QUADRATIC EQUATIONS

13.1 INTRODUCTION

In earlier classes, we have studied about quadratic equations with real coefficients and real roots
only. In this chapter, we shall study about quadratic equations with real coefficients and
complex roots. We shall also discuss quadratic equations with complex coefficients and their
solutions in the complex number system. But, let us first recall some definitions and results.
13.2 SOME USEFUL DEFINITIONS AND RESULTS

REAL POLYNOMIAL Let ag, ay, @y, ..., a, be real numbers and x is a real variable. Then,

f@) = ag+ayx+ayx* +... +a, ¥iscalledareal polynomial of real variable x with real coefficients.
For example, 2% —4x+ 3,223 62 +11x -5 etc. are real polynomials.

COMPLEX POLYNOMIAL If ay, ay, ay, ..., @&, are complex numbers and x is a varying complex
number, then f (x) = ay +ay x +ap x> +... + a, ¥ is called a complex polynomial or a polynomial of
complex variable with complex coefficients.

For example, 2x2—( 3+7)x+(9-3), x3-5ix2 + (1-2i)x +(3 + 4i) etc are complex polynomials.

DEGREE OF A POLYNOMIAL A polynomial f (x) = ag +a; X + x4+ a, X", real or complex, is
a polynomial of degreen, ifa, # 0.

The polynomials 2x3 —7x% + x +5, (3 — 2) x? —ix+5 are polynomials of degree 3 and 2
respectively.

A polynomial of second degree is generally called a quadratic polynomial and polynomials of
degree 3 and 4 are known as cubic and biguadratic polynomials.

POLYNOMIAL EQUATION  If f (x) is a polynomial, then f (x) =0is called a polynomial equation.

If f (x) is a quadratic polynomial, then f (x) = 0 is called a quadratic equation. The general form
of a quadratic equation is ax* +bx +c =0, a+ 0.

Here, xis the variable and a, b, ¢ are called coefficients real or imaginary.
ROOTS OF AN EQUATION  The values of the variable satisfying a given equation are called its roots.
Thus, x=aq,isarootof the equation f (x) =0, if f (o) = 0.
For example, x =1is a root of the equation x> — 6x2 + 11x — 6 = 0, because
1% —bxd® 2+ 1% 156 = 1269116 =0

2 2

Similarly, x = @ and x = ®" are roots of the equation x* + x + 1 =0 as they satisfy it.

SOLUTION SET The set of all roots of an equation, in a given domain, is called the solution set of the
equation.
For example, the set {1, 2, 3}is the solution set of the equation x3 —6x% +11x -6 =0.

Solving an equation means finding its solution set. In other words, solving an equation is the
process of obtaining its all roots.
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IDENTITY  An expression involving equality and a variable is called an identity, if it is satisfied by every
value of the variable.

For example, x% -9 =(x — 3) (x + 3) is an identity as it is satisfied by every value of x.

and, (x-a) (x-b) + (2 =) (x—c) + (¥—q)(x—a) = 1is also an identity as it holds good
(c-a)(c=b) (a-b)(a-c) ((-0)(b-a)

for all values of x.

FUNDAMENTAL THEOREM OF ALGEBRA  Every polynomial equation f (x) =0 has at least one root,
real or imaginary (complex).

Thus, ¥ — 3% +2x% =x + 2 =0 has at least one root. But, f (x) = Jx + 3 =0 has no root as this
equation is not a polynomial equation. Fundamental theorem does not apply on this equation.

The fundamental theorem guarantees for one root of a polynomial equation. The following
theorem states about the exact number of roots of a polynomial equation.

THEOREM  Every polynomial equation f (x) = 0 of degree n has exactly n roots real or imaginary.

13.3 QUADRATIC EQUATION

The general form of a quadratic equation is ax® +bx + ¢ =0, a # Owherea, b, care numbers (real
or complex) and x is a variable.

The following theorem suggests about the number of roots of a quadratic equation.

THEOREM A quadratic equation cannot have more than two roots.

PROOF If possible, let a, B, y be three distinct roots of the quadratic equation ax? +bx+c=0,
where a, b, ¢ € R and a # 0. Then, each one of a, 8, y will satisfy this equation.

ao?+bo+c =0 w0
ap?+bp+c =0 .. (i)
and, ayz +by+c =0 ...(iii)

Subtracting (ii) from (i), we obtain

a(a? -pH) +b(a-P) =0
=% (a—Pla(a+P) +b=0= a(a+p)+b=0 [ a and p are distinct .. a —p# 0] ...(iv)
Subtracting (iii) from (ii), we obtain

a@ -y +b@-v) = 0
= B-Pla@P+y)+bl=0=aPB+y)+b=0 [+ pand yaredistinct.. B-y#=0] ..(v)
Subtracting (v) from (iv), we get : a(a—7) =0. But, this is not possible, because o and y are
distinct and a # 0. So, their product cannot be zero. Thus, the assumption that a quadratic
equation has three distinct real roots is wrong. Hence, a quadratic equation cannot have more

than 2 roots.
Q.E.D.

REMARK It follows from the above theorem that if a quadratic equation is satisfied by more than two
values of x, then it is satisfied by every value of x and so it is an identity.
13.4 QUADRATIC EQUATIONS WITH REAL COEFFICIENTS

In earlier classes, we have solved quadratic equations with real coefficients and real roots either
by factorization or by using Sridharacharya’s formula. In this section, we shall mainly
concentrate on quadratic equations with real coefficients and complex roots.

Consider the quadratic equation ax> +bx+c = 0 (1)

wherea,b,ceRanda # 0.
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Multiplying both sides of (i) by 4, we obtain

2 2
a2r2+abx+ac=0 :>a2x2+abx+?4—=bz—ac
( sz b2 _ 4ac b b?% — 4ac
= a+—] =—— D agr+— =4+
2 4 2 2
JP ~b+b% -4 ~b+/b% - 4aq
= ax=—gi—2—a€:ax=_~_2*£m:>x= 5 <
a

Thus, the quadratic equation ax® +bx+c= 0, where a,b, c € R and a # 0 has two roots, say

a and p, given by
b + b — dac i ~b b2 — dac
@ =——"— " an = -

2a 2a

Now, if we look at the expressions for these roots, we observe that the nature of these roots
depend upon the value of the expressions b” — 4ac. This expression is generally denoted by D

and is known as the discriminant of the quadratic equation (i). We also observe the following
results:

RESULT | Ifb% —4ac = 0ie.D = 0, then a=p=——.,

2a

Thus, if b* — dac = 0, then the quadratic equation has real and equal roots each equal to —b/2a.

RESULTIl  Ifa, b, care rational numbers and b — dac is positive and a perfect square, then \/bz —4ac
is a rational number and hence o and P are rational and unequal.
Thus, ifa, b, c € Q and b* — dac is positive and a perfect square, then roots are rational and unequal. If

a,b, c e R and b’ - dac is positive and a perfect square, then roots are real and distinct.
RESULT N Isz —4ac>0ie.D >0butitisnota perfect square, then roots are irrational and unequal.

REMARK Ifa, b, c eQ and b® — 4ac is positive but not a perfect square, then roots are irrational and
they always occur in conjugate pair like 2 + v'3 and 2 - /3. However, if a, b, c are irrational numbers
and b* — 4ac is positive but not a perfect square, then the roots may not occur in conjugate pairs. For
example, the roots of the equation x — (5 + /2) x + 5v/2 = 0 are 5 and \'2 which do not form a conjugate
pair.

RESULTIV Ifb%—4ac <0ie.D <0, thendac —b2 >0 and o the roots are imaginary and are given by

“briftee i o -b —i4ac b2
2a 2a
Clearly, o and B are complex conjugate of each other i.e. o = P and @ =p.

a =

REMARK {sz —4ac <0, then the roots are complex conjugate of each other. In fact, complex roots ofan
equation with real coefficients always occur in conjugate pairs like 2 + 3i and 2 — 3i. However, this may
not be true in case of equations with complex coefficients. For example, x* — 2ix —1 =0 has both roots

equal toi.



13.4 MATHEMATICS-XI

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)
EXAMPLE1 Solve the equation 4x% + 9 =0 by factorization method.

SOLUTION We have,

4x* +9 = 0
= 4x% -9 = 0
= (2x0)%-(3)% = 0
= (2x+3)(2x-3) = 0= 2x+3i = 0or,2x-3i = 0= x = -—%i, or, x = %i

Hence, the roots of the given equation are g— i and —% i.

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 2 Solve the equation x? — 4x + 13 = 0 by factorization method.

SOLUTION We have,

x> —4x+13 = 0

X2 -4x+4+9 =0

(x—2)2+9 =0

(x-2)2-9i% =0

(x-22-3)2 = 0= {(x-2)-3}{(x-2)+3]) = 0= (x-2-3)(x-2+3) =0

x-2-3i=0, 0r x-2+3i=0=>x=2+3i, or x = 2-3i
Hence, the roots of the given equation are 2 + 3iand 2 - 3i.

LU 4 Ul

EXAMPLE3 Solve the equation 9x% —12x + 20 = 0 by factorization method only.
SOLUTION We have,
9x2 —12x+20 = 0
= 9x*-12x+4+16 = 0
= (3x-22%+16 =0
= (3x-2)2-16i =0
= {(3x-2)+4i}{(3x-2)-4i}=0= (3x-2+4)(3x-2-4) =0 )
pe

3x-2+4i=0,0r 3x-2-4i=0= 3x=2-4i,0r 3x=2+4i = x=%—%iorx=-§+§i

Hence, the roots of the given equation are% - % iand % + %1’.

EXAMPLE 4 Solve the quadratic equation 2x% —4x + 3 =0 by using the general expressions for the
roots of a quadratic equation.
SOLUTION Comparing the given equation with the general form ax® + bx + ¢ = 0, we get

a=2b=-4andc =3
—b+Jb2 -4 h=ofb% -4
__’+__iand B—_—_E‘weget

Substituting the values of 4, b, cin a =
2a 2a
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4+ fl6-24 4- (16-2%
N TR i
4+ /78 e
> a=9"7 a4p -

4
4 + 22 4-2+2 1 i
= o = and, B = =>0a=1+—iand,f=1-—i
i P e
i 1
Hence, the roots of the give ationarel + —iand1 - —1.
e ots e given equation B an ﬁI

EXAMPLE 5  Solve the equation 25x> — 30x +11 =0 by using the general expression for the roots of a
quadratic equation.

SOLUTION Comparing the given equation with the general form of the quadratic equation
ax? +bx +c =0, wegetta=25,b=-30 and c=11.

~b+ b2 -4
Substituting these values in a = A

an = , we get
2a 2a
30 + /900 -1100 30 —.,/900 -1100
= and, f=——"—
50 50
30 + /- 30 -.,/—-20
= a:ﬂ and’B=_—0
50 50
= o < 30+10i2 and,5=30_10“/5:>a=§+£iand,ﬁ=§—£f
50 50 5 5B 5 5
V2,

Hence, the roots of the given equation are ; % & i

EXERCISE 13.1

BASIC

Solve the followmg quadratic equations by factorization method only (1-5):

1, 2241 =0 2. 9¥2 +4 = 0 3.x+2x+5=0

4 4x* -12x+25 =0 5 x2+x+1 =0 [NCERT]
Solve the following quadratics (6-18):

6. 4x2+1 =0 7. 2% —dx+7 = 0

8. 2 +2x42 =0 9. 52 —6x+2 = 0

10. 21x% +9x+1 = 0 11, 22 -x+1 =0

12 2% +x+1 =0 [NCERT] 13. 1722 -8x+1 = 0

14. 2722 -10x+1 = 0  [NCERT] 15. 17x% + 28x +12 =

16. 21x> -28x+10 = 0  [NCERT] 17. 83> —~9x+8 =0

18. 1322 +7x+1 = 0 19. 2x2 +x+1=0

20. ¥3x2 —\2 x+ 33 =0 [NCERT] 21 V222 +x+42=0 [NCERT]

2. 2 +x+ % =0 [NCERT] 23. %2 + % +1=0 [NCERT]

24. Bx?Z + x +5=0 [NCERT] 95, —22 & x=D=ih [NCERT]

26. x2 -2x + g =0 [NCERT] 27. 3x% —4x+ 230 0 [NCERT]
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T __ANSWERS
) (o 2.31',135 3. -1+2,-1-2
3°3
g3 B g T g P
2 9 TR s 2 Bt
7. 2+ 3 8. —1i g, Sl
575
g =2 A8 1 1.8 12. -liﬁ
14 .4 5= 5 S
g TR LY 15, 14, 242
17 17 27— 97 7T
16. Eiil—i“—i '[7.2-iJ—r§f 18. iiﬂ
3 21 16~ 16 26 26
™ —1+7i o V2 + /34 " —1+/7i
4 23 22
- —111/ 2.2 ~1 1 = ~1++7i S 19i
9 242 245
o SLEVT 261 & i o7 242
-2 A2 3.3
o i HINTS TO SELECTED PROBLEMS
5: Wehave,x2+x+l =0

14.

- g - om (o1 3o
= [x+%)2—%i2 = D= [x+%)2—[§i]2 =0

= {x+»1—+§1}[x+%—£i} =0= [x+1+fi]£x+l—ﬁi] =0

2 2
+1+J§i 1-4/3i 1+iV3 _ -1+iy3

=0 or, x+ =0= x =- or, %
2 2 2 2

We have, x2+x+1 = 0 Comparing the given equation with the general form

ax®> +bx+c=0,wegett a = 1,b = landc = 1.

2 2
—b+ b2 -4 —b —b? -4
_b.j-—b_—acandﬂ = _—_ﬁi,weget

2a 2a
-1+.1-4 -1-,1-4 -1+i -1-iv3
—— —andf= ——=> o = wﬁ—l-'-h'/gandﬁ = ) L]

2 2 2 2
We have, 27x2 —10x +1 = 0 Comparing this equation with ax® +bx+c=0, we get:
a =27,b = —10, ¢ = 1.Substituting the values of 2, b, cin

~b+b% -4 .
= _.i.uandﬁ = ——ﬂf_lweget

2a 2a

Substituting the values of 4, b, cina =

a =

a
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10 + /100 —108 10 - /100 - 108
o = ———+ andp = ———

54 54

10 + /-8 10 — /- ] —i
=5 a=_+_andﬂ=u:>azﬂand3=51ﬁ
54 54 27 27

16. The given equation is 21x% - 28x + 10 = 0. Comparing this equation with ax? + bx + ¢ =0,
weget:a = 21,b = -28, ¢ = 10. Substituting these values in

—b++b? -4 . .
el + ac SRl dac

, we obtain
2a 2a
28 + /784 — 840 28 — /784 — 840
0 =—andp = —¥X "~
42 42
28 2 ,} ] ]
2y g andiff = = i =Z+@and5=3_“/ﬁ
o 3 21 3 21

20. The given equation is +/3x% - \/_ 2x+3v/3 =0. Comparing this equation with
axZ +bx+c= 0, we get: a= J3,b= —J2_, c=23v3. Substituting these values in

_ —b+b? - dac oile ~b —\b? — dac
Bl ke L

5 , we obtain
a
2 - 2-.2-36 1 i
=~/E+,;‘ 36andB=J_ . :>a=ﬁ+lmandﬁ=ﬁ i34
243 243 243

21. The given equationis~/2x% + x + v2 = 0. Comparing this equation with ax? + bx + ¢ = 0, we
get: a = N2,b =1,¢ = 2. Substituting these values in

-b +\/b2 —4ac SR = -b —1}b2 —dac

o = , We obtain
2a 2a
_—1+,/1—samdB -1-.f1- =T ad T dﬁ_—l—iﬁ
242 T e BN+ L 092
22. The given equation is x> + x + £ 0. Comparing this equation with ax? + bx + ¢ =0, we

V2
geta=1,b=1,c = % . Substituting these values in

2 2
—b+1,‘2b —4ac andB:—b—d;-J —4ac
a a

o= , we obtain

i g L i . ff; < g = -1-i =1
. ; 2J§andB= 1 ;l 2J§:>a= 1+i 22JE 1andB= zzzﬁ

23. The given equation is x? + =0, Comparing this equation with ax® + bx + ¢ =0, we

V2

getta =1,b = % and ¢ = 1. Substituting these values in

A —b+1,‘b2~4ac S —b—,ﬂbz—4ac

= ——+ weobtain
2a 2a

_ML.;. 1_4 _J__ ’1_4
0'.=———“'/5 = andB:——‘/E 2 :>a———_1+lﬁand[3=—_1_rﬁ
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24, The given equation is V532 + x + +/5 = 0. Comparing this equation with ax® + bx + ¢, we get
a=+5,b=1landc= 5. Substituting these values in

2 2
—hd JbE =% - —\/b -4
= M andp = —E——l, we obtain

2a 2a
_-1+,/1-20 _-1-1-20 -1 +iy19 ~1-i19

o~ — e elb e i S e RS

25. The given equation is — x? + x — 2 =0. Comparing this equation with ax® +bx + ¢, we get:
a=-1,b=1and ¢ = - 2.Substituting these values in

~b+ b —4 —b—Jb? -4
—b—t——ﬁ andf = —J, we obtain

o =
2a 2a
-1+.,1-8 o D | el
0 = ——andp = ———
] -2
= a:ﬂmdﬁ:ﬂ:a:l—i\/—?—andﬁ=l+i£
=9 -2 2: 72 2 2

26. The given equation is 22— 2%+ % = 0. Comparing this equation with ax® +bx +c=0, we

getta=1,b=-2andc=3/2 Substituting these values in

~b++b? -4 BB
—f—ﬁandﬁ = ——fa—c,weobtain

2a 2a

2+./4-6 2-./4-6 i i
oty AT |- e | a1 e e L
5 and p 7 = o 1+\Eandﬁ 1 7

27. Thegiven equationis 3x2 —4x + 2—; = 0. Com,paring this equation with ax® +bx + c=0,we

a =

a =

getta=3,b=-4andc= 232 Substituting these values in

—b+b2-4 —b—Jb2—4
5.l 5 27 ar1d[3=—~———2 ac,we obtain
a a

4+16-80 .
et afdpe i ==

4-416-80 4+8 2 4. 4-8 2 4
== = a=——=—+—
6 6 3,3 6 3, a

dp
13.5 QUADRATIC EQUATIONS WITH COMPLEX COEFFICIENTS
Consider the quadratic equation ax> +bx+c=0 (1)

where a,b, ¢ are complex numbers and a # 0.
Proceeding as in section 13.4, we obtain that the roots of equation (i) are given by

_—b+b? —dac ) R —b? —dac.

oL = =
2a 2a

These roots are complex as &, b, ¢ are complex numbers.

Since the order relation is not defined in case of complex numbers. Therefore, we cannot assign
positive or negative sign to the discriminant D =b? - 4ac. However, equation (i) has complex

roots which are equal, if D =b? — 4ac = 0 and unequal roots if D =b? - 4ac # 0.
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REMARK  In case of quadratic equations with real coefficients imaginary (complex) roots always occur in
conjugate pairs. However, it is not true for quadratic equations with complex coefficients. For example, the

equation 4x* — 4ix —1 = 0 has both roots equal to 3 B

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)
EXAMPLET  Solve the following quadratic equations by factorization method:
(i) x2 -5ix—6=0 (i) x> +4ix—-4=0

SOLUTION (i) The given equation is
x? —5ix -6 = 0
x? ~5ix + 6% = 0
x? - 3ix—2ix+6i% = 0
x(x=3)-2i(x-3) =0
(x=3)(x=2) = 0= x=3 =0,x-2i =0= x= 3f,x =2
Hence, the roots of the given equation are 3i and 2i.
(ii) Given equation is

X tdix—4 = 0= x2 +4ix+4i% = 0> (x+2f)2 =0

Ly Ul

= x+2i =0 (twice) = x = —-2i,-2i

Hence, both the roots of the equation are equal to — 2i.

EXAMPLE 2 Solve the following equations by factorization method

(i) ¥ -2ix+12 = 0 () 3x% +7ix+6 = 0 (i) x> ~(3v2 +2) x+ 6+2i = 0
SOLUTION (i) We have,

X2 -J2ix+12 = 0

X2 -3J2ix+242ix-12% = 0

x(x—342i) + 24/2i (x - 34/2i) = 0

(x=-3V21) (x+2y24) = 0

x-=3J2i =0 or, x+242i = 0= x = 3J2i or, x = —242i
Hence, the roots of the given equation are — 22 i and 3v2 i.

i  3x*+7ix+6 =0

Lyl

= 3x% + 9ix - 2ix —6i% = 0
= B3x(x+3)—2i(x+3) =0
= (x+3)(3x-2) =0=>x+3i=00o0r 3x-2i=0=>x=-3ior, x = %i

Hence, the roots of the given equation are — 3i and % L

() x2-(3vV2+2)x+6+2i =0

= (x? = 34/2x) - (2ix - 64/2i) = 0
= x(x-34J2)-2i(x-3J2) = 0
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= (x—21)(x—3\/—2_)=O=>x—2i=0,x—3ﬁ=O:>x=2ior,3\/5
Hence, the roots of the given equation are 2i and 3+/2.

EXAMPLE3  Solve the following quadratic equations by using the general expressions for the roots of a
quadratic equation:

() ¥2 -(3v2 -2i) x-6+2i = 0 i) 2x*+3ix+2 =0
SOLUTION (i) On comparing the given equation with the general equation ax® +bx+c =0, we
get: a=1,b= —(342 -2i) and ¢ =—6+/2i. Substituting the values of a, b, cin

—b+Vb? —dac > B=~b—\}b2 —dac
2

= = ” , we obtain
L (3V2 —2i) + (372 —20)? + 2443 o B_(sﬁ—zz)-,/(aﬁ-zahzz; 2
2 g h 2
r A (Bs/2 =20 <l (BVR +21)2 Sine (32 =~ 20)~a/18:2 29>
2 ’ 7 ;)
% e 32 -2 + 3J§+2i’ St (342 - 2i) (32 + 2i)

2 2
= o = 32,p = -2
Hence, the roots of the given equation are 342 and - 2i.
(i) On comparing the given equation with the general equation ax? +bx +c =0, we get
a=2,b=3i and ¢ =2. Substituting these values of a, b, cin

—b+\fb2~4ac sl —b—1/b2—4ac

o = , we get
2a 2a
—3i+ 492 -16 - 3i—4/9%*-16
a = i s and B = S
1B 0B -3i-,-25
= a = L and B = I—
4 4
- a=_3‘4+5’ and B=_31_51:>a=%and[5=—2i

Hence, the roots of the given equation are % and - 2i.

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE4 Solve: 2x%—(3+7i)x—(3-9i) = O.
SOLUTION On comparing the given equation with the general form ax? +bx+c=0,
we obtain a =2, b =—(3 +7i), ¢ = — (3 — 9i). Substituting the values of 4, b, ¢ in
—b+qfb2 -4 b d

+4/b we o d B = b —4/b ac

2a 2a
(3+70) +(3+7)% +8(3-9) (3+70) —y(3+7)% +8(3-9)

a = 1 and, B = 2
. (3+7i) +,/9 —4Z+ 42i + 24 -72i and, B = (3+7:)—J9—4z+ 42i + 24 -72i

o= , we get
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7i+ /—-16 - 30i 7i—./—16 - 30i
= a_3+z+,,‘ i and,13=3+1 4 i

o ; < (i)
Let us now find JT—BO: Let a+ib = m Then,
a+ib = [-16 - 30i
= a? —b2 + 2% ab = ~16—30i
- a>-b2 = -16  ..(i) and, 24b = —30 ...(iii)
(@® +b%)? = (a® -b%)? + 442 b2
= (a® +b2)2 = 256 +900 = 1156 = a® +b2 = 34

Now, a*> -b% = —16anda® +b2 = 34 = 4% = 9andb? = 25 = a =+3andb = £5
From (iii), we find that a and b are of opposite signs.
: a =3andb = -50r, a = -3andb =5.
Hence, m =a+ib= 3 -5i or, - 3 + 5i. Substituting either of these values in (i), we get
iy (3+79)+(3-50) _— (3+71) —(3-5i0)
4 4
Hence, the roots of the given equation are g * —12- iand 3i

a=§+liand,[3=3i
2 -2

EXAMPLE5 Solve: x° —(7 —1) x + (18 =) = 0 over C.

SOLUTION Comparing the given equation with the general form ax® +bx +c =0, we get
a=1,b=-(7 —i) and ¢ =18 —i. Substituting these values in

el —b +b% —4dac il e —b —+[b% — dac

, we get
2a 2a
(7 —1) +(7 )% —4(18 -) 7 - -7 -2 -4 (18-
= 5 , B= 2
e e (7—1)+\/T—10i’ i (7 —i) — /- 24 - 10i )
2 2
Let us now find /- 24 —10i. Let, a +ib =/~ 24 —10i. Then,
(a +ib)? =-24 —10i
= (4% =b2) + 2i ab =—24 - 10i
= a> —b2 =24 ...(i) and, 2ab=-10 ...(ii)
(@ +b2)? = (a2 -b%)2 + 4422
= (@ +b%)? =576 +100 = 676 = a2 +b2 = 26 (iv)
Solving (ii) and (iv), we get a =+ 1 and b =+ 5. From (iii), we find that ab is negative.
2, a=1b=-5 or, a=-1,b=5=a+i0 =1-5 or, —1+5i
Hence, ,[-24-10i =a+ib = +(1 -5}
Substituting either of these values in (i), we get
0 = 7_1—-;1:& =4-3iandp = ﬂ;ﬂ—_&) =342

Hence, the roots of the given equation are 4 — 3i and 3 + 2.

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 6 Find the value of P such that the difference of the roots of the equation x2 -Px+8=0
is 2. [NCERT EXEMPLAR]
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SOLUTION Let a, p be the roots of the equation x% —Px+8=0.Then, a +p=P and aff =8.
It is given that
a-B=2= (a-p2=22 = (a+P?-4ap=4 = P>-4x8=4= P2=36 = P=16.
EXAMPLE 7 Find the real value of a such that the sum of the squares of the roots of the equation
x? —(a—2) x—(a+1) =0is least.
SOLUTION Let ¢, f be the roots of the equation x2 —(a-2) x—(a+1) =0. Then,
a+Pp=a-2 and af=-(a+1)
o+ =(0+B)2 —20p=(a—-2)% +2(a+1) =a* —2a+6 =(a—1)% +5
Now, (a —-1)2 > Qforallreal values ofa = (a—l)2 +5>5forallaeR. = o? +[32 >5foralla e R.

Thus, the least value of o+ 132 is 5.
Now, o 4—[32 =bh —» (a—l)2 +5=5 = (ﬂ—1)2 =0 = a=1.
Hence, the sum of the squares of the roots is least when a =1.
EXERCISE 13.2

1. Solving the following quadratic equations by factorization method:

@) x% +10ix-21 = 0 (i) x2+(1-2)x-2i =0
(iii) x% —(2v3 + 3) x + 63 = 0 (iv) 6x% —17ix—12 = 0
2. Solve the following quadratic equations:

(@) ¥2-(3v2+2) x+642i = 0 () ¥2-G-Dx+(18+)=0
(i) 2+ x> -G-Hx+2(1-)=0 (iv) x2-(2+)x—-(1-7)=0
(v)ix?—4x—4i = 0 C (vi) 22 +dix-4=0
(vii) 2x% + V15 ix —i=0 [NCERT]  (viii) x> -x+(1+1)=0

(ix) ix*> —x +12i =0 [NCERTI (x) x> (32 -2)x-~2i=0

(i) ¥* —(v2 +1) x +2i =0 [NCERT] (i) 2x*> —(3+7) x+(%~3)=0

ANSWERS
1 @) -3, -7i @) -1, 2 (iii) 243, 3i (iv) %i, %i
2. (i) 342, 2 () 3-4i,2+3 (i) 1-1’,§—§i Gv) 3—i,—14+2i
(v) —2i,-2i (vi) -2i,-2i (vii ”(t‘ﬂg)',"l"(‘/f’””
(viii) 1 —i,i (ix) —4i, 3i ) 822 | 4-2i
. 2 2
0d) 2, i (xii) % , 3i

HINTS TO SELECTED PROBLEMS

2. (vii) The given equation is 2x% + 415 ix —i = 0. Comparing this equation with the
standard equation ax? +bx+c=0, we get a=2b =415 and ¢ = —i.
Substituting these values in
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—b+b% -4 —b—b? -
e _+ _ﬂC and, [} = ————_4ac , we obtain

2a 2a

~V5i+ -15+8 B = -Vi5i-,/-15+8i i

a = and,
4 4

Let . /—15+ 8 = a+ib.Then,
~15+8i = (a+ib)>= —15+8i = 4> b2 +2iab = a®> b2 = —15 and 2ab = 8

(@ +b%)2 =(a® -b%)? + 422 b2 = (@* +bH)? =(~15)2 + 64 =289 = 4% +b2 =17
Solvinga2 -b% = —15and a® + b2 = 17, we obtain
> =1andb? =16 = a = +1 and b = +4

= a=1b=4o0ra=-1,b=-4 [+ ab=4>0 .. aand b are of the same sign]

J-15+8i=a+ib=1+4i,-1-4i

Substituting either of these values in (i), we obtain
1% =1 : 1-4

=== S (1B +4) i, B ==+ (~15 + 4} i

o 2 4( +4)1,B 4+4( +4) i

(ix) The given equation is i x* —x +12i =0. Comparing this equation with the standard
equation ax? +bx +¢ = 0, we geta=i,b = —1and c =12i Substituting these values in
—b+b? -4 ~b b2 -4
=_:—Mandﬁ=—m_i’weget
2a 2a
1+/1+48 1-/1+48
a=—L"" andp= L2
2 2i
= a=1+_ andﬁ=1—;3:>a=iandﬁ=——?’=>a=0—4iandﬁ=3i
i i i

(xi) The given equation is x> —(v/2 +1i) x + 2 i =0. Comparing this equation with the
standard equationax? + bx + ¢ = 0, we geta=1,b = —(¥2 +i)and c =+/2 i.Substituting

these values in
2 2
i i U e e i R T
2a 2a
(V2 +1) + (V2 +)* -442 (V2 +1) =/(V2 +1)* 421
o = > and B = 7
= w/5+i+\2/(~/§—1)2 s (V2 +i) —21/(~/E—;)2
= u=[%—~.fi-£—JE_iandB:wEH);(ﬁ_ﬂwa=«/§andi3=z‘

FILL IN THE BLANKS TYPE QUESTIONS (FBQs)

2 yax+b =0, where a,b € R, then the values of a and b

1. If 1-iis a root of the equation x
ATC..oeminsrmsnrasesssnssnses

2. If the difference of the roots of the equation x% — Px + 8 = 0is 2, then P =.........c.cccoeoccrorvrc, ;
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S oo e W

If the equation 2x% —kx + x + 8 = 0 has real and equal roots, then k = ..........
The number of real roots of the equation x2+5 i)+ 4=1008 sasmmmanmians ;

If one root of the equation X px +12 = 0is 4, then the sum of the rootsis .....cocvvviiiiiciininnns ;

If o, p are roots of the equation x? +x+1 =0, then the equation whose roots are o and p7

If the equations pxz +2gx+r=0and qu = Eﬁx +q =0havereal roots, then qz =i :

If the roots of the equationx:Z —8x +a” —6a =0arereal, then ‘a’ lies in the interval ............... .

10. Ifthe equationsxz +x+a=0andx? +ax+1= 0, a #1,have acommon root, thena =........... .
11. If the quadratic equation 2x2 ~(a® +8a—1) x + a® —4a = 0 possesses roots of opposite signs,
then a lies in the interval ........ccevniciinineinnnnnnes ;
ANSWERS
1. a=-2,b=2 2.6 3.9,-7 4.0 5.7 6. > +x+1=0
7.3 8. pr 9. [-2, 8] 10. -2 11. (0, 4)

VERY SHORT ANSWER QUESTIONS (VSAQs)

Answer each of the following questions in one word or one sentence or as per exact requirement of the
question:

1

[l

Write the number of real roots of the equation (x — 1)2 +(x— 2)2 +(x — 3)2 =10

If a and b are roots of the equation i* - px +q = 0, then write the value of : i % -
a

. Ifroots a, pof the equation == px +16 = Osatisfy the relation a? + p? = 32, then write the

o

~1

value of p.

If 2 + +/3 is a root of the equation 22+ px +q = 0, then write the values of p and g.

2

If the difference between the roots of the equation x~ + ax + 8 = 0is2, write the values of a.

Write the roots of the equation (a —b) x2 + b-c)x+(c—a) = 0.

2

If 2 and b are roots of the equation x“ —x +1 = 0, then write the value of a® + b2

Write the number of quadratic equations, with real roots, which do not change by squaring
their roots.

9. If a,p are roots of the equation x? +Ix+m = 0, write an equation whose roots are
it and - 1
a p
10. If o, Bareroots of the equation x*-a (x +1) —c = 0, then write the value of (1 + a) (1 + f}).
ANSWERS
P c—a
1. No real root 2. = 3. £8 4.p=-4,q9=1 5. +8 6.1,—b
q a=
%= - B3 9. mx? —lx+1 =0 10.1-¢
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MULTIPLE CHOICE QUESTIONS (MCQs)

Mark the correct alternative in each of the following:

112

10.

11.

12,

13.

14.

15.

The complete set of values of k, for which the quadratic equation x® —kx+k+2=0has

equal roots, consists of

(a) 2+ 12 (b) 2+12 (c) 2-412 (d).—2-«2
. For the equation | x| +| x| — 6 =0, the sum of the real roots is
(@ 1 (b) 0 (o) 2 (d) none of these
. Ifa, b are the roots of the equation x* + x + 1 =0, then a? + b? =
(a) 1 (b) 2 () -1 (d) 3
. If o, Bare roots of the equation 4 x? + 3 x +7 =0, then1/c + 1/Bis equal to
(a) 7/3 (b) -7/3 (c) 3/7 (d) -3/7
. The values of x satisfying log 5 (x* + 4 x +12) =2 are
(a) 2,-4 (b) 1,-3 @13 @~1,~3
. The number of real roots of the equation (x2 +2x)% —(x+1)%-55=0is
(@) 2 (b) 1 (c) 4 (d) none of these
If o, B are the roots of the equation ax?> + bx + ¢ = 0,then 1 + B L
ac+b aB+b
(@) c¢/ab (b) a/bc (c) b/ac (d) none of these

If a,p are the roots of the equation x* + px+1=0; y, & the roots of the equation
x® +qx+1=0, then (¢ —7) (@ + 8 (B-1)(B+ 5=

(a) q2 - p2 (b) pz - q2 (9] p2 + q2 (d) none of these
. The number of real solutions of | 2 x — x*> — 3| =11is
(@) 0 (b) 2 (c) 3 (d) 4
The number of solutions of x + |x-1|=1is
(a) 0 (b) 1 (c) 2 (d) 3
If x is real and k =_x§ ] , then
x“+x+1
(a) ke[1/3, 3] (b) k=3 (c) k<1/3 (d) none of these
If the roots of x> —bx + ¢ = 0 are two consecutive integers, then b2 —4dcis
(@ 0 (b) 1 (c) 2 (d) none of these
The value of asuch thatx? =11 x + a=0andx? ~14 x + 2a = O may have a common root is
(@ 0 (b) 12 (c) 24 (d) 32.
The values of k for which the quadratic equation kx* + 1 = kx +3x~11 x% has real and equal
roots are
(a) —-11, -3, (b) 5,7 (c)5,-7 (d) none of these

If the equations ¥ +2x+3%=0and 2 x% + 3x+5 A =0 have a non-zero common roots,
then L=
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(a) 1 (b) -1 (c) 3 (d) none of these
16. If one root of the equation 2%+ px +12 = 0 is 4, while the equation X% + px + g =0has equal
roots, the value of g is
(a) 49/4 (b) 4/49 (c) 4 (d) none of these
17. The value of pandg(p#0,g#0) for which p,q are the roots of the equation
x* + px+q ab=0are
(@p=14q9=-2 b)p=-1,9=-2
@p=-lg=2 dp=1q9=2
18. The set of all values of m for which both the roots of the equation 2% — m+1)x+m+4=0
are real and negative, is
(@) (o0, = 3]U[5,) (b) [-3,5]
(c) (-4,-3] @ (-3,-1]
19. The number of roots of the equation (peidah) is
(x=3)(x+6) x+4
(a) 0 (b) 1 () 2 (d) 3
20. If a and P are the roots of 4x? + 3x +7 =0, then the value of L + 1is
o
4 3 3 3
= | 5 o ) s
@z (b) 7 © 7 (e =7
21. If, o, p are the roots of the equation X%+ px +q=0, then - L ! ! are the roots of the
equation &
@ x> -px+q =0 (b) x> +px+q =0
() qx2+px+1=0 (d) qxzwpx+1=0
22. If the difference of the roots of x? - px + g =0is unity, then
(@ p?+4q =1 (®) p* —4q = 1
©p*+4q = (1+29° (@ 4p” +4* = (L +2p)?
23. If a, P are the roots of the equation x% - p(x+1)—c=0,then(a+1)(B+1) =
(@) ¢ (b) c-1 (c)1-c (d) none of these
24. The least value of k which makes the roots of the equation x? +5x + k =0 imaginary is
(a) 4 (b) 5 (c) 6 (d) 7
25. The equation of the smallest degree with real coefficients having 1 + ias one of the roots is
(@ ¥*+x+1 =0 (b) x> -2x+2 =0
(€ x*+2x+2 =0 d) x> +2x-2 = 0
ANSWERS
1. (b) 2. (b) 3. (¢ 4. (d) 5. (d) 6. (a) 7. (c) 8. (a)
9. (@ 10. (@) 1L (a) 12. (b) 13. (0 14. () 15. (b) 16. (a)
17. () 18. (a) 19. (b) 20. (b) 2L (d)  22. (b), (c) 23. (c)
24. (d) 25. (b)
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ACTIVITY

OBJECTIVE Graphically to obtain a quadratic function with the help of two linear functions.

MATERIALS REQUIRED Cardboard, drawing sheet, wires, thumbpins, adhesive etc.

METHOD OF CONSTRUCTION

Step I Take a cardboard and paste a drawing sheet on it.

Stepll ~ Draw two mutually perpendicular lines on the drawing sheet as the coordinate axes as
shown in Fig. 14.1.

StepIll  Take a wire and fix it on the drawing sheet in such a way that it cuts OX and OY' at a
distance ‘a’ from the origin.

StepIv  Take another wire and fix it on the drawing sheet by using thumbpins in such a way
that it cuts OX and OY" at a distance ‘b’ from the origin.

StepV  Take one more wire, bend it in parabolic shape and fix it in such a way that it passes
through A(a, 0) and B(b, 0).

DEMONSTRATION

Step 1 The coordinates of the two points where first wire cuts OX and OY" are A (4, 0) and
A'(0, —a) respectively and the equation of the line along the wire is y =x —a.

Step II The coordinates of the points where second wire cuts OX and OY'are B (b, 0) and
B' (0, —b) respectively and the equation of the line along the wireis y = x —b.

Step I The product of linear functions y=x-a and y=x -b is y =(x—a) (x-b), which

represents a quadratic function. It cuts the x-axis at A (a, 0) and B (b, 0). Thus, the

parabolic shaped wire represents the quadratic function y =(x —a) (x -b).

AY AY
=)
A Nl
< < L L
X' o} X o X
A0, ) /,s_ﬁ'
\‘/
/ %
vr vr

Fig.14.1
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SUMMARY

1. Fundamental Theorem of Algebra: Every polynomial equation f(x) =0 has at least one
root, real or imaginary (complex).
2. Every polynomial equation f (x) = 0 of degree n has exactly n roots real or imaginary.

3. A quadratic equation cannot have more than two roots.

4. Ifax® +bx+c= 0, @ # 0is a quadratic equation with real coefficients, then its roots o and B

given by
—b+b2 -4 i e R 2 b
a=—+2—a_c_and’ﬁ=_ﬁ_2—ac or, o =bT+\/5_and’B=L2_J—L2
a a a a

where D =b? — 4ac is as the discriminant of the equation.

(i) D =0, then o =p=—L
2a

So, the equation has real and equal roots each equal to — 21
a

(ii) If a,b,ceQ and D is positive and a perfect square, then roots are rational and
unequal.
(iii) Ifa, b, c € Rand Dis positive and a perfect square, then the roots are real and distinct.
(iv) If D >0but it is not a perfect square, then roots are irrational and unequal.
(v) IfD <0, then the roots are imaginary and are given by
: 2 ; 2
a -b +z12,‘:ac -b i oL -b —z\sz;ac—b
(vi) Ifa=1,b,c el and the roots are rational numbers, then these roots must be integers.
(vii) If a quadratic equation in x has more than two roots, then it is an identity in x
that isa=b=c=0.
(viii) Complex roots of an equation with real coefficients always occur in pairs. However,
this may not be true in case of equations with complex coefficients. For example,
x% - 2ix ~1 =0 has both roots equal to 1.
(ix) Surd root of an equation with rational coefficients always occur in pairs like
2 ++/3 and 2 - /3. However, Surd roots of an equation with irrational coefficients

may not occur in pairs. For example, x% —24/3 x + 3 =0 has both roots equal to /3.



