
 

 

IZCHAPTER

BINOMIAL THEOREM

17.1 INTRODUCTION

An algebraic expression containing two terms is called a binomial expression.

f 2
For example, (a + b), (2x - 3y), x + —

3^
, X + — , — - etc. are binomial expressions.

Similarly, an algebraic expression containing three terms is called a trinomial. In general,
expressions containing more than two terms are known as multinomial expression.

The general form of the binomial expression is (a: + a) and the expansion of (a: + a)”, neN is
called the binomial theorem. This theorem was first given by Sir Issac Newton. It gives a formula
for the expansion of the powers of a binomial expression.
In earlier classes, we have learnt that:

{x + =1

(a: + = X + a

2 2 2
(a: + ti) = a: + 2ax + a

(x + fl)^ = x^ + 3x^a+3xa^ +

(x + a)^ = x^ + 4x^ a + 6x^ 0^ + 4x a^ + a^

We observe that the coefficients in the above expansions follow a particular pattern as given
below:

Index of the binomial Coefficients of various terms

0 1

1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

We also observe that each row is bounded by 1 on both sides. Any entry, except the first and
last, in a row is the sum of two entries in the preceding row, one on the immediate left and the
other on the immediate right. The above pattern is known as Pascal's triangle. It has been
checked that the above pattern also holds good for the coefficients in the expansions of the
binomial expressions having index (exponent) greater than 4 as given below.
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Coefficients of various termsIndex of the binomial
10

1 V 1

1 V 2 V 1

1 V 3 V 3 V 1

1 V 4 V 6 V 4 V 1

1 V 5 V 10 V 10 V 5 V 1

I V 6 V 15V 20V 15V 6 V 1

1

2

3

4

5

6

Pascal’s Triangle

Using the above Pascal's triangle, we obtain

(x + a)

(x + a)^ = x^ a^ + x'^ a'^

2 2 2

(:c + fl) = X + lax + a

(x + af = + ^C-i X

1
x-^ a

'Co=l = tior,

■.●^Co=1,^C,=2,^C2=1
2-2 2

aor.

{x + = x^ + 3x^n + 3xfl^ +

(X + = ^Co x^ / + x^ “ ^C2 x3 - 2,2 ^ ^C3 X
(x + a)^ = x*^ + 4x^(7 + 6x2(j2 + 4xa^ +

3-3 3
aor.

4-4 A4-3 _3
£7 + X

5-4 A ,5r ^
a + L5 X

{X + £7)^

(X + £7)^ = ^Cq X^ £7° + ^Ci X^ ■ ^ £7^ + ^€2 X
By looking at the above expansions we can easily guess that the general formula would be of the
form as given in the following theorem.

£7
or.

5-5 5
£7

17.2 BINOMIAL THEOREM FOR POSITIVE INTEGRAL INDEX

THEOREM If X and a are real numbers, then forallneN,

Co / <7° + "Cl + "C2 ^ + "Q
+ ”c

^ d +...

x^d-^

n -ti n

(X + £7)

+ ”C„ X° £7”H-1

71

Z "Cr x” '' £?'■
r = 0

n

(x + £7)i.e..

PROOF We shall prove the theorem by using the principle of mathematical induction on >7.
Let P {«) be the statement;

(x + £7) +... + "C,xCo / fl" + "Cl X"-lfl'+"C2X
n -

£?'’ +...

1 - 1

n II

+ "C„ x° £7”+ "C„_1 X^ £7

Step I We have, P (1): (x + £7)^ = ^Cq x^ £7^ + x^ £7^
(x + £7)^ = X + £7 = ^Cq X^ X^ £7^We know that:

P (1) is true.
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Step II Let P (m) be true. Then,

(:c + fl) = Cq + C^x
m-1 1 , wi

a + C2X
m-1 2 1 7H - 1 HI,-. 0 m

X a + C,„ X aQ +...+ C ●●●(i)m-1

We shall now show that P (m +1) is true. For this we have to show that

»,+ l 0 + +
m + 1 m + 1

(.v + fl) Cn a: a +

m + 1

m + 1
Now, (a: + a)

= {x + a).{x + af = (x + fl) '"Co x'” / + '"Cj xm-1 1 , HI,-
I? + ... + Cr X

, /l'” "
+ L,„ _ 1 X a

HI - r r
fl +...

1 m,-. 0 HI
+ C,„ X a

m+ 1 0

+ ("'Ci + '"Co);r'"n' + rC2 + '"Ci)x
('"C

HI 1 m + 1
C-^x a +

m + 1

m-1 .2m

CqX

+ ( C, + Cr _ 1) X

a a +...

m + 1

1 + %,) x^ a'" + '"C„, a

___^m-Hl^^_^{m+l)-r^r

r = 1, 2, 3,..., m

m -

m + 1 ,m + 1 ^0 HI + 1 m-1 .2
Cn X C2X

HI,-. , HI,-.
+ Cr =

a +.

HI + 1-
+ ... + a

m + 1

P {m +1) is true.

P («i) is true => P (m + 1) is true.Thus,

Hence, by the principle of mathematical induction, the theorem is true for all n e N.

Q.E.D.

17.3 SOME IMPORTANT CONCLUSIONS FROM THE BINOMIAL THEOREM

In this section, we shall draw some useful conclusions from the binomial theorem,

(i) We have.
n

n x~ n~r r
Z Cr x a

r = 0

(x + a)" = "Cox"a^ + "C,x

(x + a)

H - 1 1 II,-
a + C2 X

Since r can have values from 0 to n, the total number of terms in the expansion is (n +1).

(ii) The sum of the indicesof x and a in each term is n.

(iii) Since "C^ = ”C

or.

for r = 0,1, 2, ...,n

C2="C„_2=...

n-T '

●● '-0 - ^n/
n

Ci="C,
n

«-1/

So, the coefficients of terms equidistant from the beginning and end are equal. These coefficients
are known as the binomial coefficients,

(iv) Replacing a by -a, we get

(x - a) - Cq X a - Cj X
H -1 1 H,-

a + C2 X
n-2 2 It,-.

- C3Xa

H
n ^ / i\r tt-r r

1 (-1) Cr X a
r=0

Thus, the terms in the expansion of (x - a)" are alternatively positive and negative, the last term

is positive or negative according as n is even or odd.

(x-a)i.e.
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(v) Putting x = l and a = a: in the expansion of (x + af, we get

(1 + x)" = "Co + "CiX+”C2 3:^+... + "C, / +... + "C„x''

(1 + xf = Z "Cr /
r = 0

This is the expansion of (1 + x)" in ascending powers of x.

(vi) Putting <7 = 1 in the expansion of (x + a)”, we get

(1 + X)" = "Co x" + "Cl x"- ^ + ”C2 x”-2 +... + ”c, x"-^ 4-... + 1 x+ "C

(l + x)''= Z "C, x"""
r = 0

This is the expansion of (1 + x)” in descending powers of x.

(vii) Putting x = 1 and a = - x in the expansion of (x + a)”, we get

(1 - X)" = "Co - ”Ci X + ”C2 x^ - "C3 x^ +... + (-!)'■ "C, x^ +... + (-1)” ”C„ x".

i.e.

n

i.e.

(1-x)” = Z (-1)" ”C, x"I.e.

r = 0

(viii) The coefficient of (r + l)lh term in the expansion of (1 + x)” is "C^.

(ix) The coefficient of x^ in the expansion of (1 + x)" is "C^.

(x) (x + a)" + (x-a)” = 2j"Cox"A^ + "C2x"“^A^ + ”C4X
n-4 .4

A + ...

«-3 3

"-^a^ + ”C3X

NOTE: Ifn is odd than {(x + a)" + (x ~ a)"} and l(x + af - (x - a)"} both have the same number of terms

equal to

(x + a)”-(x-a)" = 2rCiX«md. A + ...

n + 1
whereas if n is even, then l(x + a)” + (x - a)”| has ~ ^ terms and

122 /

j(x + a)"-(x - a)”|/JAS —I J \2y
terms.

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

Type I DETERMINING THE NUMBER OF TERMS IN THE EXPANSIONS OF BINOMIAL AND TRINOMIAL
EXPRESSIONS

Find the number of terms in the expansions of the following:
(i) (2x - 3yf (ii) (1 + 5 ^2 x)^ + (1 -5 V2 x)^

(iii) (Vx + +(4x-

EXAMPLE 1

10 n

(iv) (2x+3y-4z)

(vi) (1 + 2x + x‘)-

SOLUnON (i) Theexpansionof(x + A)"has(n + l)terms. So,theexpansionof(2x-3y)^hasl0

2^208 8

(v) [(3x + y)‘’-(3x-y)‘^l

terms.

(i) If n is odd, then the expansion of (x + a)" + (x - of contains ——
V ^ >

of(l+5 V2x)^ + (1-5 V2 x)^ has

terms. So, the expansion

= 5 terms.

 

 



 

 

BINOMIALTHEOREM 17.5

(iii) If n is even, then the expansion of |(x + /?)”+ (a: - fl)”|
{^fx + has 6 terms.

n
has — +1 terms.

So,

(iv) We have.

^l2x +(3y-42)|(2x+3y-4zf =

= "Co (2xf {3y-4zf + "Cj {2xf ” ^ (3y - 4z)^ + "Cj (2xf (3y - 4zf +...
+ "C„. 1 (22)' (3y-4z)"- ' + "C„ (3y -4z)".

Clearly, the first term in the above expansion gives one term, second term gives two terms, third
term gives three terms and so on.

So, total number of terms = 1 + 2 + 3 + ...+n + (n + l) =
(« + !){«+ 2)

2

(v) If n is even, then | (;c + o) (j: - fl)"| has ^ terms. So, (3x + y)®
8n

-{3x-y) has4 terms.

(vi) We have.
20

= {(l+:c)^}(1 + 2x + x^f^ 40
= (1+X)

0 00

So, there are 41 terms in the expansion of (1 + 2:r + x )

Type II EXPANDING A GIVEN EXPRESSION USING THE BINOMIALTHEOREM
0 R

EXAMPLE 2 Expand {x + 2a) by binomial theorem.

SOLUTION Using binomial theorem,

(x^ + 2a)^ = ^Cq (x^)^ (2fl)° + ^Ci (x^)^ {2a)^ + ^€2 (x^ {2a)^

+ ^€3 (x^)^ (2a)^ + ^C4 (x^) (2a)^ + % {x^ {2af
= + 5 (X®) {2a) +10 (x^) (4fl^) +10 (x^) {8a^) + 5 (x^) (16 a^) + 32
= x^° +10 X® fl + 40 x^ + 80 x^ + 80 x^ + 32 o®

EXAMPLE 3 Expand (2x - 3y)^ by binomial theorem.
SOLUTION Using binomial theorem, we obtain

(2x-3y)^ ={2x + {-3y))^

= ^Co (2x)^ (- 3y)° + % (2x)® (- 3y) + ^€2 {2x)^ (- 3y)^ + (2x)^ (- 3y)® + ^04 (- 3y)^
= 16 x^ + 4 (8x®) (- 3y) + 6 (4x^) (9y^) + 4 (2x) (- 27 i/) + 81 y^

= 16x^ - 96x®y + 216xV - 216xy^ + 81y^
EXAMPLE 4 By using binomial theorem, expand:

(i) (l + x + x^)®

SOLUTION (i) Let y = x + x^. Then,

(1 + X + x^)

(ii) (1-x + xV
INCERT EXEMPLAR]

= (1 + y)® = ^Co + ®Ciy+®C2y^ + ®C3y®= l + 3y+3y^ + y®
= 1 + 3 (x + x^) + 3 (x + x^)^ + (x + x^)®

= 1 + 3 (x + x^) + 3 (x^ + 2x® + x^) + I ®Co X® (x^)® + x

2s 3

(xV+®C3X^x^)®}+ ®C2 X
3-2
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= 1 + 3 (:c + + 3 (:c^ + 2x^ + x^) + (x^ + 3x“^ + 3x^ + .r^)

= + 3x^ + 6x^ + 7x^ + 6x^ + 3x +1

2

(ii) Let y = -x + x . Then,

= (1 + y)^ = ^Cq + y + ^C2 + ^C3 y^ +2A
{1-x + x^)

= 1 + 4y + 6y^ + 4y^ +y^ = 1 + 4(-x + x^) + 6(-x + x^)^ + 4 (-x + + (-x + x^)

= 1 -4x (1 -x) + 6x^ (1 -x)^ -4x^ (1 -x)^ + x^ (1 -x)^

= l-4x(l-x) + 6x^(l-2x + x^)-4x^{^Co-^C|X+^C2 x^-^CgX^)
4^4^4

Cq Cj X C2 X — C3 X + C4 X+ X

= 1 - 4x + 4x^ + 6x^ (1 -2x + x^) -4x^ (1 - 3x + 3x^ -x^)+ x^ (1 -4x + 6x^ -4x^ + x^)
= 1 - 4x + 4x^ + 6x^ - 12x^ + 6x^ - 4x^ + 12x^ - 12x^ + 4x^ + x"^ - 4x^ + 6x^ - 4x^ + x®

= 1 - 4x + lOx^ - 16x^ + 19x^ - 16x^ + lOx^ - 4x^ + x®
A

f X 2
EXAMPLES Using bhiomial theorem, expand 1 +	

2 x^
,x^O.

[NCERT]SOLUTION We have,

2 x>

4

(x 2
= n + 	

[2 X

Ac,2f
2 X,

2f/

-V^C22 2

X 2
+ "^34p , 4pLq + (-1

.2U XJ

^ 2, - 4 x^ 8
+ 6 2 + ^ +4-^ —

2'l X 2
= 14-4

[2 X) 84

-f f--
V.2, ^

n2/ \3 /x^V 2^° 2^1
+ ^C24p X\ ^0 X+

'^2j Xj2J

0 ^42f ( 2
z'z' _ .\ /

4.4r ^+ Lt —

H2 1^2^ \ x^X)y V

(.3
s'! . x^- + 6 — 8 3x_6

2 X

r, ^ A X
— 2 4 4- 4 _

4 -i2j [ 8

4- 4x -

= 1 4- 2x

X)

23
4 . x 8

X +4X-X- —

X X

X^ 2 , 16
X 4-6 -^4- —r

16 r2

162 , x‘
— 4- 6x —4- X —

44816 X X

'i {

, ^ 3 2 24fx^ 32
= 1 -f 2x — 4- — X —12 4—^

2 2

16248
5- - 6x 4- —
^ X

+4-
4

2xj XXX
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^ (-8 24
+ — +— + h— +

2 16

a: 16

2 2 16

2 2 3

EXAMPLE6 Find the expansion of{3x -2ax+3a ) using binomial theorem.

SOLUTION We have,

(3x'^-2ax+ 3a^)^

3 2 2 24 16 32 16

^)'W~x^jx^\^
X

= {l-12 + 6) + {2x-6x)+ -x^~x
a K X

2 3 4
r A X X

= -5-4a: + — + — + +

[NCERT]

|(3x^ -2flx) + 3fl^|
= ^Cq {3x'^-2axf {3a^f + (3at^ ~2ax)^ {3a^) + ^€2 {3x'^-2ax)^ (3a^)

+ ^C3(3x^-2axf(3a^)
= (3x^-2ax)^ + 9a^ (3x^-2ax)^ + 2?/ (3^-2ax) + 2?/

= 1 ^Cq (3:c^)^(-2flA:)^ +^C^(3xY (~2ax)^+^C2 (3x^) (~2ax)^+^C^ (3xY (-2fl.v)^|
+ 9a^ (9x^ ~12ax^ + 4a^ x^) + 27a‘^(3x^ -2ax) + 2z/

= (27:c^ -54 x^ a+ 36x^ ^ - 8x^ a^) + (8U-^ a‘ -108x^ + 36x^ a‘^)

+ {81x^ /-54^:fl^) + 27/

= 27x^ -54A + 117a:^ -116x^ +117x^ -54x/ + 27rt^

All
1

EXAMPLE? Using binomial theorem, expand x + -
y

SOLUTION We have.
11 aO /1 A1 11 111

Cn XX + —

y \y y yj

-^iir+ C4 X —

a5 ( - a6 4flf (^ A®
4- Hr ^+ Co X —

vVy y) y y y

2 1
10 11/. ^

+ X 1 111 11

+ Cg X + “C 11

yj ,y y)
10 9 8 7 6 5

= x'^ll^ + 55 ^ + 165 -^ + 330 ^ + 462 ^ + 462 ^
y2 y3 ,4 ,5 ,6y y y y

330x^ 165.t^ 55x^ llx 1
+ + + +

7 8 10 11

y y y

n
n

Q 3" = 4
H

EXAMPLES Prove that 2 [NCERTl
r = 0

SOLUTION We have,

a, xJi . n,-. , n,^ 2 7f/-> H+ x) — Cq + X + C2 X + ... + Cfj X
n

n

2 "CV x''
r = 0

(1+x)or.
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Putting :ic = 3 on both sides, we get
nn

Z "C, 3'' or, 4" = 2 "Q 3^
r = 0

(1 + 3)'
r = 0

Type III ON APPLICATIONS OF BINOMIAL THEOREM

EXAMPLE 9 Find an approximation of{0.99f using thefirst three terms of its expansion.

SOLUTION We have,

(0.99)^ = (1 - 0.01)^ = f 1 - —

INCERT]

\5

100 j

r 1 f1 fx2

+ ^C2 X f — + ^cA-1
-"C5-^c= ^Co-^Cix HiooJ 100^100100 100,

10 5 110
++

(100)^ (100)^100 10000 1000000

[Neglecting fourth and other terms]= 1 - 0.05 + 0.001 = 0.951

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 10 Using binomial theorem, compute the following:

(iii) (10.lf(ii) (102)^(i) (99f
SOLUTION (i) We have,

(99)^ = (100-1)^

= ^Cq X (100)^ - X (100)^ + ^C2 X (100) ^ X (100)^ + ^€4 x (100)^ -% x (100)
= (100)^ - 5 X (100)^ +10 X (100) ^ -10 X (100)^ + 5 x 100 -1

= 10^° -5x10® +10^ -10®+5x10^ -1

= (10^° +10^ + 5 X 10^) - (5 X 10® +10® +1) = 10010000500 - 500100001 = 9509900499.

0

(ii) We have.

(102)® = (100 + 2)®

= ®Co X (100)® + ®Cj X (100)® X 2 + ®C2 X (100)^ x 2^
+ ®C3 X (100)® X 2® + ®C4 X (100)^ X 2^ + ®Cs X (100)^ x 2® + ®C^ x (100)° x 2®
= (100)® + 6 X (100)® X 2 + 15 X (100)^ x 2^ + 20 x (100) ® x 2® + 15 x (100)^ x 2^

+ 6x(100)^x2®+2®
= 10"" + 12 X 10"“ + 6 X 10^ + 16 X 10^ + 24 X 10® + 192 x 10^ + 64
= 1126162419264.

12 10

(iii) We have,

(10.1)® = (10 + 0.1)®

= ®Cq X (10)® X (0.1)° + ®Cj X (10)^ X (0.1) + ®C2 X (10)® X (0.1)^ + ^C3 X (10)^ X (0.1)®
®C4 X (10)^ X (0.1)^ + ®Cs X (10)° X (0.1)®

= (10)® + 5 X 10^ X 0.1 + 10 X 10 ® X (0.1)^ + 10 X (10)^ X (0.1) ® + 5 X 10 X (0.1)^ + (0.1)®
= 10® + 5 X 10® + 10^ +1 + 5 X 0.001 + 0.00001

= 100000 + 5000 +100 +1 + 0.005 + 0.00001 = 105101.00501.

+
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n+ 1
, when a: = 8. Deduce that

[NCERT]

EXAMPLE 11 Write dozvn the binomial expansion of (l + .x)

-Sn-9 is divisible by 64, where n is a positive integer.

SOLUTION We have,

(1 + x)

n+ 1
9

n+ 1n+ 1^ 2
C2X

H+ 1

C3X^+...+
w+ 1H + 1 M + 1/-. , n + l/~.

— L.Q 4- Cj X + +

Putting a: = 8, we get

(1 + 8)

9«+ 1

(8)"^^ ...(i)Cl (8)^"'" ^02(8)^ + ”■^^03(8)^ +...+"■'

C2 (8)2 + "-^^C3 (8)3+... + ”^^C„^i(8)

C2 + (8) + ^C4 (8)^ +... +

« + 1 n + 1 1

Cq +

= l+(tt + l)x8 +

n+ 1

n+ 1n+ 1

1(8)"“^}-8tj-9=(8)^ j9"+ 1 H + 1

JI +

)l+ 1

- 8/1 - 9 = 64 X an integer

- 8n - 9 is divisible by 64.

EXAMPLE 12 Using binomial theorem, prove that 6” - 5/i always leaves the remainder 1 when divided

by 25.

SOLUTION We have,

6"-5/1 = (1+5)"-5/1

6” -5/1 =

9

9"+ 1

[NCERT]

Cq + "Cl X (5) + "C2 X (sf + "C3 X (5)^ +... + "C„ X (5)

6" -5/1 = 1 + 5/1 + "C2 X 5^ + "Ca X 5^ +... + "C„ X 5" -5/i

6"-5/1-1 = "C2x5^ + "C3x5^+... + "C„x5

6" -5/1-1 = 5^ l"C2 + "C3 X 5 + "C4 X 5^ + ... + "C„ X 5

rtH
-5/1

I
n-2

6" -5/1-1 - 25 X an integer

6" - 5/1 = 25 X an integer + 1

6" -5/1 leaves the remainder 1 when divided by 25.

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

Type IV ON EXPANSION OF A BINOMIAL BY USING BINOMIAL THEOREM

EXAMPLE 13 Using binomial theorem, expand j(x + i/)^ +(x-y)^j and hence ifnd the value of
|(72+1)®+(V2-1)5 ..
SOLUTION We have,

(x + yf+{x-yf

Putting x = f2 and y = 1, we get

= 2fx^ +10xV +5xy^5 5^ 3 2 5^ 1 4I
2| Cq X + C2X y + C4A: y|

{f2+lf = 2 |(V2)^ + 10 (V2)^ + 5 V2|= 2(^472 + 2072 +5 72^=58 72
EXAMPLE 14 IfO be the sum of odd terms and E that of even terms in the expansion of{x + of, prove
that:

2n2n
(i)

(iii) 2(0^ +E^)=(x + a)

c2 / 2 2j
E ={x ~a ) -(x-a)(ii) 4 0E=(x + a)

2/1 2«
[NCERT EXEMPLAR]+ {x-a) .

 

 



 

 

MATHEMATIC&-XI17.10

SOLUTION We have,

Cq / + ”C2 ;e

n-l , ^+ C„ a
n

H

n- 3 3n-2 2 nn n

(x + a) Cl a:a +... + a +...

(x + a)’" = O + E ●●●(i)

n- 3 .3H - 1 1 «/-.
fl + C2 a:

n-2 .2n n

Cq x'" - ”Ci a: -”C3X

+ "C

and, (a: - a) a a +...

«-l «-l

+ "C„(-1)%
H

"-\^ + ’'C3X

a
n -

-2 2 n-3 3n n

Cq / + ”C2/
H

(x-a) Cl a:a +... a +...

(x-af = 0-E

(i) Multiplying (i) and (ii), we get

{x + af{x-af = (0 + £)(0-£)

●..(ii)

(ii) We have.

40£ = (0+£)^-{0-E)^

|(Ar + fl)"| -|(Ar-fl)”| [Using (i) and (ii)]4 0E =

2n 2n
40E = {x + ar‘-{x-a)

(iii) Squaring (i) and (ii) and then adding, we get

(a: + a)^ -¥{x-a)
2n

= (O + E)^ + (O -E)^ =2(0^+ e\

Type V ON APPLICATIONS OF BINOMIAL THEOREM

or, 10,000?
1000000

[NCERTlEXAMPLE 15 Which is larger{1.01)

SOLUTION We have,
1000000

(1.01)

= (1 + 0.01)

1000000

-10000

1000000
-10000

1000000

C2 (0.01)^+...
= (1 + 1000000 X 0.01 + other positive terms) -10000

= (1 +10000 + other positive terms) -10000
= 1 + other positive terms > 0

(1.01)

EXAMPLE 16 If a and b are distinct integers, prove that a” - b” is divisible by {a - b), whenever neN.
[NCERTl

1000000 1000000 1000000
^1000000 ^ (0.01) -10000Cq + Cl (0.01) + .+

1000000
>10000

SOLUTION We have,

= {{a-b)+b\

a" ='‘Cq {a-bf+''C^ {a-b)

-&"=(fl-&)'' + "Ci {a-b)

n n

a

“~h^+'‘C2 {a-b)

""^l7^ + "C2 {a-b)

+...+”C
H-1

+ "C„b
n

{a-b)b

{a-b)b‘‘ ^

n-l

«-2^2 X
n n

^ a 71-1
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Clearly, RHS is divisible by (a-b). Hence, fl” -b" is divisible by (a -b).

EXAMPLE17 Using binomial theorem, prove that >100^^+99^^. [NCERT EXEMPLAR!

II-1 II-2 ”-^b'^ + ... + ‘‘CIt

b + "C2 (a -b)
It

+ ^Ciia-b)=> a
II-1

SOLUTION Let a: = 101'"'^ and y = 100^° + 99^°. Then,
50

x-y = lor'^ -100^° -99^*^
50

50 50 50

x-y = lOr'' -99-^" -100

x-y = (100 + 1)^°-(100-1)
50 50

100

50

Cj X 100^^ + ^°C3 X 100^^ +... + ^°C49 X 1001 -100
50

X-y = 2

50 50 47 50 50
AT-y = 100 +2x C3 X100 +... + 2X C49XIOO-IOO

x-y = 2x^^C3x100^^+... + 2x^°C49x100

a: - y = « positive integer

x-y>0 => A:>y => 101^° >100^^ + 99
50

EXERCISE 17.1

BASIC

1. Using binomial theorem, write down the expansions of ^e following:
(i)(2i+3y)® (u)(2i-3y)^

1
(iv) (1 - 3xf(iii) AT—

X

aX

(vii) i^-Jx - (viii) (1 + 2a: - 3x^)'(v) ax —
I ^

( 1")^
(ix) AT+1--

l XJ

2. Evaluate the following:

(i) (l + 2 4if +0.-2 4if

(iii) (3 + 42f -(3-4if

(V) (43 + if -(43-if

(vu) (43+42f-(43-42f

(vi)
in ix

(x) (1-2x+3xY

(ii) (V2+1)^+(V2-1)^

(iv) (2 + ^f+(2-^f

(vi) (0.99)^ + (1.01)^

[NCERT]

●x6 4\6 / r—

.Jx + 1 -^x -1 (ix) X + Jx^(viii) ^x + 1 +^x-l
\

-1-1+ + x-

(x) ■ -1 I +|/-yja^ -1 | [NCERT, NCERT EXEMPLAR!

4 4 /'
3. Find(fl + b)^-(<7-6)^.Hence,evaluate ^3 + 1 - V3

\ / \

4. Find (a: +1)^ + (x -1)^. Hence, or otherwise evaluate (V2 +1)^ + ^/2 -1)^.

x4

- V2 . [NCERT]

[NCERT]

 

 



 

 

17.12 MATHEMATICS-Xl

BASED ON LOTS

5. Using binon\ial theorem evaluate each of the following:

(i) (96)^ INCERT] (ii) (102)^ [NCERT] (iii) (101)^ [NCERT] (iv) (98)^ [NCERT]

- 7« -1 is divisible by 49, where neN.

- 8« - 9 is divisible by 64, n e N.

- 26n -1 is divisible by 676.

BASED ON HOTS

9. Using binomial theorem, indicate which is larger(l.l)

10. Using binomial theorem determine which number is smaller (1.2)

11. Find the value of (1.01)^^ + (1 - 0.01)^^ correct to 7 places of decimal.

-15n-16, where n e N is divisible by 225.

3n

6. Using binomial theorem, prove that 2

7. Using binomial theorem, prove that 3

8. If n is a positive integer, prove that 3

2n+ 2

3«

10000
or 1000? [NCERT]

4000
or 800?

4«+ 4
12, Show that 2 [NCERT EXEMPLAR]

ANSWERS

1. (i) 32 + 240 x^i/ + 720 x^y^ + 1080 + 810 xy"^ + 243 /

(ii) 16 x^ - 96 x^y + 216 x'^y^ - 216 xy^ + 81 y^

(iii) >:^-6:c^ + 15:c^-20 + ^--^ + ^
1

6
x X X

(iv) 1 -21a: + 189:c^ -945x^ + 2835x^ -5103x^ +5103x^ -2187x^

6ab^
(v) a^x^ - 6 a^x% + 15 a^xh^ - 20 +15 ^ +

4 6
X x X

2 2 _33

, X , X X
(vi) _ - 6 -y + 15 -

(VU) X^ -6x^/3 + 15 X^/3 „2/3 _ 20 ^ 15 ^2/3 ,4/3 _ ^ ^1/3 ^5/3 ^ ^2

(viii) 1 + lOx + 25x^ - 40x^ - 190x^ + 92x^ + 570x^ - 360x^ - 675x® + 810x^ - 243x^°

(ix) x^ + 3x^ -5 +

(x) 1 - 6x + 21x^ - 44x^ + 63x^ -54x^ + 27x^

2. (i) 2 (1 + 40x + 80x^) (ii) 198 (iu)1178V2 (iv) 10084 (v) 152 (vi) 2.0020001

(vii) 396 V6 (viii) 16x (4x^ - 3) (ix) 64x^ - 96x^ + 36x^ - 2

(x) 2/ +12/ -lOfl^ -4fl^ + 2

3. 8{a^b + ab^),A046 4. 2(x^ + 15x^ + 15x^ +1), 198

(ii) 11040808032 (iii) 104060401

- 20 +15 - - 6 ^
^ x^

a

3
X

(iv) 9039207968

11. 2.0090042

5. (i) 884736
10000

9. (1.1) >1000 10. 800
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HINTS TO SELECTED PROBLEMS

2. (vii) We know that (a: + o)" - (x - a)” = 21

■ (V3+V2)^-(V3-V2)^= 2|^Cl{V3)^V2)^+^C3(V3)^V2)^ + ^C5(V3)^^/2f}
= 2 (6 X 9 X -^6 + 20 X 6 X y/6 + 6 x 4 x -^/6)

= +120V6+24V6l = 2x198^6 = 396^6

"“V + "C3X
n-3 .3

a

(x) Using (x + fl)” + (x - fl)” = 2 I + ”C2X
n-2 2

fl +...kweget

4

-1 ^

1 +^C2(aVf^
— \2 / ,—
1 4^ , 2^4 rr
1 +€4(0)

0

4/-. / 2v0 f rr
Co (fl ) yja

\

= 2^ -1

= 2 (fl® + 6fl^ -5/ - 2fl^ +1) = 2.7® + I2a^ - lOo^ - 4a^ + 2

3. Using (x + a)" - (x - a)" = 21

{a + bf-{a-b)‘^ = 2|^Cifl^&^ +^030^^1 = 2(4a^& + 4flb^) = 8ab{a^+b^)

(V3 + V2)^ - (V3 - V2)^ = 8-^3 X V2 |(V3)^ + {^2}^ | = 40V6

4. Using(x + fl)” + (x -fl)" =2|^”Cqx” + ”€2 x
(X +1)^ + (X -1)^ = 2f ^Co;c^ + ^C2X^ + ^C4X^ + ^Qx

?I - 1 1 U/^
CjX a + C3X

X- 3_3n

a' + we get

x-2 _2
a +... , we get

0
= 2(x^ + 15x^+15x^+l)

Putting X = y/2, we get

(V2 + 1)^ + (V2 -1)^ = 2 |(V2)^ + 15 (V2)^ + 15 (V2)^ + l| = 2 (8 + 60 + 30 +1) = 198

5. (i) 96^ = (100-4)^

= ^Cq (100)^ (4)^^ - ^Cj (100)^ (4)^ + ^C2 (100)^ (4)^ - (100)° (4)^
= 10^ -12 X 10^ + 4800 - 64 = 1000000 -120000 + 4800 - 64 = 884736

(ii) (102)^ = (100 + 2)^

= ^Cq (100)^ 2' ^Ci(lOO)'^ X 2 + ^C2 X (100)^ X 2^ + ^C3 x (100)^ x 2^

+ ^C4 X (100)^ X 2^ + % X (100)° X 2^
= 10^° + 10^ + 40 X 10^ + 80 X 10^ + 80 X 10^ + 32 = 11040808032

+

 

 



 

 

17.14 MATHEMATICS-XI

(iii) (101)^ = (10^ +1)^

= ^Co (10^)° + ^Ci(lO^)^ + ^C2 (10^)^ + (10^)^

= 1 + 400 + 6 X 10^ + 4 X 10^ +10® = 104060401

+ ^C4 (10^)

(ix) (98)^ = (100-2)®

= ®Co (100)® - ®Ci(100)^ X 2 + ®C2 X (100)® X 2 - ®C3 X (100)^ x 2®

+ ®C4 X (100)^ X 2^ - ®Cg X (100)° X 2®

= 10^° -10° + 40 X 10® + 8000 - 32 = 1039207968

+... + ”C„ x° fl", we get9. Using (x + fl)" =”Cox”ii° + “CjX

= fi.i

n-l 1

a + C3X
n-3 .3

a

10000
10000

(1.1)
10

10000n2 1 ■)
Cjx —

10000-
^10000

10000 10000 10000
Cq + +... ++

10lOJ10

10000
if n1000010000

^10000= 1 +1000 + C2 X 	 + ... +

10lOJ

10000

r M'C9 X 	
2 [10)

110000 10000-

^10000
10000

(1.1) -1000 = 1 + + ...+

10

1000010000
-1000>0 => (1.1)

4(h+1)

> 1000(1.1)

4n+4
-15«-15-1

-15 (« + !)-!

= 16"^ ^-15(h + 1)-1

= (1 ^-15)"^^-15 (n + l)-l

Ci(15) +”■' ^ C2 (15)^ +"■' ^C3(15)®+

12. 2 -15n-16 = 2

= (2’)
4sH+1

n+1

n+1
«+l

Cq +

«H-1 n+1
(15) -15 (n + l)-l^n+1+

= jl+15 (h + 1) +
rt+1

C3 (15)®+...+
n+1n+1

C2 (15)^ +”■*■ ^ C„.i(15)

-15(n + l)-l
n-ln+ 1 n+ 1 n+ 1

(15)C2 + C3 (15) +...+ ^n+ 1= 225

- 225 X A natural number.

4n+4

-15n -16 is divisible by 225.

17.4 GENERAL TERM AND MIDDLE TERMS IN A BINOMIAL EXPANSION

Hence, 2

We have.

r r . , /I— ^0 n
fl +... + C.JJ X a{x + fl)” = "C„*%“ + "Cix

n- 1 1 n—

a + C2X
n-
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= Cqx a

The second term = x

The third term

We find that: The first term

H-1 1
a

n-2 2n

C2 X

The fourth term = x

We thus observe that the suffix of C in any term is one less than the number of terms, the index of
a: is n minus the suffix of C and the index of a is the same as the suffix of C.

Hence, the(r + l)th termisgivenby "Q x^~^ /.Thus,if jdenotes the (r +1)^*^ term, then
n-r r

= Cr X a

This is called the general term, because by giving different values to r we can determine all terms
of the expansion.

Since, (x-fl)” -{x+ (-«)}”. So, the general term in the binomial expansion of (x-fl)" is given by

^r+l="Qx"-''(-fl/=(-l)^”Qx

In the binomial expansion of (1 + x)”, the general term is given by

= "C, x''

In the binomial expansion of (1 - x)”, the general term is given by

= (-1/ "Q /

NOTE: In the binomial expansion o/(x + <7)”, the r*^' term from the end is ((n + l)-r + l)

= {n-r + 2)th ter?n from the beginning.

17.4.1 MIDDLE TERMS IN A BINOMIAL EXPANSION

The binomial expansion of (x + a)” contains {n +1) terms. Therefore,

a

n— 3 3 j
a , and so on.

n-r r

a

th
ft

(i) If n is even, then — +1

(ii) If n is odd, then ^
2

term is the middle term.

th th
n + S

and terms are the two middle terms.
2

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

Type I ON FINDING THE GENERAL TERM OR AN INDICATED TERM IN THE BINOMIAL EXPANSION OF
SOME GIVEN EXPRESSION

^ 6

EXAMPLEi Write the general term in the expansion of{x - y) .

SOLUTION We have, (x^ - yf =

[NCERT]

The general term in the expansion of the above binomial is given by
12-2r r6,-. , 2',6-r

Q (x )
r 6

[V T,^1="C, X
H-

(-#= (-1) Cr X y

12
2

EXAMPLE 2 Find the 10th term in the binomial expansion of 2x + —
xj
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SOLUTION We know that the (r + l)th term in the expansion of (.r + fl)" is given by

= "Q a

( 2 1^
Therefore, in the expansion of lx + —

12

, the tenth term T^q is given by
xj

2^12-9^ Here: n = 12, r = 9, x = 2x^ and a = —12

C9 (2x")T = Z10 9+ 1
XKxJ

12x3 1 12
I X — =

12

C9 (lx-)T’lO 39
JX

8 12x11x10 1760 12 1212
C9 - C3ho - C3 -3 33x2x1 X XX

12

3aX

EXAMPLE 3 Find the 9th term in the expansion of —
V x^

SOLUTION We know that the (r + l)th term in the expansion of (x + af is given by
n-T r

= Cf x a

a

h + i

12

3a

Therefore, in the expansion of — , the 9th term Tg is given by2
a

X J

,88 4 /■12-8 / 4
fx^

Cs -
3a3a 12

C4 X 3® X12^̂8
X12

h - ^8 + 1=>
1222

XX JX J

- /12- -12 4x0
T9 = ( C4 X a )3

8

5fAx

EXAMPLE 4 Find the 6th term in the expansion of 2
T 9

5 'l4:c4x

SOLUTION Clearly, = < — +

2x5 2x 5

x9-5
5f9^ f 4x

= ^5 ~r [V T,^i=:"Qx
n - r r-i

a ]h = h^l=
5 j I 2xJ

-

- - C4
(Ax^^f 5 ff . \4

^ 4x1^6 - ^ [V ^C5=^C4l
I 5 2x2x;.5 / \

5=9x 8x7 X 6 5040

T'6 = -
2®x®5^4x 3x2x1 X

/ \

18

EXAMPLES Find 13th term in the expansion of 9x ^ INCERT],x?6 0.
3^x

SOLUTION Clearly,
18xl8

1 -1
= 9x +9x-

[3^)3-fx
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1212
1118-12

^13 “^12+1“ ^^^12

- Cg X y X X X ^2 g
<j X

3^fx3^j
18!18

= 18564Q =
1216!

3f
3 X'

EXAMPLE 6 Find the 4th tenn from the end in the expansion of —^~~z
X o

SOLUTION Clearly, the given expansion contains 8 terms.

So, 4th term from the end =(8 - 4 + l)th =5th term from the beginning

7-4/ 3^
7c f 3U4 —

X

Required term =75 = T^+ ■[ 6

3/ / 'x\f 12 ^
7x6x5 3^ x_
3x2x1 6^

\3
35 6
— X ^3?c 3^3 ~2

● ● V
● U4

X

486
j y \

25

1

EXAMPLE 7 Find the 11 th term from the end in the expansion of 2x-—^ .
X

SOLUTION Clearly, the given expansion contains 26 terms.

So, 11th term from the end = (26 - 11 + l)th term from the beginning i.e. 16th term from the
beginning

15
125-1525

Ci5 (2x)Required term = Tjg - \ 2
-X ;

^ 2
<^15^-

15 10
2525

2030
XX

Type IJ ON FINDING THE MIDDLE TERM(S)

2a:,

/ 2 2
EXAMPLE 8 Find the middle term in the expansion of -x-

\th
20

term i.e. 11th term is theSOLUTION Here n = 20, which is an even number. So, +1
V 2

middle term.

Hence, themiddleterm =Tn =Tio+1 =
3V"

20-10
2 2 102020

Cio XClO T ^
\ ^

X

EXAMPLE 9 Find the middle tenns in the expansion of 3x-—- .
6

^ 2x

3f

sf
_. . . ... X

SOLUTION The given expression is 3x- —
6

. Here n-7, which is an odd number.
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th th
7+1 7 + 1

So, and + 1 i.e. 4th and 5th terms are two middle terms.
2 J 2

13

r4=r3+i=^C3(3xf-='
105x3 7

C3(3x)^ -
D

Now, = (-l)
6 8

3)^ 3)^ 15
35 a*

T5=T^^.2=^Q(3x)
7-4 X 7f^ /n \3 X

= C4(3a) —■and.

I ' 6 48

13 15
105 A 35 a

Hence, the middle terms are -

III ON FINDING THE COEFFICIENT FOR A GIVEN INDEX (EXPONENT) OF THE VARIABLE

Find the coefficient ofx^^ in the binomial expansion of 2x^ -

and
8 48

11

S')EXAMPLE 10 , when x=^0.
xj

2 3^^
in the binomial expansion of 2a —

10
SOLUTION Suppose (r + l)th term contains a

xj

3Y
- = (-1)

11 2ai-r r 11
Now, ^r + 1 = Cr (2a") ...(i)

xj
10

, then 22 - 3r = 10 ^ r = 4. So, (4 + l)th i.e. 5th term contains a^^.ifr. contains ar+l

Putting r = 4 in (i), we get

Tj = (-1)“ "C42
10 11

11-4
x3^xa'0 ^

C4 X 2^ X 3^

11

C4 X 2^ X 3*^ X A
10

Coefficient of a

15

in the expansion of a** -
I X J

f 1
in the expansion of a^ —5

_ - O

32 -17

Find the coefficients ofxEXAMPLE 11 and X

15
32

SOLUTION Suppose (r + l)th term involves a
A

\r

115 4.15-r r 15 60-7r
Now, .T Cr(^’) = (-l) Cr ^r + 1 3

For this term to contain a , we must have: 60 - 7r = 32 => r =4.

So, (4 + l)th i.e. 5th term contains x^^.

Putting r = 4 in (i), we get

Tg = (-1)^ ^^C4 ^
Coefficient of a

15 32

C4 A .
32 15

C4 = 1365.
15

1
Suppose (s + l)th term in the binomial expansion of a^ -

-17
contains a

3
^ J

115 4sl5-s s 15 60-7s
Now, T Q (X-*) 3 =(-i) Qa ...(ii)s + 1

^ X J
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-17
,we must have: 60 - 7s - -17 ^ s==llIf this term contains x

-17

So, (11 + l)th i.e. 12th term contains x

Putting s =11 in (ii), we get
11 15 -17-17 15

[v"C,=”C„_,]-17 15
C4 XCii X

C4 = -1365.

Find the coejficient ofx y in the expansion of{x + ly) .

Suppose x^ y^ occurs in (r +1)^^ term of the expansion of {x + 2yf.

Ti2 = (-1) Cii a:

-17 15
Coefficient of x

INCERT]EXAMPLE 12

SOLUTION

Now,
9-r

X {2yf = X 2" X XTr + 1 = X (:r)

This will contain x^ y^, if 9 -r = 6 and r = 3 => r = 3

9-r r

xy

9x8x7x6!9!
x2^ =Coefficient of = ^C3 x 2^ = X 8 = 672

3!x 6!3!6!

40 2 27

EXAMPLE 13 Find the coefficient ofx^ in the expansion of{l + 2x + x ) .

SOLUTION We have.
27

{(1 +
542x27

= {l + x)(1 + 2x + x^)

occurs in (r +1)*^ term in the expansion of (1 +

Cr X

40

Suppose X

Now, + 1

For this term to contain a:^, we must have r - 40. So, coefficient of x

54

40 54
C40.

We know that the coefficient of in (1 + x)" is .

. /T v54 . 54,-n
m(l + x) IS C40.

A LITER

40
Coefficient of x

11

6 I 2 3 '
Frove that there is no term involving x° in the expansion of 2x —

f
SOLUTION Suppose x^ occurs in (r+ 1)^^ term in the expansion of 2x — .

X

Cr (-I)" 2

, where r ^ 0.EXAMPLE 14

sY 22- 3r11-r112xll-r11 s'" X ...(i)Cr (2x-)Nov/, jT. ^ I
xj

For this term to contain x^, we must have: 22-3r = 6=> r ~ which is a fraction. But, r is

a natural number. Hence, there is no term containing x^.

Type IV ON FINDING THE TERM INDEPENDENT OF THE VARIABLE

f 2 1
EXAMPLE 15 Find the term independent ofx in the expansion of 3x	

10

2x^J

SOLUTION Let (r + l)th term be independent of x in the given expression.
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lY110
Now, =

10 10-r 20-5r
Q 3 X

[ 2x^

This term will be independent of x, if 20 - 5r = 0 => r = 4.

So, (4 + l)th i.e. 5th term is independent of x. Putting r = 4 in (i), we get

I 2j

10 X 9 X 8 X 7 729 7654510

C4 3^ --
^ 2

76545

T5 = X

4x 3x2x1 16 8

Hence, required term =
8

EXAMPLE 16 Find the term independent ofx in the expansion of
n12 10

(i) fx-i f 1
(ii) 2x-±

X)

SOLUTION (i) Let (r + l)th term be independent of X in the given expression.

Now, T^+j

\r
12-rT 112 12 12-2r

Q XCrX
X)

For this term to be independent of x, we must have 12 - 2r = 0 =^> r = 6.

So, (6 + l)th i.e. 7th term is independent of x. Putting r = 6 in (i), we get
12

Ce (-1)*^ =
12

T7 =
12

Hence, required term =

(ii) Let (r + l)th term be independent of x in the given expression.

10-r

C6

1Y
- =(-i)

10 T 10 10-r 10-2r
Now, Tr+i = Cr (2x) Cr2 ...(i)X

X^

For this term to be independent of x, we must have 10 - 2r = 0 => r = 5.

So, (5 + l)th i.e. 6th term is independent of x. Putting r = 5 in (i), we get
10-5 10x9x8x7x65 10 10

Csx2^ =Te = (-1) C5.2 X 32 = - 8064
5x4x3x2xl

Hence, required term = - 8064

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

Type 1 ON FINDING THE UNKNOWN WHEN A RELATION BETWEEN TWO OR MORE TERMS IS GIVEN.

EXAMPLE 17 Find n, if the ratio of thefifth term from the beginning to the fifth term from the end in
( 1

the expansion of ^ + -^ isfe-A. INCERT]
¥3

SOLUTION We find that

th
Fifth term from the end = (n +1 - 5 +1)term from tlie beginning

= (n - 3) term from the beginning
«-4 /●

n-44

Cif/2
1

= ”C4x2 4 xi
^ 3

n-(n-4)/ j

n

Now, 75 -T4+ 1 =

\«-4

I
1n n

and. ^n-3 “^(h-4)+ 1 = = 'r X 2x«-4

1^3 n-4

3 4
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V6^5
It is given that —

«-3 1

«-4

1
n-4 ^ n-4 ^

=>2 4 X 3 4

n

C4 X 2 4 X —
^ 3 >/6

. L.4 - _ 4
n-4 I

n 4
C„ _ 4 X 2 X 3
n-8 ?j - 8

3 42 4 X

«-8 n -8

n-8
= —=> ji-8=2=> n = 10= 6^/2(2x3) 4 =6^/^ =>6 4

4 2

50

EXAMPLE 18 Find a, if 17th and 18th terms in the expansion of{2 + a) are equal.

SOLUTION We have,

%=ri6+l=“Ci6(2)

INCERT]

34 1650-16 16 50
C16 X 2a X a

33 1750-17 17 5050
Cand, ^18=^17+1= ^17

It is given that 17^^ and 18*^ terms are equal.
T^':’ =7i8

C16 X 2

X 2' X fla 17

i.e. 17

33 .1734 16 50,..
^17

50
X 2” X flX a

50c 17
50! 331171

34116!^ 50!
17a

16 X 2=1X 2 =X 2 = ^ a =
50 16 34
^17 a

Tijpe II ON MIDDLE TERM{S) IN A GIVEN EXPANSION

EXAMPLE 19
2n .

Show that the middle term in the expansion o/(l + x)
l-3-5...{2n-l)

IS

t -X [NCERT]
«!

SOLUTION The exponent of (1 + x) in (1 + x)^ is an even number lit
sth

2n 2n

i.e. {n +1) term is the middle term in the binomial expansion of (1 + x) .So, y + 1

(2n)!

(2n-«)!«!

1 - 2 ● 3 ● 4 ● 5 ● 6... (2m - 3) (2n - 2) (2n -1) (2«)

2n - « n 2n2ii n n

XNow, T. 0.(1) Xn+ 1 - n

H
X

n!n!

. (2m-2)(2w)|

|i-3-5...(2m-3) (2n-l)||l-2-3...(n-l) («)|2”

|l-3-5...(2n-3) (2«-l)|| 2-4-6..
.1

n\n\

n

n\n\

|l-3-5...(2n-3) (2«~1)|m!-2
n n

● X

1-3-5...(2n-l) 2”x"
n!n\n\
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,2«
/ 1

Show that the middle term in the expansion of x —

l-3-5...(2;i-l)

EXAMPLE 20 IS

n

(-2) [NCERT EXEMPLAR]
n\

7n th
( 1

SOLUTION The exponent in x —
\

term is the middle term and is given by
iT

n! nl

2n th
is an even natural number. So, — +1

2
i.e. (rt +1)

xj

n

(-1) l-2-3-4-5-6...(2n-l)(2n)2n 2n-n n n

^1+ 1 - C„ W x(-l)X X
n

n\n\X

|l-3-5...(2«-l) II (2«-2)(2«)}2-4-6...
n

^n+ 1 - x(-l)
nlnl

|l-3-5...(2n-l) ||l-2-3...(n-l) ti

+ 1 - ' x(-l)

l-3-5...(2«-l)

n!rt!

2tl / ●! xrtX (-1) =
l-3-5...(2«-l) n

+ 1 - x(-2)
;i! n\

2ji
EXAMPLE 21 Prove that the coefficient of the middle term in the expansion of{l + is equal to the

2n-l
su7n of the coefficients of middle terms in the expansion of [\ + x) INCERT]

2it
SOLUTION As discussed in the previous example, the middle term in the expansion of (1 + x)

is given by .t”.n

So, the coefficient of the middle term in the expansion of (1 + x)^ is
2n-l

n

Novkf, consider the expansion of (1 + x) . Here, the index (2n -1) is odd.

th \th
(2/i-l) + l (2n-l) + l th

So, and i.e. « and (n +1) terms are middle terms.+ 1
2 2

^j-1 (l)(2n-l)-(n-l) ^
1-1 2n-l n-1

Now, -^(n~l)+ 1 =

2h-1 2n-l n

and. '^n+ 1 C„ Xn

2n~l ln-1^
Qj-1 ‘So, the coefficients of two middle terms in the expansion of (1 + x)

2n-l

andare

C...

2/t-V 2tt-l
Sum of these coefficients = C+

n

2n tt+ 1
[V +C Q]n ~ n

2n

= Coefficient of middle term in the expansion of (1 + x)

Tijpe III ON FINDING THE COEFFICIENT OF A GIVEN EXPONENT OF THE VARIABLE

EXAMPLE 22 Find the coefficient ofx^ in the expansion of the product (1 + 2x)^ {1 -x)^.
SOLUTION We have.

(NCERT)
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1 + % (2x) + ^C2 (2:*:)^ + (2xf + {2xf + % {2xf + (2j:)^|
4i- 7Ci:c-.^C2:t"-"C3x3H-^C4:.^-^C5X^+...

= (1 + 12x + 60x^ +160x^ + 240x^ + 192x^ +...)

X (1 -7x + 21x^ - 35x^ + 35x^ -21x^ +...)

Coefficient of x^ in the product = 1 x (-21) +12 x 35 + 60 x (-35) +160 x 21 + 240 x -7 +192 x 1

= - 21 + 420 - 2100 + 3360 -1680 +192 = 171

10

Find the value of a so that the term independent ofx in + “y

f

SOLUTION Let (r + 1)* term in the expansion of +-^

Now,

is 405.EXAMPLE 23

10

be independent of x.

5-^:/ .

2 a
1010 10-r a

Cr {^) Cr XTr.l 2

This will be independent of x, if

5_I_2r = 0 => 5-— = 0 => 5 = — ^ r = 2
22 2

10

C2Putting r = 2 in (i), we get: T3 =

It is given that the term independent of x is equal to 405.

C2 a^ = 405 => 45fl^ = 405 => = 9 => a = ± 3

Type IV PROBLEMS RELATING TO COEFRCIENTS IN A BINOMIAL EXPANSION

In solving the problems relating the coefficients in the binomial expansion we generally use the
following results:

(i) Coefficient of (r + l)th term in the binomial expansion of (1 + x)" is "C^.

(ii) Coefficient of x^ in the binomial expansion of (1 + x)” is .

(iii) Coefficient of./ in the expansion of (1 - x)“ is (-1)^ "C^ .

(iv) Coefficient of (r +1) th term in the expansion of (1 - x)” is (-1)^ ”Cr.

EXAMPLE 24 In the binomial expansion of{I +1^)

10

, prove that the coefficients ofa'^ and a" are equal.
[NCERT]

SOLUTION Let A and B be the coefficients of a”^ and <?” respectively in the expansion of
(l+«)

m + n

rn+n

.Then,

(m + n)!m + n m + n

A - Coefficient of a”‘ in the binomial expansion of (1 + a) ...(i)C
m

mini

(m + n)lm+ n m + n

B = Coefficient of fl” in the binomial expansion of (1 + /?)

Clearly, A = B i.e. the coefficients of fl"' and a" in the binomial expansion of (1 + a)

EXAMPLE 25 Provethatthecoefficientsofx" in {\ + x)^ is twice the coefficient of x'^ in (1 + x)

...(ii)C„
mini

m + n

are equal.
2h-1

INCERTl
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2n
SOLUTION Let A and B be the coefficients of in the binomial expansions of (1 + x)

2«-l

and

(1 + x) respectively. Then,

A = Coefficient of x' in (1 + x)
{2n)\ (2n)(2n-l)! o {2n-V)\

(n-l)!rt!

2n 2n
cn ~

n\n\ n{n-l)\n\

and.

(2n-l)!2ji - 1 2« - 1
B = Coefficient of x” in (1 + x) C -(ii)n

(«-l)!n!

From (i) and (ii), we find that:

A = 2B i.e. Coefficient of x” in (1 + x)
2n 2JI-1

= 2 X Coefficient of x" in (1 + x)

EXAMPLE 26 /?i the binomial expansion of (a + bf\ the coefficients of the fourth and thirteenth terms are

equal to each other. Find n.

SOLUTION The coefficients of the fourth and thirteenth terms in the binomial expansion of

(a + b)’^ are ”C3 and respectively. It is given that:

Coefficient of 4th term in (f? + = Coefficient of 13th term m{a + b)

C3 =”Ci2 => n = 15

»

[v => x = ij,orx + y=n]

EXAMPLE 27 Find a positive value of mfor which the coefficient ofx^ in the expansion of{l + xf" is 6.
[NCERT]

SOLUTION We know that the coefficient of x^ in (1 + x)” is . Therefore, coefficient of x^ in

(1 + x)”’ is ”*C2- It is given that the coefficient of x^ in (1 + x)^ is 6.

, '»C2=6^^^^^=6^ 2!

=> 7n^-m =12 => riP' -m-12 = 0 => {m - A} {m + 3) =0 => m - 4 = 0 m = 4.

EXAMPLE 28 If the Coefficients of{r - and (2r -1)^^ terms in the expansion of (1 + .x)

find r.

SOLUTION

Therefore, Coefficients of (r - 5)^^* and (2r -1)^^' terms in the expansion of (1 + x) ^ are
34

and C2r _ 2 respectively. It is given that these coefficients are equal

_ 34,-.
r - 6 - ‘“2r - 2

n

[●.■ m + 3 0]

are equal,

INCERTl

We know that the coefficient of term in the expansion of (1 + x)" is ”C^ _ j.

34

r-6

34
C

= ”Cg => r = s OT, r + s =nr-6 =2r-2 or, r - 6 + 2r - 2 = 34

[-.● r - 6 = 2r - 2 ^ r = - 4, which is not possible]3r - 8 = 34

3r=42 => r=14

Type V PROBLEMS BASED ON CONSECUTIVE TERMS OR CONSECUTIVE COEFFICIENTS

If consecutive terms or coefficients of consecutive terms in the expansion of (x + aff are given,

we assume that the consecutive terms are , (r +1)* and (r + 2)'^ i.e. 7J- , 7^ + j and + 2-
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T.
and—

^r-l

n-r +1 ar+ 1
. It should be noted thatIn case of consecutive terms, we find

TrTr Xr

Ihth
(r +1) coefficientcoefficientr

In case of consecutive coefficients, we find the ratios— and
thth

(r + 2) coefficient

etc. to get equations and solve them. In computing these ratios, we may use the following
results:

(r +1) coefficient

n

cn

_ n-r + 1

cTZ

EXAMPLE 29 The coefficients of three consecutive terms in the expansion o/(l + x)” are in the ratio
1:7:42. Findn.

SOLUTION Let the three consecutive terms be rth, (r+l)th and (r + 2)th terms. Their

coefficients in the expansion of (1 + x)”are”Cr _ i/”Cr and j respectively. It is given that,

r+ 1 n-r

and
nn r + 1Crr

[NCERT]

n n

Cr 7^ =1 and
Cr 7

H
= l:7:42.i.e.

nn 42C r+1

n

Cr-1 1 n-r + 11r
= - => n-8r + l = 0Now,

nn n~r+l 77 Q-i r
Cr

n

Cr+ 1r + 15l_ - Z

Cf + 1

— => n-7r-6
n-r

...(ii)= 0and,
n r + 1n 42 6 Qn -r

Solving (i) and (ii), we get r = 7 and n = 55.

EXAMPLE 30 In the binomial expansion of{l + xf, the coefficients of the fifth, sixth and seventh terms

are in A.P. Find all values ofn for which this can happen.

SOLUTION The coefficients of fifth, sbcth and seventh terms in the binomial expansion of (1 + x)

C5 and "C^ respectively. We are given that ”€4 , "C5 and are in A.P.

2 "C5 = "C4 + "Ce

n ti11/^

are C
4'

«n

C4 C6 [Dividing both sides by ”05]2 = +
H n

C5 "C5

”cy _ n-r + l

Cr-l

n -55
2 = +

n
6«-4 r

30 + (n-4) (n-5)
2 =

6 (n - 4)

12n-48 = 30 + «^-9n + 20 «^-21tt + 98=0 => (n-14)(n-7) = 0 => n = 7,14.

EXAMPLE 31 If the coefficients ofd

that n^ - n (4r + 1) + 4r^ - 2 = 0.

- 1 r r + 1
,a ,a in the binomial expansion o/(l + of are in A.P., prove

[NCERTl
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SOLUTION The coefficients of d \ d and a

Q and "C

2"C, =

Q-i

r+ 1 n

in the binomial expansion of (1 + a)

I respectively. It is given that _ y and "C^ + j are in A.P.

are

n n

Cr_i/ r +

n n

Q + 1
2 = +

w n

Cr Cr

n
« -r +1Qn -rr

2 = +

« -r +1 r + 1 n

Cr-1 r

r(r + l) + (n-r) {n-r + 1)
2 =

(r + 1) (n-r + 1)

2|(«-r + l) (r + 1)} = r (r +1) + (n - r) (n - r +1)

2 2 2 2
2nr-2r +2n + 2=r +r + n -2nr+r +n-r

-4«r-J7 + 4r^-2 = 0 => -n(4r + 1) + 4r^-2 =0

EXAMPLE 32 The coefficients of{r - rth and (r +1)^^* terms in the expansion of{x + 1)" are in the
ratio 1:3:5. Find n and r.

SOLUTION We know that the coefficient of rth term in the expansion of (jr + 1)” is _ i-

Therefore, coefficients of (r-1)*^, r^^ and (r + 1)^ terms are "Q

respectively. It is given that

Q_2:”C,_i:"Q =1:3:5

[NCERT]

n

_ 1 and ”C^2 '

n

n

Q - 1 _ 3

Cr_2 ^

n n

Cr n-r + 1 n-r+2 3 Q n-r + 1
= — and — and

n n n

Cr-l 3 3 r-1 1 Cr-lr r

^ 3n-8r + 3 = 0 and n-4r+5 = 0 ^ n=7 and r = 3

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

Type I ON FINDING THE UNKNOWN WHEN THE VALUE OF A TERM IS GIVEN

fl ●oglO^
EXAMPLE 33 If the third term in the expansion of —+ a: is 1000, then ifnd x.

X

SOLUTION We have, T3 = 1000
= 1000

n5-2

T
2+ 1

V flC2 -
V ■

loglO ^

= 1000 => 10(a:^°S10^)2
-3

= 1000X X

xj

-3

= 10^ => 2 logio X - 3 = 10^
2

=> 2y - 3 = —, where y = logio X

21ogiox-3= 100X X ^ X

2

21ogio^-3 =
logic ^

2y^-3y-2 = 0 (2y +1)(y-2) = 0 => y

y

1
= 2 or y = -~

^ 2
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1

loSlO ^ = 2or,logio3: = “=> ^ = 10^ = 100 or, a: =10
VTo'

6
1 1

Ij the fourth term in the expansion of ■ \ ^ ^ 12 ● is equal to 200 and x>l,EXAMPLE 54 + X

then find x.

SOLUTION It is given that T4 = 200
=> T = 200

3+ 1

3/26-3
.. J 1

^logA:+ 1 =200V12^3
=>

1
(X y =200 => 203 .		

]j^losx^l

3 1 1
+ -

^=10^1 1

j = logx 10
2 log X + 1

+^ X

2[lo$x + l^

+ 1=2. where y = logm x
2(y + l) 4 y' ^

313 1 1
H —	

4 logio X2^1ogioA: + l
6 + y + l

4(y + l)
= 1 => y^ + 3y-4 = 0 => (y + 4) (y-1) = 0=> y = 1,-4

y

=> logj^o X = I, -4=> x=10or, x = 10"^=> x = 10
EXAMPLE 35 For what value of x is the ninth term in the expansion of

^log3^

Iv x>ll

10

x-1

3(-l/8)log3(5'^ 1+1)+ 7

is equal to 180?+

SOLUTION We know that ^ =N.

10
10x-1 x-1+ 7 1/8x-1+ 1)

^25-’'”l+7 +(5g(-1/8) logs (5 + 1)+

Let Tg be the 9th term in the above expansion. Then,

Tg = 180

Cg 1^25^-'+7| |(5^-' + ir^^®}
8

10
= 180

+ 7) (5"^"1+1)"1 = 180
10 x-1

Cg (25

45(25"" 1+7) y^+7
x-1

+ 725 x-1

= 4, where y = 5= 4 =>= 180 =>

5^“i +1

y^-4y+3 = 0=i> (y-3)(y-l) = 0=> y = 3,-1

= 1 => 5^ = 15 or, 5^ = 5 => X = logs x-1.

5^"l + 1 y + 1

x-1x-1
= 3 or, 55
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if
IS ^, then find the values of a and n.

5

" 2 ^

EXAMPLE 36 If the fourth term in the expansion of ax + —

X

SOLUTION It is given that

-3fifI => "C3 (ot)
«- 3n

2

Clearly, RHS of the above equality is independent of x. Therefore, n-6 = 0 => n = 6.

Putting n = 6 in (i), we get
3 5 6x5x43

Cr>a = - => a
2 3x2x1

Hence, a= — and 11 = 6.
2

Type IT ON MIDDLE TERM (S) IN A BINOMIAL EXPENSION

EXAMPLE 37 Find the value of a for which the coefficients of the middle terms in the expansions of

(1 + ca)^ and (1 - ccr)^ are equal, find a.

SOLUTION In the expansion of (1 + ox)^. Middle term = ^€2 (otx)^

In the expansion of (1 -ca)^. Middle term = ^C3 (-co:)^ =-20 x^
It is given that:

Coefficient of the middle term in (1 + cu:)^ = Coefficient of the middle term in (1 - co:)^

6ct^=-20a^ ^ a = 0, a = -—

5 3 1 1
a => a

2 8 2

= 6a2 ..2

10

10
1 63

EXAMPLE38 If the middle term in the binomial expansion of —+ xsinx

value ofx.

is equal to —,find the

[NCERT EXEMPLAR]

nIO th
fl 10

SOLUTION In the binomial expansion of — + xsin x —+ 1 i.e. 6th term is the middle
) V2

term. It is given that

.p 63
■‘6

8

n10-5
fl 6310

(x sin =^5
8

10! , . ,5 63 , . .5 I 1
(sm x) =— (sm x) = -

1, . n / i\H ^ >7
=> smx = —= sm—=> x=nn+{-l) —,neZ

6 65!5! 8 2> 2

Type III ON COEFFICIENTS OF TERMS IN A BINOMIAL EXPANSION
\tn

3
EXAMPLE 39 The sum of the coefficients of first three terms in the expansion of x —j /X 0,

m being a natural number, is 559. Find the term of the expansion containing x^.
SOLUTION We have.

INCERT]

3f
Nffl

\tn3 13 3m-1 m-2 0m r' m m,-.

CqX + CiX 2 + C2X
X )

2 2
K X J < X ; ^ X
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V"
3 -2m

3+(9x”'C2)x'"-S... + "'C„(- 3fxxCq x'" + (- 3 X '"C^) JC
m -m

X -
2

X )

Clearly, the coefficients of first three terms are: ^”Cq , - 3 x '”Cj and 9 x '”C2

It is given that the sum of these coefficients is 559.

Cn - 3 X '"Ci + 9 X "'C2 =559
9m (m -1)

m

=> 2 - 6m9m (m-1) =1118=5591 - 3m +
2

=> 3m^-5m-372 = 09m^-15m-1116 = 0

3m^ - 36m + 31m - 372 = 0 => 3m(m-12) + 31 (m-12) = 0

[●.● meN 3m + 31 0]{m-12)(3m+ 31) = 0 =i* m = 12

Suppose (r +1)^^ term contains x^.
Now,

\r

='”Cr(-Sfx
12 12- 3rm- 3r
Q(-3)'’x [v m = 12]’^r + 1 ~

This will contain x^, if 12 - 3r = 3 i.e. r = 3. Putting r = 3 in

C3 (-3)^x^^"^=-5940j:^

( 1
EXAMPLE 40 FiW the coefficient ofx^ in ax'^ + —

V

between a and b so that these coefficients are equal.

Suppose x^ occurs in (r +1)*^^ term of the expansion of ax^ + —

K X J

j, we getr +

12

Required term = 15 =
1111

, -7 . 1
and X in ax - and find the relation

bx^,bx)

11

SOLUTION

bx)

Now,

(1 n-r^-r ^22-3r2vll-r 1111
-(i)Cj. aCr {ax )

bx

This will contain X ,if

22 - 3r = 7 => 3r = 15 => r = 5.

Putting r = 5 in (i), we obtain that

7 f 2 1
Coefficient of x in the expansion of ax + —

11

r’ .,6 ,,-5
C5 A 0 .

— 7 th 1
Supposes occurs in (r +1)" term of the expansion of ax	

11
IS

bx^
11

bx^j ■

(-1/ b~^ X

\r

1 11- 3r11 11-r11 11-r
(ii)Cr (ax) Cr aNow, + i

_ y
This will contain x , if

11 - 3r = -7 =i> 3r = 18 r = 6.

Putting r = 6 in (ii), we obtain that
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bx^,

is equal to the coefficient of x in

_ 7

Coefficient of x in the expansion of ax -

iV' 17 2 i
If the coefficient of x in ax + — , thenax -

bx^j

“Cs =

bx

Csa^b~^ = =>

EXAMPLE 41 If x^ occurs in the expansion of x^ +—

11 11 11 11

ab = Cg => = 1 C6

2n

, prove that its coefficient is

{2n)\
[NCERT EXEMPLAR!

An~p 2n + p

{ 3 I 3

n2ji

SOLUTION Suppose x^ occurs in (r +1)^ term in the expansion of x^ + —
xj

2n 2n 4}}-3r
Now, Tr Cr (X^) Cr Xr+ 1

X
V /

4n-p
For this term to contain x^, we must have 4n-3r = p => r =

4« -p

3

2n

Coefficient of x^ = “‘Cr where r =
3

(2n)\ An-p
, where r =		

3(2n-r)!r!

(2n)! (2n)!

2« + p' 4« -p'4«-pAn -p I r
2n- I

I 3 3 ){ 3 ) 3 / / \

EXAMPLE 42 Find the coefficient ofx” in the expansion of (1 + x) (1 - x)”.

SOLUTION Coefficient of x" in (1 + x) (1 - x)

= Coefficient of x” in (1 - x)” + Coefficient of x
H -1 n

n

H-1 n

in(l -x)

= (-1)" "C„+{-l)
A 9 11

EXAMPLE 43 Find the coefficient of X in the expansion of {I + x + x +x ) .

C„-i= (-1)" (i-«)

[NCERT EXEMPLAR]

SOLUTION (1 + X + X^ + x^)^^ = {(1 + x) + X^(l + x)l^^ = 1(1 + X) (1 4- X^)^^l =(1 + x)^’ (1 + X^)^^

Co x^ x^ xS^'Cs xV..l X
11

'^Co+''Cix2+i1c2(x2)2+''C3(x2)^4....

^^Cox^1C2-^”C2X^1Ci4-“C4x'^Co
= 55 + 55x11 + 330 = 990

Coefficient of x^ in (1 + x + x^ + x^)^ =
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If the coefficients of x and in the expansion of (1 + x)"^ (1 - a:)” are 3 and ~ 6
respectively. Find the values ofm and n.

SOLUTION We have,

(1 + xf^ (1-x)

Co + '"Cj ;c + ""C2 +.... + "'C,,, 'x

Co''Cl-"Co "'CiV +

EXAMPLE 44

H

Cq Cl X + "C2 X^

Cq C-2 + Uq L-2 - L-i L-i X

n/ 1 vH

+ (-1) Q, X
m nm

X

mm

Co "Co -
m

+

It is given that the coefficients of x and x^ in the expansion of (I + x)”' (I - x)" are 3 and - 6

respectively.
m

Cl "Ci = -6
m

Lq O2 + Oq (-2
.nir- «r-

“V Oq L-i - L-o
m

Cl) = 3 and,

(«-l) + m(m-l) -Imn-

m-n = 3 and (m-n)^ -(m + n) =-l2 => m-« = 3 andm+n = 2l => m =12,« = 9

-12m - n = 3 and «

Type IV ON FINDING THE TERM INDEPENDENT OF THE VARIABLE

EXAMPI.E 45 Find the coefficient of the term independent of x in the expansion of

x + l

lO

x-l

SOLUTION We have,

x + l x-lx-l

x2/3.;,V3^11/2
x-x

( 1/2x'/2 + l -I2/3 .1/31/3 X

+ 1) + 1)-X

x^/^-x'/^+l 1/2 _ix^/2 X

= ;,V3^j_j_^-l/2^^1/3_^-V2

.10

x + l x-l

x^'^-xV^+1 x-x^'^
.10.

1/3 1/2
Then,Let + 1 be the general term in x

lO-r _ r

)' =(-!)'' ^°Cr X 3 2- l/2^r
C, (-!)'■ (X

10

For this term to be independent of x, we must have
10-r _ r

3 2
L = 0=> 20-2r-3r = 0=>r = 4

C4(-l)^ = 210.
EXAMPLE 46 Find the greatest value of the term independent of x in the expansion of

, where a e R.

10

So, required coefficient =

10
cos a

X sm a +

X
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th
SOLUTION Let (r +1) term be independent of x.

10 10-r COS a 10 10-2r 10-r
(cos a)^Now, .T Cr (JT sin a) Cr X (sin a)r + 1

X

If it is independent of x, then r ~ 5.

Term independent oix = =

Clearly, it is greatest when 2 a = n/2 and its greatest value is

10

C5 (sin a cos a)^ =
10
C5 X 2 ^ (sin 2 a)^

C5 X 2-5 =
10!10

2^ (5!)^

Type V ON COEFFICIENTS OF TERMS IN A BINOMIAL EXPANSION
5 21

EXAMPLE 47 Find the coefficient of X in the expansion of {I + x) + (1 + +...-f (1 +

SOLUTION We have,

(l + x)^^ + (l + x)^ + ... + (l + x)

22 30

30

10
21 (1 + x) -1 31 21

= (1+A-r -a+x)
(l + x)-l

.'. Coefficient of x^ in the given expression = Coefficient of in 1 j(l + x)
lx [

= Coefficient of in j (1 + x)
3V 21 ^

= ^6“ ^6

EXAMPLE 48 Find the coefficient ofx^^ after simplifying and collecting the like terms in the expansion

o/(l + ;r)™ ^x{l+xf^^ ^x^il + xf^^ +...+ X

SOLUTION Let S = (l + x)^°°° + x(l + x)^^ + x^(l+x)^^® + ...+ ;c

consisting of 1001 terms with first term (1 + and common ratio .
1 + x

31 21
-a + x)

31 21
-(1 + ^)

1000
[NCERT EXEMPLAR]

1000
. Clearly, it is a G.P.

1001
X

1- 1001 1001
1000 (1+^)

■ 	

1 + x1000 -X 1001 1001
S = (l + x) ● =(1+^) ● =(1+T) -x

1000X H + X)1-

1 + x^

in S = Coefficient of in j (1 + x)
in (1 + x)

-1 { 1Y'
EXAMPLE 49 If n is a positive integer, find the coefficient of X ^ in the expansion of {\ + xf^ 1+— .

SOLUTION Clearly,

x”

in (14- x)” 1 + -

50 1001 1001
Coefficient of x -X

50 1001 1001
= Coefficient of x ^50-

X)

[NCERT EXEMPLAR]

2nn

(1 + X)
n

X) X

2nA" -1 (1 + x)●1
Coefficient of x = Coefficient of x in

X) X

tl-1 2n 2n^
-= Coefficient of x in (1 + x)
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2/J-l

, the coefficient ofx is denoted by a^, then prove thatEXAMPLE 50 // in the expansion of(l - x)

(V-l + «2»-r =0-

SOLUTION We have,

^2ii -r ~ Coefficient of x

■■ ^-1 + ^2«-r= (-1)^

- 1 2;i - 1

= Coefficient of ^ in (1 - x)
2n-\

= (-If Cr-1

In-r 2JI-12/z-r 2)1-1
C2n-rin (1 - x)

C(2«-l)-(r-l) (~1)

+ (-l)

= (-l)

-1 2«-l 2?i-r 2)1-1

C2)!-r

-r 2)J-1r-12)i-l In
[V ”Q="C„_,]C2)i-r= (-1)

= {-If
2«-r 2/1-1-1 2n-l

[V (-1)"‘=11c Cz/i-r2n-r

1r, 2n- 1^
^2«-r

-1 2)1-1

= ((-if'’+(-1) '} = (-If C2n-r
(-If

2r-l
(-1) + 1 -1+1 2r-l2n-l2)1-1

= -l][V (-1)C2n-r - 0C2n-r
(-If (-1)^

Type VI ON CONSECUTIVE TERMS AND THEIR COEFFICIENTS

EXAMPLE 51 If ay 02, a^, a^ be the coefficients offour consecutive terms in the expansion o/(l + xf,
^ 2^2

^1 ^2 ^3 ^4 ^2 ^3
then prove that: [NCERT EXEMPLAR!+

Let ay 02, a^, a^ be the coefficients of 4 consecutive terms viz. the rth, the (r + l)th,SOLUTION

the (r + 2)th and the (r + 3)th terms. Then,

^1 - Cr _ 1 / 02= Cf , 03 - C ^ and ^4 — C^ 2

^ ^ nr- ,
^2 + - Cr + Cr + 1

r +

n+ 111+ 1.Or
fll + ^2 — Cf _ 2 + Cf. —

0/- . Or
^3 + U4 = Cr + 1 + + 2 -

c C) + 1Now, r '

n+ 1
and. C r + 2

n n

c. Cr + 1/●-I
+

n+ 1 11+1
^1 ^2 ^3 ^4 Cr c r + 2

n n

Cr-1 Cr+ 1
Lr — ● Cr-1

JJ + l'l r« + l
Cr-1

n

Cr + 1
r r + 2

/ \

r + 1r + 2r

...(i)= 2
?i +1 n +1 « + l

)i n
r + 1Cr Cr2^2_

O2 + ‘’S
●(ii)and. = 2= 2 = 2

n + 1)i+ 1 n + 1
Cr + 1

r + 1

From (i) and (ii), we obtain
2fl2a-^ ^3

- +

i?l + ^2 ^3 4" *^4 ^2 4" ^3
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EXAMPLE 52 The 3^^, 4^^’ and 5^^ terms in the expansion of(x + fl)” are respectively 84, 280 and560,
find the values of x, a and n.

SOLUTION It is given that: 73 = 84, T4 = 280 and I5 = 560
We have.

n n-r T

Cj. X a n-r + 1 a

n-r +1 r-1Tr
n

C ,r-1 ^

74 _ - 2 a

r Xa

, Tr n-3 a
. — and =

3 T4 4X X

280 n-2 a 560 n-3 a
[: 73 = 84,74 = 280 and 75 =560]and

84 3 280 4X X

10 n-1 a n-3 a2
.- and — =

3 3 X 1 4 X

10 8 810a a

and — = =>5«-15 = 4n-8^« = 7
n-2 n-3 n-2 n-3X X

10 10a a

Putting n = 7 in — = we get: — - — ^ 2x = a
n-2 ' 5X X

73 = 84

C2 a:

^C2 x^{2xf
21 X 2"^ X / = 84 => /

fl = 2AT = 2xl =2

Hence, n = 7,a = 2 and x = 1.

Type VII ON APPLICATIONS OF BINOMIAL THEOREM

EXAMPLE 53 How many terms are free from radical signs in the expansion of{x

Now,

n-2 2n

= 84a

[: a = 2x and n=7]= 84

= 1 => a: = 1

1/5 . ,.1/I0v55
+y

SOLUTION The general term in the expansion of jg given by
■S5-r

1/10 ll-r/5 r/1055 55
Cr Cr X7 => 7y yr + 1 r+ 1

Clearly, 7^ ^ ^ will be free from radical signs, if - and — are integers for 0 < r < 55

r = 0,10, 20, 30, 40,50.

V5 , Yvhich are independent of radicalHence, there are 6 terms in the expansion of (x

signs.

+ y

1024

1/2 _^7l/8Find the number of integral terms in the expansion of 5EXAMPLE 54

1024
1/2 1/8

SOLUTION The general term 7J. + j in the expansion of 5 is given by+ 7

512-1024-r

Cr 5^^^ 7I/8 2 7^/81024 1024
7 Cr 5r+ 1
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\r/8
( 4

X 5^x7= . 5512-r|
1024 512-r

r. Q 5r+ 1

Clearly, ^ will be an integer, iff

is an integer such that 0 < r < 1024

r is a multiple of 8 satisfying 0 <r <1024 ^ r = 0, 8,16, 24,, 1024
r can assume 129 values.

/

1024
1/2

Hence, there are 129 integral terms in the expansion of 5

EXERCISE 17.2

BASIC

1. Find the 11th term from the begirming and the 11th term from the end in the expansion of
25

1

.r

10

f 2 1
2. Find the 7th term in the expansion of 3x —^

10

1

3. Find the 5th term from the end in the expansion of 3x —^

_^l/2y3/2)W3/2 1/2
4. Find the 8th term in the expansion of (a: y

f
5. Find the rth term in the expansion of at + —

V

6. Find the 4th term from the beginning and 4th term from the end in the expansion of

[NCERT EXEMPLAR]

X +

X

I' 3
a: 2

7. Find the 4th term from the end in the expansion of ? INCERT EXEMPLAR]
2 '

3^/ 2 3
8. Find the 7th term from the end in the expansion of 2x -~

9. Find the coefficient of:

10 2 1
(i) x in the expansion of 2x —

2x

f ^
7 1

(ii) X in the expansion of at —^
I X )
t « ■

11 3 2
(iv) a: in the expansion of x —^

X )

[NCERT EXEMPLAR]

1^0

X)

12slO

2

in the expansion of 3x -
a-15

(iii) X

/ 1
(v) x”* in the expansion of x + — .

xj

3 5 f if
(vi) X in the expansion of (1 - 2x + 3x ) 1 + — .

I xJ
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5 7 12
(vii) fl b intheexpansionof(fl-2fo) .

2 16

{viii) a: in the expansion of(l-3x +7 X )(1-a:) .

-1 }i( lY'
(ix) X m the expansion of (1+x)” 1+— .

[NCERT]

[NCERT EXEMPLAR]

[NCERT EXEMPLAR]

15

1 1
^ in the expansion of ^(x) [NCERT EXEMPLAR]

X X

(xi) intheexpansionof(x-:c^)^^. [NCERT EXEMPLAR]

21
n1/3 n1/2

y
10. Which term in the expansion of ■{ -j= ● contains x and y to one and the+

same power?

( 2
11. (i) Does the expansion of 2x -

if° Q

contain any term involving x ?
xj

n18
2 2

(ii) Determine whether the expansion of x — will contain a term containing x^*^?
xj

[NCERT EXEMPLAR]

12
( 2 1

12. Show that the expansion of x + — does not contain any term involving x
X

13. Find the middle term in the expansion of:

3f
2a:,

14. Find the middle terms in the expansion of:

12 10
2^I 2

<nr—
a

(iii)(ii) ~ + bx
X X)

n15 11n7

(ii) {ix^-- (iii) (iv)(i) 3x-i
o

a: ) X

[NCERT EXEMPLAR]

15. Find the middle term(s) in the expansion of:

( l1
(i) x-i

10

2.n
(ii) (1 - 2x + X )

X)

2^^
(iii) (1 + 3x+ 3x^ + x^)^ 2x-^(iv)

4

2n+ 1 slO
(x

(V) X-- (Vi) [NCERT]—+ 9i/

l3

(vii) 3-
ô

(viii) [NCERT EXEMPLAR]2<7X ^
X J
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xlO

fx a
[NCERT EXEMPLAR][NCERT EXEMPLAR] (x)(ix)

xjaX p

16. Find the term independent of a: in the expansion of the following expressions:
n9

(ii) 2x + —
s

( 2
(iv) 3x-4

/., 3 2

\ ^

/

(iii) 2x^ —^

3a:^3x

15

3f
(NCERT EXEMPLAR]

xX J

3n10

7^ V3 1

[NCERT EXEMPLAR] (vi) x —^(V)
3 2:^2

3 2 1
1^1/3 , .-1/5 (viii) (l + x + 2x^) -a:(vii) ^ + x

3x

[NCERT EXEMPLAR]
18

3 2 1(ix) ^+—i [NCERT](X) fx
V ^

,x>2
2^x 3x

BASED ON LOTS

18
If the coefficients of (2r + 4)th and (r - 2)th terms in the expansion of (1 + x) are equal,

[NCERT EXEMPLAR]

If the coefficients of (2r + l)th term and (r + 2)th term in the expansion of (1 + a:) are equal,
find r.

Prove that the coefficient of(r + l)th term in the expansion of (1 + a:)”'*’ is equal to the sum

of the coefficients of rth and (r + l)th terms in the expansion of (1 + a:)”.

( 1
Prove that the term independent of a: in the expansion of a: + —

\ X) n.

The coefficients of 5th, 6th and 7th terms in the expansion of (1 + a:)” are in A.P., find n.

If the coefficients of 2nd, 3rd and 4th terms in the expansion of (1 + x)^' are in A.P., show
that 2r? -9n+ 7 = 0.

If the coefficients of 2nd, 3rd and 4th terms in the expansion of (1 + a:)” are in A.P., then find
the value of n.

If in the expansion of (1 + a:)”, the coefficients of pth and qth terms are equal, prove that

p + q = n + 2, where p^ q-

Find a, if the coefficients of x and x in the expansion of (3 + ax) are equal.

Find the coefficient of in the product (1 + 2a)^ (2 - a)^ using binomial theorem.

17.

find r.

18.

19.

. l-3-5...(2n-l)
IS 2 .20.

21.

22.

[NCERT EXEMPLAR]

23.

24.

[NCERT]25.

26.

[NCERT]

BASED ON HOTS

In the expansion of (1 + x)" the binomial coefficients of three consecutive terms are

respectively 220,495 and 792, find the value of ?i.

27.
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If in the expansion of (1 + :t)”, the coefficients of three consecutive terms are 56,70 and 56,

then find n and the position of the terms of these coefficients.

If 3rd, 4th, 5th and 6th terms in the expansion of (x + a)” be respectively a, b, c and d, prove

1.U

that -= = —.

c^-bd 3c

If a, b, c and d in any binomial expansion be the 6th, 7th, 8th and 9th terms respectively, then

~ac _ 4rt

c"-bd 3c ■

28.

29.

30.

b^
prove that

If the coefficients of three consecutive terms in the expansion of (1 + x)” be 76,95 and 76,
find 71.

If the 6th, 7th and 8th terms in the expansion of (x + a)” are respectively 112,7 and 1 /4, find
X, a, n.

If the 2nd, 3rd and 4th terms in the expansion of (x + a)” are 240,720 and 1080 respectively,
find x,fl,«.

Find a, b and n in the expansion of (fl + &)", if the first three terms in the expansion are 729,

[NCERT]

31.

32.

33.

INCERT]

34.

7290 and 30375 respectively.
.

If the term free from x in tlie expansion of ^ is 405, find the value of k.35.

[NCERT EXEMPLAR]

1/2 . 1/3
Find the sixth term in the expansion y

term from the end is 45.

If p is a real number and if the middle term in the expansion of ~ + 2

, if the binomial coefficient of the third36. + x

[NCERT EXEMPLAR]
8

is 1120, find p.37.

[NCERT EXEMPLAR]
»

Find n in the binomial ^ ^ if the ratio of 7^ term from the beginning to the 7^*’ term38.

PJ'
1

from the end is —. [NCERT EXEMPLAR]

( 1
If the seventh tenn from the beginning and end in the binomial expansion of ^

are equal, findn.

6

39.

[NCERT EXEMPLAR]

ANSWERS

/ IS \

1. Cjo — /

10

Cl5 -
17010

2. 	
17010

3. ——

X

25

10 8
X X

(2r)!
6.672x^52^4. -120 x^y^^

2
5.

(r + l)!(r-l)! X X

40 7
(m) «

10 20 10 40
8. 4032 X 9.(i) ""Cio-2

27
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nl
(vii) -101376 (viii) -19(vi) 154(v)(iv) -25344 ^ /

n + mn-m

2 J2
/ V

2«
(xi) -252

(ii) No.

(iii) - 8064

(ii) -560^,280

(iv) -462:f^, 462

(x) -1365

11. (i) No

(ii) 924

(ix) C„-i-
10. 10*h

13. (i)

14. (i)

20
(iv) -252C

10

189 17
X

8 16

- 6435 X 3® X 2^ 6437 X 3^ X 2®
(iii) 96

XX

(2n) (6n)! 3n« n

2(-l) ^ (iii)(ii)15. (i) -252 T ^
[(3nlf(n!)

^ - y n + 1 2« + V 1
C„ a:, (-1) . C„ -

. 63 13
(iv) — a:

63 14
X

n 2«+ 1
(V) (-1)“.

4 32 X

59136105 9 35 12
— X , — X
8 48

(vi) 61236 / / (viii)(vii) - 6
X

126x
(x) -252

,..y 64 9^
(u) — X C3

(ix)
P

7 /...y 25- /-IS -lOy
(m) Cio (2x3)16. (i)

18 27

5
(vi) (-1)" ^"C(iv) - 3003 X 3^° X 2^ (v):^ H

12

18

C9 517
(X)(ix)(viii) —(vii) 7

2^ 1254

23. 721. 7 or 1418. 1417. 6

8
28. n = 8,4th, 5th, 6th27. 1226. -43825. -

7

1
33. n=5,x = 2,a = 332. n = 8, a: = 4, fl = —31. 8

2

36. 252 A ^ 37. ±234. a = 3,b =5, n = 6

38. 9

35. ± 3

39. 12

HINTS TO SELECTED PROBLEMS

9. (vii) Let + jbe the (r + l)*term in the expansion of {a - 2b)^^. Then,

Tr^l =

If appears in (r + I)**’term, then 12-r =5 and r =7 r =7
5 7 ih

Thus, a b appears in 8 term given by Tg =

Hence, Coefficient of A^ = -101376

(viii) (1-3x + 7a:^)(1-a:)

Coefficient of x in (I - 3a: + 7 y^) (1 - a:)

12-r,r1212 12-r
c, (-!)'■ 2''a{-2hf = bCf a

C7 (-1)^ 2^flV =-101376rtV
12

/I o -7 16^ 16^ 2 16^ ^3. \
= (l“3.X’ + 7x )( Cq “ ^1^ ^2^ ” ^3^ +.w)

= lx-^^Ci-3x^^Co =-16-3=-19

16

16
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2/1
1

(ix) (l+:c)'' l + i
(1 + x)1 + xn

= (1+4
n n

xj < X X

10 Sth
10

15. (vi) In the expansion of — + 9y
\ 3

there are 11 terms. So, — + 1 i.e. 6th term is the
12

middle term.

10-5
fx^

Cs 4
10

(9y)^ = 61236.r^/Now, Tg = T5+ 1
13

3x^ 1
16. (x) Let (r + 1)^^ term in the expansion of —^ be independent of x. Then the

3:r

th
exponent of a: in (r + 1) term must be zero.

6-r / -x6-r /
1 Y

V

2 V

1
^12-3rNow, 7J. + j ...(i)

3x 3j

j to be independent of x, we must have 12-3r = 0^r = 4ForT
r +

th

Hence, 5 term is independent of a:. Puting r = 4 in (i), we get

6^ (3i^f if
= C4^-

1 _ 5
4x9 12

^5 = = 15x

3j
18 18

^2r+ 3-

22. It is given that

C^_3 => (2r+3)+(r-3)=18 =i- r=6

C2 and ^€3 are in A.P.

17.

2rt

2n 2ii 2n

C2- Cj+ C3

(2«)(2«-l)

2x

2n{2n~l) (2«-2)
=> 2x = 2« +

2.1 3.2.1

(2n-l){2«-2)
=> 6(2«-l) = 6 + (2?j-l)(2«-2) =>2n^-9n + 7=0=> 2n{2«-l) =2« + 2ji

24. We have,

(3 + fl4^ =^Cox 3^ + ^Cjx 3® X + ^C2 X 3^ x{axf + 3^ x{axf + Cg(axf

Coefficient of x^ = ^€2 x 3^ x and. Coefficient of = ^€3 x 3^ x
2 3

Now, Coefficient of a: = Coefficient of x

6

36 X 3^ _ 9
84x 3^ ^

9^ n7
C2 X 3

2 9- 06
= C3X 3

3 . 2 oA r,6 3
=>36x3 xfl =84x3 x aX X n => a =

I ^Co + ^Ci (2«) + (2af + “C3 (2a) (2a)“|26. (l + 2fl)^(2-fl)^

X < Cg 2 — Cj 2 fl + C2 2t7 — C32tJ + C4 (2) ci — C5 d ^

Coefficient of= “^Cg X ^C4 x 2 + x 2 x -^C3x2^ ^C2 X 2^+

/ V
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C3x2^ X -^Cix2^ + ^C4x2^ x ^00x2"^
(4

X ^02x2"* +
// V/ V/ V

= 10 + 8 X (-40) + 24 X 80 + (4 X 8) (-80) + (16 x 32)
= 10 - 320 +1920 - 2560 + 512 = - 438

33. It is given that in the expansion of (x + a)

T2 = 240, T3 =720 and T4 = 1080

^ = 3andi=l
T3 2

^ (n-1)— = 6 and (n-2)— = ^

n

^ + 1 n-r+ 1 an-3+1a 3n-2+1a
— = 3 and

Tr232 r X
Ti XX

n-1
= — 4n — 8 = 3n—3

n-1 = ix2^
n-2 32 n-2 9

n=5

Putting n =5 in (n -1) ^ = 6, we get 2a = 3x.
Now,T2 = 240 => ”Cix'

4
=> 5x X

2

;c^ = 32 => x®=(2)®=> X = 2

3x
= 240 => nx” = 240

n-1
"«=5/fl = -

3x
= 240

2a = 3x => a = 3. Hence, x = 2, fl = 3 andn =5.

34. We have.

b =7290 and ”C2 cP~'^h^ = 30375
b=7290 and n(n-1) =60750

(n-l)/'^b^ 60750
nfl”-S

n-1

”Cofl"b°=729,”Cifl’
a =12^,nd

nd^'^b 7290

n-1

n

and
7290729

(n-D- 25 n-1 5(n-l)&_25nb a _ = —=> n = 6—=10 and
b n 6303aa

n-

a

Now, fl” =729=> = 3^ => = 3

=10=t>b=5
a 3

35. Let(r+l)*^tenn, in the expansion of 4^—j-

lO-r (;jc
W)

If IJ. +1 is independent of x, then 5 -y
Putting r = 2 in (i), we obtain: T3 = {-k)^ = 45fc^
But, it is given that the value of term free from x is 405.

45fc^ =405 => k^=9=>k=±3

6xbnb
— =10=>

10

, be free from xand be equal to 7J. + Then,

5r\r

X 2 {-kfT,+1 = ^°Q(V^) ...(i)

5r
= 0=>r = 2
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l/2^^1/3.n36. In the binomial expansion of (y

end is ((« + !)- 3 +1)^ i.e. term from the beginning.
The binomial coefficient of 3rd term from the end

= The binomial coefficient of (n -1)^ term from the beginning = ”C„_2 = "C2
It is given that the binomial coefficient of the third term from the end is 45.

C2=45=>?^
2

Let T5 be the sixth term in the binomial expansion of Then,

) , there are (n +1) terms.The third termfrom the
th

= 45=> -«-90 = 0=> (n-10) (« + 9) =0=> n = 10.
n

[vn=10]
Nth

8V
37. In the expansion of L + 2 , we observe that - + 1 i.e. 5^*^ term is the middle term. It is

.2

given that the middle term is 1120.
n8-4

P8

(2)^=1120 => p^=16=>p=±2●. r5=1120=> X4 £-
.2

th
'f (

38. In the binomial expansion of ^ +

beginning is 6 times the 7th term from the end i.e. Ty : =1:6.
Now,

th
, (« + l)-7+l i.e. («-5) term from the

r 1 f
= "Qx2 3 X

yi- 6

n
__2 1n-6

TT=’'C(,m)
3^

1 1

= "Qx2^X
n

and,r„_5='‘Cn-6
3„/3-2

It is given that
1n

X

%j-5 6 1
Qx2^ 6n

3(n/3)-2
n

=> --4=-l=>« = 9
3

39.Given that Ty = TJj.g

^ "Qx2t'^ 1
\n-6 «

=> ”C6x23 x~="C6x2^x^_g3^ ¥3 32
3 3

"-4 ^^^-2
23 X 3 3 =1 => 23

n n n
1-4 __4

X 33 =1 => (6)3
--4

0 n
= 6'' =>--4 = 0=>n = 12

3

FILL IN THE BLANKS TYPE QUESTIONS (FBQs)

30 .
1. The largest coefficient in (1 + x)

2. The largest coefficient in (1 + :r)

3. The number of terms in the expansion of (a: + y + z)

IS

41.
IS

n .

IS
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2
4. Middle term in the expansion of (<? + ba)

5. The ratio of the coefficients of x'" and x' in the expansion of (1 + x)

-6,4. ■ ffi 2.y°.
b m the expansion of ——b is	

28 .
is

m+n.
IS

6. The coefficient of rt

16

2 i
7. In the expansion of x —^ , the value of the constant term is

AT J
10

X 3

8. The position of the term independent of X in the expansion of ^ —2
IS

15

is divided by 13, the remainder is
10 _

10. The sum of the series ^ is	

9. If 2

r=0

r 3 4l^ .
11. The number of terms in the expansion of U2x +1/ ) ^ iIS

/ ^n18
12. The middle term in the expansion of x — i

I x)
is

10

13. The coefficient of the middle term in the expansion of (1 + x) is

14. The total number of terms in the expansion of (1 + x)^ -(1 -x)

f 1
15. If x^ occurs in the terms in the expansion of x + —^

2»

15

, then r =
X

a2

16. The coefficient of x in the binomial expansion of x + — is
I xj

17. If A and B are the coefficient of x” in the expansion of (1 + x)^ and (1 + x)
then — =	

7 8 r xf
18. If the coefficients of X andx in 2 + — are equal, then n =

. 3 j

th f 2
19. If 13 term in the expansion of x +~

2n-l

respectively.

B

2f
- is independent of x, then the value of n
X)

is.

nIO

20. The term independent of x in the expansion of -fx + -j
IS

ANSWERS

1120, 28,-. 56,14
C2 4. Ci4 a b

n+2
1.

41 41
5. 1 6.2. ^21 ^2015 27

19^1 20^

16. lOfl^ 17. 2

16 11. 2910. 29. 128. Third term^87. 10
2

18 10 18. 5512. 13. "X5 14. «

19. 18 20, 252

15. 9
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VERY SHORT ANSWER QUESTIONS (VSAQs)

Answer each of the following questions in one word or one sentence or as per exact requirement of the

question:

Write the number of terms in the expansion of (2 + + (2 - yfSx)^^.1.

^ 111

Write the sum of the coefficients in the expansion of {1 - 3:c + x ) .

Write the number of terms in the expansion of (1 - 3x + 3x^ -

2.

3.

10

2a^ 3
Write the middle term in the expansion of —4.

2a^ ■

^9
1

Which term is independent of x, in the expansion of a -

. 3a^J
5. ?

If a and b denote respectively the coefficients of a”* and a” in the expansion of (1 + a)^ ”,
then write the relation between a and b.

If a and b are coefficients of a" in the expansions of (1 + a)
then write the relation between a and b.

6.

2n 2«-l
7, and (1 + a) respectively.

xlO
1

Write the middle term in the expansion of a + —8.

A

If a and b denote the sum of the coefficients in the expansions of (1 - 3a + IOa^)” and
(1 + A^)” respectively, then write the relation between a and b.

Write the coefficient of the middle term in the expansion of (1 + a)^”.
Writethenumberof terms in the expansion of {(2a+ 1/ ) } .

9.

10.

11.

Find the sum of the coefficients of two middle terms in the binomial expansion of12.

a^x)

Find the ratio of the coefficients of x^ and a*^ in the expar\sion of (1 + a)^'*’

Write last two digits of the number 3^^^.
Find the number of terms in the expansion of{a + b + c)”.

If a and b are the coefficients of a” in the expansions of (1 + a)^* and (1 + x)
find-.

13.

14.

15.

2«-l
16. respectively.

b

, find the value of +

100

Write the total number of terms in the expansion of (a + a)

If (1-A +A^)” =aQ+ajX + a2 a^+...+ A2« x

17.

2ii
18.

ANSWERS

th
1. 6 2. -1 3. 25 4. 252 5. 4‘“ term 6. a = b 7. a = 2b

9. a =b^10 2n
12. 13. 18. Cs 10. 11. 29 14. 01n

n

n(n + l) T + 1
15. 16. 2 17. 51 18.

2 2
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MULTIPLE CHOICE QUESTIONS (MCQs)

Mark the correct alternative in each of the following:

1. If in the expansion of (1 + x) the coefficients of rth and (r + 4)th terms are equal, then r is

equal to

(d) 10(c) 9(b) 8

2. The term without x in the expansion of 2x —^

(a) 495

f 2 I
3. If rth term in the expansion of 2.v --

(a) 7
12

IS

2-v^J
(c) - 7920 (d) 7920(b) -495
12

is without X, then r is equal to
xj

(d) 10

, the ratio of the coefficients of second and third

(c) 9(b) 7(a) 8
n + 3

4. If in the expansion of (n + &)” and {a + b)

terms, and third and fourth terms respectively are equal, then n is

(d) 6(c) 5(b) 4(a) 3

5. If A and B are the sums of odd and even terms respectively in the expansion of {x + «)”, then
’2n

(x + - (a: - a)"' is equal to

(a) 4(A + B)

2n

(d) 4AB(c) AB(b) 4{A-B)
45

1/5 ^71/106. The number of irrational terms in the expansion of 4

(c) 41

in the expansion of x'^ —^

(b) -1365

is

(d) none of these(b) 5(a) 40
15

-17
7. The coefficient of x is

^ /

(d) -3003(c) 3003(a) 1365

2
8. In the expansion of x -

if
, the term without x is equal to

3x)
-28 2828

(d) none of these

9. If in the expansion of (1 + the coefficients of (2r + 3)* and (r -1)* terms are equal,
then the value of r is

(c)(a) ^ (b)
243 24381

(d) 3(c)4Cb) 6(a) 5
10

f2x^
10. The middle term in the expansion of —^

(b) 252

f

11. If in the expansion of x** -

(a) r=10

3
is

2x^

(d) none of these(c) 250(a) 251

iV= -17
occurs in rth term, then/A:

(d) r=13(c)r=12(b) r=ll
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^9
1

In the expansion of x - ^
[ 3x^J

, the term independent of :r is12.

(a)T3 (b) T4 (c)Ts (d) none of these

If in the expansion of (1 + yf, the coefficients of 5th, 6th and 7th terms are in A.P., then «is13.

equal to

(a) 7,11 (b) 7,14

1^1/3

(c) 8,16 (d) none of these

-1/5
In the expansion of —

(a)T5

, the term independent of x is14. + X

(b) Tg (c)Ty (d) Ts
If the sum of odd numbered terms and the sum of even numbered terms in the expansion of

(x + fl)” are A and B respectively, then the value of (x^ - is

(a) A^-B^

15.

(b) A^ +

( 2 Xf
If the coefficient of x in x^ + —

(c) 4 AB (d) none of these

is 270, then X =16.

X)

(a) 3 (b) 4 (c) 5 (d) none of these
10

The coefficient of x^ in — -
2

17. IS

405 504 450
(a) (b) (c) (d) none of these

256 259 263

100 100

The total number of terms in the expansion of (x + a)

(a) 202

18. + (X - fl) after simplification is

(d) none of these

[NCERT EXEMPLAR]

n+ 3

(b) 51 (c) 50

If T2 /T3 in the expansion (^f (a + &)” and T3 /T4 in the expansion of (a + b)

then n =

19. are equal.

(a) 3 (b) 4 (c) 5 (d) 6

1 1
The coefficient of — in the expansion of (1 + x) 1 +20. IS

X X

nl {2n)l
(a) (b)

{(n-1)!(« + !)!} [(«-!)!(« + !) !j

(2n)\
(c) (d) none of these

(2«-l)!(2n + l)!

f 1
If the sum of the binomial coefficients of the expansion 2x + -21. is equal to 256, then the

X

term independent of x is

(a) 1120

If the fifth term of the expansion {a

(b) 1020 (c) 512

+ does not contain 'a'. Then n is equal to

(d) none of these

(d) none of these
2/3

22.

(a) 2 (b) 5 (c) 10
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Nil
o jn

23. The coefficient of a: in the expansion of x	
\

(b) -791 n?

is

(d) -330 m’'(c) -791(a) -924m^
14

r
24. The coefficient of the term independent of x in the expansion oi ax+ — is

14! 14!
(d)(c)(a) 14! a'b? (b)

7!
(7!)^

25. The coeffldent of in the expansion of (1 + + (1 + x)^ +... + (1 + x)

(b) ’Cs

26. The coefficient of x® y*** in the expansion of (x + y)*® is

(a) “Cs

(7!)^
30 X

IS

(d) ®“C5 + ^“C5(a)

18

(b) “Pio

27. If the coefficients of the (n +1)^” term and the (n + 3)‘" term in the expansion of (1 + x)"' are

equals then the value of n is

(a) 10

28. If the coefficients of 2nd, 3rd and 4th terms in ti\e expansion of (1 + jc)”, n e N are in A.P.,

(d) none of these(c)2

20th

(d) none of these(c)9(b) 8

thenn =

(d) none of these(c)2(b) 14(a) 7

3

Ix^,

^ lx
29. The middle term in the expansion of — -

(b) (-1)

th f 2 1
30. If r term is the middle term in the expansion of x - —

(b) “Ci2 x^ 2

is

n 2n
(c)(a)

-n-n

(d) none of theseCn Xn

20
th

, then (r + 3) term is
lx)

(c)-“C7X.2
-13

‘^14 TU

( 1/3 1/2
31. The number of terms with integral coefficients in the expansion of 17 + 35 x

-12
(d) none of these

n600

is

(d) 101(c) 150(a) 100 (b) 50
xlO

(
32. Constant term in the expansion of x—

I
is

(d) 252(c) -252

33. If the coefficients of x^ and x ^ in the expansion of (3 + are the seime, then die value of a

(b) -152(a) 152

is

(d)|<a)-| (b)-f
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34. Given the integers r>l,n>2, and coefficient of (3r)* and (r + 2)

expansion of (1 + x)^ are equal, then
(a) « = 2r

nd
terms in the binomial

(b) n = 3r (d) none of these

35. The two successive terms in the expansion of (1 + whose coefficients are in the ratio 1:4

(c) « = 2r + l

are

rd th ih th th th th th
(a) 3 and 4 (b) 4 and 5 (d) 6 and 7

[NCERT EXEMPLAR!

, 3™ and the 4^ terms in the expansion of (1 + x)" are in A.P., then

(c) 5 and 6

nd
36. If the coefficients of 2

the value of n is

(a) 2 (b) 7 (c) n (d) 14

[NCERT EXEMPLAR)
10

1 7

is equal to 7 —
i_

(c) nK + (-lf
6̂

37. If the middle term of —+ xsinx then the value of x is
8'X

(a) 2nn + —
6

(b) nn + —
6 (d) OT+ (-!)" I

[NCERT EXEMPLAR)
51 51

38. The total number of terms in the expansion of (x + a)

(a) 102

7 8 X
39. If the coefficients of X and x in 2 + —

(x-a) after simplification is

(d) none of these(b) 25 (c) 26

xY’
- are equal, then n is

(c) 45

( 1 2
to the term independent of x in x + —

(a) 56 (b) 55 (d) 15
15

15
40. The ratio of the coefficient of x , is

X

(a) 12:32 (b) 1:32 (c) 32:12 (d) 32:1
[NCERT EXEMPLAR]

f
. i

2 2

(a) Re (z) = 0

(c) Re (z) > 0, Im (z) > 0

42. If (1 -x + x^)" = Aq + x + <?2 ^
, . 3"+l
(a) —

V3
- , then
2

41. Ifz = + — +

2

(b) Im (z) - 0

(d) Re (z) > 0, Im (z) < 0 [NCERT EXEMPLAR]

, then aQ + 02+ +.. -+^271 equals

(d) 3%1

2n

(b)^
-1 1-3

(0-

[NCERT EXEMPLAR)

ANSWERS

1- (c)

9. (a)

17. (a)

25. (b)

33. (d)

41. (b)

2- (d)

10. (b)

18. (b)

26. (a)

34. (a)

42. (a)

3. (c)

11- (c)

19. (c)

27. (c)

35. (c)

4. (c)

12. (b)

20. (b)

28. (a)

36. (b)

5. (d)

13. (b)

21. (a)

29. (b)

37. (C)

6. (c)

14. (b)

22. (c)

30. (c)

38. (c)

7. (b)

15. (a)

23. (d)

31. (d)

39. (b)

8. (c)

16. (a)

24. (c)

32. (c)

40. (b)
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ACTIVITY

OBJECTIVE To construct the Pascal's triangle and to write binomial expansion for a given
positive integral exponent.

MATERIALS REQUIRED Cardboard, chart paper, thumbpins, match sticks and adhesive.

STEPS OF CONSTRUCTION

Take a cardboard of appropriate size and fix a chart paper on it using thumb pins.
Take some match sticks and fix them on the chart paper with the help of adhesive as
shown in Fig. 17.1.

Step I

Step II

“►RowO

,-^Rowl

—► Row2

—► Row 3
L1

6'
1

Row7
7 1as as 2121I 7

Row 8
n.1

Row9
± 1M JL02i.JL JO.J. X

Fig. 17.1

STEPS OF DEMONSTRATION

Step I The figure looks like a triangle known as the Pascal's triangle. At the apex of the
Pascal's triangle is 1.

Each of the rows, which follows, begins and ends with 1 and all other numbers in a
is the sum of the two numbers in the preceding row, one on the immediate left

Step n

row

and other on the immediate right.
1 2 3

For the expansions of {a + b) ,{a + b) ,{a+b) ,

first, second, third.

First row is used to write the binomial expansion of +

we use the numbers obtained inStep III

rows of the Pascal’s triangle.

The numbers in the first row are 1,1.

{a + b)^ =1-a+ l-b = a + b
2

Second row is used to write the binomial expansion of (a + b) .

The numbers in the second are 1,2,1.

{a+bf =l-a^ +2-ab + l-b^ =n^+2ab+b'^
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To write the binomial expansion of {a + b) , we use the numbers in third row.

The numbers in the third row are 1,3,3,1.

(a + bf =l-a^ + 3-ah+3-ab^+l-b^ =a^ + 3ah + 3ab^ +b^

We use the numbers in fourth row to write the binomial of {a + 4)^.The numbers in the
fourth row are 1,4,6,4,1.

(a + b)"^ ==l-a'^ + 4-ah + 6-ah^ + 4-ab^ + l-b'^ + 4ah + 6ah^+ 4ab^+b^

and so on.

OBSERVATIONS In the binomial expansion of {a + b)’\

(i) The sum of the indices (exponents) of a and b in each term is n.

(ii) The exponents of a and b in various terms are as follows:

Exponent of'a'Term Exponent of 'b' Sum of the exponents of a and b

First term n zero n

Second term («-l) 1 n

Third term (n-2) 2 n

Fourth term (n-3) 3 n

Fifth term in-4) 4 n

and so on.

(iii) The number of terms is (n + 1).

SUMMARY

1. {Binomial theorem) If x and a are real numbers, then for all« e N, we have
«-l 1

(x + a)^ = %x’^a^ + %x + "C2a:

+ % / +... + "C

a

x^cP-^ + '‘a
n

H - 1 n

n
n

£ % / " fl"
r = 0

This expansion has the following properties:

(i) It has (« + 1) terms,

(ii) The sum of the indices of x and a in each term is n.

(iii) The coefficients of terms equidistant from the beginning and the end are equal,

(vi) General term is given by 7J. j

i.e., {x + a)

n n-r _r

Cr X a

n
nln

£ "C. X
r = 0

n-

^ / can also be expressed as (x + a)" = £
r+s=« r!s!

r s

X a(V) (x + a)

(vi) Replacing by - in the expansion of {x + a)^\ we get

(x-<7) = Cq X a - Cl X

V

n-l 1

a + C2X
. / t\r n-r r , ^^n n,-

+ ... + (“l) Cf X a +... + (—1) C,| X

n-2 _2
a

n-3 _3 0 n
a a
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The general term in the expansion of (x - «)” is 7J. + ^ = (-1)^ ”Q x” ^ /

(vii) Putting X = 1 and replacing fl by x in the expansion of (x + fl)”, we get

(1 + x)” = ”Co + "CiX + ”C2X^+... + ”C„:^” = "Q /

This is expansion of (1 + xf is ascending powers of x. In this case, 7J. + i = ”Q.

(viii) Putting a = 1 in the expansion of (x + fl)”, we get

(1 + xf = "Co:r" + "Cix”-^ + ”C2x"-2+... + ”C„xO = "Q x”"''

This is the expansion of (1 + x)” in descending powers of x. In this case,
r ”r v”"''
h+1 - w ^

(ix) (x + af*(x-af = 2|"Cox"/ + "C2x'
= 2 {Sum of the odd terms in the expansion of (x + fl)”}

+ "C3^

= 2 {Sum of the even terms in the expansion of (x + a)”}

)
n-2 .2

a +..

■I= 2 |"Ci/
-3 .3-1 -1

(X + «)” - (X - fl)
n

a

|(x + af + (x - fl)”| and |(x + af - (x - a)”| both have

|(x + fl)”-(x-fl)”|

terms.Ifw is odd, then

a)”| has
n

If n is even, then ■ (x + fl)” + (x - has— +1 terms whereas

12 j

'n"

UJ
terms.

(x) If O and £ denote respectively the sums of odd terms and even terms in the expansion of
(x + fl)”, then

(a) (x + af = 0 + E and(x-a)" = O-E (b) (x^-a^f = 0^-£^

(d) (x*a)^ + (x-a) = 2(0^+E^)
2n2n

(C) 40E = (x-fl)^-(n-fl)

(xi) Ifniseven, itien —+ 1
\2 >

Tn + 1^

Nth

term is the middle term.

are middle terms.andIf n is odd, then
I 2 J2

\

 

 


