
 

 

18CHAPTER

ARITHMETIC PROGRESSIONS

18.1 SEQUENCE

A sequence is a function whose domain is the set N of natural numbers.

It is customary to denote a sequence by a letter 'a' and the image a{n) of n € N under a by a^. Since
the domain for every sequence is the set N of natural numbers, therefore a sequence is
represented by its range. The images of 1,2,3,n,... under a sequence 'a' are generally denoted
by ai, ^2/ £13,... ... respectively, a^, 02, a^,... a^j,... are known as first term, second term ...,
nth term,... respectively of the sequence. If £7„ is the nth term of a sequence, 'a‘ then we write
a = <Ofi>.

REAL SEQUENCE A sequence lohose range is a subset of R is called a real sequence.

In other words, a real sequence is a function with domain N and the range a subset of the set R of real
numbers.

REPRESENTATION OF A SEQUENCE There are several ways of representing a real sequence.

One way to represent a real sequence is to list its first few terms till the rule for writing down
other terms becomes clear. For example, 1,3,5,... is a sequence whose nth term is (2n -1).

Another way to represent a real sequence is to give a rule of writing the nth term of the sequence.
For example, the sequence 1,3,5,7,... can be written as = 2n -1.

Sometimes we represent a real sequence by using a recursive relation. For example, the
Fibonacci sequence is given by

flj = 1, = 1 and fl„+i=£?„+fz„_l,n>2

The terms of this sequence are 1,1,2,3,5,8,	

ILLUSTRATION 1 Give first 3 terms of the sequence defined byOj^ =
n^^l

SOLUTION Putting n = 1, 2, 3 in = , we get

= ^ and fl3
5 ^ 3^+1

321 1

2''"^ 2^+1

ILLUSTRATION 2 Find the first four terms of the sequence whose first term is 1 and whose {n + l)th
term is obtained by subtracting nfrom its nth term.

SOLUTION We are given that = 1 and ^ - n.

Putting n = 1, we obtain

a2=ai~l=> ai =1-1=0

Putting n = 2, we obtain

fl3=£?2-2^£23=0-2=-2

Similarly, by putting n = 3, we obtain
£?4=fl3-3 = -2-3=-5

1^+1 10

[V £7i=l]

 

 



 

 

18.2 MATHEMATICS-XI

SERIES Ifa^, 02, a^, a^,af,,...isasequence, then the expression + 02 + 0^ +04 + ... + + ...
is a series.

A series is finite or infinite according as the number of terms in the corresponding sequence is
finite or infinite.

PROGRESSIONS It is not necessary that the terms of a sequence always follow a certain pattern or they
are described by some explicit formula for the nth term. Those sequences whose terms follow certain
patterns are called progressions.

In this chapter, we shall study arithmetical progressions as defined below.

18.2 ARITHMETIC PROGRESSION (A.P.)

A sequence is called an arithmetic progression if the difference of a term and the previous term is always
same.

+ 1 - = constant {= d) for allneN

The constant difference, generally denoted by d is called the common difference.

ILLUSTRATION 1 1,4,7,10,... is an A.P. whose first term is 1 and the common difference is equal to
4-1 = 3.

ILLUSTRATION 2 11,7,3, ~1,... is an A.P. whose first term is 11 and the common difference is equal
fo7-n=-4.

In order to determine whether a sequence is an A.P. or not when its nth term is given, we may
use the following algorithm.
ALGORITHM

Step I

Step II

Step III Calculate dji +

Step IV IfOjj +-[-Ofjis independent of n, the given sequence is an A.P. Otherwise it is not an A.P.

Following examples illustrate the procedure:

i.e.

Obtain

Replace nbyn + lin a„ to get a,, +

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Shozo that the sequence defined bya„=4n-\-5isan A.P. Also,find its common difference.

SOLUTION We have, 0fi=4n + 5.

Replacing nhy{n +1), we obtain: 1 = 4(n +1) + 5 = 4n +9

= (4« + 9)-(4n + 5) = 4

We find that + 1 - is independent of n and is equal to 4. So, the given sequence is an A.P.
with common difference 4.

2

EXAMPLE 2 Show that the sequence defined by arj-2n +lisnotanA.P.

SOLUTION We have, a„=2n^ + 1
2 2

Replacing « by (n +1) in a,j, we obtain : ^ = 2(n +1) +1 = 2n + 4n + 3

= (2n^ + 4« + 3)-(2n^ +1) = 4n + 2

We find that a,^ + i-a^ is not independent of n and is therefore not constant. So, the given
sequenceis not an A.P.

1

 

 



 

 

ARITHMETIC PROGRESSIONS 18.3

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 3 Show that the sequence log a, log — , log , log —
b

SOLUTION We find that

/ 2^ f :

log y -lOgfl = log ^
\ J \

r S') (2]
log -log — =log

b

4>

forms an A.P.

^ 1 ,-X- =l0g -
7 a IbJ

^ _3
b 1

^x- =log^-

1 ^

a

a

4 'l

_,0g ^ =,og
V / V y

This shows that the difference of a term and the preceding term is always same. Hence, the

given sequence forms an A.P.

ALITER From the symmetry, we obtain

/ . N
a a a

log -T and so on.

b^

n+ 1n

a , a
= log n

n + 1 in+ 1 n

1 ^
= log X

11 ^
= log —

b

a

-log -
b

^ +1 % H-l nn
a

Clearly, j - % is constant for all values of n. So, the given sequence is an A.P. with common

difference log - .

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 4 Show that a sequence is an A.P. if its nth term is a linear expression in n and in such a case
the common difference is equal to the coefficient of n.

SOLUTION Let fl„ be the n^ term of a sequence. Let a,, be a linear expression in n.

0,1 = An + B, where A, Bare constants.

a,,^^ = A{n + \) + B

= {A{n-i-l) + B]-{An+ B]=A

Clearly, j - is independent of n and is therefore a constant. Hence, the sequence is an A.P.
with common difference A.

NOTE Students are advised to use the statement of the above example as a standard result.

EXAMPLE 5 The n‘^ term of a sequence is 3n - 2. Is the sequence an A.P. ? If so, find its 10th term.

SOLUTION Here, a„ = 3n~ 2. Clearly, is a linear expression in n. So, the given sequence is an
A.P. with common difference 3. Putting n = 10, we get: Oiq = 3 x 10 - 2 = 28

REMARK It is evident from the above examples that a sequence is not an A.P. if its nth term is not a
linear expression in n.

i.e.

 

 



 

 

MATHEMATICS-XI18.4

EXERCISE 18.1

BASIC

2
1 ● If the n* term of a sequence is given by a,,=n -n + 1, write down its first five terms.

3 2
2. A sequence is defined hyOjj=n -6n + lln -6,neN. Show that the first three terms of the

sequence are zero and all other terms are positive.

3. Find the first four terms of the sequence defined by = 3 and, 0,^ = 3^^ _ j + 2, for all
n>l. INCERT]

4. Write tlie first five terms in each of the following sequences:

(i) r?! =1,0,, = a,j_i + 2,n>l

(iii) t7| = /?2 = 2,0jj = aj^_i~l,n>2

5. The Fibonacci sequence is defined by = 1 = ~ ^ -1 - 2 « > 2.

^1+ 1

(ii) =1 ^ a2,a„ = a,,_ j + «„_ 2,« >2

[NCERT]

[NCERT]Find for « = 1,2, 3,4,5.
^2

6. Show that each of the following sequences is an A.P. Also, find the common difference and
write 3 more terms in each case,

(i) 3,-1,-5,-9...

(iii) V2, 3V2, 5V2, 77^...

(ii) -1,1/4, 3/2,11/4,...

(iv) 9,7,5,3,...

BASED ON LOTS

7. The term of a sequence is given by = 2n + 7. Show that it is an A.P. Also, find its 7th
term.

2

8. The term of a sequence is given by a,, = 2n +n + l. Show that it is not an A.P.

ANSWERS

1. flj =1, ^2 = 3, ^3 =7, fl4 =13, =21

4. (i) flj =1, i?2 = 3, 03 =5,04 =7, =9

(iii) flj = 2, fl2 = 2, fl3 = 1, ^4 = 0, -1

(iii) 2 V2 (iv) -2

3. flj = 3, ^2 = 11, ^3 = 35, i?4 = 107

(ii) a-^ =1, ^2 =1/ = 2, ^4 = 3, =5

(ii)^6. (i)-4 7. 21

18.3 GENERAL TERM OF AN A.P.

THEOREM Let a be the first term and d be the common difference of an A.P. Then, its nth term is
a + {n-l) di.e. = « + (n -1) d.

PROOF Let a^, a2 , a^, , a^ ,, Ofj,... be the given A.P. Then,

a^ = First term = a a-y=a + {\-\) d.

Using the definition, we obtain:

^2 - = d^ Q2 = + d => ^2 = a + d^ 02 = a -¥{2-\) d

a^-a2=d=> a^ = 02 + d:=^ a^ ={a + d) + d => = a + 2d=> a^ = a + {3 -1) d

^4 -/I3 =d=5' ^4 = ^3 + d=> ^4 =(fl + 2rf) + d => «4 = fl + 3d=> ^4 = a+ {A-l) d

Similarly, a^ = a + {5 ~1) d, = a + {6 -1) d,..., <?„ = + (n -1) d.

Hence, «th term of an A.P. with first term a and common difference d is On = a + (n-1) d.
Q.E.D.

 

 



 

 

18.5ARITHMETIC PROGRESSIONS

18.3.1 nth TERM OF AN A.P. FROM THE END

Let a be the first term and d be the common difference of an A.P. having m terms. Then, term

from the end is (m - « +1)^ term from the beginning,
term from the end = = a + (m -n + 1 -1) d - a + (m-n) d

For finding the term from the end, we may take as the first term and -d as the common
difference.

Taking as the first term and common difference equal to d', we find that

n* term from the end = a„^ + {n -1) {- d)

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

Type I ON FINDING THE INDICATED TERM OF AN A.P.

EXAMPLE 1 Show that the sequences, 12,15,18,... is an A.P. Find its 16th term and the general term.

SOLUTION Clearly, (12 - 9) = (15 -12) = (18 -15) = 3, so the given sequence is an A.P. with
common difference d = 3 and first term a = 9.

16th term = = a + {16 -1) d = a + 15d = 9 +15 x 3 = 54 [●.● a,, = a + {n-l) d]

and. General term = nth term = a„ = a + {n-l) d = 9 + (n -1) x 3 = 3w + 6
'2. 3

EXAMPLE 2 Show that the sequence log a, log (ah), log {ab ), log{ab ),... is an A.P. Find its nth term.
SOLUTION We have.

ab^(ah')
log (ab) - log A = log — = log b, log (ab) - log (ab) = log = logb

aba

log(flb^) -log(fl&^) = log = log b and so on.
ab^

It follows from the above results that the difference of a term and the preceding term is always
same. So, the given sequence is an A.P. with common difference log b.

= a + {n-1) d= log fl + (n -1) log b = log a + log b” ” ^ = log {ah’^ ~ ^)

EXAMPLE 3 Which term of the sequence 72, 70, 68, 66,... is 40?

SOLUTION Clearly, the given sequence is an A.P. with first term a =72 and common difference
d = -2. Let its nth term be 40.

A,, =40

a + {n-l)d =40

72 + (n-l)(-2) = 40

72 - 2m + 2 = 40 => 2m = 34 => m = 17

Hence, 17th term of the given sequence is 40.

EXAMPLE 4 Which term of the sequence 4, 9,14,19,... is 124?

SOLUTION Clearly, the given sequence is an A.P. with first term a = 4 and common difference
d=5. Let 124 be the nth term of the given sequence. Then,

a,, = 124=>A + (M-l)rf = 124:^4 + (n-l)x5 = 124=>m = 25

Hence, 25th term of the given sequence is 124.

EXAMPLE 5 How many terms are there in the sequence 3, 6, 9,12,..., 111?

i.e.

[●.● A„ = A + (M -1) d]

 

 



 

 

18.6 MATHEMATICS-XI

SOLUTION Clearly, the given sequence is an A.P. with first term a = Z and common difference
d = 2>. Let there be n terms in the given sequence. Then,

term =111 => a + (n - \) d =111 => 3 + (n -1) x 3 =111 => n = 37

Thus, the given sequence contains 37 terms.

EXAMPLE6 Is 184a term of the sequence 3,7,11,... ?

SOLUTION Clearly, the given sequence is an A.P. with first term a = 3 and common difference
d = 4. Let the nth term of the given sequence be 184. Then,

a„=lS4=> a + {n-l)d = 184=> 3 + (n-l)x4 = 184=>4n = 185=>n = 46^.

th
n

4

Since n is not a natural number. So, 184 is not a term of the given sequence.
1 1 3

EXAMPLE? Which term of the sequence 20,19 — , 18 — , 17 — ,... is the first negative term?

SOLUTION The given sequence is an A.P. in which first term a = 20 and common difference
3

d = . Let the nth term of the given A.P. be the first negative term. Then,

a„<0

^ a + {n -1) d <0

=> 20 + (n-l)x(-3/4)<0 => — < 0 => 83 - 3n < 0 => 3n>83=>n>27-
4 4 3

2
Since 28 is the natural number just greater than 27 ~. So, n = 28. Tlius, 28th term of the given

3

sequence is the first negative term.

EXAMPLE 8 Which term of the sequetice 8 - 6i, 7 -4i, 6 - 2i, ...is (i) purely real (ii) purely imaginary?

SOLUTION The given sequence is clearly an A.P. with first term <7 = 8-6/ and common
difference d = -l + 2i. The nth term of the given A.P. is given by

Ojj = a + {n ~l) d = 8 - 6/ + (n -1) (-1 + 2/) = (9 -n) + /(2n - 8)

(i) Let the nth term of the given sequence be purely real. Then, a,^ is purely real.

(9-n) + i(2n - 8) is purely real ^ 2n-8 = 0:^n = 4
So, 4th term of the given sequence is purely real,

(ii) Let the nth term of the given sequence be purely imaginary. Then, <^ is purely imaginary

(9 - n) + i{2n - 8) is purely imaginary =>9-n = 0=>n = 9

Thus, 9th term of the given sequence is purely imaginary.

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

Type II PROBLEMS BASED UPON <7„ = <7 + (n -l)d

EXAMPLE 9 Ifpth, qth and rth terms of an A.P. are a, b, c respectively, then show that:

(i) a{q -r)+ b(r -p) + c{p-q)=0 (ii) (a -b)r + (b - c) p + (c - a) q = 0
SOLUTION Let A be the first term and D be the common difference of the given A.P. Then,

a = pth term =^<7 = A +(p -1)D

b = qtin term =>fc = A+ {q~l)D

c = rth term ^ c =A+(r-l)D

(i) Substituting these values oi a, b, c, in a (q-r) + b (r -p) + c (p -q), we obtain

a{q-r) + b{r-p) + c(p-q)

[NCERTl

●..(ii)

...(iii)

 

 



 

 

ARITHMETIC PROGRESSIONS 18.7

= {A + {p-l)D]iq-r) + \A + iq-l)D]{r~p)-^{A^ir-l)D]{p-q)

= A{iq-r)+(r-p)+{p-q)] +D{{p-1) {q-r)+(q-1) (r - p) + (r -1) (p - q)\

= A .0 + D {piq -r) + qir -p) + r (p ~ q) -iq -r) -{r ~p) -ip - q)]
= A.O + D.O = 0

(ii) On subtracting (ii) from (i); (iii) from (ii) and (i) from (iii), we get

a-b = {p-q)D ... (iv) {b -c) = {q-r) D ... (v) c - a = (r -p) D

{a -b) r + {b - c) p + {c - a) q = {p - q) D r + {q -r) D p + {r - p) D q

= D[{p-q)r + (q-r)p + (r-p)q\= DxO = 0

EXAMPLE 10 Show that the sum of{m + and (m term of an A.P. is equal to twice the

...(Vi)

th
[NCERT]m term.

SOLUTION Let a be the first term and d be the common different of the AP. Then,

= (m - term - a ■¥{m-n-\) d
ih

- (m + n) term = a + {m + n-l) d and,am + n -n

flm + H +^m-n = {a + {m + n-l)d} + {a + {m-n-l)d\

- 2fl + (m+ n-l+ m-n-1) d= 2fl + 2(m-l)d= 2{a + {m-l) d] = 2^^,.

Ifm times the mth termofanA.P. is equal ton times its nth term, show that the {m + n)thEXAMPLE 11

term of the A.P. is zero.
SOLUTION Let a be the first term and d be the common difference of the given A.P. Then,

th
m times m term = n times nth term

ma^„ = na,j

m{a + (m -1) d] =n{a + {n-l) d]

m{a + (m -1) d] ~n[a + (k -1) d} =0

a{m - n) + |m(m -1) - n{n -1)} d = 0

a{m - n) + {(m^ - n^) - (m - «)} d = 0

a{m ~n) + {m-n) {m + n -1) d = 0

{m-n) [a + {m-hn-l) d] = 0 => a + {m + n -1) d = Q^ Oj,j

Hence, the {m + term of the given A.P. is zero.

[v m^fi]= 0+ n

th
term is p, prove that its nth term is

[NCERT]
EXAMPLE 12 If the pth term of an A.P. is q and the q

ip + q-n).
SOLUTION Let a be the first term and d be the common difference of the given A.P. Then,

pth term = q=^ a {p -1) d = q

(?th term = p=> a-i-(q-l) d = p

Subtracting (ii) from (i), we get

ip-q)d = iq-p) => d=-l

Putting d = -1 in (i), we get: a = (p + q-1)

»ith term = a + (« -1) d = (p + g -1) + (« -1) x (-1) = {p + q-n)

If the mth term of an A.P. be 1/n, and nth term be 1/m then show that its (mn)th term is 1.

...(ii)

EXAMPLE 13

SOLUTION Let a and d be the first term and common difference respectively of the given A.P.
Then,

- = mth term => - ...(i)= a + (m-l) d
nn

 

 



 

 

18.8 MATHEMATICS-X!

— = nth term => — = a + {n-l) d ●●●(ii)
m m

On subtracting (ii) from (i), we obtain
m-n1 1

= {m-n) d-^ d - —— = (m - n) fr ^
n m mn mn

1
Putting d = in (i), we obtain

(m-1) 1 1 1
^ ^=> -=a +	
mn n

1 1
(mn)th term =a + {mn-l)d=— + {mn-l) —

mn

1 1
a + => a

n n mn mn

= 1
mn mn

EXAMPLE 14 Determine the number of terms in the A.P. 3, 7,11,... 407. Also, find its 20th term from
the end.

SOLUTION Clearly, the given sequence is an A.P. with first term 3 and the common difference
4. Let there be n terms in the given A.P. Then,

407 = nth term 407 = 3 + (n -1) x 4 4n = 408 => n = 102

Now,

20th term from the end = [102 - 20 + l]th term from the beginning

= 83rd term from the beginning = 3+ (83-l)x4 = 331

ALITER To find 20th term from the end, we consider the given sequence as an A.P. with first
term = 407 and common difference - 4.

20th term from the end = 407 + (20 -1) x (- 4) = 331.

EXAMPLE 15 How many numbers of two digits are divisible by 7?

SOLUTION First two digit number divisible by 7 is 14 and last two digit number divisible by 7 is
98. So, we have to determine the number of terms in the sequence 14,21,28,..., 98. Let there be n
terms in this sequence. Then,

98 = «th term ^98 = 14 + (« -1) x 7 ^ 7« = 91 ^ n = 13

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 16 Show that there is no A.P. which consists of only distinct prime numbers.

SOLUTION Let a-y, ^2/ ^3, ●●●/ ... be an A.P. consisting only of prime numbers. Let d be the
common difference of the A.P. Since the difference of two consecutive prime numbers is greater
than or equal to 1. Therefore, d>l.

Now,

th
(flj +1) term of this A.P. - ai + {ai + \ -1) d = (1 + d)

(flj +1)* term is not a prime number

This is a contradiction that the A.P. consists of only prime numbers as its terms.

Hence, there cannot be an A.P. which consists only of distinct prime numbers.

EXAMPLE 17 Show that in an A.P. the sum of the terms equidistant from the beginning and end is
always same and equal to the sum offirst and last terms.

SOLUTION Let ^2/ ^*3/ — / be an A.P. with common difference'd'. Then,

kth term from the beginning = = a-i + {k -1) d

kth term from the end = {n-k + l)th term from the beginning

= a„-l(+ 1= a-i + {n - k +1 - V) d = a-^+{n-k) d

{kth term from the beginning) + {kth term from the end)

[NCERT EXEMPLAR]

and.

 

 



 

 

18.9ARITHMETIC PROGRESSIONS

-^k+^i-k+1

= {flj + (k -1) d\ + {flj +{n-k) d] = la^ +{n-l) d = + {a^ + (n -1) d] = a^+ Ojj

Thus, (^k'^^i-k+l “ for allfc =1,2, ...n

=‘^3+'^-2 =^4 + ‘^i-3 =■■■ ='^1+'^

Hence, the sum of the terms equidistant from the beginning and end is always same and equal
to the sum of first and last terms.

NOTE The statement of the above example may be treated as a standard result.

EXAMPLE 18 Inthearithmeticprogressions2,5,8,... upto50terms,and3 ,5,7,9,... upto60terms,find
how many terms are identical.

SOLUTION Let the mth term of the first A.P. be equal to the nth term of the second A.P. Then,

2 + (m-l)x3 = 3 + (n-l)x2

3m “ 1 = 2n +1

3m = 2?i + 2 ^ — =
n + 1

— = cf(say)
2

m = 2k and n = 3k-1

2Jc550 and 3Jt-l<60

fc<25 and cf<20—

[■.' m < 50 and n ^ 60]

3

[●.* A: is a natural number]it <20

k = 1,2, 3,... 20

Corresponding to each value of k, we get a pair of identical terms.
Hence, there are 20 identical terms in the two A.P.'s.

EXAMPLE 19 Find the number of terms common to the two A.P.'s: 3,7,11, ...407 and 2, 9,16,..., 709.
SOLUTION Let the number of terms in two A.P.'s be m and n respectively. Then,

407 = mth term of first A.P. and, 709 = wth term of second A.P.

407 = 3 + {m-l)x4 and 709 = 2 + («-1) x 7
m = 102 and n = 102

So, each A.P. consists of 102 terms.

Let pth term of first A.P. be identical to qth term of the second A.P. Then,
3 + {p-l)x4 = 2 + (f^-l)x7

4p~l = 7q~5

4p + 4 = 7q

4(p + l) = 7q ^ ” 4 ^ ^ P =7k-l and q = ^k
Since each A.P. consists of 102 terms.

p<102 and g<102

7A:-1 ^102 and 4ic<102 ^ /c<14-and A: <25- => cf ^14 => /c =1,2, 3,... ,14
2

Corresponding to each value of k, we get a pair of identical terms.
Hence, there are 14 identical terms in two A.P.'s.

EXAMPLE 20 <?2/ - / ‘hi ^^ere Oj > Ofor all i, show that
_ _ n-1

■J^hi - 1 + yf^ 7^’*'7^
SOLUTION Let d be the common difference of the given A.P. Then

7

11 1
+

7^ + 7^ 7^+7^
+... +

INCERT EXEMPLAR]

 

 



 

 

MATHEMATICS-XI18.10

= d<72-^1 - -<^2 “ ●●● -
11 11

Now, +... +

3 +a

+ ...++

(^[^+V^) (V^ “ ■'■ ^!^'^ (V^ '*' l) (l/^

- ~V^ I -fis + ... +

1fl3 -^2

- 1«3 -

[Using (i)l+ + ... +

dd

“V‘^1 ■

(yIt^-^‘hi-\) ■. +

(V^ - V^) (V^+V^) _ flj + (« -1) - flj _

^(V^ + V^) ^i^[^ + y^^) V^ + V^ 4^ + ^[^
lf(i\, (i2, <^3/ — / of non-zero terms, prove that

n-l

n-1n-l

EXAMPLE 21

1 11
+ + ... +

d-y fl2 ^2 ^3 - 1 ^ fll Ofj

SOLUTION Let'd' be the common difference of the given A.P. Then,
fl2-fli = fl3-«2 = ●●● = ^ (say). ...(i)

Now,

1 1 1 1
+ + +... +

(Jy 02 ^2 «3 ^4 Ai -1

1 d
— 1 	

d Oy <?2

d d d
+ ... +

^-1 ^02 ^3 ^3 ^4

K-'^-i)_ i (^2 ~ ^l) (^3 ~ ^2) ^ (^4 ~^3)
^3 "4

+ ... +

d Oy O2 02 03 ^ - 1

\ f
1 1 1 1 1

02 ^3^

1 1J__ J_
<73 ^4

+ + + ... +

d Oy 02 1 ^

1 flj + (« - 1} d - flj I _ « - 1
Oy Of,

EXAMPLE 22 Ifoy, 02, ^2, ..., a„ ove in AP with common difference d (where d ■* 0), then the sum of
series.

sind(cosec Oy cosec 02 +cosec 02 cosec ^3 + ...+cosec Ojj_y cosec <^,) is equal to cota^ -cot Ojj.
[NCERT EXEMPLAR]

1 1 L[ = iJ^LZfl ,
d OyOjjd dOy 0,, Oy a„
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SOLUTION We have,

sinc?(coseccosec^2 + cosecfl2 cosecfl3 +...+ coseca^_-^ cosecfl„)
sinrfsind s'md sind

+ ...+

smflj smr?2

sin {^2

sin<72 smfl3

sin (<?3 -<?2)

smfl3 sm <74

sin (^4 -03)

sln^^,_;^ sin^^

sin
+...+

SinfljSin(22 Sinfl2Si^^'^3 Sinfl3smfl4

_ sin ^2 cosfl^ -cos<7i sin <72 ^ sin <73 cos ^2 -cos<73 sin <72

sm Oji_i sin Of,

sm Ofj cosi^,_i - cos Ojj sm
+ ...+

sm smsm £7| sm ^2

= (cot flj -cot 772) +(cot 772 ^3) + ●●●+ (cot7^,_2 “COt /?„)
= cotfli - cot 77

sm772 sm773

1 n

EXERCISE 18.2

BASIC

1. Find:

(ii) 18th term of the A.P. V2, 3^f2,5-Jl,...(i) 10th term of the A.P. 1,4, 7,10,...

(iii) nth term of the A.P. 13,8,3, -2,...

2. In an A.P., show that a

3. (i) WhichtermoftheA.P.3,8,13,...is248? (ii) WhichtermoftheA.P.84,80,76,...is0?

(iii) Which term of the A.P. 4,9,14,... is 254 ?

4. (i) Is 68 a term of the A.P. 7,10,13,... ? (ii) Is 302 a term of the A.P. 3, 8,13,... ?
1 1 3

5. (i) Which term of the sequence 24, 23—, 22—, 21 —... is the first negative term ?

(ii) Which term of the sequence 12 + 8i, 11 + 6i, 10 + 4/,... is (a) purely real (b) purely
imaginary ?

6. (i) How many terms are there in the A.P. 7,10,13,... 43 ?

(ii) How many terms are there in the A.P. -1,-—,-—,- — ,...,—?
6 3 2 3

7. The first term of an A.P. is 5, the common difference is 3 and the last term is 80; find the
number of terms.

+ a
m + n m-n

1

8. The 6th and 17th terms of an A.P. are 19 and 41 respectively, find the 40th term.

9. If 9th term of an A.P. is zero, prove that its 29th term is double the 19th term.

10. If 10 times the 10th term of an A.P. is equal to 15 times the 15th term, show that 25th term of
the A.P. is zero.

11. The 10th and 18th terms of an A.P. are 41 and 73 respectively. Find 26th term.
12. In a certain A.P. the 24th term is twice the 10th term. Prove that the 72nd term is twice the

34th term.

BASED ON LOTS

13. If(m + l)th termof an A.P. is twice the (« + l)th term, prove that (3m + l)th term is twice the
(m + 77 + l)th term.

14. If the nth term of the A.P. 9,7,5,... is same as the nth term of the A.P. 15,12,9,... find n.

15. Find the 12th term from the end of the following arithmetic progressions:

(i) 3, 5, 7, 9, ...201 (ii) 3, 8,13,..., 253

16. The 4th term of an A.P. is three times the first and the 7th term exceeds twice the third term

by 1. Find the first term and the common difference.
17. Find the second term and nth term of an A.P. whose 6th term is 12 and the 8th term is 22.

(iii) 1,4,7,10,..., 88

 

 



 

 

MATHEMATICS-XI18.12

How many numbers of two digit are divisible by 3 ?
An A.P. consists of 60 terms. If the first and the last terms be 7 and 125 respectively, find
32nd term.

The sum of 4th and 8th terms of an A.P. is 24 and the sum of the 6th and 10th terms is 34.

Find the first term and the common difference of the A.P.

How many numbers are there between 1 and 1000 which when divided by 7 leave
remainder 4?

18.

19.

20.

21.

BASED ON HOTS

The first and the last terms of an A.P. area and / respectively. Show that the sum of nth term
from the beginning and nth term from the end is fl + /.

Oj 3

22.

If an A.P. is such that23.

«8

If 0|, 02, 83,..., 0„ are in AP, whose common difference is d, show that
tan 0„ - tan 0j

24.

sec 0| sec ©2 + sec ©2 sec ©3 + ... + sec 0„_i sec 0„ =
[NCERT EXEMPALR]sin d

ANSWERS

(ii) 35

(ii) No 5, (i) 34th

(ii) 27 7. 26 8. 87

(ii) 198 (iii) 55

a„ =5n-18

1. (i) 28

4. (i) No

6. (i) 13

15. (i) 179

17. a2=-8,

(iii) -5n +18 3. (i) 50 (ii) 22 (iii) 51

(ii) (a) 5 (b) 13

11. 105 14. 7

16. First term = 3, common difference = 2

i ^
2' 2

4
18. 30 19. 69 20. - 23. -«

5

18.4 SELECTION OF TERMS IN AN A.P.

Sometimes we require certain number of terms in A.P. The following ways of selecting terms are
generally very convenient.

Number of terms Common differenceTerms

a - d, a, a + d

a - 3d, a - d, a + d, a + 3d

a - 2d, a - d, a, a + d, a + 2d

a-5d, a - 3d, a-d, a + d, a + 3d, a + 5d

d3

2d4

d5

2d6

It should be noted that in case of an odd number of terms, the middle term is a and the common

difference is d while in case of an even number of terms the middle terms are a-d, a + d and the
common differences is 2d.

The following examples will illustrate the use of such representations.

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 The sum of three numbers in A.P. is - 3, and their product is 8. Find the numbers.

SOLUTION Let the numbersbe {a - d), a, (a + d). Then,
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Sum = -3=> {a~d)+a-i-{a + d) = -3=>3fl = -3=>a = -l

and. Product = 8

=> (rt -d) (fl) ((? + d) = 8

=> a(a^-d^) = 8=> (-l)(l-d^) = 8 => = 9=>d = ±3

When a = -l and d = 3, the numbers are -4, -1, 2. When a = -l and d = - 3, the numbers are

2, -1,-4. So, the numbers are -4,-1, 2, or 2, -1,-4.

EXAMPLE 2 Find four numbers in A.P. whose sum is 20 and the sum of whose squares is 120.

SOLUTION Let the numbers be {a - 3d), {a - d), (a + d), (a + 3d). Then,

Sum = 20 => (fl - 3d) + (a - d) + (fl + d) + (a + 3d) = 20 => 4a = 20 => a =5

and. Sum of the squares = 120

=> (a-3d)^+(a-d)^+(a + d)^+(a+3d)^ = 120

4a^ + 20d^=120 => a^+5d^=30 => 25+5d^=30 => 5d^ =5 => d = ± 1 [v a =5]

If d=l, and a =5,then the numbers are 2,4,6,8. If d = -l, and a =5, then the numbers are

8, 6, 4,2.

Thus, the numbers are 2,4,6,8 or 8,6,4,2.

[V a=-l]

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLES Divide 32 into four parts which are in A.P. such that the product of extremes is to the
product of means is 7:15.

SOLUTION Let the four parts be (a - 3d), (a - d), (a + d) and (a + 3d). Then,

Sum = 32 => (a - 3d) + (a - d) + (a + d) + {a + 3d) = 32 => 4a = 32 => a = 8

It is given that the product of extremes is to the product of means is 7:15.

(a - 3d) (a + 3d) 7

(a - d) (a + d) 15

a^ - 9d^ 7 64 - 9d^
— => — => 128d^ = 512 => d^ = 4 => d = ± 2

2-d2 64-d^15 15a

Thus, the four of 32 parts are 2,6,10,14.

When a = 8 and d = 2 four parts are: 2,6,10, and 14. When a = 8 and d = -2 four parts are 14,10,6
and 2.

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 4 The product of three numbers in A.P. is 224, and the largest number is 7 times the smallest.
Find the numbers.

SOLUTION Let the three numbers in A.P. be a - d, a, a + d, where d > 0. Clearly, a + d is the largest
number and a - d is the smallest number.

[NCERT EXEMPLAR]

It is given that:

Product of numbers = 224 and. The largest number = 7 (The smallest numbers)
(a-d) a{a + d) =224 and, a + d=7 (a-d)

a (a^ - d^) = 224 and, 6a = 8d

 

 



 

 

MATHEMATICS-Xl18.14

a{a^-d^)=224 and, d = —:^a
4

= 224 => =512 = 8^ => a = 8.

[On eliminating d]= 224
16

7a^

16

3a

Puttingfl = 8ind = —,we obtaind = 6. Hence, three numbers are 2,8,14.

If the fourth power of the common difference of an A.P. with integer entries is added to theEXAMPLE 5

product of anyfour consecutive terms of it. Prove that the resulting sum is the square of an integer.
SOLUTION Let a - 3d, a - d, a + d, a + 3d be four consecutive terms of an A.P. with integer

terms. Clearly, the common difference is 2d. Since the terms are integers, therefore a and d are
also integers.

Now, Given sum = {a - 3d) {a - d) {a + d) {a + 3d) + (Id)^

= {a^ -9d^)ia^ -d^) + 16d‘^

= -lOfl^ d^ + 9d^ +16d'^

= / d^ + 25d^

2 2 2

= (fl -5d ) , which is square of an integer as a and d are integers.

EXERCISE 18.3

BASIC

1. The sum of three terms of an A.P. is 21 and the product of the first and the third terms

exceeds the second term by 6, find three terms.

2. Three numbers are in A.P. If the sum of these numbers be 27 and the product 648, find the
numbers.

BASED ON LOTS

3. Find the four numbers in A.P., whose sum is 50 and in which the greatest number is 4 times
the least.

BASED ON HOTS

4. The sum of three numbers in A.P. is 12 and the sum of their cubes is 288. Find the numbers.

5. If the sum of three numbers in A.P. is 24 and their product is 440, find the numbers.

[NCERTl

6. The angles of a quadrilateral are in A.P. whose common difference is 10*^. Find the angles.

ANSWERS

4. 2,4,6 or 6,4,22. 6,9,12

6. 75°, 85° 95°, 105°

3. 5,10,15,201. 1, 7,13

5. 5,8,11

HINTS TO SELECTED PROBLEMS

5. Let the three numbers be a ~ d, a, a + d. It is given that the sum and product of these

numbers are 24 and 440 respectively. Therefore,
a-d + a + a + d = 24 and{a-d)a{a + d)= 440
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=> 3fl = 24 and a {a^ - d^) = 440 => o = 8 and a (a^ - d^) = 440

Now,

fl(fl^-d^)=440 8(64-d^)=440 => 64-/=55 => d^=9 =?● d = ±3

Hence, three numbers are 5,8,11 or 11,8, 5.

18.5 SUM TO n TERMS OF AN A.P.

THEOREM Show that the sum S„ ofn terms of an A.P. withfirst term ‘a' and common difference 'd' is

^ = Ijlfl +(n-l)d|

5^ = ^ (fl + 0/ where I = last tertn = a + {n -1) d
PROOF Let a-y, 02, ay... be an A.P. with first term a and conunon difference d. Then

flj = a, 02 = a + d,02 = a+ 2d,a^ = a+ 3d,...,Ofj - a+ {n-l) d

or.

Now,

£5, - ai + a2 + a^+... + a,j_i + a,j

5,1 - a + (a + d) + (a + 2d) +... +{a+ {n ~2) d) + {a-i-(n-l) d]

Writing the above series in a reverse order, we get

^ = \a + {n -1) d] + {a + {n - 2) d] +... + {a + d) + a

Adding the corresponding terms of (i) and (ii), we get

2^ = {2(7+ (n-1) d} + {2fl + (n-1) d| +... + {2fl + (w-1) d)

=> 2% - 7!{2fl + {n-l) d)

-{i)

...(ii)

[●.● 2a + {n -1) d repeats n times]

Sn = ^{2« + (« -l)d|
/ = last term =a + {n-l)d

^ |2(7 + (n -1) d| a + ■ a + (n -1) d
AUTER We have,

^ = (7J + (72 + (73 +... + i^_2 + 1 + fln

^ =(^+(^_l+(^_2 + ■...+ 03 + (32 +

Adding corresponding terms in (i) and (ii), we get

= («1 + + («2 + ^ - 1) + (^3 - 2) + ● ● ■ - 1 ^2) + (*^ + ^1)

2^ = (fl| + £^i) + (Oi + fl,]) + ((7j + (?„)+...+ {(7j + Ofj) + {(7| + (7„)

2^ = n (flj + (7^)

^1=1 (^*1 + i^i) =

Now,

n

a + /

21

...(i)

...(ii)or.

[●.● flj + = (7|t + (7^ _ + 1 for /c = 2, 3,..., n]

||(7i + fli +(«-!) d| [v a„=ai + {n-l)d]

^ =||2(7i + n-l)d|
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NOTE 1 In the formula ^ 12o + (?i -1) frj, there are four quantities viz. a, n and d. If any
three of these are known, the fourth can be determined. Sometimes two of these quantities are given, in
such cases remaining two quantities are provided by some other relations.

NOTE 2 // the sum S„ofn terms of a sequence is given, then nth term On of the sequence can be
determined by the using formula: a„ = ^ -1

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

Type I ON FINDING THE SUM OF GIVEN NUMBER OF TERMS OF AN A.P.

a + l\.
n11

Formula: S 2a + (n -1) d or, S,n ~
2 2

EXAMPLE 1 Find the sum of 20 terms of the A.P. 1, 4, 7,10,...
SOLUTION Let a be the first term and d be the common difference of the given A.P. Clearly,
a = \, d = 3. We have to find the sum of 20 terms of the given A.P. Putting fl = 1, fr = 3,« = 20 in

= ^ { 2fl + (n ~1) d|, we get
S20 = y |2x 1 + {20 -l)x sj =10x59=590

EXAMPLE 2 Find the sum of the series ; 5 + 13 + 21 +... +181.

SOLUTION The terms of the given series form an A.P. with first term a = 5 and common
difference d = 8. Let there be n terms in the given series. Clearly,

Oj, = 181 => a + {n-l) d = 181 =>5 + («-l)x8 = 181 => 8n = 184 => n = 23

Required sum =^ (fl +/) = y (5 + 181) = 2139.
EXAMPLE 3 Find the sum of all three digit natural numbers, which are divisible by 7.

SOLUTION The smallest and the largest numbers of three digits, which are divisible by 7 are
105 and 994 respectively. So, the sequence of three digit numbers which are divisible by 7 are
105, 112, 119, ..., 994. Clearly, these numbers are in A.P. with first term a = 105 and conunon
difference d-7. Let there be n terms in this sequence. Then,

= 994 => a + {n-l)d = 994 => 105 + («-1) x 7 = 994 => n = 128

Required sum = | |2fl + (n -1) dj =^ |2 x 105 + (128 -1) x 7^ =70336
EXAMPLE 4 Find the sum of all natural numbers between 250 and 1000 which are exactly divisible by 3.

SOLUTION Clearly, the numbers between 250 and 1000 which are divisible by 3 are 252, 255,
258,..., 999. These numbers are in A.P. with first term a = 252, common difference = 3 and last

term = 999. Let there be n terms in this A.P. Then,

= 999=>fl + (7i-l) d = 999 => 252 + (tt-l)x 3 = 999 =>n = 250

Required sum = = ^(fl + /) =

a,

250

y (252 + 999) = 156375
EXAMPLE 5 Find the sum of all odd integers between 2 and 100 divisible by 3.

SOLUTION The odd integers between 2 and 100 which are divisible by 3 are 3,9,15,21,..., 99.
Clearly, these numbers are in A.P. with first term a = 3 and common difference d = 6. Let there be
n terms in this sequence. Then,

a,t = 99 => fl + (n -1) d => 3 + (« -1) x 6 = 99 ^n = 17

Required sum (fl +/) = y(3 + 99) = 867.
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EXAMPLE 6 Find the sum offirst 20 terms of an A.P., in which 3rd term is 7 and 7th term is two more
than thrice of its 3rd term.
SOLUTION Let a be the first term and d be the common difference of the given A.P. It is given
that

fl3 =7 and Oj =3a^+2
a + 2d =7 and a + 6d = 3{a + 2d) + 2 => a + 2d =7 and a = ~l => a = -\, d =4

S2o=y|2x-l+(20 -l)x4l=y (-2 + 76)=740 Using: £i, = ^ |2fl +(« -1) frj
The sum of the first four terms of an A.P. is 56. The sum of the last four terms is 112. If its

[NCERT]

Let there be n terms in the A.P. with first term t? = 11 and common difference d. It is

EXAMPLE 7

first term is 11, then find the number of terms.
SOLUTION

given that

Sum of first four terms =56 => ^ |2xll +(4 -l)rf| = 56 => 22+3d = 28 => 3d = 6 ^d = 2

It is also given that
Sum of last four terms = 112

=> +

^ 4- Off_ 3 = 56

=> {11 +(n-l)x 2) + {ll +(«“4)x 2) =56 => 22 + 2 (2ji-5) =56 => 4n = 44=> n =11.

Hence, there are 11 terms in the A.P.

Using: ^ =|(fl + 0

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

Type I ON FINDING THE VALUE OF UNKNOWN WHEN THE SUM OF TERMS OF AN A.P. IS GIVEN

EXAMPLES If the sum of n terms of an A.P. ispn + qn , where p and q are constants, find the common
[NCERTl

Let denote the sum of n terms and a„ denote the nth term of the A.P. Then,

S„=pn + qn^

S„_l=p{n-l) + q{n-l)'^

= [pn + qn^\ -{p{n-l) + q {n -1)^)

=> a„=pn-p(n-V) + qn^ -q{n-1)^ = p |n - (n -1)} + q{n^ -{n-1)^)

=> Oj,=p + q(2n-l)

aj,_i=p + q{2{n~l)~l]
Let d be the common difference of the A.P. Then,

d = a,j —Ojj_ I

=> d = {p + q{2n-l)} - [p + q{2{n -1) ~l]] = {p + q{2n-l)] -{p + q(2n- 3)]

^ d-q{2n-1-2n+3) =2q

Hence, the common difference = 2q.

difference.
SOLUTION

[On replacing n by (n -1) in

Now,

a,

[Replacing n by (n -1) in Oj^]
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If the sum of n terms of an A.P. is 3n + 5n and its mth term is 164, find the value
[NCERT]

Let ^ denote the sum of n terms and Oj, be the wth term of the given A.P. Then,

^, = + 5n ^ ^ 1 = 3 (n -1)^ 4- 5 {n -1) = - H - 2

= Sn -^.i=(3«^+5n)-(3«^ -n~2) = 6« + 2

It is given that % = 164 => 6m + 2 = 164 => 6m = 162 => m = 27

EXAMPLE 10 Find the sum to n terms of the sequence given bi/ a,, = 5 - 6n,n e N.

SOLUTION Wehave, =5'-6«.Replacingnby (n+1), weobtain

1 =5 - 6(n +1) = -1 - 6«

(^ + 1 - = (-1 - 6m) - (5 - 6n) = - 6 for all m e N

Since is constant for all n € N. So, the given sequence is an A.P. with common
difference - 6. Putting « = 1, in =5 - 6«, we get: <3^ = -1.

So, tlie sum Sf^ton terms is given by

=|(«1 + “!«) =^(-1+5-6«) (2 - 3«)
EXAMPLE 11 If the term of an A.P. is - and the term is --, show that the sum of mn terms is

EXAMPLE 9

of m.

SOLUTION

[On replacing « by (« -1) in £y,]

Now, an

n m

1
— {mn + 1), where m^n.

SOLUTION Let a be the first term and d be the common difference of the given A.P. It is given
that

INCERTJ

1 .4 1
- and Off=-
n m

1 1
Now, Oj„ = - a + {m -1) d=~-

n n

— =>« + («-l)d = -and. ...(ii)Ojf —
m m

Subtracting (ii) from (i), we get

(m-n) d = - — => (m - n) -
1m-n

d =
n m

Putting d = — in (i), we get
mn

, ,,1 1 1 1
a + {m-1) — = -^M +	

mn n

mn mn

1

1 1
=> a =

n mn n mn

1= l(m« + l)
nn 2 , ,, 1
— < — + {mn -1) X —
2 mn m)

Snm

Txjpe II FINDING THE NUMBER OF TERMS IN AN A.P. WHEN THE SUM OF ITS n TERMS IS GIVEN

EXAMPLE 12 How many terms of the series 54,51,48,... be taken so that their sum is 513 ? Explain the
double answer.

SOLUTION Clearly, the given sequence is an A.P. with first term a = 54 and common difference
d = -3. Let the sum of n terms be 513. Then,

S,^ = 513
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^|2<i + (n = 513

||io8 + (« -Dx-aj =513 => -37n+ 342 = 0 => (n-18) {«-19) = 0 =>n=18or,19

Here, the common difference is negative. So, the terms are in decreasing order and the value of

19^^ term is 54 + (19 -1) x - 3 = 0. Thus, the sum of 18 terms as well as that of 19 terms is 513.

1 2
EXAMPLE 13 Find the number of terms in the series 20,19 — , 18 —

3 3

explain the double answer.

SOLUTION The given sequence is an A.P. with first term a = 20 and the common difference
2

d = —. Let the sum of n terms be 300. Then,

.. of which the sum is 300,t ●

3

^ = 300

||2« + (h-1) frj = 300

-I2X 20 + (n-l)f--
2 ' I 3

^ = 300

^ -61n +900 = 0 => (?i-25)(n-36)=0 => n = 25or, 36
Sum of 25 terms = Sum of 36 terms = 300.

Here, the common difference is negative therefore terms go on diminishing and 31sf term
becomes zero. All terms following 31st term are negative. These negative terms when added to
positive terms from 26th term to 30f/i term, they cancel out each other and the sum remains same.
Hence, the sum of 25 terms as well as that of 36 terms is 300.

EXAMPLE 14 Solve I + 6 + 11+16 + ... + a: =148.

SOLUTION Clearly, terms of the given series form an A.P. with first term a = \ and common
difference d = 5. Let there be n terms in this series. Then,

1+6 + 11+16 + ... + x = 148

Sum of n terms = 148

n

rfj = 148

||2 + («-l)x5| = 148 => 5n^ -3n-296 = 0 => (h-8)(5ji+ 37) = 0 => k = 8

Ih
[ ●.● = 1, fr = 5, n = 8]Clearly, x =n“‘ term = fl + (;i -1) d = l + (8 -1) x 5 = 36

Type III PROVING RESULTS RELATED TO THE SUM OF n TERMS OF AN A.P.

EXAMPLE 15 The sum of the first p, cj, r terms of an A.P. are a, b, c respectively. Show that

-{q -r) + -(r -p) + - {p -q) =0 [NCERT]

q rP

SOLUTION Let A be the first term and D be the common difference of the given A.P. Then,

fl = Sum of p terms => a = ^|2A + (g -1)d|=> —= j ...(i)2A+ip -1)D
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b = Sum of q terms =>b = ■^|2A+(g -1)d| => — = | ...(ii)2A+{q -1)D

c = Sum of r terms :=> c =-^ |2A + (r -1) d| — = |2A +{r -1) d|and, ...(iii)

Multiplying (i), (ii) and (iii) by {q - r), {r - p) and {p - q) respectively and adding, we get

la, .
— iq-r) +

2b 2c

{r-p) + — {p~q)
V r

= {2A + {p-l)D]{q-r) + [2A+{q-l)D\{r-p) + {2A+{r-l)D]{p-q)

= 2A(q-r + r-p + p-q)+D{{p-l){q-r) + {q-l){r-p)+{r-l){p-q)]
=2Ax0+Dx0=0

EXAMPLE 16 The sum of ?h 2n, 3n terms of an A.P. are 5^,52, S3 respectively. Prove that:
[NCERTlS3 = 3(S2-Si).

SOLUTION Let a be the first term and d be the common difference of the given A.P. Then,

Sj = Sum of n terms => Sj = -^ 12a + (« -1) d j ...(i)

2n

$2 = Sum of 2 « terms => S2 = — j 2a + (2« -1) d ...(ii)

= Sum of 3 « terms => S3 =-^|2a+(3u-1) d|and. % ...(iii)

S2 - Si = y |2a + (2u-l) d| |2a + (tt -1) d|Now,

S2 - Si =1 2|2fl + (2fi-l) d| -|2a + (n -1) d ^ |2a + (3H-l) d|

3(S2-Si) = y |2a + (3n -1) d| ...(iv)

From (iii) and (iv), we get: 3 (S2 -Sj) = S3

EXAMPLE 17 The sums of n terms of three arithmetical progressions are S^, $2 and S3. The first term of
each is unity and the common differences are 1,2 and 3 respectively. Prove that Si + S3 = 2 $2.

SOLUTION We have.

Si = Sum of n terms of an A.P. with first term 1 and common difference 1

Si = y 2 X 1 + (;i-l) X 1

$2 = Sum of n terms of an A.P. with first term 1 and common difference 2

= -in + 1)

S2 = ^|2xl+(n -l)x2|
2

= n

S3 = Sum of n terms of and A.P. with first term 1 and common difference 3

$2 = ■^|2xl + (n -l)x 3|=~(3«-1)
S1 + S3 = ^(n + l) + |(3n-l) = 2«2

Hence, Si + S3 = 2^ [●■● S2 =/i^]
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BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 18 If in an A.P. the sum ofm terms is equal to n and the sum ofn terms is equal to m, then
prove that the sum of(m + n) terms is - (m + n). Also, find the sum offirst (m-n) terms {m > n).

[NCERT EXEMPLAR]

SOLUTION Let a be the first term and d be the common difference of the given A.P. Then,

= n => lam + m{m -1) d = In+

Sfj = m ^ 12fl + (?i -1) d| ...(ii)= w 2an + n{n -1) d = 2mand.

Subtracting (ii) from (i), we get

2a {m -n) + {f/i (m -1) - n (n -1)} d = 2n- 2m

2a {m -n) + {{n? - n^) - {m - n)} d = - 2 (m - «)=^>

[On dividing both sides by (m - n)] ...(iii)2a+ {ni+ n-l) d = -2
m + n

2a + {m + n -1) dNow, + „
2 1

(ffl + ») . 2)
2 ^ ’

[Using (iii)]n + n

- -{m + ir)% I + n

From (iii), we obtain
...(iv)2a=-2-{m + n-l) d

Substituting this value of 2a in (i), we obtain
m + n

...(V)-2m-m{m + n-l) d + m{m-l) d-2n => d~-2
mn

m + n

in (iv), we obtainPuttingd ~-2
mn J

2
— (m + M-1) (m + «) ...(Vi)2a=-2 +
mn

Now,

|2fl + (m-«-l) d|-n ~

2 2
— (fn + n-l) (m + n) {ni-n-1) (m + n)

m-n

[Using (v) and (vi)]-2 +
mnmn

— (m -n) (m + 2n)
4nm-n

(m + n)-2 +Sm -n ~
2 mn m

If the sum offirst m terms of an A.P. is the same as the sum of its first n terms, shoxv that
the sum of its (m + n) terms is zero. [NCERT]
SOLUTION Let a be the first term and d be the common difference of the given A.P. Then,

EXAMPLE 19

=^t

Y |2^i + (m -1) frj = I |2fl + (n -1) d|
2a{m -n) + [m{m-l) -n{n -1)) d = 0

2a (m-n) + {(m^ - n^) - (m -n)] d =0
(m-n) {2a+{m+n-l) d\ - 0

=>

=>
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2a + {m + n -1) d = 0
m + n

[Using (i)]
m + n

Sm 2a + {m + n -1) d xO = 0+ n~
2 2

2 2

EXAMPLE 20 The ratio of the sutns ofm and n terms ofan A.P. ism :n . Show that the ratio of the mth

and nth terms is {2m -1): (2n -1).

SOLUTION Let a be the first term and d the common difference of the given A.P. Then, the sums
of m and n terms are given by

[NCERTl

= ^|2fl+{m-1) dj and, 5^ = ^|2fl+ («-1) frj respectively.
It is given that

c 2
§m -

2
Sn n

^ |2fl + (m- 1) 2
m

^|2fl+(«-l)d|
2

n

2a + {m - V) d m

2a + {n -1) d n

{2a + {m-l)d]n = {2fl + (n-l)d}m

2a{n-m) = dl{n-l)m-{m-l)n} => 2a{n-}7i) = d{n-m) :=!> d = 2a

_ a + {m-l)d _ a + {m-l)2a _ 2m-l
Tfj a+{n-l)d a + {n-l)2a 2n-l

EXAMPLE 21 The interior angles of a polygon are in A.P. The smallest angle is 120® and the conunon
difference is5°. Find the number of sides of the polygon.

SOLUTION Let there be n sides of the polygon. Then, the sum of its interior angles is given by
= {2n - 4) right angles = (n - 2) x 180°

Thus, the interior angles form an A.P. with first term a = 120® and common difference d - 5®.

[NCERT]

...(i)

S,j = ||2xl20° + (n-l)x5°| ●●●(ii)

From (i) and (ii), we get

(« - 2) X 180®
n

= ^|2xl20® + (n-l)x5°
{« - 2) X 360 = n {5n + 235)

«^-25ji + 144 = 0 => (n-16)(n-9) =0 => h = 16 or,« = 9

For «=16, we obtain

Last angle = Ofj = a + {n -1) d = 120® + (16 -1) x 5 = 195® , which is not possible.
Hence, n = 9.

EXAMPLE 22 Thefirst, second and the last terms of an A.P. are a, b, c respectively. Prove that the sum is
{a + c){b + c - 2a)

INCERT EXEMPLAR!
2{b-a)

Let d be the common difference of the given A.P. Then, d = b - a. Let there be n
terms in the given A.P. Then,

c = frth term

SOLUTION
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c - a + {n-\) d
c = a + (n -1) {b - a)

c-a

[■: d = b - a]
b + c - 2ac-a

+1 => « -n-1 => n

b -a b -a b -a

Sum of the A.P. = Sum of its n terms

= +

(a + c){b + c- 2d)

2{b-a)

Let Sn denote the sum of the first n terms of an A.P. ^ = 3 5^, then prove that = 6.

Let a be the first term and d the common difference of the given A.P. Then,

S2fj = 3 Sfi

Using : 4, = ^ (a+ 1)

EXAMPLE 23

SOLUTION

1+ (2« -1) = ^{ 2« + (n -1) fr}
2 {2a + (2n-l)d} = 3 {2a + (n -1) d]

2a-{3n-3-4n + 2)d = 0 => 2a-(n +1) d = 0 => 2a={n + l)d

^"|2a + (3» -1) d|^3n _
Now,

||2a + (f7-l) d|
3|(n + l)d + (3n-l) d|§3n _ [Using (i)]

● (« + l)d + {n-l)d|
5;,

12 nd ^
= 6.

^3n
2ndSn

Type 7V ON SUM OF TERMS OF AN A.P.

Prove that a secjiience is an A.P. iff the sum of its n terms is of theform An^ + Bn, where A,EXAMPLE 24

B are constants.

SOLUTION Let be the sum of n terms of an A.P. with first term a and common difference d.

Then,
2

fd^ 2

<2;

d>

= ||2a + (n-l)d| =
2 d

= An + Bn, where A = — and B =
^ 2

2
Thus, the sum of n terms of an A.P. is of the form An + Bti

2

Conversely, let the sum 5^ of n terms of a sequence a^, a2, a^,... ,0,^,...he of the form An + Bn.
Then, we have to show that the sequence is an A.P.

We have, ^ = An^ + Bn

= A{n-l)^ + B{n-l)

a„ = ^-^-1

= {An^ + Bn}-|A(n-l)^ + B(n-l)l = 2An + (B-A)

= 2A{n + l)+(B-A)

nn
d--d =

2 2
n + a — nan +

2

d
a —

2

[On replacing n by n -1]=>

Now,

[On replacing n by n + 1]
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+ + [2A n + (B - A)) = 2A

Clearly, ^ = 2A for all w e N. So, the sequer\ce is an A.P. with common difference 2A.

REMARK It follows from this example that a sequence is an A.P. iff the sum of its n terms is of the
form An + Bn i.e. a quadratic expression in n and in such a case the common difference is twice the

2 2
coefficient ofn . For example, ifS„ = 3n + 2n, one can easily say that it is the sum ofn terms of an

A.P. with common difference 6. Similarly, ^=nP + -n{n-l)Q= — n^ + P -
2 2

terms of an A.P, with common difference Q.

EXAMPLE 25 Find the sum of first 24 terms of the A.P. Oi,a2,a^, ... , if it is known that
[NCERT EXEMPLAR]

SOLUTION We know that in an A.P. the sum of the terms equidistant from the beginning and
end is always same and is equal to the sum of first and last term i.e. = ^2 ^ -1
= fl3 = ... So, if an A.P. consists of 24 terms, then a-^ +^24~^ "'■^20 “^10

Now, rtj + /^ + fl|Q + + /720 ^24 ~

=> (a-^ + 024) + (^% + (^2o) (^10 ^15) “ ^ 3 (^1 + ^24) “ 2^3 => ai + ^24 = —
3

Q
— n is the sum ofn
2) ^

+ <^ + fljQ + + <?20 ^24 ~ 225.

225
= 75 ...(i)

24

Using +%4 = Y + «^24)

=> S24 = 12 (75) = 900 [Using (i)]

EXAMPLE 26 The ifrst term of an A.P. is a and the sum offirst p terms is zero, show that the sum of its
a{p + q)q

next q terms is - [NCERT EXEMPLAR]
p-1

SOLUTION Let d be the common difference of the A.P. It is gtiven that the sum of first p terms is
zero

^|2« + (P ~l)rf|
2a

Let S be the required sum. Then,

^ = ^p+l+^p+2 +---+^p+ij
=5. S = + 02 + ... + flp + j +...+ flp^. -(rij + i?2 +...+ Up)
=> S = Sp+ q~Sp
=> s = s

= 0^d = -i.e.

p-1

-0 [■●● Sp = 0 (given)]p+q

S=^|2fl +(p + (j-l)rf|=^
2a

■ 2a + {p + q-l) -=>

p-1

p-l-p-^+1
S={p + q) a <1- ■ ={p+q)a

p-i p-i p-i

EXAMPLE 27 If the first term of an A.P. is 2 and the sum offirst five terms is equal to one-fourth of the
sum of the next five terms, find the sum offirst 30 terms.

SOLUTION Letfl^, ^2 / '^3/ - "he given A.P. with common difference d. It is given thatij^^ =2 and
the sum of first five terms is equal to one fourth of the sum of next five terms.

^1 + £72 ■*” + £74 + £^ = — {£7g + £77 + £7g + flg + £7]^q)

4(f7'j + £?2 + £7g + £?4 + 0^) = (£7g + <77 + £7g + £7^ + £7]^q)

5 (£7^ + £?2 + £73 + £74 + £^) = (£7|^ + £72 + ● ● ● + <^lo)

I.e.
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5 % - Sio

5 ||2x2+(5 -l)rf| =y|2x2 + {10 50(1 + = 20 + 45d => d =
-6

Thus, we have a = 2 and d = -6.

Required sum = S30 = -^ 12 x 2 + {30 -1) x - 6
The term of an A.P. is a and qth term is b. Prove that the sum of its (p + q) terms is
a-b

= -2550.

EXAMPLE 28

p + q [NCERT EXEMPLAR]■ a + b +
2 p-q

SOLUTION Let A and D be the first term and common difference respectively of the given A.P.
Then,

a = pth term a = A+(p-l)D

b = qth term =>b = A+{q-l)D

Subtracting (ii) from (i), we get: D =

...(ii)

a ~b

V-q

Adding (i) and (ii), we get a + b = 2A + {p + q-2)D

a + b = 2A + (p + g-1) D-D

(a + b) +D = 2A + ip + q -1) D {a +b) + -
a-b

...(hi)= 2A -f (p + g -1) D
p-q

- Sum of (p + g) termsNow, S■p+q

Sp,,= £±5|2A + (p + ,-1)D
EXAMPLE 29 The ratio of the sum ofn terms of two A.P.'s is {7n +1): (4« + 27). Find the ratio of their
mth tenns.

SOLUTION Let ^2 the first terms and d2 the common differences of the two given
A.P.'s. Then, the sums ^ and Sy,' of their n terms are given by

a -bp + q
[Using (hi)]■ a + b +

2 p-q

S„ = +{«-!) frij, and V =f |2«2 + (« "D‘*2}
+{n-l)dj

_ 2a-i + (n -1) di
2^2 + (n — 1) i?2

4. -

^ ■ 2^2 +(« ■"!) ^2
It is given that

n-\
«l +

2fli +{n-l) di

Sfj' An+ 27 ^ 2a2+(n-l)d2 ~ An+27
7n + l 7n + l7n + \S,^

4n + 27n-1
diU") + —

2 [ 2
ai + {m-\) di

. Clearly, this can beWe have to find the ratio to m^^ terms of two A.P.'s i.e..
ai + {m-l) ^2

obtained by replacing by {m -1) on the LHS of (i). Replacing by m -1 i.e. n by (2m -1) on

both side of (i), we get
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_ 7 {2m-l)+l

fl2+(m-l) d2 ~4(2m-l) + 27

Hence, the ratio of the with terms of the two A.P.'s is (14m - 6): (8m + 23).

REMARK It is evidentfrom the above example that ifwe are given the ratio of the sums of n terms of tioo

A.P.'s then the ratio of their m^^' terms is obtained by replacing n by (2m -1).

EXAMPLE 30 The sum of n terms of two arithmetic progressions are in the ratio (3« + 8): (7n +15).

Find the ratio of their 12th terms.

SOLUTION Let flj, the first terms and ^2 the common differences of the two given

A.P.'s. Then, the sums of their n terms are given by

14m-6

8m + 23

[NCERT]

^=1 |2ai+(«-!) dll and, ^ {2^2 + (>i -1) dil
It is given that

3m + 8

V ~7« + 15

\ ^ J
+(«-!) «1 +

2a-i 4- (n-1) di _ 3n+ 8

2^2 +(«“!) (^2 7n +15

3n + 8 3n + 8

^|2fl2 +(»-!) ^2
7n +15 7n +15

^2^2

n-1

Replacing by 11 i.e. n by 23 on both sides, we get

ai +11 d-i _3x23 + 8_77_7
fl2+llrf2 "7x23 + 15"T^~16

Hence, the required ratio is 7; 16.

ALITER If the ratio of the sums of n terms of two A.P.s is given, then the ratio of their m“‘ terms

is obtained by replacing n by (2m -1) in the given ratio. So, required ratio is obtained by

replacing n by 2 x 12 -1 = 23 in (3n + 8): (7n -f 15).

Hence, required ratio = (69 + 8): (161 +15) = 7 :16.

EXAMPLE 31 If there are (2n + l) terms in A.P., then prove that the ratio of the sum of odd terms and the

sum of even terms is (n +1): n.

SOLUTION Let a and d be the first term and common difference respectively of the given A.P.

Let a^. denote the terms of the given A.P. Then, af^=a + {k-l)d.

Now, Sj = Sum of odd terms = + <73 + <^ +... + ^2^ + i

n + 1 ^

th

[NCERT EXEMPLAR]

{fl + rt + (2n + 1 -1) frjSi = = (n +1) (i7 + nd)+ + 1
2

and. $2 = Sum of even terms = a2 + a^+ a^+ ...■¥ 02,,

j ^ (fZ + fr) + |fl+(2«-l)d|
c

$2- - «2 +
2 V

= n(a + nd)

$1: ^ = (n + 1) {a+ nd):n (a+ nd) - (n + 1): n
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Sfcr
EXAMPLE 32 Let S^. be the sum offirst k terms of an A.P. What must this progression befor the ratio
to be independent ofx ? ^

SOLUTION Let tj be the first term and d common difference of the given progression. Then,

y 12fl + (fcr -1) d| cfj kxd + (2a - d)|
^ jzfl + {x-1) d| + ■

Clearly, the RHS of the above relation will be independent of x iff 2fl - fr = 0 i.e. d - 2a.

Hence, the progression is a, 3a, 5a, 7a, where a is any non-zero real number.

Let S,j be the sum offirst n terms of an A.P. with non-zero common difference. Fmd the

is independent ofn-^.

^kx _

EXAMPLE 33

1 ‘2
ratio offirst term and common difference if

SOLUTION Let the first term and common difference of the A.P. be a and d respectively. Then,

^>l«2 - |{2» + («i-l)rf}
ti2|2fl + («! «2 n2^(2a-d)+nin2 d|T‘2

(2fl - d) + d2a + {«! -1) d

Clearly, RHS will be independent of n■^ iff 2fl - d = 0 i.e. d = 2a. Hence,

EXAMPLE 34 $2, S3,... ^ are the sums of n terms of m A.P.'s whose first terms are 1,2,3,..., m
and common differences are 1,3,5,..., (2 m- 1) respectively. Show that

Si + S2+... + ^„ = ^{mn + 'l)
SOLUTION The first terms, common difference and the sums of their n terms are as under:

Common differences Sums ofn termsFirst terms

||2xl+(fi -l)xl|Si11

^|2x 2 + («-l)x sjS22 3

= 2x 3 + (»-l)x5|S353

^|2m + (»-l) (2m-l)}4,,2m-1m

S\ + §2 + .■■ + S„

^ 2xl+(n-l)xl +1 2x2 + (h-1)x

^ 2x(l + 2+ 3 + ...+m)+(«-l)(l+3+5 + ...+ (2m -1)

^ ^(l+m)+(n-l)^ll+(2m-l)|
2 2 2

^ m(m + l) + m^ (ji-1) =^(mn + l)

3 +...+ ” 2m+ («-!)(2m-1)
2 L J

n

n

n
2x

n

If the sum of m terms of an A.P. is equal to the sum of either the next n terms or the next pEXAMPLE 35

terms, then prove that
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, ,11. vf 1 1
(m + n) ={m + p)

p) INCERT EXEMPLAR]

SOLUTION Let a denote the first term and d the common difference of the A.P. Further, let ojt
denote the term of the A.P. Then,

Sum of m terms = Sum of next n terms

m m n

fli + fl2 + + 1 + % + 2 + ●●● + % + tt

2{ai + 02+ ... + a,n) = (^1 + ^2 ^ 1 + ^ + 2 +

2^, =

2 2fl + (m-l) d|
2a + {m + n-l) d

it + n

+ ” f , ,, ,1

12fl + (m + n -1) d>
2m

2a + (m-l) dm + n

2a + {m + n -1) d2m ndm-n
-1 = -1 => -(i)

2a + (m -1) d 2a + (m -1) dm + n m + n

Similarly,

pdm-p

m + p
Sum of m terms = Sum of next p terms ^ ...(ii)

2a + (m -1) d

Dividing (i) by (ii), we get
m-n m + p

m + n m-p

{m - n) (m + p) _ (m + n){m- p)

n

P

n P

(m -n)(m + p) _ {m + n) {m - p)
nm mp

m-n m-p
(m + p) = (m + n)

mn V '"P )

r 1 1 '1 (1
= (m + p) => (m + ?i)	

m p
(??Z + ?l) 	

1 , s 1 1
= {m + p) 	

m nm n m

EXERCISE 18.4

BASIC

1 ● Find the sum of the following arithmetic progressions:
(ii) 1,3,5,7,... to 12 terms

(iv) 41,36,31,... to 12 terms

(Vi) {x-yf,(x^+/),(x + yf.

(i) 50,46,42,... to 10 terms

(iii) 3,9/2,6,15/2,... to 25 terms

(v) + b, fl - 3b,... to22 terms

x-y 3x-2y 5x-3y

x+y' x+y ' x+y

2. Find the sum of the following series:

(i) 2 + 5 + 8 + ... +182

... to n terms

(vii) ,... to n terms

(ii) 101 +99 + 97 + ... + 47
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(iii) +b^) + {a+bf +...+ [(fl + bf + 6ab]
Find the sum of first n natural numbers.

Find the sum of all natural numbers from 1 to 100, which are divisible by 2 or 5.

Find the sum of first n odd natural numbers.

Find the sum of all odd numbers between 100 and 200.

Show that the sum of all odd integers between 1 and 1000 which are divisible by 3 is 83667.

Find the sum of all integers between 84 and 719, which are multiples of 5.

Find the sum of all integers between 50 and 500 which are divisible by 7.
Find the sum of all even integers between 101 and 999.

Find the siun of all integers between 100 and 550, which are divisible by 9.
Find the sum of the series: 3 + 5 + 7 + 6 + 9 + 12 + 9 + 13 + 17 + ... to3n terms.

Find the sum of all those integers between 100 and 800 each of which on division by 16
leaves the remainder 7.

3.

[NCERTl4.

5.

6.

7.

8.

9.

10.

11.

12.

13.

BASED ON LOTS

(ii) 1+4 + 7 +10+ ... + o: = 590.Solve: (i) 25 + 22 + 19 + 16 + ... + a: = 115
2

Find the rth term of an A.P., the sum of whose first n terms is 3« + 2tt

14.

15.

[NCERT EXEMPLAR!

How many terms are there in the A.P. whose first and fifth terms are -14 and 2 respectively
and the sum of the terms is 40 ?

The sum of first 7 terms of an A.P. is 10 and that of next 7 terms is 17. Find the progression.

The third term of an A.P. is 7 and the seventh term exceeds three times the third term by 2.
Find the first term, the common difference and the sum of first 20 terms.

The first term of an A.P. is 2 and the last term is 50. The sum of all these terms is 442. Find
the common difference.

The number of terms of an A.P. is even; the sum of odd terms is 24, of the even terms is 30,
and the last term exceeds the first by 101/2, find the number of terms and the series.

If = n p and S,„ =nt p,m^n,m an A.P., prove that Sp=p .

16.

17.

18.

19.

20.

21.

22. If 12* term of an A.P. is -13 and the sum of the first four terms is 24, what is the sum of first
10 terms ?

23. If the 5th and 12th terms of an A.P. are 30 and 65 respectively, what is the sum of first 20
terms ?

24. Find the sum of n terms of the A.P. whose cfth terms is 5fc +1.

25. Find the sum of all two digit numbers which when divided by 4, yields 1 as
remainder. [NCERTl

[NCERT]

26. If the sum of a certain number of terms of the AP 25,22,19,... is 116. Find the last term.
[NCERT]

[NCERTl27. Find the sum of odd integers from 1 to 2001.

28. How many terms of the A.P. - 6, -

29. In an A.P. the first term is 2 and the sum of the first five terms is one fourth of the next five
terms. Show that 20th term is -112.

11
-5,... are needed to give the sum - 25?

2 '

[NCERT]
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BASED ON HOTS

If Si be the sum of {2n + 1) terms of an A.P. and Si be the sum of its odd terms, then prove
that: $i:S2 =(2«+l):(« + !).

Find an A.P. in which the sum of any number of terms is always three times the squared
number of these terms.

If the sum of n terms of an A.P. is nP +

30.

31.

~n{n -1) Q, where P and Q are constants, find the32.

common difference. [NCERTI

The sums of n terms of two arithmetic progressions are in the ratio 5« + 4: 9n + 6. Find the
ratio of their 18th terms.

33.

[NCERT]

The sums of first n terms of two A.P.'s are in the ratio (7« + 2): {« + 4). Find the ratio of their
5th terms.

34.

ANSWERS

(vi) n{{x-yf +(n-l) xy\

e{a^ +Sab)

1. (i) 320 (ii) 144 (iii) 525

^n{lx-y)-y
5.

(iv) 162 (v) 21a - mb

n

(vii) 2. (i) 5612 (ii) 2072 (iii)
2(;t-fy)

3 »(n + l) 4. 3050 6. 7500 8. 50800 17696 10. 2469509.
2

11. 16425 12. 3« {2n + 3)

16. 10

20. 8 terms, 1 — , 3, 4 — ,...
2 2

27. 1002001

19668

-1,4,740

14. (i) -2 (ii) 5813. 15. 6r-l

17. a = \, d = l/7 19. 318.

1 1

^(5n + 7)
3,9,15,21

0 23. 115022. 25. 121024.

26. 4

33. 179:321

28. 5 or 20

34. 5:1

32. Q31.

HINTS TO SELECTED PROBLEMS

3. Required sum =1 + 2+ 3+... + ?i=^(l +«)
4. Required sum = Sum of natural numbers betweenl and 100 which are divisible by 2

+ Sum of natural numbers between 1 and 100 which are divisible by 5
- Sum of natural numbers between 1 and 100 which are divisible by 2

and 5 both i.e. by 10
= (2 + 4 +... + 100) + (5 +10 + 15 + ... + 100) -(10 + 20 + ... +100)

50 20 10

= y (2 + 100)+ y (5+ 100)-—(10 + 100)
= 2550 + 1050-550 = 3050

. + (2n-l)=^|l+(2H-l)|=n^
y (101 +199) =7500

y (85+ 715) =50800

5. Required sum =1+3 + 5 + ..

6. Required sum = 101 + 103 + ... + 199 =

127
8. Required sum = 85 + 90 + ... + 715 =

9. Required sum = 56 + 63 + ... + 497

10. Required sum = 102 + 104 + ... + 998

11. Required sum = 108 + 117 + ... + 549
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12. Required sum = {3 + 6 + 9 + ... to w terms) + (5 + 9 +13 +... to n terms) + (7 +12 +17 +... to n
terms)

13. Required sum = 103 +119 + 135 +... + 791

15. (V=S^-^-l=(3''^ + 2r)-|3(r-l)2+2{r-l)| = 6r-l

17. We have, ^ =10 and 5^4 =10 + 17 =27

24. We have.

+1 => = 6 and = 5« +1

c »( \ c ”
2 V / 2

25. We have to find the sum of all two digit numbers of the form 4/c +1, cf s N. Clearly, such
numbers are 13,17,21, 25,..., 97 and are forming an A.P. with common difference 4. Let
such numbers be n in number. Then,

n
6 + 5n+1 = — 5n+ 7

th
term of AP with first term 13 and common difference 497 =M

97 = 13 + («-l)x4=>n-l = 21 =>n = 22

Let S be the sum of such numbers. Then,

22 r/n
= 121013+97S = -

2 V.

26. Let the sum of n terms of the A.P. 25,22,19,... be 116. Then,

2x25 + (n-l)x(-3)|
232 = w(-3n + 53) 3n^-53?i+232 = 0

3n^ - 24n - 29n + 232 = 0 => (n - 8) (3n - 29) = 0 => = 8

2 ^

116 =

29

3

.-. flg = 25 + 7 X (- 3) =4

27. The odd integers from 1 to 2001 are 1, 3,5, 7,..., 2001. Let the number of such integers be n.
Then,

2001 = l + («-l)x2=>n = 1001

^ {1 + 2001) = 1001 X 1001 = 1002001.
A LITER The sum of firstnodd integers isn^. So, the sum of odd integers 1,3,5,7, ...,2001 is

(1001)^ =1002001.

29. We have, fl-j = 2 and + fl2 + ■ ■ ■ + '^ = — (fl^ + + ... + fl;io)

Now,

1001

Required sum =

i(fl6+fl7 + ... + fll0)i?! + <72 ^ —

4 (<7| + <72+... + ^^) =<7g+<77+... +

4 S5 = Sio - S5 => 5 S5 = Sjo => 5 ||[2x2 + {5-l) d}|=y|2x2 + (10-l) d)}
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25 10

=> — (4 + 4ii)=y (9rf + 4)=> 20(1 +^0 = 2(9rf + 4) => lO + lOrf = 9rf + 4 => fr=-6

®20 ~ di+19d = 2 + 19x{—6) = —112

31. Use £y, = and/7„ =

1 1
32. We have, 5^ = nP +-n{n-1) Q => S,

Let be the term. Then,

^ -1

= |«P+l«(n-l)Q|-. („-l)P+i(„-i) («-2)Q .= P + i(n-l) {n-(n-2)}Q
=> a„=P +{n-l)Q ^ a„_j=P +{n-2)Q
Letdhe the common difference. Then,

<^ = ^-‘h^-l={P + i^-l)Q\-{P + {n~2)Q\=Q
■●\[JTER We have,

^,=nP + i«(n-l)Q => 5,=i„2Q + fp_e
^ 2 2 ^

Clearly, S,i is of the form An 4 Bn. Hence, the sequence is an A.P. with common difference
2/1 =Q.

= („-l)P + _(„_l) (n-2)Qj-1

a
n

n

33. Let S„ and S'„ be the sums of n terms of two arithmetic progressions. Then,
5n + 4

Sfj' 9n + 6

n-1

^|2ai+ («-!) dll
=> .A	

- {2fl2 +(«-!) £^2!

£?1 +
5n + 4 2a-i + (n-l) dj _5n + 4

2^2+(«-1)^2 9n + 6

5n + 4

9n + 6 n-1 9n+ 6
^2£?2 "t

2 J

Replacing by 17 i.e. n by 35, we get fli +17di ^ 179
£12+17^2 ” 321

ALITER If the ratio of the sums of n terms is given, then to find the ratio of their terms,
we replace n by (2n -1). So, to find the ratio of 18th terms, we replace n by 2x18-1 = 35 in
the ratio 5n + 4: 9n + 6

Hence, required ratio is (5 x 35 + 4): (9 x 35 + 6) i.e. 179 : 321.

18.6 PROPERTIES OF ARITHMETIC PROGRESSIONS

In this section, we shall discuss some properties of arithmetical progressions which will be
frequently used in this chapter and in the subsequent chapters.

PROPERTY 1 If a constant is added to or subtracted from each term of an A.P., then the resulting
sequence is also an A.P. with the same common difference.

PROOF Let flj, ^2/ «3/ ●●● be an A.P. with common difference d, and let kbea fixed constant

which is added to each term of this A.P. Then, the resulting sequence is a-^ + k, a2 + k, a^ + k-^...
Letb„ =Ojj + k,n=l,2, ...Then, the new sequence is bi,b2,b2,...

Now, + =‘ht+l~‘hi =dIora\lneN
Thus, the new sequence is also an A.P. with common difference d.

 

 



 

 

18.33ARITHMETIC PROGRESSIONS

PROPERTY 2 If each term of a given A.P. is multiplied or divided by a non-zero constant k, then the
resulting sequence is also an A.P. with common difference kd or d/k, where d is the common difference of
the given A.P.

PROOF Let flj, '● ● ● common difference d and let khea non-zero constant.
Let bi,b2,b2,...he sequence obtained by multiplying each term of the given A.P. by k. Then,

= flj cf, ^2 ~ U2 k, ...,bj^ = 0)1 k,...

Now, = = [v -% = d for all« 6N]

This shows that the new sequence is an A.P. with common difference dk.

Similarly, it can be proved that on dividing each term of a given A.P. by a non-zero constant, we
obtain a sequence which is also an A.P.

PROPERTY 3 In a finite A.P. the sum of the terms equidistant from the begin7ting and end is always
same and is equal to the sum offirst and last term.

% + 1) “^1 for all cf =1, 2, 3, ...,n -1.

PROOF Let a-i,a2,a^,...,a,i be an A.P. with common difference d. We have to show that

ai + Ofj = ^2 + ^-1 + ^-2 = '^4 + ^i-3 = ■■■

a-[+ Oyj = _ 1) for all cf = 1,2,3,..., n -1

For any =1, 2,..., «-l

i.e.

i.e.

^k+^-ik-l) - % + ‘^1+ 1-fc

[flj + (fc -1) fr] + [^1 + (n + 1 - cf -1) d]
= 2ai + {k -1 +n + 1 - k -1) d

= 2ai + {n~l)d= a^ [ai + {n -1) d] = a^ + Ojj.

PROPERTY 4 Three numbers a, b, c are in A.P. iff 2b = a + c.

PROOF First, let a, c be in A.P. Then,

b-a = Common difference and, c-b = Common difference

=> b-a = c~b=> 2b -a + c

Conversely, let b, cbe three numbers such that 2& = a + c.Then, we have to show that a, b,c are
in A.P.

We have,

2
ILLUSTRATION If -

^ 3

SOLUTION It is given that,

-, Ic, - are in A.P. => 2/c =1 + - => 2^: =
3 8 3 8

PROPERTY 5 A sequence is an A.P. iff its nth term is a linear expression in n i.e. = An + B, where A,
B are constants. In such a case the coeffcient of n in an is the common difference of the A.P.

PROOF See example 3 on page 18.3.

PROPERTY 6 A sequence is an A.P. iff the sum of its first n terms is of the form An + Bn, where A, B

are constants independent ofn. In such a case the common difference is 2A i.e. 2 times the coefficient of n^.
PROOF See example 6 on page 18.17.

2b=a + c => b~a=c-b ^ a, b, c are in A.P.

5
, k, - are in A.P., find the value ofk.

8

31 31
=>k =

4824
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PROPERTY 7 If the terms of an A.P. are chosen at regular intervals, then they form an A.P.

PROPERTY 8 IfOjt, and consecutive terms of an A.P., then 2/^+i=<in + ^ + 2

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

Tijpe I TO PROVE THAT THREE NUMBERS ARE IN A.P. WHEN THREE GIVEN NUMBERS ARE IN A.P.

EXAMPLE 1 If a, b, c are in A.P., prove that the following are also in A.P.
... 1 1

be ca ab

1

(ii) b + c,c + a,a + b

1
_ + _

..... [1 1) , 1 1](ill) a - + - ,b - + -
{b cj l,c aj

c"P (b + c),b^ {c + a), c~ {a + b)(iv)[NCERT],c
a b

1 1 1
(vi)

fb + ■yjc ■'[c + -fa .fa + fb
SOLUTION (i) a, b, c are in A.P.

^ c . * r,
, / —, —areinA.P.

abc abc abc

^11 An—, —, — are in A.P.
be ca ab

Thus, a, b, c are in A.P. => —, —, ^
be ca ab

a

[On dividing each term by abc and using Property 2]

— are in A.P.

(ii) It is given that
a,b, c are in A.P.

=> a-{a + b + c), b-{a+ b + c), c-{a+ b + c) are in A.P.

=> “(ft + c),-(c + fl),-(fl + ef) arein A.P.
=> af + c, c + + & are in A.P.

(iii) a, b, c are in A.P.

[Subtracting a + b + c from each term]

[Multiplying each term by -1]

^ ● A r.
— , — /— are m A.P.
abc abc abc

a

[On dividing each term by abc and using Property 2]

1
- A n

—, —, — are m A.P.
be ca ab

ab + bc + ca ab + be + ca ab + be + ca
are in A.P.

be abca

[On multiplying each term by ab + bc + ca and using Property 2]
^ ab + be + ca ^ ab + be + ca
i , ~ 1 /

ab + be + ca
-1 are in A.P.

be abca

[On adding -1 to each term and using Property 1]
ab + ac ab + be be + ca

are in A.P.
abbe ca

fl 1
a - + -

fa c)
,fl 1,b - + -

^1 1)
- are in A.P.- + -

fa

a^ (fa + c), af^ (c + a), c^ {a + af) will be in A.P.

b^ (c + a)-a^ {b + c) = c^ {a + b)-b^ (c + a)
c(b^-a^) + ab{b-a) = a(c^-b^)+bc (c-b)

{b - a) (ab + be + ca) = {c-b){ab+ bc + ca)

, c
a

(iv)

if

i.e. if

i.e. if
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b-a = c-b

2b = a + c

a,b, c are in A.P.

i.e. if

i.e. if

i.e. if

Thus, a, b, c are in A.P. => {b + c), b^ (c + a), {a + b) are in A.P.

ALITER It is given that
a, b, c are in A.P.

—, , — are in A.P.
abc abc abc

—, —, —are in A.P.
be ca ab

ab + bc + ca ab + bc + ca ab + bc + ca

a

1

are in A.P.
abbe ca

bc + caab + ca ab + bc
are in A.P./1 +

a{b + c) b{a + c) c{a + b)

be

a^{b + c) b^{a + c) c^{a + b)
abc ' abc ' abc

a^ {b + c), {c + a), ^ (a + b) are in A.P.

,1 +1 +
abbe ca

[Subtracting 1 from each term]are in A.P.
abca

are in A.P.

[Multiplying each term by abc]

(v) It is given that
a, b, care in A.P.

-2a, -2b, -2c are in A.P.

n + b + c-2a,a+b + c-2b, a+ b + c-2c are in A.P.

b + c-a, c + a-b, a + b -c arein A.P.

[Multiplying each term by - 2]

[Adding a+ b + c to each term]

(a + b + c){b + c-a), {a + b + c){c + a-b),(a + b + c){a + b-c) are in A.P.
[Multiplying each terming a + b + c]

-a^,{c + a^) -b^, (a + b)^ -c^ are in A.P.

will be in A.P.

{b + cf=>

1 11
(Vi)

ylb + -Jc'-Jc+‘Ja'yfa + ^Jb
11 1 1

if

■Jc + ^fa -Jb +-Jc y[a+-yjb 4^4^

(4c -4b)4b -4^
i.e. if

(4c + 4^) (4b + 4^) (4a + 4b) (4^+4a)

4b -4a __ 4^-4b
4b + 4c 4a + 4b

i.e. if

i.e. if

i.e. if

i.e. if

Thus,

b-a = c-b

2b = a + c

a, b, c are in A.P.

a, b, c are in A.P. =>
1 11

are in A.P.

4b+4c'4c+4a'4a+4b

ALITER It is given that

a, b, c are in A.P.

b-a-c-b
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\r \ ( \ /

■Jb +Vfl yjb --Ja ■\fc --Jb -Jc + yjb
A/ \/ \

■Jb -yfa _ -Jc--Jb
^/b -Jb + -Ja

\ f^ f

■Jb +Vc - -Ja +Vc ■sfc + — -Jb + -Ju
J_ V j / V

^Jb + J^
' \ / '

■Jb + -Jc — -Jc + ■J^

■Jb + -Jo
\ f

■Jc -¥ ■Jn — -Jq "h yjb
1

\ /

■Ja -^y/b ■Jc -i-yfa
\

●s/b +Vc -Jc ■\--Ja
/ Vy V

1 1 1 1 1 1 1
are in A.P.

yfc-^-yfa -v/fc+Vc -Ja-i-ylb y/c + yfa -Jb-\-yfc' -Jc-hy/a' Ja + -Jb
2 2 2

EXAMPLE 2 If a ,b ,c are in A.P, then prove that the following are also in A.P.
1 1 1 ba c

(i) (ii)
b -i- c' c a' a + b

_l 1	
& + c'c + fl% + b

b c' c -h a' a -¥b

SOLUTION (i) will be in A.P.

1 1 1 1
if

c+fl b+c fl+b c+fl

b ~a c-b
i.e. if

(c + fl) (b + c) {a + b) (c + a)

b-a _ c-b
b + c a -t-b

b^~a^ =

2!,^ +

2 2 2
i.e. if a ,b ,c are in A.P.

2 2 2 1
a ,b , c are in A.P. ^	

i.e. if

i.e. if

i.e. if

1
— are in A.P.Thus,

b c ' c a' a + b

ALITER (i) It is given that

b^, are in A.P.a

(b-a) (b + a) =(c-b) (c + b)
b-a c-b

b-¥c a + b

(b + c)-(g + c) _ (c + fl) -(b + a)
a-\-b

(b + c) -(a + c) _ (c + a) -(b + a)
(a + c)(b + c) (a + b)(a + c)

b + c

[Multiplying both side by —^]
a + b
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1 1 1 1

fl+c b+c a+b a+c

, , —^,areinA.P.
b + c c + a a + b

1 1

, — ^willbeinA.P.
b + c c + a a + b

+1, ^ +1, ^ ■■ +1 are in A.P.
b + c c + a a + b

a + b + c a + b + c a + b + c

b+c ' c+a

_l 1	
b + c' c + a' a + b

a

(ii)

a

[On adding 1 to each term]if

are in A.P.i.e. if
c + a

— are in A.P. [On dividing each term by a + b + c]i.e. if

1 1 11
i.e. if

c+a b+c a+h c+a

c -b

(c + fl) (fc + c) {a + &) (c + a)

b ~a _ c-b
b+c a+b

^ = c' -b^

b -a
i.e. if

i.e. if

i.e. if -a

2b^ =

if are in A.P.

2 2 2
a ,b , c are in A.P. ^

2 2
i.e. if a + c

I.e.

b
— are in A.P.

a

Thus,
b + c' c + a' a + b

AUTER It is given that

^ ,b^, c^ are in A.P.

b^-a^=?-b\

{b + a){b-a)={c + h) (c-b)

b-a _c-b
b+c a+b

{b + c)~(a + c) _{c + a)-{b + a)
b + c

(b + c)-(fl + c) _{c + a)-{b + a)

(fl + c)(ij + c) (a + b){a + c)

1 1 1 1

a

=>

a + b

a+c b+c a+b a+c

— are in A.P._1 1	
b + c' c + a' a + b

a+b+c a+b+c a+b+c

b+c ' c+a ' a+b
are in A.P.

b
—, 1 + are in A.P. =>

a + b

A

— are in A.P.
aa

1 + /1 +
b + c' c + a' a+bb + c c + a
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b + c-a c + a-b a + b - c 111
— are in A.P., prove that —, - , - are also in A.P.

a b c

c

— are in A.P.

EXAMPLES If
ba c

b + c-a c + a-b a+b -
SOLUTION

ba c

b + c -a c + a~b a + b - Q

— + 2 ^ are in A.P.+ 2 ■ / ■ [Adding 2 to each term]+ 2 ,
ba c

a + b + c a + b + c a + b + c
are in A.P.

ba c

111 -An
a b c

EXAMPLE 4 If a^ + 2bc,b^ + 2ac, + lab are in A.P., show that ^
b -c

SOLUTION a^ + Ibc, b^ + lac, + lab are in A.P.

(fl^ + Ibc) - (ab + bc + ca), + 2£?c) - {ab + bc+ ca), (c^ + lab) - {ab +bc + ca) are in A.P.

Dividing each term hy a + b + c

-— are in A.P.
' a-bc-a

[On subtracting (ab + bc + ca) from each term]
2 2 2

=> a +bc - ab ~ca,b + ca - ab -be, c + ab -be - ca are in A.P.

=> (a-b) (a- c), (b -c)(b - a), (c -a)(c - b) are in A.P.
-1 -1

b-c c-a a-b
— are in A.P. On dividing each term by (a -b)(b - c) (c - a)

1 1 ^— are in A.P. [On multiplying each term by -1]b-c'c-a'a-b

EXAMPLE 5 If(b - c)^,(c -a)^,(a -b)^ are in A.P., prove that —_ _l	
b-c'c-a'a-b

are in A.P.

SOLUTION (b - c)^, (c - a)^, (a - b)^ are in A.P.

=> (c-a)^-(b-c)^ = (a-b)^-(c-a)^

=> (b - a) (Ic - a-b) = (c-b)(la-b-c)...(i)

=> (&~fl)({c-fi)+{c-&)| = (c-b){(n-fj) + (fl-c)}

(b-a)(c-a) + (b-a)(c-b) = (c-b) (a-b)+ (a-c)(c-b)

=> -(a -b)(c - a) + (a-b) (b -c) =-(a-b) (b -c) + (b - c) (c - a)
1 1 1 1

[Dividing throughout by (a -b)(b - c) (c - a)+ +

b-c c-a c-a a-b

1 1 1 1 1
-— are in AP.

b-c'

Thus, if (& -c)^, (c -d)^, (a -b)^ are in A.P., then

' a-ba-b b-cc-a c-a

1 1
-— are in A.P.

b-c'c-a'a-b

EXAMPLE 6 If a, b, c are in A.P., then prove that:

(i) (a-c)^ = -ac) (ii) a^ +Ab^ + c^ = 3b(a‘^ + c^)
a + c

SOLUTION (i) It is given that a, b, c are in A.P. Therefore, 2b =a + c=> b = ^
r.. . a + c

Puttmg b = ^ on RHS, we obtain
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\2

= 4 ^ -4aca + c

RHS = 4(b^-ac)^4- -ac ■

42

fl + c

(ii) It is given that a, h, c are in A.P. Therefore, 2b =a + c =>b = —^

LHS = fl^ + 4&^ + c^

= fl^ + 4

J 2{a^ +c^) + (fl + c)^) ■ =i|2(fl + c)(fl^-flc + c^)+{fl + c)^|

^(fl + c) ■ 2{fl^-flc + c^)+{fl + c)^

~{a + c) 3(fl^ + c^) = 3

a + c
+ c

2

2 ,

= +4b^ + ={a^ + c^) + 4b^ ={a + c)^ -3ac (a+ c) + 4b^ALITER LHS

= {2b)^~ 3ac (2b) + 4b^ = 12b^ -6abc

= 3b (4b^-2flc) = 3b|(2b)^
EXAMPLE 7 // (b + c), b^ (c + a), (fl + b) are in A.P., show that either a, b, c are in A.P. or
ab + be + ca = 0.

SOLUTION fl^ (b + c), b^ {c + fl), (fl + b) are in A.P.

b^ (c + fl)-fl^ (b + c) = c^(fl + b)-b^(c + fl)

(b^fl~fl^b) + (b^c-fl^c) = {ch-b‘^c)+{c\~b^a)

{b -a){ab +bc + ca) = {c ~b){ab+bc + ca)

(flb + be + ca) (2b - a - c) = 0

flb + be + cfl = 0 or 2b-a~c = 0=>ab +be+ ca-0 or

EXAMPLE 8 If -—- = -—- = and a, b, c are in A.P. Show that —, - are in A.P.
... ... X y z

p-x _p-y _v-^

I = 3b |(fl + c)^ -2flc| = 3b (fl^ + c^) = RHS-2flc

fl, b, c are in A.P.=>

by czax

p-x _p-y _p-z = X. Then,. LetSOLUTION It is given that
czaxczax

^.X,^^ = Xand^ = X
by czax

^„=lfP-ll,f,=if£-l]andc=if£-l
Hv

fl =

X^2Xz XyxXx

It is given that fl, b, c are in A.P. Therefore,

2b =fl + c
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-ifP Up2 P 2 11 111 . ^ „
-= — + -=> —, —, - are in A.P.
y X z X y zUy X X 2 y X z

EXERCISE 18.5

BASIC

1. If-,-, - are in A.P., prove that:
a b c

b + c c + a a + b

I ; /
b c

2 2 2
2. If , c are in A.P., prove that

(i) are in A.P. (ii) a{b + c), b(c + a), c{a + b) are in A.P.

— are in A.P.

a

ba

b+c'c+a'a+b

3. If a, b, c are in A.P., then show that:

(i) {b + c), (c + a), (a + b) are also in A.P.

(ii) b + c-a, c + a- b,a + b- c are m A.P.

(iii) be-a^,ca~b^,ab-c'^ are in A.F.
b + c c + a a + b

(i) - / -, - are in A.P.
a b c

5. If c are in A.P., prove that:

(i) (a-cf =4{a-b){b-c)

(iii) + 6abc = Sb^

„ (1 l] ,(l 1
yb c) l^c a

7. Show that + xy+ y^+zx + x^ and y^ +yz +'^ are consecutive terms of an A.P., if x, y
[NCERT EXEMPLAR]

HINTS TO SELECTED PROBLEMS

a + r

-^onRHS (iii) Futb=^^
2 2

4. If — are in A.P., prove that:
ca

(ii) be, ca, ab are in A.P.

(ii) a^ + + 4ac - 2 (ab +bc + ca)

1 1]
- + - are in A.P., prove that a, b, c are in A.P.
a b j

/ c

and 2 are in A.P.

a + c

on RHS (ii) Put b =

fl 1
, c - + - are in A.P.

a + c

5. (i)Putb = on RHS and LHS

n
6, ^ — + — , b —I—

cj a

1 l^l , .fl
- + — +1 ,b -
b c

1 11 « J1 1 w
a - + - +-, b - + - +-

cJ

1 1 1
a - + - + -

b c a

a

11 , fl- +1,c -- + - +1 are A.P. [●.' Adding 1 throughout]a - + -

U a, Ka

^ fl 1 ● A r.
- + - +-aremA.P.

^a b J c

ll fl 1 ll . ^ „
+ - ,c - + - + - arem A.P.

c a b] a b c

b' ^a yc a

.fl 1,b - + -

Dividing each term by - + — ^a, b, care in A.P.

7. It is given that x, y, z are in A.P. Therefore, y-x-z-y = d (say)

Now, (x^ +ZX + 2^)-(x^ + xy + y^) =(-y^ +z^) + x (z-y) =(z-y) (x + y+z) = d (x + y + z)

and, (2^ +yz + y^)-(z^ +zx + x^)=(y^ -x^) +z(y-x) =(y ~x) (x + y + z) =d (x + y + z)

+ -

a b c
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{x^ +zx + z^)-{x^ + xy + y^) = {z^ + yz + y^)-{z^ +zx + x^)
2 2 2 2 2 2

=> x +xy + y ,z +ZX + X ,y +yz + z are in A.P.

18.7 INSERTION OF ARITHMETIC MEANS

If between two given quantities a and b we have to insert n quantities A-[, A2, ■■■, such that
a, Ai, A2,... A,j, bform an A.P., then we say that Aj, A2,..., Ai arithmetic means between a and b.
ILLUSTRATION Since 15,11, 7, 3, -1, -5 are in A.P., it follows that 11,1, 3, -2 are four arithmetic
means between 15 and -5.

lfa,A,b are in A.P., we say that A is the arithmetic mean of a and b.

18.7.1 INSERTION OF ARITHMETIC MEANS

Let Ay A2, Afjhe n arithmetic means between two quantities a and b. Then,fl, Ay A2,
A,,, & is an A.P. Let d be the common difference of this A.P. Clearly, it contains {n + 2) terms.

b = {n + 2)^ term =>b = a + {n + l) d => d =
b -a

n + 1

b -a
Now, Ai ~ a + d= a +

n + 1

2ib-a)

n + 1

3(b-a)

A2 — a + 2d -- a +

A3 =a+ 3d = a +
n + 1

n(b - a)
Af, = a + nd = a +

n + 1

These are the required arithmetic means between a and b.

18.7.2 INSERTION OF A SINGLE ARITHMETIC MEAN BETWEEN TWO NUMBERS

Let a and b be two numbers and A be the single arithmetic mean between them. Then,

fl. A, b are in A.P. => A - a =b - A => 2A=a + b => A= ^

Thus, the arithmetic mean of a and b is

a + b

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Insert three arithmetic means between 3 and 19.

SOLUTION

whose common difference d is given by fr =

Let Ay A2, A3 be 3 A.M.'s between 3 and 19. Then 3, Ay A2, A3,19 are in A.P.
1^ = 4.
3 + 1

Aj = 3 + fr = 3 +4 = 7,A2 = 3 + 2rf = 3 + 2x4=11, A3 =3 + 3rf = 3+3x4=15.
Hence, the required A.M.'s are 7,11,15.

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

n+ 1n+1
+ ba

[NCERT]is the arithmetic mean of a and b ?EXAMPLE 2 For zvhat value ofn,
a^'+b

a+b

n

n+1 n+1
+ ba

will be the A.M. of a and b, if. Therefore,SOLUTION The A.M. of a and b is
/+&

n
2
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«+ 1 n+ 1
+ b a + ba

a’' +b
n 2

fl+ 1 n+ 1

) = (/ + b”) {a + b)2 (a + b

11+ 1 n+ 1 )i+ 1 n , lit 1 n + 1
+ fl b + b a+b+ 2b2 a a

11+ 1 n+ 1
+ ba

/ \Qn

a” (a-b) = &” (fl -i;) => fl" = cf” => ^ = 1 =>
a a a

= 1 => " => « = 0.
b bb

EXAMPLES

last mean is 1:3, then find the value of n.

SOLUTION Let Ai, A2, A,, be n arithmetic means between 20 and 80 and let d be the
common difference of the A.P. 20, A-^, A2,... A„, 80. Then,

80-20

If n arithmetic means are inserted between 20 and 80 such that the ratio offirst mean to the

60

Using: d=-
- a

d =
n + 1 71 + 1 77 + 1

60 77 + 4
Now, Aj = 20 +d=>Ai =20 + = 20

71 + 1 71 + 1

4n + l6077
And, Afj = 20 + nd => A„ = 20 + = 20

71 + 1 71 + 1

It is given that
20 (71 + 4)

fll=l
A, 3

n + 1 1 n + 4
— 4n +1 = 3n +12=> n = 11

20 (4n + 1) 3 4n + l 3

n + 1

EXAMPLE 4 Between 1 and 31 are inserted m arithmetic means so that the ratio of the 7th and {m - l)th
means is 5:9. Find the value ofm.

SOLUTION Let Ai, A2, Ajjj be m arithmetic means between 1 and 31. Then 1,

A-i, A2,..., An ' 31 is an A.P. with common difference d given by

31 -1 _ 30
771 + 1 777 + 1

INCERT]

Using: d = -
-a

d =
71 + 1

7 X 30 m + 211
Now, Ay =l+7d =1 +

7n + l m + 1

30 (m-1) 317n - 29
and. Aj„_i=l +{m-l) d =1 +

771 + 1 777 + 1

It is given that

Aj 5 m + 211
= — => 9m +1899 =155771-145 => 146m = 2044 =>m = 14

An -1 9 31m-29 9

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 5 Prove that the sum ofn arithmetic means between two numbers is n times the single A.M.
between them.
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SOLUTION Leti4^, Ai, be w arithmetic means between and b. Then, £?, A^, A2,Aj / ^
h -a

is an A.P. with common difference d given by d =
n + l

V Sn = -'^{a + D
n

Now, /4 j + A2 +... + Aji — — Aj^ + A
2v.

« / IX
~{a^b)

^ — = « X (A.M. between a and b)

13

EXAMPLE 6 The sum of two numbers is —. An even number of arithmetic means are being inserted
6

n

[v a, Ai, A2,Afj,b is an A.P. a + b =Ai + AJ

= n

between them and their sum exceeds their number by 1. Find the number of means inserted.
13

SOLUTION Let a and b be two numbers such that a + b = —
6

Let , A2,... / A2,, be 2n arithmetic means between a and b. Then,
a + b

[Using result of Example 5]Ai + A2 +... + A2jj — 2n
2

13
[Using (i)]Ai + A2+... + A2,, = n (a + b) = "g" ”

2n + l=—n [●.● + A2 +... + A2„ = 2« +1 (given)]
6

12« + 6 = 13fi => n = 6

Hence, 126 arithmetic means are inserted between the numbers.

If the A.M. between pth and qth terms of an A.P. be equal to the A.M. between rth and sthEXAMPLE 7

terms of the A.P., then show thatp + q = r + s.
SOLUTION Let a be the first term and d be the common difference of the given A.P. Then

Op = pth term = a + (p -1) d; a^ = flth term = a + (q~V) d
= rth term = a + (r -V) d and, = sth term = a + (s -1) da.

It is given that

A.M. between a„ and a^ = A.M. between a^ and a^

-(ap + a^) = -{Or + Os)

\a + (p-1) d} + {a + (q-1) d] = {fl + (r -1) fr) + {p + (s -1) d]
(p + q~2) d = (r + s - 2) d => p + q = r + s

Suppose X and y are two real numbers such that the rth meari between x and 2y is equal toEXAMPLE 8

the rth mean between 2x and y when n arithmetic means are inserted between them in both the cases. Show
n + l

-y=i.tlrnt
Xr

Let Ai, A2,..., Ai ” arithmetic means between x and 2y. Then,x, Aj, A2, ●●●/

A„, 2y are in AP with common difference d^ given by d-^ =

SOLUTION

2y-x
n + l

2y-xth
mean = A^ = x + r d-^ X + rr

n + l
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Let Ai', A2 ,, A„'ben arithmetic means between 2x and y. Then, 2x, A-^', A2 A^' ,y are
y-2x
n + 1 ■

in A.P. with common difference d2 given by ^2 =

y-2x
mean = Ar' = 2x + r d2 = 2x + r

rt + 1

It is given that:

A = A'

'2y-y y-2x
= 2x + rx + r

n + 1 n + 1

(n + 1) x + r{2y-x) = {n+ 1) 2x+ r {y-2x)

1=1
n + 1

(n + 1) X -ry = rx =>
r x

EXERCISE 18.6

BASIC

1. Find the A.M. between:

(i) 7 and 13 (ii) 12 and -8

2. Insert 4 A.M.s between 4 and 19.

(iii) (x-y) and(A: + y).

3. Insert 7 A.M.s between 2 and 17.

4. Insert six A.M.s between 15 and -13.

BASED ON LOTS

5. There are n A.M.s between 3 and 17. The ratio of the last mean to the first mean is 3:1. Find

the value of n.

6 Insert A.M.s between 7 and 71 in such a way that the 5‘’’ A.M. is 27. Find the number of
A.M.s.

7. If n A.M.s are inserted between two numbers, prove that the sum of the means equidistant
from the beginning and the end is constant.

8. If X, y, z are in A.P. and Aj is the A.M. of x and y and A2 is the A.M. of y and 2, then prove
that the A.M. of A^ and A2 is y.

9. Insert five numbers between 8 and 26 such that the resulting sequence is an A.P.
[NCERT]

ANSWERS

l.{i)10 (ii) 2 (iii) X
23 61 19 91 53 121

8*' 4 ' 8 ' 2 ' 8 ' 4 ' 8

4. 11,7,3,-1,-5,-9 5.6

2. 7,10,13,16

3.^

6. 15 9. 11,14,17,20,23

HINTS TO SELECTED PROBLEMS

9. Let a2, a^, be five natural numbers between 8 and 26 such that

8, ^2/ ^3' ^4 / 26 is an A.P. Let frbe the common difference. Then,

26-8 b -a
d = = 3 V d =

5 + 1 n + 1
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— 8 + 3 —11, ^2 “■ ^1 3 “ 14/ ^3 “ 1^/ “ 20 3nd — 23

Hence, five numbers are 11,14,17,20 and 23.

18.8 APPLlCATfONS OF A.P.

In this section, we shall discuss some problems based upon the applications of arithmetic
progressions.

BASED ON BASIC CONCEPTS (BASIC)

The digits of a positive integer, having three digits, are in A.P. and their sum is 15. TheEXAMPLE 1

number obtained by reversing the digits is 594 less than the original number. Find the number.

SOLUTION Let the digits at ones, tens and hundreds place be {a - d), a and {a + d) respectively.
Then the number is

(fl + d) X 100 + flxl0+((?-d) = lllfl + 99d

The number obtained by reversing the digits is

(fl-d)X 100 + flxl0 + (rt + d) = lllfl “99d

It is given that {a - d) + a + (a + d) =15 and. Ilia -99d =lllfl + 99d -594
3a = 15 and 198d = 594 => a = 5 and d = 3

So, the number islllfl + 99d =111 x 5 + 99 x 3 = 852.

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

Two cars start together in the same direction from the satne place. The first goes withEXAMPLE 2

uniform speed of 10 km/h. The second goes at a speed of 8 km/h in the first hour and increases the speed by
1/2 km each succeeding hour. After how many hours will the second car overtake the first car if both cars
go non-stop ?

SOLUTION Suppose the second car overtakes the first car after t hours. Then the two cars travel
the same distance in t hours.

Distance travelled by the first car in t hours = 101 km.

Distance travelled by the second car in t hours
= Sum of t terms of an A.P. with first term 8 and common difference 1/2.

t (f + 31)1t

= -|2x8f(f-l)x-
When the second car overtakes the first car. The distance travelled by both cars is same.

=>f(f-9) = 0=>f = 9

4

f (f + 31)
[●●● t ^ 01lOf =

4

Thus, the second car will overtake the first car in 9 hours.

A man repays a loayt off 3250 by paying f 20 in the first month and then increases theEXAMPLE 3

payment by f 15 every month. How long will it take him to clear the loan ?

SOLUTION Suppose the loan is cleared in n months. Clearly, the amounts form an A.P. with
first term 20 and the corrunon difference 15.

Sum of the amounts = 3250

||2x 20 + (H-l)xl5| = 3250

3n^+5n-1300 = 0 => (n - 20) (3n + 65) = 0=> n = 20 3tt + 65 ^ 0

Thus, the loan is cleared in 20 months.
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BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 4 150 workers were engaged to ifnish a piece of work in a certain number of days. Four
workers dropped the second day,four more workers dropped the third day and so on. It takes 8 more days to

finish the work now. Find the number of days in which the work was completed.

SOLUTION Suppose the work is completed in n days when the workers started dropping. Since

4 workers are dropped on every day except the first day. Therefore, the total number of workers

who worked all the n days is the sum of n terms of an A.P. with first term 150 and common
difference - 4.

||2xl50 + (« -l)x-4| = «{152-2«)i.e.

Had the workers not dropped then the work would have finished in {n - 8) days with 150

workers working on each day. Therefore, the total number of workers who would have worked

all the n days is 150 (n - 8).

n(152-2«) = 150(«-8) => tt^-H-600 = 0=> (n-25)(« + 24) = 0 => n = 25.

Thus, the work is completed in 25 days.

EXAMPLE 5 Along a road lie an odd number of stones placed at intervals of 10 metres. These stones have

to be assembled around the middle stone. A person can carry only one stone at a time. A man carried the job

with one of the end stones by carrying them in succession. In carrying all the stones he covered a distance

of 3 km. Find the number of stones.

SOLUTION Let there be (2« + 1) stones. Clearly, one stone lies in the middle and n stones on
each side of it in a row. Let P be the mid-stone and let A and B be the end stones on the left and

right of P respectively. Clearly, there are n intervals each of length 10 metres on both the sides of

P. Now, suppose the man starts from A. He picks up the end stone on the left of mid-stone and

goes to the mid-stone, drops it and goes to (n - l)th stone on left, picks it up, goes to the

mid-stone and drops it. This process is repeated till he collects all stones on the left of the
mid-stone at the mid-stone. So, distance covered in collecting stones on the left of the mid-stones

= 10 X n + 2 [10 X (rt -1) + 10 X (» -2) + ... + 10 X 2 + 10 X 1],

After collecting all stones on left of the mid-stone the man goes to the stone B on the right side of

the mid-stone, picks it up, goes to the mid-stone and drops it. Then he goes to (n -1)* stone on
the right and the process is repeated till he collects all stones at the mid-stone.

Distance covered in collecting the stones on the right side of the mid-stone

= 2 [10 X n + 10 X (n -1) + 10 X (h -2) + ... +10 X 2 + 10 X 1]

Total distance covered

= 10 X M + 2 [10 X (n -1) + 10 X (« -2) +... + 10 X 2 + 10 X 1]

+ 2[10x« + 10x («-!) + ... +10X 2 + lOx 1]

= 4 [10 X w + lOx (n -1) + ... + 10 X 2 + 10 X 1]-10 X «

|(l+n) -10« = 20n^ +10«.= 40 1 + 2+3+... +n -lOn = 40

But, the total distance covered is 3 km = 3000 m.

20tt^+10n = 3000 => 2«^+)i-300 = 0 => (n-12) (2« +25) = 0 n=12

Hence, the number of stones = 2« + 1 = 25.
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EXERCISE 18.7

BASIC

A man saved ? 16500 in ten years. In each year after the first he saved ? 100 more than he
did in the receding year. How much did he save in the first year ?

A man saves ? 32 during the first year, ? 36 in the second year and in this way he increases
his savings by ? 4 every year. Find in what time his saving will be ? 200.

A man arranges to pay off a debt of ? 3600 by 40 annual instalments which form an
arithmetic series. When 30 of the instalments are paid, he dies leaving one-third of the debt
unpaid, find the value of the first instalment.

A manufacturer of radio sets produced 600 units in the third year and 700 units in the
seventh year. Assuming that the product increases uniformly by a fixed number every
year, find (i) the production in the first year (ii) the total product in 7 years and (iii) the
product in the 10th year.

There are 25 trees at equal distances of 5 metres in a line with a well, the distance of the well
from the nearest tree being 10 metres. A gardener waters all the trees separately starting
from the well and he returns to the well after watering each tree to get water for the next.
Find the total distance the gardener will cover in order to water all the trees.

BASED ON LOTS

A man is employed to count ? 10710. He counts at the rate of ? 180 per minute for half an
hour. After this he coimts at the rate of ? 3 less every minute than the preceding minute.
Find the time taken by him to count the entire amount.

A piece of equipment cost a certain factory ? 600,000. If it depreciates in value, 15% the first,
135% the next year, 12% the third year, and so on. What will be its value at the end of 10
years, all percentages applying to the original cost ?

A farmer buys a used tractor for ? 12000. He pays ? 6000 cash and agrees to pay the balance
in annual instalments of ? 500 plus 12% interest on the unpaid amount. How much the
tractor cost him?

Shamshad Ali buys a scooter for ? 22000. He pays ? 4000 cash and agrees to pay the balance
in annual instalments of ? 1000 plus 10% interest on the unpaid amount. How much the
scooter will cost him.

The income of a person is ? 300,000 in the first year and he receives an increase of ? 10000 to
his income per year for the next 19 years. Find the total amount, he received in 20
years.

A man starts repaying a loan as first instalment of ? 100. If he increases the instalments by
? 5 every month, what amoimt he wiU pay in the 30th instalment?

A carpenter was hired to build 192 window frames. The first day he made five frames and
each day thereafter he made two more frames than he made the day before. How many
days did it take him to finish the job?

1.

2.

3.

A.

5.

6.

/ .

8.

9.

10.

[NCERT]

11.

[NCERTl

12.

INCERT EXEMPLARl

BASED ON HOTS

13. We know that the sum of the interior angles of a triangle is 180°. Show that the sums of the
interior angles of polygons with 3,4,5,6,... sides form an arithmetic progression. Find the
sum of the interior angles for a 21 sided polygon.

14. In a potato race 20 potatoes are placed in a line at intervals of 4 meters with the first potato
24 metres from the starting point. A contestant is required to bring the potatoes back to the
starting place one at a time. How far would he run in bringing back all the potatoes?

[NCERT EXEMPLARl

[NCERT EXEMPLAR]
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A man accepts a position with an initial salary of ? 5200 per month. It is understood that he
will receive an automatic increase of ?320 in the very next month and each month
thereafter,

(i) Find his salary for the tenth month,

(ii) What is his total earnings during the first year?

A man saved ?66000 in 20 years. In each succeeding year after the first year he saved ? 200
more than what he saved in the previous year. How much did he save in the first year?

In a cricket team tournament 16 teams participated. A sum of ? 8000 is to be awarded
among themselves as prize money. If the last place team is awarded ? 275 in prize money
and the award increases by the same amount for successive finishing places, how much
amount will the first place team receive?

15.

16.

17.

ANSWERS

1. ?1200

5. 3500 m

9. ? 39100

13. 3420°

16. ?1400

4. (i) 550 (ii) 4375 (iii) 775

7. ? 105000

11. ?245

15. (i)? 8080 (ii) ? 83520

2. 5yrs
6. 89 minutes

10. ?7900,000

14. 2480 m

17. ? 725

3. ?51

8. ? 16680

12. 12 days

HINTS TO SELECTED PROBLEMS

Here, a = 300,000, d = 10,000 and n = 20. Let S be the total amount received in 20 years.
Then,

10.

20

S = ?y{2x 300,000 +(20-l)x 10,000} = ?10 (600,000 +190,000) = ? 7900,000
Here, a =100, fr =5 andn - 30.

Amount to be paid in 30th instalment = ^30 = rt + 29d = 100 + 29 x 5 = 245

Suppose the carpenter takes n days to make 192 window frames, the numbers of window

frames made by the carpenter on various days form an AP with first term a =5 and common
difference d=2.

192=|{2x5 + (n-l)x2}
=> 182=5n + «^-rt=>«^+4«-192 = 0 => (« + 16) («-12) = 0 => n=12

The sum of the interior angles of an n sided polygon is {2n - 4) x 90°=180°n - 360°. Putting
tt-3, 4,5,6,..., we obtain: 180°, 360°, 540°, 720°	

Clearly, it is an A.P. with common difference 180°.

11.

12.

13.

FILL IN THE BLANKS TYPE QUESTIONS (FBQs)

1. The sum of the terms equidistant from the beginning and end in an A.P. is always same and
is equal to the sum of 	

2. The minimimivalue of 4^ + 4

and terms.

1-x
, a: e R, is	

3. If the first, second and last terms of an A.P. are a, b and 2a respectively, then the sum of its
terms is	

4. The number of terms in an A.P. whose first term is 10, last term is 50 and the sum of all

terms is 300, is	

5. The arithmetic mean of first n natural numbers is	
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The sum of first n odd natural numbers is	

The sum of first n even natural numbers is	

If n is even, then the sum of first n terms of the series 1-2 + 3

6.

7.

4 + 5-6 +...,8.

is.

If twice the 11 term of an A.P is equal to 7 times of its 21** terms, then the value of 25*** term9.

IS .

If the sums of«terms of two arithmetic progressions are the ratio (2n+ 3) :(6m+5), then the
ratio of their 13*** terms is	

The sum of n arithmetic means between a and b is	

If the sum of n arithmetic means between 9 and 51 is 270, then the value of n

10.

11.

12.

IS.

The sum of 4 arithmetic means between 3 and 23 is

_H+1

13.

n+l
+ ba

is the A.M. of a and b, then n =14. If
n n
a"+b

ANSWERS

. ?i + lSab
4. 102. 4 3.1. First, Last 3.

22(b-a)

n
6. 10. 53:1559. 07. n (n +1) 8. -

2

-ia + b) 13. 52 14. 012. 911.

VERY SHORT ANSWER QUESTIONS (VSAQs)

Answer each of the following questions in one word or one sentence or as per exact requirement of the
question:

Write tlie common difference of an A.P. whose nth term is xn + y.1.

P 2
Write the common difference of an A.P. the sum of whose first n terms is — « + Qn.2.

If the sum of n terms of an AP is 2n + 3n, then write its nth term.3.

If log 2, log (2^ -1) and log (2* + 3) are in A.P., write the value of x

If the sums of n terms of two arithmetic progressions are in the ratio 2n + 5: 3n + 4, then
write the ratio of their mth terms.

Write the sum of first n odd natural numbers.

Write the sum of first n even natural numbers.

Write the value ofnfor whichndi terms of the A.P.s 3,10,17,... and 63,65,67,.... are equal.

= 7, then find the value of n.

4.

5.

6.

7.

8.

3 + 5 + 7 +... + upto n terms
If9.

5 + 8 +11 +.... upto 10 terms

If mth term of an A.P. is n and nth term is m, then write its pth term.

If the sums of n terms of two A.P.'s are in the ratio (3n + 2): (2n + 3), find the ratio of their

12*** terms.

10.

11.
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ANSWERS

1. X 2. P 3. 4« +1 4. log25

7. «{n 4-1)

11. 71 :49

5. {4m + 3):(6ffJ + l)

8. 13 9. 35 10. m + n-p

MULTIPLE CHOfCE QUESTIONS (MCQs)

Mark the correct alternative in each of the following:

If 7th and 13th terms of an A.P. be 34 and 64 respectively, then its 18th term is
(a) 87

If the sum of p terms of an A.P. is q and the sum of q terms is p, then the sum of p + ^ terms
will be

1.

(b) 88 (c) 89 (d) 90

2.

(a) 0 (b) p-q ic) p + q

If the sum of «terms of an A.P. be 3 n and its common difference is 6, then its first term

(d) -ip + q)

3.

is

(a) 2 (b) 3 (c) 1 (d) 4

4. Sum of all two digit numbers which when divided by 4 yield unity as remainder is
(d) none of these.(a) 1200 (b) 1210 (c) 1250

5. In A.M.'s are introduced between 3 and 17 such that the ratio of the last mean to the first

mean is 3 :1, then the value of n is

(a) 6 (b) 8 (c) 4 (d) none of these.

_,then^-If Sf, denotes the sum of first n terms of an A.P. <Ofj> such that6.

(hin

2m + l 2m-1 m-1 m + 1
(a) (b) (c) (d)

2« + l 2n-l n-1 n + 1

The first and last terms of an A.P. are 1 and 11. If the sum of its terms is 36, then the number

of terms will be

7.

(a) 5 (b) 6 (c) 7 (d) 8

If the sum of n terms of an A.P., is 3 n + 5 h then which of its temis is 164?

(d) none of these.

8.

(a) 26th (b) 27th (c) 28th

If the sum of n terms of an A.P. is 2 n + 5 «, then its nth term is

(a) 4n-3

9.

(b) 3n-4 (c) 4 « + 3

If £12/ <^3/ ●●●● ^ are in A.P. with common difference d, then the sum of the series sin d

[cosec ai cosec £^2 + cosec a2 cosec a^ ++ cosec £^_ i cosec ] is

(b) cosec a-i - cosec a,,

(d) tan £ij - tan a„

In the arithmetic progression whose common difference is non-zero, the sum of first 3 n
terms is equal to the sum of next n terms. Then the ratio of the sum of the first 2 n terms to
the next 2 n terms is

(d) 3 n + 4

10.

(a) sec a^ - sec a„

(c) cot - cot Oy,
11.

(a) 1/5 (b) 2/3 (c) 3/4 (d) none of these
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\ia-^, (i2,a2> ●●●● ^ are in A.P. with common difference d, then the sum of the series
sin d [ sec Aj sec A2 + sec «2 see A3 +.... + sec sec a,,l is

(b) cosec Aj - cosec %

(d) tan a„ - tan Aj

If four numbers in A.P. are such that their sum is 50 and the greatest number is 4 times the
least, then the numbers are

(a) 5,10,15, 20

If « arithmetic means are inserted between 1 and 31 such that the ratio of the first mean and

nth mean is 3: 29, then the value of n is

12.

(a) sec Aj - sec

(c) cot Aj - cot A,
13.

(d) none of these(c) 3,7,11,15(b) 4,10,16,22

14.

(d) 14(c) 13(b) 12(a) 10

Let 5y, denote the sum of n terms of an A.P. whose first term is a. If the common difference d
is given by d = ^ -1 + - 2 ' ^ =

15.

(d) none of these(c) 3(b) 2(a) 1

The first and last term of an A. P. are a and I respectively. If S is the sum of all the terms of the16.

, then k =A.P. and the common difference is given by
k-{l + a)

(d) none of these

If the sum of first n even natural numbers is equal to k times the sum of first n odd natural
numbers, then k =

(c) 3S(b) 2S(a) S

17.

n + 1n + 1n-l

(a) - (d)(c)(b)
2n nnn

If the first, second and last term of an A.P are a, b and 2a respectively, then its sum is

(d) none of these

18.

3 ababab
(c)(a)

2(b-a)2(b-a) -a

If, is the sum of an arithmetic progression of 'n' odd number of terms and S2 the sum of
-

19.

the terms of the series in odd places, then
S2

n + 1n + 12n n

(d)(c)(b)(a)
2«?i +1n + 1

2

If in an A.P., S„=n p and

is equal to

(^) \P^

n

^p, where denotes the sum of r terms of the A.P., then Sp20. = m

(d) (m + n)p^(c) p^(b) mn p

th

21. If in an A.P., the pth term is q and {p + q) term is zero, then the 7“’ term is

(c) p + q (d) p-q(b) p(a) -p
[NCERT EXEMPLAR!

22. The 10* common term between the A.P.s 3,7,11,15, ... and 1,6,11,16,... is

(d) none of these
[NCERT EXEMPLAR]

23. If in an A.P. S^j = n^q and = m^q, where Sy denotes the sum of r terms of the A.P., then

equals

-4

(c) 211(b) 193(a) 191

(d) (m^ +n^) q(c) q^(b) tnnq

[NCERT EXEMPLAR]

 

 



 

 

18.52 MATHEMATICS-XI

24. Let S,j denote the sum of first n terms of an A.P. If = 3 then S^„ : is equal to
(a) 4 (b) 6 (c) 8 (d) 10

INCERT EXEMPL.ARI

25. If the sum of n terms of an A.P. is given by 5^ = 3« + 2n , then the common difference of the
A.P. is

(a) 3 (b) 2 (c) 6 (d) 4
[NCERT EXEMPLAR]

26. If 9 times the 9* term of an A.P. is equal to 13 times the 13th term, then the 22"^ term of the
A.P. is

(a) 0 (b) 22 (c) 220 (d) 198
[NCERT EXEMPLAR]

ANSWERS

1- (c)

9. (c)

17. (d)

25. (d)

2. (d)

10. (c)

18. (c)

26. (a)

3. (a)

11. (a)

19. (a)

4. (b)

12. (d)

20. (c)

5. (a)

13. (a)

21. (b)

6. (b)

14. (d)

22. (a)

7. (b)

15. (b)

23. (c)

8. (b)

16. (b)

24. (b)

ACTIVITY

OBJECTIVE To demonstrate the concept of arithmetic progression and its sum.

MATERIALS REQUIRED Plastic Strips, chart papers, thermocol sheets, adhesive etc.

STEPS OF CONSTRUCTION

Take a thermocol sheet in the shape of the rectangle ABCD.

Take some plastic strips each of equal fixed length denoted by a and some plastic

strips, each of equal fixed length denoted by b.

Cover the thermocol sheet by a chart paper.

On the chart paper arrange and paste both types of strips so as to get terms

a, a + b, a + 2b,a + 9b placed at unit distance apart and arrange along the rectangle

as shown in the figure. 18.1. The last strip ends in F along BC, extend F toC by a fixed

length a so as to cut rectangle ABCD.

Step I

Step n

Step in

Step IV

A D

a + b

a + 2b

a + 3b

a + 4b

n + 5b

a + 6b

a* 7b

a + 8t»

2a + 9l>

■> Fa + 9b' C

Fig. 18.1
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STEPS OF DEMONSTRATION

Length of the first strip

Length of the second strip = a +

Length of the third strip

Step I -a

= ^7 + 2fc

th

Length of the 10 strip =a + 9b

Clearly, lengths of the strips from an A.P. a, a + b, a + 2h,a + 9b.

The sum of the A.P. in step I is given by

S = a-i-{a + b) + {a + 2b) + ... + {a+9b)

=> S = lOii + {& + 2& + 3b+.. .+9b)

^ S=10fl + 45&

Step II

10

y (2fl + 9b)

i|10x(2fl + 9b}

S = i I Area of the rectangle ABCD whose length and breadth are BC = 2a + 9b

and 10 units respectively)

term of the A.P. a, a + b, a + 2b, a+ 3b, ...isa + {n -1) b.

(ii) The sum of the arithmetic progression a, a+b, a+2b,a-^{n-l)b is given by

S = y {2fl + («-l)M=in [2fl+(n-l) h]
= Half of the area of the rectangle whose length is 2a + (u -1) b and breadth is n units.

SUMMARY

S =

s =

th
OBSERVATIONS (i) The n

1. A sequence is a function whose domain is the set N of all natural numbers or some subsets
of the type {1, 2, 3,...,«}.

A sequence containing a finite number of terms is called a finite sequence.

A sequence is called an infinite sequence if it is not a finite sequence.

2. liui, fl2/ ^3/ ●●●/ i^,,...isasequence, then the expression + 02 + a^ +...+ +... is called a
series.

A series is called a finite series if it has got finite number of terms, otherwise, it is called an
infinite series.

3. Those sequences whose terms follow certain patterns are called progressions.

4. A sequence is called an arithmetic progression if the difference of a term and the previous
term is always same, i.e. + 1 - ^ = constant (= d) for all« e N
The constant difference'd' is called the common difference.
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5. A sequence is an arithmetic progression if and only if its «th terms is a linear expression inn

and in such a case the common difference is equal to the coefficient of n.
6. If a is the first term and d is the common difference of an A.P., then its nth term is given by

Of, = a+ (n-l) d

7. If an A.P. consists of m terms, then ?tth term from the end is equal to (m - n +1)^^ term from
the beginning.

The following ways of selecting terms of an A.P. are generally very convenient:
Terms

8.

Number of terms Coinmon difference
3 a ~d, a, a + d

a - 3d, a - d, a + d, a + 3d

a - Id, a -d, a, a + d, a + 2d

a-5d, a - 3d, a -d, a + d, a + 3d, a + 5d

The sum ^ of n terms of an A.P. with first term 'a' and common difference ‘d' is given by

+ or, Sf, = ^ (fl + 0/where/= last term =rt + (n-l) d.
If the sum ^ of n terms of a sequence is given, then n

determined by using the formula a,, = S,j-S„_
A sequence is an A.P. iff the sum of its n terms is of the form An^ + Bn i.e. a quadratic
expression in n and in such a case the common difference is twice the coefficient of n^.

d

4 2d

5 d

6 2d

9.

th
10. term a„ of the sequence can be

1

11.

th
If the ratio of the sums of n terms of two A.P.'s is given, then the ratio of their n
obtained by replacing n by (2« -1) in the given ratio
Three numbers fl, b, carein A.P. iff 2/) = a + c. In such a case Ms called the arithmetic mean
of a and c.

The arithmetic mean of a and b is

12. terms is

13.

a + b
14.

2

If n numbers A^, A^,..., are inserted between two given numbers a and/> such that
a, Ai, A2,Afj,b is an arithmetic progression, then A-^, A2,..., A„ are known as n

arithmetic means between a and b and the common difference of the A.P. is d = -—-
n + 1

15.

a + b

Also, Aj + A2 +... + Aji = n

In an A.P. the sum of the terms equidistant from the beginning and the end is always
and is equal to the sum of first and last term.

2

16. same

 

 


