BINOMIAL THEOREM

17.1 INTRODUCTION
An algebraic expression containing two terms is called a binomial expression.

x & g2

For example, (a + b), (2x - 3y){x + l) ; [x + -?:) ,[g - i} etc. are binomial expressions.
y x

Similarly, an algebraic expression containing three terms is called a trinomial. In general,
expressions containing more than two terms are known as multinomial expression.
The general form of the binomial expression is (x + a) and the expansion of (x + a)", n e N is

called the binomial theorem. This theorem was first given by Sir Issac Newton. It gives a formula
for the expansion of the powers of a binomial expression.

In earlier classes, we have learnt that:

(x+ a)G 1

1l

(x+a)1 =x+a

(x+a)2 = x* + 2ax + a2
(x+a)3 = x% + 3x%0 + 3xa® +a°
(x+a)4 = 14:4+4:x3a+634:2az+4xas+a‘1

We observe that the coefficients in the above expansions follow a particular pattern as given
below:

Index of the binomial Coefficients of various terms
0 1
1| 1 1
2 1 2 1
3 1
< 1 4 1

We also observe that each row is bounded by 1 on both sides. Any entry, except the first and
last, in a row is the sum of two entries in the preceding row, one on the immediate left and the
other on the immediate right. The above pattern is known as Pascal’s triangle. It has been
checked that the above pattern also holds good for the coefficients in the expansions of the
binomial expressions having index (exponent) greater than 4 as given below.
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Index of the binomial Coefficients of various terms
0 1
1 I, v
2 1. ¥ .2 ¥V 1
3 1. ¥ 3. ¥ 58 N1
4 18 Ve datly 6 Vv 4 ¥V 1
5 Vo5 VOAD oM A0 NET SRV
6 YV 6,V 15 ¥ 200 ¥ 45 V. bV A
Pascal's Triangle
Using the above Pascal’s triangle, we obtain
(x + a)1 =x+a
or, (x + a)1 = 1C0 :cl ao + 1C1 x0 al [ 1C0 =] = 1Cl}
(x+a)2 = x* + 2ax + a*
or, (x+a)* = 2C0 «*a® + ZCI 35Sk 2C2 amE [ 2C0 =1, 2C1 =2, 2C2 =1}
(x +a)3 = x% + 3x% + 3xa® + a®
or, (Jc+a)3 = 3C0 a0+ 3C1 22 Lal s 3C2 e L 3C3 259"
(x + n)4 =yt raxlav6x®a® + 4xa® +a*
or, (x +a)4 = 4C0 xta+ 4C1 Pl 4C2 x4 4C3 ey 4C4 Pl
(x+a)5 =5C0 ©a’ +5C1 et +5C2 7247 +5C3 28 g8 +5C4 e +5C5 P20

By looking at the above expansions we can easily guess that the general formula would be of the
form as given in the following theorem.

17.2 BINOMIAL THEOREM FOR POSITIVE INTEGRAL INDEX
THEOREM If x and a are real numbers, then forallneN,

(&4 = Tan Pl e, W Lat 1 10, o2 0P 1 A TElE Tl

+nC”_1xlan-1 0 n

n
+Cyx a

Il
I M=

. n n n—-r r
ie., (x+a) C.x a

r=0

PROOF We shall prove the theorem by using the principle of mathematical induction on 7.
Let P (n) be the statement:
et = e P A e R e e T
n nCn e xl S5 1 + nc" xO it

0 Ol

+1C1x a

1a0 4 1C1 xO al

Stepl We have, P (1): (x+ a)1 = 1CO xla
We know that: (x+a)1 =x+a= 1C0 x
P (1) is true.
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StepII Let P (1) be true. Then,
(x+ a)m _ mCO xm n,0 M Cl xm -1 Hl M Cz xm— 2 a2 bt mCm 4 xl am -1 +mcm xO am (1)
We shall now show that P (m + 1) is true. For this we have to show that
(x+ a)m+ 1 _ m+ 1CO xm+ 1 HO s n+ lc1 xm al +m+1C2 xm—la2 iy !

m-l»lc 0 m+1

m+1 1 m
Cnx a m+1% 4

+ +

Now, (x+a)"*!

=(x+a).(x+a)" = (x+a)[mC0 BT 2 Pl 0 BC T
m 1 m-1 m 0 m
+ Cp—q X 4 + = Cr el ]

= "ey o L o s M P L e YA
+(mcr +mcr_l)xm—r+1ar . Bl (rncm_l+mcn[) xI am+ mcm am+1

_om+ ICO xm+la'O_i_m+lc_1 L ﬂ,1_‘_:?1'+ IC.2 xm—1a2+m+m+ lcr x(m+ 1)-r i

L. g me ‘ICm x1 gnm 1Cm b A1 [ mcr . mcr _m+ 1Cr Pl B m}

& P (m +1) is true.
Thus, P (m)is true = P (m+1) is true.

Hence, by the principle of mathematical induction, the theorem is true for all € N.
Q.E.D.

17.3 SOME IMPORTANT CONCLUSIONS FROM THE BINOMIAL THEOREM
In this section, we shall draw some useful conclusions from the binomial theorem.
(i) We have,

n
(x+a' = T "C. TS
r=0

1 n—r r

-2 2 n 0 n
TR Ak G KT T o

or, (x+a)" ="y +"C " et 4, o
Since r can have values from 0 to 1, the total number of terms in the expansion is (1 + 1).
(ii) The sum of the indices of x and a in each term is n.

(iii) Since"C, = "C,_,, for r=0,1,2,...,n
nCO = HCH, ncl =nCn_ 1s nCZ = ncn_z =...
So, the coefficients of terms equidistant from the beginning and end are equal. These coefficients
are known as the binomial coefficients.
(iv) Replacing a by -a, we get
n o_n n 0 n n-11 n n-2 2 n n-3 .3 rn n=r
(x-a) = Cox'a -"Cyx a + Chx a--"Cax a +..+(-1) C x a
I

(_1)r nCr ST
0

ie. (x - [I)n =

M=

r

Thus, the terms in the expansion of (x — a)" are alternatively positive and negative, the last term

is positive or negative according as n is even or odd.
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(v) Putting x =1 and a = x in the expansion of (x + a)", we get

1+2" = i"C0+"C1 x-a-”Cz Jc2+...+"Cr x +...+"C,, 4
n

5 nCr 7

r=0

ie. 1+x"

This is the expansion of (1 + x)" in ascending powers of x.
(vi) Putting a =1 in the expansion of (x + a)", we get

G R TR I o R o T L P P G B o

n
ie. ) G i o
r=0

This is the expansion of (1 + x)" in descending powers of x.
(vii) Putting x =1 and a =—x in the expansion of (x + a)", we get
(L—2" = "Cy ="Cyx+7Co 5 -5 2% et I TG o #. + CITC, A

n

ie. Q=4 = 5. 1) e

r=0
(viii) The coefficient of (r + 1)th term in the expansion of (1 + x)" is "C,.
(ix) The coefficient of ¥ in the expansion of (1 + x)" is "C,..
x) (x+a) +(x-a)" = 2{”C0 B e S }
and, (x+a)"-(x-a)" =2 {"Cl P g e e 3 i }
NOTE: Ifnisodd than{(x + Q)" +(x—a)and{(x + a)" —(x - a)") both have the same number of terms

equal  to [%J whereas if n is even, then [(x+ a)" +(x—a)"} has (% + 1] terms and
{(x +a)'—(x - a)"} has (g] terms.

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

Type I DETERMINING THE NUMBER OF TERMS IN THE EXPANSIONS OF BINOMIAL AND TRINOMIAL
EXPRESSIONS

EXAMPLE 1 Find the number of terms in the expansions of the following:

@) (2x - 3y)° i) (1+54220)° +(1-52 %)°
(i) (x + )"+ (=) (iv) (2x + 3y - 49"
(v) [(3x + y)8 —(3x —y)S} (vi) (1+2x+ ch)20

SOLUTION (i) The expansion of (x + )" has(n + 1) terms. So, the expansion of (2x - Sy)9 has 10

terms.
n

(i) Ifnisodd, then the expansion of (x + a)" +(x—a)" contains( ; 1 Jterms. So, the expansion

of (145 ﬁx)g il =B x)9 has {9—;1] =5 terms.
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(iii) If n is even, then the expansion of{(x +a)+ (x - a)"} has [g + 1J terms.
So, (Wx + ﬁ)w +(fx —@)10 has 6 terms.
(iv) We have,
n
(2x + 3y —4z)" = {Zx + (3y —42)}
="Cy (29" 3y -42)° + "C; 20" "1 (By -42)' + "C, (29" "2 By - 4% + ...
- e, Lot By -4+ Toiai -,

Clearly, the first term in the above expansion gives one term, second term gives two terms, third
term gives three terms and so on.
n+1)(n+2)

2
(v) Ifniseven, then{ (x +a)" - (x —a)" } has ? terms. So, (3x + )8 —(3x - )8 has 4 terms.
> ¥ L

So, total number of terms= 1+2+ 3 +...+n+(n+1) =

(vi) We have,
(1+2x+2%)2 = {(1 +x)2}20 —1+0%
So, there are 41 terms in the expansion of (1 + 2x + xz)20
Type II EXPANDING A GIVEN EXPRESSION USING THE BINOMIAL THEOREM
EXAMPLE2 Expand (x2 + 2a)5 by binomial theorem.
SOLUTION Using binomial theorem,
(2% +20)° = °Cy (2 (20)° + %, (D) (20)* + B, (+D)° (202
+C5 (%)% (20)° + ¢, (+®) (20)* + 5c5 (D) (20)°

= 2194 5(x%) (20) +10 (%) (46®) + 10 (%) (84%) + 5 (+?) (16 a*) + 324

= xm+10x3a-s-40x‘5 a®+80x* % +80x%a + 324
EXAMPLE3 Expand (2x — 3y)4 by binomial theorem.
SOLUTION  Using binomial theorem, we obtain
(2x-3y)* ={2x+ (- 3y))*
= ‘o (20)° (- 39)° + %cy (2093 (- 3y) + 1C, (2907 (- 39)? + *c5 (2091 (- 39)° + “cy (- 3!
= 16 x* + 4(8x3) (- 3y) + 6 (42%) (997) + 4 (2%) (- 27 %) + 81 4
= 16x* —96x3y + 216Jc2y2 - 216xy3 + 81y4
EXAMPLE4 By using binomial theorem, expand.:

(i) 1+x+ x2)3 (i) (1-x+ x2)4
SOLUTION (i) Let y=x+ 2. Then, [INCERT EXEMPLAR]
(14-7‘:+x2)3 = (1+y)3 = SCO + 3C1y+ 3C2 y2 + 3C3 y3 =1+3y+ 3y2+yr3

=1+ 3(x+x2)+ E’»(3c+x2)2+(x+x2)3
=1+ 3(x+x2)+ 3(x2+2x3+x4)+{3CO 3 (x2)0 + 3C1 x3—1(x2)1

5 3C2 x3-2 (xz)z N 3C3 Y (xz)s}
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1+3(x+x2)+3(x2+2x3+x4)+(x3+3x4+3x5+x6)

x6+3x5+6x4+7x3+6x2+3x+1

(if) Let y=—x+ xz. Then,

(1—x+x2)4 = (1+y)4 = 4C0+ 4C1y+4C2 y2+4C3 y3 +4C4 y4
=1+4y+6y2+4y3+y4=1+4(—x+x2)+6(-—x+x2)2+4(—x+x2)3+(—x+x2)4
=l-dx(1-n+6x21-02-aP1-n3+xta-»*

=1—-4x(1-x) + 6221 -22+ 22 —4x3(3Cp -2 C 2 +3 Cy 2% B C5 2%)

+x4(4C0—4C1 x+4C2 * —4C3 % +4C4 x4]

1 —4x + 427 + 627 (1 —2x+x2)—4x3 (1-3x+ 3x2 —x3)+x4 (1 —dx+ 6x° —4x° +x4)

1-4x+ 4x2 + 6x2 —12x3 + 6x4 —43:3 + 123:4 —122x5 + 4x6 + x4 -4x5 - 6x6 —4x7 +x°

=1-4x+ 1[]x2 —16:c3 + 19:c4 —16x5 +10x6 —4x7 + x8

4
EXAMPLES  Using binomial theorem, expand [1 + % - —) 2x#0

SOLUTION We have, [NCERT]

|
.
0
(=]
+
=9
(]
P
|
I
| N
L SR
>
T
=
|
=N
et
=]
N
0
w
P T, %
N | =
I
=N
N
+
Lo
0
NS
ST
M| =
I
RN
R
=8

1
-
N
g
| =
|
=N
N
o
e g
|R
[ 3]
|
¥
+
Hm|"‘“
N e e
w +
s
®
oo["“w
|
=
m|°°
I
w
Y T
N =
|
=N
e, S

I}
[y
+
Ty
e
=
H
= |
—
+
N
ey
|H
N
|
Y
+
)
N|"°"
SRS
+
N
T
=
oo|uJ
=
| 0
0| E
= |
b e

1l

oy

+
N
N

=

|

| o
2 AT
+
o
| wo
HN

|

=

¥}

+

= |N
N o
Roliso

+
VT
Nle

|

= |ug
Wi

|

(=)}

= |12
ST

+
P |
S

I

¥

[«

|

—
| &
—
sa-ld\
TR



BINOMIAL THEOREM 17.7

3 4
1 —12+6)+(2x—6x)+[g x? wx2J+x—+i+[_—8+§}+{&—E]—2+E

206 Lo e = ot
gl o8 6.8 a3 06
==-0-dx+—+—+—+—+=—-—+—
2 2 16 x 22 B S
EXAMPLE6  Find the expansion of 3x% — 2ax + 34%)° using binomial theorem. [NCERT]

SOLUTION  We have,
(3x% - 2ax + 34%)°

]

{(sz - 2ax) + 3a2} §

3o (322 - 2a%)® (3a%)° + 3¢, (3x® - 2a%)? (34%) + 3C, (3x* —2ax)! (34%)2

+ 3C3 (3x2 - 2(1:::)0 (3:12)3

(3x% —2a2)% + 942 (3x® - 2ax)? + 27a* (3x% - 2ax) + 274°
={ 3Co (3x%)3 (-2ax)° +3 € (3x%)% (—2a0) +3 5 (3x%) (<2402 +3 C 5 (3x%)° (—2ax)3}

+9a% (9Jc4 ~12ax° + 44° x2) +274% (3x2 —2ax) + 274°
(27x° 54 x° a + 362 2% - 8x3 0) + (81x* a% —108x3 a3 + 3622 o)

+(81x% a* —54xa°) + 27a°
27x% 5420 + 1172° a* —1162° 2° + 11722 a* —54xd + 2745

11
EXAMPLE7  Using binomial theorem, expand [x + l] A

SOLUTION We have,

N 1\ ; 2 P
[x & J = Ui, [_J + g, (10 {_J+ e 40 {_J + g, ;8 [“]
L y ¥ y L

4 5 6
+ 11C4 i [l] + 11C5 x® [lJ + 11C6 2 {lJ + uCy % (l
4 Yy 4 Yy
1

1 IIO x9 x8 x7 x6 x5
= x 1 +11 = +55 25 +165 25 + 330 T + 462 - + 462 =
y y Yy y y y
4 3 2
L 330" 165x” 55 1lx 1
7 8 9 10 11
y y v ooy oy

n
EXAMPLES Provethat £ "C, 3" =4" [NCERT]
r=0

SOLUTION We have,

@ =" "0 2+ Cy 2 i O

n
or, A+x" = = "c, ¥
r=0
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Putting x = 3 on both sides, we get
n

n
Lpdt=. % e @ =5 g &
r=0 r=0
Type III ON APPLICATIONS OF BINOMIAL THEOREM
EXAMPLEY  Find anapproximation of(0.99)5 using the first three terms of its expansion. ~ [NCERT]

SOLUTION We have,

5
5 5 1
099 = (1-001)" =|1-—
(0.99) ( ) ( 100]
2 3 4 5
5 5 1 .5 1 5 1 5 1 5 i
=T Bt B0l o Bon bl Sl 2k S8 s
it T (100} 3 [100] 4 [100} 5 [moJ
5 10 10 5 :
=1-—+ - + =
100 10000 1000000 (100)* (100)°
= 1-0.05+ 0.001= 0.951 [Neglecting fourth and other terms]

BASED ON LOWER ORDER THINKING SKILLS (LOTS)
EXAMPLE 10 Using binomial theorem, compute the following:
@) (99 (i) (102)° (iif) (10.1)°
SOLUTION (i) We have,
(99)° = (100 -1y
5Cy x (100)° —5C; x (100)* + °C, x (100)> - %C5 x (100)? + 5C x (100)" - °C5 x (100)°
(100)° -5 x (100)* + 10 x (100) - 10 x (100)% +5x 100 -1
101 _5x 10% +107 -10° +5x 10* -1
1020 £107 +5x10%) - (5 x 10% + 10° + 1) = 10010000500 500100001 = 9509900499.
(ii) We have,
(102)° = (100 +2)°

= b,y x (100)° + 6y x (100)° x 2 + °C, x (100)* x 22

+ 6,4 % (100)% x 2% + 6C x (100)? x 2% + 6C5 x (100) x 2° + OC4 x (100)° x 2°
(100)® + 6 x (100)° x 2 + 15 x (100)* x 22 + 20 x (100)> x 2% + 15 x (100)? x 2*

+6x (100) x 2° + 2°

1012 +12x 1010 + 6x10% +16 x 107 + 24 x 10° +192 x 102 + 64
1126162419264

I

(iii) We have,
101)° = (10 +01)°

5y x (10)° x (02)° + 3¢y x (10)* x (01) + °C5 x (10)3 x (01) + °C 5 x (10)% x (01)°
+5Cy x (10)! x (02)* + °C5 x (10)° x (02)°
5 4 3 2 2 3 4 5
10)° +5x10% x 01 +10x 10% x (0.1)% + 10 x (10)% x (01)> + 5 x 10 x (01)* + (02)
10° +5x10° +10% + 1 +5x 0.001 + 0.00001
100000 + 5000 + 100 + 1 + 0.005 + 0.00001 = 105101.00501.
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EXAMPLE 11 Write down the binomial expansion of (1+x)"7 1 when x=8. Deduce that

9"+ 1 _8n—9isdivisible by 64, where n is a positive integer. [NCERT]
SOLUTION We have,

(Laplthl S tilg it dan iy titde, pt  ible g8y aithle, it
Putting x = 8, we get

a+ 8)"+ 1_n+ 1c0 My IC1 (8)1 4 1C2(8)2 Lk 1C3(8)3 st 1C,H_ i (8)”+ 1 (@)

= ol o RGeS iR e i 187 e TG L BPT

= 9n+1—8n—9=(8)2{”+ 1C2+n+ 1CS (8)+n+ 1C4 (8)2+...+H+IC”+1(8)'1_1}
— 9"4'1—811—9 = 64 x an integer

= 9"* 1 _8n -9 is divisible by 64.

EXAMPLE 12 Using binomial theorem, prove that 6" —5n always leaves the remainder 1 when divided
by 25. [NCERTI
SOLUTION We have,

6" -5n = (1+5)" -5n

— 6" —5n = {"CO +"C x(5) +"Cyx (B)% + "Ca x (B) +... + "'y x (5)“} ~5n
= 6" =51 = 1+5n+"Cyx52+"Cyx5° +...+ "Cy x 5" =5n

= 6" G = Ty B B 4 T B

= 6" -5n-1 = 5° {"CZ + M m B g, Rt Y e xS"_z}

= 6" ~5n—1 = 25x an integer

= 6" -5n = 25x an integer + 1

= 6" —5nleaves the remainder 1 when divided by 25.

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)
Type IV ON EXPANSION OF A BINOMIAL BY USING BINOMIAL THEOREM
EXAMPLE13  Using binomial theorem, expand {(x + y)s + (X~ y)s} and hence find the value of

{(Ji +1°+ (2 —1)5}.

SOLUTION We have,
(x+ y)S +(x —y)5 = 2 {5CO X+ 5C2 22 y2 + 5C4 x! y4} = 2(::5 + 103c3y2 + 5xy4]
Putting x =+/2 and y =1, we get
WE+IP +E -1 = 2{(&)5 +10 (23 +5J§} =2(4\/E+20,/§ + 5J§)=58 J2
EXAMPLE 14 [f O be the sum of odd terms and E that of even terms in the expansion of (x + a)", prove
that:
(i O =B =2 i) (i) 4 OE = (x + a)*" —(x —a)*"
(i) 2(0% +E*) =(x + @) + (x - 0)*". [NCERT EXEMPLAR]
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SOLUTION We have,
(x+af® ="Cod Ty

{"Co ot e +} + {"Cl 2 lal Mo el 9P +}

1 2 n

it L le el T

= (x + a)"

= (x+a)" = O+E (i)

and, | ‘Gl =058 Vel dat w le 5 MO Pl

i nCn— . I(—l)n_ 1 an— 1 4 "Cn (—1)" a"

{”Co K" +"Cy iy +} —{"CI A5 ahy Pes un +}

== (x=a)"

= (x-a)" = O-E ..(id)
(i) Multiplying (i) and (ii), we get
(x+a)" (x-a)" = (O+E)(O-E)
L (xz_az)n _02_p2
(ii) We have,
40E = (0 +E>*-(0-B?

=~  40E = {(x + a)"} 2 {(x - a)"}z [Using (i) and (i)]

— 40E = (x+a)2"—(:r—a)2"

(ili) Squaring (i) and (ii) and then adding, we get
(x+@) 2+ (x-a)> = (0+B2+(0-F? = 2(0* +E%).

Typ(? V ON APPLICATIONS OF BINOMIAL THEOREM
EXAMPLE15 Which is larger (1.01) %% or, 10,0007 [NCERT]
SOLUTION We have,

(1.01)19%90% _ 10000

= (1 +0.01)1%%% _105000

- 1000000 ¢, 1000000 ¢, (0,01 +1%9%% ¢, (0,01)%+ ... + %€ 440000 x (0.01) **** 10000

= (1 + 1000000 x 0.01 + other positive terms) —10000
(1 +10000 + other positive terms) —10000
1 + other positive terms > 0

. (1.01)10%0000 - 10000

EXAMPLE 16  If a and b are distinct integers, prove that d"' —b" is divisible by (a - b), whenevern € N.
[NCERT]

SOLUTION We have,
a' = {(a-b)+b)"

= =G (a-By O b B G (b P kG e - B T L u e

= ' b =(a-b)" +7C; (a =" LB +7C, (a - 202 .. Ty g la BB
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= d"-b" =(a-b) {(a G T8 AT I T L S 1}
Clearly, RHS is divisible by (2 —b). Hence, 4" —b" is divisible by (2 —b).

EXAMPLE 17 Using binomial theorem, prove that (101)50 >100° + 99°. [NCERT EXEMPLAR]

SOLUTION Letx = 101°° and y = 100 + 99°°. Then,

= 101°® ~100°° — g™

X—1y =
- x-y = 101% - 99°0 _100®
= x—y = (100 +1)*° - (100 -1 -100*
=  x-y=2 {5°c1 2100 £ 20001007 41005 Xeg 100} -100*

x-y = 100" + 2x %C53 x 1007 +... + 2x %9 x 100 —100°°

=
= x—y = 2x0C; x 1007 +...+2x C 9 x 100
= X -y = apositive integer
=  x-y>0 = x>y = 1010 >100" + 99®
2 EXERCISE 17.1
BASIC
1. Using binomial theorem, write down the expansions of Ehe following:
@) (2x + 3y)° (i) (2x - 3y)* (i) (x = 1) (iv) (1 - 3x)
6 6 ’
(v) {ax = %] (vi) [\E —\g] vil) Cyx - 3a)®  (wiid) (1 +2x - 3x2)
) s 2,3
(ix) (x+1—;} (x) (1-2x+ 3x7)
2. Evaluate the following:
(@) (1 +240° +(1 -2 %)’ (i) 2+D°+(2-1°
(i) (3++2)° -(3-+2)° (iv) @++3) +@2-43)
) W3+1°-(3-1’ (vi) (099)° +(101)°
wii) (V3 +v2)° -(/3-42)° [NCERT]

6

6
(viii) ( [x +1 +\/ﬁ )6 +[ [x+1 - —1}6 (ix) [x+ et —1] +(x—1}x2 —1)
4 4
) {:F e } e {az ol } [NCERT, NCERT EXEMPLAR]

4 4
3, Find(a+b)4—(a—b)‘*.Hence,evaluate(ﬁ + Ji) —(J— s ﬁ] .

4. Find(x + 1)5 +(x — 1)6. Hence, or otherwise evaluate (/2 + 1)6 $uf? = 1)6. [NCERT]

[NCERT]



17.12 MATHEMATICS-XI

BASED ON LOTS

5. Using binomial theorem evaluate each of the following:

(i) (96)® [NCERT] (i) (102)° [NCERT] (iii) (10))* [NCERT] (iv) (98)° [NCERT]

6. Using binomial theorem, prove that 29" _7n —1is divisible by 49, wheren € N.

7. Using binomial theorem, prove that 3

21+ 2 _ 8y 9is divisible by 64,1  N.

8. If nis a positive integer, prove that 33" _26n -1 is divisible by 676.

9. Usingbinomial theorem, indicate which is larger (1.1)

BASED ON HOTS

10000 ;. 1000? [NCERT]

10. Using binomial theorem determine which number is smaller (1.2)4000 or 8007
11. Find the value of (1.01) 104, 1- 0.01)10 correct to 7 places of decimal.
12. Show that gt —15n-16, where n e N is divisible by 225. [NCERT EXEMPLAR]

ANSWERS

o

o W

0

() 32%° + 240 x*y + 720 2%y + 1080 x%y> + 810 xy* + 243 ¢

(ii) 16 x* - 96 x?’y + 216 x2y2 -216 xy3 + 81 y4

5 6 1
T
 wr

(i) x° - 6x% +15x% =20 +

(iv) 1-21% +189x% —945x> + 2835x* ~51032° +5103x° - 2187+

a’b* 6ab5 b®

) a%® 622 +15a* %% -20a%% +15 15 -2+ T
X X X
g 44 2o G7)
(i) 2 -6 4185 a0 +18% 6% 4 2
I13 {12 a x x2 x3

(vii) 22 -6273aY3 41523 %3 _20ax +15x%3 a2 _6xV3 /3 + &2

(viii) 1+ 10x + 25x% - 40x°> ~190x* + 924° +570x° - 3602” - 6752° + 81027 — 243x1°

(s S
X X

(x) 1-6x +212% —4dx® + 63x* —542° + 272°

() 2(1+40x +80x%) (i) 198 (i) 1178 42  (iv) 10084 (v) 152 (vi) 2.0020001
(vii) 396 /6 (viii) 16x (422 - 3) (ix) 64x° —96x* + 36x% -2

) 24° +12a° —10a* —44* + 2

. 8(a%b+ab®), 4046 4. 2(x® +15x* +15x% + 1), 198
. (i) 884736 (i) 11040808032  (iii) 104060401 (iv) 9039207968
@D 5 9000 10. 800 11. 2.0090042
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HINTS TO SELECTED PROBLEMS

2. (vil) Weknow that (x +a)" —(x—a)" =2 {"Cl Lilaly et Bl 4 }

s (B2 -(B-2°

2{°C1 W3 (/' + %3 (/3)° (V2)° + °C5 (/3 (/D7
2(6x 9% /6 +20% 6% /6 +6x 4x./6)
2(54J€ +12046 +24J€) = 2x198,/6 = 396./6

(x) Using(x+a)" +(x-a)" =2 {nCDx"aO +"Cox" P }, we get
4 4
{az +.a® —l} +{a2 —,Iaz —1}
4 2 0
3440, (az)"[,/az =1 J L o (az)z( | ] +%e, (a2)4( 2 -1 J

2{(a2 ~1)% + 6at (o® -1) + as}

= ?.(a8 +6a° —5a* - 24% + 1) = 94 $190° ~10a* —as® 42

3. Using(x+a)" —(x—a)" =2 {"Clx"_ L o7 o 38 } we get
(@+b)* —(a-b* = 2{4(:1 a5, albz} = 2(4a%h + 4ab>) = 8ab (a® +b?)
(3 D) ~(/3 -2)* =83 x V2 {(J3)" + (/) } - 0.
4. Using(x +a)" +(x —a)" =2("C0x" a + "c, 2024 J, we get
(x+ 1)6 +(x —1)6 = 2(6C0x6 + 6sz4 + 6C4x2 + 6Cﬁxo] =2 (16 +15x% + 1527 + 1)
Putting x = /2, we get

(ﬁ+1)6+(ﬁ—1)5=2{(J§)5+15(J§)4+15(ﬁ)2+1} = 2(8+60+30+1) = 198

(100 —4)>
*co 100)° (9)° - *c; (100)* (4" + °C; (100)! (&) - °c;5 (100)° (4)°
10% ~12 x 10* + 4800 — 64 = 1000000 — 120000 + 4800 — 64 = 884736
(i) (102)° = (100 +2)°
3C, (100)° 2° + 3¢, (100)* x 2 + 5C, x (100)2 x 2% + °C 4 x (100)* x 2°
+3¢, x 100)! x 2% + 5C5 x (100)° x 2°
=100 +10° + 40 x 10° + 80 x 10* + 80 x 10? + 32 = 11040808032

5. (i) 96°

]

I
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i) (100)* = (10% + 1)t

14 AT 52 1 11 T 0 1170 Fae W o 1

1+400 + 6 x 10* + 4x 10% + 108 = 104060401

(ix) (98)° = (100 -2)°

5o (100)° —5¢,(100)* x 2 + 5C, x (100)® x 2 - 5C4 x (100)% x 2°
+ 3¢, x (100)! x 2% —°¢5 x (100)° x 2°
= 100 —10” + 40 x 10° + 8000 - 32 = 1039207968

9. Using (x + )" ="Cox"a® + "Cpx" ™ Tt + "Cox" " 3a% + ...+ "C, 20 ", we get

1 10000
1) o™ [1 + —]
10

i 1 2 1 10000
= 10000(:0 + 10000(:1 X E + 10000(:'2 X [—J +. 10000(:'10000 [E]

10
10000 1% 10000 f S
=1+1000 + (8 — | +...+ C —
2X[10J 10000(1()}
12 1 10000
@ 1000 = 1+ 1%, « (TEJ SIS M [E]

= (12)1%% ~10005 0= 1'% s 1000

12. 24n+4 4(n+1)

~15n-16 =2 -15n-15-1
(2 et =1
el Y ) |
=1 +15" 1 -15(n+1)-1

n+1

={"“c0+ iRy aet o i euuste.
PR N 1} ~15 (n+1)-1
={1+15(n+1)+””c2 aBrattie, (15)3+...+”+1c,,+1(15)'”1}
~15(n+1)-1
=225{n+ 1C2 +n+lC3 (15) +..+ n+ 1Cn+1 (15)1'1—1}

=225x A natural number.

41+4 _15n-16 is divisible by 225.

Hence, 2

17.4 GENERAL TERM AND MIDDLE TERMS IN A BINOMIAL EXPANSION
We have,

R e e R e P Mt S A Ll ST o
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We find that: The firstterm = "Cj & a
The second term = "Cy 2"~ Lt
The third term = "Cy "~ 242
The fourth term = "C5 2"~ 343, and soon.

We thus observe that the suffix of C in any term is one less than the number of terms, the index of
x is n minus the suffix of C and the index of a is the same as the suffix of C.

Hence, the(r + 1)th term is given by "C, x" ™" 4" .Thus, if T , ; denotes the (r + 1)‘h term, then

n n—-r r
L,1=70Cx«x a

This is called the general term, because by giving different values to r we can determine all terms
of the expansion.

Since, (x —a)" —{x +(-a)}". So, the general term in the binomial expansion of (x -a)"is given by
Ty ="Cal () =(-1)."C. & 'd

In the binomial expansion of (1 + x)", the general term is given by
Ty1="CG¥

In the binomial expansion of (1 — x)", the general term is given by

Ly1= -1’ ncr -]

NOTE: In the binomial expansion of (x + a)", the  term from the end is (n+1) —r+1)
=(n—r + 2)th term from the beginning.

17.4.1 MIDDLE TERMS IN A BINOMIAL EXPANSION

The binomial expansion of (x + a)" contains (1 + 1) terms. Therefore,

th
(i) If niseven, then (g - 1} term is the middle term.

th th
(ii) If nis odd, then (n ;— - ] and (n ; 3) terms are the two middle terms.

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

Typel ONFINDING THE GENERAL TERM OR AN INDICATED TERM IN THE BINOMIAL EXPANSION OF
SOME GIVEN EXPRESSION

EXAMPLE1  Write the general term in the expansion of = y)ﬁ. [NCERT]
6

SOLUTION We have, (x2 —y)6 :{xz + (—y)}

The general term in the expansion of the above binomial is given by

Lei = G - =(=0 o aaT o [T, 1="C o d]

12
EXAMPLE2  Find the 10th term in the binomial expansion of [Zx2 + lJ .
x
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SOLUTION We know that the (r + 1)th term in the expansion of (x + a)" is given by

i~ n—T 1
Li1=6Cx a

12
Therefore, in the expansion of [ 2x2 + lj , the tenth term T is given by
X

9
Tig =Ty q = 12C9 (2x2)12‘ 2 [—I—J [I—Ieran =12,r=9,x= 2x? and a =l}
X x
ez a8 .1 12 3 1
= Tl(]_ C9(2x) X—g_ C9x2 —=
x X
2x 11
= T Be % _ 12x11x10 % _ 1760 [ 12c, - 12C3j]
X 3 X 2 X ]. x x3
3 12
EXAMPLE 3 Find the 9th term in the expansion of {5 ——:-] J
a x

SOLUTION We know that the (r + 1)th term in the expansion of (x + a)" is given by

n n—r r
Ls1= G x a

12
Therefore, in the expansion of [i - %‘[J , the 9th term Ty is given by
U
12-8 8 4 8 4
12 x 3a 19 X BaW 12 8 a

= Tg = Tgiq = Cs(—] e Cs(—) = | TR D W=

+ a ) = ey L)
= = (lc,y a3’

9
EXAMPLE 4 Find the 6th term in the expansion of {45_x - -5—) -

2x
ax 5Y [a4 53
SOLUTION Clearly, [?x —mJ ={_x +(___]}

2x 5 2x
95 5
9. (4x 5 4
Te =541= CS[?] ("'ﬂ] [ T;—+1=ncr ST
4 5 4 5
9. [ 4x 5(5 9 4x 5 9 9
= T, = Cs| — -1 —_— =-"C = — v 0 C
= 'o(3] () - a5 @ e
9x8x7x6[2°x" |[ 5 5040
4x3x2x1| 5% |[2°%° x
1 18
EXAMPLES  Find 13th term in the expansion of[9x = F] ,x#0. [NCERT]
x

SOLUTION  Clearly,

(s (i)
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B

12 12
18 18- 12 1 18 6 1
Ti3=Tip+1=" C12(9%) (— = J = C12(9%) [— 3—\/;]

_ 18 6_ .6 L. a8  A8L5.
="Cex9 x 2 x T C6_T2!_6!_18564

7
3
EXAMPLE 6 Find the 4th term from the end in the expansion of [% - %] :
X

SOLUTION Clearly, the given expansion contains 8 terms.
So, 4th term from the end =(8 — 4 + 1)th =5th term from the beginning

7 -4 3\
: 7 3 b
Required term=T5 = Ty, 1 = "C4 (_2} [_?]
X
S 3\( 12
=g, BVt Ix6udi 3 MW | B e [ 7C4=7C3}
)| 6 3x2x1| 46 || 6% | 48

25
EXAMPLE 7 Find the 11th term from the end in the expansion of [Zx - —2} b
X

SOLUTION Clearly, the given expansion contains 26 terms.
So, 11th term from the end = (26 — 11 + 1)th term from the beginning i.e. 16th term from the

beginning
1 15
. 25 25-15
Required term = Tjg = Tj5,.1 = C15 (2%) [_?]
15 10
25 10125 g =1 25 n
= C15X2 X X X_xﬁ_=_ (:15)<;2ﬁ

Type 11 ON FINDING THE MIDDLE TERM(S)

20
EXAMPLES Find the middle term in the expansion of (% ¥ 23] :
X

th
SOLUTION Here n = 20, which is an even number. So, (—229 + 1} term i.e. 11th term is the

middle term.

2 5 20-10 3 10 5 0
Hence, the middle term =T11 =T10 4+ 1.7 20(:10 [E X ) (— 2—] = ClO xl
X

7
3
EXAMPLE 9 Find the middle terms in the expansion of [31 = %] .

3

7
SOLUTION The given expression is {33: - %] . Here n =7, which is an odd number.
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7e1¥"  fraq M
So, (TJ and (T + 1] i.e. 4th and 5th terms are two middle terms.

3)? 33 13
Now, T4=T3+1=7C3(3x)7_3[~%J =D “ey (3x)4[%] __105x

8

aY 3\ 15
and, F5=T4+]=7C4(3x)7_4[“%J ="cy (31)3["%J =354;

13 15
Hence, the middle terms are — 105; and 354;

Type III  ON FINDING THE COEFFICIENT FOR A GIVEN INDEX (EXPONENT) OF THE VARIABLE

11
EXAMPLE 10  Find the coefficient of x'% in the binomial expansion of (sz = —J , when x # 0.
&

SOLUTION  Suppose (r + 1)th term contains x10

X

5
Hops T g C (sz)n r(_3 = 11C o(1l=r) ar 22-3r
r+1 ]

If T, , 1 contains 2%, then22 - 3r =10 = r=4. So, (4 + 1)th i.e. 5th term contains x'°.
Putting r = 4 in (i), we get

T = (—1)4 11C4 et Vot L 11C4x27 x 3% 5 10

Coefficient of x'* = ¢, x 27 x 3

15

d . b 32 17 g ok il
EXAMPLE 11 Find the coefficients of x™ and x™"' in the expansion of | x = 1%
ke

3

15
. y . 1

SOLUTION = Suppose (r + 1)th term involves x32 in the expansion of[x4 - —] !
X

5
Now, T, = 15Cr (x4)15—r [ALJ = 1y 15Cr L80=7r

For this term to contain .r32, we must have: 60 -7r=32 = r=4.

So, (4 + 1)th i.e. 5th term contains i
Putting » = 4 in (i), we get
Té = (= 1)4 15 (60- 28) = 15C4 x32'

Coefficient of x32 = 15C4 =

|

—
(€3]
(=)
[6)]

—17

3

15
Suppose (s + 1)th term in the binomial expansion of (x4 = L] contains x
x

S
N, T R (x4)15-s[_j§J - (1) e, (9078
X

11
in the binomial expansion of [23:2 - EJ ;

()

(1)
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If this term contains x~ 17, we must have: 60 -7s = -17 = s=11

So, (11 + 1)th i.e. 12th term contains x~ *7 .

Putting s =11 in (ii), we get

= 17 =
Ty, = (-1 B0y x G LS e A 17 L"C, ="C,_,]
Coefficient of x~ 7 = - 1°C, = —1365.
EXAMPLE 12 Find the coefficient of x® y3 in the expansion of (x + 2y)9. [NCERT]

SOLUTION  Suppose «® y3 occurs in (r + 1)”’ term of the expansion of (x + 2y)9.
Now,
I :gcr » (x)9—r > (2y)r i 9Cr el x9—r x yr

ThiswillcontainxGyB,if 9—r=6pand r=3 = r=3
9! 23_9x8x7x6!

Coefficient of x6 y3 = 9C3 X 23 =—x
316! 3% 6!

x 8=672

EXAMPLE 13 Find the coefficient of 2 in the expansion of (1 + 2x + x2)27.
SOLUTION We have,

27
a+2x+ 257 ={(1 + x)z} =1 +2™

Suppose 0 occurs in (r + 1)th term in the expansion of (1 + x)54.

Now, T,.q = 54C, =

For this term to contain x40, we must have r = 40. So, coefficient of ¥ 54C40.
ALITER We know that the co>fficient of ¥ in (1 + x)" is "C,..

Coefficient of x*® in (1 + x)* is 54C40.

11
EXAMPLE 14 Prove that there is no term involving Sin the expansion of [sz —-E) ,wherer # 0.
x
11
SOLUTION Suppose x® occurs in (r+ 1)th term in the expansion of(sz ———] .
X

r:
Now, T, = ¢ @A~ (_g] _ g, o1y ol g KR G)
X

For this term to contain xe, wemust have: 22 -3r=6 = r= %, which is a fraction. But, ris

a natural number. Hence, there is no term containing x°.

Type IV ON FINDING THE TERM INDEPENDENT OF THE VARIABLE

2x°
SOLUTION Let (r + 1)th term be independent of x in the given expression.

10
EXAMPLE 15 Find the term independent of x in the expansion of [sz = —1—] g
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r 7
Now, T, q=10C, (32210~ {_;_3} _10c 310 [“ %J L2051 -0
X

This term will be independent of x, if 20 -5r =0 = r=4.
So, (4 +1)th i.e. 5th term is independent of x. Putting =4 in (i), we get
4
% = 1%, 36[“% _10x9x8x7 729 _ 76545

2 4><3><2xl 16 8
76545

Hence, required term = = B

EXAMPLE 16 Find the term independent of x in the expansion of

12 10
(i) [x -l} (ii) [2x —lJ
x x
SOLUTION (i) Let (r + 1)th term be independent of x in the given expression.
T
Now, T.,q= 2c, »*°" ( %J =Pyl (i)

For this term to be independent of x, we must have 12 - 2r =0 = r =6.
So, (6 + 1 th i e 7th term is independent of x. Putting r = 6 in (i), we get
1
g (-1 = e
Hence, required term = C6

(ii) Let(r +1)th term be independent of x in the given expression.

) g
Now, T, =1, @91 (_ 3 —(-1) 10, p10-7 102 -0

For this term to be independent of x, we must have 10 - 2r =0 = r =5.
So, (5 + 1)th i.e. 6th term is independent of x. Putting r =5 in (i), we get
T = (_1)5 10C5_210-5 s 10C5>< P - _10x9%x8x7x6
Ex4x 3x2x1

x 32 = — 8064

Hence, required term = - 8064

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

Typel ONFINDING THE UNKNOWN WHEN A RELATION BETWEEN TWO OR MORE TERMS IS GIVEN.
EXAMPLE17  Find n, if the ratio of the fifth term from the beginning to the fifth term from the end in

the expansion of {%ﬁ + T] is[6:1. [NCERT]

SOLUTION  We find that
Fifth term from theend = (n+1 -5 +1) " term from the beginning

=(n-3) " term from the beginning

n-4 1 4 ﬂ 1
NOW, 7:5=T4+1=nC4{%} [%J =nC4>(2 4 x

n Hee) 1 BE n 1
and, T, 3=Tn-4)4+1= Cn-4{i‘ﬁ} (_SJ ="Cig%2xX——
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It is given that % =—’/E
n-3 1
n Sl 4 n—4
x2 4 x= Asice BEs
= Coa 3 b gr g g [ "c4=c,,_4]
nCn_ 4%x2x3 4
n-8 n-8
e o ik g =61/2
n-8 n-8
- (2x3)T=61/2:>6T=61/2:>$=%:>n—8=2:>n=10
EXAMPLE18 Find a, if 17th and 18th terms in the expansion of (2 + a)so are equal. [NCERT]

SOLUTION We have,
50 50-16 16 50 34 16
T17 =T16+ 1= C16 (2) a = C16 X2 g

and, Tig =Ty, 1="Cy @P~ 7 a7 <Fc,, x 2% x gV

It is given that 17* and 18 terms are equal.

ie. Ty =Ty
2 0 x 2% x a1 00, x 23 x oV
50 17 I 1171
I 50C16x2=%:,a=__50'_x33'17'x2=£><2=1
Ciy a 34!16! 50! 34

Type II ON MIDDLE TERM(S) IN A GIVEN EXPANSION

EXAMPLE19  Show that the middle term in the expansion of (1 + x> is
1-3-5..@n-1)
n!

n

2H 5 [NCERT]
SOLUTION The exponent of (1 +x) in (1 + x)2" is an even number 2.

th
So, (% + 1] ie (n+ l)th term is the middle term in the binomial expansion of (1 + x)z".

1
Now, Tn+ . =2ncn (1)2n—n xn =2ncn xn - (2n(3n]3)-‘nrxn
_1:2:3:4.5-6...(21-3)(2n-2) 2n-1)(2) »

nin!

{1-3-5...(211—3) (2n—1)} {2-4-6... (2n—2)(2n)}

nin!

n
X

{1-3-5...(211—3) (211-—1)} {1-2. 3...(n—1) (n)}Z"

—3 x
n'n!

H n
{1-3-5...(2:1—3) (2n-1)}n!-2 1850

nin! n!




17.22 MATHEMATICS-XI

2n
EXAMPLE 20  Show that the middle term in the expansion of (x —lJ is
X

1-3-5...(2n-1
+ 2" [NCERT EXEMPLAR]
1 & 2n e
SOLUTION The exponent in (xa—] is an even natural number. So, (? + 1J ie. (n+ 1)th
X

term is the middle term and is given by

o =1 1.9:3.4.5.%...(2n-1)
,1-;1+1=2ncn(x)n n(__J=(|)lxﬂx( n) = : '( )( )x
X n! n! x nin!

(__1)11

{1-3-5...(2;1—1) }{2-4-6... (2n—2)(2n)}

= Tn+1= il x("l)n
{1-3-5...(2}1—1) }{1-2-3...(11—1) n}
n
= T?'!+1= ST x (-1)
1.3.5...(2n—1 1.3.5...(2n-1
5 Tygm Dyt 2 130 B oy

EXAMPLE 21 Prove that the coefficient of the middle term in the expansion of (1 + 02 is equal to the
sum of the coefficients of middle terms in the expansion of (1 + x)zn = [NCERT)
SOLUTION  As discussed in the previous example, the middle term in the expansion of (1 + x) #

isgivenby T, , 1 = 2"Cn i
So, the coefficient of the middle term in the expansion of (1 + x)zn is ©°C,.

Now, consider the expansion of (1 + x)2"" & Here, the index (2n —1) is odd.

th th
So, [w} and [(2]1—_21)3—1 + 1] i.e. n'M and n+ 1)th terms are middle terms.
_lcn_l(l)(?_n—l)—(n—-‘l) xrt—-1=2n—lc —~1

2n
Now, T,=Ty_1)+1= n-1%"

and, T,,q = w-lp qy@=D-n o m-1p

So, the coefficients of two middle terms in the expansion of (1 + x)2""1 =1 g
2n-1
C,-
Sum of these coefficients = 2"~ 1c, _, +2"" ¢,
_(2n-1)+1 ,,=2"Cn [ "Cr—1+"cr=n+1cr]

= Coefficient of middle term in the expansion of (1 + x)?'"
Type III  ON FINDING THE COEFFICIENT OF A GIVEN EXPONENT OF THE VARIABLE
EXAMPLE 22 Find the coefficient of * in the expansion of the product (1 + 2::)6 (1 —x)7. [NCERT]
SOLUTION We have,
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A+20°%(1-27 = {1 + 8Cy 22 + 50y @02 + 805 (293 + Sy (29 + Bcs (2)° + O (2x)6}
¥ {1 —7C1 X+ 7C2 Iz —7C3 x3 + 7C4 x4 -7C5 xS +}
=(1+12x+ 60x% +160x° + 240x* +192%° + )

x (1 -7%+21x% — 352° + 35x% = 212° +...)

. Coefficient of x° in the product =1 x (—21) +12 x 35+ 60 x (-35) +160x 21 +240x -7 +192x 1
= —21+ 420 -2100 + 3360 -1680 + 192 = 171

2

10
EXAMPLE 23 Find the value of a so that the term independent of x in [ﬁ + i} is 405.
X

10
SOLUTION Let(r + l)th term in the expansion of [\E + i] be independent of x.

x2
Now,
r 5-L_2
ot a "
Tv1 = G (0P [—2] B ()
X
This will be independent of x, if
r 5r 5r
5——-2r=0=25-—=0=>5==—=7r=2
2 2 2

Puttingr = 2in (i), we get: T3 = 10C2 a®
It is given that the term independent of x is equal to 405.
10C2 a? =405 = 450° = 405 = 4° =9 = a = +3
Type IV PROBLEMS RELATING TO COEFFICIENTS IN A BINOMIAL EXPANSION

In solving the problems relating the coefficients in the binomial expansion we generally use the
following results:

(i) Coefficient of (r + 1)th term in the binomial expansion of (1 + x)" is ”C,.
(ii) Coefficient of x” in the binomial expansion of (1 + x)" is "C, .
(iii) Coefficient of x” in the expansion of (1 — x)" is (- e e
(iv) Coefficient of (r + 1)th term in the expansion of (1 -x)" is (-1)" "C,.

m+n . s
, prove that the coefficients of a" and a" are equal.

[NCERT]
SOLUTION Let A and B be the coefficients of 4" and 4" respectively in the expansion of
(1+a)"*" Then,

EXAMPLE 24 In the binomial expansion of (1 + a)

|
A =Coefficient of a” in the binomial expansion of (1 +a)"" Tt le = 4 T ”') - w(1)
m!n!
|
B = Coefficient of " in the binomial expansion of (1 + @) " "= "7 "C,, = (m T n') - (i)
m!n!

Clearly, A = B i.e. the coefficients of " and a" in the binomial expansion of (1 + a)" " " areequal.

EXAMPLE25  Prove that the coefficients of " in (1 + x)2" is twice the coefficient of x" in (1 + x)** ™",

[NCERT]



17.24 MATHEMATICS-XI

SOLUTION Let A and B be the coefficients of x” in the binomial expansions of (1 + x)zn and

1+ ™1 respectively. Then,

1 = | — 1
A = Costhicient of Fisi (1+ 92 =Yg, 20! _@ G-Vl _ , @Gn-DI o,
nlnl  nmn-1)!n! (n—-1)!n!

and,
fart !
N (2n-1)!

B = Coefficient of x" in (1 + x = = ——
(n-1)!n!

...(ii)

From (i) and (ii), we find that:

A = 2B ie. Coefficient of x" in (1 + x)*" = 2 x Coefficient of " in (1 + )"~ L.

EXAMPLE 26 In the binomial expansion of (a + b)", the coefficients of the fourth and thirteenth terms are

equal to each other. Find n.

SOLUTION  The coefficients of the fourth and thirteenth terms in the binomial expansion of

(a+b)" are "C5 and "Cy, respectively. It is given that:

Coefficient of 4th term in (1 + b)" = Coefficient of 13th term in (a + b)"

= "Cy="Cip = n=15 [ an="Cy = x=y,orx+y=n

EXAMPLE27 Find a positive value of m for which the coefficient of x* in the expansion of (1 + x)™ is 6.

[NCERT]

SOLUTION ~ We know that the coefficient of " in (1 + x)" is "C, . Therefore, coefficient of x* in

(1+2x)™ is ™C,. It is given that the coefficient of x° in (1 + x)" is 6.

m(m—1)
2!

= m-m=12 = m* -m-12=0 = m—-4)(m+3)=0=>m-4=0=> m=4. [ m+ 3=0]
th

"ey=6= =6

EXAMPLE 28 If the coefficients of (r —5)" and (2r — l)fh terms in the expansion of (1 + x)34 are equal,
findr. [NCERT]
SOLUTION ~ We know that the coefficient of ' term in the expansion of (1 +x)" is "C, _ ;.

Therefore, Coefficients of (r ——5)”’ and (2r - 1)“I terms in the expansion of (1 + x) 3 are 3J‘C,, -

and 34C2r _p respectively. It is given that these coefficients are equal

= r—6=2r-2orr—-6+2r-2=34 [ "C,,="CS =%, T80 r+s=n]

= 3r-8=234 [v r=6=2r-2 = r=-4, which is not possible]
= =42 = r=14

Type V PROBLEMS BASED ON CONSECUTIVE TERMS OR CONSECUTIVE COEFFICIENTS

If consecutive terms or coefficients of consecutive terms in the expansion of (x + a)" are given,

we assume that the consecutive terms are r™, (r+ 1)th and (r +2)" ie. T oI qand T, | 5.
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Li1 n-r+la

1';'+1

and I It should be noted that

r r-1 7 r

th

In case of consecutive terms, we find

x.

1 coefficient (r+1)" coefficient

In case of consecutive coefficients, we find the ratios 5 and =
(r+1) " coefficient (r+2) coefficient

etc. to get equations and solve them. In computing these ratios, we may use the following
results:

n

", n-r+1 G+t n-r

i 3 r wd e & r+1
r—-1 r

EXAMPLE20  The coefficients of three consecutive terms in the expansion of (1 + x)" are in the ratio
1:7:42. Findn. [NCERT]I
SOLUTION Let the three consecutive terms be rth, (r +1)th and (r + 2)th terms. Their
coefficients in the expansion of (1 + x)" are"C, _1,"C, and ""C, , { respectively. Itis given that,

n n
C C
=1 =:1- and % =l

n n " .
C_1:C:Cq=1:7:42ie
r T T+ ”Cr 7 nCr+1

n
C, _ n 1
Moy, = o B UL e i G | e e fet
G ZAp e e s 1 R ne i
r—1
e 7 orel A G5 s
and, - r = _ = =—=>n-7r-6 =0 i) | = =
Cr+1 42 n-—r 6 £ r+1

Solving (i) and (ii), we get r =7 and n =55.
EXAMPLE30 In the binomial expansion of (1 + x)", the coefficients of the fifth, sixth and seventh terms
are in A.P. Find all values of n for which this can happen.
SOLUTION The coefficients of fifth, sixth and seventh terms in the binomial expansion of (1 + x)"
are "C,, "Cs and "Cg respectively. We are given that "C4,"'C5 and "C¢ are in AP

2 P!CS - HC4 4 11C6

PE
= 2=—44+ =6 [Dividing both sides by "Cs]
{ n
Cs Cs
n
= 2:5 +ﬂ _-_nCr v r+1
n-4 6 G o T
it 9 = 30+ (n—4)(n-5)
6(n—4)
= 121 -48 = 30 + n* —9n+20 = n*—21n+98=0 = n=-14)(n-7) = 0 => n=7,14.

EXAMPLE 31 If the coefficientsofd’ ~,d’,d * L in the binomial expansion of (1 + a)" are in A.P., prove

that n® —n (4r +1) + 4r> =2 =0, [NCERT]
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*1in the binomial expansion of (1 +a)" are

SOLUTION The coefficients of @ ~ ., @ and d"
. emnale. respectively. It is given that "C, _1,""C, and "C, , ; are in A.P.
n n n
2G =G 1+ Gy

n n
Cr—l C'sv’+1
= +

Hcr ﬂcr
= L R 3 RUAN & AR
n-r+1 r+1 e r
=Tl
= 2:r(r+1)+(n—r)(n-—r+1)

r+1)(n-r+1)
= 2{(n—r+1) (r+1)}=r(r+1)+(n—r)(n—r+1)

= 2nr—2r2+2n+2=r2+r+nz—2nr+r2+n—r

= n—dnr-n+4r* -2=0 = n* -n(dr+1)+ 4% -2=0

EXAMPLE 32 The coefficients of (r — 1)1‘!:’ rth and (r + l)th terms in the expansion of (x + 1)" are in the

ratio 1:3:5. Find nand r. INCERT]
SOLUTION We know that the coefficient of rth term in the expansion of (x +1)" is "C, _ .
Therefore,  coefficients of (T—l)th, M and (r+1)th terms are "C,_», "C,_1 and "C,
respectively. It is given that

"C_gile, g NC.=10325

i 5 "Coon. B m-t+l 5 n-r+2 3 e, n—r+1
——T' == and =T$ =— and =— = r_=

B ' o r 3 r-1 1 BT i

= 3-8 +3=0and n-4r+5=0=n=7 and r=3

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

Type I ON FINDING THE UNKNOWN WHEN THE VALUE OF A TERM IS GIVEN

5
EXAMPLE 33 If the third term in the expansion of (1 + x1°810 x} is 1000, then find x.
x

SOLUTION We have, T3 = 1000

= Ty, =1000
1 5-2
T % [_J (x°8%)2 = 1000 = 10(x°810%)2 x x3 = 1000
X
= 2?1810 % 3 = 100 = x210810%=3 _ 102 = 2]og, ¥ — 3 = log, 107
2 2
= 2logypx-3 = = 2y-3 = =, wherey=logyyx
logqq x y
= . 2yP-3y-2=0= @y+1(y-2) = 0=y =2 org=—vn
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1 2 -2 _ 1

= lo. x=2or,logipx=—= x = 10° = 100 or, x=10 =—.

§10 510 5 Ji0

6
FE SR |
i e 5 : log x+1 120 &
EXAMPLE 34 If the fourth term in the expansion of < | x + X is equal to 200 and x >1,
then find x.
SOLUTION It is given that T, = 200
= T3+ 1= 200
6-3 1 3/2

= %p, L V23 Z000 = 20| x8*+ 1| XM =200

xlog x+1

3[1]+1
2llogx+1) 4 3 1 1

=10=> =| ——— [+ ==1 10
* 2[logx+1J 4 OBx

3 1 1 1 3 g ]
S PR e e = + ==~ , wherey =logg x
2|logigx+1) 4 logygx 2(y+1) 4 y

6+y+1 1 2
e +3y-4=0= (y+Hy-1)=0=y =1,-4
TV e el y y
= 10g103~’=1:—4:>X=100r.x=10"4:>x=10 [+ x>1]

EXAMPLE 35 For what value of x is the ninth term in the expansion of
10

x=1 x—1
3083 YB T H7 (- 1/8)loga 5T+ ) is equal to 180?

SOLUTION We know that 2'%8aN = N.

10

( [osx—1 x-1
{ 31033 25 +7 ' 3(—1/8)log:,_y,(5 +1) ={ /25.t—1+7 +(5x—1+1)-1/8}

10

Let Ty be the 9th term in the above expansion. Then,

Tg = 180
10-8 8
= =l {1/25"‘1+7} {(5"'1+1)"”8} = 180
= Vsl FTenT! =180
x-1 x-1 2
- BB D g BT Y7 4= L 4 wherey = 577!
557" +1 5 bl ytd

= y2—4y+3=0=:>(y-3)(y—1)=0:>y=3,—1

= 55 1=30r,5 1 =15 =150r, 5" =5= x = logs15 or, x = 1.
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n
EXAMPLE 36  If the fourth term in the expansion of [ax + l] is % , then find the values of a and n.
x
SOLUTION It is given that

3
Ty = %: Ta, 1 = % = ”C3(ax)"us[%] = g: "C3a"_3x"_6 =
Clearly, RHS of the above equality is independent of x. Therefore, n—-6 = 0 =

Puttingn = 6in (i), we get
6C3a3 =§ = 6x5x4 3

2 Ix2x1

5 1
=S—= g === 4=
2 8

1

2
1

Hence, a=5 andn=6.

Type I ON MIDDLE TERM (S) IN A BINOMIAL EXPENSION
EXAMPLE 37 Find the value of a for which the coefficients of the middle terms in the expansions of
(1+ ot.ac)4 and (1 - ouc)6 are equal, find .

SOLUTION In the expansion of (1 + ax)4. Middle term = 4C2 ((Juc)2 = 6a% x?

In the expansion of (1 — ax)s. Middle term = 6C3 (- 0.94:)3 ==90i0® 2>
It is given that:
Coefficient of the middle term in (1 + ax)* = Coefficient of the middle term in (1 — ox)®

= 6a2=—20a3:>a=0,a=—%

10
EXAMPLE 38  If the middle term in the binomial expansion of [— + xsin x] is equal to 6—83, find the
x

value of x. [NCERT EXEMPLAR]

10 th
SOLUTION  In the binomial expansion of [— + xsin x] ) [% + IJ i.e. 6th term is the middle
&

term. It is given that

7. =8
8
10-5
10 1 . 5 63
Cs| = =—
= S(x) (xsin x) 3
10! 5 63 5 (1Y T 2siiE n
= — (sinx)”" =— = (sinx)" =| = | = sinx=—=sin— = x=na+(-1)"=,neZ
515! 8 2 2 6 6

Type Il ON COEFFICIENTS OF TERMS IN A BINOMIAL EXPANSION

m
EXAMPLE 39 The sum of the coefficients of first three terms in the expansion of [x - %J x = 0,
x

m being a natural number, is 559. Find the term of the expansion containing x>, [NCERT]
SOLUTION We have,

m 2 m
(x—iz] E ’"Cox’"+mC1xm_l[——37] "'szm_z[——%} #oo "Gy xo[-—%]
% x X
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m

= {x ——32-] = Moy et 9w e O O e IS B e Ml - Bt A

x
Clearly, the coefficients of first three terms are: "Cy , — 3x "'C; and 9x "C;
It is given that the sum of these coefficients is 559.

MCy - 3% "Cq +9x "Cy =559
s 1-am+ 28080 _ceo o 2 6me+ Im(m—1)=1118
= 9m’-15m-1116=0 = 3m* —5m-372=0
= 3m® - 36m + 31m — 372 =0 = 3m(m-12) + 31 (m—-12) =0
= (m-12)(3m+ 31) =0 = m=12 [+ meN ..3m+ 31=0]
Suppose (r + l)th term contains x°.
Now,

T
Do =mCr (x)m—r {_%J =mCr (- 3)r i 3r _ 12Cr (- 3)1' x12— 3r [+ m=12]
X

This will contain x>, if 12 - 3r = 3i.e.7 = 3. Puttingr =3inT, , 1, we get
Required term =T; = 2C; (- 3)° x2 79 =-5940x>
1 11 1 11
EXAMPLE 40  Find the coefficient of « in [axz + b—] and x~7 in(ax - —} and find the relation
X
\

by
between a and b so that these coefficients are equal.

11
SOLUTION  Suppose « occurs in (r+ 1)th term of the expansion of [axz + %J ;
X

Now,

;
T, =1 @)t [blx] g ller o 2 )

This will contain x7, if
=3r =7 = 8 =15 = 7 =5
Puttingr = 5in (i), we obtain that

11
Coefficient of x’ in the expansion of[ax2 + 31—] is 11C5 a®b>.
x

11
Suppose x~7 occurs in (r + 1)Ih term of the expansion of {ax - Lz] :
bx
1 I
Now, T, = U (!t [*_z] = Mp  gM=tigyf 5=t L1197 )
bx

This will contain x'7, if
=3 =-7 =3r=18 = r
Puttingr = 6in (ii), we obtain that

Il
o
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11
Coefficient of ¥~ in the expansion of{ax - Lz] is HC& @b ° (- 1)6.
bx

bx
Uesa®p™® = Meg b7 6 (-8 = Megab = Yog = ab = 1 [ e = 11(:6]

11 11
If the coefficient of x7 in(ax2 + bl] is equal to the coefficient of x~ 7 in [ax - LZJ , then
X

2n
EXAMPLE 41  If xP occurs in the expansion of(x2 + lJ , prove that its coefficient is
x

(2n)!

e

[NCERT EXEMPLAR]

2n
SOLUTION Suppose x¥ occurs in (r + 1)th term in the expansion of (xz + lj .
x
¥
Now, T,q =2, (5% (1) _ g e )
X
. . p 4n — P
For this term to contain x”, we musthave 4n-3r = p = r = T
Coefficient of x¥ = 2"C,, where r = 4”3—’7
! -
2n)l , where r = =
(2n-n'tr!
(2n)! (2n)!

T EE)

EXAMPLE 42  Find the coefficient of X" in the expansion of (1 + x) (1 - :r)".

SOLUTION Coefficient of x” in (1 + x) (1 — x)"
Coefficient of ¥ in (1 — x)" + Coefficient of x"* ~ Lin 1-=2"

(—1)" "C,, + (_1)11— 1 ncn_ 1= (_1):1 (1 _n)

]

1]

2 +x3)11'
[NCERT EXEMPLAR]
b=+ @+ HM

EXAMPLE 43  Find the coefficient of x* in the expansion of (1 + x +x

SOLUTION (1+x+ 2 +:r3)11 ={(1+x) +x2(1 +x)]11 ={(1+x)(1 +x2)11

=( HCO +11C1 +11C2 x2 +11C3 x3 +11C4 x4+11C5 x5+...] x
[”CO e 2lle G2 Mo (23, J

Coefficient of x* in 1+x+ 2+ xB)4 = HCO xnCz +11C2 xHCI +11C4 quO
= 55+55x 11 + 330 =990
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EXAMPLE 44 If the coefficients of x and x* in the expansion of (1+x)" (1-x)" are 3 and -6
respectively. Find the values of m and n.
SOLUTION We have,

1+0"1-2"

{'"CO Bel e e, xm} x {"CU e PO e (SIE, x”}

"Cy "Co —[mco "c1-"Co mCl)x +("’CG Mk Gy g 10 ”Cl] o

It is given that the coefficients of x and x? in the expansion of (1 + )" (1-x)" are 3and -6

respectively.
_(?HCO nC] - HCO mcl) = 3 and, mCO ?ICZ o H'CO mC2 HIHCI "C]_ i —6
= m-n=3 and n(n—-1)+m(@m-1) —2mn=-12
= m-n=3 and m-n"-m+n=-12 = m-n=3andm+n=21 = m=12,n=9

Type IV ON FINDING THE TERM INDEPENDENT OF THE VARIABLE
EXAMPLE 45  Find the coefficient of the term independent of x in the expansion of
10
[ x+1 x-1

28Ry g™

SOLUTION We have,
x+1 x-1 (xl/‘q’)3+13 x-1

7 U Rl S T SV S AN U o T
1/2 1/2
y (11/3+1)(x2/3_x1/3+1)n(x +1)[x —1)
x2/3_x1/3 %1 x1/2 (xyz _1J

1/2
=(x1/3+l)—[x 1/;1]= Ty o B L e
x

10
x+1 x=-1 1/3 _—-1/2.10
- = (2" —x )
[x2/3 3 41 x—x1/2]

173 =ty
LetT, , 1 be the general term in(x -x J Then,

10-r
T, =% Y3O-r 1y @ VY =y V¢ x 3

N

For this term to be independent of x, we must have
103—:’_% =0=>20-2r-3r=0=>r=4

So, required coefficient = 10C4 (- 1)4 = 210.

EXAMPLE46 Find the greatest value of the term independent of x in the expansion of

cos . 10
J , where o € R.

xsin a +
X
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SOLUTION Let (r + l)m term be independent of x.

¥

; —r [ cosa = . i

Now, T,,q1 = IOC,, (x sin 01)10 % [—J = 10Cr e (sin a)m " (cos )"
X

If it is independent of x, thenr =5.

Term independentof x = T, = 10(35 (sin o cos a)5 = 10C5 x 27> (sin 2 o)

. !
Clearly, it is greatest when 2 o = /2 and its greatest value is 10(:5 x275 = —%
2° (51

Type V. ON COEFFICIENTS OF TERMS IN A BINOMIAL EXPANSION
EXAMPLE 47 Find the coefficient of X in the expansion of (1 + 02+ 1+ o pa T (1+x
SOLUTION We have,

ﬂ+ﬂn+a+ﬂn+m+ﬂ+@

10
= 1+ {(1_*"_’1_;1} _1 {(1 EY i x)zl}
&

)30

30

(1+x)-1
N 5. y : e 5 prt ]! 31 21
Coefficient of x” in the given expression = Coefficient of X in [ — (1 +x)™ —(1 + x)
X

= Coefficient of x° in {(1 +X) # —(1+ x)zl}

31, 2,

EXAMPLE a8 Find the coefficient of 20 after simplifying and collecting the like terms in the expansion
1000 999 2 998 1000

of(1+x) +x(1+%) +x"(1+2)77" +.+x . [NCERT EXEMPLAR]

SOLUTION Let S=(1+x) 1000 1+ x)999 + x2(1 +x)998 i 0 Clearly, it is a G.P.

consisting of 1001 terms with first term (1 + x) 1090 4nd common ratio i .
+x
1001
1"(“) 1001 _ 1001
G=(1+x)00 ] _\L+2) |, 1000 | (1+35) £$ — (14 51001 _ 1001
(. (1+x)
l+x

Coefficientof % in § = Coafficient of 220 in {(1 +x)1001 —x“’m}

1001 _ 1001

= Coefficient of x°° in (1+x) Csp-

M

. R : ; =1, . il
EXAMPLE 49 If n is a positive integer, find the coefficient of x Lin the expansion of (1+ x)" (1 + —J :
x

SOLUTION Clearly, [NCERT EXEMPLAR]
n n n 2n
(1+x)”{1+lJ _Q+n) Q+xn)" _ (1+2)
%

n n
X X

2n
1;,{1+%)

n

it
Coefficient of x " in (1+x)" [1 + 1} = Coefficient of x~
x

X

n-1.

= Coefficient of ™ " in (1 + x) 2 - ann_l
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EXAMPLE 50 If in the expansion of (1 — x)Z" 1 the coefficient of x' is denoted by a,, then prove that

G 1+ =0
SOLUTION We have,

r—=12n-1

a, _q = Coefficient ofxr_li.n(1~Jc)2"71 = (=1) Coi

=1

ay, _, = Coefficient of T in (1- x)z”“ 1_ (= 1)2" —-r n- 1C2n -

L@ _q+ag,_ = (_1)r—1 2}1—1Cr_1+(w1)2n—r 2n—1C2nv

= (N I 0, ypoy +ED ()T 2 Cy,, I e ="l

R al S TR K e [+ (-2 =1]
s = = - 1

= (- T+ DT e, ={(—1)’ R G
2r-1
1 +1 -1+1 =

i )(—1)f i 1c2,,_r={(_1+)r} e oy

Type VI ON CONSECUTIVE TERMS AND THEIR COEFFICIENTS

EXAMPLE 51 Ifay, ap, a3, ay be the coefficients of four consecutive terms in the expansion of (1 + x)",
a1 i a3 _ 2&2

then prove that: [NCERT EXEMPLAR]

ay+ay az+ag Ay +az
SOLUTION Let ay, ay, a3, a4 be the coefficients of 4 consecutive terms viz. the rth, the (r + 1)th,
the (r + 2)th and the (r + 3)th terms. Then,

0="C,_1, 13="Cr, a3="C, ;1 and 2, ="C, »
Now, aj+ay="C,_1+"C, ”+1Cr ity Ay ="C; +"C,+1="+1C,+1_

n+1c

n
and, lq3""14=Cr+1"' Crsa= r+2

n n
CJ'—l Cr+1

| a3
i T on+l n+1
ﬂ]+ﬂ‘2 H3+ﬂ4 Cr C?’+2
n n
@4 (3 o
. 1r 1 " r+1 [ nCr=E°n 1Cr—1}
n+lin n+1 L4
C—l s i'1(_':
(e (2]
e +r+2=2 r+1 ()
n+l n+1 n+1
n n
aid; P =2n+1C, 9 +1C,, =2(r+1J )
@ + a3 Gy | |
r+1

From (i) and (ii), we obtain
5 . T 24,

a1 +ay {134—&4_&24*&3.
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" and 5™ terms in the expansion of (x + a)" are respectively 84, 280 and 560,

EXAMPLE52 The 3, 4
find the values of x, a and n.

SOLUTION Itis given that: Ty = 84, Ty = 280 and T3 = 560

We have,

L1 N e _ n=rlvg

T, ucr_lxn—r+1ar—l r G

Ty _ "_2.5 and T_5 3 n—3.£

Ty 3 x Ty 4 «x

—n =

zoa MRS @000 N0 0 [Ty =84, Ty =280 and T =560]

84 3 x 280 4 x

10 n-2 a 2 n-3 a
— — =——.—and = = .=

3 3 =x 1 1 =
= LI LY W MR TR LBICCL L S T TR e

X n-2 X n-23 n-2 n—
Putting n =7l = —, wepget: — = — = 2x =g

x p—

Now, T; = 84
iy nczxu-zaz 84

7 5 2 o L
= Cp 2 (27)" = 84 [ a=2x and n=7]
= Nx2%xy =81= ¥ =1=x=1

A= 2% = il == 2,
Hence, n = 7,a = 2 and x = 1.

Type VII ON APPLICATIONS OF BINOMIAL THEOREM

1/5 4 1/10)55.

EXAMPLE 53 How many terms are free from radical signs in the expansion of (x ¥

1/5 ot 1/10)55

SOLUTION The general term in the expansion of (x v is given by

55 —r r
b5 1/5 1/10 55 11-r/5 10
Tt = e [0 () g = B

Clearly, T, , 1 will be free from radical signs, if é and {6 are integers for 0 <r <55

r = 0,10, 20, 30, 40, 50.
Hence, there are 6 terms in the expansion of (x

signs.

5, yl/ 10)55 which are independent of radical

1024
1/2+71/8J

EXAMPLE 54 Find the number of integral terms in the expansion of (5

1/2 1/8 e
SOLUTION The general term T, , ; in the expansion of (5 +7 ] is given by

1024 —r r 512-"
T, q= 1024Cr (51/2) (71/8) 3 1024Cr 5 2 /8
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r/8
) T.q= {1024Cr 5512—r}x5r/2x7r/8= {1024(:;' 5512#})([54)(7)

Clearly, T, . { will be an integer, iff

TJ— is an integer such that 0 <r <1024

= ris a multiple of 8 satisfying 0 <r <1024 = r = 0, 8,16, 24, ... ,1024
= r can assume 129 values.

1/2 1/8 102
Hence, there are 129 integral terms in the expansion of (5 +7 ] :

EXERCISE 17.2

BASIC
1. Find the 11th term from the beginning and the 11th term from the end in the expansion of

1 25
[23:—7] .
x

10
2. Find the 7th term in the expansion of (sz ~ %] 2
X

x2

2,1
3/)0.

10
3. Find the 5th term from the end in the expansion of {Bx - -1—] :

3/2 /2 _, 12

4. Find the 8th term in the expansion of (x™ ~ y ¥

9]

2r
. Find therth term in the expansion of (x + lJ ! [NCERT EXEMPLAR]
X

6. Find the 4th term from the beginning and 4th term from the end in the expansion of
) 9
x+=|.
x
L2

9
7. Find the 4th term from the end in the expansion of [% ——2—] A [NCERT EXEMPLAR]
%

8
8. Find the 7th term from the end in the expansion of [sz - 21] :
oy

9. Find the coefficient of:

20 40
(1) 1% in the expansion of[sz - lJ (ii) ¥ in the expansion of {x - Lz] E
X x

10 12
(iii) x 15 in the expansion of [ g2 = La] (iv) xVin the expansion of [xa - —22—] :
3x x

[NCERT EXEMPLAR]

. 1
(v) ¥ in the expansion of (x + l] .
X

8
(vi) xin the expansion of (1 - 223 4+ 3x5) [1 + 1] .
X
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10.

11.

12.

13.

14.

0

(vii) @ b inthe expansion of (@ — 2!7)12. [NCERT]
(viii) xin the expansion of(1 - 3x +7x%) (1 -2)'°. [NCERT EXEMPLAR]
U
(ix) x"'in the expansion of (1 + x)"[l + lJ . [NCERT EXEMPLAR]
x
1 1 15
(x) —7 in the expansion t:of(x4 ——3) [NCERT EXEMPLAR]
2.8 X
(xi) 1 inthe expansion of (x —xz) 10 [NCERT EXEMPLAR]

1/3 1/2
Which term in the expansion of [iJ + [%J contains x and y to one and the
%

N

same power?

20
(i) Does the expansion of [23:2 - l] contain any term involving x?
x

18
(ii) Determine whether the expansion of [xz ——) will contain a term containing x107
x

[NCERT EXEMPLAR]

12
Show that the expansion of (xz + 1] does not contain any term involving x L

X

Find the middle term in the expansion of:

Y 12 10
(@) [3 x- i] (ii) [5 4 be (iii) (xz = ZJ
3 2x X x

Find the middle terms in the expansion of:

3y 7 15 1
() [3x - "—] (i) [zx"— - 1j (i) [Sx - 12] (iv) [::4 = %J
6 x Y E

[NCERT EXEMPLAR]
Find the middle term(s) in the expansion of:

1 10
i) (x = ;J i) (1 -2x+x%)"
2 9
(i) (1 + 3%+ 3x> + )" (iv) |2x -%]
2n+ 1 x 10
v) (x - ;] (vi) 5 + 9y] [NCERTI]
3 7 b 12
(vii) {3 —%] (viii) 2ax——2-J [NCERT EXEMPLAR]
X
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16.

17.

19:

20.

21,
22

23.

24.

25;
26.

2%

9 10
(ix) [3 + EJ [NCERT EXEMPLAR] () [f —E] [NCERT EXEMPLAR]
x p a x
Find the term independent of x in the expansion of the following expressions:
9 9
) [g oo 51;} (ii) | 22+ ﬁ}
3 25 ) 15
(iii) {23:2 & ?J (iv) | 3x - —2] [NCERT EXEMPLAR]
X X
10 3n
& \{E +¥3 ) |NCERT EXEMPLAR] (vi) | x-%
1 8 3 i
(vii) | = x/3 + x5 (vid)) (1 + x +2x°) [ 2 »? ——]
2 2 3%
[NCERT EXEMPLAR]
1 ) 2 5 1 F
i) | o+ —e | Lx>2 S e [INCERT
(ix) [f > %J x &) | Fanee ]
BASED ON LOTS

If the coefficients of (2r + 4)th and (r — 2)th terms in the expansion of (1 + x)'® are equal,
find 7. [NCERT EXEMPLAR]

. If the coefficients of (2r + 1)th term and (r + 2)th term in the expansion of (1 + x) 8 are equal,

find r.
Prove that the coefficient of (r + 1)th term in the expansion of (1 + o t s equal to the sum

of the coefficients of rth and (r + 1)th terms in the expansion of (1 + x)".

2n
- 345 -1
Prove that the term independent of x in the expansion of (x - l) is w At
X n!

The coefficients of 5th, 6th and 7th terms in the expansion of (1 + x)" are in A.P., find n.

If the coefficients of 2nd, 3rd and 4th terms in the expansion of (1 + x)zn

that2n% —9n +7 =0. [NCERT EXEMPLAR]

are in A.P., show

If the coefficients of 2nd, 3rd and 4th terms in the expansion of (1 + x)" arein A.P., then find

the value of n.

If in the expansion of (1 + x)", the coefficients of pth and gth terms are equal, prove that

p+g=n+2, wherep#gq.

Find a, if the coefficients of x> and x° in the expansion of (3 + ax)° are equal. [NCERT]

Find the coefficient of a* in the product (1 + 2a)4 2- a)5 using binomial theorem.
[NCERT]

BASED ON HOTS
In the expansion of (1 + x)" the binomial coefficients of three consecutive terms are
respectively 220, 495 and 792, find the value of n.
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28. If in the expansion of (1 + :c)n, the coefficients of three consecutive terms are 56, 70 and 56,
then find n and the position of the terms of these coefficients.
29. If 3rd, 4th, 5th and 6th terms in the expansion of (x + )" be respectively a, b, c and d, prove

2
that bz =i
c“-bd 3¢
30. Ifa, b, c and d in any binomial expansion be the 6th, 7th, 8th and 9th terms respectively, then
—ac  4a
prove that T =
31. If the coefficients of three consecutive terms in the expansion of (1 + x)" be 76, 95 and 76,
find n.
32. If the 6th, 7th and 8th terms in the expansion of (x + a)"" are respectively 112, 7 and 1/4, find
X, a, n.
33. If the 2nd, 3rd and 4th terms in the expansion of (x + a)" are 240, 720 and 1080 respectively,
find x, a, n. [NCERT]
34. Find a, b and n in the expansion of (a + b)", if the first three terms in the expansion are 729,
7290 and 30375 respectively. [NCERT]

2

0
35. If the term free from x in the expansion of {J_ —iJ is 405, find the value of k.
x

[NCERT EXEMPLAR]
1
36. Find the sixth term in the expansion ( yl/ 2 xI/SJ , if the binomial coefficient of the third

term from the end is 45. [NCERT EXEMPLAR]
8
37. If pis a real number and if the middle term in the expansion of [g + 2] is 1120, find p.
[NCERT EXEMPLAR]

1
38. Findnin the binomial(g’/i + L J , if the ratio of 7t term from the beginning to the 7 term

FE]
from the end is%. [NCERT EXEMPLAR]
1 u
39. If the seventh term from the beginning and end in the binomial expansion of [ 32+ %J
are equal, find n. [NCERT EXEMPLAR]
_____ANSWERS
L R T RS ) 17010 17010
X X X X
I
4. —120 2812 5ol SpdiNEia s boie. -, 72
(r+1)!(r-1)! P x3
8. 4032 x1° g.0) P2l -« wiy=Ta (iif) — % d
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17.39

1
(iv) —25344 (v) : (vi) 154 (vii) —101376 (viii) ~19
I By
EED)
() 24 (x) —1365 (xi) —252
10. 10th 11. (i) No (ii) No.
1% ) 2 ey (ii) 924 a%°® (iii) — 8064 x° (iv) - 252
B2 (2L (i) —560 x°, 280 x*
8 16
8 7 7 8
(i) 6435 x63 %2 : 6437 x gy %2 (iv) — 462 xgr 462 xg
X X
[ !
15. (i) -252 i) EL 8 () o)
(n!) [(3n!]
(i) @xw’ N W) 0. 2 e, v, (-t L2 e, 1
4 32
6, 6
(vi) 61236 %° (il =il 0 BB o |y SAUS0GD
8 = 48 G
oy 2282 (x) —252
p
Al ... 64 9 B 15 10
16. — —x C iii Cqio(2 3
(i) 18 (ii) 27 X 3 (iii) 10( X )
(iv) — 3003 x 310 x 2° v) 15—2 i) (=1 ¥e,
18
17 C 5
vii) 7 i) — ixX) —=2 X) —
(vii) (vif) 2 ) —s ) =
17. 6 18. 14 21. 7or14 23, 7
25, ; 26. -438 27. 12 28. =8, 4th, 5th, 6th
31. 8 32. n=8,x=4,a=% 33, n=5.x=2,a4=3
34. a=3,b=5,n=6 35 +3 36. 25272 2°/3 37 +2
38. 9 39. 12

HINTS TO SELECTED PROBLEMS

9. (vii) LetT, , {be the (r + 1)thterm in the expansion of (a - Zb)u. Then,

T k= e G12-7 Copy =1, -1y o J2-Ty
Ifa b’ appears in (r + 1)™ term, then12 —r =5 and r =7 = r=7
Thus, 2 b’ appears in 8™ term given by Tg = 12C7 (—1)7 2 &b =-101376ab"
Hence, Coefficient of a5b7 =-101376
(viii) (1-3x+7x%) (1 -0 =(1 -3x+7x%) (6o -16C; x'0C, x* - 0C5 x°+..)
Coefficient of xin (1 - 3x +7x%) (1-%)'¢ =1x -10¢; - 3x'6cy =-16 -3 =-19
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n 5 -
(ix) (1+ x)“[l + l) = x)n[l -f;lx] 4 1+ 2:)
~ %

X
» 10 10 th

15. (vi) In the expansion of {3+9y] there are 11 terms. So, (7+1] i.e. 6th term is the

middle term.

10-5
Now, Ty =T, = °Cs (;] (9y)° = 61236x"y

6
2
16. (x) Let (r + l)th term in the expansion of [E;L —-SLJ be independent of x. Then the
X

exponent of x in (r + 1)th term must be zero.

6-r r 6-r r
3 1 3 1 3 .
o T = ' [E"z} [3—] i [Ej (5] i 8

ForT, , 1 to be independent of x, we musthave12-3r=0=r =4
Hence, 5" term is independent of x. Puting r = 4 in (i), we get

2 4
Teteg[ S (o sttm a2
2 3 4x9 12

17. B¢y 5220, 5 = @r+3) +(r-3)=18 = r=6

22. Ttis given that 2'C;, %'C, and 2'C are in A P.
s 2::C2 . Zucl + 2nC3
2 (2n) (2n-1) it 2n(2n-1) (2n-2)
] 3.2.1

= 2n(2n-1) =2n+2nw = 6(2n-1)=6+(2n-1)(2n-2) = 2% —9n+7 =0
24. We have,
(3+ax)” =2Cy x 3% + %y x 3% x (@)1 + %y x 37 x (a0)? + °C5 x 38 x (ax)® + ...+° Cg(a)’

2 3

Coefficient of x2 = 9C2 X 37 x a~ and, Coefficient of x3 = 9C 3 X 36 x a

Now, Coefficient of e Coefficient of x3

36x3
84 x 3

= 9C2x37xa2=9C3><36><(13$36X37XH2=84X36X(13=>a=

N|wo

26. (1+2a)* (2-0)° ={4C0 ey Soneakaics e tade (2a)4}
% {5c0 2P Syt Bl A e a2 B e as}

Coefficient of a* = C;) x (5(:4 x 2J + (4C1 x 2)x (_ e 22) +[“c2 x 22]
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X (SCZ x 23)+(4C3 x Zs)x (— 5C1 x 24)+(4C4 x 24)x (SCO X 25)

=10 + 8 x (—40) + 24 x 80 + (4 x 8) (- 80) + (16 x 32)
=10 - 320 + 1920 - 2560 + 512 = —438
33. Itis given that in the expansion of (x + 4)"
T, =240, T3 =720 and T, =1080

= E=3andT—4=§=>n_2+1£=3andn_3+1—a-=E
T2 T3 2 2 X 3 X 2
= (n—1)5 = 6an¢:i(n—2)5 = 2=> n-l §x2=> n-1
X x 2 n-2 -9 n-2
= n=5

Putting n =5in (n —1) 2 = 6, we get 24 = 3x.
X

Now, T, = 240 = "C;2" "% = 240 = nx""Ta = 240

= 5x4x%=240

> ©=32 = x5=(2)5=> x =2

s 22 =23x = a=3 Hence, x=2,a=3andn=5.
34. We have,

"Co d'b° =729,"C, d* " b =7290 and "C, a" "% b? = 30375
= d"=729,nd""'b=7290 and n(n-1)d" "2 b* = 60750
nd" v 7200 nin-14""2b* 60750
= and =

a* 729 nd b 7290
b
- (n-1)- -
= .@:10 and (n l)b=§=> a:é:Ll:gﬁ n=6
a a 3 " 30 n 6

a
Now, ' =729=a%=3%=4=3
nb 6xb

—=10= ——=10=>b=5
a 3

10
35. Let(r+ 1)th term, in the expansion of(\/_ -L) ,be free from xand beequal toT, , ;. Then,

x2
1 10-r (kY 5-2
Ty1= "G (0 (—5] 0 x 2 (K
X

If T, , 1 is independent of x, then 5—§21=0=>r=2

Putting r =2 in (i), we obtain: T3 = 10¢, (-k)? =45k*
But, it is given that the value of term free from x is 405.
45k =405=> k2 =9=> k=% 3

)
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36. In the binomial expansion of y}/ 2 gl 3)”, there are (1+ 1) terms. The third term from the
end is (n+1) -3+ 1)
The binomial coefficient of 3rd term from the end

ie.(n —1)th term from the beginning.

= The binomial coefficient of (1 —1)™ term from the beginning ="C,_, ="C,
It is given that the binomial coefficient of the third term from the end is 45.
e, =45=> ”(”’2"1) =45= n* —n-90 = 0= (1-10) (1+9) =0=> n =10.

Let Ty be the sixth term in the binomial expansion of (yl/ 2 4 x/3" Then,

T, ="Cs (y1/2)n-5 Y3 - 10C5 yS/ 2.5/3 _osp y5/2x5/ 3 [1=10]
8 : th
37. In the expansion of [g + ZJ , we observe that (g + lJ i.e. 5% term is the middle term. It is

given that the middle term is 1120.
8-4
T, =1120 = °c, [EJ 2*=1120 = p* =16 p=+2

4 th
38. In the binomial expansion of [§/§+3LJ ,[(n+1) —7+1J ie. (n —S)th term from the

¥3
beginning is 6 times the 7th term from the end i.e. Ty : T, _5 =1:6.
Now,

6 n
= 1! n 22 1
T ="Cq (32)" "[—J ="Cex23 x—=
6 33 32

n—6
1 1
and, T, _s5 = "Cn-ﬁ (%/5)6 [%J = ncﬁ x2%x 31/ 3-2

It is given that

39.Given thatT; =T, 5
n

n n-6
£ —=2
= "Cgx23 gt n-6 (%)G(L] = "C¢x 28 xv1—2=nC6x 22,1
3

2 I3 3 n-6
33
n_y N6, T Ty g i
= 23 x33 =123 x33 =1= (63 =6 :>§—4=0:>n=12

FILL IN THE BLANKS TYPE QUESTIONS (FBQs)

1. The largest coefficient in (1 + x) A0 o bt g :
2. The largest coefficient in (1 + a2 e e

3. The number of terms in the expansion of (x + ¥ +2)" iS .ccov.veerveveseerrrenrsennne. .
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4, Middle term in the expansion of (a3 + b.:z)28 15 sisevsansssamsasivossnsirmass ;
5. The ratio of the coefficients of ™ and x” in the expansion of (1 + )" ™" i8 v.veeveeereeeeeressssssssiens ;
1 2 10
6. The coefficient of a~® b* in the expansion of [— -—EbJ Ty pssucontibcnsossatisetissnsen .
a
1 16
7. In the expansion of [}.‘2 ——ZJ , the value of the constant term is .........cocoenmresnsenns :
x
3 10
8. The position of the term independent of x in the expansion OE[E + ——2—} Y rer A :
2x
9. If 215 is divided by 13, the remainder is -......cccoovvercicinnne. .
10
10. The sum of the series Z ZOC,, SF- et i :
r=0
3,4 i
11. The number of terms in the expansion of {(Zx +y°) } 18 cnrmimma s :
18
12. The middle term in the expansion of [x —-m] 1Sesta, nbnmmtad e o L
x
13. The coefficient of the middle term in the expansion of (1 + x)10 e e MR B )
14. The total number of terms in the expansion of (1 + x)?'" -(1 —x)Z" ............................... ;
15
15. If x* occurs in the 7 terms in the expansion of [:c4 + %J S EEIVEISE vvsuiusnnensinassnnssasnaanss g
x
4 5
16. The coefficient of x in the binomial expansion of {xz + —J 15 i nesisstusg s sistases ;
x
17. 1f A and B are the coefficient of x" in the expansion of (1 + x)zn and (1+ 1)2"_1 respectively,
A
then — =i :
B
x us
18. If the coefficients of ¥’ and x® in (2 + EJ are equal, then 7 = ..o ;
2 n
19. I 13™ term in the expansion of [xz + —] is independent of x, then the value of n
X
L e :
1 10
20. The term independent of x in the expansion of [’E + TJ VD S L e e Bk -
x
e ANSWERS
1. 30C15 2 41C21 or 41C20 ) I 2C2 4. 28C14 [I56 b14 b. 1 6. %
7. 1Cg 8. Third term 9. 12 10. 2 +% Mg I 28
e m Y e W9 16. 10¢° 17. 2 18.55
19418 20. 252
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VERY SHORT ANSWER QUESTIONS (VSAQs)

Answer each of the following questions in one word or one sentence or as per exact requirement of the

question:

1.

2

3.

10.

1l
12.

- Write the sum of the coefficients in the expansion of (1 — 3x + x

10
. Write the middle term in the expansion of (x + —] .

Write the number of terms in the expansion of (2 + /3x) 1% + (2 —/3%)10.
2,111

)i
Write the number of terms in the expansion of (1 - 3x + 322 - x3)8.

10
2
Write the middle term in the expansion of [% + %J .
2x

)
Which term is independent of x, in the expansion of {x —~ —I—ZJ ?
3x
m+n

If a and b denote respectively the coefficients of ™ and x in the expansion of (1 + x)" * ",
then write the relation between a and b.
If 2 and b are coefficients of " in the expansions of (1 + 0> and (1 + x)zn g respectively,
then write the relation between @ and b.

X

. If aand b denote the sum of the coefficients in the expansions of (1 - 3x + 10x2)” and

(1+ xz)" respectively, then write the relation between a and b.

Write the coefficient of the middle term in the expansion of (1 + x)2".

Write the number of terms in the expansion of {(2x + y3)4}7.

Find the sum of the coefficients of two middle terms in the binomial expansion of
1+

. Find the ratio of the coefficients of x and x7 in the expansion of (1 + )Pt

Write last two digits of the number 3%,

. Find the number of terms in the expansion of (a+b +c)".

. Ifaand b are the coefficients of x” in the expansions of (1 + x)zn and (1+2x)2"1 respectively,

find 2.
b
100

. Write the total number of terms in the expansion of (x + a) 100, (x—a) .

- f(1-x+ xz)" =ap+a;x+a ok ay, x*, find the value of ag +ap +ag+.. Ay,

ANSWERS

16 2 -1 | 895 4.2 5. 4% term6.a =0 7.2 =%

8. 0c; 9.4 =103 10.

oA W N T T A

n
n(n+1) 16. 2 17.51 18 3 *1
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MULTIPLE CHOICE QUESTIONS (MCQs)

Mark the correct alternative in each of the following:

1.

10.

11,

If in the expansion of (1 + x) 20 the coefficients of rth and (r + 4)th terms are equal, then r is

equal to
(a) 7 (b) 8 (c) 9 (d) 10

2x2
(a) 495 (b) —495 (c) —7920 (d) 7920

12
The term without x in the expansion of {2.\' —LJ is

12
If rth term in the expansion of [2.1:2 - l] is without x, then r is equal to
X

(a) 8 (b) 7 (@9 (d) 10
If in the expansion of (a + b)" and (a + )i 3 the ratio of the coefficients of second and third

terms, and third and fourth terms respectively are equal, then # is

(@) 3 (b) 4 (©5 (d) 6
If A and B are the sums of odd and even terms respectively in the expansion of (x + )", then
(x+ a)zn —(x- a)2" is equal to

(@) 4(A + B) () 4(A-B) (c) AB (d) 4 AB

45
The number of irrational terms in the expansion of (41/ Hpl 10) is

(a) 40 (b) 5 (c) 41 (d) none of these
1 15
The coefficient of x™ 7 in the expansion of [x4 - _3J is
x
(a) 1365 (b) - 1365 (c) 3003 (d) -3003
9
In the expansion of [xz - %J , the term without x is equal to
x
() % (b) "2%'; © % (d) none of these

If in the expansion of (1 + x) 15, the coefficients of (2r + 3)th and (r — 1)th terms are equal,

then the value of r is

(@) 5 (b) 6 (c) 4 (d 3
10
22° 3
The middle term in the expansion of A H—s | 18
2x
(a) 251 (b) 252 (c) 250 (d) none of these

3

15
If in the expansion of (x4 - LJ , x™ Y7 occurs in rth term, then
x

@) r=10 b) r=11 (©) r=12 (d) r=13
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16.

17

31

N
N

. If the fifth term of the expansion (

9
In the expansion of {x - —1—2} , the term independent of x is
3x

(a) Ty (b) T, (© Tz (d) none of these

. If in the expansion of (1 + )", the coefficients of 5th, 6th and 7th terms are in A.P., then 1 is
equal to
(a) 7,11 (b) 7,14 (c) 8,16 (d) none of these

8
In the expansion of [% AT A EJ , the term independent of x is

@ Ts (b) Ty (T (d) Tg

. If the sum of odd numbered terms and the sum of even numbered terms in the expansion of

(x +a)" are A and B respectively, then the value of (x* —a%)" is
(a) A% =B (b) Az aint (c) 4 AB (d) none of these
A 5
If the coefficient of x in (xz + —] is 270, then A =
x
(a) 3 (b) 4 (c) 5 (d) none of these
10
The coefficient of x* in [% - %J is
x

405 504 450

(a) == (b) = (©) G (d) none of these
18. The total number of terms in the expansion of (x + a)100 +(x—n) 100, frer simplification is
(a) 202 (b) 51 (c) 50 (d) none of these
[NCERT EXEMPLAR]
If T,/T; in the expansion of (a +b)" and T3 /T, in the expansion of (2 + b)" * 2 are equal,
thenn =
(@) 3 (b) 4 (c) 5 (d) 6

n
. The coefficient of 3 in the expansion of (1 + x)" {1 + 1} is
X ik x

n! (2n)!
@ @D ®) D ime 1

(21!

()
@n-1)12n+1)!

(d) none of these

1
. If the sum of the binomial coefficients of the expansion (23{ + IJ is equal to 256, then the
x

term independent of x is

(a) 1120 (b) 1020 (c) 512 (d) none of these

a*’3 + 47" does not contain ‘a’. Then 1 is equal to

(a) 2 (b) 5 (c) 10 (d) none of these



BINOMIAL THEOREM 1747

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

1
The coefficient of x™ in the expansion of (x - ﬂ) is

x
7 5 6 7
(@ -924m (b) -792m () -792m (d) -330m
14
The coefficient of the term independent of x in the expansion of (ax + ;J is
] 1 1
(@) 14! a7 b7 ®) % 7y B 7y @ M7y
S 7y? 79°
The coefficient of x5 in the expansion of (1 + x)21 +(1+ Jc)22 +..+(1+x) 305
@ 5cs ®) °Cs © cg-Hcg (@) ¥cs+ 2y
The coefficient of x° ylo in the expansion of (x + y)18 is
(a) 18C8 (b) 18 Py (© 218 (d) none of these
If the coefficients of the (n + 1)"’ term and the (n + 3)”' term in the expansion of (1 + x) 2 are
equal, then the value of nis
(a) 10 (b) 8 (©9 (d) none of these
If the coefficients of 2nd, 3rd and 4th terms in the expansion of (1 + x)",n € N are in AP,
thenn=
(a) 7 (b) 14 (© 2 (d) none of these
The middle term in the expansion of [2—; - —3—2}
2x
@) %'c, ®) (-1 ¥C,x " () Z'C,x" (d) none of these

20
1£ 7" term is the middle term in the expansion of (xz - %J ,then (r + 3)"' term is
x

@ *cy, (2%) ®) ¥c;p * 2712 () -2c; x.27 % (d) none of these

The number of terms with integral coefficients in the expansion of(l? V3, 35 2x)
is
(a) 100 (b) 50 (c) 150 (d) 101

10
Constant term in the expansion of (x - —J is
x

(a) 152 (b) -152 (c) —252 (d) 252
If the coefficients of 2 and x° in the expansion of (3 + ax)9 are the same, then the value of a
is
7 9 7 9
- -z Z d) =
(a) 5 (b) 7 (© 9 (d) Z
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34.

35.

36.

38.

39.

40.

41.

42,

Given the integersr >1, n > 2, and coefficient of (3r)th and (r + 2)“‘:1 terms in the binomial

expansion of (1 + )" are equal, then
(@) n=2r (b) n=23r (c)n=2r+1 (d) none of these
The two successive terms in the expansion of (1 + x) %4 \whose coefficients are in the ratio 1: 4
are
@ 3¥and4®™  ®) 4Pand5® (0 5Mand 6™ d) 6Mand7™

[NCERT EXEMPLAR]
If the coefficients of Z“d ; 3"and the 4™ terms in the expansion of (1 + x)" are in A.P., then

the value of n is
(a) 2 (b) 7 (c) 11 (d) 14
[NCERT EXEMPLAR]

10
. If the middle term of [—1— + xsin xJ is equal to 7%, then the value of x is
¥
(@) 2nm +§ (b) nn +g (©) nu+ (-1)"% (d) nn+ (—1)”2

[NCERT EXEMPLAR]
The total number of terms in the expansion of (x + a)51 —(x —a)51 after simplification is
(a) 102 (b) 25 (c) 26 (d) none of these

n
If the coefficients of x7 and x8 in (2 + %] are equal, then n is

(a) 56 (b) 55 (c) 45 (d) 15
15
The ratio of the coefficient of xls to the term independent of x in [xz + EJ ,is
X
(a) 12:32 (b) 1:32 (c)32:12 (d) 32:1
[NCERT EXEMPLAR]
- 5 . 5
Ifz= 3/—§+i + ﬁ—i , then
2 2 2 2
(a) Re(z) =0 (b) Im(z) =0
(c) Re(z) >0,Im (2) >0 (d) Re(z) >0,Im (z) <0 [NCERT EXEMPLAR]
IE(1—x+x2)" =ag +ay X +ay X+...+ay, x>, then ay + @y + a4 +...+ay, equals
3"+1 3"-1 1-3" n 1
a d) 3542
(a) 5 (b) i (c) 5 d) 3"+ 5

[NCERT EXEMPLAR]

ANSWERS

Lig 2@ 3@ 4@ 5@ 6. 7.(b) 8 ()
9. () 10. () 1. () 12.() 13.(b) 14.(b) 15 (a) 16. (a)
17.(@) 18.:(6) 19%:(c) 20.(b) 20 (@) 2(e) 23:i(d) 2% ()
25. (b) 26. (@) 27.(c) 28.(a) 29.(b) 30.(c) 3L (d) 32 (c)
33.(d) 34 () 35 () 36.(b) 37.(c) 38.() 39 (b) 40.(b)
41. b) 42. (a)
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ACTIVITY

OBJECTIVE To construct the Pascal's triangle and to write binomial expansion for a given
positive integral exponent.

MATERIALS REQUIRED Cardboard, chart paper, thumbpins, match sticks and adhesive.

STEPS OF CONSTRUCTION
Step 1 Take a cardboard of appropriate size and fix a chart paper on it using thumb pins.

Stepll  Take some match sticks and fix them on the chart paper with the help of adhesive as
shown in Fig. 17.1.

Fig.17.1

STEPS OF DEMONSTRATION

Step I The figure looks like a triangle known as the Pascal's triangle. At the apex of the
Pascal's triangle is 1.

StepII  Each of the rows, which follows, begins and ends with 1 and all other numbers in a
row is the sum of the two numbers in the preceding row, one on the immediate left
and other on the immediate right.

StepIll  For the expansions of (a+Db) 1, (a+ b)2 ,(a+Db) 3, ...... , we use the numbers obtained in
first, second, third, ...... rows of the Pascal's triangle.

First row is used to write the binomial expansion of (a + b)l.
The numbers in the first row are 1, 1.

i (a+bv)1 =1l-a+1-b=a+b

Second row is used to write the binomial expansion of (a + b)z.
The numbers in the second are 1, 2, 1.

. (a+b)2 =1-22 +2-ab+1-b% =a® + 2ab +b>
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To write the binomial expansion of (a+b) 3, we use the numbers in third row.
The numbers in the third row are 1, 3, 3, 1.
'. (a+b)3 =1-2° +3-a%h+ 3-ab®+1-b> =a° + 30% + 3ab® +b°
We use the numbers in fourth row to write the binomial of (a + 4)4.The numbers in the
fourthrow are 1, 4, 6,4, 1.
oo (@)t =10 +4.0% +6-a%% + 4-ab% +1.b* =a* + 42% + 6a%? + 4ab® +b*
and so on.
OBSERVATIONS In the binomial expansion of (a + b

(i) The sum of the indices (exponents) of a and b in each term is .
(ii) The exponents of @ and b in various terms are as follows:

Term Exponent of ‘a”  Exponent of ‘b*  Sum of the exponents of a and b
First term n zero n
Second term (n-1) 1 n
Third term (n-2) 2 n
Fourth term (n-3) 3 n
Fifth term (n—4) 4 n
and so on.

(iii) The number of terms is (n+1).

SUMMARY
1. (Binomial theorem) If x and a are real numbers, then for alln € N, we have
(x+a)" ="y bt +"Cy x"*lal—r"CZ e TR
i rzcr ST R ”Cn—l xl a?i—l i "Cn xO a"
n
ie,(x+a)" = £ "C. "4
r=0

This expansion has the following properties:
(i) Ithas(n+ 1) terms.
(ii) The sum of the indices of x and a in each term is .
(iii) The coefficients of terms equidistant from the beginning and the end are equal.

(vi) Generaltermisgivenby T.,, ="C, +"™" 4

n n-r r n n! A
C., x° ' 4 canalsobeexpressedas(x+a) = X — x' a4

0 r+s=n r!s!

W) (x+a)" =

I =

,
(vi) Replacing a by —ain the expansion of (x + a)", we get
(x-a)" ="cy #"a° =gy o Tk L e

-"C,4 B2 P iy C, T A .+ (-D" G, K0 g
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The general term in the expansion of (x - atisT,, 1 =(-1) "C, 77 d
(vii) Puttingx = 1and replacing a by x in the expansion of (x + )", we get

n
A+0)" = "Co+"Crx+"Crx?+..+7C A" = z "c,
r=

This is expansion of (1 + x)" is ascending powers of x. In this case, T, , 1 ="C, ¥’

(viii) Putting 4 =1 in the expansion of (x + 4)", we get
n
A+ = "Coa" +"C " " 244" A0 = z c, 7T
r=
This is the expansion of (1+x)" in descending powers of x. In this case,

n~ .n-r
Lv1=6G x

() (x+a)" +(x-a)"

2 {"CO A a® +7Cy 2 4 +}

2 {Sum of the odd terms in the expansion of (x + 2)"}
2 {"Cl S laly "Cyd” 342 +}

(x+a)" —(x-a)"

2 {Sum of the even terms in the expansion of (x + )"

Ifnis odd, then {(x s +(x— a)"} and {(x ) —(x- a)"} both have [f—;—l-) terms.

Ifnis even, then {(x +a) +(x- a)"} has (g + 1) terms whereas {(x +a) —(x- a)"} has

[ﬁ) terms.
2
(x) If Oand E denote respectively the sums of odd terms and even terms in the expansion of
(x + )", then
@ (x+@" = O+Eand(x-a" = O0-E  (b) x*-a)" = O*-E2
(c) 40E = (x -a)z" —(n —a)2" (d) (x+ a)2" +(x —a)2” =2 (O2 +E2)

th
(xi) Ifniseven, then [% + 1] term is the middle term.

If nis odd, then [E;—l] and (n-; 3Jare middle terms.



