said to be in the lowest form or simplest form if D and

q have no common factor other than 1.

In other words, a rational number = is said to be in the lowest form, if the HCF of pandg
is 1,ie., p and q are relatively prime,

The rational number % Is in the lowestlfé)rm, because 2 and 7 have no common factor other
than 1. However, the rational number 20 is not in the lowest form, because 4 is a common
factor to both numerator and denominator,

Every rational number can be put in the lowest form using the following steps:

STEP1 Obtain the rational number ;1]2 (say).

STEPII Find the HCF of p and q.

STEP II1 Ifm =1, then g is in lowest form.

p+m
q+m

STEPIV Ifm #1, then

18 the lowest form of {Il
Following examples will illustrate the above procedure.,

ILLUSTRATIVE EXAMPLES

Example1 Find whether the following rational numbers are in the lowest form or not.

17 (i) 24
W 79 390
Solution (1) We observe that 17 and 79 have no common factor, i.e., their HQF is 1.

17 .
Therefore, g isin the lowest form.

(ii) We have,
24:2x2x2><3and320=2x2x2x2x2x2><5
Thus, HCF of 24 and 320is 2x2x 2= 8.

24 .
Therefore, 320 1s not in the lowest form.
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Exﬂmplez Express each of the following rational numbers to the lowest form.

N ... =60 -24 91

(1 <= (1) = (iii) —— ' —

| 16 72 1) 38 (iv) “364

SOIUHOU (1) We have,

12=2x2x3and 16=2x2x2x2
HCFof12and 16is2x 2 = 4.

12
So, 16 is not in lowest form.

Dividing numerator and denominator by 4, we have

[y
(@]
p—
[=2]
|
BN

3 . 12
— 1s the lowest form of —

4 16~
(11) We have,
60=2x2x3x5and72=2x2x2x3x3

HCF of 60 and 721s 2x2x3 =12
5 % . -60
Dividing numerator and denominator of ET) by 12, we have
-60 -60+12 -5

72 7 7212 6

-5 . -60
Hence, Iy is the lowest form of T
(111) We have,
24=2x2x2x3and36=2x2x3x3

HCF of24and 36i1s2x2x3=12

-24
Dividing numerator and denominator of 36 by 12, we have

24 -24+12 -2
36 -36+12 -3

E% is the lowest form of :—g:
(iv) We have,
91=7Tx13and364=2x2x7x13
HCF 0f 91 and 364 is 13 x 7=91.

Dividing numerator and denominator by 91, we have
91 9191 1
-364 -364+91 -4

91
Hence, 1 is the lowest form of 364

B —
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Example3 Fill in the blanks:

90 6 ...
165 ... -55
Solution Here, 90 =2x3x3x5and 165 =3x5x 11

HCF of 90 and 165 18 15.
90

So, ——- is not in lowest form.
165

Dividing numerator and denominator by 15, we get

90 90:15 6

165 165+15 11
. 90 6
Thus, the rational number 165 0 the lowest form equals i
Now, (-6)+6=-1
6 6x-1 -6
I 11x-1 -11
Similarly, we have (-55) + 11 = -5

6 6x-5 30
11 " 11x—5 55
H .9_0_—i_l32
N 165 11 85

EXERCISE 4.3
1. Determine whether the following rational numbers are in the lowest formor not:

. 65 .. —15 .. 24 .. —56
O &4 0 3 ) 12 W 5
2. Express each of the following rational numbers to the lowest form:
g y i 1% v 2
) 5 ) Tg0 W) 28 W g5
3. Fillinthe blanks:
-5 .. .. -4 12
07 %2 W T
6 _-12_24 i) 223
(i) =5 = ' 11 55
ANSWERS
2 =1 . 33 .4
1. (i), (i) 2. (i) T (i) & (iif Z107 (iv) 7

3. () -25-35 (i) 8 27 (i) 26,-52  (iv) -22,-15
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4.5 STANDARD FORM OF A RATIONAL NUMBER
pEFINITION A rational numbper £
q

413

18 said to be in the standard form if q is positive, and the
integers P and q have no common divisor other than 1

[n order to EXPress a given rational number in the standard form, we follow the following
St.t‘pS:

Obtain the rational number.,

STEP ] See whether the denominator of the rational number is positive or not. If it is

ncgatw_e, multiply or divide numerator and denominator both by -1 so that the
denominator becomes positiv

e.

STEPIIL Find the greatest common divisor (GCD) of the absolute values of the
numerator and the denominator.

STEPIV Divide the numerator and denominator of the given rational number by the

GCD (HCF) obtained in step III. The rational number so obtained is the
standard form of the given rational number-
The following examples will illustrate the above procedure.

ILLUSTRATIVE EXAMPLES

Example1 Express each of the following rational numbers in the standard form:
., —8 oy —12 ey 14 . -16
(1) 28 (i) 30 (ii1) T (iv) 56

Solution (1) The denominator of the rational number 3

58 is positive. In order to

express it in the standard form, we divide its numerator and

denominator by the greatest common divisor of 8 and 28.
The greatest common divisor of 8 and 28 is 4.

Dividing the numerator and denominator of =} by 4, we have
-8 (8)+4 -2

28 928-4 T

. =2
Thus, the standard form of o8 18 7

-12
(i1) The denominator of the rational number 30 is negative. So, we first

make it positive.

12

Multiplying the numerator and denominator of 30

-12 _(-12)x(-1) _12
—30 (-30)x(-1) 30
The greatest common divisor of 12 and 30 is 6.

by -1, we have

. 12
Dividing the numerator and denominator of 30 by 6, we get
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1" 12+6 _ 2
30 30 +6 5 .
Hence, the standard form of :5-6 is g .

14 : : 2 s
(ii1) The denominator of ) 1s negative. So, we first make it positive,

14
Multiplying the numerator and denominator of 19 by -1, we have |
14  14x(-1D -14
49 (49x(-1) 49

The greatest common divisor of 14 and 49 is 7.

14
Dividing the numerator and denominator of Ty by 7, we have
14 _(-14)+7 -2
—49 49 =7 7

14 @ -2
Hence, the standard form of TR 7
-16 . ..
(iv) The denominator of -—5 5 is negative. So, we first make 1t positive.

-16 |
Multiplying the numerator and denominator of 56 by -1, we have
—16 _ (-16)x(-1) _ 16 i i
—56  (-56)x(-1) 56 |

The greatest common divisor of 16 and 56 is 8.

16
Dividing the numerator and denominator of 56 by 8, we get
16 16+ 16+8 _2
56 56 8 7

-16 2
Hence, the standard form of 56 is —

7
al numbers in the standard form:

Example2 Express each one of the following ration

M) -247 (i) 299
YV Toog W 61
—-247
Solution (i) The denominator of

223 is negative. So, we first make it positive.

—247
Multiplying the numerator and denominator of

t
998 by -1, we ge

—247 _ (247 x(-1) _ 247
228 (—228)x(—-1) 228

Now, we find the greatest common divisor of 247 and 228 by division
method as follows:



(i1)

2
10

2
(V) _99_

(i)

4.15
. .
12 228 247 1
-228 - 228
| 0 19

Clearly, the greatest common divisor of 228 and 247 is the last divisor 19-

. 7
Dividing the numerator and denominator of =— by 19, we get

228

247 247+19 13
228 228+19 12

-247 | 13
is —.

-228 12

Hence, the standard form of

is negative. So, we rirst make it positive.

The d inat
enominator of 161

299
Multiplying the numerator and denominator of 161

by -1, we have

299 _ 299x(-1) _ -299

-161 (-161)x(-1) 161

Now, we find the greatest common divisor of 299 and 161 by division
method:

1 161 299 1
-138 -161

23 138 6
—-138
0

Clearly, the greatest common divisor of 299 and 161 is the last divisor
equal to 23.

—-299
161 by 23, we get

Dividing the numerator and denominator of

299 _ (-299)+23 _-13

161 161 + 23 7
H the standard fi f i
ence, the standard rorm o 161 1S 7
EXERCISE 4.4
1. Write each of the following rational numbers in the standard form:
-8 4 15
(ii) 36 (iii) 16 (iv) Y
. —63 n Lo —195
(vi) ~510 (vii) 119 (viii) 275

-161



Mathematics for Clasg J F
I}

4.16
ANSWERS
-2 =1 .3 -13 . 3
10 M5 )G ™ 7 N AT
— -39
(vii) _7'i (viii) 55

4.6 EQUALITY OF RATIONAL NUMBERS

In section 4.3, we have learnt that a rational number remains unchanged if we multiply

divide its numerator and denominator by the same non-zero integer. It follows from this thar
a rational number can be written in several equivalent forms. Two rational numbers are Saié !
to be equivalent if one can be obtained from the other either by multiplying or by dividing it E
numerator and denominator by the same non-zero integer. Now, a very natural QHEStios ’
arises: “Given two rational numbers, how to test whether they are equal?”. There are map ‘
methods to test the equality of two rational numbers. In this section, we shall discuss Val‘iou‘:

methods to test the equality of two rational numbers. 5

METHODI

In order to test the equality of two rational numbers, we express both the rationg |
numbers in the standard form. If they have the same standard form they are equal

otherwise they are not equal.

8 =50
ILLUSTRATION 1 Are the rational numbers 12 and ETE equal?
Solution First we express the given rational numbers in the standard form.
We have,
8 8 x(-1)

12 C12)x (-1 [Multiplying the numerator and denominator by -1]

8 =B
12 12
8 (-8)+4 Dividing the numerator and denominator by ]
= 12 12-4 the greatest common divisor of 8 and 12 i.e. 4
.
— 12 3
-50 (-50)+25 Dividing the numerator and denominator by }
and, 75 75 :95 the greatest common divisor of 50 and 75 1.e. 25'
-50 -2
=~ 75 3

Clearly, the given rational numbers have the same standard form.

8 _.=50
“12 75
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" sTRAT[ON 2 Are the rational numbers . andﬁ equal?
IL

golution

METHODII

28 -49
In order to test the equality of the given rational numbers, we first express
them in the standard form.

We have,
. }
-8 (-8)+4 Dividing the numerator and denommaié()lj bY4 J
98 928+ 4 the greatest common divisor of 8 and 28 1.e.
8 _-2
= 28 7
28 28 x(-1) ;
R © 1y d denominator by —1]
and, —0 = "o 1) [Multiplying the numerator and de
2 -
= 49 49
28 _ (-28)+7 Dividing the numerator and denominator by ]
=49 (49)+7 the greatest common divisor of 28 and 491.e. 7
28 4
= 49 T

Clearly, the standard forms of two rational numbers are not same.

Hence, — is not equal to 19

In this method, denominators of the given rational numbers are made equal by using the
following steps:

STEP1
STEP 1T

Obtain the two numbers.

Multiply the numerator and denominator of the first number by the denominator
of the second number.

Multiply the numerator and denominator of the second number by the denomi-
nator of the first number.
Check the numerators of the two numbers obtained in steps II and III. If their

numerators are equal, then the given rational numbers are equal, otherwise they
are not equal.

—4 16
"-LUSTRATION 3 Are the rational numbers — and —— equal?

Solution

6 -24
e . -4
Multiplying the numerator and denominator of 3 by the denominator of

YR by —24, we have
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4 -dx(-24) 96

6 6x(-24) -144

16
Multiplying the numerator and denominator of

Y by the denominat, of

8 1.e. by 6, we have

16 _ 16x6 _ 96

-24 (29)x6  -144
Clearly, the numerators of the above obtained rational numbers are equa],
Hence, the given rational numbers are equal.

-15
ILLUSTRATION 4 Show that the rational numbers 35 and —: are not equal.

: -15
Solution Multiplying the numerator and denominator of —

s 35 by the denominatoyr of
% 1.e. -6, we get

-15 _ (-15)x(-6) _ 90

35 35x(-6) 210

4
Multiplying the numerator and denominator of — by the denominator of
-15

35 L€ 35, we get

4 4x35 _ 140
-6 —6x35 -210

90 140
We find that the numerators of rational numbers

910 and o1
unequal. Hence, the given rational numbers are unequal.
METHOD llI

a ¢
In this method, to test the equality of two rational numbers A and —, we use the

following result:

a
E o axd=bxe

QU

< Numerator of first x Denominator of second

= Numerator of second x Denominator of first

ILLUSTRATION 5 Which of the following pairs of rational numbers are equal?
-7 3

; .. =8 13
(i) 51 and 5 (ii) 14 and 91
. . . =7 3
Solution (i) The given rational numbers are 1 and =
We have,

Numerator of first x Denominator of second = (=7) x (-9) = 63

and, Numerator of second x Denominator of first = 3 x 21 = 63.

s
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De
. a i Nominator of first
-9
1 r[\he 1 1
(i) glven rationg] Numbers gre -8 and =
We have, T o

Numerator of first
X Dellominat
and, Numerator of secon or of second = -8 x 21 = _168

Clearly, d X Denominator of first =13 x (-14) = -182

Nu;Inerator of first x Denominator of second
# Numerator of seconq x Denominator of first,

- 13
H —_— _—
ence, 11 ? 91"
-5 x
ILLUSTRATION 6 If 7 28’ find the value of x.
a
Sotion  We know that % = 2 if ad = be,
D_x
7 28

= —5x28:7)(x

= Tx=-140
T7x -140 ; .
= =TT [Dividing both sides by 7]

= x=-20

P

[s'

In order to write ——5 as a rational number with denominator 28, we first find a

number which when multiplied with 7 gives 28.
Clearly, such a number is 28 + 7=4.

-5
Multiplying the numerator and denominator of —- by 4, we have

—5_—5x4__—_gg
7 Tx4 28
5 x 20 _* =20
7 T8 28 28
_3

"LUSTRATION 7 Fill in the blank: 5 = 18 |
ank, we have to express -3 as a rational number

Soli | 1 |
It’ I‘° th d - 481 For this, we first find an integer which
i enominator. b f
multiplied with 8 gives us 48. ch when
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Yy
Clearly, such an integer is 48 - 8 =6
-3
Multiplying the numerator and denominator of ry by 6, we have
-3 -3x6 -18
8 8x6 48
Hence, the required number is ~18.
EXERCISE 4.5
1. Which of the following rational numbers are equal?
. -9 8 .. =16 20 N 4 3 -8 13
) — and — (i) — and == (i) — and — i —_ -
(i) 2 s @ =5 . (i) =3 - (iv) T14 2nd o
2. If each of the following pairs represents a pair of equivalent rational numbers, find the valyg
of x. 8
2 5 .. =3 x 3 x 13 -65
(i) zana — () — and — i = and —— [ — —
3and — - 2 (iii) c Ton (iv) - and -
3. Ineach of the following, fill in the blanks so as to make the statement true:

() A number which can be expressed in the form E, where p and q are integers ang qis
q

notequalto zero, iscalleda .....
(i) If the integers p and g have no common divisor other than 1 and g is positive, then the |

rational number —2 issaidto beinthe ....

(i) Two rational numbers are said to be equal, if they have the same .... form.
(iv) If mis a common divisor of aand b, then

E _a-=m
b
(v) If pand gare positive integers, then g isa...... rational numberand ©_isa...... rational
-q

number.
(vi) The standard formof—1is...

(vii) If £is a rational number, then gcannotbe ....
(viii) Tw% rational numbers with different numerators are equal, if their numerators are in the |
same .... as their denominators.
4. Ineach of the following state if the statement is true (T) or false (F):
(i) The quotient of two integers is always an integer.
(i) Everyintegeris a rational number.
(iii) Every rational number is an integer.
(iv) Every fractionis a rational number.
(v) Every rational number is a fraction.
arm
b»m

. a
(vi) If g— is a rational number and many integer, then '
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(vii) Two rational numbers with different numerators cannot be equal.
(viii) 8 can be written as a rational number with any integer as denominator.

(ix) 8can be written as a rational number with any integer as numerator.

2. 4
Zisequalto —,

ANSWERS
. 15 -1
1. (i), (iii) 2. (i) > (i) ~7—2 (iiy —15 (iv) —30
3. () rationalnumber (i) standard form orlowestform (jii) standard (iv) b+m
(v) positive, negative (vi) .—1_ (vii) zero (vil) ratio
L4 0F (i) T (iii) F iv) T v) F (vi) F
(vii) F (viii) F (ix) F x) T

4.7 REPRESENTATION OF RATIONAL NUMBERS ON THE NUMBER LINE

In Class VI, we have learnt how to represent integers on the number line. To repr.esent
the integers on the number line, we draw a line and mark a point ‘O’ on it corresponding to

the number ‘zero’ starting from O, we mark on it points at equal distances on right as well
as on left of O. Let A, B, C, D, etc. be the points of division on the right of O and

A',B,C',D’, etc. be the points of division on the left of O as shown in Fig. 1. If we take
OA =1 unit, then points A, B, C, D, etc. represent the integers 1, 2, 3, 4, etc respectively
and the points A’, B',C’, D', etc. represent the integers -1 , -2 , —3, —4, etc. respectively.

4 3 =2 4 0 1 2 3 4

D C B A O A B C D
Fig.1
The point O represents integer 0.

Clearly, every positive integer lies to the right of O and every negative integer lies to the

4l left of 0.

Rational numbers can also be represented on the number line in the same way.

In order to represent rational numbers on the number line, we draw a line and mark a
point O on it to represent the rational number zero. The positive rational numbers will be
represented by points on the line lying to the right of O and negative rational numbers
k. will be represented by points on the line lying to the left of O. If we mark a point A on the

line to the right of O to represent 1, then OA =1 unit. Similarly, if we choose a point A" on
the line to the left of O to represent —1, then OA’ =1 unit.

: 1
Now, suppose we wish to represent the rational number 5 on the number line. For this,

we divide the segment OA into two equal parts. Let P be the mid-point of segment OA .

1
Then Op = PA = 3 Since O represents 0 and, A represents 1, therefore P represents the

. 1
rational number 5 as shown in Fig 2.

‘M



we divide the segment OA' into three equal parts. Let @ and R be the points dividing

1 ..

-1 -2 )
A’ represents -1. Therefore, @ and R represent — and — respectively.

The following illustrations will illustrate the representation of more rational numb
the number line.

3 3

€rs on

5 -5 _
ILLUSTRATION 1 Represent — and 3 on the number line.

Solution

3

5 -5 .
In order to represent 3 and 3 on the number line, we first draw a numbeyp

line and mark a point O on it to represent zero. Now, we find the points P and |

Q on the number line representing the positive integers 5 and -5 respectively
as shown in Fig. 3.

T 8 & 0 & & 5
@ b ¢ o A B P

Fig.3
Now, divide the segment OP into three equal parts. Let A and B be the points

of division so that OA = AB = BP. By construction, OA is one-third of OP,

5
Therefore, A represents the rational number 3

Point @ represents -5 on the number line. Now, divide OQ into three equal
parts OC, CD and DQ. The point C is such that OC is one third of 0OQ. Since @

-5
represents the number —5. Therefore, C represents the rational number —.

3

8 -8
ILLUSTRATION 2 Represent 5 and 5 on the number line.

Solution

-8
To represent 5 and 5 on the number line, draw a number line and mark 2

point O on it to represent zero. Now, mark two points P and @ representing

integers 8 and -8 respectively on the number line. Divide the segment oP
mto five equal parts. Let A, B, C, D be the points of division so that
OA = AB = BC = CD = DP. By construction, OA is one-fifth of OP. So, A

8
represents the rational number 5

Mathematics for Cla ss
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4 23 -1 0 12 1
A R Q@ O P A
Fig. 2
; - i h ;
Similarly, if we want to represent the rational numbers 3 and 3 on the numbey lule,
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umbers
I

W—«—'r

Fig.4
Now, Q represents -8 on the number line. Divide OQ into five equal parts
OA’,A’B’, BC',C'D’ and D'Q. Since Q represents —8. Therefore, A’

represents the rational number :58-

8 COMPARISON OF RATIONAL NUMBERS

previous classes, we have learnt how to compare two integers and also two
s. We know that every positive integer is greater than zero and every negative

4
In the

-action :
if;teger is less than zero. Also, every positive integer is greater than every negative
integer- Similar to the comparison of integers, we have the following facts about the

comparison of rational numbers

(i) Every positive rational number is greater than 0.
(ii) Every negative rational number is less than 0.
(iii) Every positive rational number is greater than every negative rational number.
(iv) Every rational number represented by a point on the number line is greater than
every rational number represented by points on its left.
(v) Every rational number represented by a point on the number line is less than every
rational number represented by points on its right.
In order to compare any two rational numbers, we can use the following steps:

STEPI Obtain the given rational numbers.

STEPIL Write the given rational numbers so that their denominators are positive.

STEPIIL Find the LCM of the positive denominators of the rational numbers obtained
in step I1.

STEPIV Express each rational number (obtained in step II) with the LCM (obtained in

step III) as common denominator.

TEPV Compare the numerators of rational numbers obtained in step IV. The number
having greater numerator is the greater rational number.

Follwoing examples will illustrate the above procedure.

ILLUSTRATIVE EXAMPLES

3 -2
Example1 Which of the two rational numbers 5 and 3 is greater?
: 3 -2
Solution Clearly, 5 is a positive rational number and 3 is a negative rational

number. We know that every positive rational number is greater than every

negative rational number.

3_ -2
—_— >_
5 3
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5 3, ?
< et eater?
Example 2 Which of the two rational numbers 7 and 5 s gr

: are positi
Solution Clearly, denominators of the given ratlonall n%mé)sr‘SN ; firsfexpr‘ése' The
denominators are 7 and 5. The LCM of 7 an'd 51is 35. So, S eﬂch |
rational number with 35 as common denominator.

S_5x5_25 3 3x7 2l

—_—Te— = _—

7 7x5 35 7CF 5x7 35
Now, we compare the numerators of these rational numbers.

25521 = 25,21 5.3
N S 5
-4 5
Example 3 Which of the two rational numbers —- and —; isgreater?
Solution First we write each one of the given rational numbers with positive denomi-

nator,
-4 ; S |
Clearly, denominator of ~g s positive. The denominator of 717 1S negatiye

So, we express it with positive denominator as follows:

5 __5x(1) -5

-2 C1)x(C) 12
Now, LCM of denominators 9 and 12 is 36.
We write the rationa] numbers so that they have a common denominator 35
as follows:
A _-Ax4 -6 4 2_.5x3_ 15
9 9x4 36 M T3 T3
-15 -16 -5 4 5 -4
- - —>_" —> —_—s =
15>-16 = 36736 T 1279 7 37

-7 5 2
Example 4 Arrange the rational numbers 10’ g’ Z3 inascending order:

Solution We first write the given rational numbers sg that their denominators are

positive.

We have, Z—M
SED 5 p a) S
-8 -8x(-1) 8 -3 3x(1) 3

Thus, the given rationa] numbers with positive denomiantors are

-7 -5 -2

107873

Now, LCM of the denominators 10,8 and 3 is 2 2x5x2x3=120

We now write the numbers so that they have a commgp denominators 120 as
follows:

T_ZTx12_ -84 5 5x15 75 4 2_-2x40_-80
100 10x12 120" 8~ gx15 120 and. 3 3x40 120



»
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Comparing the numerators of these numbers, we get
-84 <-80<-75

-84 80 -75 7 _o
—_— < — ; "‘5 —7 2 5
120 120 120 " 10°3 "8 T 10" 3 8

gxample 5 Arrange the following rational numbers in descending order:

Solution

R e A
9’6 -127 -24

First we express the given rational numbers in the form so that their denomi-
nators are positive.

We have,

-7 _ (Dx (1)
12 (-12)x(-D)

[Multiplying the numerator and denominator by —1]

T _7
= 12 12
11 11x(-1)
and, o4 (C24)x (1) [Multiplying the numerator and denominator by —1]
-1 _-11
= 24 24
4 -5 7 -11
Th ’ 1 ti t Y Y ea? o
us, given rational numbers are 9’6 12 24
Now, we find the LCM of 9, 6, 12 and 24. 3 9 ¢ 12 24
2/ 3 2 4 8
Required LCM =3x2x2x3x2=T2. 2 3 1 2 4
3 1 1 2

We now write the rational numbers so that they have a common denominator
72.

We have,
4 4x8 . .
ry “ 9x8 [Multiplying the numerator and denominator by 72 +9 =8|
L4
9 72
-5 -5x12 o p
5 " 6x12 [Multiplying the numerator and denominator by 72 + 6=12]
X
_, 560
6 72
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. 1x8 iplyi inator by 72 + 1
THE] [Multiplying the numerator and denominator by 72 + 19 -
12 12x6
7 42
= — = o2
12 72
-11  -11x3 _ .
o4 od-a iplyi nd denominator by 72 + 24 -
04 24x3 (Multiplying the numerator a 3
L, -l -3
24 72 . .
A“'a“ging the numerators of these rational numbers in descending order, We
have
42>32>-33>-60
42 32 33 60 7 4 11 5

—_—>=>

>—> > — _—
2772772 72 T 1279 24 6
Hence, the given numbers when arranged in descending order are:
T4 5
-12°9° 24 6

4.8.1 SOME USEFUL PROPERTIES OF RATIONAL NUMBERS

We have learnt that every rational number different from zero is either positive or
negative. So, we have the following properties of rational numbers:

Property1  For each rational number x, exactly one of the following is true:

(i) x>0 (i) x=0 (i) x<0
As we have seen in the previous section that every pair of rational numbers can be
compared. So, we have the following properties:

Property2  For any two rational numbers x and ¥, exactly one of the following is true:

(1) x>y (i) x=y (L) x<y
Property3  Ifx, y, z be rational numbers such that x > yandy >z, then x > 2.

EXERCISE 4.6
1. Draw the number line and represent the following rational numbers on it:
L2 .3 R . =5
(i) 3 (ii) 4 (iii) 8 (iv) 5
-3 . =7 L 22 L =31
(v) I (vi) 3 (vii) = (viii) 3
2. Which of the two rational numbers in each of the following pairs of rational numbers is greater?
=3 L0 3 .. -7 5
(i) ?,0 (ii) > ,0 (iii) TERT (iv) %' 8
4 -3 . =5 3 . 9 -3 I

3. Which of the two rational numbers in each of the following pairs of rational numbers i
smaller?

7 16 .. —4 8 . -12
(i) %E (ii) j5-,3 (iii) 37 (iv) —5——,—3
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: i gillin the blanks by the correct symbol outof>, =, or<:
' -5 7 -5
Sl L) B ER L —_— Hh _.2 5 -
i =7 13 (i) = 5 (i) 38 (iv) O _52-
. (range the following ranonal numbers in ascending order:

| - I —
() 5°230" 1510 i) 553783

ge the following rational numbers in descendung order:
76436 51_@ -3 17 7 -1

Il
() g'16' 12 4" 28 0 30 =30 =15" 20

7. Which of the following statements are true:

) 29
(i) The rational number 23 lies to the left of zero on the number line.

g. Aman

. -12
The rational number 17 lies to the left of zero on the number line.

(ii)
. 3 )
(iif) The rational number 2 lies to the right of zero on the number line

. -12 -7
(iv) The rational numbers = and 17 areon the opposite side of zero on the number line.

. =21 7
(v) The rational numbers —— 5 and Y] are on the opposite side of zero on the number line.

. -3 . -4
(vi) The rational number s is on the right of = on the number line.

7

ANSWERS
.9 .3 =7 -3 -5
2 )0 (ii) 2 (i) ] (iv) 2 (v) = (vi) r
.5 =7 . .16 . =4 )
(vii) ry (viii) 2 3. (i) 13 (ii) i (iii) l (iv) -3
4. () < (i) > (i) < (iv) >
i 8 -17 3 2 -4 5 7
5. e . e & e — i P P AP G
0 70" =15 30 "5 ) 3“9 12" -18
140 64 7 5 -3 7 -11 17
6. - P > >
0 %5 "6 8 4 -12" 10 -5 20~ -30
7. i) F (i) F (m) T (iv) T (v) F (viy T
OBJECTIVE TYPE QUESTIONS
Mark the correct alternative in each of the following:
1, 4. .
77 Instandard form s
4 44
(a) he (b) 4 (6) ~= (d) None of these

2.

102
11g in standard form is




[\

10.

11.

12.

13.

14,

Sy / / B e -

v
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6 6 (dy MNone of these
(8) -3 (b) ; () ~57 :
A rational number equal o ,,2 IS
- 10 10 -9 (d) None of these
( — e — )
aj 25 (b) - 15 (C) 6
. 3 %
- M 7 js-th&n ¥ -
(@) 15 (b) 21 (c) -15 (d) -21
- Which of the following is correct?
5 - 3 5 -3 2 P -8 A -9
(@ g~ 3 (b) 575 ) —3° 7 d —3- 77
. Wthe rational numbers 32 and -3 represent a pair of equivalent rational numbers, then
(a) 6 (b) -6 (c) 3 (d -3
. What is the additive identity element in the set of whole numbers?
(a) O (b) 1 (c) -1 (d) None of these
. What is the multiplicative identity element in the set of whole numbers?
(a) O (b) 1 (c) -1 (d) None of these
. Which of the following is not zero?
0 7-7
(a) 0x0 (b) 3 () —5— (d) 9+0
The whole number nearestto 457 and divisible by 11 is
(a) 450 (b) 451 (c) 460 (d) 462
3 X . :
if - 8 and —,, are equivalentrational numbers, then x -
(a) 3 (b) 6 (c) 9 (d) 12

ar . . .
If —45 is expressed as arational number with denominator 5, then the numerator is

(a) 3 (b) -3 (c) 6 (d) -6
Which of the following pairs of rational numbers are on the opposite sides of the zero on the
number line?

3 -5 3

3 5 -5
(a) g and > (b) - 7 and 12 (c) 7 and 12 (d) None of these

2
The rational number equalto —; is

14 -8
(8) —1g (b) 5 (c) 1 (d) :3—2
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(a) -8 (b) 4 (©) -4 d) 8
ANSWERS

1. (b) 2. (a) 3. (b) 4. (c) 5. (a) 6. (b) 7. (a)

8. (b) 9 (d)  10.()  1M.(c) 12.(b) 13.(c) 14 (b)

15. (a)
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=25

12.
13

14.
15.
16.

10.

THINGS TO REMEMBER

Numbers that can be expressed in the form p , where q is a non-zero integer and p is any integer
q

are called rational numbers.
Every integer is a rational number but a rational number need not be an integer.
Every fraction is a rational number but a fraction need not be a rational number.

A rational number p is said to be in the standard form if q is a positive integer and the integers

p .
— have no common divisor other than 1.

A rational number g- is positive, if p and q are either both positive or both negative.

A rational number g is negative, if p and q are of opposite signs.

Two rational numbers are equal if they have the same standard form.
To convert a rational number to an equivalent rational number, either multiply or divide both its

numerator and denominator by a non-zero integer.
X xXxm

X
If — is a rational number and m is any non-zero integer, then
y y yxm

X
If — is a rational number and m is a common divisor of x and y, then

x
y ¥+

X =m
= m

X
. If x and y are positive integers, then the rational numbers ; and _—y are both positive and the

—X x
rational numbers y and = are both negative.

a_c
~ == onlywhenaxd=>bxc

b a

If there are two rational numbers with common denominator, then one with the larger numerator is

largerthan the other.
Every positive rational number is greater than zero.

Every negative rational number is less than zero.
The rational numbers can be represented on the number line.
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