
 

 

13CHAPTER

QUADRATIC EQUATIONS

13.1 INTRODUCTION

In earlier classes, we have studied about quadratic equations with real coefficients and real roots
only. In this chapter, we shall study about quadratic equations with real coefficients and
complex roots. We shall also discuss quadratic equations with complex coefficients and their
solutions in the complex number system. But, let us first recall some definitions and results.

13.2 SOME USEFUL DEFINITIONS AND RESULTS

REAL POLYNOMIAL Let Aq, a2>..., a„ be real numbers and x is a real variable. Then,

f (x) = aQ + X + U2 X +... + a,j is called a real polynomial of real variable x with real coefficients.

For example, - 4x + 3, 2x^ - 6x^ + Ux -5 etc. are real polynomials.
COMPLEX POLYNOMIAL If Uq, a-^, a2,..., Oj, are complex numbers and x is

number, then f{x) = Uq + a^ x + a2 x^ +..
complex variable with complex coefficients.

For example, 2x^-{3+7i)x + (9i~ 3)

DEGREEOF A POLYNOMIAL A polynomial f (x) - a^ + a-^ x-¥ U2 x^
a polynomial of degreen, if a„ 0.

The polynomials 2x^ -7x^ +x + 5, (3-2S) x^-i x+ 5 are polynomials of degree 3 and 2
respectively.

A polynomial of second degree is generally called a quadratic polynomial and polynomials of
degree 3 and 4 are known as cubic and biquadratic polynomials.
POLYNOMIAL EQUATION /// (at) is a polynomial, then f(x)=0 is called a polynomial equation.
Iff (j:) is a quadratic polynomial, then f {x) =0 is called a quadratic equation. The general form
of a quadratic equation isax^ +bx + c = 0, a^O.

Here, x is the variable and a,b, c are called coefficients real or imaginary.

ROOTS OF AN EQUATION The values of the variable satisfying a given equation are called its roots.
Thus,

For example, x = 1 is a root of the equation - 6x^ + llx-6 = 0, because

1^-6x12+11x1-6 = 1-6 + 11-6 = 0

Similarly, x = co and x = co^ gj-g roots of the equation x^ + x +1 = 0 as they satisfy it.
SOLUTION SET The set of all roots of an equation, in a given domain, is called the solution set of the
equation.

For example, the set {1, 2, 3} is the solution set of the equation x^ - 6x^ + Ux -6=0.

Solving an equation means finding its solution set. In other words, solving an equation is the
process of obtaining its all roots.

varying complex

xf is called a complex polynomial or a polynomial of. + a,

, x^ -5/ x^ + (1 - 2() X + (3 + 40 etc are complex polynomials,

x”, real or complex, is+ ... +

a, is a root of the equation/ (x) = 0, iff (a) = 0.X =
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An expression involving equality and a variable is called an identity, if it is satisfied by everyIDENTITY

value of the variable.

For example, - 9 = (:r - 3) (x + 3) is an identity as it is satisfied by every value of x.
(x-fl) (ar-b) ^ (x -b){x- c) ^ (x - c) (x - a) ^ ^ ^ identity as it holds good
{c-a){c-b) {a-b){a-c) {b-c){b-a)

and,

for all values of x.

FUNDAMENTAL THEOREM OF ALGEBRA Every polynomial equation f{x) = 0 has at least one root,
real or imaginary (complex).

Thus, x^ - 3x^ + 2x^ = X + 2 = 0 has at least one root. But, / (x) = Vx + 3 = 0 has no root as this
equation is not a polynomial equation. Fundamental theorem does not apply on this equation.
The fundamental theorem guarantees for one root of a polynomial equation. The following
theorem states about the exact number of roots of a polynomial equation.

Every polynomial equation / (x) = 0 of degree n has exactly n roots real or imaginary.THEOREM

13.3 QUADRATIC EQUATION

The generalformof a quadratic equation is£ix^ + bx + c = 0, a ^ 0 where fl, b, care numbers (real
complex) and x is a variable.

The following theorem suggests about the number of roots of a quadratic equation.
THEOREM A quadratic equation cannot have more than two roots.

PROOF If possible, let a. p, y be three distinct roots of the quadratic equation ax'^ +bx + c = 0,
where a,b,c^Randa^ 0. Then, each one of a, p, y will satisfy this equation.

+ba + c - 0

flp^+i)p + c = 0

ay +by + c = 0

or

-(i)
a a

...(ii)

...(iii)and.

Subtracting (ii) from (i), we obtain
a{a^ -p^) +1? (a -p) = 0

(a-p)|fl(a+p)+lJl=0 => fl(a + p)+l7=0 [v a and p are distincta - p 0] ...(iv)
Subtracting (iii) from (ii), we obtain

fl(p^-Y^)+&(p-Y) = 0

=> (p-y)[fl(p + Y)+b| =0 => fl(p + y)+l» = 0 [v p and Y are distinct.-. p-7^0]
Subtracting (v) from (iv), we get : fl (a - y) = 0. But, this is not possible, because a and y are
distinct and a^O. So, their product cannot be zero. Thus, the assumption that a quadratic
equation has three distinct real roots is wrong. Hence, a quadratic equation cannot have
than 2 roots.

=?>

●●●(V)

more

Q.E.D.

It follows from the above theorem that if a quadratic equation is satisfied by more than two
values ofx, then it is satisfied by every value of x and so it is an identity.
REMARK

13.4 QUADRATIC EQUATIONS WITH REAL COEFFICIENTS

In earlier classes, we have solved quadratic equations with real coefficients and real roots either
by factorization or by using Sridharacharya's formula. In this section, we shall mainly
concentrate on quadratic equations with real coefficients and complex roots.
Consider the quadratic equation ax^ +hx + c = 0
wherea,b, c eR and fl 0.
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Multiplying both sides of (i) by a, we obtain

a X + abx + ac = 0 2 2 r,=> a X + abx + — = ac
4 4

- 4flc b -Aac
ax + => flX +

2) 4 2 2

b±^ b±^-Aac -Aac -Aac
ax => ax => X

2 2 2 2a

Thus, the quadratic equation ax^ ->r hxc = 0, where a,b,ceR and a 0 has two roots,

a and p, given by
say

- Aac Aac
and p =

Now, if we look at the expressions for these roots, we observe that the nature of these roots

depend upon the value of the expressions b^ - Aac. This expression is generally denoted by D
and is known as the discriminant of tlie quadratic equation (i). We also observe the following
results:

RESULT I Ifb^-Aac ~ Oi.e.D = 0,then a = p=-—.

a

2a 2a

2a

Thus, ifb - Aac = 0, the?i the quadratic equation has real and equal roots each equal to -b/2a.

RESULT II If a, b, care rational numbers and b^ - Aac is positive and a perfect square, then

is a rational number and hence a and p are rational and unequal.

Thus, if a, &, c e Q and - Aac is positive and a perfect square, then roots are rational and unequal. If

a,b,c eR andb^ - Aac is positive and a perfect square, then roots are real and distinct.

-Aac

2

RESULTIII Ifb -Aac >0i.e.D > Obut it is not a perfect square, then roots are irrational and unequal.

REMARK If a, b, c eQ and b^ - Aac is positive but not a perfect square, then roots are irrational and

they always occur in conjugate pair like 2 + -Js and 2 ~ V3. However, if a, b, c are irrational numbers
and b - Aac is positive but not a perfect square, then the roots may not occur in cofijugate pairs. For

are 5 and V2 which do not form a conjugateexample, the roots of the equation - (5 + Vz) 5V2 =0X +

pair.

RESULT IV If b^- Aac < 0 i.e. D < 0, then Aac -b^ >0 and so the roots are imaginary and are given by

-b-i-^Aac-b^-b + i ^Aac-b^
and p =

Clearly, a and p are complex conjugate of each other i.e. a = p a = p.

^fb^ - < 0, then the roots are complex conjugate of each other. In fact, complex roots of an

equation with real co^cients always

not be true in case of equations with complex coefficients. For example, x^ -2ix-l=0 has both roots
equal to i.

a

2a 2a

in conjugate pairs like 2 + Siand 2 - 3i. However, this may
occur
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ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

Solve the equation + 9=0 by factorization method.EXAMPLE 1

SOLUTION We have,

4x^+9 = 0

4x^ - 9p- = 0

{2xf-{3i)'^ = 0
3 .3 .

{2x + 30 {2x - 30 = 0 => 2x+3i = 0 or, 2a: - 3i = 0 =;> a: = --i,

3 . , 3 .
— t and — i.

or, x = —i
2

Hence, the roots of the given equation are -
2

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 2 Solve the equation x^ -4x + 13=0by factorization method.

SOLUTION We have,

x^ -4x + 13 = 0

x^~4x+4 + 9 = 0

(X - 2)2 + 9 = 0

(x-2)2-9)2 = 0

(x-2)2-(3'))2 = 0=> {(x-2)-3i]{(x-2) + 3i} = 0 => (x-2 - 3)) (x - 2 + 30 = 0
x-2-3) =0, or X-2+ 3) = 0 => x = 2 + 3i, or x = 2 - 3i

Hence, the roots of the given equation are 2 + 3) and 2 - 3i.

EXAMPLE 3 Solve the equation 9x^ - 12x + 20 = 0 by factorization method only.
SOLUTION We have,

9x2-12x + 20 = 0

=> 9x2 _i2x + 4 + 16 = 0

=> (3x-2)2+16 = 0

=> (3x-2)2-16)2 =0

((3x - 2) + 4i) {(3x - 2) - 4i} - 0 => (3x - 2 + 40 (3x - 2 - 40 = 0
2 4 .
—+ —)

3 3

2 4 .

3x-2 + 4) = 0, or 3x-2-4)=0 => 3x = 2-4f,or 3x = 2 + 4i => x=---iorx =

2 4 . ,2
Hence, the roots of the given equation are — - —) and —

o o o

EXAMPLE 4 Solve the quadratic equation 2x2 _ 4^; + 3 ~ o by using the general expressions for the
roots of a quadratic equation.

Comparing the given equation with the general form ax + bx + c = 0, we get
= 2, b = - 4 and c = 3

Substituting the values of <?, b, c in a =

4 .
+ — I.

3

SOLUTION

a

bb + -^b2 - 4flc - 4flc

-, we getand P =
2a2a

 

 



 

 

QUADRATIC EQUATIONS 13.5

4 + ^16 - 24 4-^16-24
and, p =a

4 4

4 + V^ 4-V=8
and, p -a

4 4

4 + 2V2j 4 - 2V2/
t i and, p = 1 - 4= ^and, p =a => a = 1 4-

V24 424

1 1 .
Hence, the roots of the given equation are 1 + i and 1 - i.

4i 42

EXAMPLE 5 Solve the ecfuation 25:r^ — 30;r +11 = 0 fey using the general expression for the roots of
quadratic equation.

SOLUTION Comparing the given equation with the general form of the quadratic equation
+&x + c = 0,weget:fl = 25,lJ=-30 and c=ll.

a

_-b + ^ b-^-^ac -4flc
Substituting these values in

30 + .y900-1100

and P =a
●, we get

2a 2a

30-^^-1100
and, p =a =

50 50

30 + 7^200 30-^[2^
and, p =a =

50 50

30 + 10zV2 3O-IO1V2
- + —iand,p = ---
5 5 ^ 55

3 42 .
and, p =a =

i
50 50

3

Hence, the roots of the given equation are — ± — ’
5 5

I.

EXERCISE 13.1

BASIC

Solve the following quadratic equations by factorization method only (1-5):

1. +1 = 0 2. 9x^ + 4 = 0 3. + 2a: + 5 = 0

4. 4x^-12x4-25 = 0 5. x^ + x4-l=0

Solve the following quadratics (6-18):
6. 4x^ 4-1 =0

8. x^ 4- 2x 4- 2 = 0

10. 21x^ +9x4-1 = 0

12. X^ -H X 4-1

INCERT]

7. x^ - 4x 7 = 0

9. 5x^ - 6x 4- 2 = 0

11. x^ -X4-1 = 0

13. 17x^ -8x4-1 = 0

15. 17x^ 4- 28x -H 12 = 0

17. 8x^ - 9x 4- 3 = 0

19. 2x^ + x + l=0

21. 42x^ + x + 42=0

23. x^ + -L + i=o
42

25. -x^-fx-2 = 0
') 20

27. 3x^-4x4- —= 0

= 0 INCERT]

[NCERT]

[NCERT]

14. 27x^ -lOx-Fl = 0

16. 21x^ -28x4-10 = 0

18. 13x^ 4-7X-F1 = 0

20. 43x^-42x + 3 43 = 0 [NCERT]

22. x^ 4- X 4-

[NCERT]
1

= 0 [NCERT] [NCERT]42

24. 4Sx^ 4- X 4- ^/5 = 0

26. x^-2x4--^

[NCERT] [NCERT]

= 0 [NCERT] [NCERT]2 3
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ANSWERS

-2 .
2.^i, 3. -1 +2/,-l-2i1. i,-I I

3 3

1 .VI
6. -I,4. 1 + 2i', - - 2i iS. - + i

2 ' 2 222222

5 5

l+tH

7. 2±VIr

- 3 . IVI

8. -1±/

2 2

27 27

12. -10. ±
224214

-14 . 2V2 .1 .4 15. ±14.13. ± — I
17 17

. . 2 . Vl4 .

i

1717

-7 , VI .9 . Vl5 .
18.17. — ±16. -± I

262616 163 21

-l±V7iV2±Vl4i-1 ± V7/ 21.20.19.
2V22VI4

-i±^ i4i-u -1± Vl9i-l±V7i
24.23.22.

2V52V22

-1±V7/ 2 4 .
27. - ± - z

3 3
26. 1 ± 4= i25.

V2-2

H/Wrs 7*0 SELECTED PROBLEMS

5. We have, + x +1 = 0

+ 2{x) - +
\2)

^ 3
+ - = 0\2 ^ 1

2} "I2,
^ f 1

= 0 => a: + -
1

+ 1
2J 4

x2
1^2 VI.3 .-2 = 0s= 0 => x + - i— I

2) 4
X + —

22)

1+VI/Y l-VIr\( 1 VI.1 VI.
X + - + — j

2 2

= 0= 0 => X + X +X + —
222 2 ;

1 -VI/

y \

-1+ /VI1+/VI1 + VI/
= 0 => X = -= 0 or, x + or, X =X +

2222

have, x^ + X +1 = 0 Comparing the given equation with the general form

ax^ +bx + c = 0, we get: a = I, b =1 and c = 1.

12. We

b --Jb^ -4flc-4ac-b +
and p = -, we getSubstituting the values of fl, ef, c in a = 2<72a

-1 -/VI—1 + 'IVI
and P =and P = => aa

2222

14. We have, 27x^-10x + l = 0 Comparing this equation with flx^ +&x + c = 0, we get:
= 27, b = -10, c -■= 1. Substituting the values of fl, b, c ina

-A^ac-Aac
we getand p =a

2a2a
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10+ 7100-108 10-.^100-108
and p =

10-V^

a

54 54

_ 10 + ^ 5+1V2 5-fV2
and p = andp =

16. The given equation is 21x^ - 28a: +10 = 0. Comparing this equation with ax^ +bx + c = 0,
we get: a = 21, b = -28, c = 10. Substituting these values in

a => a
54 54 27 27

b+^j^ -Aac -4flc
and p = V we obtaina

2a 2a

__ 28 + - 840 28 - .^784 - 840
andp =a

42 42

_ 28 + ^pi6 28 2 iVl4
1

3 21

2 iVT4
and p =a and 3 = —

3

given equation is ^fSx^ - V2x + 3-j3 = 0. Comparing this equation with

= ●J3, b = - c = 3V3. Substituting these values in

=> a
42 42 21

20. The

ax^ +bx + c = 0, we get:

b + ^ - 4ac -4ac
and p = , we obtaina

2a 2a

V2+^/2^^ 72-^2^^ 42+i4u V2-i'VM
and p -a and p ==> a

2V3 2V3 248 2V3

21. The given equation is 42x^ + x +

get: a = 42, h =l,c = 42. Substituting these values i

b + - 4ac

42 =0. Comparing this equation withav^ + + c = 0, we
m

b-.-p -4ac
andp = V we obtaina

2a 2a

1+yr^ i-yr^ -1 +/V7 -l-i47
and p =

22. The given equation is + a: + = 0. Comparing this equation with ax^ +bx+ c = 0, we

^ . Substituting these values in

b-^b^ -4ac

a and p ==> a

242 2V2 242 2V2

getfl = l,b = l,c =

b + Jb^
42

-4ac

and p = V we obtaina =

2a 2a

I+V1-2V2 -I-V1-2V2 ●1+iV 2V2-1 1-fV 2V2-1
and p =a = and p =a =

2 2 2 2

23. The given equation is x^ + ^ + 1=0. Comparing this equation with ax^ +bx + c = 0
^ and c

', we

get: a = l,b ~ = 1. Substituting these values in

b-^j^

42

b + ^-p ~4ac -4ac

and p = , we obtaina

2a 2a

--^ + ,1-442 u

1

-1+ IV7 -1 -i4f42 2
and p -a and p ==> a

2V22 2V22
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Vs = 0. Comparing this equation with ax^ +bx + c, we getThe given equation is VSx^ + x +
= Vs, b = 1 and c = VS. Substituting these values in

-b-'yjb^ -4flc

24.

a

-b + ■Jb^ -4flc V we obtainandp =a
2a2a

-l-iVl9-1 + fVl91-yr^ andp =and p =

A

25. The given equation is — + x — 2 = 0. Comparing this equation with ax +bx + c, we get.
-\,b=l and c = - 2.Substituting these values in

~b + ^

=> a

2VSa
2VS2VS2VS

a =

-6 -yjb'^ -4ac- 4ac
■, we obtainandp =a

2a2a

and p =a

-2-2

1 .V7
- + j —i-i'V^andp = -

2 2 2

3 2

26. The given equation is - 2x + ^ = 0. Comparing this equation with ax +bx+c= 0, we

-1 -jV7
and p =

-2
=> aa

2-2

get: fl = 1, cf = - 2 and c = 3/2. Substituting these values in

-b--\jb^ ~4acb + -Jb^ -4ac , we obtainandp =a
2a2a

2-4^2 + 44^ ii

and P = 1 -

27. The given equation is 3x^ - 4x + — = 0. Com,paring this equation with ax +bx + c = 0,-we
3

20

get: a = 3, & = - 4 and c =—. Substituting these values in
3

-b + ^Jb^-4ac

=5> a = 1 +and p =a
V2V222

■b-yjb^-4ac
; we obtainand P =a =

2a2a

4 + 8/ 2 4. 4-8/ 2 4.
— = — + —I and p = 1
6 3 3 6

4-VI6-8O4+VI6-8O
and p = => a =a =

3 366

13.5 QUADRATIC EQUATIONS WITH COMPLEX COEFFICIENTS

Consider the quadratic equation ax +bx + c = 0 -(i)

where a, b, c are complex numbers and a^O.

Proceeding as in section 13.4, we obtain that the roots of equation (i) are given by

-b + -Jb^ - 4ac b-■yjb^ -4ac
and, p =

These roots are complex as a, b,c are complex numbers.
Since the order relation is not defined in case of complex numbers. Therefore, we carmot assign

positive or negative sign to the discriminant D — 4r?c. However, equation (i) has complex
roots which are equal, HD = b^ — 4ac = 0 and unequal roots HD = b^ — 4ac ^ 0.

a =

2a2a
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REMARK In case of quadratic equations with real coefficients imaginary (complex) roots always occur in
conjugate pairs. However, it is not true for quadratic equations with cojuplex coefficients. For example, the

n ^
equation 4x - Aix -1=0 has both roots equal to — i.

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

Solve the following quadratic equations by factorization method:

(ii) x^ +Aix-4 = 0

EXAMPLE 1

(i) x^ -5ix~6=0

SOLUTION (i) The given equation is
x^ -Six-6 = 0

x^ - Six + 6i^ = 0

=5* x^ - Six - 2ix + 6/^ = 0

=> x(x-3i)-2i{x-3i) = 0

=> (x - 3i) (x - 2i) = 0 ^ X - 3i = 0, X - 2i = 0 => X = 3i, X = 2i

Hence, the roots of the given equation are 3i and 2i.
(ii) Given equation is

x^ + 4ix-4 = 0 => x^ + 4ix + 4^ = 0 => (a: + 2/)^ = 0

x + 2i = 0 (twice) => x - -2i,- 2/

Hence, both the roots of the equation are equal to - 2i.
EXAMPLE 2

(i) x^ -f2ix +12 = 0

SOLUTION (i) We have,

-V2/X + 12 = 0

=> x^-3-j2ix + 2^ix-l2i^ = 0

=> x(x-34^ + 2^{x-3ff2S) = 0

^ {X-3J2 0 (x + 2V2 0 =0

^ X - 3 = 0 or, X + 2V2 z = 0 ^ X = 3V2 i or, x = - 2V2 i

Hence, the roots of the given equation are - 2V2 i and 3^^2 i.
3x^ +7 ix+6 = 0

3x^ + 9/x - 2ix - 6i^ = 0

3x (x + 3i) - 2i (x + 3i) = 0

(x + 3i) (3x - 2f) = 0 => X + 3f = 0 or, 3x - 2/ = 0 => x =

Solve the following equations by factorization method

(ii) 3x^ + 7ix + 6 = 0 (iii) x^ -(3V2 + 2i) x + 6V^' = 0

(ii)

2 .
3/ or, X = —

3

2
Hence, the roots of the given equation are - 3z and — i.

x^-(3V2 + 2i)x + 6V2i = 0

(x^-3V2x)-(2ix-6V^) = 0

x(x-3V2)-2/(x-3V2) = 0

(iii)
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(x - 2i) {x - 3V2) = 0 => X - 2i = 0, X - 3V2 = 0 => ;c = 2i or, 3V2
Hence, the roots of the given equation are 2i and 3-j2.

Solve the following quadratic equations by using the general expressions for the roots of a

=>

EXAMPLES

quadratic equation:

(i) x^-(3V2-20x-6V2i = 0 (ii) 2x^ + 3i X + 2 = 0

SOLUTION (i) On comparing the given equation with the general equation ax +bx + c = 0, we

get: a=l,b = -{3'j2-2i) and c = -6-j2i. Substituting the values ofa,b, cin

-b-J^■b + ^b'^ -4^ac -4ac
we obtainand p =a =

2a2a

(3V2 - 2Q - 3V2 - 2if + 2^_ (3V2 - 2i) + -J(3V2 - 2i)^ + 24V2iV and p =a

22

(3V2-2i)--^13V2+2Q^_ (3V2-2Q +-^(372 + 20^ and p =a

22

(3V2-20-(3V2+203V2 - 2i + 3V2 + 2i
and p =a

22

= 3V2, p = - 2/a

Hence, the roots of the given equation are 3>/2 and - 2i.

(ii) On comparing the given equation with the general equation ax +bx + c = 0, we get

a = 2, b = 3i and c = 2. Substituting these values ofa,b, cin

b-^jb^-b + -4ac-4ac

and p - V we geta

2a2a

^9i^ -16 -3f- -16-3i +
and P =a

44

3i-^P^3i + yf^
and p =a

44

-3i-5f- 3i -f 5i
— and p =
2

-2/and p = => aa

44

Hence, the roots of the given equation are ^ and - 2i.
BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE4 Solve: 2x^-{3+ 7i) X-{3 ~9i) = 0.

SOLUTION On comparing the given equation with the general form ax + &x + c = 0,

we obtain a = 2,b =-(3 + 7i), c = -{3 -9i).Substituting the values of a, b,c in

b-^-b +^ -4ac- 4ac

and P = ●, we geta -

2a 2a

(3 + 70-7(34-70^+8(3-^(3 + 70+7(3+70^+8(3-90
and, p =a

44

(3 + 70 - V9 -49 + 42i + 24 - 72i'_ (3 + 70 + V9 - 49 + 42i + 24 -727 and, p -a

44
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3 + 7z + ^-16-30/ 3+ 7/-^-16-30/
and, p =

Let us now find ^-16 - 30 i. Let a + ib - ^-16 - 30i. Then,
+ 16 - 30/

+ = -16-30/

= -16

= {a^ -&^)^ + 4

(fl^ + b^f = 256 + 900 = 1156 +b^ = 3^

Now, -b^ = -16 andfl^ = 34 => = 9 andb^ = 25 => a = ± 3 andb = ±5

-(i)a

4 4

...(ii) and, lab = - 30 ...(iii)

From (iii), we find that a and b are of opposite signs.
a = 3 and& = -5 or, a = - 3 andb = 5.

Hence, -J-16 - 30/ =a + ib = 3 - 5/ or, - 3 + 5/. Substituting either of these values in (i), we get

(3+7i)-(3-5/)(3+ 70+(3-5/) 3 1
^ a = — + — / and, 3 = 3/

2 2 ^
and, p =

3 1
Hence, the roots of the given equation are — + — / and 3/

EXAMPLES Solve: -{7-i)x + {18-i)=0overC.

a

4 4

SOLUTION Comparing the given equation with the general form ax"^ +bx + c = Q, we get
a=l,b =-{7 -i) and c = 18 - /. Substituting these values in

-4flc_ -b + J^ b-^ -Aac
and. P = ●, we geta

2a 2a

(7-0+ ^(7-0^-4(18-0 (7-0-J(7-0^-4(18-0
, P =a

2 2

(7-0+^-24-10/ (7-0-V-24-1O/
P = ...(i)a

2 2

Let us now find ^-2A -10/. Let, a + ib = .^-24 -10/. Then,
{a + ibf =-2A-10i

(<?^-&^) + 2/ijb=-24-10/
2 =-24 ...(ii)

(fl^ + &^)^ = (fl^ - f»^)^ + 4 £I^

(fl2 + /,2j2 ^ jQQ ^ ^ ^2 ^2 ^26

and. 2/?&=-10 ...(iii)

...(iv)

Solving (ii) and (iv), we get a=±l andb = ±5. From (iii), we find that ab is negative.
a = l,b = -5 or, a = -l,b = 5 ^ a + ij = 1 -5i or, -1+5/

Hence, ^-24 -10/ =</ + /& = + (1 - 50
Substituting either of these values in (i), we get

7 -/ + ! -5/ (7-0-(1-50
= 4-3/ and p =

Hence, the roots of the given equation are 4 - 3/ and 3 + 2/'.

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

Find the value of P such that the difference of the roots of the equation - Px + 8 = 0
INCERT EXEMPLAR]

= 3 + 2/a

2 2

EXAMPLE 6

is 2.
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SOLUTION Let a, p be the roots of the equation x'^-Px + S = 0. Then, a + p = P and ap = 8.

It is given that

a-p = 2 (a-p)^ =2^ => (a + p)^ -4ap = 4 =i> P^-4x8=4=^ p^=36=> P=±6.
EXAMPLE 7 Find the real value of a such that the sum of the squares of the roots of the equation
^ -(h - 2) X - (fl +1) ~ 0 is least.

SOLUTION Leta,pbe the roots of the equation x^-(fl-2) x-(fl + l) =0.Then,

a + p = fl - 2 and ap = - (a +1)

a^+p^ =(a + p)^-2aP=(fl-2)^ + 2{a + l)=fl^-2fl + 6=(fl-l)^+5

Now,(fl-l)^ >Oforallrealvaluesoffl => (a-1)^+5 >5foralii? eP. => +p^ >5forallfl eP.
Thus, the least value of a^ + p^ is 5.

Now,a^+P^=5 => (fl-l)^+5=5 => (fl-l)^=0 ^ a=l.

Hence, the sum of the squares of the roots is least when a=l.

X

EXERCISE 13.2

1. Solving the following quadratic equations by factorization method:
(ii) + (1 - 2i) X - 2/ = 0

(iv) 6x^

(i) + lOix - 21 = 0

(iii) x^ -(2V3 + 30 X + 6VSf = 0

2. Solve the following quadratic equations:

(i) x^-(3V2+20x+6V2i = 0

(iii) (2 + 0 -(5-i)x + l (1 -0=0

(v) i x^ - 4x - 41 = 0

(vii) 2x^ + Vl5 ix -1 = 0

(ix) ix^ - X +121 = 0

(xi) x^ - (V2 + 0 ^ + V21 = 0 [NCERT]

171X-12 = 0

(ii) x^-(5-0 X + (18+0 =0

(iv) x^-(2 + Ox-(l-70 = 0

(vi) x^ + 41x - 4 = 0

(viii) x^ - X + (1 + 0 = 0

(x) x^-(3V2-20x-V21 = 0

(xii) 2x^-(3 + 70x + (91-3)=0

INCERT]

[NCERT]

ANSWERS

,.,3.4.
(iv) — I, — I

2 3

(iv) 3 -1, -1 + 21

(iii) 2V3, 31(ii) -L 211. (i) -31,-71

2. (i) 3V2, 21
4 2

(ii) 3-41,2+31 (iii) 1

l+(4-Vi5)l -1-(VI5+4)1
(vii)(Vi) -21,-21(v) -21,-21

44

3V2-2I , 4-V2I
(x)(ix) - 41, 31

(xii) , 31
2

(viii) 1 -1,1
2 2

(xi) V2,l

HINTS TO SELECTED PROBLEMS

2. (vii) The given equation is Ix'^+flEix-i = 0. Comparing this equation with the
fy

standard equation ax +bx + c = 0, we get:

Substituting these values in

= 2, b = V15I and c = -z.a
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~ Aac -4ac
and, p = , we obtaina

2a 2a

_ -Vl5i + .^-15 + 8f Vl5/-^-15 + 8i
and, p = -(i)a

4 4

Let ^ 15 + 8/ = a + ib.Then,
-15 + 8i = (a + ib)^^ -15 + 8i = a^ -h^ ■¥ 2iab => a^ -h^ = -15 and 2ab = 8

{a^ +b^f ={a^ =(-15)^ + 64 = 289 => +fj^ =17

Solvingfl^-i>^ = -15andfl^+fc^ = 17, weobtain

a^ = \ and b^ = 16 =;> a = ± 1 and b = ±4

= l,b = 4 or A = -l,b = -4 [●.● a& = 4 > 0 a and b are of the same sign]

15 + 8/ = A + ib = 1 + 4i, -1 - 4i

Substituting either of these values in (i), we obtain

i-i(Vl5 + 4)i,|5=i + i(-Vi5 + 4)l
4 4 4 4

A

a

(ix) The given equation is ix^ -A: + 12i = 0. Comparing this equation with the standard

equation AX^ + hr + c = 0, wegetA = i, & = -1 and c = 12/. Substituting these values in

~b-^jh^-b + ~4ac ~4ac

and p =a , we get
2a 2a

_ i + ^T+ls i-^TTis
and p =a

2/ 2i

1+7 1-7 4 3
- and p = -—=>a = 0-4i and p = 3/and P ==> a => a

2i 2i i j

(xi) The given equation is -(V2 + 0 ^ + V2/ = 0. Comparing tiiis equation with the

standard equation AX^+fcx + c = 0,wegetA = l,& = -(V2+0 and c = V2/.Substituting
these values in

_ -b+^ b-^-4ac ~4ac

and p = —

_ (V2+0+-J(V2+0^-4V2/

a , we get
2a 2a

(t/2 + i) — -J{V2 +1)^ — 4V2 i
and p =

(V2+0-^(V2-if

a

2 2

V2+/ + .y(V2~-0^
and p ==> a

2 2

V2+/+V2-1 (V2+0-(V2-0
= V2 and P = iand p =a => a

2 2

FILL IN THE BLANKS TYPE QUESTIONS (FBQs)

1. If l-i is a root of the equation x^ +AX + & =0, where A,fc e R, then the values of a and b

are.

2. If the difference of the roots of the equation x^ - Px + 8 = 0 is 2, then P =
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3. If the equation l:p- - b: + A: + 8= 0 has real and equal roots, then k=	

4. The number of real roots of the equation a:'‘+5|x|+4 = 0is	

5. If one root of the equation + px +12 = 0 is 4, then the sum of the roots is	

6. If a, p are roots of the equation x^ + x + l=0, then the equation whose roots are and p^
IS,

7. The value of ^ + ^6 +^
8. If the equations px^ + 2qx + r = 0 and qx^ -2^x + q = 0 have real roots, then q^ =	

9. If the roots of the equation - 8:c + - 6fl = 0 are real, then 'a' lies in the interval	

10. If the equations +x +a-Q and x^-h ax + 1-0, a ^ 1, have a corrunon root, then a =	

11, If the quadratic equation 2-v^ -(fl^ + 8<z-l) x+<7^-4fl = 0 possesses roots of opposite signs,
tlien a lies in the interval	

to 00 is+

ANSWERS

6. x‘^ + x + l=05. 73. 9, -7 4. 0

10. -2

1. a=-2,b=2

8. pr

2. ±6

9. [-2, 8] 11. (0,4)7. -3

VERY SHORT ANSWER QUESTIONS (VSAQs)

Answer each of the following questions in one word or one sentence or as per exact requirement of the
question:

1. Write the number of real roots of the equation (:r-1)^ + (:c - 2)^ + (x - 3)^ = 0.

2. If a and b are roots of the equation x^ -px + q = 0, then write the value of - + -.

3. Ifrootsa,poftheequation>:^-px + 16 = 0 satisfy the relation + p^ = 32, then write the
value of p.

4. If 2 + Vs is a root of the equahon x^ +px + q = 0, then write the values of p and q.

5. If the difference between the roots of the equation + izx + 8 = 0is2, write the values of fl.

6. Write the roots of the equation {a - b) x^ + {b - c) x + {c ~ a) = 0.

7. If a and b are roots of the equation - ;r +1 =0, then write the value of a^ + b^.
8. Write the number of quadratic equations, with real roots, which do not change by squaring

their roots.

9. If a,p are roots of the equation x^ + lx + m = 0, write an equation whose roots are

-iand-l.
a p

10. Ifa,parerootsoftheequationx^-fl(a: + l)-c = 0,thenwritethevalueof(l + a)(1 + P).

ANSWERS

6. 1,-
~a

P 5. ±84. p = -4, g = 11. No real root 2. — 3. ±8
a -b

9. mx^ -lx + \ = 0 10. 1 -c7. -1 8. 3
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MULTIPLE CHOICE QUESTIONS (MCQs)

Mark the correct alternative in each of the following:

1. The complete set of values of k, for which the quadratic equation x'^~kx + k + 2 = 0 has
equal roots, consists of

(a) 2 +fu (b) 2±Vl2

2. For the equation | a: | +1 a: | - 6 = 0, the sum of the real roots is

(c) 2-VI2 (d) -2-V2

(a) 1 (b) 0 (c) 2 (d) none of these

3. If a, b are the roots of the equation + x + \=Q, then a^ +h'^ =
(a) 1 (b) 2 (c) -1 (d) 3

4. If a, p are roots of the equation 4: x'^ + 3 x+ 7 = 0, then 1/a + 1/p is equal to

(b) -7/3(a) 7/3 (c) 3/7 (d) -3/7

5. The values of a: satisfying log 3 {x^ + 4 x + 12) = 2 are

(a) 2,-4 (b) 1,-3 (c) -1,3

6. The number of real roots of the equation {x^ + 2x)^ ~{x +1)^ - 55 = 0 is

(d) none of these

(d) -1,-3

(a) 2 (b) 1 (c)4

0, then —^ 1
7. If a, p are the roots of the equation ax^ + bx + c = +

aa +b a^ + b

(a) c/ab (b) a/bc (c) b/ac

8. If a, p are the roots of the equation x^ + px + l = 0;

x^ +qx+ 1=0, then {a -y) (a + 6){p-y)(p + 6) =

(a)

9. Tire number of real solutions of j 2 x - - 31 = 1 is

(d) none of these

y, 5 the roots of the equation

(b) _ g2 (c) + q^ (d) none of these

(a) 0 (b) 2 (c) 3 (d) 4

10. The number of solutions of + I a: -1 I = 1 is

(a) 0 (b) 1

2-:r + l

(c)2 (d) 3

X

11. If X is real and k = — , then
2

X + X + l

(a) ke[l/3, 3] (b) k> 3 (c) ;t<l/3 (d) none of these

12. If the roots of -bx + c = 0 are two consecutive integers, then b^ -4 cis
(a) 0 (b) 1 (d) none of these

13. Thevalueof a suchthatA:^ -11 a: + <? = Oand a:^ -14 x + 2a = 0 may have a common root is

(c) 2

(a) 0 (b) 12 (c) 24 (d) 32.

14. The values of k for which the quadratic equation kx^ +1 = kx + 3 x-11 x^ has real and equal
roots are

(a) -11,-3, (b) 5,7 (d) none of these

15. If the equations x^ + 2 x + 3 k = 0 and 2a:'^ + 3a: + 5A. = 0 have a non-zero common roots,

then X. =

(c) 5,-7
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(d) none of these

16. If one root of the equation + px +12 = 0 is 4, while the equation + po: + = 0 has equal
roots, the value of g is

(a) 49/4

(c) 3(b) -1(a) 1

(d) none of these

17. The value of p and Cf(p ^ 0, cj 0) for which p, q are the roots of the equation
+ px + q ab = 0 are

(c) 4(b) 4/49

(b) p = -hq = -2

(d) p = l,q = 2
(a) p = l,q = -2

(c) p = -l,g = 2

18. The set of all values of m for which both the roots of the equation x^-{m + l)x + m + 4 = 0
are real and negative, is

(b) [- 3,5]

(d) (- 3,-1]

(x + 2) {x-5)

(a) (-CO,-3]u[5,co)

(c) (-4,-3]
x-2 .

19. The number of roots of the equation is

(;r-3)(;r + 6) x + 4

(d) 3(c) 2(b) 1(a) 0
■7 1

and p are the roots of 4x^ + 3x+7 = 0, then the value of —

(Of

1 .
20. If a

(a)f
7 1

21. If, a, p are the roots of the equation x + px + q = 0, then	
equation

(a) x^ - px q - 0

(c) qx^ +px + l =0

+ - IS

a p

(b)-
7̂

1
are the roots of the

Q:)) x^ +px + q = 0

(d) qx^ -px + l = 0

22. If the difference of the roots of x^-px + q = 0is unity, then

(a) p'^+4q =1

(c) p^ +4q^ = (1 + 2qf

23. If a, p are the roots of the equation x^ -p (x + 1) - c = 0, then (a +1) (P +1) =

(d) none of these

24. The least value of k which makes the roots of the equation x'^ + 5x + k = 0 imaginary is

(b) p^-4q = l

(d) 4p2 +q^ ={1 + 2pf

(c)l-c(b) c-1(a) c

(d) 7(c) 6(b) 5(a) 4

25. The equation of the smallest degree with real coefficients having 1 + / as one of the roots is

{a) x'^ +X + 1 =0 (b) x^ -2x + 2 ^ 0

{d) x^ + 2x-2 = 0{c) x^ + 2x+2 = 0

ANSWERS

8. (a)

16. (a)

23. (c)

6. (a) 7. (c)

14. (c) 15. (b)

22. (b), (c)

5. (d)

13. (c)

21. (d)

4. (d)3. (c)

11. (a)

19. (b)

1. (b)

9. (a)

17. (c)

24. (d)

2. (b)

10. (a)

18. (a)

25. (b)

12. (b)

20. (b)
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ACTIVITY

Graphically to obtain a quadratic function with the help of two linear functions.

MATERIALS REQUIRED Cardboard, drawing sheet, wires, thumbpins, adhesive etc.

OBJECTIVE

METHOD OF CONSTRUCTION

Take a cardboard and paste a drawing sheet on it.

Draw two mutually perpendicular lines on the drawing sheet as the coordinate axes

shown in Fig. 14.1.

Take a wire and fix it on the drawing sheet in such a way that it cuts OX and OY' at a

distance 'a' from the origin.

Take another wire and fix it on the drawing sheet by using thumbpins in such a way

that it cuts OX and OY' at a distance 'b' from the origin.

Take one more wire, bend it in parabolic shape and fix it in such a way that it passes

through A{a, 0) and B(b, 0).

Step I

as

Step II

Step III

Step rv

StepV

DEMONSTRATION

The coordinates of the two points where first wire cuts OX and OY' are A {a, 0) and

^'(0,-a) respectively and the equation of the line along the wire is y = x

The coordinates of the points where second wire cuts OX and OY'are B (fc, 0) and

B' (0, -b) respectively and the equation of the line along the wire isy-x ~b.

The product of linear functions y = x~a and y = x~b is y ={x-a) (x~b), which

represents a quadratic function. It cuts the x-axis at A {a, 0) and B (b, 0). Thus, the

parabolic shaped wire represents the quadratic function y-{x~a)

Step I

-a.

Step II

Step in

AY

SS'A(fli

o

.1
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SUMMARY

1. Fundamental Theorem of Algebra: Every polynomial equation f {x)=0 has at least

root, real or imaginary (complex).

2. Every polynomial equation f (x) =0 of degree n has exactly n roots real or imaginary.
3. A quadratic equation cannot have more than two roots.

4. If flx + + c = 0, fl 0 is a quadratic equation with real coefficients, then its roots a and p

given by

one

~b + ^ -b- ^-4flc -b + y/D-Aac b-y/D
and, p =

where D = b - 4ac is as the discriminant of the equation,

(i) IfD=0, thena=p = -—

a =
and, p =or, a

2a 2a 2a 2a

2a

So, the equation has real and equal roots each equal to - —.
2a

(ii) If a,b, c sQ and D is positive and a perfect square, then roots are rational and

unequal.

(iii) lfa,b,c eR and D is positive and a perfect square, then the roots are real and distinct,

(iv) If D > 0 but it is not a perfect square, then roots are irrational and unequal,

(v) If D < 0, then the roots are imaginary and are given by

b-iyj4ac-b'^b +iyj4:ac -b'^
and p =

(vi) If fl = 1, &, c e / and the roots are rational numbers, then these roots must be integers,

(vii) If a quadratic equation in x has more than two roots, then it i

that isa = b = c = Q.

(viii) Complex roots of an equation with real coefficients always occur in pairs. However,

this may not be true in case of equations with complex coefficients. For example,

x"^ - 2ix -1=0 has both roots equal to i.

(ix) Surd root of an equation with rational coefficients always occur in pairs like

2 + Vs and 2 - VS. However, Surd roots of an equation with irrational coefficients

may not occur in pairs. For example, x^ - 2VS x + 3 = 0 has both roots equal to VI.

a

2a 2a

identity in xIS an

 

 


