COMPLEX NUMBERS |

12.1 INTRODUCTION

If a, b are natural numbers such that a2 > b, then the equation x + a =b is not solvable in N, the set
of natural numbers i.e. there is no natural number satisfying the equation x + a =b.So, the set of
natural numbers is extended to form the set I of integers in which every equation of the form
x+a=b;abeN is solvable. But, equations of the form xa=b, where a,b e, a= 0 are not
solvable in I also. Therefore, the set I of integers is extended to obtain the set Q of all rational
numbers in which every equation of the form xa=b,a# 0, a,b €1 is uniquely solvable. The
equations of the form x? =2, x? = 3etc. are not solvable in Q because there is no rational number
whose square is 2. Such numbers are known as irrational numbers. The set Q of all rational
numbers is extended to obtain the set R which includes both rational and irrational numbers.
This set is known as the set of real numbers. The equations of the form x? +1=0, x* + 4 =0etc.
are not solvable in R i.e. there is no real number whose square is a negative real number. Euler
was the first mathematician to introduce the symbol i (iota) for the square root of - 1 i.e. a solution of
x? +1 =0 with the property i* = —1. He also called this symbol as the imaginary unit.

12.2 INTEGRAL POWERS OF IOTA (i)
Positive integral powers ofi: We have, i = /-1
; 2 =21, =Pxi=-i, it =(@®2 =(-1? =1

In order to compute i" for 1 >4, we divide n by 4 and obtain the remainder . Let m be the

quotient when n is divided by 4. Then,
n=4dm+r, where0<r<4 = {* =¥m+7 = @47 ="
Thus, the value of " forn >4 isi’, where r is the remainder when n is divided by 4.

Negative integral powers of i : By the law of indices, we have

3
S i EeTh .3 P, T | 1 S L < g L |
1 =E—=—=1 ==1, 1 =—=—:—1’t =—F=—=I,1 _—=—=1
Ifn>4,theni ™" = lﬂ = %,whereristhe remainder when 1 is divided by 4

1 4
NOTE 9 is defined as 1.
The above discussion suggests the following algorithm to find integral exponents of i.

ALGORITHM
To find the value of i" for n € Z, we may follow the following steps.

Stepl  Ifn=0, then writei” =1.
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Stepll  Ifn>0, then

it b =l
-1, if n=2
if=! -4, if n=3
1, if n=4
L i, if n>4, wherer is the remainder when n is divided by 4
Step Il  Ifn <0, then n =—m, wherem > 0.
o L L
i
r2=—12-=i=-1, if n=-2
i -1
n ssdnl Jpditoute Sug it
it=y 3 C=mRopsl if n=-3

1'_4=—1~=l=1, if n=-4
4 1

e 4—1’? =—, wherer is the remainder when m is divided by 4, if n<-4.

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE1 Evaluate the following:
(i) i1 (i) i? (iii) i77%? (iv) (- —D¥"* 3 neN

SOLUTION (i) 135 leaves remainder as 3 when it is divided by 4. Therefore, 135 _3 ~

19 =8 =i,

(i) The remainder is 3 when 19 is divided by 4. Therefore,

(iii) We have, 999 _1 / " On dividing 999 by 4, we obtain 3 as the remainder. Therefore,
" = i3 Hence, 9 = e o E

1
1999 i3 a4 1

(iv) Wehave, (-=D*"* 3 = (-p*"* 3=(-9*" (-9® = (DY (%) =1x - =

EXAMPLE 2 Show that:
2 2
25 34
) {519 +(1) } (ii) {f” -[1] } D
1 i
(iv) i" +i"* 14" 2 4"+ 3 20, foralineN.

(i) {:’13 +G]24}3
s of i et

1

=i

Il
|
=

Il
o

= [Fi+iPPP =(-i-)? =4i*=-4

341 2 2 2 2
o o ol

24+2i41==1+2i+1=2i

I
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(iii) {518 +G)24}3 = {ilg + %}3 =(i2 * %Ja = (-1+1)% =0

n+ 1 vn+2+in+3 . 3

. . . i & zio¥ e :
(iv) i +i +1i =it +i"xi+i"xi% +i" xi

Mriei? #iH=i" 1 4i-1-d= 0 =0

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

13
EXAMPLE3 Evaluate T (" +** '), whereneN. [NCERT EXEMPLAR]
n=1

13 4 n+1 13 A F . 13 n . s S .13
SOLUTION X (*+# )= Z i+ =(+1) = S =({+1)(F+i*+i+...+i%)

n=1 n=1 n=1
13 _ -
=G+ xi| =21 =@+ (’-—1)=(—1+0 b B2
i-1 i-1
EXAMPLE4 Evaluatel+i% +i* +1%+  +i%"

SOLUTION Let S=1+i%+i*+i%+...+i?". Then

S=1+2 + ()2 +()3+...+ ()"

1
2+ 1 2+ 1 '—(1—1)=0,ifnlsodd
o S=1{1_(I )n }=1—(l ) :%{1_(_1)H+1}=

2
1= Laal %(1+1):1,ifniseven
1
EXAMPLE5 For apositive integer n, find the value of (1 —i)" [1 —1] : [NCERT EXEMPLAR]
i

1 1
SOLUTION (1 -i)" (1 "TJ =(1-H" (1 +)* [ —= —:‘}

i i

=(A-D @+ =1 =) =(1 +1)" =2"
EXERCISE 12.1

BASIC
1. Evaluate the following:
(i) 57 (ii) 28 (i) iv) %7 + L
1-58 1-67
1 9
) (:‘41 + .257] (i) (77 + 770+ +i*14)3 (vid) 130 + 40 460
1

(viii) i + %8 4+ 89 4 4110
2. Show that1 + i +i20 4+ ;%0 is 4 real number.

3. Find the values of the following expressions:
(1) 729 + 58 4 789, 110 (ii) 130 4 80 4 {120
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(iid) i +i2 +i° +i* (iv) 2 +i10 +i15
592 . 590 , 588 , 586 , 584
1 +1 +1 +1 +1 F o T A S W Y .20
(v) (V) 1+ +i° +i° +i° +...+i
1582 _H-SBO +i578 + 1576 +f574
(vii) (1+7)° +(1-7)3 [NCERT EXEMPLAR]

ANSWERS

1.3) i )1 (i) -1 (v)2i (v)0 (vi) -8 (vil) 1 (viii) 2i
3.6) 2 @)1 (@O0 (v)-1 -1 (i)l (vii) —2-10i
12.3 IMAGINARY QUANTITIES

The square root of a negative real number is called an imaginary quantity or an imaginary
number.

For example, /-3, /-4, ,/-9/4 etc. are imaginary quantities.
THEOREM Ifa, b are positive real numbers, then J-ax. -b=- Jab.
PROOF We have,

J-a = J-1xa =ﬁx Ja=ia and, J-b = \/-1xb =\/jx Vb =ib

J=ax [=b =(iJa) (i Vb) =i% (Va x vb) = -1 (Jab) =—ab
NOTE 1 For any two real numbers a x b =ab is true only when at least one of a and b is either
positive or zero. In other words, \Ja x b =~/ab is not valid if a and b both are negative.

NOTE2 For any positive real number a, we have \[-a = /-1xa /-1 x Ja =ia.

ILLUSTRATION 1 Compute the following:

(i) J-144 (ii) \/——ZXE (i) y~25+3/-4+2,-9

SOLUTION (i) /-144 =/-1x 144 = [-1 x /144 =12i

(i) JIXE=(21)(§21]=3;'2=—3

(i) J-25+3/-4+2,-9=5i+6i+6i=17i

ILLUSTRATION 2 A student writes the formula Jab =~a \/b. Then he substitutesa =-1andb = -1

and finds 1 = —1. Explain where is he wrong?

SOLUTION Since a and b both are negative. Therefore, Jab cannot be written as va '\/E . In fact,

for a and b both negative, we have +a Vb = - ab.

ILLUSTRATION 3 I8 the following computation correct? If not give the correct computation:
‘W2 =3 = (-2).(-3) = V6"

SOLUTION The said computation is not correct, because — 2 and - 3 both are negative and

ab =+/a /b is true when at least one of a and b is positive or zero. The correct computation is

(=2 ({=3) = (i¥2)(iV3) = V6 = - V6

12.4 COMPLEX NUMBERS

COMPLEX NUMBER Ifa, b are two real numbers, then a number of the form a + ib is called a complex
nunber.
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For example, 7 +2i,-1+7,3-2i,0+ 2i,1+ 0ietc. are complex numbers.

Real and imaginary parts of a complex number: Ifz = a + ib is a complex number, then ‘a’ is called the real
part of z and *b’ is known as the imaginary part of z. The real part of z is denoted by Re (z) and the
imaginary part by Im (z).

If z=3-4i,thenRe(z) =3 andIm (z) =— 4.

Purely real and purely imaginary complex numbers: A complex number z is purely real if its imaginary
part is zero i.e. Im (z) = 0 and purely imaginary if its real part is zero i.e. Re (z) = 0.

Set of complex numbers: The set of all complex numbers is denoted by C i.e.C ={a+ib:a,b € R}.

Since a real number ‘a’ can be written as a + 0i. Therefore, every real number is a complex
number. Hence, R — C, where R is the set of all real numbers.

12.5 EQUALITY OF COMPLEX NUMBERS
DEFINITION  Two complex numbers z; = ay +iby and zy =ay +1ib, are equal if a) = ap and by =b,.
i.e. Re (z1) = Re (zp) and Im (zq) = Im (z,).
Thus, z;=2zp < Re(z;) =Re(z) and Im (z;) =Im (zp).
ILLUSTRATION 1 Ifz; =2 —iyandzy =x + 3iare equal, find x and y.
SOLUTION We have,
21=2) = 2-iy=x+3i = 2=xand-y=3 =>x=2andy=-3.
ILLUSTRATION 2 If(a+b)—i(3a+2b) =5+ 2i, find aand b.
SOLUTION We have,
(a+b)-i(3a+2h)=5+2i= a+b=5and—(3a+2b)=2 =a=-12,b=17

12.6 ADDITION OF COMPLEX NUMBERS

DEFINITION Letz; =ay +iby and z; =a, +1b, be two complex numbers. Then their sum zq + z, is
defined as the complex number (aq + a,) +i(by + by).

It follows from this definition that the sum z; + 2, is a complex number such that
Re(z; +2p) = Re(zy) + Re(zp) and, Im (27 +zp) =Im (z1) + Im (z;)
For example, Ifzqy =2 + 3iandz, =3 -2 thenz); +2y =(2+ 3)+(3-2)i=5+i
12.6.1 PROPERTIES OF ADDITION OF COMPLEX NUMBERS
(i) Addition is Commutative: For any two complex numbers z and z,
2+ =5+
PROOF Letz; =aq +iby,zy =ap +iby, where ay, @, and by, b, are real numbers. Then,

Z1+2p = (@ + ap) +i(by +by) [By definition of addition]
= (ay + 1) +i(by +1by) [By commutativity of addition of real numbers]
=2 +2 [By definition of addition]

Thus, Zy+2y = 2zp+z forall z;,2z eC.

Hence, addition of complex number is commutative.

(ii) Addition is Associative: For any three complex numberszy, z,, z3

(zq +29) +23 =21 + (25 +23)
PROOE Letzy =a; +iby,z; =a, +iby and z3 =a; +ibs3, where ay, ap, a3 and by, by, b4 are real
numbers. Then,
(z1 +23) +23 = [(ag + ap) +i(by +bp)]+ (a3 +iby) [ By definition of addition]

= [(ay + ap) + ag]+i[(by +by) +b3] [By definition of addition]
= [(ay + (ay + ag)] +i[by + (by +b3)]  [By associativity of addition on R]
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I

(ay +iby) +[(ap + a3) +i(by +b3)] [By definition of addition]
zq +(zp +23) [By definition of addition]

1l

Thus, (21 + 22) +2Z3 =2 T (22 -+ 23) for all 21/29,23 eC.
Hence, addition of complex numbers is associative.

(iii) Existence of Additive Identity: The complex number 0 =0 + i 0 is the identity element for addition

ie.z+0=z=0+zforallzeC.

PROOF Letz=a +ib be an arbitrary complex number. Then,
z+0 = (a+ib)+(0+i0) = (a+0)+i(b+0) = a+ib

and, 0+z = (0+i0)+(a+ib) = (0+a)+i(0+b) = a+ib

Thus, z+0 =z =0+zforallzeC

Hence, the complex number 0 =0 +i 0 is the identity element for addition.

I
Il
N

Il
3]

1]

(iv) Existence of Additive Inverse: For any complex numberz = a +1ib, there exists —z =(—a) + {-b)
such that z+(-z)=0=(-2) +z
PROOF Letz =a +ibbe an arbitrary complex number. Then, —z =(-a) +i (-b) is also a complex
number such that

z+(=2) = (@a+ib)+{(-a) +i(-b)}= la+(-a} +ip+(-b)} = 0+i0 =0
and (=2)+z={(—a) +i(=D)} + (a+ib) ={(-a) + al +i{(-b) +b} =0+i0=0.
Thus, for each complex numberz =a + i b, there exists a complex number —z =(-a) + i (- b) such
thatz+(-2)=0=(-2z) +z
The complex number -z is called the additive inverse of z.

12.7 SUBTRACTION OF COMPLEX NUMBERS

DEFINITION Letzq =ay +ibyandz, = ay + ib, be two complex numbers. Then the subtraction of z; from
zy is denoted by 2y —z, and is defined as the addition of z) and —z,.

Thus, I —Zp =2+ (—22) =(Hl + Ibl) + (— ar —sz) = ((Il —32) +i(bl —bz)
For example, Ifz;y = —2 + 3i and z; =4 +5i, then
21-2 = (—2+3)+(-4-5)) =(-2-4)+i(3-5)=-6-2i

12.8 MULTIPLICATION OF COMPLEX NUMBERS
Let z; =ay +iby and zy =ay +iby be two complex numbers. Then the multiplication of zy with z is
denoted by zy z, and is defined as the complex number (ay ay —by by) +i(ay by + a by).
Thus, zyzyp = (ap +iby)(ay +iby)
= (@1 Gy —by by) +i(a; by + ay by)
= [Re(z;) Re(zy) —Im(z;) Im(z5)] + i [Re(zq) Im(z;) + Re(zp) Im(z4)]
For example, Ifz; = 3 + 2i and 2z, =2 — 3, then
212y = (3+2)(2-3)=(3x2-2x(-3)) +i(3x-3+2x2)=12-5(
(a1 +1bq) (ap +iby) as given below:
(ay +iDy) (ay +iby) = ay @y +iag by +iby ay +i2 by by
(aq @y —bq by) +i(ay by + ap by) [ 2 =-1]

1]

12.8.1 PROPERTIES OF MULTIPLICATION

(i) Multiplication is commutative: For any two complex numbers zy and z
B
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PROOF Letz; =aj +ib;andz, =a, +1ib,, where ay, ap, and by, b, are real numbers. Then,
212y = (ay+iby) (ay +iby) = (ay ay —by by) +i(ay by +ap by)
and, zpz; = (ap +iby) (ay +iby) =(ap ay —by by) +i(by ay + by a7)
= (a7 ay —by by) +i(a; by + a; by)  [By commutativity of mult. of real numbers]
i % =7
Thus, z;z; = zpz) forallz;, z; eC.
Hence, the multiplication of complex numbers is commutative on C.
(ii) Multiplication is associative: For any three complex numbers zq,z;, 23
(2127) 23 =21 (25 23)
PROOF Letzy =ay +iby,z; =a, +iby and z3 =a3 +ibg be any three complex numbers. Then,
(z1 2p) 23 = {(a] +iby) (ay +iby)} (a5 +ibs)
= {(ay ay —bq by) +i(ay by + ap by)} (a3 +ib3)
= {(ay ay —bq by) az —(ay by + ap by) b3} +i{(ay ay —by by)bg + (a3 by + ay by) a3}
= {ay (ay a3 —by b3) —by (ag by + ag by)} +1i{by (ay a3 —by b3) +ag (a3 by +ap b3))
(ay +1bq) {(ag a3 —by b3) +i(ay by + a3 by)}
71 (2 23)
Thus, (212p)2z3 = zq(zz3) forallzy, zp,z3 €C.

Il

Hence, multiplication is associative on C.
(iii) Existence of identity element for multiplication: The complex number 1=1+i0 is the identity
element for multiplication i.e. for every complex numberz, z-1 =z =1-z.
PROOF Letz=a+ib. Then,
z-1=(a+ib) (1 +i0)= (ax1-bx0)+i(ax0+1xb)=a+ib.
Similarly, we obtain1-z =z
Thus, z-1=z=1.z, forallzeC.
Hence, 1=1 + 0iis the multiplicative identity in C.
(iv) Existence of multiplicative inverse: Corresponding to every non-zero complex number z=a +ib
there exists a complex number zy = x + iy such thatz .z; =1 =z; - z.
PROOF Clearly,

z:zq4 =1
= (@a+ib) (x +iy) =1 +i0 = (ax —by) +i(ay +bx) =1+i0 = ax-by=1 and ay +bx=0.
Solving these two equations, we obtain:x=—~a——~, y=——b— [-a=0,b=0]
2= b a® +b2

Thus, every non-zero complex number z = a + i b possesses multiplicative inverse given by

a o -b
a% + b2 a% +b*

NOTE The multiplicative inverse of z is denoted by 27! or, L
z

ILLUSTRATION  Find the multiplicative inverse ofz = 3 — 2i.
SOLUTION Using the above formula, we obtain
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P 3 LG ) SBIN2
32 +(- 2)2 32 +(_2)2 131 113
(v) Multiplication of complex numbers is distributive over addition of complex numbers : For any three
complex numbersz,, z;, z3
() z1(zp +23)=212p +2123 (Left distributivity)
() (z3 +23)z1 =221 +237 (Right distributivity)

PROOF Let zy=ay+iby,zp=a, +iby andzy =az +ib3.Then,
71 (zp +23) = (ay +iby) (ap + ag) +i(by +b3))
= [y (ap +a3) —by (by + b3l +ilay (by +b3)) + by (ay + az))
[(a1a9 —byby) +i(aby + agbq)] + [(aqa3 —bib3) +i(ahy + asby)]
212y + 2123

Il

Similarly, it can be established that (z; + z3) z; =252y +2z32;.

12.9 DIVISION OF COMPLEX NUMBERS
The division of a complex numberzy by a non-zero complex number z, is defined as the multiplication of zy
by the multiplicative inverse of z, and is denoted by a
!
Th Z -1 { 1 }
us, — =2Z1Zy =Z14—
e 2

Let21 =a1 +Ib1 and22 =dy +ib2.Then,

A (“1“"’1){ 2a2b2+i (2—b2b)2 [ v zsarib = - Zabz+ ;(—bz:z
%) ay +b3 ay +b;y Z a+ a°+
= e P e a§+b;b2 +i| 22 b21 _alzbz [By definition of multiplication]
Z a; +by a;y +b;y
For example, Ifz; =2 + 3iandz, =1+ 2, then
Bl g (e Bt i L 2 (3+9)+f(—3+§J il
Zp Z 1+2i Rt 5 BiTM5 5115 5 5

12.10 CONJUGATE OF A COMPLEX NUMBER

DEFINITION Letz =a +ib be a complex number. Then the conjugate of z is denoted by Z and is equal to
a—ib.

Thus, z =a+ib=zZ=a-ib

1t follows from this definition that the conjugate of a complex number is obtained by replacing i
by —i. For example, ifz=3 + 4, thenz =3 -41.

12.10.1 PROPERTIES OF CONJUGATE

THEOREM  Ifz, zq, zp are complex numbers, then

(i) (Z) =z (i) z+zZ=2Re(2) (ifi) z-2 =2iIm(2)
(iv) z=2z < z is purely real (v) z+z =0= zis purely imaginary
(vi) zZ =[Re@}? + Im @)? (vii) 2y +25 =2, + 2 (viii) 2y ~25 =2, 25

., Z | &
(ix) 212y =212y (x) A1 ==-‘l 2y ¥ 0.
) 2



COMPLEX NUMBERS 12.9

PROOF Letz=a+ib,z;=a;+ibjandz; =a, +ib,.
() z=a+ib = z=a-ib=Z)=(a—-ib)=a+ib=(T) =z
(i) z+z=(a+ib)+(a—ib)=2a=2Re(z)
(ili) z-zZ=(a+ib)—(a—ib)=2ib=2ilm (2)
(iv) z=Z @ a+ib=a-ib ©2ib=0 < b=0 < Im(z) =0 = zis purely real
(v) z+z=0={a+ib)+(a—-ib) =0 2a=0<« a=0< Re(z) =0 <> zis purely imaginary
(vi) zZ = (a+ib) (a —ib) =a® + b2 =[Re (2} + Im (2))?

(vii) Wehave,z; +z, = (a4 +ap) +i(by +by)

Z1+2Zy = (ﬂl =k ﬂz) —1i (bl o bz) =(ﬂ1 —ibl) + (a2 —sz) = (ﬂl 2 Ibl) + (ﬂz + lbz) = Z—l + 2_2
(viii) Wehave, zy -2z, = (a7 —ap) +i(b; —bp)
Z1—2Zy = (ﬂl —ﬂz) -1 (bl —bz) = (ﬂl —lb-i) —(ﬂz —lbz) = (HI +lb-1) —(ﬂz ars ibz) = Zq )

(IX) We have, Zydg = (ﬂl G Ibl) (HZ + Ibz) :(ﬂl ) —bl bz) =+ l(ﬂl bz + 1y bl)
114y = (al ) —bl bz) —i (al bz =k %) bl) = (ﬂl —Ibl) (a2 —ibz) =Z_1 2_2

(X) Wehave Z_]. . ﬂl+ibl = Hlﬂ2+b1b2 & azbl—albz
22 ﬂ'2+ib2 ﬂ%"‘b% ﬂ%+b§

ﬂl 612+b1 bz . ﬂz bl‘“l bz ...(i)
a%-i—bzz a%+b§
- a ” b a1 0, +b bz . ﬂzbl—ﬂlb2 2
:(ul—tbl){ 5 .sz'i'l 5 zbz}z[ 1 ;— bé J_{ 22 ... (id)
ayisridorll iah s ay +0; az +0)

From (i) and (ii), we obtain: (z—l} i
2] 2

o L
Now, —L =% x
)

1

S

12.11 MODULUS OF A COMPLEX NUMBER

DEFINITION The modulus of a complex number z =a +1ib is denoted by| z| and is defined as
2] = a2 +b% = [Re(@)? + {im ()2

Clearly, |z| 20 forall zeC.

For example, If z; = 3 -4i,zy =—5+ 2iand z3 =1 + /-3, then

|21] = /3% +(=4)2 =5, |2, | =/(=5)% + 22 =29 and, | z3| =[1 +i V3| =41% + (v3)? =2.

REMARK In the set C of all complex numbers, the order relation is not defined. As such zq >z, or,
zq <2y has no meaning but| z1 | >| z5 |or,| z1 | <| z; | has got .ts meaning as| z; |and| z, | are real numbers.

12.11.1 PROPERTIES OF MODULUS
THEOREM Ifz,zy,zy €C, then

(i) |z]|=0<z=0ie. Re(z) =Im(z) =0 () |z|=|z| =] -=|
(iii) —|z| <Re(z) <|z|; —|z| <Im (2) <|z| (iv) zZ =|z|?
W) 1z12] =l 2111z ) 2 =|'2’|; 2 %0

(vii) |z +:42|2 =|zl|2-z-|zg_|2 +2Re(21§;) (viii) |z —z2[2 =|z |2+|32|2—2 Re(zlz_z)
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7 2 2 2
) |21 + 2% +] % -2 =z[|z1|2+|zzl ]

(x) |az —bz2|2+|bzl+a22|2=(a2+b2)(|zl|2 +|22|2J' wherea, b € R.
[NCERT EXEMPLAR]
PROOF Letz=aga+ib. Then,
(i) |z]| =0 < > +b? =0 a*+b%>=0 < a=0 and b=0 & Re(z) =Im(z) =0
(ii) Letz=a+ib. Then, Z=a-ib and —z=-a—ib.
|z|=\}a2+b2,|f|=\/a2+(—b)2 =\/a2+b2 and, |—z|=\/(—a)2+(—b)2= % +b?
Clearly, |z| = |Z| = | -z|
(iii) Letz=a+ib. Then, | z| = /a* + b?.
Clearly,—1ﬂaz+b2 < a < ya® +b? ar\d—\/a2 +b% <b s1/a2 +b?

= —|z| <Re(z) £|z| and -|z|<Im(z)<|z|
(iv) Letz=a+ib. Then, z =a—ib.

2
zZ =(a+ib) (a—-ib) = a®> % b? = a® +b% = {1/a2+b2} = |z

v) Letz; =ay +ib; and z; =a, +ib,, where ay, a, and by, b, are real numbers. Then,
212y = (a1 +1bq) (2y +iby) = (aqap —by by) +i(ay by + ap by)
= lz12,] = J(‘H ay =by bp)? + (ay by + ay by)* = \{“% a5 + b1 b3 +af b3 + a3 b

= \a? (aZ +b2) +b2 (a3 +b2) = (@} +b3) (a2 +bD) = \Ja? +bT .\[a? + b3

=zl z|
(vi) Letz, =aq +iby and zp =4, +ib,, where ay, a, and by, b, are real numbers. Then,

. z1xl=(ﬂ1+ib1){ zaz 7 +i ) ]= {G1ﬂ2+b1b2J+i[a2b1—a1b2J

Zy Zy ay + bz [I% + b% ﬂ% + b% ﬂ% + b%

a% + b% a% + b% (a% + b%)2

a%a%+b%b22+a%b%+a12b22 - (a%+b%)(a‘22+b§') . a12+bi2

\/ (a% +b22)2 N \j (a% +b§')2 & \/a% +b§
y 1}:{% +bi’2 s Lﬂl
\/ag-l-b% 5 |2 |

2 2
[ﬂl [25) +b1b2J +[ﬂ2 bl—alsz 2 \/(ﬂ'l ap +b1b2)2+(a2b1—a1b2)2
e

(vii) Clearly,

2 TN, T 2

|z1 +29|° = (21 +20) (2 +29) [+ zZ=|z]]
= (Zl +22) (ZI +Z_2) ['.' Z1+2y =Z_1 +Z_2]

=N+ B+ D+ Y [By distributivity of multiplication]

=zl +15 +z212 + @1 3) [+ (@12) =2 () =712 =2 24]

= |z |* +|z > +2 Re(z129) [+ z+Z =2Re(2)]
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(viii) Clearly,

|z -2 = (7 ~2)) (21 —2)) [ 28 =]a[®]
|= (21 ~2) (21 —2) [v21+2 = 2 -2]
=221 +2 2 212y 2 71 [By distributivity of multiplication]
=z +z% [ -212 (1 2) [+ (12) = 21 () = 21 2]

=z +|2|* ~2 Re(z2)
(ix) Using (vii) and (viii), we get
lzp+2 > +lz1—2 1> = |21 P +]| 2 |* + 2 Re (21 1) +|2|* +122|* 2 Re (21 25)
= 2(|z > +| )

(x)|az;-bz 1> = (azy —-bz)(az; —bzy)

(azg —bz)(az) -bz))

212 —(az)) b ) -~ (b ) (azy) + b 2 7,

a2 |2y [* —ab (212 +24%) + 0% | 2 |

az|2:1|2—|ab(zlz_2+(zlz_2))-i-bz|22|2

I

a? |z |2 - ab {2 Re(z) 25)} + b | 2 |* [+ 212, + (21 2p) =2 Re(z; 2]

a% |z > -2 ab Re (21 25) + b? | z, |2
Similarly, we obtain
|bzl+a22|2 = bz|21|2 +a? |22|2 +2ab Re(z )

|azy —bz|* +|bz +az |

a2|zl|2~2ab Re(zla)+b2|22]2+b2|zl|2+a2]zz|2+2ab Re (z; ;)

]

|21 |2 (a2 +b2) +| 2 |* @2 + 2?)
- @ +1)|af +1P)

12.12 RECIPROCAL OF A COMPLEX NUMBER

Letz =a + ib be a non-zero complex number. Then,

RN Multiplying numerator and denominator
a+ib  a+ib ¥ a—ib by conjugate of denominator
a—ib a—ib .l i(-b)

a® -2 p? 2 +b: @ +bh® P +h?

N|R, N =

a—ib z
Clearly, = is equal to the multiplicative inverse of z. Also, AL i,
2 2 2
z zZ g +b" |z|
Thus, the multiplicative inverse of a non-zero complex number z is same as its reciprocal and is given by
Re(z) .(-Im(z) z
R it
|| |z] ||
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ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

Typel EXPRESSING A COMPLEX NUMBER IN THE STANDARD FORM a + ib
In order to express a complex number in the standard form, we may follow the following

algorithm.
ALGORITHM
+1 ; -
Step I Write the complex number in the form L IZ by using fundamental operations of addition,
+1

subtraction and multiplication.
Stepll  Multiply the numerator and denominator by the conjugate of the denominator.

EXAMPLE 1  Express the following in the form a + ib :

1. 152
(i) (-5i) (E zj [NCERT] (i) (~1) (24) [‘g rJ [NCERT]
(iii) (57) [—g ij [NCERT] (iv) © +i2?
(v) i~% [NCERT] (vi) (1 -9)* [NCERT]
SOLUTION (i) (-50[%:’]:-%;‘2 :—%x =1 =%=%+ 0i

3 z
G (=3 (21)(—1{] =gy L om Lol lop B a1
8 512° " 256 256 256 256

(iii) (5:)[-3:‘) ol e o m o a i

(v) P+iP=H2i+@ 4 =i+i¥=i-i=0=0+0i

(v) 3 =hH10-i-0+14
2
wvi) (@-i* ={(1— 1)2} =(1-2i+i2)2 =(1-2-1)% =(-2i)2 =4 =—4=—4+0i

EXAMPLE 2  Express each of the following in the form a + ib:
() 37 +7)+i(7 +70) [NCERT] (i) (1 -9 — (-1 + 61) [NCERT]
’
(i) (1 + = i) —[4 5 i] [NCERTI] (iv) {Ll + 7 z'] + (4 + L z}} —(— Ay i} [NCERTI]
5 5 2 3 3 3 3
SOLUTION (i) 3(7 +7i) +i(7 +70) =21 +21i+7i +7i2 =21 +21i+7i -7 =14 + 28
(ii) (1-)—-(-1+6)=1—i+1-6i=2-7i

& (e e s s
5 b 2 b a8 N2 5 10

o {33l G

[13 4) (8 ] = l7 = B,
=|l—+=|+|=-1]|i=—+—=i
8 3 LS 3 3



COMPLEX NUMBERS 12.13

EXAMPLE3  Express each of the following in the form a + ib:

= 3
6) [ + 31] [NCERT] (ii) (_ 2 _% I-) [NCERT]
(i) (5-3)%  [NCERT] (iv) (=3 +v22) (23 -

3 3
SOLUTION (i) (l + Sij ={l) +(31)3 + 3>< X 31[ + 31] = = + 375 31[ + 31J
3 3 3 3 27 3

o Lol s pe et e g 202 g
27 27 77

3 3
(i) [—2—31'] =(42)3+[—1i] +3x72xfli(7241i]=fsflz +21[ 2—11)
3 3 3 3 27 3

=-8+Lz—41——2—z —8-4-1—1—41 2 —EE—HJZI'
27 3 27 3 3 27

(iii) (5313 =53 + (= 3)% + 3x 25x — 3i + 3x 5 x (= 3)2=125+27i - 225135 =10 —198
(i) (-3 +~2)(2V3 -)) = (-3 +i2) (23 —1) =— 6+ V3i + 2J6i — /2 i2
=—6+(V3+2V6)i+ 2 =(2 - 6) + (3 + 2/6) i

EXAMPLE4 Express each one of the following in the standard form a + ib.

| . 5+ di o [l
V3 a W e
. (3-2)(2+ 39) 1 . 1 3 3+ 4i
™ @ 2@y i =243 (VI)(1—2i+1+i}[2—4i}
L 1 .« (3+i5)(3-i+5)
(vii) 1-cos 0+ 2isin 0 e J-+J—1) (3 =i~2) [INCERT]
SOLUTION (i) 1 = X3+41= 3+41=3+4i=i+ii

3-4 3-4 3+4 9_162 9+16 25 25
5+4i 5+4i 4—51‘_(20+2O)+i(16—25)_40—9i_@_ii

(i) == = =
445 4+5i 4-5i 16 — 25i% 41 41 41

i) A+0?  1+2i+% 21 20 3+i 6i+2% -2+6i s
3-i 3-i 3-i 3-i 3+i 9-42 10 5 5

(3-2)(2+3) _ (6+6)+i(-4+9) _12+5i _12+5i 4-3i
1+2)(2-1) (2+2)+i(4-1) 4+3i 4+3i 4-3i
(48+15)+i(-36+20) 63 16,

16 -9 25 25
) 1 i el Lokl =2=i4B <B-idB 2 48,
eB 8 SRR 1 =2Hia8  —0=iNd - d_aR 7 7
) 1 3 [3+41) 1+i+3-6i 3+4z 4 5i 3+4z’_(12+20)+z’(16ﬂ15)
1-2 1+i\2-4) (1+2)+i(2+1) 2-4 B8-i 2-4 (6-8)+i(-2-12)
32+i _ 32+i 2+14i _(64-14) +i(2+448) _50+450i 1 9.

(iv)

T2-14i 2-14i 2+148 4-196 72 T a0 4 4
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(vi) 1 - 1 N 1-cos0@—2isin 6
1-cos6+2isin 0 1-cosO+2isin® 1-cosB-2isin 6
~ 1-cosH-2isin®  1-cosB-2isin O
T (l-cosB)? -4 sin28 (1-cos®)?+4sin2 0
N 1—-cos B—2isin 6 _ 1-cosB-2isin B
_1~2c058+c0526+4sin26_2—2c058+3sin29
___( 1—-cos6 }+r’[ —2sin 0 ]
2—2cose+3sinze 2-2cos0+3sin? 0
o (3+i5)(3-i+5) — B x —B) +i(3x =5 + 345)
R - T N - S P
(9+5)+zx0 14 7 =7, AT

TR TR A A

EXAMPLES  Prove that the following complex numbers are purely real:
o [ 2480 ) [ 2=8i o [ B2 3-2

(1) ; . (i) s ;
3+4i)(3-4 2-3 24 3

2+31’J[2—3i} (2+3)(2-3) _4- 9% 13

SPET] | CT —, which is purely real.

SOLUTION (i
® { (3+4)(3- 41) 9 —16i% 25

) 3+2i) (8-2) _3+2 2+3 3-2 2-3i_ (3+21)(2+31) ,(3-2)(2-3)
2-3i 2+ 3i 2-3 243 243 2-3 4-9i2 492
Sl R 0, which is purely real.
13 13
EXAMPLE 6 Express(1 - 24)2 in the standard form a + ib.
goremey -2t =t o L USRS vt b
(1-2i) 1—8i° —6i +12i 1+8—6i-12 —-11 + 2
el SRl e e e S )
C-11+2i -11-2i 0 (-11)2 - (232 125 125 125
EXAMPLE7  Perform the suitable operations to express the result in the form a +ib.
2= =25 3-4/=16
() —— (ii)
e =15 T
SOLUTION We have,
8 2-J-25 _2-5i_2-5 1+4i_ (2+20)+i(8-5) _2+3i _2 3.
1-C16 1-8 1-4 1+4 1162 17 oo 17
n 3--16 34 3-4i 1+3i (3+12)+i(-4+9) 15 5. 3 1,
(i) = : = +—i=—d—i
=20 15 128 Tew 1-9i LT T

z
EXAMPLES Ifzy, 2o arel —i, — 2 + 4i, respectively, find Im( 1 2}
1

z12p _ (1-D(-2+4) (-2+4)+i2+4) _ 2+6i
Z {1=9 1+i 144

SOLUTION
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_ 2+61x:11;1=(2+6)+1(6f2) IR
1+i 1-i 1+1

Type II ON EQUALITY OF COMPLEX NUMBERS
Recall that two complex numbers z; and z, are equal iff Re (z1) = Re(zp) and Im(z;) =Im(2;).
EXAMPLE9  Find the real values of x and y, if

(i) (3x-7)+2iy=—5y+ (G +x)i i Q-Hx+A+)y=1-3i
(iii) (x +iy) (2-3) =4 +i (iv) x_l. hE .
3+i 3-i

SOLUTION (i) We have

(3x-7)+2iy=-5y+(B+x)i
= 3x—7=-5yand 2y =5+x=> 3x+5y=7 and x-2y=-5 =>x=-1,y=2.
(ii) We have,

A-Dx+(1+)y=1-3i
= (x++i(-x+y)=1-31 = x+y=1 and-x+y=-3= x=2,y=-1
(iii) We have,

(x+iy) (2-3)=4+i

= (2x+ 3y) +i(-3x+2y)=4+i=> 2x+3y=4 and -3x+2y=1= x = %y = %
(iv) We have,

x= =1

=i

Bl 3:=1
= (x—1)(3—z)+(y—1)(3+1):i:>(3x+3y—6)+:(y~x) o

(3+1)(3-1) 9 -i?
= (3x+3y—6]+i(y—xJ=0_H_:>___3x+3y—6 = 0and L-2=1
10 10 10 10
= x+y-2 =0andy-x=10=x = -4, y = 6.
EXAMPLE 10 Find real values of x and y for which the following equalities hold:
i) 1+9) yz +(6+1)=(2+1)x (i) (x4 + 2xi) —(3x2 +1y) =(3 =51) + (1 + 2iy)

SOLUTION (i) We have,

(1+1)y2+(6+1)=(2+1)x = (y2+6)+i(y2+1) = 2x +ix
= y2 +6=2x (1) and, yz +1=x ...(ii)
From (i) and (ii), we get

y2+6=2(y2+1) :>y2=4:y=12
Substituting y = + 2in (ii), we get ¥ =5.Thus, x =5and y =2 or, x =5and y = -2
(i) We have,

(x* + 2xi) —(3x% +iy) =(3 =5i) + (1 + 2iy)
= (x* - 3x2) +i(2x —y) = 4+i(2y -5)
= x*-3x% = 4 and, 2x-y = 2y -5 [On equating real and imaginary parts]

= xt-3x2-4 =0, 2x-3y+5 =0
Now, x4—3x2—4=O:>(x2—4)(x2+1)=0 = 2 -4 =0>x =+2
Putting x =+ 2in 2x - 3y +5 =0, we get
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y =3 whenx =2 and y =1/3 when x = -2
Thus, x=2andy=3o0r, x=-2and y=1/3.

EXAMPLE 11 [fa-&ib:c—ﬂ_,wherecis real, prove that: a* +b% =1 and L 3
c=t a ¢%-1
SOLUTION We have,
. 2 2 : 2
a+ib=c—+f = a+ib=w: a+ib = el = a+ib = i ¢
c—i (c=9(c+i) AL 22
2 : 20
= a+ib=62 14-;_i:>a=£2 1andb=zzc
c“+1 ¢ +1 e c“+1
2 2
2 2 ¢ -1 4c b 2c cc -1
=5 ac +b° = 5 3 5 =
c“+1 (c“+1) 2 |\c“+1 c“+1
2
= ﬂ2+b2—(cz+l)2 =] and, Ez 22C
(cc+1) a -1
EXAMPLE12 If (x + iy) 1/3 =a+ib, x,y,ab e R. Show that
(i) -+b 4@ -b?) (i) L%:-z(a%bz) [NCERT EXEMPLAR]
a a
SOLUTION We have,
(x+iy)1/3 = a+ib
= (x+1y) = (a+ib)3 [On cubing both sides]
= x+1'y=a3+3a21’b+3a52b2+i3b3
= x+iy = (a° - 3ab?) +i(3a% b -b?)
= x = a3 - 3ab* and y = 34°b-b°>
= 2o ?-32 and ¥ = 342 _p2
a b
= £+%—a -3b% + 342 -b2 =4(s® -b) and = - g =(a® - 3b2) —(3a% —b?) = -2(a% + b?)
a a

T'ype III ON CONJUGATE OF A COMPLEX NUMBER
EXAMPLE 13 Multiply 3 - 2i by its conjugate.
SOLUTION The conjugate of 3 —2iis 3 + 2i.
Required product =(3 -2i) (3 + 2/) =9 ~4i% =944 =13

ALITER Let z = 3-2i. Then, £ = 3 + 2i Therefore, 2z = |z|?> = 27 = 32+(-2)% = 13

. . 1
EXAMPLE 14 Find the conjugate o
JHg f 3+ 4

1 1 3 4 3-4i 3] 4.
-. Then, z= - = -
3+ 4i 3+4i 3+4z 3-4i 9+16 25 25
5 3 &4

—+—1
25 25

SOLUTION Letz=
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EXAMPLE15 Express the following complex numbers in the standard form. Also, find their conjugate:

o L AL (LR
B (ii) =
e (24302 5412 ++5-12i
- [INCERT EXEMPLAR]
B W) o

SOLUTION (i) We have,
_1-i lmixl—i_(1—:)2_1—2i+i2_1—21‘—-1
T+ 141 1-i 122 1-{2 1+1

z =0+
(11) We have,

_ (49 142i4# 34i _ 20 B+ _Gi+2® 6-2 _ 1 3,
3-i T T R e 10 5 5
a4 - B,
Z=-=-=i
5 5
(iii) We have,
_(2+3)% 4+12i+9% 4+12i-9 2+i_-5+12 2+i -22+19i 22 19,
2-i 2-i 28 24 v 21 24 4P 5 5
2 19,
Z=-=-=i
(iv) Let 5+12i +~/5-12i YTt

V5 +12i —5-12i

2
J5+12i + Js-miJ
_ 512 +V5-12 5412 +5-12i ( 2
= 5+12 612 5+12+5-12 (5+12i) —(5-12i)
5+12i+5-12i+2/5+12i 4/5-12i 10+2425+144 3 3. 3.

= Z= = : :—.=—~—1=0—-—1
5+12i-5+12i 24i 2i 2 2

b

=O+Ei
2

EXAMPLE 16  Find real values of x and y for which the complex numbers — 3 + ix* yand x2 +y+4iare
conjugate of each other.
SOLUTION Since — 3 +i x* yand %+ y + 4i are complex conjugates.

=Btiry = x2+y+4r’

= —3+ix2y =x2+y—4i

— % =P +y (1) and, x2 y=-4 ..(ii)

== —3 = x* —iz [Putting y=»4/x2 from (ii) in (i)]
X

=5 x+3x2-4=0

= (x2+4)(x2—1) =0=> x*-1=0=x = %1 [ x2+4¢0foranyrealx]

From (i), y=—4, whenx=+1. Hence,x = 1,y = -4 or,x = -1,y = -4

EXAMPLE 17  Find the real numbers x and v, if (x —iy) (3 + 5i) is the conjugate of — 6 — 24i.
[NCERT]
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SOLUTION We have, (x —iy) (3 +5i) =(3x + 5y) +i (5x — 3y)
Itis given that (x —iy) (3 + 5i) is the conjugate of — 6 — 24i.
(x —iy) (3 +50) == 6 — 24i
= (3x+5y) +i(6x—3y)=—6+24i = 3x+5y=-6 and 5x — 3y =24
Solving these equations, we get x = 3, y = - 3.
Type IV ON FINDING THE MULTIPLICATIVE INVERSE OR RECIPROCAL OF A NON-ZERO COMPLEX

NUMBER
EXAMPLE 18  Find the multiplicative inverse of the following complex numbers:
(i) 3+2i [NCERT] (i) (2 + /3 i)?
SOLUTION (i) Letz =3 + 2i. Then,

11 3-2i 92 B 5,

z 3+2 (3+2)(3-2) o9-42 13 13

ALITER Letz=3+2i.Then,l=i2=3—l25=i—3.
Eae z |2 9+4 13 13

(ii) Let z = (2 ++/3i)2. Then,
z = 4+32 +443i =4-3+43i=1+ 43
1 1 1-4/3i 1-4J3i 1 443
zZ

T 4443 (1+4v3)(1-4V3)  1+48 49 49
BASED ON LOWER ORDER THINKING SKILLS (LOTS)

Type V. PROBLEMS BASED UPON CONJUGATE AND MODULUS OF A COMPLEX NUMBER

. o 2 . 52
EXAMPLE19 If ::Z=x+iy,provethati_:3=x~iyand :2132 =x2+y2.
SOLUTION We have,
a-r-ib_xH.
cvid Y
a+ib ; . » .
= yory =X +1y [Taking Conjugate of both sides]
€
= a+i =x+0y [_Z_l_]=f_1
c+id Q) 2
= i x—i
c—id 1
Thus, we have a+1.b = x+iy and a—z'b =x-iy
c+id ¢ ~i
a+ib a-ib : ; (a +ib) (a —ib) ) ;
= = —_ — o =
ol i - = ey T ER)
2 2
a”+b 5. 5 . E 2
=5 — = X+ [Using: zz =|z|“]
PN y 8 |z]
(a+1)? 2_(:12+1)2

EXAMPLE20 If =p +ig, show that: p2 +q° =

2a i) (4a® +1)
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SOLUTION We have,

2
Crp
{EZ; I))} = (p+ig) [Taking conjugate of both sides]
(a+1)?> . . (a—i)? B ii
Gy P S e i

Multiplying (1) and (ii), we obtain:
(a+9* :) (a 1)2

2a- ) 2217 = (p+ig) (p—iqg)

l(a+17) (a—i)* ] ; a* +1)2 . -
= ﬁ(ﬁa%ﬁ (p +iq) (p —iq) = (4n2+1 =pt+q [Using : zZ =|z|*]
2 2 2
EXAMPLE21 Ifa+ib= (x;- ) , prove that a® + b® =(x2—+1)2. [NCERT]
2x° +1 (2x° +1)
SOLUTION We have,
2
kb e (x;’) ()
2x° +1
2
= a+ib= (x;- ) [Taking conjugate of both sides]
2x° £1
=8 =1
= aem=tY o a—ib=(x2’) (i)
(2x~ +1) 2x° +1

Multiplying (i) and (ii), we get
2 2
(a0 (i) = )
(2x% +1) (2x% +1)

2 2
= a2+b2=(L;L2 [ (x+:)(x—z}=x2 —1'2=x2+1}
(2x° +1)
EXAMPLE22 Ifx +i all] rove that: (x* + y?)% = = - 4b [NCERT]
Yo lerm y S
SOLUTION We have,
x+iy = c::Z' = x—iy = :::z [Taking conjugate of both sides]
e a+ibx a-ib _ [a+ib 5 a—ib
¥ 4 c+id c—id  \c+id c-id
2 2 2 2
2 2 a“+b 2 Jia ac+b
= x° + = [ ——= x*+y°) = ——=
4 ? + d? < g® 4>
n
EXAMPLE23 Find the least positive value of n, if (IHJ =1. [NCERT]
—i

SOLUTION We have,
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Lol Ly Lol ot el 1sBid .
1-i 1-i 1+i 1-2  1-/2 1+1

(3

1+i : . ; o :

(IIJ =1 = {" = 1= nisa multiple of 4 = The smallest positive value of 7 is 4.
—i

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)
3+ 2isin O

EXAMPLE 24 Find real © such that ——————— is purely real. [NCERT]
—2isin O

SOLUTION Clearly,
3+2isin® (3+2isin6)(1+2isin 6)
1-2isin® (1-2isin 6) (1 + 2isin 6)

_(3-4sin? 0) +i(6 sin 6 + 2 sin 6)

1+4sin%0
_(3-4sin? 8) +i(6sin 8+ 2sin 6) _3~4sir126+ i 8 sin 0
1+4sin? 0 1+4sin®8 1+4sin” 0
It is given that wﬂ is purely real. Therefore, its imaginary part is zero.
1-2isin 0
8 sin 0

——2=0=> sin0=0= O=nnneZ
1+4sin“0

EXAMPLE 25 The sum and product of two complex numbers are real if and only if they are conjugate of
each other.
SOLUTION First, let the two complex numbers be conjugate of each other. Let complex numbers
bez; =a +ib and z, =a —ib. Then,

zy+2y = (a+1ib) +(a—ib) =24, which is real.
And, zyzp=(a+ib)(a-ib) =a* -i?b% = + bz, which is also real.
Thus, if z; and z, are conjugate of each other. Then, Their sum z; +z, and product z;z; both are
real.

Conversely, let z; and z; be two complex numbers such that their sum z; + 2, and productz; z,
both are real. Then, we have to prove that z; and z, are conjugate of each other.

Let zy=a1 +iby and zy =a, +1b,. Then,
2] g, = (ﬂl th ﬂz) 7 i(bl S bz) and 212 = (ﬂl ay —bl bz) o i(ﬂl bz +dy bl)
Now, 2z +z, andz; z, are real

= (ay + ap) +i(by +by) and, (ayay —by by) +i(ay by + ay by) are real

= by+by =0 and ayby +ay by = 0 [ zis real & Im (z) =0]
= by = =by and a1by +a, by =0

= by = =bjand —ayby+ayby =0

= by = -b; and (@ —ay)by = 0= by =—by and ay —a; =0 = by =—b; and a, =14

% zy = ay+iby = ay—iby = zp = 7} = z; and z;, are conjugate of each other
EXAMPLE 26 If(1+14) (1 + 20) (1 + 3) ... (1 + 1) = (x + iy), show that: 2.5.10 ... (1 + n?) =22 + y2.
SOLUTION We have,

Q+DA+2)(1+30) ... Q+ni) = x+iy
= |+ A +2)...(L+n)| =|x+iy| [Taking modulus of both sides]
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= [1+i| |1+ 2i]...]1+ni| =|x+iy| [ 2120z = 21 ]| 22| oo | 7 []
= TFL [Trd.l+n? = a2+ P
= 2.5.10...(1+n2) = (x2+y2) [On squaring both sides]

EXAMPLE27 If (a+ib) (c +id) (e +if) (g + ih) = A +iB, prove that
@ +bD) (2 +d?) (e®+f2) (8% + h?) =A% + B2
SOLUTION  We have,
(a+1ib) (c +1d) (e +if) (g +ih) = A +iB

= (a +ib) (c + id) (e +if) (g +ih)| =| A +iB| [Taking modulus of both sides]
= |a+ib| |c+id| |e+if| |g+ih|=]A +iB| [Using: |z4z; ...z, =|2q] |25] ...|24l]
= Ja2+b2\/c2+d2\/c2+f2\/g2+h2=\/A2+Bz

— (a?' +b2) (e:2 + dz) (.r:2 +f 2 ) (g2 + }12) =A% + B2 [On squaring both sides]

EXAMPLE 28 If 2y, zp are complex numbers such that 3—1- is purely imaginary number, then

22
21 —2p
Zl + 22 i

SOLUTION Itis given that 52—1 is purely imaginary. Therefore,
=2

find

2 = Ai forsome LeR = Z—1=%i
32'.2 22
Z 3
—=1] |29 [
Naw z1—22| |22 ‘_12;& 1’_"“24"31—1' _ 4+97L2 -1 [--Z_Imﬂi:|
R R ’EAM] 12+3M] gy 902 z 2
Zn 2
Type VI ON FINDING THE VALUE OF A POLYNOMIAL FOR A GIVEN COMPLEX VALUE OF THE
VARIABLE
EXAMPLE29 If x=-5+ 2./ 4, find the value of x+9x% + 35x2 —x + 4
SOLUTION Wehave, x = -5+ 2.,/-4
= x+5 =4i = (x+5)2 = 16> = x2 +10x+25 = 16 = x> +10x+41 = 0
xt+9x3 +35x% —x+4 = xl(x2 +10x + 41) —x(x2 +10x + 41) +4(Jc2 +10x +41) -160
= x2(0) - x(0) + 4(0) ~160 = —160 [+ x? +10x + 41 =0]

Thus, the value of the given polynomial for x = -5 + 2./~ 4 is — 160.

EXAMPLE 30 Find the value ofx3 +7x% —x +16, when x =1 + 2i.

SOLUTION We have,
x=1+2i= x-1=21 = (Jc—l)2 =4i% = x> —2x+1=-4= x> -2x+5=0
x3+7x%2 —x+16 = x(:»:2 —2x+5)+9(x2 —2x +5) +(12x — 29)

x(0) + 9 (0) +12x —29 [ x%2-2x+5=0]

=12(1+2)-29= -17 +24i [s x=1+2i]
Hence, the value of the given polynomial when x =1 + 2iis —17 + 24i.
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EXAMPLE31 Find the value of 2x* +5x° +7x2 —x + 41, when x = -2 —/3i[NCERT EXEMPLAR]

SOLUTION We have, x = -2 —+/3i

- x+2=-+3 = (x+22% =32 = X +4x+4=-3 = x2+4x+7 =

244 +5x3 +7x% —x+41
=2x2 (x% +4x+7) = 3x (x2 +4x+7) +5 (x2 +4x+7) + 6

=2x2x0-3xx0+5x0+6=6

EXAMPLE 32  Ifz =2 — 3i, show that z2 — 4z + 13 = 0 and hence find the value of 4z° — 32* + 169.

SOLUTION We have,

MATHEMATICS-XI

0.

[r 22 +4x+7 =0]

z=2-3i=2z2-2=-3i= z-2?=(-3)2 = 22 -&2+4=97 = 22 4z +13=0

423 - 322 +169 =4z (2% 4z +13) +13 (z% —4z+13) =4z (0) + 13 (0) =0
Type VII MISCELLANEOUS PROBLEMS
EXAMPLE33  Prove that: x* + 4 =(x+1+)(x+1-D)(x=-1+)(x—-1-i).

SOLUTION Wehave, (x +1+)(x+1-)(x-1+7)(x—-1-1)

= {x+1)2 -2} {(x-12 -3 = {(x+ D2+ 1 {(x-1)% +1) = {x% + 2x + 2} {x2 —2x + 2}

[ z2 -4z +13 =0]

= {x2+2+2xl{x2+2—2x}= (12+2)2~(2x)2= x4 r4-ax?® = ¥t 44

z-1

EXAMPLE 34 If z(=1) is a complex number such that|z| =1, prove that

What will be your conclusion ifz = 17
SOLUTION Letz=x +iy. Then,|z| =1= /2 + y? =1= x? + y? =1
2=1 _ k+iy=1 - -(e-1kFiy _(x—1)+iyx(x+1)-iy

z+1  x+iy+l (x+D+iy (x+D)+iy (x+1)-iy

5 (x2—1+y2)+f(xy+y—xy+y) » (x2+y2—1)+2iy
(x+1)2+y2 (x+1)2+y2

= (——12;2-1/—2, which is purely imaginary
x+1)"+y

Now, z=1=>x+iy=14i.0 = x=1landy=0.
=1 _ xeiy—1  L+i0—1

- = - = 0, which is purely real
z+1 x+iy4+l 141041

. 1-iz
EXAMPLE35 Ifz=x+iyandw=
z

, show that|w| =1 = z is purely real.

z+1

is purely imaginary.

SOLUTION We have, |[w| =1 = }1“1.2 SR I|1—1I3|| =1 = |1-iz|=|z-i|
z—i z—1i
[1-i(x+iy)| =|x+iy—i)|, wherez = x+iy

[1+y—ix| =|x+iy-1)|
\/(1 +y)2 +(—x)2 = \/xz «r(_y-—l)2
(1+y)2+x2

b 4 sy

il

xz-|~(y-—1)2 =y =0 = z = x+i0= x, which is purely real
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b ; ix
EXAMPLE 36 Show that a real value of x will satisfy the equation :
+ix

=a—ibifa2 + b2 =1, wherea,

b are real.

1-ix -1
SOLUTION We have, 7 di=dh

+ix 1

Applying componendo and dividendo, we obtain

(1-ix)+(1+ix) a-ib+1 2 l+a-ib ; l-a+ib
: i - = o o X =
l-ix)-(1+ix) a-ib-1 -2ix —(l-a+ib) 1+a-ib
N iy (-atib) (L+a+ib) 1-a%-b%+2ib _ 1-a*-b +2ib
(L+a-ib) (L+a+ib)  (1+a)2 -2 b2 (1 + )% + b2
= ix = 212b 2,1fa2+b2—1:>x=%, which is real
(1+a)”+b (1+a)”+b
EXAMPLE 37 Ifo and B aredifferent complex numbers with| B| =1, find P —_u ;
1-op [NCERT]

SOLUTION Clearly,

p-al _[B—aj(ﬁ—aJ =[B—&J F-3 ) _(B-0@-d
I1-ap| 1-op)|l1-ap 1-ap)\1-a B) (@-apd-o B)

_ BPp-pa-aB+ad _ [BP-aB-ap+|al’
l1-ap -ap+apap 1-ap -ap+(ad)BBh)
9 LT 2 2 _ = =
- | o] _QE aﬂ+|2[-)’| > = | o] _Otﬁ_ O-B+12 =7 o Bl=1]
1 —ap-ap+|al’|Bl® 1-aB -aBp+|a|
B-a| _
1-ap|
1 1 1 1
EXAMPLE38 If |29| =|z5] = ... =|2,| =1, prove that|2) +25 + 23 +... 42| =| —+—+—+ ...+ —|.
Z % 23 Zn

[NCERT EXEMPLAR]
SOLUTION We find that

= = & i 2 2 2 2
242 +23 ety = 5151+¥1+Z§ﬁ+..-+@‘= lal” 1zl 28l lEl
21 MR <) %3 Zn ] 5] Z3 Zn
1 i | 1 1
= _—+_—+_—+...+:“‘ [..' |21|=|22|=...=]Zn|=1]
s ag Zn
1 il ) 1: Al it B | al =
=||=—+—+—+..+— || =|—+—+—+...+ [-1z] =|z]]
5 g Ay n il @
EXAMPLE 39  Find non-zero integral solutions of | 1 —i|* =27, [NCERT]
SOLUTION We have, |1 -i|* = 2F
= (Ji)x=2-‘=>2xf2=2-f=>2x/2=1:2’f/2=20:>§=0:>x=0.

Hence, the given equation has no non-zero integral solution.
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EXAMPLE 40 Find all non-zero complex numbers z satisfying z =i 2.
SOLUTION Letz = x+1iy. Then,
Z =iz
= X =iy = i(xz—y2+2fxy) = x-iy = i(xz—yz)««2xy = (x+2xy)—z’(x2—y2+y) =0
= x+2xy =0 ) and, x? —y2+y =0 ..(1i)
Now,
x4+2xy =0=>x20+2y) =0=x=00o0r 1+2y =0=x =0 or, y=—%
Case]l When x =0: Putting x =0 in (ii), we obtain
-~ +y=0=2y@-)=0=>y=0y=1
Thus, the pairs of values of x and yare: x=0,y=0;x=0,y=1
z=0+i0=0,z=0+1i =i

Casell Wheny = —%: Putting y = —% in (ii), we get

x2—y2+y=0: x2—1—1=0:>x2—g=0=>x=i§
Thus, the pairs of values of x and yare: x = —?,y—iand,x=~—_;/§,y=_—l
3 1 -J3 1
Z = —==1,T =——==4
20 2 2 2
Hence, z=0,i,£—li,_3/§_lf

28 -2 25

EXAMPLE 41 If iz3 +2% —z +1=0, then show that|z| =1.
SOLUTION Wehave, iz3 +2% -z +i = 0

Dividing both sides by i, we obtain

- 2-z-z'z+1=0:>z2(

z° —iz 2

z—i)+i(z—-i) = 0= (z—:)(zz+z) = 0= =i or, 20 =1
Now, z=i=|z|] =|i|=1and, 2® = -i = |2*| =|-i|=1=|z*> =1=|z] = L
Hence, in either case, we obtain: |z| = 1.

EXAMPLE 42 Solve the equation z* +|z| = 0, wherez is a complex number.

SOLUTION Letz =x +1iy. Then,

7_2+[z| =0= (x+iy)2+\Ix2+y2 =00 (;).'2—y2)+\l.":2+y2 +2ixy =0
= xz—y2+\fx2 +y'2 =0 (1) and, 2xy =0 ...(ii)
Now, 2xy =0= xy =0= x=0or, y=0
Case]l Wheny = 0: Putting y =01in (i), we get

x2+\/x_2 =0= x2+|x| =0
Clearly, x* +| x| >0 forall x > 0. So, let x <0. In this case, we have

x2+|x| =0
= x2-x=0 [ x<0 - |x|==]
=5 x(x-1)=0=>x=0,x =1
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But, x < 0. So, the equation x2+|x[=0has no solution for x < 0.
Clearly, x = 0 satisfies the equation x? +|x| =0. Thus, we have x =0, y =0.Therefore,z = 0
Casel Whenx = 0: Puttingx = 01in (i), we get

—P R =02~y 4]yl = 0
Ify >0, then |y|=y.

—y2+|y|=0:>—y2+y=0:>y=0,y=1:>y=1 [ y>0]
If y <0, then |y|=-y.

—2 4|yl =0= —-y?-y=0> y=0,-1 = y=-1 [ y<0]
Thus, we obtain x =0, y =1 or, x =0, y =-1.Therefore, z = 0+i or, z = 0-i
Hence, z = 0,7 and —iare solutions of z° +]z|=0.

EXAMPLE 43  Solve the equation z2 =3. [INCERT EXEMPLAR]

SOLUTION Letz = x +iy. Then,
2

z°- =z
=2 (x+iy)2 =x-iy = x> +2ix_yr+(iy)2 =x—iy => (x? —yz) +2ixy =x—iy
= ¥Z —y2 =X ...(i) and, 2xy=-y ...(ii)

Now, 2xy =-y = (2x+1)y=0= 2x+1=0 or y=0 =>x=—% or y=0

Following cases arise :
Casel ~ When y=0: Putting y =0in (i), we obtain
=x = x(x-1)=0=> x =0 or, x=1
Thus, we obtain (x =0 and ¥y =0) or (x =1 and y =0). Therefore,z=0+i0=0or, z=1 +i0.

Casell Whenx=- %: Putting x = —% in (i), we obtain

A 2. .43 V3
—_—— =——= =—= —
L’ i Cli
Thus, we obtain x=—landy=£ or x=—landy=—£.
2 2 2 2
1 ..o/8 1 49
Z=——+1— Or Z=———1 —
2 2 212
Hence the values of z satisfying the given equation are
V3 1 W3

z=0+i0,z=1+i0,z=—l+i—andz=————
2 2 21 2

EXAMPLE 44 Solve the equation |z+1| =z +2 (1 +i). [NCERT EXEMPLAR]
= ; = : - 4 2
SOLUTION Letz—x+zy.Then,z+1—(x+1)+1yand,lz+1|_\/(x+1) +y
Given that:
|z+1|=z+2( +1)

= \,/(_x+1)2+y2 =(x+i)+2(1+1) = 1/(x+1)2+y2 +0i=(x+2)+(y+2)i
= \/(x+1)2+y2 =x+2andy+2=0= (x+1)2+y2 =(Jc+2)2 andy=-2
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= y2=2x+3and y=-2= 4=2x+3andy=-2 = x=%andy=—2
Hence, z=%—2i

EXAMPLE45 If | G | =| z |* +1, then show that z lies on the imaginary axis.

[NCERT EXEMPLAR]
SOLUTION Letz=x +iy. Then,z* =x% —y? + 2ixy and | z|> = x% + 2.
|22 -1]=|z|> +1
= ’(xz—y2)+2ixy|=x2+y2+l
= \/(xz —y2 —1)2 +4x2yr2 = x? +yr2 +1 = (12 —yz —1)2 e 4x2y2 =(x2 +y2 +1)2
= e +y4 +1-28% + 2y2 —2x2y2 + 4x2y2 =x* +y4 +1+ 2x2y2 +2x% + 2y2

= 4x>=0= x=0
: z=x+1y = 0+iy, which is purely imaginary.
Thus zis purely imaginary and hence it lies on y-axis.

EXAMPLE 46 If the imaginary part of = 11 is =2, then show that the locus of the point representingz in
iz+

the argand plane is a straight line. [NCERT EXEMPLAR]
SOLUTION Letz=x+iy. Then,

2z+1 2 2(x+iy)+1 =(2x+l)+i2y =(2x+1)+i2yx 1=y —ix

iz+1  i(x+iy)+1 (1=y)+ix Q-y+ix (@A-y-ix

=(2x+1—y)+r’(2y—2y2—2x2—x)={ 2x+1—y} {23( 2y2 2 }

2

1-y)*+22 x +(1-y)? 2 +(1-y)?
e e i
Im[%z+1)=2y 22y s % But, 1tlsg1venthatlm(zz+1j =2
iz+1 2 +(1—y)° iz+1
2y 22y 2x2 S YN 2y—2y2—2x2—x=—2x2-2(1-—y)2:> x+2y-2=0,
+(1-y)

which is a straight line. Hence, the locus of z is a starlight line.

EXAMPLE 47 If the real part of g 15 4, then show that the locus of the point representing z in the

complex plane is a circle. . [NCERT EXEMPLAR]
SOLUTION Letz=x+iy. Then, z =x-iy
z+2=x—iy+2_(x+2)—iy i (x+2)—iyx(x—l)+iy
z-1 x-iy-1 (x-1)-iy (x-1)-iy (x-1)+iy
_(x2+y2+x—2)+31‘y_ x2+y2+x—2 i 3y
= T s A 2.9
(x-D)"+y (x=1)"+y (x-1)"+y

It is given that the real part of Z_+_f is 4.
Z -

. x2+y2+x—2

=4 = 3x%+ 3y2 -9x+6=0 = x>+ y?- 3x+2=0, which represents a circle.
(x-12+y?
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EXAMPLE 48 Ifz = x +iy, then show that zZ+2(z+ E) +a =0, wherea € R, represents a circle.
[NCERT EXEMPLAR]

SOLUTION We have, z=x+iy= z =x—iy

2z2+2(z+2)+a=0

= (x+iy) (x=iy) + 2 (x+iy+x—iy)+a=0

= x? +y2 +4x+a=0= (x+ 2)2 4—(_1/—0)2 =(J4Ta)2, which represents a circle for alla < 4.

EXAMPLE 49 Show that % =2 representsa circle. Find its centre and radius.
z _—
[NCERT EXEMPLAR]
SOLUTION Let z =x+iy. Then,
22| 5o |[EZDHY| 5 | (x-2) +iy|=2| (x-3) +iy]
z=-3 (x=3)+iy

= \/(x—2)2+y2 =2\/(Jc—3)2+y2
= (x—2)2+y2=4{(x—3)2+y2}

= 3x2+3y*-20x+32=0
oo 2 32

= x +y —-——x+—=0

A

10Y 2 _(2Y 10 e
= (x—g) +(y-0) =(§] , which represents a circle with centre at(g, OJand radmsE

EXAMPLE 50 Find a complex number z satisfying the equation z+~2|z+1|+i=0.
[NCERT EXEMPLAR]

SOLUTION Let z =x-+iy. Then,
z+4/2|z+1|+i=0

x+iy++2 | (x+1)+iy| +i=0 = x+2 J(x+ )% +y? +(y+1)i=0

=

= x+42@x+12+ 2y =0and (y+1)=0 = x+y2(x+1)%+2y*>=0andy=-1
= x+\/2(x+1)2+2=0andy=—1 =>J2(x+1)2+2=—x and y=-1
= 2(x+1)2+2=x2 and y=-1 = x> +4x+4=0 and y=-1

= (x+2)% =0 and y=-1 = x=-2and y=-1

Hence,z=x+iy =-2-i.
EXAMPLE 51 Letzy and z, be two complex numbers such that

— 2,
1-z,z 2 Z1-2o| =k|1-]|z 2\ 1-|2z,|? | Find the value of k. INCERT EXEMPLAR]
142 12 1 ) 2
SOLUTION We find that
11-2,2 P~|z21-5 | =(1-2, ) (1~ 2, ) ~(z1 ~22) (21 ~2)

=(1-2,2) (1-212,) - ~2) (2, -2,)
=(1-z12 =212, +21232) 25)— (212212, — 2, 2 +2 Zp)

= = = = 2.5 o5 2
=1-2,2)-212,+(21 21) (2 zz)—(lzl| 212, -2, +| 2| )
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o — 2 2] Z2 = =5 2
=1'-7-17-z“2122+|21| |zp |“=]21 "+ 7 Z,+212—| 7|

2 2 Do, 1D 2 2
=1-|z1|°~|z |*+] 7 |* |z |® =~z |7) A =]z |*)

11-2,2 -z -z *=k 1-|z]*) Q-] 5 [}

B AR T

BASIC
1. Express the following complex numbers in the standard form a + i b:
(i) (1+4) (1+2i) ay 22 (i) ——
-2 +i 2 +i)2
ey 2+i)°3 )
(1) 1+1 ) 2+ 3i (vi) —-i
o 24 3i Tadlh® : g
(vii) T (viii) = (ix) (1 + 20)
Gl o R e
(4-2)(1+i) 1-4i 1+i){ 5+i
(xii) 5 +/2i
1-42i

2. Find the real values of x and y, if
(i) (x+i(2-3)=4+i
(1 +:)x—2i+(2—31)y+i_l.

(ii) (3x —2iy) (2 +1)% =10 (1 +1)

(iii) g 3 (iv) A+ (x+iy)=2-5i
3. Find the conjugates of the following complex numbers:
; ’ i) i ol L (3-1)?
4- e
iohecn O 5w Wi Hilke
) (1+ﬂ(2-+1) (vi) (3-29) (2 + 3i)
3+i (1+2i)(2-1)

4. Find the multiplicative inverse of the following complex numbers:

() 1-i ) A +i3)* (i) 4=3i (iv) +5 + 3i
Z1+2p +1
21—22 +l-.

6. Ifzy=2-i,2p =—2 +i,find (i) RE{ZJ_-EZ—] (ii) Im{L_J
2 214
; 1+i 1-i
Find the modulus of the complex number z = R
i § +1

5. Ifzy =2 —i,2p =1 +4,find

:J

BASED ON LOTS
; ib
8. Ifx+iy =a_+_% , prove thatx? + y2 =1
a—i

1+ (1 ++/3)
S

EXERCISE 12.2

[NCERT]

[NCERT]

[NCERT]

[NCERT]

[NCERTI

[NCERT]

[NCERT]
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L5
9. Find the least positive integral value of n for which {1—!] is real.
—i
: : 1+icos6 .
10. Find the real values of 0 for which the complex number T is purely real.
—21icos
. 1+9" .
11. Find the smallest positive integer value of n for which 5 isa real number.
(@ -9*"
3 3
12. If [E) —(}———t) =x+iy, find(x, y) [NCERT EXEMPLAR]
1-i 1+i
2
13. If(ls”) = x+iy, findx+y. [NCERT EXEMPLAR]
—i
1 =i 100
14. H(u) =a+ib, find(a, b). [NCERT EXEMPLAR]
1+i
15. Ifa=cos 6+isin 0, find the Valueof—. [NCERT EXEMPLAR]
1-a
BASED ON HOTS
16. Evaluate the following: ;
(i) 2x3 +2x% —7x +72, when x = bl (i) x* —4x% + 4x% + 8x + 44, when x =3 + 2i
; 1+i
(iii) xt+4x® +6x% +4x+ 9, when x=—1+iv2 (iv) x® + 2% + 22 +1, when x=7_-2—1.
17. Find the number of solutions of z2 +|z|?=0. [NCERT EXEMPLAR]
18. If(1+{)z=(1-i)z, thenshow that z =—iz [NCERT EXEMPLAR]
19. Solve the system of equations Re %) =0, |z|= [NCERT EXEMPLAR]
20. If %is purely imaginary number (z # 1), find the valueof [2|.  [NCERT EXEMPLAR]
z4
21. If z; is a complex number other than — 1 such that|z;| =1and z; = EL—% , then show that the
21+
real part ofz; is zero. [NCERT EXEMPLAR]
22, If|z+1| =z+2(1+1i),findz. [NCERT EXEMPLAR]
23. Solve the equation |z| =z +1 + 2i. [NCERT EXEMPLAR]
24. What is the smallest positive integer 1 for which (1 +)*" =(1 s
25. Ifz, zy, z5 are complex numbers such that| z [=| z; | =| 23 |= L Ly & + L =1, then find the
Z Z Z3
value of| z +z, +23|. [NCERT EXEMPLAR]
- __ANSWERS
. 0 L TR — .
1. () =143 i) —— —=1 iii) — —=—1 iv) —i
(i) =N ) o o (iv)
16 ! 320 .
—+— vi) —+f3 +i vil) — + —1i viii) =2+ 0i
(v ) e (vi) (vii) e (viii)
(ix) —’”+ﬁ ) S-2i i) 27 432 (i) 1+ 242
125 125 4 4 442 442
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5 14 . 14 1. . 3 7
2. ) x=—, y=— xX=—, Yy== x=3, y=-1 (iv) x=——, y=——
W x=i5- V=33 @ x=15-y=5 @ y ) T e
1 o :
3. (1) 4+5i i) —(3+5i i) —+—1i iv) 2+ 4i
(i) (ii) 34( ) (i) 555 (iv)
B b - 6% 16
V) = —=1i —+—
M55 ™) 25+ %"
4. @1+l 6 g2 s By b 8
2." 9 8 8 25 25 14 14
5; _% 6. (i) —% (i) 0 7.2 9, fi=2
10. 9=2nni§,nez 11. 1 12. (0, -2) 13.% 14. (1,0)
15. icot«g 16. (i) 4 (i) 5 (iii) 12 (iv) 0
17. Infinitely many solutions of the formz = 0+iy, y e R. 19. V2 (1 %), 42 (-1 i)
20. 1 Lo 23. 3 24.n=2 25.1
2 2
HINTS TO SELECTED PROBLEMS
o 1ri_ (@+)? 1421 . 1-i_ (1-D* _1-2i-1__
1-i (1-9)(1+9) 2 1+i (-7 (1+i) 2
(&]3 _(bjs =x+1
1= 1+i y
S 3,3 T Mt LN’ ihin ot
= i"=(=)7=x+iy = i"+i" =x+iy = 2" =x+iy = 0-2i=x+iy = x=0,y=-2
2 ) \
13. L) =x+iy = ﬂ=x+iy = %:xﬂy
2i (2 +1) . 4i +2i% . —D i . 0.l .
———— =Xty = =x+iy = =x+iy = ——+-i=x+iy
(2+1) (2-i) d=t* 55
= x——Z s
B e
13100 y 100 ’ . ;
14. T =a+ib = (=) =a+ib = 1+0i=a+ib = a=1,b=0
+1

15. We have, a =cosB+isin 6
1+a=1+cose+z'si.ne=[1+c056+isine]x(l—coseﬂsinej
1-a 1-cos®—isin® \1-cosB—isin® 1-cosB+isin6
. 1+a=(1—c0529—5in29)+2isi119= isin@ _2isin®/2cos0/2 . 6
1-a (1-cos0)? +sin’0 1-cos® 2sin20/2 2

17. Letz=x+iy.Then,22=x2~y2+21'xy and |z|2=x2+y2.

zz+|z|2=0
= gl 2 oy 25 2 Oy b 2L 1 =
Yo +2ixy+x®+y =0 =2x"+2ixy=0= 2x" =0and 2xy =0 = x=0and y e R

z=0+1iy, wherey e R.
18. Wehave, 1+)z=(1-i) z
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z _1-i 1-i_1-2i+i* . -
= :=-_:x—_‘=—=—.[::>z=—lz
z 1+i 1-i 1442
19. Letz=x+iy.Then,22=x2—y2+2ixyand|z|=1/x2+y2.
Re(zz)=0and]z|=2 — xz—y2=0 and >+ y?=4 = x*=y*=2 = x=1/2, y=2
z=%2 +2i
20. Letz =x+iy. Then,
z-1_(-D+iy _(x-D+iy (x+D)-iy (% +y>-1)+2iy

z+1  (x+1)+iy (x+1)+iy (x+1)—iy (x+1)2+y2

z-1
If = ispurely imaginary, then
] purely gmnary

= 2 y-
Re[z 1J=O:> 2 +g 12=0:>x2+y2=1=>|z;=1
z+1 (x+1)+y

21. Letzy =x+iy.Then,
_z]—l_(x2+y2—l)+2iy 12+y2—1
z;+1 (x+1)2+y2 (x+1)2+y2
22. Letz=x+iy.Then,z+1=(x+1)+iyandz+2 (1 +i) =(x+2)+i(y+2)
|z+1|=z+2(1+7)
= (x+1)2+y2 =(x+2)+i(y+2) = \/(x+1)2+y2 =x+2and y+2=0
= (x+1)2+y2=(x+2)2andy=—2 — yz =2x+3 and y=-2

= Re(zy) = =ik 3 ]zl|=1:>x2+y2=1]

= 4=2x+3andy=-2 = x=%andy=-2 = z=x+iy=%—2i

23. Letz=x+iy. Then,|z|= x2+y2 andz+1+2i=(x+1)+i(y+2).

|z|=z+1+2i = \}x2+y2 =(x+1)+i(y+2) = 1}x2+y2 =x+1 andy+2=0

= x2+y2=(x+1)2 and y=-2 :>x2+4=(x+1)2 andy=-2 = x=; and y=-2

Hence, z = x +iy =%—2i
24, 14D =(1-92" = (A +)H" ={1-DY" = (1 +2i+i2) =(1 =2i +i2)"
= (2)" =(-2)" = " =(-1)" " = (-1)" =1=> nis a multiple of 2.
12.13 SQUARE ROOTS OF A COMPLEX NUMBER
Leta + ibbe a complex number such that,/a + ib = x + iy, where x and y are real numbers. Then,
Ja+ib=x+iy = (a+ib) = (;vc+iyr)2 = a+ib = (xz—y2)+2ixy

On equating real and imaginary parts, we obtain
2 2

-y =a (i) and, 2xy =b .(ii)
Now, (2 #2)2 = (@ -yt sdR i
= (P +y)? = a2 +0? = (P +y?) = Ja? +b? [ x4 y2>0] .. (i)

Solving equations (i) and (ii), we get
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2 - %{1fa2+b2 +a} and yz = }2- {\daz+b2 —a}
i\j% {\{az +b2+a } and y==% \%{,[az +b% —a }

If b is positive, then from equation (ii), we find that x and y are of the same sign.
Ja+ib = i{\/g{ﬂ'az +b% + a} +i\/-12-{\/a2 +b2 —a}]

If b is negative, then from equation (ii), we find that x and y are of different signs.
Ja+ib =% N% {daz +5* & a} -1 ‘/g{daz +b? —aH

REMARK It is evident from the above discussion that for any complex number z, we have

i) A = & {J'”*ZRE(Z) +iJE| “2Re(") },iflm(z)>0

=
|

]

= X

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)
EXAMPLE 1  Find the square roots of the following complex numbers: (i) 7 —24i (ii) 5+ 12i
SOLUTION (i) Let.[7 —24i =x+iy. Then,
J-240 = x+iy > 7-24i = (x+iy)? = 7-24i = («F —y?) + 2ixy

= afyf =7 () and, 2xy = -24 (i)
(xZ +y2)2 = (xZ _y2)2 +4x2 yZ
= (x> +yH)? = 494576 = 625 = ¥®> +y% = 25 [o 2 +y* > 0] (i)

On solving (i) and (iii), we obtain:
x> =16 and y* =9=>x =+4 and y = £3
From (ii) we observe that 2xy is negative. So, x and y are of opposite signs.
: (x =4andy = -3) or, (x =-4 and y = 3)
Hence, m =x+iy = +(4- 30
ALITER Letz=7 —24i. Then, Re(z) =7 and|z| = /49 + 576 = 25. We find that Im (z) <0.

e i{\j|z|+2Re(z) _i\{|z|—;{e(z)}= i{stzw _i\/252-7}=i(4_30

(ii) Let /5+12i =x +iy. Then,
J+12i = x+iy = 5+12 = (x+1'yr)2 = 5+12 = (xz—y2)+21'xy

= x>-y? =5 (i) and, 2xy = 12 ...(ii)
(24?2 = 2 -yD)P 4222

= (2+y?? =52412%2 =169 = x* +y% =13 [r x*+y?>0] (i)
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On solving (i) and (iii), we get
x? = 9andy2 =4 > x=+3andy = £2
From (ii) we observe that 2xy is positive. So, x and y are of the same sign.
: (x=3and y =2) or, (x =-3 and y = -2)
Hence, Jm =x+iy = (3 + 2i).
ALITER Letz=5+12i. Then, Re(z) =5, and|z| = /25 + 144 =13. We find that Im (z) > 0.

S T ﬂ:{JIZHZRe(Z) +f\f|zi‘2Re(z)}= i{\/13+5 +i\/l3‘5}= £(3+2)

2 2
EXAMPLE 2 Find the square roots of —15 — 8i.
SOLUTION Let ,/—15 - 8i = x + iy. Then,
J-15-8i = x+iy = -15-8i = (x+iy)* = -15-8i = (x> ~y?) + 2 xy
= -15 = x* —y? () and, 2xy = -8 )
@2+ yD)? = (2 -yD)? + 422 P
= (2 +y*)? = (-15% +64 = 289 = 22 +y? =17 ...(ii)
On solving (i) and (iii), we get
x> =1and y> =16=>x =+1 and y = +4
From (ii), we observe that 2xy is negative. So, x and y are of opposite signs.

: (x=1and y = -4) or, (x = -1 and y = 4)
Hence, ,/-15-8i =x+iy ==+ (1 — 4i)

EXAMPLE 3 Find the square root of i.
SOLUTION Let +/i =x + iy. Then,

Vi=x+iy =i= (x+1'y)2 = (x2—y2)+2ixy =0+
= -yt =0 . and, 2z =1 @)
(2 +12)2 = (2 —yD)? + 422 2
= FP+yH?2 =0+1=1 = 22+y? =1 [+ x% +y” > 0] (i)
Solving (i) and (iii), we get

x? =1/2 and y2

1/2=>x=+1/J2 and y = +1/2

From equation (ii) we find that 2xy is positive. So, x and y are of same sign.

(x L% and y = LJ or [x Juik, andy = —L)
T e A 2 a2
1 1 1
i -_— —_— = i* 1
(Fr ) -+ Fae
ALITER Letz =i Then, Re(z) =0 and|z| =1. We find that Im (z) > 0.

AT = I TIREL

Hence, +/i
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EXERCISE 12.3

BASIC
1. Find the square root of the following complex numbers:
(i) =5+12 (i) -7 —24i (iii) 1-1 (iv) -8 -6i
(v) 8 -15i (vi) —11-60~1  (vii) 1+4,-3 (viii) —i

ANSWERS

1 () £(2+3) (i) + (3 - 4i) (iif) i{(\/ﬁ;l]—uﬁz‘l}} (iv) + (1 - 3i)

J— (5-3) (vi) £(5-6i) (vil) £(2 + \/51) (viil) + —

Z0

12.14 REPRESENTATIONS OF A COMPLEX NUMBER

A complex number can be represented in the following forms:
(i) Geometrical form (ii) Vectorial form (iii) Trigonometrical form or, Polar form
In this section, we shall learn about these three representations of a complex number.

12.14.1 GEOMETRICAL REPRESENTATION OF A COMPLEX NUMBER

A complex numberz = x + iy can be represented by a point(x, y) on the plane which is known
as the Argand plane. To representz = x + i y geometrically we take two mutually perpendicular
straight lines X' OX and Y’ OY. Now plot a point whose x and y coordinates are respectively the
real and imaginary parts of z. This point P(x, y) represents the complex numberz =x +1i y.

If a complex number is purely real, then its imaginary part is zero. Therefore, a purely real
number is represented by a point on x-axis. A purely imaginary complex number is represented
by a point on y-axis. That is why x-axis is known as the real axis and y-axis, as the imaginary axis.
Conversely, if P(x, y) is a point in the plane, then the point P(x, y) represents a complex number
z=x +1y. The complex number z = x + i y is known as the affix of the point P.

Thus, there exists a one-one correspondence between the points of the plane and the members
(elements) of the set C of all complex numbers, i.c., for every complex number z = x +1 i there
exists uniquely a point (x, y) on the plane and for every point (x, y) of the plane there exists
uniquely a complex numberz =x +iy.

The plane in which we represent a complex number geometrically is known as the complex
plane or Argand plane or the Gaussian plane. The point P, plotted on the Argand plane, is
called the Argand diagram.

The length of the line segment OP is called the modulus of z and is denoted by |z|.
From Fig. 12.1, we obtain

YA

OP? = OM? + MP?= OP? = x2 +y* = OP = |2? + ¢ -
Thus, |z| =y +3? = |IRe@)® + Im @) g
The angle © which OP makes with positive direction of x-axis in
anticlockwise sense is called the argument or amplitude of z and is denoted by
arg(z) or amp(z). VY
From Fig. 12.1, we have Fig.12.1

tan G—PM L Im(z) = @=tan"| o {2}

OM «x Re(z) Re(z)

This angle 0 has infinitely many values differing by multiples of 2 . The unique value of 6 such
that — nt < 0 < wis called the principal value of the amplitude or principal argument. This formula for
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determining the argument of z=x+iy has severe drawback, because z; =1+i+/3 and
zp =-1-i+/3 are two distinct complex numbers represented by two distinct points in the
Argand plane but their arguments seem to be tan™' +/3 =1/ 3 or 4 /3 which is not correct. In
fact the argument is the common solution of the simultaneous trigonometric equations

Y

—\/x%? and, sin B:W

Since the above system of equations has infinitely many solutions. Therefore, there can be
infinitely many arguments of z=x+iy. The argument 0 which satisfies the inequality
-7 < 6 £ nis usually known as the principal argument of z. The argument of z depends upon the
quadrant in which the point P lies as discussed below.

cos 0 =

12.14.2 ARGUMENT OR AMPLITUDE OF A COMPLEX NUMBER FOR DIFFERENT SIGNS OF
REAL AND IMAGINARY PARTS

(i) Argument of z=x +iy when x > 0and y > 0: Since x and y both are positive, therefore the
point P (x, y) representing z = x + iy in the Argand plane lies in the first quadrant. Let 6 be the
argument of z and let a be the acute angle satisfying tan a =|y/x|. Then it is evident from
Fig. 12.2 that 0 = ..

YA
| P (xy)
” k
! | iy
)1( IA0=a: )f 24
| x M e
S X
vy
Fig.12.2 Fig.12.3

Thus, if x and y both are positive, then the argument of z = x + iy is the acute angle given by tan o = X

x
(i) Argument of z=x+1iy when x < 0 and y > 0: In this case, the point P (x, ) representing
z =x+iyin the Argand plane lies in the second quadrant. Let 0 be the argument of z and let o be
the acute angle satisfying tan o =| y/x|. Then it is evident from Fig. 12.3 that 8 = - a..

Thus, if x <0 and y >0, then the argument of z = x +1y is © — o, where o is the acute angle given by
Yy

tan o =|=|.
X

(iii) Argument of z=x+iy when x < 0and y < 0: In this case, the point P (x, y) representing
z = x + iy lies in the third quadrant. Let 0 be the argument of z and o be the acute angle given by
tan o =| yy/x|. Then from Fig. 12.4, we obtain 6 =~ (n- o) = — 7.

X’ O M
=0 :

W

P (xy)

vY
Fig.12.5

Thus, if x <0 and y <0 then the argument of z=x +1y is o — w where o is the acute angle given by
tan o =|y/x|.
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(iv) Argument of z=x +iy when x > 0 and y < 0: In this case, the point P (x, y) representing
z = x + iy lies in the fourth quadrant. Let 0 be the argument of z and let a be the acute angle given
by tan « =| y/x|. Then from Fig. 12.5, we obtain 6 =- a.

Thus, if x > 0 and y < 0, then the argument of z = x + iy is — o where a. is the acute angle given by
tan o =|y/x]|.
The above discussion suggests us the following algorithm for finding the argument of a
complex numberz = x + iy.
ALGORITHM
Step I Find the acute angle o. given by tan o =|y/ x|.
Step I Determine quadrant in which the point P (x, y) lies.
If P (x, y) belongs to the first quadrant, then arg (z) = a.
If P (x, y) belongs to the second quadrant, then arg (z) =n —a.
If P (x, y) belongs to the third quadrant, the arg (z) = — (1 — o) or m + a..
If P (x, y) belongs to the fourth quadrant, then arg (z) =—a.or 2 n —a.
ILLUSTRATION 1 Find the modulus and argument of each of the following complex numbers:

(i) 1+i43 [NCERT] (i) —2+2i3
(i) —+/3 —i (iv) 24/3-2i
SOLUTION (i) Letz =1 +i+/3 and let a be the acute angle given by tan o = I;n((z; . ;
e(z

tana=vV3= a =§
We observe that Re(z) > 0and Im (z) > 0. So, the point representing z lies in the first quadrant.
arg (z)=a=§. We find that |z| = \}12 +(V3)? =2

(ii) Let z=—2+2+/3 i Then, |z| =4/(-2)? + (2V3)? =4. Let o be the angle given by

tana = Im_(z) . Then, tana = & =J§:>a=£.
Re(z) - 3
We find that Re (z) <0 and Im (z)>0. So, the point representingz lies in the second quadrant.
n 2n
arg (z —=—
g@)=n-a=mn 559
(i)  Letz=—+/3 —i Then, |z| =4/(=+/3)? + (~1)? =2. Let a be the acute angle given by
Im (z) =10 T
t - . Then, t =l——= == a=—
S T e Y
We find that Re (z) <0 and Im (z) < 0. So, the point representing z lies in the third quadrant.
T 5n
a Z)=— —_ = — _— = —-—
rg (z) =—(n— o) (TC 6] :
(iv) Letz=2+/3 —2i. Then, |z| =4/(2 «F)z +( 2)2 =4. Let o be the acute angle given by
Im (2) -
t . Then, t =
an o Re(2) en, tan o = J_

We observe that Re (z) > 0 and Im (2) < 0.So, the point representingz lies in the fourth quadrant.
arg (z) =—a=-n/6



COMPLEX NUMBERS 12.37

ILLUSTRATION 2 Find the modulus and argument of the following complex numbers:

O e [NCERT] (i) —— [NCERT]
1-i 1+i

14
SOLUTION (i) Let z=1—+f. Then,
=

: : 2 i, i :
147 141 (A+9)° 1+2i+ic 1+2i-1 |, ; [=57 =%
I=—=—= = = =l=0+1:> zZ|= 0 +1 =1
1=i 1+i 1-42 1-i2 1+1 =l

ile) .Then, tana:%:oo = a:ﬁ_

Let a be the acute angle ¢i by t. =
u geglven Y an o Re(z)

We find that Re(z) =0 and Im(z) =1>0. So the point representing =z lies on y-axis.
Consequently, arg (z) =a. = g .Hence, |z|=1and arg (z) = g
1 1-3 1—1 =i .

(ii) Letz=L_.Then,z=L_=—x—.= = ==-=i
1+i iz 1+1 2 2

141 RS e
e T
Im (2)

Re (z)

Let a be the acute angle given by tan a = . Then, tan a =

=i 1o a=r
1/2 4
We observe that Re (z) = % >0andIm (z) =— % < 0. So, the point representing z lies in the fourth

1 n
uadrant. Therefore, RN | z| = —=and =——.
q erefore, arg (z) =—a 2 ence, | z| 7 and arg (z) 1

12.14.3 VECTORIAL REPRESENTATION OF A COMPLEX NUMBER

A complex number z = x + iy can be represented by the position vector

P (xy)
OP of point P(x, y) in a two dimensional plane because a complex
number depends on two things viz. (i) its modulus and (ii) its argument x
which are also the requirements of a vector on a plane. < 5 S
In Fig. 12.6, the complex numberz = x + i y is represented by the vector
OP and insuch a case | z| is the length OP and arg (z) is the angle which vy
the directed line OP makes with the positive direction of x-axis. Fig.12.6

12.14.4 POLAR OR TRIGONOMETRICAL FORM OF A COMPLEX NUMBER
Letz =x +i ybe a complex number represented by a point P(x, y) in the Argand plane. Then by

the geometrical representation of z = x + i y, we obtain AY
P (x,y)
OP =|z| and, ZPOX = 0 = arg(2) Exy
In A POM, we obtain x £ 0
oM x o] M
o8 = — =" = x =|z|cos 0
OP |z|
and, sm9=£1\£=—gﬁ:>y=lz|sinﬁ o
OP |z| Fig.12.7
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= z=|z|cos 0+i|z|sin 8=|z|(cos 0+isin B) =r (cos 6 +i sin B), wherer =|z|and 6 = arg (z)
This form of z is called a polar form of z. If we use the general value of the argument 6, then the
polar form of z is given by

z=r{cos (2n m+ 0) +isin (2n n + 0)} , wherer =|z|, 8 =arg (z) and n is an integer.
12.14.5 MULTIPLICATION OF A COMPLEX NUMBER BY IOTA
Let z=x +iy be a complex number represented by a point P(x, y) in the argand plane. Let
7 (cos 0 + i sin 0) be the polar form of z. Then, r =|z| and arg (z) = 6.
Now, z = r(cos0+isin 6)
= iz =ir(cos®+isin B)= r(—sin 6 +icos B) = r{cos (/2 + 0) + sin (/2 + 0))

This means that iz is a complex number such that| iz| =r =| z| and arg (iz) = g +0= g +arg (z).

Thus, multiplication of a complex number by i results in rotating the vector joining the origin to point
representing z through a right angle.

12.14.6 POLAR FORM OF A COMPLEX NUMBER FOR DIFFERENT SIGNS OF REAL AND

IMAGINARY PARTS
i) . Let 8 be the argument of z.
Re (z)

Casel  Polar form of z = x + iy when x > 0 and y > 0: In this case, we have 0 = .
So, the polar form of z=x +iyis z = r(cos a +1isin a)
Casell  Polar form of z = x iy when x <0 and y > 0: In this case, we have 6 = —a..
So, the polar formofz=x +iyis

z = rcos(n—0a)+isin (r—a)] = r(—cos o +isin a)
Caselll Polar form of z = x + iy when x <0 and y < 0: In this case, we have 6 =—(n - a).
So, the polar form of z is given by

z = rlcos(n—a)+isin (—(r—a))] = r(—cos a —isin o)
CaseIV Polar form of z = x + iy when x > 0 and y < 0: In this case, we have 8 =-a.
So, the polar form of z is

z=r[cos(-a)+isin(—a)] = r(cos o —isin a)

Let|z| =r and « be the acute angle given by tan a =

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)
EXAMPLE 1 Write the following complex numbers in the polar form:
() —3v2+ 321 (i) 1+1
(i) -1 - [NCERT] (iv) 1-i [NCERT EXEMPLAR]

SOLUTION (i) Let z=— 3+2 + 3 v/2i. Then, r =|z| =\/(— 342)? +(342)? =6.
Let a be the acute angle given by tan o = L) .Then, tan =1 = a = il

Re(z) 4
The point representing z lies in the second quadrant. So, the argument 6 of zis given by

O=m—-a =71:—E=£.
4 4

Hence, the polar form of z=-3+/2 + 3+/2i is

z =r(cos O +isin ) = 6(cos%+isin%J
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(ii) Let z = 1+i Then, r=|z|=\|'12+12 =42. Let o be the acute angle given by

m (z)
Re(z)

I

tan o = Thentana-%—l:;a:z.

[ ]
We find that the point (1, 1) representing z lies in first quadrant. Therefore, the argument of z is

given by3=a=§.Hence, the polar form of z=1+1 is
z =r(cosB+isin B) = ﬁ[cos%ﬂ'sin%)

(iii) Let z=-1-1i Then, r =|z| =~J(—1)2 4—(—1)2 =4/2. Let o be the acute angle given by
L)
Re(z)

tan o = Then, tan o =

Clearly, the point (-1, - 1) representing z lies in the third quadrant. Therefore, the argument of z
is given by

B = na) = —(n—g]:—%.

Hence, the polar form of z=-1-iis

z=r(cosB+isin9)=\/§{cos[_ nj+isin(~2n]}=ﬁ[cos§£-is 34}
Im (2))

(iv) Letz=1—i.Then,|z| =4/1% + (-1)® =+/2.Let a.be the acute angle given by tan o = Re (@)
z

Then, tana=1_—‘=1:>a=ﬁ.
1 4

We find that the point (1, -1) representingzlies in the fourth quadrant. Therefore, the

argument of z is givenby 8 =-a =— E Hence, the polar form of z=1 -1 is
7 (cos 0 +isin 0) = /2 cos(—£J+isin {—EJ =J§(cos£ —isin E]
4 4 4 &
EXAMPLE 2 Find the modulus and principal argument of (1 + i) and hence express it in the polar
form. [NCERT]

SOLUTION Let z=1+1i Then, |z| = J12+1% =42, Let « be the acute angle given by

Im (z)

.Then, tan o =
Re(z)

tan a =

%‘ =1 = a= E.Clearly, the point (1, 1) representingz =1 +1 lies
in first quadrant. Therefore, 6 = arg (z) = g

Hence, the polar form of z=1+1i is z =|z|(cos 6 +isin B) = ﬁ(cosgﬂ'sin E]

EXAMPLE 3 Find the modulus and principal argument of =21,
SOLUTION Let z=-2i=0+ (- 2)i Then, |z| =40 + (- 2)? =2. We find that the point (0, - 2)
representing z = — 2 i lies on the negative side of imaginary axis. Therefore, principal argument

of is—X.
2
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EXAMPLE4 - Find the modulus and principal argument of — 4.

SOLUTION Let z=-4+0i. Then, |z|=+/(-4)> +0=4. We find that the point (-4, 0)

representing z =— 4 + (i lies on the negative side of real axis. Therefore, principal argument of

MATHEMATICS-XI

[NCERT]

zism
EXAMPLE5  Express the following complex numbers in the polar form:
o 14 . 2+6+43i
= ) ——=—
1-i 5+4/3i
SOLUTION (i) Let z= 1—+1 and, letr (cos 6 +i sin ) be the polar form of z.Then, r=|z| and
—i
6 =arg (2).
: om0 )

Mo, 2 = 1+i =(1+1)(1 +z)=1 2i+1 =1+21 1

1-i (1-9@A+) ,_p2 T1

1

r

lz| = J0+1 = 1.

=i =0+11i

Clearly, the point (0, 1) representing z=0+1 lies on positive direction of imaginary axis.

Therefore, arg (z) = g Hence, the polar form of z is

i .. T T o e LT
g 1[(:05— + zsm—) = cos —+1sin —
2 2 2 2

(ii) Let z=25:6—j§§i1 and, let 7 (cos 6 +isin 6) be the polar form of z. Then, r=|z| and
0 =arg (z).

2+6/3i 2+6~/3i (5-+/31) 28+28+3i .
Now, z= = . = =1+i4/3

5+v3i 5+v3i (5-43) 28 :

T=|Zl= 1+3=2
Let a be acute angle given by tanaz'lm(z”:ﬁ:«/g = a=",

|Re(z)| 1 3

Clearly, the point (1, +/3) representing z lies in first quadrant. Therefore, 0 =arg (z) = o =

Hence, the polar form of z is 2 (cos —735 +1i sin —g)

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

1+7i
2

EXAMPLE 6  Put the complex number

numberand—-n <0 < m.

SOLUTION Let z = 1+7;. Then,
(2-19)
LR 474 1478 84di  ~25%05i
Bhigi® B=di B=di Badi 25

r=lzl=y(-1? + * =42

Let o be the acute angle given by tan o = m

Re(z)

= =1+1

.Then,tana:‘—l‘=1 :>G=E
1 4

wla

in the form r (cos 0 + i sin 0), where r is a positive real

[NCERT]I
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Clearly, the point (- 1, 1) representing z lies in the second quadrant. Therefore,
O=ar (z)—n—u—n:—E—ﬁ
& 4% T
5 gl 3m ... 3=m
Hence, zin the polar form is givenby z = v2 | cos &y +1 sin 5

EXAMPLE 7 Find the modulus and argument of the following complex numbers and convert them in
polar form

()—2', [NCERT] (i) —% [NCERT] @iy 222 [NCERT]
cos — +1sin — 1-
3 3

SOLUTION (i) Letz=—1+21_.Then 1+21 L0 (1_6)+1(2+3)=—1+li
1-3i 1—31 1+ 3i 1+9 2 2

r:lzl: (_l]2+(ljzzi

2 2 2
-1/2 T

Let a be the acute angle given by tan a = =1 = a=—

1/2

M. Then, tan o =
Re(2)

We find that Re(z) =— E <0andIm (z) = % > 0. So, the point representing z lies in the second

quadrant. Therefore, 0 =arg (z) =n- o =n— g = % Hence, the polar form of z is

r(c059+isin9)—1 cos3n+i5inij—r
AL A 4)

(ii) Let z=!—~1—. Then,
BT
cos — +1isin —
3 3
i-1_ _2(-1+) 1-iv3 _2{-143)+i(1+V3) (V3-1) .(V/3+1
1+1.£ Ieide  ‘1=ivNa. 1+3 2 ]
2 2
B-1Y (VB+1} [B-12+WB+1)2 [2(3+D)
|2I= + = = :,\/_2‘
2 2 4 4
: Im(z)
Let a be the acute angle given by tan a = Re@)| ;
J3+1 1 T
2 J3+1 1+T§ tan4”a“g [n n] 5 5n
tan o = = =tan R = —_— =—
RS T TN TS I ey 4 6 12 12
2 V3 4 6
We find that Re(z)=\/§2_1 0and,Im (z) = J_+1 > 0. So, the point representing z lies in the

first quadrant. Therefore, 0 =arg (z) =a. = ?—2 Hence, the polar form of zis

7 (cos 0 +1sin 0) = J_(c055—+15m 5—“]
12 12

(i) Letz:1+3f.,ﬂlen’z:1+3f=1+3Tx1+21'z(1—6)+z(3+2)=_1+l_
1-2i 1-2i 1-2i 1+2i 1+4
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r=|z[=J(-~12 +1%2 =42

Let o be the acute angle given by tan a = m (@) .Then, tan o =[—| =1 = « =
Re(z) - 4
We find that Re (z) <0 and Im (2) > 0. So, the point representing z lies in the second quadrant.
n 3n
O=arg(@)=n—-oa=n—-—=—.
gz =n—-a=n P

Hence, the polar form of zisr (cos 0 + i sin 0) = 2 (cos % +1 sin %)
BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 8 For any complex number z , prove that| Re (z)| +|Im (2) | £v2 | z|.
SOLUTION Letz =7 (cos 0 +i sin 0). Then,|z| =r and arg (z) = 6.

Now,
| Re(z)| +|Im(z)| =|rcosO|+|rsin O]|= r{]cose| +|sin8|} [wr=|z]|>0]
2 2
{|Re(z)|+|1m(z)]} =r2{|cose| +|sin9|} =r2{1 +[25in9cose|}
=r2{1+]si1129|}£r2(1+1) [+ |sin20]<1]
= |Re(2)| +|Im(z)| < V27 = |Re(@)|+|Im (2)| < v2|z|

EXAMPLEY Ifzandw are two complex number such that |zw| =1and arg (z) —arg (w) = g then show

that zw = —i. [NCERT EXEMPLAR]
SOLUTION Let|z| =7 and arg (z) = 8. Then, z =r(cos 6 + sin 6).

Now, |zw|=1and arg (z) —arg(w) =g
= |z||w| =1 and arg (w) = arg (z) —g = |w| =land arg (w) = 9—%
r

w =|w| { cos (arg w) +i sin (arg w)}

= w=1 cos[B—E)H sin (B—E) =2 {sin B —i cos B} =—i(cos 6 +1 sin 0)
r 2 2 r r
Zw =r(cos B —i sin B)x—l(cos 0+1isin B)=—i(cc»s2 0+ sin? 0) =—i.
r

EXAMPLE 10 What is the locus of z, if amplitude of (z—2 - 3i) is g?

SOLUTION Letz=x+7y. Then, z-2-3i=(x+iy)-2-3i=(x-2)+i(y-3)
Let 6 be the amplitude of (x-2) +i(y — 3). Then, tan =y;;. It is given that the argument of
x—
z-2-3i is .
4
tanE:y_3 =% 1=y—3
4 x-2 x=2
Hence, the locus of z is a straight line.

= x-y+1=0, which is a straight line.

EXAMPLE 11 Show that the complex number z, satisfying arg [%J = g lies on a circle.
z+

[NCERT EXEMPLAR]
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SOLUTION Letz =x+iy. Then,
2-1_(x-D+iy _(x-D+iy (x+D-iy _(*-1+y°)+2y
z+1 (x+D)+ly (x+D+iy (x+1) =iy (x+1)2+42

: xz+y2—1 7 2y
(x+1)2+y2 (.‘(-t-1)2+yr2

Py e
Let 6 be the argument ofﬂ.Then, tan @ =— Zz/(x+l) +y2 5= 2_1/2
z+1 (x“+y" =1/ (x+1)"+y° x“+y° -1

But, it is given that arg [ﬂ] isTie0="T
Z+1l) 4 4

R O =5 x2+y2—1 =2y = x2+y2—2y—1=0 =9 (x—-0)2+(y—1)2=(w/§)2,

tanz ) x2+ yz -1
which represents a circle.
EXAMPLE12 Ifarg(z —1) =arg (z+ 3i), then find (x —1) : y, wherez = x +iy. [NCERT EXEMPLAR]
SOLUTION We have, z =x+iy.

z-l=(x-1+iyandz+3i=x+i(y+3)

Let 6; and 0, be the arguments of z—1 and z + 3i. Then, tan 6, =_y—1 and tan 0, = s 3.
x— x
Itis given that arg (z —1) =arg (z + 3i)i.e. 81 =0,.
tan 6, = tan 6,
Yo ys o
= —F—=d = = 3x-y-3=0= 3(x-)=y=> —=—= (x~1):y=1:3
-1 x y 3

EXAMPLE 13 If for complex numbers zy and z, arg (z;)-arg(z) =0, then show that
|21-23|=||z1| | 2z || [NCERT EXEMPLAR]
SOLUTION Let|z|=ry and|z,|=mn. Itisgiven thatarg (z;) —arg(z;) =0
ie. arg (z;) =arg (zz) =0 (say)

z) =11 (cos®+isin B) and zy =7, (cos O +1 sin 6)

= 71 =2y =(r; —1;) cosO+i (1] —1,) sin O
= | z1 —2o ]2 =(n —1"2)2 cos? 0+ (n —rz)z sinZ0 =(n —7‘2)2 (cos2 0+ sin28)=(r1 ~r2)2
= |21~z | = -1 | = |21z | = || 2] | 22 ||

EXAMPLE 14 If z, z) and z, are complex numbers, prove that:
(i) arg(z)=-arg(2).Ingeneral, arg (z)=2nn —arg (z) (ii) arg (z; zp) =arg (z1) + arg (z;)

(iii) arg(z; z_z) =arg (z1) — arg (z;) (iv) arg {%] =arg (z1) — arg (z)

SOLUTION (i) Let z=r (cos 8 +1 sin 8) be the polar form of z. Then, |z| =7 and arg (Z) = 6.
Now, z=r(cos®i+isin 6)
= Z=r(cos © —isin 0) =7 {cos (- 6) +isin (-6)} = |Z|=r and arg (z) =- 6
Since cos 0 and sin 0 are periodic functions with period 2m Therefore, in general
arg (z) = 2nn — arg (2)

(ii) Letz; =r (cos 04 + i sin 0;) and z; =75 (cos B, + 17 sin 8,) be two complex numbers in their
polar forms. Then,
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|zy | =1, |20 | =13, arg (z) = 01 and arg (z;) =0,
212y =1y (cos By +isin 6) x 7, (cos B +1sin 65)
212y =11 15 {(cos 81 cos B, —sin By sin B) +i (sin B cos O, + cos By sin €;)}
2129 =1 15 {cos (87 + 85) +isin (07 + 05))
|z1 25| =r 7, and, arg (z) 2p) =01 + 05
|z122] =21 || 22| and arg (21 25) = arg () + arg (zp)
REMARK It follows from the above result that
|21 29 w2y | =| 21 || 22 | -]z, | and, arg (21 25 ... 7,) = arg (z) + arg (zp) + ... + arg (z,)
Replacing zy, 25,23, ... , z; by z, we obtain: | 2" | =| z|" and arg (") =n arg (z)

L Uiy

(ili) Letz; =r (cos 6 +isin 07) and, zy =r, (cos 8, +1i sin 6;). Then,
Zp =ty (cos Oy —i sin 0,) =7, [cos (- 05) +i sin (- 0,)}

7y 2y =1 7y [c08 {87 + (= By)) + i sin (81 + (= 09))] [Using (ii)]
= 21££=T1 ¥y {COS (61 —92) +isin (81 —62)}
= arg (z; 2;) = 0, — 0, = arg (z;) - arg (zp)

(iv) Letzy =1 (cos 81 +isin 6;) and zy =, (cos 0, +isin B,). Then,
|zq| =7, |25 | =1, arg (z1) =0 and arg (z;) =0,
21 _n (cos 8¢ +isin B4) _n (cos 81 +1i sin 6) ! (cos B, —i sin 05)
zy 1y (cos By +isin 05) 7, (cos Oy +isin O;) (cos By —isin 6;)

7_n {(cos 01 cos 0, + bin 07 sin 0,) +i(sin 6, cos 8, — cos 67 sin 92)}

=
Z B cos? 6, + sin? 0,
r
=2 Sl {cos (81 —65) +isin (8 - (-)2)} = arg [2—1] =01 -0, =arg (z;) —arg (z)0
Zp T 2

EXAMPLE 15 Let z; =ry (cos 04 + 1 sin 01) and zp =7, (cos 6, +1 sin 8,) be two complex numbers.
Then, prove that

(i) |z +2zo |2 =Jr12 +r22 + 2111 cos (01 —8;)

2
or, |z +5 " =z > +|2|* +2|z ||z ]| cos (8; - 6,)
B 2 2 o)
(i) |z -z | =n"+1" —2rr cos(6;-6,)
2 2. 2
or, |21-2|"=|z|" +|23|° -2z || z; | cos (81 - 67)
SOLUTION We have, z; =r; cos 01 +isin 07 and, 2z, =1, (cos 0, +isin 6;)
|z1|=mr.,|22| =1 , arg (z;) =01 and arg (z5) =6,
(i) z1 +2p =(rq cos By + 7, cos B;) +i(r sin O + 1, sin B;)

|21 + 29 F =(r cos B + 1, cos 82)2 + (1 sin B9 + 1y sin 82)2

= |z + 29 2 =r12 +r:‘,-2 + 2r 15 cos (6] —65)

2 2 2
= |21 +2p | =|z1|" +|22|" + 2| z1|| 25| cos (681 — 03)
(ii) z1 —2p =(r; cos 01 —rp cos B;) +i(ry sin B7 —ry sin O;)

|z; -2 12 =(r cos By —1, cos 92)2 +(r sin 8; —n, sin 62)2

= | z1 —22]2=r12+r22—2r1 ty cos (61 —0;)
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2 2 2
= |21 =2 |" =|z1|" +|22|" = 2|z || 22| cos (81 - 6;)
EXAMPLE 16  For any two complex numbers zq and z, , prove that :
. Tt Z1 . " ;
@) |z +2z9| = |27 —25]| < arg (z7) —arg (zp) =5 < — is purely imaginary.
=2
(i) |z1+2| =|71|| 22| < arg () = arg (z;) < A purely real.
2

(iii) |z +2z 1> = |5 +]2 ]2 e s purely imaginary
“

SOLUTION Let z; = ry(cos 0 +isin 0;), zy =r, (cos 0, +isin 0,). Then, |z|=nr,|z| =1,
arg (zq) =07 and arg(z) =0,.
(i) We have,

|21+ 2 |2= |21 -2 |
e la+al =lz-zf
= n 2% r2 2 4 2ry 1y cos (01 - 67) =1y : +r22 = 2r 1 cos (0] - 0;)
= 4ryrcos(0;-0,) =0
= cos(8;-05) =0
= 0,-06, = g ie. arg (zq) —arg (zo) =~12E
S s 24
= arg| = | = — : = |=arg (z)) —arg (z
g[ZzJ 5 [ arg(zzj arg (z1) g(z)]
Z . ' .
— —1S pureiy magmary.
22
(ii) We have,
|21 +22| = |z |+|2z]
=3 |::1+22|2 = (n +r2)2 [+ |2z1|=n and|z; | =1]
= r12+r22+2r1r2cos(61—92)=r12+r22+2r1r2
= cos(B1-8,) =1
< 01 -0, = Oie. arg(z)) —arg(zp) =0or, arg (z;) = arg (zp)
= arg (Z—LJ =0 |: arg [-ﬁ-J:arg (z1) —arg (22):|
Zy 2
<

s purely real
]

(iii) We have,
|2y +25* = |21 ]* +| 2|2

2 2 2 2
noHn + 211y cos (0 =-0;) = no+n
2r 1 cos(8;-05) =0
cos (81 -65) =0
8;-0, = =

1 2 2

arg [%J - g ' [ arg[i—;J=arg (z1) —arg (22)=91—92}

g 00 ¢

0
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Z1 . 5 5
= a 1S purely imaginary.

%2
EXAMPLE 17  For any two complex numbers z| and z, , prove the following triangle inequalities:
@) [z +2]<[z]|+]2] (i) |21 -z [ <]z | +] 2|

(iii) | 21 + 2o | 2| 21| | 25 | () |21~z | 2|21 | -] 2|
SOLUTION (i) We have,

| z1+2p 1 =| 71 |24+ 2y [2+2| 21 || 29 | cos (81— B5), where 8, = arg (z;) and 8, = arg (z;).
cos (87 —6;) <1

= 2|z1||zp | cos (61 —07) =2|zq ||z | [Multiplying both sides by 2|z |z,]]
2 2 2
= |21 12 +| 22 |* + 2| 21| | 23| cos (87 = 03) <| 21 |* +]| 7 |* + 2| 7| | 2|
2
2
= |z + 2| 5[IZ1|+|22|J = |z1+75| €[ 7| +]| 2 |

(ii) We have,
2
|21 -2 % = 2112 +]23 12 = 2|z || 23| cos (87 — 0)
-1<cos (8 -6,) =1
-1<-cos(8] -0, <1

= —cos (B —0,) <1

= —2|2z1||zy| cos (07 - 05) <2|zq || 25|

= |z |2 +125|* = 2|2 ||z | cos (81 - 83) <z |* +] 25 |* + 2| 71 || 25 |
2

= |21—Zz|2S[|21|+|Zz|J = |z -z | €|z | +|z|

(iii) We have,
2
|2y +2 [* = |z |* +|2 |* + 2|z || 25| cos (8 — 6)
—1<cos(8)-0,) =1

= cos (61 -67)2-1

= 2|z1||zp| cos (61 —02) 2= 2|z || 2 |

= |22 412 12 + 2|21 || 23] cos (81 - 8y) 2 | z1 |* +]| 22 |* = 2] 21| 5 |
2

= Ja+al2(lal-znl] = larzlzal-)

(iv) We have,
2
|21 -2 = |z1|* +| 2 |* = 2] 21]] 25 | cos (81 - 6)
-1<cos(8;-6,) =1

= cos (07 —8;) <1
= —cos(0; —0,) 2-1
= -2|z||zy| cos (81 —8;) 2~2|z|[ 2|
2 2 2 2
= |21 |* +|2z3|" = 2| z1|| 22| cos (81 = 83) 2|21 |* +| 2z | = 2|z || 2|
2
= |Z1"Zzi22[|21|—|22 |) = |z1-zp| 2 |z -] 2]
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m —_— s +
EXAMPLE 18 Ifz =cos (?J +1sin [gr_) ,+=1,2,3,.., prove that zy 2y 23 ... 2 = L.

SOLUTION We know that, if z; =7, (cos 01 +i sin 87),z; =, (cos 0, +i sin 8,), ... are complex
numbers, then
20223 ... 2y =1 Tp 13 ... Ty [€OS (By + 8y +... + 0) +isin (B + 6 +... + 0,))

Here, =z =cosi+isini,r=1,2, 3;
3 i

/ m . 2T n
= |z = cosZ?«rsmz?:l,r:l,Z, 3;....and, arg(z,,):;,r:l,z, 3....

2122 —cosfE e Ty Elyisind S bt P
1 3oy 3 32 33 vee 3?1 3 32 33 aen 3?‘!

Hence, 22 z3...2, = lim (212p23...%)= lim |cos E(l—lJ +1sin E[I—l—)
- ® 2 3h 2

n n—w 3"
N o B 7 1
=c0S — +18in — =i —=0
2 2 n—w 37

T v I
EXAMPLE 19 If %, = cos o +1isin 2—n,prove that xq Xy X3... X =— 1.
SOLUTION We find that

Xq X xn*(COSE+iSinE)(CDS-—TE—+fSiH"£] cos—£+isinr£] (cosiﬂ'sini]
142 2 9. 22 92 92 23 of oMt

Y T T T “h ks T T T
=c0S{—+—+—5+...+— FHisin{—+—+—75+...+—
{2 22 23 2n} {2 22 23 2”}

X1 Xp X3 ... Xo = lim (%7 Xp X3 ... X;) = lim cos n(l—ij +1sin n[l——l—]
n—»w n— o 2 ot

=cosm+isinm=-1
EXAMPLE20 Letz) andz, be two complex numbers such thatzy +izy =0 and arg (z) zp) = m. Then, find
arg (zq). [NCERT EXEMPLAR]
SOLUTION It is given that

Zy+iz, =05 Zy=—iz, = [‘_21 ]=[—i§2 J [Taking conjugate of both sides]

= zy=iZy
= 7y =—iz = arg () =arg (-iz) = arg (z) = arg () + arg (z)) = arg (z) = —g+ arg (z1)

(1)
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It is also given that
arg (z1zp) =n = arg(z)) + arg (z) =n = arg (z) —g +arg (z) =n [Using (i)]
= 2arg(z)) = i = arg(z) = 3%
2 4
EXAMPLE 21 If z) and zy both satisfy z+z=2|z-1| and arg (z-2)= g, then find
Im (z1 +2,). [NCERT EXEMPLAR]
SOLUTION  Letz =xy+iy and zp =x, +i y,.It is given thatz; and z, satisfyz+z =2|z -1|.
zl+51=2]zl—1| and 22+52=2|zz—1|
= 2% =2|(x; -1 +iyy| and 2x5 =2|(x9 -1) +iy, |
= X1 =4/(x1 —1)2+y]2 and x, =4/(xp —1)2+y22
= x12 =(xq -1)2 +y12 and xzz =(xp -1)2+y22
= 2x=1+y ..() and 2%y =1+1y5° wei(i1)
=5 2 (x1-x9) = ylz - y22 [Subtracting (ii) from (i)]
Xp—X
sy o 21 2]=y]+y2 sxi(dit)
[%—h

NOW, Z1=x +fy1 and 2y =X +iy2 = Z1-2p =(x1—x2)+i(y1 —yz)

It is given that arg (z; —z,) = E Therefore,

tanZ=Y1"¥2 o H17V2 , 217%p 4 o (iv)
4 x-x =X  Y1-%2
From (iii) and (iv), we obtain: 2 =y; + 1y, = Im(z; +2) =2.
EXAMPLE22 Ifa complex number z lies in the interior or on the boundary of a circle of radius 3 units and
centre (—4,0), find the greatest and least values of |z +1|. [NCERT EXEMPLAR]

SOLUTION  Let C (-4, 0) be the centre of a circle of radius 3 units and P(z) be a point in the
interior or on the boundary of the circle. Then,

CP<3 = |z-(-4+0)|<3 = |z+4]/<3 (i)
Now,
|z+1| =|z+4-3| < |z+4| +|-3| [ |21 +25] <|zq] +]25]]
= |z+1]<3+3=6 [Using (i)]
So, the greatest value of |z+1| is 6. Fig.12.8

We know that the modulus of any complex number is greater than or equal to zero. Therefore,
|z+1| 20 forallz
So, the least value of |z +1|is 0.

EXAMPLE23 Locate the points for which 3 <|z| < 4. [NCERT EXEMPLAR]
SOLUTION Letz =x+iy. Then,|z| =\ﬂx2+y2.
Now

3<|z| <4
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= 9<|z|2<16 o 9<x2+y2<16 = 9<Jc2+y2 andx2+y2<16

Clearly, x%+ y2 >9 represents the exterior of the circle 54 +yr2 =9 and
xz+y2 <16 represents the interior of the circle :rc2+y2 =16. Hence,

9<x®+ y2 <16 represents the shaded portion between the circles
X2 4 y2 =9and x* + y2 =16 i.e. the circular annulus.

Fig. 12.9
_EXERCISE 12.4

1. Find the modulus and argument of the following complex numbers and hence express each
of them in the polar form:

() 1+i (i) V3 +i [NCERT] (iii) 1-i (NCERT]
(iv) 1-i ) 1 (vi) 1+2i
1+1i 1+i 1-3i
(vii) sin 120° —i cos 120° (vill) —20_ [(NCERT]
1+i/3
2. Write(i*) in polar form. [NCERT EXEMPLAR]
BASED ON HOTS
3. Express the following complex numbers in the form r(cos 6 +i sin 6):
(i) 1+itan o (ii) tan o —i
(iii) 1 -sin o +icos a (iv) Lok =
Cos — +1isin —
3 3

[NCERT EXEMPLAR]
4. Ifz; and z, are two complex numbers such that|z| =|z; | and arg (z) + arg (z;) ==, then

show thatz; ==Z,. [NCERT EXEMPLAR]
5. Ifz;, 2, and z3, z4 are two pairs of conjugate complex numbers, prove that
arg [Z_1J+ arg [—zl]=0. [NCERT EXEMPLAR]
2 Z3
6.  Express sin -755+ i[l —cos g)m polar form. [NCERT EXEMPLAR]
~ o 5= 5 s chERSNIE = == " ~_ ANSWERS
1. (i) V2 (cos n/4 +isin n/4) (ii) 2 (cos m/6 + i sin m/6)
(iii) +/2 (cos n/4 —isin n/4) (iv) (cos m/2 —i sin /2)
1 1 ;
v) ——= (cos n/4 —isin n/4 vi) — (cos 3 /4 +isin 3 n/4
(v) \ﬁ( / n/4) (vi) JE( /4)
(vii) cos X +isin X (viii) 8[coszﬁ+is'm EEJ
6 6 3 3
T .. T
2. cos ——isin —
2 2
sec o (cos a +1 sin o), 0<a ™
3. () 1+itan o= e
—sec a {cos (a—m) +isin (a—mn)}, §<a <m
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T i T T
sec o cos(a——]+zsm(a——J , 0fa<=
{ 2 2 2
[n J . [n ] n
—Sec o Cos| —+oa |+isin|—+a |, —<a<T
{ 2 2 2

«/5(cos-;—t—si.n%]{cos(%+%]+isin(g+%)} ; if05a<%
(iii) (1-sina)+icosa = uﬁ[cos%—sin%j{cos(%—%})ﬂsm(gHE)},if£<a<%

(ii) tanoa-i=

2 4 2
—ﬁ(co&%—sin%){cos(%—i—n]+isin(%——%]},if%E<cx<2n

; 1-i n .. 7n
(iv) —T[—T_ﬁ(cosﬁ—zsm—]

COS — +isin — 12
3 3
6. zsmi[cosLiSm 1)
10 10 10
HINTS TO SELECTED PROBLEMS

1. (i) Letz=+/3 +iThen, |z| = (v3)? + (1)2 =2. Let 0 be the argument of z and a be the
Y

| Im(z)| . Then, tan o = AL = o=—.

| Re(2)] J3 6
Clearly, z lies in the first quadrant. So, arg (z) = o =£ :

acute angle given by tan o =

(iii) Let z=1-i. Then, |z|=412+(-1)2 =v2. Let o be the acute angle given by

= |Im (z)l.Then, tan a = |-:1—I

Ll ool =15 et
| Re(2) | |1] 4

Clearly, z lies in the fourth quadrant. Therefore, arg (z) = — o = - g .
-16 _ -16(1-iv/3)  -16(1-iv3)
1+iM3 (1+i4/3)(1-i+/3) 143

|z] = (-4 +(43)? = /16+48 = 8

(viii) Letz= =—4 + 4i/3. Then,

Im (z 443
Let a the acute angle given by tan o = l—()l Then, tan o = | | =V3=a=2
| Re(2)] =] 3
Clearly, z lies in the second quadrant. Therefore, arg (z) =t~ o =7 - % = 2—;

3. (i) Let z=1+itan a. Clearly, z is meaningful for o # (2n-1) —125 ,heZ. Also, tan o is a

periodic function with period . So, let us take o lying in the interval [0, n/2) U (n/2, n].
Following cases arise:
Case] When a €[0, n/2): Wehave, z=1 +1i tan o

|2{=\/1+tan2az\/seczot=|secct|=secot |: §<u<n secu<0]

Let Bbe an acute angle given by tan B=|!IRL((Z~)ET|. Then, tan B=|tan a|=tan o« = P=a.
e(z
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Aszis represented by a point lying in first quadrant. Therefore, arg (2) =B = .
So, the polar form of z is sec o (cos o +1i sin o)
Casell When o €(n/2, il Wehave, z=1+itan a

|z|=\}1+mn2a=|seca|=—seca [ §<a<n.'.seca<0:|

|Im (z)|
Re@[
tan f=|tan a|=—-tan a [ ae(n/2, m)]
= tanf=tan(n-a)=> Pf=n-a
We observe that zis represented by a point in fourth quadrant.
arg(d) =-p=a-n
Thus, z in polar form is —sec a {cos (o — 7) +i sin (o — m)}.

(i) Let z=tan a—i. Since tan o is periodic with period n So, let us take
ael0,n/2)u(n/2,7].

Casel When o €[0, n/2): Wehave, z=tan a —i

|z| = 1/tan"a+1 =|seca| = seca

Let B be an acute angle given by tan § =

: |Im (2) |
Let B be the acute angle given by tan p =————.. Then,
B B A  Re o)
tan p= 1 =|cota|=cota=tan(£—a)=>[3=E—a
| tan a| 2 2

Clearly, Re(z)> Oand Im(2) <0. So, z lies in the fourth quadrant. Therefore,
arg (z2)=—-P=a - g.'Ihus,zinpolarformisgivenby zZ=seca {cos (a —g) +isin (a —g)}

Casell When o e(nt/2, 1] : we have, z=tana—i=>|z|=\/tan2a+1 =|seca|=—sec o

Let B be the acute angle given by tan B=||—I1: 8: en,
1 - ]
tanB_ltanoq_lco':al——mta'tan(a‘i):’ﬁ—a z

Clearly, Re (2) < 0andIm (2) < 0. So, zlies in third quadrant. Therefore, arg (2) =n+p = g +0o
Thus, the polar form of z is —sec a {cos(g + a) +isin (g + a)}.
(iii) Letz =(1 —sin a) +i cos a. Since sine and cosine functions are periodic functions with

period 2. So, let us take o lying in the interval [0, 2x].
Now,z=1-sin o +icos o

2
= |z|=J(1—sin 0)? + cos? & =22 sin o =s/§,/1—sina.= ﬁJ(cos%-sin%)
= |z =2

o . O
€os — —sin —‘
2 2
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Let B be the acute angle given bytanB:M.
| Re(2)|
20 a
ICOSG,I I coso |_ COS™ —-sIn E _ COS—+S]I13
|1 sina| |1-sinal (cosg—sing)z cos——sing-l
2

l+tan2 —
= tanP= §=’mn(—+—)
1—tan§

Following cases arise:

CaseIWhen0<a< : In this case, we have cos—>smaand +—e[E E)
2 2 2 4 2

2 (4
|z|=«/—(cos5—sm 2)and tanB—’tan(: ;) —tan(§+%]=¢ﬁ=g+%

Clearly, z lies in the first quadrant. Therefore, arg (z) = Z + %.

Hence,thepolarformofzisﬁ(cosg-sin g) cos(£+ 0t]+zsm(ﬂ: + a]
2 2 4 2 4 2

CaselI When —<a<ﬂ Inthlscase,wehavecos—<sm and E+ge(n,n)
2 2 2 4 2 2

|z| =42 cos—%—sin%l=—«/§(cos%—sin%)
and, tanp = ,tan n E]:—tan(u EJ tan n—(£+2) =tar1(ﬂ—2)=>[.’»=ﬂ-E
2 4 2 4 2 .4 2 4 2
Since 1-sina>0 and cosa<0. So, z lies in fourth quadrant. Therefore,
o 371:
Z)=—P=———
arg (2) =—B 5 2
Hence, the polar form ofzis—«/f(cos 2 _sin E] cos(g-ﬂjﬂ'sin (E—E—E-J .
2 2 2 4 2 4

Casell When % <a <2m In this case, we have

o o ( a) ( 51:)
cosE<sm—and n,—

2 4 2 4
1z|= cos%—sinE‘=—s/§(cos%—sing—)
and, tan B =|{tan (n+a] tan(u+g)-—tan [n+a) =tan(g—ﬁ)= -a _3n
4 2 4 2 4 2 2 4 2 4

Clearly, Re(z)<0 and Im(z)>0. So, z lies in the first quadrant. Therefore,
o 3m

arg (z) =p= 271

Hence, the polar form of zis — v2 (cos % —sin %J {cos (% - %’-‘-) +isin (— - —)}
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1= _ /2 (cos m/4 —i sin m/4)

(iv) Letz= T
(cos /3 +1i sin ©t/3)

st MG
COS§+IS]I1—

. - oy cos[—z]ﬂsin(_i] =\/2_{cos(—£—g]+ism(_g_ij}

s WAl 3
COs — +1 §in —
3 3

[ 7r|:) o ot [ 7n)
= 2z=4/24c0s|— |+isin| -—
12 12

z : B T
ALITER We have,z=-1, wherez; =1-iand z, =cos —+isin 2.
2

. T o b1 T el sz ey TG

Now,z; =1-i=+/2 L =2 dz, =cos =+ &

oW, 2 i {cos( 4J+asm( 4}} andz, =cos = +isin =
= |z|=+~2and6; =arg (zl)=~—— |z5| =1, 85 =arg (z) =

L3
3
lel1|[cos(91—92)+lsm(91»-92)] {cos[ ]+lsm[ ]}
z |z

Letzy =r (cos 0y +isin 0;) and 2y =7, (cos 0, +1i sin 0,). Then,
|21|=ry, arg (z1) =0y, |2, =0, and arg (z;) =6,
It is given that
|z2| =|z;| and arg (z;) + arg (zp) =n=>r =1, and 0;+6, =x=r=r, and O,=n-0;
z1 =11 (cos 01 +1 sin 64) £
= z1=n {cos(n—0;)+isin (n—0)] =1, (- cosB; +isin B,) = ~r, (cos B, ~isinBy) =~z
Letarg (zy) =0, and arg(z;3) =6,
It is given thatz, = z

2

and z = z . Therefore, arg (z) =—0; and arg (z4) =— 0,

1 3

Hence, arg [2_1J+ arg [2—2] =arg (zq) — arg (z4) + arg (z;) —arg (z3) =01+ 0, - 067 -0, =0.
24 %3

Let z=sin E+i(1—cos n] 2 sin - cos — +2i sin® - =2 sin —[cos—ﬂsm ]
5 5 10 10 10 10 10 10

Clearly, z is the polar form with | z| = 2 sin % and arg (z) = %

FILL IN THE BLANKS TYPE QUESTIONS (FBQs)

N

W

o o

~1

. The principal value of the argument of the complex number 1 —is .......ccoeievinivsirsinnnns

The polar form of (1'25) 3

The value of,}—ZSxJ_Q B stnsiisaosinss
(1 )3
1—1

L T (110 R, :

The complex number

in polar form is .

The sum of the series i +1
The multiplicative inverse of (1 +1) iS ..occevivueinnnisisinninins

If|z| =4 and arg (2) =5?n ythenz = ...,
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8. Ifz; and z, are two complex numbers such thatz, +z; is a real number, thenzy =......cccooeeeee. .

9. For any non-zero complex number z, arg (z) + arg (z) =

10. If|z + 4| < 3, then the greatest and least values of |z + 1| are .......ccoecuue 214 Lo PR SY
11. The modulus and argument of sin g +1 (1 —cosgj atel it and nweag
respectively.
12, If ol , then the locus of z is .
z+2
13. If| z + 2i| =| z - 2i|, then the locus of 1S ..coceveriervririinne

14.
15;
16.
17

18.

19,

20.

21,

22.
23,

24.

25.
26.
27
28.

29.

30.

31.

32.

33.
34.

35.

If |z+ 2| =|z-2], then thelocus of ZiS......cocvvvrevivecrnniniees -
Ifz=-1++/-3, then arg (z) =
If x <0 is a real number, then arg (x) =

The real value of ‘a’ for which 3i% - 24i% + (1—-a)i+5isrealis ..oeenmivcnmecrnenne

If|z| =2 andarg(z)z— 2 L ORI o B .

The value of (—/=1)*¥""3, where 1 € N, 18 oovevvevereerrerreeerermsrrerees o

The locus of z satisfying arg (z) =% (- JRR———————

The conjugate of the complex number i;z 1 SRR R S SO
+i

If(2+7) (2420 (2+ 3i).....(2 +ni) =x +1iy, then5.8.13...(4 +n2) =

If the point representing a complex number lies in the third quadrant, then the point
representing its conjugate lies in the .. v

The multiplication of a non-zero complex number by i rotates it through ..

in the anti-clockwise direction.

The complex number cos0 +isin 0 ................................ be zero for any 6.

The argument of the complex number (-1 + S Il ) 1 N
If a complex number coincides with its conjugate, then it lies on ....ooovcvvviciveieinicnine. :
The points representing the complex number z for which|z + 1| <|z —1| lie on the left side
OF i souse sonomsmisssosiiopensonn n's

If three complex numbers z{,z, andz3 are in A.P., then points representing them lie

The principal argument of i 0% s ........ccccooveensssssssssssssssssssses <

1'4TI+1 _i4n—1
The value of—z——— B in emes sona e psA Aot

Ifz; =+/3 +iv/3 andz, =+/3 +i, then the point representing L Ramii atssessssis il S 1
2

If 0 < arg (z) <m, then arg (z) —arg (—z) =

For any two complex numbers zq, 2z, and any real numbers 4, b, | az¢ —bz212+ | bzy +azy 1=

Let z; and z; be two complex numbers such that |z; +2z|=|z|+|z|, then

arg (zq) —arg (z;) =
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36. Let zjandz; be two complex numbers such that |z+2;|=|z —-2|, then
Arg (29) < ATE(ZE) = wressmsissrarsasnenndsansesennsis

37. If| z7| =| zp | and arg (z—l] = theniZ] A2y Senanmanmgiii s,
=)

ANSWERS
1 %: 2: co.sg—isinE 3. -15 4. 2 (cos m+1sinm)
5. 0 Bl 7. 243 +2i 8.
22
9. 2nm,neZ 10. 6and 0 11. 2sin—, = 12. circle
10 10
13. perpendicular bisector of the segment joining (0, —2) and (0, 2)
2

14. perpendicular bisector of the segment joining (-2, 0) and (2, 0) 15. ?n
16. © 17 - 18. 2 (1+1) 19. —i
20. y =+/3x in the first quadrant except the origin 21
22, x* + yz 23. Second quadrant 24. aright angle 25. cannot be
26. 111—2n+ 0 27. x-axis 28. y-axis 29. a straight line
30. —g Fl,1 32. first quadrant 33. 7
34. (a2 +b2) (|21 Hz?) 35. 0 36. g 37. 0

VERY SHORT ANSWER QUESTIONS (VSAQs)

Answer each of the following questions in one word or one sentence or as per exact requirement of the
question:

1. Write the values of the square root of i.
2. Write the values of the square root of —1.
a+ib

— , then write the value of (x + yz)z.
c+id

3. fx+iy =

4. f t<®<2mandz = 1+ cos 0 +1sin 0, then write the value of |4.
i4" o 9 r'4" -1

5. If nis any positive integer, write the value of

P92, 5% 588 586 , 584

?'582 g 5580 g iS?B + !-576 4 i574

6. Write the value of

7. Write1 —i in polar form.
8. Write —1 + i +/3 in polar form.
9. Write the argument of —i. [NCERT]

"
1+i] .
10. Write the least positive integral value of n for which[Fm1 . !J is real.
-1
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11. Find the principal argument of (1 +i /3)2.
12. Find z, if| z|=4 and arg (2) =5_1r'
13. If| z—5i|=| z+5i|, then find the locus of z.
@+ 308
14, If T =x +1y, find the value of x“ + y*.
a—i
15. Write the value of +-25 x \/-9.
16. Write the sum of the series i + i% +i> + ...upto 1000 terms.
17. Write the value of arg (z) + arg (z).
18. If| z + 4| < 3, then find the greatest and least values of |z + 1.
19, For any two complex numbers z; and z, and any two real numbers a, b, find the value of
|azq —bz, |2+| azy +bzy ]2.
20. Write the conjugate of —=— 5
(1-2)
21. Ifn e N, then find the value of /" +#'* 14772 4 '+ 3,
22. Find the real value of a for which 3i° —2ai> + (1-a)i+5isreal.
23. If|z| =2 and arg (z) =£~,ﬁndz.
24. Write the argument of (1 ++/3) (1 +1) (cos +isin 6).
B _ANSWERS
2 2
1 1 a“+b 0
1.+—(1+1i 2. +—1(1 4 R T 4, —2 cos —
'\/i ( ) 2 ( ) > 62 i d2 2
5.1 =2 7.ﬁ(cos§—isin E)
2% . . ... 2%® 3n T _ 2
8, cos —+isin — 9, —or—— 10. 2 11, —
3 3 2 2 3
2 4
12, 243+ 2i 13. Real axis 14, @ ;1) 15, -15
4a° +1
16. 0 17. 0 18. 6and 0
3 58 2 2 291, !
19. (a“ +b Z|* +]z 20} et 21,0
( ) (121 +122]) T
22.a=2 23. V2 (1+9) 24.:—;+e

MULTIPLE CHOICE QUESTIONS (MCQs)

Mark the correct alternative in each of the following:

1

. The value of (1 +1) (1 +i2) (1 +i°) (1 +i%) is
(@) 2 o (b) 0 (c) 1 (d) i
w is a real number and 0 <0 < 2x, then 6 =
1-2isin
T 'Y K
4 ie dy 2
(@) © (b) 5 (c) 3 (d) 7
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3. Q+D(Q+2)(1+3)...(1+ni)=a+ib,then2x5x10x..x (1 +n2)isequa1to
(a) Jaz +b? (b) Ja? -b? (©) a* +b? d) a2 -b% (e) a+b

10.

11.

12.

13.

14.

15.

(@) cosg+ising (b) cosr+isinnt (c) cosm—-isinw (d) cosg—ising-

| If2 =—1, then the sumi + 2434 ... upto 1000 terms is equal to
(@1 ®) -1 @i 0
Ifz = %, then the value of arg(2) is
T 2=n T
z il d) =
(@ = ®) 3 © 3 (d) 2
. Ifa=cos 8 +isin @, then 1” =
-a
@) cotg (b) cot 6 © icotg ) itang-
FA+)(Q+2) 1+ 3)..Q0+n)=a+ib, then 2.5.10.17 .....(1 +n%) =
(a) a—ib (b) a* -b? (©) 4 +b? {d) none of these
2 2
HQ—Z;F—l?—=x+iy, then x2 +y2isequalto
a—i
(@® +1)* (a+1)?2 (a* -1)?
(a) () ——— (d) none of these
4a% +1 4a% +1 (4a2 —1)2
The principal value of the amplitude of (1 + 1)3is
T = T
= — — d
(a) n (b) T © 2 d =
RN
The least positive integer z such that [%) is a positive integer, is
(a) 16 (b) 8 (c) 4 d) 2
=12
If z isa non-zero complex number, then l zl is equal to
(a) ;I ®) | z| ©Ilz] (d) none of these

If a =1 + i, then a® equals
(@ 1-i (b) 2 ©@Q+91-9) (Di-L

12,57

I Ja+ib = x+iy,thenpossiblevalueof,/a-ibis
(@) x% +y2 ®) x% +y2 © x+iy @) x-iy (e) yx* -y?
.Ifz=cos£+isin£, then
4 6
@ |z] = 1, arg@) =7 ® |z| = 1, arg@) =7
@12l = 2 arg =2 @1zl = 2 arg @ =tan ! -
. The polar form of(i25)3is
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=
(=23

If(x+iy)1/3=a+ib, then£+%=

(a) 0 (b) 1 (c) -1 (d) none of these
17 ﬁ,‘ )(,/ ) is equal to
(b) -6 (c) i/6 (d) none of these
18. The argument of % is
(a) 60° (b) 120° (c) 210° (d) 240°.
19. Ifz —(F] then z* equals
—i
(@ 1 _ (b) -1 (c) O (d) none of these
20, Ifz= i, then arg (z) equals
1-(1-9?
(@ 0 (b) g (© = (d) none of these
21. Ifzz;z, then|z| =
(2+ 319)
(a) L1 (b) L (c) oL (d) none of these
13 5 12
1
o e — . {ly =
i@y henlel
(@1 (b) 1/~26 (c) 5//26 (d) none of these
23. Ifz=1-cos 0 +1isin 6, then|z| =
(o Digin, > (B} Bces 2 © 2 smﬁ{ (@) 2]ecs 2
2 2 2 2
24, Hx+iy=(1+1)(1+20) 1+ 3i), thenx? + y? =
(a) 0 (b) 1 (c) 100 (d) none of these
25, Ifz= —1,—,—, then Re (z) =
1—-cosB—isin 0
1 0 1 0
0 = t— d) = cot—
(a) (b) (c) co - (d) 5ot
26. Ifx+ty— thenyn
(a) 9/85 (b) -9/85 (c) 53/85 (d) none of these
27. If L =a+ib, then a® +b* =
1+ix
(@) 1 (b) -1 ()0 (d) none of these
28. If @ is the amplitude of 2 : then tan 6 =
a-—i
2a 2ab a* -b?
(a) m (b) —az _bz (C) TEZ— (d) none Df these
29, Ifz= bk , then

2-i?
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30.

31.

32

33.

34.

35.

36.

37,

38.

39.

40.

it 3
(@) |z| =2 ®) |z]== (©amp@) =2 (d) amp(@)=—"
2 4 4
The amplitude ofl_ is equal to
1
(a) 0 ) (% @
The argument of — is
s 1+
T T 3n 5n

2k 4 ] T
(a) > (b) 2 (© 2 (d) >
The amplitude of 1}; f is

T T n T

i 2 £ =
(a) 3 (b) 3 (c) 5 (d) 6
The value of (° +1° +7 +i® +i%)/(1 +i) is

1 1 1

=1+ —(1- 1 d) =
(a)z( i) (b)z( i) (©) ()2
1+ 2i+ 3 il
1-2i+ 82 3
(a) i (b) -1 (c) —i (d) 4

592 . 590 | 588 | 586 | 584
PP 4% %0 4 .
Uy s 582 80 578 L 76 | A S
(a) -1 (b) -2 (c) -3 (d) -4
The value of (1 + 1)4 +(1 »-1)4 is
(a) 8 (b) 4 _ ()-8 (d) -4
Ifz =a+ib lies in third quadrant, then Z also lies in the third quadrant if
z
(@ a>b>0 (b) a<b<0 (c)b<a<0 (d) b>a>0
[NCERT EXEMPLAR]
If f(z) = 17;7“2 wheres=iuH then | 6]
-z

(a) in—l (b) | z| (c) 2|z| (d) none of these

[NCERT EXEMPLAR]

A real value of x satisfies the equation = =a-ib (a,b eR), if @ +b? =

3+4dix
@1 (b) -1 (c) 2 (d) -2
[NCERT EXEMPLAR]
The complex number z which satisfies the condition E =1 lies on
i~z
(a) circle x% + y2 =1 (b) the x-axis (c) the y-axis (d) thelinex+y=1

[NCERT EXEMPLAR]
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41,

43,

44,

46.

47.

48,

49,

If z is a complex number, then
2 2

@ lz>1zP  ® 2P =z @lzP<lz? @) |z 2z
[NCERT EXEMPLAR]

. Which of the following is correct for any two complex numbers z; and z,?
@ |z1z2| =|z ] 2 | (b) arg (21 z) =arg (z7) arg (z;)
@ |21+ =]z | +] 2] (d) [z +22] 2| 71| +] 2z |

[NCERT EXEMPLAR]

If the complex number z = x + iy satisfies the condition|z+1| =1, thenz lies on
(a) x-axis (b) circle with centre (-1, 0) and radius 1
(c) y-axis (d) none of these [NCERT EXEMPLAR]
sinx +icos2x and cos x —i sin 2x are conjugate to each other for
(@) x=n=n (b) x=[n+%)g (c) x=0 (d) No value of x

[NCERT EXEMPLAR]

. The real value of o for which the expression L _Z,SIF @ is purely real, is
1+2isina

a) (n+l)g (b) (2n+1)g () nn (d) none of these
wheren e N. [NCERT EXEMPLAR]
The value of (z+ 3) (z + 3) is equivalent to
@) |z+ 32 (b) |z-3| () 22 +3 (d) none of these

[NCERT EXEMPLAR]

\M
If[l—“;] =1, thenn=

1-i
(@) 2m+1 (b) 4m (c) 2m (d) 4m+1
wherem e N
[NCERT EXEMPLAR]
The vector represented by the complex number 2 —i is rotated about the origin through an

angle g in the clockwise direction, the new position of point is

(@) 1+2i (b) —1-2i (c) 2+1 (d) -1+2
[NCERT EXEMPLAR]
. . 1+icosb . :
The real value of 6 for which the expression —————is a real number, is
1-2icos
(@) nm+ g (b) nu+(-1)" g (c) 2nn+ g (d) none of theses
[NCERT EXEMPLAR]
. |z1 + 25| =|2q| + |2, is possible if
- 1
(@) zp =21 (b) zp =—
|
(c) arg (z) =arg (z;) (d) |z1]| =] 25| [NCERT EXEMPLAR]

. The equation|z+1—i|=|z—-1+i| represents a

(a) straight line (b) circle (c) parabola (d) hyperbola
[NCERT EXEMPLAR]
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52. The area of the triangle on the complex plane formed by the complex numbers z, —iz and

z+izis
@) |z () |22 © %|z|2 (d) none of these
[NCERT EXEMPLAR]
ANSWERS
1. (b) 2. (a) 3. () 4. d) 5 @ 6. d) 7. (d) 8. (¢
9.(c) 10. (¢) 11 (a) 12.(a) 13. (b) 14.(a) 15 (b) 16. (d)
17. () 18. (d) 19. (@) 20. (a) 21. (a) 22. (b) 23. (c) 24. (0
25. (b) 26. () 27.(a) 28.(b) 29.(d) 30.(c) 3L (a) 32 (¢
33. (a) 34.(c) 35 () 36.(c) 37 (0 38. (a) 39. (a) 40. (b)
41. (b) 42. (a) 43. (b) 44. (d) 45. () 46. (a) 47. (b) 48. (b)
49. (c) aD.- (). 5% (@) -B2ie)
SUMMARY
1

2 =-1,8=-ii#* =1and, #" = ** ,neN

where k is the remainder when n is denoted by 4.

For any positive real numbera, \[~a = i+/a.

If a, b are real numbers, then a numberz

VJab, if at least one of a and b is positive
—«/@, ifa<0,b<0.

. For any two real numbers a and b, we have

JEJE={

. /-1 is an imaginary quantity and is denoted by i which has the following properties:

= g +ibis called a complex number, real number a
is known as the real part of z and b is known as its imaginary part. We write a =Re (z),
b =Im (z).
A complex number z is purely real iff Im (z) = 0andzis purely imaginary iff Re(z) = 0

For any two complex numbersz; = a; +ibjandz, = a, +ib, , we define

Addition: zy +z;
Subtraction: zq -z,

Reciprocal: )

Division:

51

z
=z

2

(ﬂ'l + ﬂz) +1 (bl ok bz)

(ay —ap) +1(by —by)
Multiplication: zy zy = (ay ay —by by) +1i(ay by +ap by)

Bl B
2 2 2 2
ay +b1 a +b1
1 s : b ay a, +by b LA by —a b
(wJ:(ﬂlﬁ'lbl)[ 2_1 5 2 2]= 1 g 122 + 1 2 21 122
z
) ay +b2 a, ~1—b2 a, +b2 ay +b2

Addition is commutative and associative. Complex number 0 = 0 + i0 is the identity
element for addition and every complex number z = a+ib has its additive inverse
-z = —a—ib.
Multiplication is also commutative and associative. Complex number 1 =1 + 0i is the

identity element for multiplication. Every non-zero complex number z = a +ib has its
a—ib Z

multiplicative inverse 1/z (also known as reciprocal of z) such that Ly

Zz

a + b2

=
|z
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6. The conjugate of a complex numberz = a +ib is denoted by z and is equal to a —ib.
For any three complex numbers z, zy, z; , we have

(i) (z) =z (i) z+Z =2 Re (2)
(iii) z—z =2iIm(2) (iv) z =z ¢ z is purely real
(v) z+Z =0 z is purely imaginary vi) zZ ={Re (2)}? + {Im @))? =| z|?
i) 5755 =5 £5; i) 5153 = 715
(ix) [2—1} 2,20
23 %

7. The modulus of a complex number z =a +ib is denoted by | z| and is defined as
2| = a2 +b% = {[Re@)? + (Im @)}
If z, z, z, are three complex numbers, then
(i) |z]=0 & z=0ie.Re(@) =Im (z) =0 (i) |z| =|Z| =| -z]
(iii) —|z| <Re (@) <|z|; —|z| <Im (2 <|z| (iv) zZ =| z|?
&) | Im @) | <n|Im @ ||z["",neN vi) | Re@ | +|Im ()| 2 | z|
8. A complex numberz = x + iy can be represented by a point P (x, y) (see Fig. 13.8) on the

plane which is known as the Argand or Gaussian or Complex plane. The length of the line
segment OP is called the modulus of z and is denoted by | z|.

YA P(xy)

|
v

0| Mx

|
vy
Fig.12.8
Clearly, |z| = {x% +32 = y/[Re(2)? + Im @)}

The angle 8 which OP makes with the positive direction of x-axis in anti-clockwise sense is
called the argument or amplitude of z and is denoted by arg (z) or amp (z).

Im (z)

Re(z)

LetOP = rand £ZXOP = 0.Then,x = rcos0 and y = rsin 0
: z = x+iy = r(cos 0 +isin 0)
This is known as the polar form of complex number z. The Euler's notations are

+ 9 ..
e¥19 = cos@+isin @

A

Clearly, tan 6 =

z = r(cos 0 +isin 0)
or, z =re 9, which is known as the Eulerian form of z.



