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GEOMETRIC PROGRESSIONS
>

|

19.1 GEOMETRIC PROGRESSION

A sequence of non-zero numbers is called a geometric progression (abbreviated as G.P.) if the ratio of a
term and the term preceding to it is always a constant quantity.

The constant ratio is called the common ratio of the G.P.

In other words, a sequence, @y, @y, as , ..., &y , ... is called a geometric progression if B2l constant for
allneN. ¢
ILLUSTRATION 1  The sequence 4, 12, 36, 108, ... is a G.P., because % = % = }% =..=3, whichis
constant.

Clearly, this sequence is a G.P. with first term 4 anc: common ratio 3.

ILLUSTRATION 2  The sequenc % - -% ¥ g ,— % , ... is a G.P. with first term 15 and common ratio

equal to (—lJ:— 1L =_§_
2 3 2

ILLUSTRATION 3 Show that the sequence given by a, = 3 (2"), for alln € N, is a G.P. Also, find its
common ratio.

SOLUTION We have,a, = 3 (2"). Therefore, g,, 1 = 3(2"* ")
i1 32"
Ay 3 (2“)

So, the given sequence is a G.P. with common ratio 2.

=2, which is constant for all n e N.

GEOMETRIC SERIES Ifay,a,,a3,..4,,..isa G.P, then the expressionay +ay +az +... +ay + ...
is called a geometric series.

Note that the geometric series is finite or infinite according as the corresponding G.P. consists of
finite or infinite number of terms.

19.2 GENERAL TERM OF A G.P.
THEOREM  Prove that the nth term of a G.P. with first term a and common ratio r is given by a,= artt=

PROOF Letay, ay,as, ..., ay, ... be the given G.P. Then, a1 =a = a wart 7

Since ay, a, a3, ..., Ay, ... is a G.P. with common ratio r. Therefore,
a =
Doy = ay=ay = ay=ar = ay=ar’"!

|

3-1 \

a—3—r:>a—ar:>a—( s =
= 3 =0y s=(anr = azy=ar" = az=ar

a
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Z—4=r = Ay =ayr = ay =(ar2) r= a =ar® > ay e

3

Continuing in this manner, we get a, =ar’" ~ Q.E.D.
NOTE It follows from the above discussion that i a is the first term and r is the common ratio of a G.P.,
then the G.P. can be written asa, ar, ar>, ..., ar’"~ or,a, ar, ar?, ar>, art, ..., a1, ...according as
it is finite or infinite.

19.2.1 nth TERM FROM THE END OF A FINITE G.P.

THEOREM 1 Prove that the nth term from the end of a finite G.P. consisting of m termsisar™ ", where
a is the first term and v is the common ratio of the G.P.

PROOF  Since the G.P. consists of m terms.

1

nth term from the end = (m —n + 1)th term from the beginning = ar™ "

THEOREM 2  Prove that the nth term from the end of a G.P. with last term | and common ratio r is
given by ay, =1[1J
.

PROOF  Clearly, when we look at the terms of a G.P. from the last term and move towards the
beginning we find that the progression is a G.P. with common ratio 1/7.

n-1
So, nth term from the end = [[1}
y

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

TypeI FINDING THE INDICATED TERM OF A G.P. WHEN ITS FIRST TERM AND THE COMMON RATIO
ARE GIVEN

EXAMPLE 1 Find the 9th term and the general term of the progression: % ;= % iy =2

SOLUTION The given progression is clearly a G.P. with first term 4 =1/4 and common ratio
r=-2

9th term =ag =ar® "V = g8 =%(—2)8 =64
and, General term = g, = a1V =% (-2)" i =(—1)"_1 of—@

o (sad) (s07)

EXAMPLE 2 Find the 5th term of the progression 1,

2./3 12 24 /3

SOLUTION Clearly, the given progression is a G.P. with first term a =1 and common ratio

V2-1

WE So, its 5th term is given by
4
o 6-1_, [¥2-1) _(2-1*
as =ar =1x =
2.3 144

EXAMPLE 3 Find 4th term from the end of the G.P. 3, 6, 12, 24, ..., 3072.
SOLUTION  Clearly, the given progression is a G.P. with common ratio r = 2.

1 4-1 1 4-1
4th term from the end = | (—J = (3072) [EJ = 384
r
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Type II ON FINDING THE POSITION OF A GIVEN TERM IN A GIVEN G.P.

EXAMPLE4  Which term of the G.P. 2,1, 1.1 R . g

-4 T
SOLUTION Clearly, the given progression is a G.P. with first term 2=2 and common ratio
r =1/2. Let the nth term be 1% Then,

n-1 n—2 7
a,,:——l—mar"q:L:Z i =-1—:> l ald = n-2=7 = n=9
128 128 2 128 2 2

Thus, 9th term of the given G.P. is llﬁ

EXAMPLE5 Which term of the G.P. 5, 10, 20, 40, ... is 5120 ?

SOLUTION Clearly, the given G.P. has first term @ =5 and the common ratior = 2. Let the nth
term be 5120. Then,

a, =5120
= ar""1=5120 = 5(2" Y =5120 = 2"~ 11024 = 2" 1=2= n-1-10 = n=11
Thus, 11th term of the given G.P. is 5120.

EXAMPLE6  Whichtermofthe G.P.2,8,32, ...i5131072 7 [NCERT]
SOLUTION Here,a=2 and r =4.Let the nth term be 131072. Then,
a, =131072

= o 12131072 = 2x 4" 12131072 = 4" 165536 = 4" 1=4® = n-1=8=n=9
Hence, 131072 is the 9th term of the given G.P.

Type IIl PROBLEMS BASED ON THE DEFINITION OF A G.P. AND THE FORMULA a, = ar" =

EXAMPLE 7 The fourth, seventh and the last term of a G.P. are 10, 80 and 2560 respectively. Find the
first term and the number of terms in the G.P.

SOLUTION Let a be the first term and r be the common ratio of the given G.P. Then,

6
ay =10, a; =80 = ar® =10 and ar® =80 :>a_r3_=@ = r=8 = r=2
ar® 10
Puttin,grr=2'1nar3 =10, we get: a(2)3=10:> a=%=%.

Let there be n terms in the given G.P. Then,
a, = 2560

s =1 _ongn oo D

Z(2”‘1)=2560:> P-4 _056 = 2" 4-2% o n-4=8 = n=12

EXAMPLES  The first term of a G.P. is 1. The sum of the third and fifth terms is 90. Find the common
ratio of the G.P. [NCERT]

SOLUTION Let r be the common ratio of the G.P. It is given that the first term a=1.
Now, a3z +a5=90

2

= ar +.sn"ﬂ‘=90=:~r2

A e —90=0

+rt =90 = r
= 41012 -9/2-90=0= (2 +10)(*2-9)=0 = r*-9=0 = r==3.

Hence, the common ratio of the given G.P. is 3 or - 3.
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EXAMPLE 9  If the 4th and 9th terms of a G.P. be 54 and 13122 respectively, find the G.P.
SOLUTION  Let a be the first term and r the common ratio of the given G.P. Then,
ay =54 and ag=13122
ar® 13122

= ar3=54 and ar8=13122:>—3—5—4:>r5=243:>r5=35=>r=3
ar

Putting r=3inar’ =54,weget:a(3)3:54 = q=2

Thus, the given G.P. is a, ar, m‘z, ar, 3 ie. 2,6,18, 54, ...
EXAMPLE10  Find a G.P. for which the sum of first two terms is —4 and the fifth tez'in is 4 times the third

term. : [NCERTI
SOLUTION  Let a be the first term and r be the common ratio of the given G.P. It is given that
The sum of first two terms=—4. = a; +ay =—-4 = a+ar=—4 (i)
It is also given that

a5 =4a3 = art=4ar? = 12=4 > r=+2
Putting r =2 and - 2 respectively in (i), we geta =— % and a =4 respectively.
Thus, the required G.P. is *% ’ —% , —% ;... or 4,-8,16, - 32, ...

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 11 The third term of a G.P. is 4. Find the product of its first five terms.
SOLUTION Let a be the first term and r the common ratio. Then,

a3 =4 = ar® =4 ()

Product of first five terms = ay a, a3 ay a5 = a(ar) (arz) (ar 3) (ar4)

=B a(ar®P =4 [Using (i)]

EXAMPLE 12 If the pth, qth and rth terms of a G.P. are a, b, c respectively, prove that:
A1) pr=p) fp=d) g, [NCERT]

SOLUTION  Let A be the first term and R be the common ratio of the given G.P. Then,
a=pthterm =ARP ™V b =gthterm = AR~ Y, and ¢ =rth term = AR" ~

Substituting the values of a, b and ¢, we get
A9=1) plr=p) (p-9)

. {AR(””D}({{_T) .{AR“’" ”}(r_p) .{A}{""l)}(p—q)

= AU RP=D(-7) Lr=p) p(g-D( -p) Alp-9 gr-D(p-9)
Ad-r+r=p+p=q) p(p-N(g-r)+(q-D(r-p)+(r-D(p-9q)

= AU gPU-r)xqr=plti(p=q)=(q-r)=E=p)=(p=q) 4050 4

EXAMPLE 13 Ifa, b, c are respectively the p™, g and " terms of a G.P., show that
(g-r)loga+(r-p)logh+(p—q) logc=0.
SOLUTION  Let A be the first term and R the common ratio of the given G.P. Then,
a=pth term = a=ARP"! = loga=log A +(p—1)log R (i)
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b =gqth term = b=ART"! = logb=log A +(g-1)log R (i)

c=rthterm = c=AR" ! = log c =log A +(r —1) log R ..(iii)
Substituting the values of log a, log b and log ¢, we get

(g-r)loga+(r—p)logh+(p—gq) logc

= (q—r){]ogA +(p-1) log R} +(r—p) {logA +(g-1) log R}

+(p—q){logA +(r=1) log R}

1ogA{(q—r)+(r—p) +(p-0)} +log R {(p—l) (@-D+(=1)(r—p) +( -1) (p—q)}

(log A) 0+{P (=1 +q(r-p +r(p—q)—(q—r)-(r—p)—(P—q)} log R

= (log A) 0+ (log R) 0=0.

EXAMPLE14 Find four numbers forming a geometric progression in which the third term is greater than
the first terms by 9, and second term is greater than the 4th by 18. [NCERT]

SOLUTION Let the four numbers in G.P. be a, ar, arz and ar® Ttis given that

ar2=a+9 and ar=ar3+18

2
= a(r?-1)=9 and ar (1 —r2)=18:>£(u—)=§ £

3 —r=2 = r==2
ai =1 .2

Put—tingr=d21na(r2 -1)=9,wegetta(4-1)=9 = a=3
Hence, the numbers are: 3, 3 (~2), 3(-2)%, 3(-2)> or, 3,-6,12, - 24.

EXAMPLE 15 The number of bacteria in a certain culture doubles every hour. If there were 30
bacteria present in the culture originally, how many bacteria will be present at the end of 2nd hour, 4th
hour and nth hour? [NCERT]

SOLUTION  Clearly, number of bacteria at the end of different hours forms a G.P. with first term
a =30 and common ratior = 2.

Number of bacteria present at the end of 2nd hour

= (Third term of the G.P. with first term a = 30 and common ratior =2) = ar® =30x 22 =120
Number of bacteria present at the end of 4th hour

= (5th term of the G.P. with first term a = 30 and common ratior = 2) = ar* =30x 2% =480

Number of bacteria present at the end of nth hour

={(n+ 1)th term of the G.P. with first term a = 30 and common ratior =2} = ar =30x 2"
EXAMPLE 16 What will ¥ 500 amounts fo in 10 years after its deposit in a bank which pays annual
interest rate of 10% compounded annually? [NCERT]

SOLUTION We have, P = Principal =¥ 500, R = Rate of interest = 10%
Amount at the end of one year = ¥ (P + %J =3P [1 + —R—]

100
Amount at the end of second year = I{P|1+ B +P|1+ oRe | R
100 100 ) 100

2
enlie R 1el | wp[ineR
100 100 100
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A R R
Amount at the end of the third year = ¥ P{l+ﬁ} +P[1+ J

100) "100

3

=X P 1+i
100

and so on.

We find that amounts at the end of various year form a G.P. with first term and common

ratio| 1 + —R—
100

10
Amount at the end of 10th year = (11th term of the G.P.)= ¥ P (1 + %]

10 10
=2500( 1+ | = z500x[ L) = 2500 (1)1
100 10

EXAMPLE 17 A manufacturer reckons that the value of a machine, which costs him T 15625, will
depreciate each year by 20%. Find the estimated value at the end of 5 years. [NCERT]

SOLUTION We have,
Initial value of the machine = Vj; =¥ 15625 and, R = Rate of depreciation = 20%

Depreciated value at the end of first year = V; — % =V, [1 - %6]

Vi R R R Y
Depreciated value at the end of second year = V) -—L—= V; [1-— | = Voll=—
100 100 100

ans so on.

Clearly, depreciated values at the end of different years form a G.P. with first term V;; and

100

Depriciated value at the end of 5 years

common ratio (1 - —R—J

6th term of the G.P. with first term V; ( = ¥ 15625) and common ratio r =(1 = —R—J

100
5 5 5
Vo[1-2 | = e{1s625(1- 22 | { —2 15625« [ 2]} —2 5120
100 100 5

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 18 In a G.P. of positive terms, if any term is equal to the sum of next two terms, find the
common ratio of the G.P.

SOLUTION  Let a be the first term and r be the common ratio of the G.P. By hypothesis

By =gy 1+ By p
n+ 1 2 b —11\/1+4=—1J_r\/§
3

=1 n
= ar' =ar+ @' = l=r4rt = 4r-1=0>r= 5

But, r > 0. Therefore, r = 1 ;Jg = 2[‘/54“1 J =2 sin 18°
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EXAMPLE 19 In a finite G.P. the product of the terms equidistant from the beginning and the end is
always same and equal to the product of first and last term.

SOLUTION Let ay,a, ,a3 ,...,@,_1, 4, be a finite G.P. with common ratio 7.
Now, @, = kth term from the beginning =4, P

k-1
and, a,_j,1 = kth term from the end =g, [1] ,wherel <k <n
r

k-1
A By sl = [al r* 1]:1,1 [lj = ay a, for all ksatisfying 1 <k <n.
r
Hence, the product of terms equidistant from the beginning and the end is always equal to
the product of first and last term.
EXAMPLE20 If the first and the nth terms of a G.P. are a and b respectively and if P is the product of the
first n terms, prove that (ab)". [NCERT]

SOLUTION Let r be the common ratio of the given G.P. Then,
1

b = nthterm=ar""1 = r"_1=2 = rz[ll]”“l
a

a
Now,
P = Productiof the firskiterms = auar.ar®... gt~ L gt 26 v D)
nnsd) ; ;
= P=a'r % { 142+ 3+...+(n—1)=(—”; J(1+(n_1)j="("2_ )1
-1
b —li z b n/2
= P =4d (_J n-— =t [h] =a"/2 bn/2 - (ab)n/:z
a a

[ {(ab)"/ 2}2 — (ab)"

ALITER Leta;=a,a5,4a;3...... , @,_1, @; =b be the given G.P. the product of whose terms is P.
Then,

P=ayayaz.....a, 5 Gy 1=(081 &) (33 A1) (a3 By_3)....{ Ay

+1
212
= P=(ab)(ab)(ab)..... (ab) [ a ay_joq1=0 ayforallk=1,2,.....,1]
"_ times
2
= P =(@ab)’? = P? =(ab)"

EXAMPLE21 The(m + n)thand (m —n)th terms of a G.P. are p and q respectively. Show that the mth and
m/2n
nth terms are .[pq and p [EJ respectively.
P

SOLUTION Let a be the first term and r be the common ratio. Then,
Oy on=p and gy _, =4

=9 —_—p—
=, arm+n =p and arm n lzq
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1/2n 1/2n

m+n-1

, ’"—=E:>r2”=3:>r=[2] :1{1}
q

m-n-1

ar q q P
Now, a, =ar™ 1
_ o (m+n-1)(1 R_ 1 f s _ . m+n=1
= Gy = ar e O+ n 3 [ Gy =ar ]
n/2n i 1/2n
= 4y = p 4 Vo Gyep=p and —= X
P r \F

1/2
! am=p[ﬂ] i

and, Ay = a1t
m m
= 1 1 =
e a4, = amn 1[;) zﬂﬂl+ﬂ(;] [ am+n=arm+n 1]
m/2n 1 1/2n
= ‘711=P£ Y O =P and - =| 1
P ro\p

EXAMPLE 22 Ifpth, qthand rth terms ofan A.P. aswell asa G.P. area, band c respectively. Prove that
bt e dianiu e o)) [NCERT EXEMPLAR]

SOLUTION Let A be the first term and d be the common difference of the A.P. Itis given thata, b
and care p't', g and ' terms of the A P. Therefore,

a=A+(p-1)d b=A+(g-1)d,c = A+(r-1)d

a

? b-c=(q-rdc-a=(-p)d and a-b = (p-g)d
Let a be the first term and R be the common ratio of the G.P. Then,
a = aRP_l,b = aRq_l, and ¢ = a R 7!

(q-r)d (r-p)d (p—q)d
={aRp_1} x{aRq_I} x{chr_l}

= 1N+ (r-pld+(p-q)d p(p-D(g-r)d+(q-1(r-p)d+(r -1)(p-q)d

<

h— L 5
ab-cpe-a.a

= g\=rErpEp=a)d plpa=r) el =p+rip-g=g=r)=(r=p)=tp=9)d

=a’R0 =1
EXAMPLE 23 Find all sequences which are simultaneously A.P. and G.P.
SOLUTION Letay, ay, as, ..., a, ....be a sequence which is both an A.P. as well as a G.P.
Leta,,a,, 1,a,, ; be three consecutive terms of the A.P. Then,
28y, 1=0y+a, o, NeN )

Let r be the common ratio of the sequence when it is considered a G.P. Then,
— n=1 = n d v n+1
=017 , Gpye1=@ 7 and ay, =07
Putting these values in (i), we get
247" =a, "} +a s =141 = 2410 (-1%=0 = r=1
Puttingr =1linay, ay =ay 7, ag =alr2, ay =a1r3, ..., we obtain

a1, Ay =4y, az =ay, g =ay ..., which is a constant squance.
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Hence, the constant sequence is the only sequence which is both an A.P. as well as G.P.
EXAMPLE 24 Show that the products of the corresponding terms of the sequences a, ar, ar®, ... a1
andA, AR, AR? , ..., AR" ™1 forma G.P., and find the common ratio. [NCERT]

SOLUTION The sequence formed by the products of the corresponding terms of the given
sequences is

aA,aAtR,aAr* R?,...,aA" " R"T!
or,  aA,aA(rR),aA(R)? ,aA(R)>, .., aA(rR)"?
Clearly, the ratio of any term and preceding term in the above squance is same equal to7R.
So, it is a G.P. with common ratio rR.
EXAMPLE 25 If pm ; q’h i rm and sfh terms of an A.P. are in G.P., then show that (p —q), (g —1), (r — )
arealsoin G.P. [NCERT]

SOLUTION Let abe the first term and d be the common difference of the given A.P. Further, let

a, , a5 , @ and 4 be its p", ", " and s™ terms respectively. Then,

ay =a+(p-1) d,ag=a+(q-1) d,a=a+(r-1)dand a = a+(s-1)d.
= ay =y =(p-q) d, ag—a, =(q-r)d and a, —a; =(r —s)d .. (@)
Itis given that Ay, g, O and g arein G.P. Let A be the first term and R be the common ratio of the
G.P. Then,

A =a,, AR = a;,AR* =4, and AR® =,
A-AR = ap—aq,AR—ARZ = a; —ay and ARZ—AR3 = a, —a
= A(1-R)=a,—a,, AR(1-R)=g;~a and AR*(1-R)=0, -4,

> (-a) ={AR (1-1{)}2 ={A (I—R)HARZ(l—R)} = (ay - ) (4 -4)

> @-*d={p-ad{c-94] [Using ()]

= (L]'—!f)2 =(p-q(@r-s)=p-q,q9-r,r—sarein G.P.
____EXERCISE 191

BASIC
1. Show that each one of the following progressions is a G.P. Also, find the common ratio in
each case:
@ 4,-2,1,-1/2,... (i) —-2/3,-6,-54, ...
34> 92°
i) e e (iv) 1/2,1/3,2/9,4/27, ...
4 16
2. Show that the sequence defined by #, = % ,neNisaG.P.
3
3. Find:

(i) the ninth term of the G.P. 1, 4, 16, 64, ...

(ii) the 10th term of the G.P. - o Ll

4° 5 oyt
(iii) the 8th term of the G.P. 0.3, 0.06, 0.012, ...
(iv) the 12th term of the G.P. L, ax, i :c5,

a® x°
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1 1
nth fthe G.P. 3, —=,—, ...
(v) erm of the J3 73303
1 1
i) the 10th t fthe GP. 2, =, —, ...
(vi) the erm of the J2 7' 2f
4. Find the 4th term from the end of the G.P. % , % , % b [
5. Which term of the progression 0.004, 0.02, 0.1, ... is 12.5?
6. Which term of the G.P.:
(AN TR R TR
J2 OB A 51242
(ii) 2,2y2,4,...is128? [NCERT]
(iii) /3, 3, 34/3,...is 7297 [NCERT]
Ay L b L g [NCERT]
3 g7 19683
7. Which term of the progression 18, -12, 8, ... is % rd
b 1Ty 1
8. Find the 4th term from theend of the GP. —, =, —, —, ..., —.
2 6 18 54 4374
BASED ON LOTS
9. The fourth term of a G.P. is 27 and the 7th term is 729, find the G.P.
10. The seventh term of a G.P. is 8 times the fourth term and 5th term is 48. Find the G.P.
11. Ifthe G.P.’s 5,10, 20, ... and 1280, 640, 320, ... have their nth terms equal, find the value of n.
12. 5%, 8% and 1% terms of a G.P. are p. q and s respectively, prove that qz =ps. [NCERT]
13. The 4th term of a G.P. is square of its second term, and the first term is — 3. Find its7™ term.
[NCERT]
14. InaGP the 3" term is 24 and the 6™ term is 192. Find the 10™ term. [NCERT]
BASED ON HOTS
15. Ifa, b, ¢, dand p are different real numbers such that:
(a2 ey L cz)p2 —2(ab +bc + cd)p+(b2 T +d2) <0, then show that a,b, c and d are
in G.P. [NCERT]
16. 12 L = e Y e dx (x # 0), then show thata, b, ¢ and darein G.P. [NCERT]
a-bx b-cx c—dx
1
_ th X qp P-q
17. Ifthe pthand gth terms of a G.P. are g and p respectively, show that(p + )~ termis = !
P
[NCERT EXEMPLAR]
ANSWERS
8
1@ —% (i) 9 (iii) % (iv) % 3. ()48 (ii) %(%)

n-1
(i) (0.3) (02 (iv) (@9 ) ﬁ[%] i) %21_8
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4.6 5.6 6 @uU® eyt g n® et 99 8. %
9.1,3,9,.. 10. 3,6,12, . 11. 5 13. -2187 14. 3072

HINTS TO SELECTED PROBLENS

6.

13.

14.

(ii) Letn™ term of the G.P.2,2 /2, 4, ... be 128. Then,
n+1

2D =128 2 2 =Y = %:7:>n=13

Thus, 13th term of the G.P. 2, 2 \/E 4,...is128.
(iti) Letn™ term of the G.P. /3, 3, 3/3, ... be 729. Then,

n

JBx (B =79 = 32 =35 = g=6=>n=12

Hence, 12™ term of the given G.P. is 729.

et sl GBI s B raia Lon s
3'9'27 19683

n-1
AL =;=>n3=39:>n=9
3\3 19683

. Let abe the first term and r the common ratio of the given G.P. It is given that

p=5tf1 term, q=8th term, s =11Ih term = p =ar4, q=ar7, s=arw

2 14 2 14

q2=a r and ps=a"r = q2=ps.

Let the common ratio of the given G.P. ber. It is given that the fourth term is square of its
second term.

-7 =(-3n2 = -3r3 =972 = r=-3

Hence, 7™ term =(-3)r® = - 3(-3)® =-2187.
Let the first term and common ratio of the given G.P. be a and r respectively.

It is given that 3™ term =24 and 6™ term =192

5
TEaar ey R R e )
=2 g

= ar2

Puttingr=2inar2 = 24, wegeta = 6.
10™ term =ar® =6x2° =3072
It is given that
(a2+b2+c2) p2 —2(ab+bc+cd)p+(b2 +c? +d2) <0
(a2 p2 —2abp+b2) +(b2 p2 —2bq:a+c2)~1-(¢:2p2 -2 cdp+d2) <0
(ap =b)% + (bp — ) + (cp —d)* <0
(ap —b)2 +(bp —':)2 +(cp —d)2 =0 [ (ap-b)2 +(bp—c)2 +(cp —d)2 cannot be negative]
ap-b=0, bp-c=0, cp-d=0
b e d

- = % = — = p = a,b, ¢, dare in G.P. with common ratio p.
a c

L
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16. We have,
a+bx b+cx c+dx

a-bx b-cx c—dx
a+bx b+cx

= =
a-bx b-cx
(a+bx)+(a-bx) (b+cx)+({b-cx) . A
= Appl do-dividend
= @D (a0 (e ) [Applying componendo-dividendo]
a b b e
o —_—=—— —=—
bx ex @a b
v b+ex c+dx c d
Similarly, = e
b-cx c-dx b e
E=£=£:>a,b,c,daremG.P.
a b c

19.3 SELECTION OF TERMS IN G.P.

Sometimes it is required to select a finite number of terms in G.P. It is always convenient if we
select the terms in the following manner:

No. of terms Terms Common ratio

a

3 —,4a,ar r
r
a a 3 2

4 — /. arar r
ye
a a 2

5 — T4, ar,ar r
r-r

If the product of the numbers is not given, then the numbers are taken as a, ar, arz, ar 3,
The following examples illustrate the application of the above selections.
ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)
EXAMPLE 1 If the sum of three numbers in G.P. is 38 and their product is 1728, find them.
SOLUTION Let the numbers be % , 4, ar. Itis given that the product and sum of these numbers

are 38 and 1728 respectively.
Now, Product=1728 = Z(a)(ar)=1728 = 2> =1728 = a=12and, Sum = 38
T

2
= E+a+ar=38::>a[1+1+rj=38:>12[1+r—+r]=38
r ‘¢ r

= 6+6r+6r>=19r = 6r> —13r +6=0=>(3r -2)(2r-3) = 0 = r=3/2 or, r=2/3
Putting the values of aand r inf,a, ar,we find that the required numbersare 8,12, 18 or 18,12, 8.
y 1

BASED ON LOWER ORDER THINKING SKILLS (LOTS)
EXAMPLE2  If the continued product of three numbers in G.P. is 216 and the sum of their products in
pairs is 156, find the numbers.
SOLUTION Let the tfhree numbers be a/r, a, ar. Then,

- ¢4
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Product = 216 = (a/7) .(a).(ar) =216 = a° =6° = a=6.

Sum of the products in pairs = 156

= B ava.gr+2.ar =156 =>a2(l+r+1J=156 [1+r +iP]~156
r r r
= 3(r2+r+1) = 13r= 3> -10r+ 3 = 0= (3r-1)(r-3)= O:>r-1§ or, r=3

Putting the values of a and r, the required numbers are 18, 6, 2 or 2, 6, 18.

EXAMPLE 3 Three numbers are in G.P. whose sum is 70. If the extremes be each multiplied by 4 and the
means by 5, they will be in A.P. Find the numbers.

SOLUTION Let the numbers be a, ar, arz. It is given that the sum of these numbers is 70.
a(l+r+12) =70 (i)
It is also given that 44, 5ar, 4ﬂr2 are in A.P.
2((5ar) = 4a+ dar*
= 5 = 2+2% = 2> _5r+2=0 = (2r-1)(r-2)=0=>r=2 or, r=1/2
Putting r =2 in (i), we obtain 2 =10. So, the numbers are 10, 20, 40

Puttingr =1/2 in (i), we get a = 40. So, the numbers are 40, 20, 10.
EXAMPLE 4  Find three numbers in G.P. whose sum is 52 and the sum of whose products in pairs is 624.

SOLUTION Let the required numbers be a, ar, arz. Then,

Sum = 52= a+ar +ar> =52:>a(1+r+r2) =52 (1)
Sum of the products in pairs = 624
= a.ar+ar.ar® +a.ar* = 624
= a’r (1+r+ rz) = 624 -..(ii)
Dividing (ii) by (i), we get ar =12=a = 12 ...(ii1)
r

Putting a = 2 in (i), we get
r

E(1 +r+r2):52 = 32 -10r+3=0=> (3r-1)(r-3)=0 = r=130r, r=3
=

Putting r = 3 in (iii), we obtain a = 4. So, the numbers are 4, 12, 36.
Putting r =% in (iii), we get a = 36.So, the numbers are 36, 12, 4.
EXAMPLE 5 The product of first three terms of a G.P. is 1000. If 6 is added to its second term and 7 added
to its third term, the terms become in A.P. Find the G.P.
SOLUTION Let first three terms of the given G.P. be E , a, ar. Then,
r

Product = 1000 = as =1000= a =10.
It is given that & ,a+6,ar +7 arein A.P.
r

2(a+6) = S ar+7
r

— 32—E+10r+7
o
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= 25 = E+10r = 5=Z+2r=:> 2r2-5r+2=0:>(2r—1)(r—2)=0 :>r:2,%
r r

Hence, the G.P.is 5, 10, 20, ... or 20,10,5,..

EXAMPLE 6 The sum of three numbers in G.P. is 56. If we subtract 1, 7, 21 from these numbers in that
order, we obtain an arithmetic progression. Find the numbers. [NCERT]

SOLUTION Let the numbersin G.P.bea, ar, ar?. Ttis given that the sum of these numbers is 56.
a+ar+ar® =56 (1)

It is also given that
a-1,ar-7 and ar2 —21 arein A.P.

2(ar-7)=(a-1) + (mf2 -21) = 2ar=a+ ar? -8 = a+ar*=2ar+8 .(ii)
From (i), we obtain

a+ar® =56 —ar ...(iii)
Substituting a + ar* =56 —ar on the LHS of (ii), we get

2ar + 8 =56 —ar = 3ar =48 = ar=16 = r=E
a

Putting 7 = 16 in (i), we get
a

a1 4 2t P e R R P § A BB s = B0Y (R 2D = g =B,33
a

Putting a =38, inr=£weget: :v=E=.‘Z.l’u‘rtin,cjrtz=32,ir1r=‘1—6-V\a'eget:r=}E:E
a 8 a 32 2

When a =8 and r = 2, we obtain 8, 16 and 32 as the numbers in G.P.

Whena=32andr = % , we obtain 32, 16, 8 as the numbers in G.P.
Hence, the numbers, in order, are 8, 16 and 32 or 32, 16 and 8.

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)
EXAMPLE 7 Find three numbers in G.P. whose sum is 13 and the sum of whose squares is 91.
SOLUTION Let the numbers be a, ar, ar>. Then,

Sum = 13=> a+ar+ar® =13 = a(1+r+r2) =13 ()
Sum of the squares = 91
= P +at P vatrt =91 = 4P (1 2 +r4) =191 ...(ii)

Now, a(l +r+r2) =13

= a (L+r+1%)? = 169 [From (i)]

=% a2(1+r2+r4)+2a2r(1+r+r2) = 169

= 91+2ar{a(1+r+r2)} =169

= 91 + 2ar x 13 = 169 [Using (ii)]

= ar = 3 [Using (i)]
3

= a =i ...(iii)
r
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Puttinga = 3in (i), we get
r

E(1+r+r2)=13
i

19.15

- 3,343 =132 32 -10r+3=0= (3r-1)(r-3)=0 = r=3 or, r=1E

r

Puttingr = 3in (iii), we geta =1. So, the numbers are 1, 3, 9. Puttingr = 13 in (iii), we geta = 9. So,

the nmbers are 9, 3, 1. Hence, the numbersare 1,3,9 0r 9, 3, 1.

EXAMPLES  Find four numbers in G.P. whose sum is 85 and product is 4096.

SOLUTION Let the four numbers in G.P. be % " £ ,ar, ar 3.
r r

It is given that
Product = 4096 = a* = 4096 =4 = 8 =4 = 8

and, Sum = 85

= ai+1+r+r3 =85:>8r3+—1— +8 r-:-l = 85
r3 % 1‘3 r

3 3
= 8 [:'+1J —3[r+l] +8{r+lj=85:> 8[r+1} —-16[
r r r r

= 8x3—16x—85 =00, wh!:ereir+l = x
r

= (2x —5) (4x* +10x+17) = 0
= 2x-5 =0 [ 4x% +10x + 17

iyl i %i 22 _5r+2=0= (r-2)(2r-1) =0

Putﬁngﬂ=8andr=20rr=%
16,4, 1.

r+1]—85 =il
T

=0 has imaginary roots]

=sF=0 or r=l
2

, we obtain that the four numbers are either 1, 4, 16, 64 or, 64,

EXERCISE 19.2

BASIC

Find three numbers in G.P. whose sum is 65 and whose product
Find three numbers in G.P. whose sum is 38 and their product is

L L

BASED ON LOTS

is 3375.
1728.

The sum of first three terms of a G.P. is 13/12 and their product is — 1. Find the G.P.

4. The product of three numbers in G.P. is 125 and the sum of their products taken in pairs is

87%. Find them.

the terms.

5. Thesum of first three terms of a G.P. is % and their productis 1. Find the common ratio and

[NCERT]
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. The sum of three numbers in G.P. is 14. If the first two terms are each increased by 1 and the
third term decreased by 1, the resulting numbers are in A.P. Find the numbers.

. The product of three numbers in G.P. is 216. If 2, 8, 6 be added to them, the results are in
A P. Find the numbers.

. Find three numbers in G.P. whose product is 729 and the sum of their products in pairs is
819.

BASED ON HOTS
. The sum of three numbers in G.P. is 21 and the sum of their squares is 189. Find the
numbers. [NCERT]
ANSWERS
1. 45,15,5 or 5,15,45 2. 812,18
3_%,—1,%,... or %,—1,%,... 4, 10,5,%01‘ %,5,10
5_%,1,% 6. 2,4,8 or8,4,2 7. 18,6,2 or 2,6,18
8.1,9,81 or 81,9, 9. 3,6,12

HINTS TO SELECTED PROBLEMS
. Let the terms of the G.P. be ? , a,ar.Itis given that
r

E+a+ar=l§ andExaxar=—1
r 12 r

2
= a(iiﬂk—l]=lg anda3 =-1
r 12

2

= a=—1anda(r2+r+1)=lf’—2r:> r +r+1=—113—2r:> 12r% +25r+12=0

= 1224167 +97+12=0= (3r+4)(4r+3)=0 = r=—§—or—%

4 4 3

Hence, three numbers are g, -1, =or,—,-1,—.
4 33 4

5. Let the terms of the G.P. be E, a, ar.It is given that
i e

a 39 a
—+a+ar=—and—xaxar=1
r 10 r

2
— a[ﬂ]=%anda3=l = a=1 anda(r2+r+1):%£ = 10(r2+r+1)=39r
r

= 10r2-29r+10=0 = (2r-5)(5r-2) =0 = r=%orr=§

Hence, the numbers are E, 12 3, or 3 o [ 2
5 259 5
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19.4 SUM OF THE TERMS OF A G.P.
THEOREM  Prove that the sum of n terms of a G.P. with first term ‘a " and common ratic ‘r’ is given by

n n
8, = al - =0 of, Sp=4 e Tl
r-1 1-r

PROOF  Let S, denote the sum of 11 terms of the G.P. with first term ‘2" and common ratio r. Then,

S, = at+ar+ar* +..+a" " 2 4o} ..(Q)
Multiplying both sides by r, we get
rS, = ar+ar* +..+a" t+ar" ..(id)

On subtracting (ii) from (i), we get

n
S,-rS, =a-ar

= Sp,(1-1) =a@-r")
n n
= Sy 1= a{ll—r ] or, S, = a{r _11], provided thatr #1,
_r —
n n
Hence, S, = a sl or, S, =a il i |
1-r r-1

Q.E.D

NOTE  Sonte authors state two different formulas for 5, viz.,

n n
Sﬂ=a[1_ ]forr«:l and 5, = a{r 11
r

- J forr >1.
1-r
In fact these two are exactly identical. The only thing which must be noted is that the above formulae do
not hold for r = 1. For r = 1, the sum of n terms of the G.P. is S, =a+a+a+...+a(n times) =na.

REMARK 1 If1 is the last term of the G.P., then 1 =ar" ™1,

g2k a[l—r"] i a-ar" P a—(ar""l)r s
0 = =

1-r 1-r 1-r Li—r
Thus, S, = gt ot 15, = lr—lat reed
-7 r-
ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

TypeI FINDING THE SUM OF GIVEN NUMBER OF TERMS OF A GIVEN G.P.
EXAMPLE1 Find the sum of 7 terms of the G.P. 3, 6, 12, ...
SOLUTION Here,a=3,r=2andn=7.

7 7
S = a[’ “11] = 3[27'—11] = 3(128 -1) = 381
r_ -
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EXAMPLE2 Find the sum of 10 terms of the G.P. 1,1/2,1/4,1/8...
SOLUTION Here, a=1,r=1/2andn=10.

rlO -1

r-1

ey 1 230 Lge s (1098—=1)° “1023
= Sjp=1{———i=2(1-—=[=2 = =

(1/2) -1 510 10 512 512
EXAMPLE3  Find the sum to 7 terms of the sequence

12 B &, BT, @ a8
5 g2 5% )\5* ' 505 5 g

SOLUTION The given sequence is
L, 2 3] L{1_ 2

a1
|, S| =+ = |, —=
5 52 571 5°\8 s* 53J 56[

519 = 4

5 5
o S G 1 2 3 3 ' 1
Clearly, this is a G.P. with first term a = - + — + — = —— and common ratior = —-
5 5% 52 53
17 38 |1-1/5% | 38 |1-1/5%| 19 1
1-r 125 | 1=(1/5%) 125 | g, = 62 5
125
BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE4  Sum the series: x (x + y) + xz (Jc2 + yz) +x° (Jc3 + y3) +... tonterms

SOLUTION Let S, denote the sum to n terms of the given series. Then,

S = xx+y)+x2 (24 yD) 423 By b W)
= 5 = (x2+x4+x6+...+x2n)+(xy+x2y2+x3y3+“.+xnyn)
2411 n I i
= &=t E%il+w @Q41=x2x2]-+w(w)1
me| xy -1 21 xy -1

EXAMFLE5 Find the sum of the series 2+ 6 +18 +... + 4374,

SOLUTION The given series is a geometric series in whicha =2, r = 3 and I = 4374.
(Ir-—a) 4374x3-2

Required sum = = = 6560.
(r-1) 3-1
EXAMPLE 6 Find the sum of the following series:
(i) 5+ 55+ 555 +... ton terms (ii) 07 + 077 + 0777 + ... ton terms

(iii) 5+55 + 555 + 5555 +...ton terms
SOLUTION (i) Let Sbe the sum of the series 5 + 55 + 555 + ... ton terms. Then,

5= 5{1+11+111+ ...+tonterms}= g{9+99+999+ +tonterms}

= 5=g%m—n+a&—n+u&—n+m+uw—n}
5 2 3 n

= S= =< (10+10°+107 +...+10) -(1+1+1+...+1)
9 n times
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11
= s E{mx o= _n} . E{E(m"-l)-n}= %{10”” —10_9n}

9 10 -1 9.9

(ii) Let Sbe the sum 07 + 077 + 0777 +... ton terms. Then,
S5=7x01+7x011+7x 0111 +... ton terms

= S= 7{0.1+0.11+0.111+ tonterms}

= 5= Z{ 0.9 +0.99 + 0.999 + .. tonterms}=—7- e s
9 9110 " 100 ' 1000

=> S=Z 1—L + 1wL + 1——~1w +... ton terms
9 10 100 1000

= S=Z 1—l+1—L+1—L+ +1—L
9 10 102 108 10"

5]

]
O
e,
|
NN
R
—
|

p—
g |~
=
N
(utem—
]
2|~
p—P—
O
=
|
—_
+
Juy
O‘i’—‘
L —

(iii) Let Sbe the sum of the series 5 + 5.5 + 5.55 + 5.555 + ton terms. Then,
§=5+55+5.55+5.555 + ...ton terms

= 5=5+(5+0.5) + (5 + 0.55) + (5 + 0.555) + tonterms

= S=(5+5+5+...nterms) + {0.5+0.55+0.555+ ...to (n—1) terms}

= S=5n+5[01+011+011+ .to (n—1) terms)

5 e B 2 (09:+099+0999-+ to (1 ~1) terms) = B { IR

9 (10 100 1000

S=5n+E 1——1~ + 1—L + 1—L +..4|1- !
9 10 100 1000 10%!

= 5= 5n+- (n-1)- 2 i~+_1—3+...+ 1_1]
10 102 10 10"

1_{1]'1_1
=-Gi= 5n+ﬁ (n— 1)—3— _-10— =5n+g{(n_1)_%(1_ 1 ]}

10 1 _l 1On—l
10

EXAMPLE 7 The sum of first three terms of a G.P. is 16 and the sum of the next three terms is 128. Find
the sum of n terms of the G.P. [NCERT]

SOLUTION Let a be the first term and  the common ratio of the G.P. It is given that

a+ar+ar® =16 ... (i) and, ard ot v ar® = 128 ..(ii)

+...to(n-1) terms}

U
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= a(+r+r®) =16 and, ar’(L+r+r7) = 128

3 2
ar (1+r+r)=@:>r3=8:>r=2

a(1+r+r2) 16

Puttingr =2 in (i), we get: a = 17,—6

n n
r-1| 16/2"-1 16 n
=a = — =—(2"-1
S‘ [r—IJ 7(2—1] | L
EXAMPLES  Find a G.P. for which the sum of the first two terms is — 4 and the fifth term is 4 times the
third term. [NCERT]

SOLUTION Let a be the first term and r be the common ratio of the G.P.

We have,
ﬂi'i'ﬂz =-—4 and g =4ﬂ3

= a+ar=-4 and a* =4ar® = a(l+r)=-4 and rP=4= a(l+r)=-4 and r=+%2
Whenr=2:a(1+r) = -4 = a=—%

Whenr=-2:a(1+r)=-4 = a=4

Hence, required G.P. is _% ; —% P % sl 4, =816, ..

Typf II FINDING VALUE(S) OF n, r AND a WHEN THE SUM OF n TERMS OF A G.P. IS GIVEN
EXAMPLEY9  Determine the number of terms in G.P. <a, >, ifay = 3,a, =96 and S, =189.
SOLUTION Let r be the common ratio of the given G.P. Then,

ty = 96=a7" "1 =96= 3" =96=/""1 = 32 (i)
Now, §, =189
n n—-1
= |y o g IR g, oL Gy [Using (i)]
-1 r-1 r-1
= 32r-1 =63r-63 = 31r = 62=>r =2

Putting r = 2 in (i), we get
Pbugn = Lo oyl E sy
EXAMPLE 10 How many terms of the geometric series1 + 4 + 16 + 64 + ... will make the sum 5461 ?

SOLUTION  Let the sum of n terms of the given series 5461. Here, a=1,r =4 and §, =5461.
5, = 5461

r—1

n n
= a[' 1] = 5461 = ‘; 11 = 5461 [-a=1andr =4]

- 4"-1 =16383=>4" = 16384=4" =4 =n =7
EXAMPLE 11 The sum of some terms of a G.P. is 315 whose first term and the common ratio are 5 and 2,
respectively. Find the last term and the number of terms. [INCERT]

SOLUTION Let there be n terms in the G.P. with first term @ =5 and common ratio r = 2. Then,
Sum of n terms = 315
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r—1

-1 2" -1
=5 a =:315:=5 = =315 [~ a=5andr=2]

= 2" _1=63= 2"=64=2 = n=6
Lastterm =ar"~ 1 =5x2%"1-160

EXAMPLE 12  [n an increasing G.P., the sum of the first and the last term is 66, the product of the second
and the last but one is 128 and the sum of the terms is 126. How many terms are there in the progression ?

SOLUTION Leta be the first term and r the common ratio of the given G.P. Further, let there be n
terms in the given G.P. It is given that the sum of the first and last term is 66.

ie. ap+a;, = 66 = a+ a1 = 66 (1)

It is also given that the product of second and the second last term is 128.

2 n-—

ie a; a,_1=128 = ar a2 =128 = a* "1 =128 = a (@Y =128 = _128

a

Putting this value of a " lin (i), we get
s+ = e —6bu+128 = 0= (a-Dlo—6D) =0 = = = 2,6l
a

Putting a = 2 in (i), we get: 242.7" Lab6 =/ =32

1 =—.
32
We reject the second value as the G.P. is an increasing G.P. and therefore r > 1. Thus, we obtain
a=2 and/" =32
Now, §, =126

Putting a = 64 in (i), we get: 64 + 64"~ 1 =66 = 1"~

n n n-1
= zr 1=126:>r_1=63:>$=63:>32r1=63:>r=2
r-1 r-1 e r-1
A=l ogoceot=l 0% w i n-Fesu—4p

Hence, there are 6 terms in the progression.
EXAMPLE 13 Find the sum of the products of the corresponding terms of the sequences 2,4, 8, 16, 32 and
128,32, 8,2,%. [NCERT]

SOLUTION If a, ar, ar? i and A,AR,ARZ,.... are two geometric sequences, then the

sequence having terms as the product of corresponding terms of the two sequences is also a
geometric sequence with first term aA and common ratiorR.

Given sequences are geometric sequences with first terms 2 and 128 respectively and common
ratios 2 and i respectively. Therefore, the sequence formed by multiplying the corresponding

terms of the given sequences is a G.P. with first term a=2x 128 =256 and common ratio
H=2% L = 1

A2
Since each sequence contains 5 terms. Therefore, the sequence formed by the products of the
corresponding terms has 5 terms.
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19.22
5
; _[%J [1 —é) 1 31
Hence, required sum = 256 = =256 {~——=1 = 512 (1 ———] = 512 x — =496
e = 32 32
2

2x128+4x32+8x8+16x2+32x%

ALITER Required sum =
256 +128 + 64 + 32 + 16

=512 1 e S =512 x ﬂ=496
32 32

TypeIll ONPROVING RESULTS BASED UPON THE FORMULA FOR THE SUM OF nTERMS OF A G.P
EXAMPLE 14 If §;, S, and S3 be respectively the sum of n, 2nand 3n terms of a G.P., prove that

51(55-5) = (S, -5)*

SOLUTION Let a be the first term and r the common ratio of the G.P. Then,
2n L3 _q ]

-1 r -1
Sl=a[ ],S)_=a[r_1JandS3=a[ o

r—=1

Now,
M1 r3n -1 r2n _1
51(53—Sz)=a{r_1] G,[r‘—l ]—a[ r—I]

ﬂ2 n 3n 2n ﬂ2 n 3n 2n

R 0> -1 -0 —1)}=(r_)2(r s
2
= 5(5-%) = < PP -1) = | Tk (i)
3 (r—l)z r_I e
2n = 2 2
2 | [r-1] [/-1 _a Blgushe = g g
and, (S -5)= a[ r~1] “[r~1] TR {e-n-¢"-)
2

2 9 n
2. a T 2l n|iri=1 7
= (5 -5)" = m(r—l)z {r ( l)} =dar {r—l} ... (ii)

From (i) and (ii) we obtain: 5, (S5 = 5;) = (5 = 51)2
EXAMPLE 15 If S be the sum, P the product and R the sum of the reciprocals of n terms of a G.P., prove

S n
that(EJ =g [NCERT]
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SOLUTION Let a be the first term and r the common ratio of the G.P. Then,
proea]
S=grarvarts..+o =2 s
r—1
nn-1)
Pa ﬂ.ararZ.”arn—l =t i',1+ 2+ 3+ ...+(u—l)= M. <o ...(ii)
n
1, b 1 1{(1/’) ‘1} 1{1-7") 1
and, R=—+—+_-2_ i - == Ll —
a ar g ar” a {(1/1‘) B 1} al 1-r |
n
= R ljr=1l) 1 .. (i)
al r=1 | -1
E L #t—_1 3 r—1 rn—l = a2rn—]
R r-1 L |
S n n(n-1) 2
. [E‘} = a2n rn(nﬂ 1) - aﬂ v 2 i PZ [Usmg (11)]
1
Hence, [ij = P2
R

EXAMPLE 16 A person writes a letter to four of his friends. He asks each one of them to copy the letter and
mail to four different persons with instruction that they move the chain similarly. Assuming that the
chain is not broken and that it costs 50 paise to mail one letter. Find the amount spent on the postage when

8th set of letter is mailed

SOLUTION Amount spent on mailing one letter =% %

[NCERT]

Amount spent when first set of 4 letters is mailed =¥ 2

Amount spent when second set of 4 x 4 =16 letters is mailed =3 (2x 4) =8

Amount spent when third set of 4 x 4 x 4 = 64 letters is mailed =% (8 x 4) = 32
Clearly, 2, 8, 32, ... is a G.P. with first term 2 and common ratio 4.

~. Total amount spent when 8th set of letters is mailed = Sum of 8 terms of the G.P.

1]

=
o
~ “m
Lol
Lol
RN S

_111 [~ a=% 2 andr=4]

z {2 5 (@‘i}} =% (2 x 21845)

=¥ 43690

I
A
.
T
| B
I

e e i
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BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

2 2
; 1 1 1
EXAMPLE 17  Find the sum to n terms of the sequence [x + —J j (xz + —J ; (xs + ﬁg] sk
%

x2 X

SOLUTION Let §, denote the sum to n terms of the given sequence. Then,

1) 1} 14t 1f
5 =|aes| wlafe s 1 P e 0t 2 el £
X X x° ot

= S,,={x2+—15+2}+[x4+i4+2J+(x6+L6+2J+...+ x2"+L2n+2J

x x % x
= Sy =(x2+x4+x6+ L+ x )+[i+ L +—1-+...+% +(2+2+..)
X x X n times

2n 2n 2n
x—1 % (1/1) 1 1 x 1-x
2n 2n
21 x7 -1 1 |2 =1 -1 1
= —_ = +2n= +— [+ 2
. S' x[x2—1] Zl[xz—l} ! [x;"q]{JL xz"J !

EXAMPLE 18 Find the sum to n terms of the sequence given by a, = 2" + 3n,neN.
SOLUTION Let §, denote the sum to terms of the given sequence. Then,

S =a+ap+az+..+a,
= 5 =2l 3x1) 2% + 35D+ 2%+ BxB) k... (T + Fx7)

= S =@ +22+2% ¢+ N+ (Bx1+3%2+3x3+...+3xn)
= S = ap? 570 AN LB a0 Bl iy
e | n " 3n
= =0 +34=0+n; =22 -H)+—mn+1
S [2_1] {2( )} @ -+ n+D)

EXAMPLE 19 Prove that the sum to n terms of the series: 11 +103 + 1005 + ... is, % (10" -1) + n*

SOLUTION Let S, denote the sum to n terms of the given series. Then,
S, = 11 +103 + 1005 +... ton terms

= S = (10+1)+(102+3)+(103+5)+...+[10"+(2n—1)l

= 8 =(1O+102+...+10")+{1+3+5+...+(2n—1)}
1
s o5 = 0D Ao 15 = A g
(10-1) 2 9

EXAMPLE 20  Find the least value of n for which the sum1 + 3 + 3% 4. tontermsis greater than 7000.

SOLUTION We have,

n n
S, =1+3+3%+. . tonterms = §, = lx(z _:J = 32_1

3*_1 "
>7000 = 3" -1 >14000

Now, §,;>7000 =
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log 14001 e 41461 _ 8.69

= 3" >14001 = nlog 3 > log 14001 = n > =
log 3 0.4771

Hence, the least value of n is 9.
EXAMPLE 21 Iffis a function satisfying f (x + y) = f (%) f (y) forall x, y € N such that f (1) = 3and

n
El f(x) = 120, find the value of n. [NCERT]
X=

SOLUTION Wehave, f(x+y) = f(x) f(y) forallx,yeN
f@ =fA+1+1+..+D)= fQOFQ) fQ ..fO=[fQI forallxeN

x —times x-times

= f(x) = 3" forallxeN [~ f(1)=3]
Now,

n n

T f(®=120= 3 3° =120= 3+3%+...+3" =120

x=1 x=1

3" -1 i n = no_ no_ a4 2

=% 3 3o =120= 3" -1 =80=3"=8l1=3 =3 =>n=4

n
EXAMPLE 22 Find the natural number a for which Z f(a+k)=16 (2" -1), where the function f
k=1
statisfies f(x + y) = f(x)- f(y) for all natural numbers x, y and further f(1) = 2.
[NCERT, NCERT EXEMPLAR]

SOLUTION Proceding as in Example 20, we obtain f(x) =(f (1))* =2" forall x e N.

if(a+k) =16 (2" -1)
k=1

n
= 3 2%k 216 (2" 1)
k=1
n k
= 2% > 2" |=16(2"-1)
k=1

14
= 2%02+22+2% &+ .+ =16(2"-1) = 2° 2{27111] —1E " -1)

- 21 1) =16 (2" -1) = 21 =2 = ar1-d4= =3
EXERCISE 19.3
BASIC
1. Find the sum of the following geometric progressions:
(i) 2, 6,18, ... to 7 terms (ii) 1, 3,9, 27, ... to 8 terms
-b
(i) 1,-1/2,1/4, -1/8,... @iv) (a® -b*), (a-b), [LEJ , ... to 11 terms
a+

(v) 4,2,1,1/2 ... to 10 terms.
2. Find the sum of the following geometric series:

(i) 0.15+0.015+0.0015+... to 8 terms; (i) 2% % + ST +...to 8 terms;

2V2
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=T = - T B =

10.

11.

13.

14.

16.

(iii) %—% + % —2 + ...to5 terms; (iv) 7,421,347 ,...tonterms [NCERT]
(v)§+i2+%+—44—+...t02nterms; (vi) a_+ % 5 e 3+...+Lﬂ.
B BB 5 1 Wl T el (1+14)
(vii) 1, —a, az, —a3, ...tonterms (a#1) [NCERT]
(viii) X2 " x5, x7, ... to n terms [NCERT]

(ix) (x+y) +(x2 +xy+y2)+ (x3 +x2y-t~xy2 +y3) +...ton terms;

' BASED ON LOTS
. Evaluate the following:
LU 1 : i) B k k-1 i A0 e
Dz (2+39 [NCERT] (i) £ (2" +3" ) (iii) T 4
n=1 k=1 n=2
. Find the sum of the following series:
(i) 5+55+555 +...tonterms. [NCERT| (ii) 7 +77 + 777 +...ton terms. [NCERT]
(iii) 9 + 99 + 999 +... to n terms. (iv) 05+ 055 + 0555 +... to 1 terms.
(v) 0.6 + 0.66 + 0.666 + .... ton terms. [NCERT]
3069 ,

. How many terms of the G.P. 3,3/2, 3/4, ... be taken together to make 512

. How many terms of the series 2 + 6 + 18 + ... must be taken to make the sum equal to 728 ?

. How many terms of the sequence JS_, 3, 34/3, ... must be taken to make the sum 39 + 13./3?
. The sum of n terms of the G.P. 3, 6, 12, ... is 381. Find the value of .

. The common ratio of a G.P. is 3 and the last term is 486. If the sum of these terms be 728, find

the first term.

The ratio of the sum of first three terms is to that of first 6 terms of a G.P. is 125 : 152. Find the
common ratio.

The 4th and 7th terms of a G.P. are 515 and %9“ respectively. Find the sum of n terms of the
GP.
10 1 n—1 1 n+ 1
Find the sum: ) [—J + {—J z
T 2 5

The fifth term of a G.P. is 81 whereas its second term is 24. Find the series and sum of its first
eight terms.

BASED ON HOTS
If S;,S;, S3 be respectively the sums of n, 2n, 3n terms of a G.P., then prove that

SE+55 = 5(S; +S3).

. Show that the ratio of the sum of first n terms of a G.P. to the sum of terms from (n + 1)th to

(2n) " term is ln [NCERT]
r

If aandb are the roots of x” — 3x + p=0and c, d are the roots 2% —12x + g =0, where
a,b, c, dformaG.P.Provethat(g+p):(g—p) = 17 :15. [NCERT]
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3069 ?

17. How many terms of the G.P. 3, 3 , = [NCERT]
2 512

18. A person has 2 parents, 4 grandparents, 8 great grand parents, and so on. Find the number

of his ancestors during the ten generations preceding his own. [NCERT]

19. If S, Sy, ..., S, are the sums of n terms of 11 G.P.’s whose first term is 1 in each and common
ratios are 1, 2, 3, ..., n respectively, then prove that

CRT TR LT | SRR T | TGS LR i T LR S
3 4

20. A G.P. consists of an even number of terms. If the sum of all the terms is 5 times the sum of

the terms occupying the odd places. Find the common ratio of the G.P. [NCERTI
100
21. Let a, be the nth term of the G.P. of positive numbers. Let Z - Ay, =o and
n=
100
X ay,_1 =B such that o # f. Prove that the common ratio of the G.P. is a./B.
n=1

N
h

. Find the sum of 21 terms of the series whose every even term is ‘a’ times the term before it
and every odd term is ‘c’ times the term before it, the first term being unity.

== __ANSWERS

1.() 2186 (i) 3280 (iii )ﬂ it {(“”’)n‘]} (v)3(1—LJ

(a+b)n_2 (a+b)-1 1024
?l_ "'“1
el e 255‘/_ I Pt AR
6 10 72 x-y x-1 ¥-1
n 2n
[ ] i) —aifl =(1+97" iy =2 (wiii) 23 & . D
l+a x© -1
n/2
-1 . el | n42 n w16 9
3.(1) 265741 (ii) = (2 ali=g Ly TR
xl)f{f ] (i) i) - @7+ ) (i) =4 -1)
4.6) 210" 1—9n-10] i) L 0"+ ! - on —10] i) Lot 1 9n—-10]
81 81 9
G =l -1 s e E TR g 101 “dré
9 9 10" 9 9 10"
7.6 8.7 9.2 T el g |y &
5 2 gl
10 10
12,2 ;H% TR (T 17.10
2 4x5 2 8

n
18. 2046 20. 4 22.(a+1){(“) "1}
ac -1
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HINTS TO SELECTED PROBLEMS

2. (vii) Let 5, denote the sum of n terms of the G.P.1 —a, az ,— a3. ... Then,

4.

4 i {(—a)" —1} P

—-a-1 1+a

(viii) Let S, be the sum of n terms of the G.P. x2,2°,% ... Then,

: 2\n 2n
3| (x7) -1 3 | x°7 =1
x° -1 x- =1
(ix) Let S, denote the sum of 1 terms of the G.P. /7, /21, 347, ... Then,
/3" 3721
5= ‘f{ 1}_‘/7[31/2_1

11
(i) Z (2+3)_}: By Z i _2><11+3[33 11]=22+§(311—1)=265741.

n=1 n=1

(i) LetS, = 5+55+555+....tonterms. Then,

=

=

=

—

S
S

S
S

Si

Ol wlumwo|luwlug

5(1+11 +111 +.... to n terms)
(9+99 + 999 +.....ton terms)

{(10 —1).4 (0% ~1)+ (20> —1y+ 5 @™ —1)}

{(10 #0102 410% ... 4100 —n}

10[10 —1J_n gl % {%(10”—1)—11} Ty s ettt o =y

10 -1 81

(ii) Proceed as in (i)

(v) LetS§,

==

=

=

Si
S

Si

Si

Si

Il
olon Winw| o

O | o

= 0.6 + 0.66 + 0.666 + ... ton terms. Then,
0.6 + 0.66 + 0.666 + .... ton terms

(0.1 + 011 + 0111 + .... to n terms)

{0.9 +099 + 0999 +...ton terms}

(-2 )1k o [1- 2o [1- ]
10 10% 10 10"
B, Ly 1

n—| —+—F+—% 4.+ —

{ (10 10% 10° 10"]}

6, 1 @ =§{H_i[l_g}

9 10"
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15.

n-1 [
. . ap+ay +...+ a+ar+..+ar
Required ratio = 172 - =

1-r
a

)

1-r

e 1+ Bppateotly avat e var? ] n[l—f
ar

n r"
1-r

16. Wehave, a+b=3,ab=p,c+d=12 and cd=4g Letb=ar,c=ar2 and d=ar3.Then,

17.

18.

20.

21.

a+b=3 and c+d=12
ar2(1+r)_2

= a(l+r)=3 and ar2(1+r)=12=> =>r=2
a(l+r) 3
a(l+r)=3 = a=1
Now,p=ab=aar=2, g= —cd=ar*xar® =2 =32
q+p _32+2 34 17
g-p 32-2 30 15
Let the sum of nterms of the GP. 3,2, 2, be 2202 Then
2°4 512
n
1_&) 3069 11023 1 _1
3 = 2l-—=—""= —=— = n=10
1-1 512 2" 1024 " 210
2
3069

Hence, the sum of 10 terms of the given G.P. is

512
Number of ancestors during the ten generations preceding his own generation

0
= Sumof 10 terms of the G.P.2, 4, 8, ...= 2 22 _11] = 2046.

Let there be 2n terms in the G.P. with first term 4 and common ratior. Then,
Sum of all the terms =5 (Sum of the terms occupying the odd places)
= @+l t..tay =5@taztag .. +ay )

= a+ar+...+ar2"_1=5(a+ar2 +...+ar2"'2)

2\n
= {1 ! }—5 {1-(r)}=>1+r=5=>r=4
1-r 1-12

Let a be the first term and r be the common ratio of the G.P. Then,

100

Elaz,, =a and 2 a4y, -1=PB

n=
= aytagt...+axpp=0a and a1+a3+...+a199=[3
= ar+ar3+...+ar199=a and a+ar2+...+ar198=[3

2,100 2,100
= ar {mz_}=a’ and a{%}:
1-r 1-r

1720 1-r2% o
= ar 5 |=o, and 2 [ ——— |=p=>r=—
1 B

1-r



19.30 MATHEMATICS-XI

22. Letay +ay +ag, ... + ay, be the given series. It is given that
ay=1,ay =aay, as =cay, ay =aas, a5 = cay and so on.
= ay=1,ap=a,a5=ac,ay =.a2 c, as =a2 cz, ag =a3 cz,...
Required sum = aq + ay +az +... + 1y,
= l+a+ac+a® c+a*c? +...t0 2n term

= (1+a)+ac(1+a)+a262(1+a)+...tonterms

n n
ol el LR e oy i) 5]
1-ac ac -1
19.5 SUM OF AN INFINITE G.P.

THEOREM  The sum of an infinite G.P. with first term a and common ratior (-1 <r <1l ie,|r| <1)

58 = ——,
1-r

PROOF Consider an infinite G.P. with first term 2 and common ratio 7, where -1 <r <1 i.e.
| 7| <1. The sum of n terms of this G.P. is given by

1-7" a ar’ .
=g = = il
S 1-r 1-r 1-r ®

. n . i . s
Since —1 <r <1, therefore r” decreases as 1 increases and tends to zero as 1 tends to infinity

ie. " > 0asn— o,
ar"
— 0asn — o,
1-r
Hence, from (i), the sum of an infinite G.P. is given by
n
§=lm § = Hmu |————2 | =% i |r]<1
n—rw now |[(l-r 1-r 1-r
NOTE Ifr 21, then the sum of an infinite G.P. tends to infinity. Q.E.D.
ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

Typel FINDING THE SUM TO INFINITY OF A G.P. OR A GEOMETRIC SERIES
EXAMPLE1  Find the sum to infinity of the G.P. — 2 7 o ; - =
4° 16 64
SOLUTION The given G.P. has first term a = —5/4 and the common ratior =-1/4. Also, | r| < 1.
Hence, the sum S to infinity is given by
g 4 _ -5/4
T=r 3=/

EXAMPLE 2 Sum the following geometric series to infinity:

goeee

RV S ) 0 Sl (ii)l+i+i+i+i+—1—+...w
2~ 32 gPRNat avan e
SOLUTION (i) The given series is a geometric series with first term a = V2 +1 and the common
ratior given by

1 W21 =
~/5+1"(\/i+1)<«/5~1)“ﬁ }
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Hence, the sum S to infinity is given by

g B _ J2+1 =\/§+1= J2+1
1-(y2-1) 2-y2 2(2-1)

1-r
. L (2 L3422 4+32
V2 (2 -1)(2 +1) V2 2
(ii) We have,
2 L+—1—-t-L+L+—1-—+ to w
B g0 i@ e
= l+—1~+L+ + L-+i+i+
2753 S5 32 gf g6 "
1 1 i i ; | 1
An infinite G.P. with a== ,r == | +| An infinite G.P.witha=—,r=—
2" 92 3 3
B (1/2) (1/3 g i, 5118
D) i 3 s =
EXAMPLE3 Prove that: 6/ 6Y% x 1/8 ......
SOLUTION Clearly,
(U2, (V4 (U8 (1/2+1/4+1/8+ ... ]
_ dapmpee-gey [ Ll L, o LI oy
2 4 8 1-1/2
=6 =6
I'ype Il ONPROVING RESULTS BASED UPON THE FORMULA FOR THE SUM TO INFINITY OF AG.P
EXAMPLE4 Ifb=a+ A +ad+.. prove that a =
+

SOLUTION We have,
b=a+at+a+..
Clearly, RHS is a geometric series with first term ‘a” and common ratio ‘a
. b=—a~:'>b—ﬂb=a.—_>a=L
1-a 1+b
Type III FINDING REQUIRED UNKNOWN WHEN THE SUM OF AN INFINITE G.P. IS GIVEN

The first term of a G.P. is 2 and the sum to infinity is 6. Find the common ratio
=

EXAMPLE 5
SOLUTION Let 7 be the common ratio of the given G.P. It is given that, a=2 and 5,, =6
Now, S, =6 = 26 = L=6 = 6-6r=2 = r=2/3.

1t~ 1—r

EXAMPLE 6 The sum of an infinite G.P. is 8, its second term is 2, find the first term
SOLUTION Let a be the first term and r the common ratio of the G.P. It is given that

S0 =8 and ar =2
a 2.
= —— =8 and r = —
1-r a
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ﬂ —
1-(2/a)
= a- —Bawlf = D=slp—4 = D=n = 4
BASED ON LOWER ORDER THINKING SKILLS (LOTS)

[Eliminating 7]

TypeI ON PROVING RESULTS BASED UPON THE FORMULA FOR THE SUM TO INFINITY OF A G.P.

EXAMPLE 7 [fx=a+£+—a-+...oo,y:b—é+i—...wand,z=c+i+i+...oo,prove that
72 r 2 Z .2
Xy _sb
z ¢
SOLUTION Clearly, x, y and z are the sums of infinite geometric progressions.
a ar b br ¢ cr2
X = _1 = ’ y ! = and’ T = —1 —3 ‘._2._
1= r—l 1_ _1 1+r l__2_ r _1
L r %

ar br abr* xy abr? cr? ab
= Xy = = 3 = X = 5 = 5 = —
r=1)\r+1 | z rc -1 =) (5
EXAMPLE 8 Ifx:l+a+a2+...w,where|a|<1andy=1+b+b2+...oo,where[b|<1.Prove
that:

l+ab+ab®+. 0=—2Y _
x+y-1
SOLUTION We have,
x=l+a+a’+..0= x = :;»1—a=l=>a=1—l wi(i)
-a x x
and, y=1+b+b2+b3+.....m ::-y:L::d—b=1:>b=1—l (i)
1-b y y
2 3 1 1 o i
1+ab+(ab)” +(ab)” +...0 = = [Using (i) and (ii)]
1—ab 1 1
1_[1_‘][1__]
x L{
= sy
x+y-1
2a b 2b

EXAMPLE9 If A=1+7"+r

i A-1 1/a ifimey 1/b
fin v B

2

+...tocwand B=1+r" +r~ +... o, prove that

bysis2h

SOLUTION Wehave, A = 1+ +7*°+... ® and, B=1+r"+r’ +...
= A = . and, B = ﬂl—rﬂz'land,l—rb=l
1= 1-¢b A B
1/a 1/b
= T'azl—l and, rb_—.]_-wl:rz E and,r:E
A B A B

1/a 1/b
Hence, r= ﬂ = E
A B
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Type II  ON FINDING THE REQUIRED UNKNOWN WHEN THE SUM OF AN INFINITE G.P. IS GIVEN
EXAMPLE 10 The sum of an infinite G.P. is 57 and the sum of their cubes is 9747, find the G.P.

SOLUTION Let a be the first term and r the common ratio of the G.P. Then,
a

Sum =57 = — =57 (1)
1-r
3 3.3 3.6 133
Sum of the cubes =9747 = a~ +a”r” +a” r° +... = 9747 = 5= 9747  ...(ii)
1-r
Dividing the cube of (i) by (ii), we get
gt (=r®) | 67)°
a=hs 9747
1=r° T4r+r2 2
— 3 =19 = ~——2=19 = 1&° -39 +18 = 0= (3r-2)(6r-9) =0
1-r) (1-7)
=r =2/30r,r =3/2=r=2/3 [+ r# 3/2, because —1 < <1 for an infinite G.P.]
Putting » = 2/3in (i), we get
— % -57=a=19
1-(2/3)
Hence, the G.P.is 19, 38/3,76/9, ....
Type IV FINDING A RATIONAL NUMBER WHOSE DECIMAL EXPANSION IS GIVEN
EXAMPLE 11 Which is the rational number having the decimal expansion 0.356 7
SOLUTION We have, 0.356 = 0.3 + 0.056 + 0.00056 + 0.0000056 + ... o
56
3
= 0.3+ 5—6+—5£+&+...w =i+ 10 =i+5—6=@
102 100 107 10 ;1 10 9%0 990
2
10
EXAMPLE 12 Use geometric series to express 0555... = 05 as a rational number.
SOLUTION We have, 05 = 05555...
08Dt Qo8 a2 D pBun Bl B 1 5
10 10> 10° 1-(1/100 9

Type V. ON APPLICATIONS OF INFINITE G.P.

EXAMPLE 13 A square is drawn by joining the mid-points of the sides of a square. A third square is
drawn inside the second square in the same way and the process is continued indefinitely. If the side of the
square is 10 cm, find the sum of the areas of all the squares so formed.

SOLUTION Let A1AyA3A, be the first square with each side equal to 10 cm. Let By, By, B3, By be
the mid-points of its sides. Then,

BB, =JA2312 44,8, =\/52 +52 =52 cm.
LetCy, Cy, C3, C4 be the mid-points of the sides of the square BB, B3B,. Then,
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2. 2
[ 5.2
C1C2 = B]C22 + BIC12 = [TJ_] + (%] =5cm Ay 33 A3

Similarly, the side of fourth square is e cm and so on.

SN2 B B,

. Sum of the areas of all the squares so formed

2
= 1102 + 542)% + (5)% + iJ +..0fsqcm. [+ Area=(Side)’] “ By
V2 Fig. 19.1

» {100+50+25+22—5+...w} _ 100

= ————— = 200 sq.cm.
1—=(1/3)

th
EXAMPLE 14 After striking a floor a certain ball rebounds [g] of the height from which it has fallen.

Find the total distance that it travels before coming to rest, if it is gently dropped from a height of 120
metres.

SOLUTION  Initially the ball falls from a height of 120 metres. After striking the floor it rebounds
and goes to a height of g (120) metres. Now, it falls from a height of g (120) metres and after
rebounding again it goes to a height ofg (% (120)J metres. This process is continued till the ball
comes to rest.

2
4 4
120 + 2 {5(120) +(5J (120) +...

The total distance traveled

2 120)
=120+ 2x {2 1 =120+ 960 = 1080 metres.
=
5

EXAMPLE 15 The inventor of the chess board suggested a reward of one grain of wheat for the first
square, 2 grains for the second, 4 grains for the third and so on, doubling the number of the grains for
subsequent squares. How many grains would have to be given to inventor ? (There are 64 squares in the
chess board).

SOLUTION  Clearly, required number of grains is the sum of an infinite G.P. with first term 1
and common ratio 2.

64
Number of grains = 1+2+2742% + . to 64 terms = 1[22 11] 3l

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

Typel ON FINDING THE SUM OF AN INFINITE G.P.

EXAMPLE 16 Find the sum of an infinitely decreasing G.P. whose first term is equal to b + 2 and the
common ratio to 2/c, where b is the least value of the product of the roots of the equation

(m?‘ +1) x2 - 3x+ (m2 + ‘l)2 =0, and c is the greatest value of the sum of its roots.
SOLUTION Given equation is: (m2 +1) x2 - 3x+ (m2 + il)2 =0

Sum of the roots = and, Product of the roots = (m2 +1)

3
n12+1
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Now, b = Least value of the product of roots = Least value of (m2 +1)

= b =1 [e m* +1>1 for allm]
¢ = Greatest value of the sum of the roots = Greatest value of 5
m-+1
Clearly, ——— is greatest when m? +1is least and the least value of m* +1is 1.
m-+1
c = He 3
1

So, first term of the infinite G.P.isb +2=1+ 2= 3 and, the common ratio 15Z =%.
c

Hence, the sum S of the infinite G.P. is given by

3 a
= — = i = S:——
S 1_2 9 |:Usmg l—r:|

3
Type II ON PROVING RESULTS BASED UPON SUM OF AN INFINITE G.P.
o0 e o] o0
EXAMPLE17 Ifx= Z cos2 o, y= % sin 2" b,z= Z cos? 0 sin>" &, where 0 <0, < m/2
n=0 n=0 n=0
then prove that xz + yz —z = xy.
SOLUTION We have,

o
x = z cos?' @ = 1+c0529+c0548+...oo:>x=—~12—:.» sinze=l
n=0 1-cos” 0 x
0
= Yio=r 2, sm2"¢=1+sinz¢+sin4¢+...oo=>y=—2:>cosz¢=—
n=0 1-sin” ¢
o0
and, z = Z cos™ B,sin2"¢=1+c05295in2¢+cos4Gsin4¢:+...oo
n=0
= zZ = L = :
1—c05295ir12¢ 1—(1—sm29)(1—-c052¢)
= Z = 1 :,«-,z=—1_=>z=—xy—=>xz+yz—z=xy
1 1 1 1 i | l+1_l_ x+y_1
¥l 8 _g X oy xy

ExAMPLE 18 If|x| <1 and |y| <1, find the sum to infinity of the following series:
(:rc-t-y)+(x2+xy+yz)+(x3 +x2y+xy2+y3)+...
SOLUTION (x + ) -1-(:rc2 +xy+y2)+(x3 +x2y+xy2 +y3) +... ©
1

= {(x2 ~) + (-t -y
x-y

4)+...t0c;o}

n n
£ —d _ " u X

[ ot lap=2 0 =82, L lanen
xX—a

»
|

= L {(9c2+x3 + it +... to o) —(y2 +y3 +y4+...tooo)}
y
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_ 1 2 A y2
=y l=x 11—y
2 2 2 2 2 2
1 {x -Xy-y +y x} 1 {(1’ —y)—xy(x"y)}_ X+y-—xy

x-y  (1-0(1-y (@-m (A-00-y  (1-»1-y)
Typc IIT ON FINDING REQUIRED UNKNOWN WHEN SUM OF AN INFINITE G.P. IS GIVEN

EXAMPLE19  The sum of an infinite geometric series is 15 and the sum of the squares of these terms is 45.
Find the series.

SOLUTION  Let a be the first term and 7 be the common ratio of the infinite geometric series.
Sum =15 = —2— =15 ()
1-r
2

Sum of the squares of terms =45 = (a2 P T i, w) =45 = 4 5 =45 ..(ii)
1=

Dividing the square of (i), by (ii), we get

2 o2 2
2 x1 4 =(15):.»1—“:=5:>6r=4::,~r-—-g
e R 45 1-r 3
20, a
Putting r == in (i), we get: = 15=q =25
R (i), we g 1-2/3
Hence, the required series is 5+E+E+ﬂ+...w.
glowig T 97

EXAMPLE 20  If each term of an infinite G.P. is twice the sum of the terms following it, then find the
conmon ratio of the G.P.
SOLUTION  Let a be the first term and r the common ratio of the G.P. It is given that

ap = 2@, 1 +a,, »+8,, 3+..] forallneN

= a1 = 2l + ™t L. o
- 2 ar" 2r
— ar” ke l=—=r==
1-r 1-r

EXERCISE 19.4

BASIC

1. Find the sum of the following series to infinity:

y 1k 5. 1 1 %
(1)1—§+?—?-+?+...oo (11)8+4J§+4+...c0

(i) 2/5+3/52+2/5° +3/5 +... . (iv) 10 -9 +81-7.29 +...®

e e S S I R [NCERT]
3 52 33 4

BE & B
2. Prove that: (93 .9V% V%7 o) - 3

3. Prove that: (21/4 AV8 gWls qeliad w) = 2,
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w

BASED ON LOTS
If Sp denotes the sum of the series 1+r" +72P 4. tooo and Sp the sum of the series
2
1-rP +rF - to oo, prove that Sp +5p =2 Szp.

Find the sum of the terms of an infinite decreasing G.P. in which all the terms are positive,
the first term is 4, and the difference between the third and fifth term is equal to 32/81.

6. Express the recurring decimal 0.125125125 ... as a rational number.

7. Find the rational number whose decimal expansion is 0.423.

8. Find the rational numbers having the following decimal expansions:

10.

(i) 0.3 (ii) 0.231 (iii) 352 (iv) 0.68 [NCERT]
One side of an equilateral triangle is 18 cm. The mid-points of its sides are joined to form
another triangle whose mid-points, in turn, are joined to form still another triangle. The
process is continued indefinitely. Find the sum of the (i) perimeters of all the triangles.
(i) areas of all triangles.

BASED ON HOTS

Find an infinite G.P. whose first term is 1 and each term is the sum of all the terms which
follow it.

11. The sum of first two terms of an infinite G.P. is 5 and each term is three times the sum of the
succeeding terms. Find the G.P.
12. Show that in an infinite G.P. with common ratior (| r| <1), each term bears a constant ratio
to the sum of all terms that follow it.
13. If S denotes the sum of an infinite G.P. and $; denotes the sum of the squares of its terms,
2
then prove that the first term and common ratio are respectively 3351 and 52 — sl.
5°+5 57+ 85
ANSWERS
3 : 13 5 12
1.(1) = i) 8(2++4/2) (i) = (iv) 5.263 = 5. 6,—
()4 (ii) 8(2++/2) (iii) 24(1) (V)12 S 63 2%
Gan . w2l ol B @l
999 990 3 999 90 45
. 11 L
9. 108 cm ii) 108 /3 a 10, 1, =, =0 M. 4,1,—,—,..
(i) (ii) /3 square cm S T
HINTS TO SELECTED PROBLEM
9. Sum of the perimeters = 3 {18 + % + lf— s w}

2 4

2 2
Sum of the areas = —‘{g 182 -{EJ +[§] +... oo}

19.6 PROPERTIES OF GEOMETRIC PROGRESSIONS
In this section, we shall discuss some important properties of geometric progressions and
geometric series.

PROPERTY | Ifall the terms of a G.P. be multiplied or divided by the same non-zero constant, then it
remains a G.P. with the same common ratio.
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PROOF  Letaq, ay, as, ..., a,,... be a G.P. with common ratio . Then,
It 1

i

=r, forallneN (1)

Let k be a non-zero constant. Multiplying all the terms of the given G.P. by k, we obtain the new

sequence: kay, kay, kas, ... ka,, ...

kay . 4 !
ka,

Hence, the new sequence also forms a G.P. with common ratio .

PROPERTY Il The reciprocals of the terms of a given G.P. form a G.P.

PROOF Letay, ay, as, ..., a,, ... be a G.P. with common ratio r. Then,

=r forallne N [Using (i)]

Clearly,

il = rforallneN ..(i)
fn
The sequence formed by the reciprocals of the terms of the given G.P. is
I ST K ! 1

r’ ’
M ap; 4az iy

For this sequence the ratio of a term and the preceding term is given by
1/ a4 4 _ 1

1/ a, " LT 3 r e

So, the new sequence is a G.P. with common ratio 1/7.
PROPERTY Il Ifeach term of a G.P. be raised to the same power, the resulting sequence also forms a G.P.
PROOE Letay, ay, ag, ... a,,...be a G.P. with common ratio r. Then,
i1
aﬂ
Let k be a non-zero real number.

= rforallneN (i)

Consider the sequence whose terms are kth powers of the terms of the given sequence

i koK ek k
1.e. ﬂl,ﬂz,ﬂg,,...,ﬂn,...
For this sequence, we have
a G|
1 9 s i
;1 = ( ; } = /M forallneN [Using (i)]
a, n

Hence, aif, a"zc, ag, a,f, ...is a G.P. with common ratio *.

PROPERTY IV In a finite G.P the product of the terms equidistant from the beginning and the end is
always same and is equal to the product of the first and the last term.

PROOE Letay, ay, as, ..., a, be a finite G.P. with common ratio . Then,

kth term from the beginning =g, =a, rr-
kth term from the end = (n — k + 1)th term from the beginning = a, _; ., 1 = a7~ k

. (kth term from the beginning) (kth term from the end)

k-1 _ n-k 2 n-1
T e TR ) 4 =

-1

Il

=ay.ay7" a4, forall k=2,3,...,n-1

Hence, the product of the terms equidistant from the beginning and the end is always same and
is equal to the product of the first and the last term.
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PROPERTY V. Three non-zero numbers a, b, c are in G.P. iff b% =ac
PROOF  Clearly,

a,b,carein G.P. & 9 = g = ( common ratio) < b =ac
a

NOTE Whena,b, care in G.P., then b is known as the Geometric mean of a and c.

PROPERTY VI If the terms of a given G.P. are chosen at regular intervals, then the new sequence so

formed also forms a G.P.

PROPERTY VIl If ay,ay,a3,...,0,,... is a GP. of non-zero non-negative terms, then

log a1, log ay, ..., log ay, ... is an A.P. and vice-versa.

PROOF Letay, ay, @3, ..., Gy, .-- be a G.P. of non-zero non-negative terms with common ratior. Then,
a, = agr 1 forallneN

= loga, = loga;+(n-1)logr, forallneN

Let b, = loga, = loga;+(n-1)logr, forallneN

Then, b,,1-b, = [loga; +nlogr]—[loga; +(n-1)logr]=logr forallneN

Clearly, b, , 1 —b, =log r = Constant for alln e N.

Hence, by, by, ..., by,...i.e. log ay, log ay,..., log a,, ...is an A.P. with common difference

log r.

Conversely, let log 4y, log 4y, ..., log a,, ... be an A.P. with common difference d. Then,
loga,,1-loga, =d forallneN.

= log[w] = d forallneN.
Ay

I+ 1
= B e (a constant) for alln e N.
Ay
= ay, 0y, a3, ..., fy, ... is a G.P. with common ratio e’

ILLUSTRATIVE EXAMPLES

BASED ON LOTS
Type I PROBLEMS BASED UPON FOLLOWING RESULTS:
(i) a, b, carein G.P. r'jj"b2 =ac (ii) a, b, carein A.P.iff 2b =a + c.

EXAMPLE1 Ifp, q, r are in A.P., show that the pth, qth and rth terms of any G.P. are in G.P.
SOLUTION Let A be the first term and R the common ratio of a G.P. Then,
ay =ARF~ 1, a =ART™1 and a, e AR~ 0

We have to prove that a,, ag, 4, are in G.P. For this it is sufficient to show that

(ap)* =ay .4,
Now, (g)° = (ART™1)?
= (g = 4PRHT"
= (aq)z =) APRPH R [+ p, g rarein AP.. 29=p +7]
= ()* = (AR”"H)(AR" "N =g, .4

Hence, ay, a,, a, are in G.P.
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EXAMPLE2 Ifa, b, c are in G.P., then prove that log a", log b", log " are in A.P.

SOLUTION It is given that a, b, c are in G.P.

b2 = ac
=i (b2)n = (ac)n
o b2rr -
= log v = log (a" ¢

= log (")* = log d" +log " = 2logb" =logd" +log ¢" = loga”,logb", log c" are in A.P
EXAMPLES  Three numbers whose sum is 15 are in A.P. If 1, 4, 19 be added to them respectively, then
they are in G.P. Find the numbers. :
SOLUTION Let the three numbers be a —d, a, a + d. Then,
Sum =15 = (a—-d)+a+(a+d) =15 = a=5.
So, the numbers are5 —d, 5,5 + d. Adding 1, 4, 19 respectively to these numbers, we get
6—-d, 9, 24 + d. These numbers are in G.P.
92 =(6-d)(24+d) = d*+18d-63=0 = (d+21)(d-3)=0=>d=—21or, d = 3.
Hence, the numbers are 26, 5, -16 or 2, 5, 8.
Type II PROBLEMS BASED UPON PROPERTIES OF G.P.
EXAMPLE4 Ifa, b, c, d are in G.P., show that:
Q) G -0%+(c-a+@d-b*=(a-d)
(ii) (ab +bc + cd)® =(a® +b% + c2) B% + ¢* + d?) [NCERT]

SOLUTION Let 7 be the common ratio of the G.P.a, b, ¢, d. Then, b =ar, c = ar? and d =ar>.

@) LHS = (b-0)*+(c-a)* +(d -b)*

2

= (ar —m’2)2 + (ﬂr2 wa)z +(ar3 —ar)z
= a*r? (1 —r)2 +a (r2 —12) +a%r? (;r2 —1)2
=2 (°-2%+1) = 21 -r*? = (@-ar®)? = (a-d* = RHS.
(i) LHS = (ab+bc+ ,:n:!)2 = (axar+arxar® +ar® x ar>)? = a*? 1+ 2+ r‘i)2
RHS = (> +b> + 3 (b + c* + d%)
= (ﬂ2 s arh (azr2 e a’r®)
= o 1+ o r4) a*r? 1+ P2 r4) e 1+ 24+ r4)2

LHS = RHS.
EXAMPLES  Ifa, b, ¢, d are in G.P., prove that a + b, b + ¢, c + d are also in G.P.

SOLUTION Let r be the common ratio of the G.P.a, b, ¢, d. Then, b =ar, ¢ = ar’ and d=ar®

a+b=a+ar=a(l +r),b+c=ar+ar2=ar(1+r)and c+d=ar2+ar3=ar2(l+r)
2
Now, (b+c)2 = {ar(l + r)} = a%r? (1 +r)2 = {a(l + r)} {mr2 (1+r)}

=(a+b)(c+d [ a+b=a(l+r), and c+d=ar2(1+r)]
Hence, a+b,b + ¢, c + darein G.P.
EXAMPLEG6 [fa,b, c, darein G.P., prove thata" +b",b" + ¢, " + d" arealsoin G.P. [NCERT]
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SOLUTION Letr be the common ratio of the G.P.a,b, ¢, d. Then, b=ar, c = ar2 and d = ar?’.
A+t =d"+d" " =d" 1+ ")
M= i = P, & B =P L )
Clearly, (1" + ¢)? =(d" +b") (" +d").

n n n n n 1 .
Hence, a +b ,b +c ,c +d arein G.P.

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE7 Ifa, b, carein A.P. and x, y, z are in G.P., then show that 5 T Sy b o1

[NCERT EXEMPLAR]
SOLUTION It is given that

a,b,carein AP. = 2b=a+c (i)
x,y,zareinG.P. = y2=xz 4 ..(ii)
xb—cyc—aza—b 2 xb—c(ﬁ)c—aza-b [Using(ii)]
el B
o 2 s
. xb €y " 2 S b
b_“E;_“ aps C8 2b=(a+o) (cra)-2b o
=x z 2=x 2 z 2 =x"z =1 [Using(@i)]

EXAMPLES8 If mth, nth and pth terms of a G.P. form three consecutive terms of a G.P. Prove that
m, n and p form three consecutive terms of an arithmetic sequence.
SOLUTION Let a be the first term and r be the common ratio the G.P. Then,

4y = arm L, = ar"”'anda, = arP =1

It is given that a,,, 4,, a, are in GP.

2
(”n) = Oy lﬂp
n—1,2

= @2 =R
e a2r2n—2 =a2rm+p—2
=5 P72 S P2 o 2p2 =m4p-2= 2n = m+p = m,n, parein AP.

EXAMPLE9 Ifa, b, carein G.P. and x, y are the arithmetic means of a, b and b, ¢ respectively, then prove
that:

e o end l+l=E
x Y x iy b
SOLUTION It is given that
a,b,carein GP.= b? =ac (i)
A a+b =
xis the AM. of 2 and b= x=——2— ..(id)
and, yisthe AM.ofbandc= y=b-;c ..(iii)
Now A0 2a . 2e =2a(b+c)+2c(ﬂ+b) x=a+bmdy=b+c
x y a+b b+ec (a+b)(b+0) 2 2
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s L 2(ab+2ac2+ be) _2(ab+2ac+bc) _ Using ()]
X Y (ab+ac+b”+bc) (ab+2ac+be)

And, Bl oot md o 2 o 2(a;c+2b) o 2(a+c2+2b) [Using (1]
X y a+b b+c  (@b+b®+ac+be)  (ab+2b% +b)
1.1 2(@tet2p) 2

= —_,t —_— = -
x y b(a+2b+0) b

EXAMPLE10  Ifa, b, carein G.P.and a¥/* =b¥ = /%, prove that x, y, zarein A.P.  [NCERT]

SOLUTION We have,

al/x=b1/y=c1/z=l(say) = a=X,b=¥ and c=¥

Now, a,b,careinG.P.

=

b’ =ac = (?\.y)2=}\.xx P G N 2y=x+z = x,y,zarein A.P.

EXAMPLE 11 Ifa2 +b?, ab + beand b* + % are in G.P., prove that a, b, c are also in G.P.

SOLUTION Itis given that

U

151}

~J

(4]

a® + bz, ab + bc,b2 + ¢ are in G.P.

(ab +bc)? = (a* +b%) (? + 3

a®h? +b%c? + 2ab%c = a%® + ac? +b%* + b

bt + azcz T N (.b2 —ac)2 = l=ysb® smrgp 5 a,b, c arein G.P.

EXERCISE 19.5

BASIC

. Ifa, b, carein G.P., prove that log 4, log b, log c are in A.P.
1

are in A.P.

Ifa, b, c are in G.P., prove that ; ;
log,m  log,m log.m

Find k such that k + 9, k — 6 and 4 form three consecutive terms of a G.P.

Three numbers are in A.P. and their sumis 15.If 1, 3, 9 be added to them respectively, they

form a G.P. Find the numbers.

BASED ON LOTS

The sum of three numbers which are consecutive terms of an A.P. is 21. If the second
number is reduced by 1 and the third is increased by 1, we obtain three consecutive terms of
a G.P. Find the numbers.

The sum of three numbers a, b, ¢ in A.P. is 18. If 2 and b are each increased by 4 and c is
increased by 36, the new numbers form a G.P. Find a, b, c.

The sum of three numbers in G.P. is 56. If we subtract 1, 7, 21 from these numbers in that
order, we obtain an A.P. Find the numbers.

Ifa, b, c are in G.P., prove that:

Q) a®? +cd) =c(a® +b?) (i) nzbzcz[w%+i3+%J=a3 +b3 400
a b c
2
o (A+b+0) a+b+c : il 1 1
(iii) = (iv) +— =
W +b%+c? a-b+c s O T B

(v) (a+2b+2c)(n—2b+20)=a2+4c2.
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9. Ifa,b,c, darein G.P., prove that:
ab-cd a+c

(i) TR AT (ii) (a+b+c+d)?'=(a+b)2 +2(b+c)2 +(c+d)2
b* —c
(iii) G+c)b+d)=(c+a)(c+d
10. Ifa, b, care in G.P., prove that the following are also in G.P.:
@) a2, b%, i) a>,b3,¢® (i) a® + b2, ab +be, b + ¢
11. Ifa,b, c, darein G.P., prove that:
(i) (a2 + bz), (b2 + cz), (62 + dz) arein G.P.
(i) (2% b2, % = c?), (¢* - d*) arein G.P. [NCERT EXEMPLAR]
Gier zog —rriz
a-+b" b +c" " +d

(iv) (@% +b% + ¢2), (ab + be + cd), (b + ¢* + d%) are in G.P.

are in G.P.

12. If(a=b), (b —c), (c —a) are in G.P., then prove that (a + b + c)2 =3 (ab + bc + ca)

a2+ab+b2_b+a

13. Ifa, b, c are in G.P. then prove that: =
bc+ca+ab c+b

14. If the 4™, 10" and 16" terms of a G.P. are x, y and z respectively. Prove thatx, y, z
arein G.P. [NCERT]
BASED ON HOTS
15. Ifa, b, carein A.P.and a, b, d are in G.P., then prove thata, a —b, d — c are in G.P.
16. Ifpth, gth, rth and sth terms of an A.P. be in G.P., then prove thatp — g, 4 —7,7 —sarein G.P.

[NCERT]
17 alﬂ ’ % , blﬁ are three consecutive terms of an A.P., prove that a, b, ¢ are the three
consecutive terms of a G.P. Y
18. If 2% = Jcb/2 zb/2 =z, then prove that % 7 %- y }c_ are in A.P.

19. Ifa,b, carein AP.b, ¢, d are in G.P. and = % ,L arein AP, prove thata, ¢, ¢ are in G.P.
c e

]
e

Ifa, b, carein A.P.and a, x,b and b, y, c are in G.P., show that xz, b2, y2 are in A.P.

1. Ifa,b, carein A.P.and a, b, d are in G.P., show that 4, (a - b), (d — ¢) are in G.P.

. Ifa,b, c are three distinct real numbers in G.P. and a + b + ¢ = xb, then prove that either
x<-lorx>3.

NN
[

[

____ANSWERS

.0orl6 6. a=-2, b=6, c=14 or a=46, b=6, c=-34 7. 8,16,32
15,5;-5 or  3.5,7 g, 1272 or 3:%:11 14. 2046

® w

__HINTS TO SELECTED PROBLEMS

-

. a,b,carein G.P.= b =ac = logb2 =logac=> 2log b =loga + log ¢

a

. a,b, carein G.P.
b% =ac= log,, b? =log,, ac

= 2log, b=log,, a+log, c
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2 < 1 + 1 =% 1 1
logym log,m log.m  log,m  log,m’ log.m
3. Itisgiventhatk + 9,k —6,4arein GP. = (k—-6)>=(k+9 x4 = k=0,16.
14. Let the first term and common ratio of the G.P. be a and r respectively. It is given that

x=ar3,y=ar9 andz=ar" = yz =a?r'® and xz=a® 18

are in A.P.

= yz =xz = X, Y,zarein G.P.
16. Let the first term and the common difference of the AP be a and d respectively.

It is given that its plh, ™ and s™ terms are in G.P. Let A be the first term and R be the
common ratio of the G.P. Then,

a+(p-1)d=A (1)

a+(qg-1)d=AR ...(ii)

a+(@r-1)d=AR> ...(ii)

a+(s-1)d = AR® (i)
Subtracting (ii) from (i), we get

{a+(p " l)d} —{a+(q ~1) d} = A—AR = (p—g)d = A(L-R) i
Subtracting (iii) from (ii), we get

{a + (g-1) d} —{a + (r=1) d} —AR-AR? = (q-r)d = AR (1-R) - (¥)

Subtracting (iv) from (iii), we get
{a + (r—l)d} —{a $ui(E=1) d} = AR?-AR® = (r-s)d = AR®> (1 -R) ...(vii)
From (v), (vi) and (vii), we obtain that
(g-n"d* = (p-9d(r-s)d
= (q-n* =(p-q)(r-s) = (p—gq),(q-7), ¢ —s)arein G.P.

17. Itis given that L, —1—, L arein A.P. ’1"1'\<=:refore,i = L + b = b = a0,
a+b 2b b+c 2b a+b b+c
19. We have,
Dbmpih e D - £ mbd Sl vend, % €L 8 i)
e

We have to eliminate b and d from these relations. Substitute b and 4 obtained from (i)
and (iii) in (i) to get ¢ = ae.

Let r be the common ratio of the G.P. Then, b =arand c = ar?.

I
N

Now,a+b+c=xb = a+ar+ar* =xar = r2+(1—x)r+1=0.

But, r is real. Therefore, Disc 20 = Jc2 -2x-3>0= x<-lor x>3

19.7 INSERTION OF GEOMETRIC MEANS BETWEEN TWO GIVEN NUMBERS

GEOMETRIC MEANS Let a and b be two given numbers. If n numbers Gy, G,, ..., G, are inserted
between aand b such that the sequencea, Gy, Gy, ..., Gy, bisa G.P. Then the numbersGy, G,, ..., G, are
known as n geometric means (G.M.s) between a and b.

GEOMETRIC MEAN  Ifa single geometric mean G is inserted between two given numbers a and b, then
G is known as the geometric mean between a and b.
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Thus,
Gis the GM. betweenaand b. < a,G,bareinG.P. < % = gb G = JE

The geometric mean G between 4 and 9 is givenby G =, [4x 9 =6.
The geometric mean G between -9 and —4 is givenby G = [-9x -4 =—6.
NOTE  Ifaand bare two numbers of opposite signs, then geometric mean between them does not exist.

19.7.1 INSERTION OF GEOMETRIC MEANS BETWEEN TWO GIVEN NUMBERS

LetGy, G, ..., G, be n geometric means between two given numbers a and b. Then,

a,Gq, Gy, ..., Gy, bis a G.P. consisting of (n + 2) terms. Let r be the common ratio of this G.P.

Then,
1

b =m+thterm = ar” ! = Al E:H = (EJ"*l
a a
1/(n+ 1) 2/(n+1) n/n+ 1
Gy = ar = a[éj ,Gy = ar? = a(EJ b G B = a[ll] .
a a a

THEOREM  If n geometric means are inserted between two quantities, then the product of n geometric
means is the nth power of the single geometric mean between the two quantities.

PROOF LetGy, Gy, Gz, ..., G, be n geometric means between two quantities a and b and let G be
the single mean between a and b. Then,

a,Gy, Gy, ..., G,, bisa G.P. Let r be the common ratio of this G.P. Then,
1

b 1
r=[J"+ and, G, = ar,G, = arZ,G3 = ars,...,Gn = ar".
a

G B 1 G =R R Sl A IR

n(n+ 1)
n(n+ 1) 1 2

n
={-JEI;} -G" [ G=\/E]
Q.E.D.

19.7.2 SOME IMPORTANT PROPERTIES OF ARITHMETIC AND GEOMETRIC MEANS
THEOREM 1 If A and G are respectively arithmetic and geometric means between two positive numbers
aand b, then A > G.

PROOF We have, A = < ; B and G = \/E

b —24/ab
A =%_\/§ =#=%(\/§_ﬁ)2>0: ASE, Q.E.D.
THEOREM 2 If A and G are respectively arithmetic and geometric means between two pbsitive
quantities a and b, then the quadratic equation having a, b as its roots is x? —2Ax +G* =0.
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a+b

PROOF Wehave, A= and G =+/ab. The equation having a and b as its roots is

xz—x(a+b)+ab=0 or, x2 —2Ax+G2 =0
0.E.D.
THEOREM 3 If A and G be the A.M. and G.M. between two positive numbers, then the numbers are

Ax A% G2, [NCERT]

PROOFE  The equation having its roots as the given numbers is

> . 24 +,/4A% —4G? .-
x°-2Ax+G " =0=> x = :>x=Ai1}A -G Q.ED.

2
Hence, the numbers are A + \/Az -Gz.

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

Typel INSERTION OF GEOMETRIC MEANS BETWEEN TWO NUMBERS
EXAMPLE 1 Insert 5 geometric means between 576 and 9.

SOLUTION Let Gy, Gy, G3, Gy, G5 be 5 geometric means between a =576 andb =9. Then,
576, Gy, Gy, G5, G4, Gg, 9is a G.P. with common ratio r given by

i 1 %
r:—g—5+1=i5=1. Using:r=!:1n+1
576 64 2 a
1. 2 1
Gy = ar =576><E=288, G, = ar” =576 x Z=14:4,
3 1 4 1 5 1
Gy = ar” =576 x-==72, G4 = ar” =576x — =36 and, Gg =ar =576 x — =18
8 16 32
Hence, 288, 144,72, 36, 18 are the required geometric means between 576 and 9.
BASED ON LOWER ORDER THINKING SKILLS (LOTS)
Type II PROBLEMS BASED UPON ARITHMETIC AND GEOMETRIC MEANS
n+1 n+ 1
EXAMPLE2  Find the value of n so that ————— may be the geometric mean between aand b.
a +b
[NCERT]
n+ 1 ptt 1
SOLUTION It is given that ———————is the G.M. between a and b.
a +b
n+1l , .n+1
a +b
B N e Jab
a +b

g
an+l+bu+1 - 2 b1/2+a1/2b 2

(n+ l) (n+ 1)
nrwl_a 2 b1/2 A a1/2b 2 _bn+1
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(n+ 1-) (n+ )
a 2 ((11/2 _bl/Z) ( 1/2 _bl/z)

(n+ l) (n+ l) 1/2 1/2
o a 2 =b 2 [ % -p

1 1
a3 "2 (a)° 1 1
= - =1 & |- =[=-| &n+==0n=—=
b b b 2 2

EXAMPLE 3 Find two numbers whose arithmetic mean is 34 and the geometric mean is 16.
SOLUTION Let the two numbers be a and b such that a > b.It is given that AM and GM of aand b
are 34 and 16 respectively.

ie. %:34 and Jab =16 = a+b =68 and ab =256 ()

#0,asa#b]

(a-b)> = (a+b)> —4ab = (68)> —4x256 = 3600 = a-b = 60 [+ a>b .. a=b>0]

Solving a+b =68 and a—b =60 simultaneously, we get a = 64 and b = 4. Hence, the required
numbers are 64 and 4.
ALITER  Here, A =34 and G =16. So, the numbers are

A+A% -G? and A—A%—G* ie. 34+434%16% =64 and 3 -+34% 16> =4,

EXAMPLE4  If the A.M. and G.M. between two numbers are in the ratio m : n, then prove that the

numbers are in the ratio m + mez —n2 M- 1/mz -—nz. [NCERTI]

SOLUTION Let the two numbers be 2 and b. Let A and G be respectively the arithmetic and
geometric means between a and b. Then,

Al oo o o p = A andia o (i)

The equation having a and b as its roots is
xz—(a+b)x+ab =O::>:c2 24x+G% =0 [Using (i)]

2A:|:J4A
= x =S = ALJA >,
Thus the two numbers are a = A+\fA G and b= A—,IA G

ITtis given that: A:G=m:n=> A=hkm and G =An for some A
Substituting the values of Aand Gina=A + A% -G?andb=A —1,'A2 ~G?, we get

212 2.2 2 2
Am + ﬁ m+m" —n
By E: = a:b:{m+1}m2 —nz}:{m—,}mz—nz}

b A — \/12 2 A b W:—,jmz—n2

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

Type 111 ON GEOMETRIC AND ARITHMETIC MEANS
EXAMPLES  Find two positive numbers whose difference is 12 and whose A.M. exceeds the G.M. by 2.

SOLUTION Let the two numbers be a and b such that a > b.1t is given that
a-b =12 (i)
It is also given that
AM-GM =2
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— AR ) AM:ﬂa dGM = J_}

2
=2 a+b-2Jab = 4= (Ja-b)* =4 = Ja-b =2 (i)

Now, a-b =12 = (Ja+b) (Ja—-+b) =12 = (Ja+yb)x(2) = 12= Ja++b =6 ..(ii)

Solving (ii) and (iii), we get a = 16, b = 4. Hence, the required numbers are 16 and 4.

EXAMPLE6 Ifa,b, c are in G.P and the equations ax? + 2bx + ¢ =0 and dx* + 2ex + f=0have a

common root, then show that j‘, . ;, i arein A.P. [NCERT]
a c

SOLUTION ltis given that a, b, c are in G.P. Therefore, b2 = ac.

Now,ax2+2bx+c=0=>ax2+2JEx+c=O:>(JEx+JE)2=O:Jﬁx+f=0: el

=

Itis given that the equations ax? + 2bx + c =0and dx® + 2ex + f =0have acommon rootand the

equation ax® + 2bx + c =0 has equal roots both equal to - \/E
a

- \{E is a root of the equation dx’® + 2ex + f=0

a
= dE—ZeJE+f=O:> 5—2e\/z+f—c =0 [Dividing through out by ]
a a a ac. . ¢
w o A 280 o [+b% = ac]
g b e
= 25:5.;.1 3£ & faremAP
b a e a'b’c
EXAMPLE 7 Let x be the arithmetic mean and y, z be two geometric means between any two positive
3..3
numbers. Then, prove that e B
xyz
SOLUTION Leta and b be two positive numbers. Then,
= AMofaandb=x = a;b (i)

It is given that y and z are two geometric means between a and b. Then, 4, y, z, bis a G.P. with

1
s 1 1/3
common ratior =| — =| -
a a

b 1/3 b 2/3
y:ar:y:a[—] :y=b1/3a2/3 and, z=ar2:>z=a[—} =z=b3a"3
a a

y3 +2° = (bl/3 c12/3)3 +(b2/3 ﬂ1/3)3 = ba® +b%a = ab (a+Db)

and, yz = 03 a3 %2 a3 = av.
Now, y3 457 =ab(a+b)and yz=ab = y3 +2° =yz(a+b)= y3 i yz(2x)  [Using (i)]
3 3
el

= = 2

XYz
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EXAMPLE 8 If a is the A.M. of b and c and the two geometric means are Gy and G,, then prove that

G2 +G3 = 2abc. INCERT EXEMPLAR]
SOLUTION It is given that a is the A.M. of b and c.

b+c -

a=T:>b+c=2a ..(1)

Since G; and G, are hfir/osgeometric means between b and c. Therefore, b, Gy, G,, cis a G.P. with
: c
common ratior = -I;]

/3 e i
Gy = br = b[g} B R R b(EJ B TE T
= G =b% and G = b= G +G; =be+be’=be(b+c)=2abc  [Using ()]

EXAMPLE 9 If one geometric mean G and two arithmetic means Ay and A, be inserted between two
given quantities, prove that G? = (241 - Ay) (24, - Aq).

SOLUTION Let a and b be two given quantities. It is given that G is the geometric mean of 4
and b

G = Jab=G? = ab ()
It is also given that A;, A, are two arithmetic means between a and b. Therefore,, a, Ay, Ay, bis
an A.P. with common difference d = b—:ﬁ.
A1=a+d=a+b;a=2a—+b, A2=a+2d=a+2(bﬂa) L 4 20
3 3 3 3
So, 2 Ay - Ay =2 2a+b)| [a+2b an andi RAy =Aian a+2b) (2a+b L
3 3 3 3
(241 -A) (24; —A)) = ab = (241 -A;)(24; - Ay) = &> [Using (i)]

Type III PROBLEMS ON A.M. > G.M.
EXAMPLE 10 If x, y, z are distinct positive numbers, then prove that (x +y) (y +z) (z+ x) > 8xyz.

SOLUTION Using A.M. > G.M., we obtain [NCERT EXEMPLAR]

%>ﬁ, L;—ZA:» yz and Ejé.’f;.ﬁ

= x+y>2[xy, y+z>2.fyz and z+x>22x
=5 (x+y) (y+2) @+x) >2,[xy x 2,[yzx 22x = (x+Y) (y+2) (2 +x) > 8xyz.
EXAMPLE 11 If x € R, find the minimum value of the expression 3 + e
[NCERT EXEMPLAR]
SOLUTION Using A.M. 2G.M., we obtain
x 1-x
E—Hti%—-r >+/3% x 37 forallx e R
3x + 31_x x 1-x
= T >3forallxeR = 3 +3 22,3 forallxeR
Hence, the minimum value of 3% + 3% for any x e R is 2J§ A
EXAMPLE 12 Ifa, b, c, d are four distinct positive numbers in A.P. then show that bc > ad.
[NCERT EXEMPLAR]
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SOLUTION It is given thata, b, c, d are in A.P. Therefore, a, b, c are in A.P. and hence b is the
AM. of a and c. But, the G.M. of a and ¢ is 4/ac.

AM.ofaand ¢ >GM.ofaand ¢ = b > Jac = b% > ac (1)

Again, a, b, c,darein AP. = b, c,darein AP. = cisthe AM ofb and d. But, The G.M. of b
and d is \/IH

AM.ofbandd>GM.ofbandd = ¢ >bd = ¢ >bd ...(i)
From (i) and (ii), we obtain: b%c? > (ac) (bd) = be > ad.

EXAMPLE 13 Ifa, b, ¢, d are four distinct positive numbers in G.P. then show that a+d >b+c.

[NCERT EXEMPLAR]

SOLUTION It is given thata, b, c, d are in G.P. Therefore, a, b, ¢ are in G.P. and hence, b is the
G.M of aand ¢ But, AM. of aand c is azj.

A.M.ofaandc>G.M.ofaandc:>a—;c>b:> a+c>2b (1)

Again, a,b, ¢, darein G.P. Therefore, b, ¢, d are in G.P. and hence, c is the G.M. of b and d.

But, A.M. ofbanddisbzd.

b+d

A.M.ofbandd>G.M.ofbandd:>T>c:>b+d>2c ...(ii)
Adding (i) and (ii), we obtain
a+c+b+d>2b+2c = a+d>b+c
. EXERCISE 19.6
BASIC

1. Insert 6 geometric means between 27 and ;—1

2o

. Insert 5 geometric means between 16 and %

3. Insert 5 geometric means between % and ﬂ

2
4. Tais the GM. of 2 and %, findie,

5. Find the geometric means of the following pairs of numbers:
(i) 2and 8 () o% andab® (i) —8 and -2
BASED ON LOTS

6. Find the two numbers whose A.M. is 25 and GM is 20.
7. Construct a quadratic in x such that A.M. of its roots is A and G.M. is G.
8. The sum of two numbers is 6 times their geometric means, show that the numbers are in the

ratio(3 + 24/2) : (3 - 2./2). [NCERT]
9. If AM and GM of roots of a quadratic equation are 8 and 5 respectively, then obtain the
quadratic equation. [NCERT]

10. If AM and GM of two positive numbers a and b are 10 and 8 respectively, find the numbers
[NCERT]
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BASED ON HOTS

11. Prove that the product of n geometric means between two quantities is equal to the nth
power of a geometric mean of those two quantities.

12. If the A.M. of two positive numbers a and b (a >b) is twice their geometric mean. Prove

that: a:b = (2+/3):(2-+/3).

13. If one A.M., A and two geometric means G; and G, inserted between any two positive

2
numbers, show that —L- Gz =2A. [NCERT EXEMPLAR]
G2 Gy
ANSWERS
19 31.= 1 ll 3.8,4,2,1,1 31§812 1827 Y
(g0 2 3 2
5() 4 (i) a%b? (i) -4 6. 40, Toa> =D AN G 20
9.x% -16x+25 = 0 10.4,16 or 16,4

HINTS TO SELECTED PROBLEMS

8. Let the numbers be a and b. Further, let A and G denote their arithmetic and geometric
means respectively. It is given that

Bl =66 = 53;1-36:,4 3G.

Numbers a and b are roots of the quadratic equation

xz—x(a+b)+ab = 0 or, x?-2Ax+G? = 0 or, 2 =6 Cx 6> =0 [ A=3G]

6G+,36G> -4G>
e =3G+2.2G=3G+2/2G=(3+242)G

2
= a=(3+242)Gandb = (3-242)G
Hence,a:b=(3+2ﬁ):(3—2\/§)
9. The quadratic equation is x* -2 Ax+G? =0i.e. x* ~16x+25 =0.

10. The quadratic equation having numbers as roots is x> —2Ax+G% =0 or x* —20x+ 64 =0.
Now, x> —20x +64 =0 = (x~16)(x—4) =0 = x =16, 4.

Hence, the numbers 4 and 16.

12. Leta and b be two numbers. Then,

A =%, G =a2'3 V3 and G, =ql/3 p?/3 [See Examples 7, 8]

2 3 3 2 2
G G,”" +G
Gl el 2 » 1 + 2 =ab+ab AR
@ LG GiEG, ab

FILL IN THE BLANKS TYPE QUESTIONS (FBQs)

1. The third term of a G.P. is the square of its first term. If its third term is 8, then the common
TANOAS oiisneristrsstistirarrosia

2. The sum of first two terms of a G.P. is 1 and every term is twice the previous term. The first
term of the G.P. 15 ...cccoeviceurinninnnns .
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. In a geometric progression consisting of positive terms, each term equals the sum of the
next two terms. Then the common ratio of the progression is ..........cceeeuerueenee.
If A1, A, are the two arithmetic means between two numbers 4 and b and Glr G, are two

A+ A
geometric means between same two numbers, then C;—GZ B :

1=

If A and G are the arithmetic and geometric means, respectively, of the roots of a quadratic
equation. Then, the equation is .......cccocoeeveennnn.
If three positive real numbers a, b, c are in A. P and abc =4, then the minimum possible
VAIEIOEHIS .. emesinerasasessrntnsanss :

The sum of infinity of the series9—3+1—13+......,is ............................ ;

The value of the product (32) x (32) ¢ x (32)Y/30x ......t0 ®, IS woovccrsccersccsessee :

If the sum of the series 3 + 3x + 3x2+.‘....t0 o0 is %5, FRA NN =, oz, e, TR o E e :

10. The product of n geometric means between a and bis ......ccoeoeeriurinnnee. 3
11. The minimum value of the expression 3 1 31_x, XSRS svvtanttiassbrvssssaniis
12. Ifa, b, ¢ are in G.P. then the value of Z;b igequal bon .. e :
-c
13. The third term of a G.P. is 4, the product of the first five terms is .........cccccoveiieicinns
ANSWERS
5P 213 3Bl 4 8tb o2 hhi62o0 6 2Y0 7.2
2. ab 4
8. 8 M2 008 1 g i 13, 4°
c

64 9. —  10. (ab
o (ab)

VERY SHORT ANSWER QUESTIONS (VSAQs)

Answer each of the following questions in one word or one sentence or as per exact requirement of the
question:

s

2

3.

ql

If the fifth term of a G.P. is 2, then write the product of its 9 terms.

CIf(p+ q)th and (p — q)th terms of a G.P. are m and n respectively, then write its pth term.

x/2

Iflog, a,a”"~ and logj, x are in G.P., then write the value of x.

. If the sum of an infinite decreasing G.P. is 3 and the sum of the squares of its term is% , then

write its first term and common difference.

If pth, qth andr" terms of a GP. are x, Y,z respectively, then write the value of
AT PP,
If Ay, Ay be two AM’s and Gy, G, be two GM’s between a and b, then find the value of
Al + Az

GGy

If second, third and sixth terms of an A.P. are consecutive terms of a G.P., write the
common ratio of the G.P.

. Write the quadratic equation the arithmetic and geometric means of whose roots are A and

G respectively.
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9. Write the product of n geometric means between two numbers a and b.
10. If a =1+b+b>+b3 +... to o, then write b in terms of a given that|b| <1.

ANSWERS
1. 512 2. mn 3. log, (logy a) 4.0 =2,r = % et il et
3 ab
7.3 8. x* —24x+ G = 0 9. (ab)"’? 10, 2
a

MULTIPLE CHOICE QUESTIONS (MCQs)

Mark the correct alternative in each of the following:

1. Ifin an infinite G.P., first term is equal to 10 times the sum of all successive terms, then its
common ratio is

(a) 1/10 (b) 1/11 (c) 1/9 (d) 1/20:

2. Ifthe first term of a G.P.ay, a5, a3, ...1s unity such that 4 a, + 5 a5 is least, then the common
ratio of G.P. is
(a) —=2/5 (b) -3/5 (c) 2/5 (d) none of these

3. Ifa, b, carein A.P. and x, y, z are in G.P., then the value of K¢ y bis

(a) O (b) 1 (c) xyz (d) x* yb z°

4, The first three of four given numbers are in G.P. and their last three are in A.P. with
common difference 6. If first and fourth numbers are equal, then the first number is
(@) 2 (b) 4 (c) 6 (d) 8

1/x =bl/y =C1/z

5, Ifa,b,carein G.P.and a , then xyz are in

(a) AP (b) GP (c) HP (d) none of these
6. If Sbe the sum, P the product and R be the sum of the reciprocals of 1 terms of a GP, then p?
is equal to
(a) S/R (b) R/S () (R/9)" (d) (S/R)"
7. The fractional value of 2.357 is
(a) 2355/1001 (b) 2379/997 (d) 2355/999 (d) none of these
8. If pth, gth and rth terms of an A.P. are in G.P., then the common ratio of this G.P. is
(a) itk (b) fimt (c) pgr (d) none of these
g1 p-q

9. The value of9l/3 —91/9 -91/27

(a) 1 (b) 3 (c) 9 (d) none of these

10. The sum of an infinite G.P. is 4 and the sum of the cubes of its terms is 92. The common ratio
of the original G.P. is
(a) 1/2 (b) 2/3 (c) 1/3 (d) -1/2

11. If the sum of first two terms of an infinite GP is 1 and every term is twice the sum of all the
successive terms, then its first term is
(a) 1/3 (b) 2/3 (c) 1/4 (d) 3/4

...tow, is
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12,

13.

14.

16.

18.

19,

21

. If x is positive, the sum to infinity of the series

. Ina G.P. if the (m + n)

The nth term of a G.P. is 128 and the sum of its n terms is 225. If its common ratio is 2, then its
first term is

(a) 1 (b) 3 (c) 8 (d) none of these
If second term of a G.P. is 2 and the sum of its infinite terms is 8, then its first term is
(a) 1/4 (b) 1/2 (c) 2 (d) 4
If a, b, c are in G.P. and x, y are AM's between a, b and b, ¢ respectively, then
(3)14_1:2 (b)l+l:l (C)l+l=g (d)l.‘.l:g
x y x 2 x y a x Yy b
. If Abe one A M. and p, gbe two G.M.’s between two numbers, then 2 A is equal to
3 3 3 3 2 2
+ - +
) B2 s ot @) P
] rq 2 2

If p, g be two A.M.’s and G be one G.M. between two numbers, then G =

(@ 2p-9@(-29 ®) 2p-92q-p) (© 2p-q9(p+249 (d) noneof these
o e TR

15 Jf_(l +x)2 +((1 + x;S _El +::c))4 -

(@) 1/2 m\ 3/4 (1 (d) none of these

1f (4%) (4% (4% (41 ....(4%%) =(0.0625) >, the value of x is

(@) 7 (b) 8 () 9 (d) 10

x+1

[+ o]
Given that x > 0, the sum X {
n=1

n-1
J equals

& d) x+1

a) i o) w1 © 2x+1 2x +1

. In a G.P. of even number of terms, the sum of all terms is five times the sum of the odd

terms. The common ratio of the G.P. is

() -% (b) é (© 4 (d) none of these
[NCERT EXEMPLAR]
35 i Z3
Let x be the A.M. and y, z be two G.M.s between two positive numbers. Then, is
xyz
equal to
@) 1 ®) 2 © % (d) none of these

. The product (32), (32)1/6 (32)1/ % towis equal to

(a) 64 (b) 16 (e) 32 (d) 0

. The two geometric means between the numbers 1 and 64 are

(a) 1 and 64 (b) 4 and 16 (c) 2and 16 (d) 8and16

th th

termis pand (m —n) " term is g, then its m™ term is
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(@ 0 ) pa © Jpa @ S +9

N
[$1}

. Let Sbe the sum, P be the product and R be the sum of the reciprocals of 3 terms of a G.P.
then P?R>: 8% is equal to

(@) 1:1 (b) (Common ratio)” : 1
(c) (First term)z (Common ):a\tio)2 (d) none of these [NCERT EXEMPLAR]
26. If x, y, z are positive integers then value of the expression (x + y) (y +2) (z+ x) is
(a) =8xyz (b) > 8xyz (c) <8xyz (d) =4xyz
[NCERT EXEMPLAR]

27. Ina G.P. of positive terms, if any term is equal to the sum of the next two terms. Then the
common ratio of the G.P.

(a) sin18° (b) 2cos18° (c) cos18° (d) 2sin18°
[NCERT EXEMPLAR]
28. The lengths of three unequal edges of a rectangular solid block are in G.P. The volume of
the block is 216 cm? and the total surface area is 252 cm? The length of the longest edge is
(@) 12cm (b) 6cm (c) 18cm (d) 3cm
[NCERT EXEMPLAR]
29. The minimum value of 4" + 4™, x R, is
(a) 2 (b) 4 (01 (d) 0
[NCERT EXEMPLAR]

30. Ifx, 2y, 3zare in A.P., where the distinct numbers x, y, z are in G.P., then the common ratio

of the G.P. is
(@) 3 (b) (© 2 @%

[NCERT EXEMPLAR]

1
E

ANSWERS

1L 2@ 30 4 5@ 6.(d 7. 8
9. () 10. (@ 1. (d) 12.(a) 13.(d) 14.(d) 15 (@) 16. (b)

17. (@) 18. (b) 19.(b) 20.(c) 2L (b) 22.(a) 23.(b) 24.(c)
25.(a) 26.(b) 27.(d) 28.(a) 29.(b) 30.(b)

ACTIVITY

OBJECTIVE To show that the arithmetic mean of two distinct positive numbers is always
greater than the geometric mean.

MATERIALS REQUIRED Cardboard, chart papers of different colours, coloured pencils,
thumbpins, adhesive etc.

STEPS OF CONSTRUCTION

Step 1 Cut four rectangles of dimension ax b, (a > b) from coloured chart papers of different
colours.
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Step I1 Paste these four rectangles on the drawing board and name them as [, II, I and IV as
shown in Fig. 19.2.

< a >< b e

> —w—>y
wn

=

2
m€——a-b—
oE—a-b—>=

T e
L =
; e |
A€— b—>€ a >B
Fig. 19.2

STEPS OF DEMONSTRATION
Step I ABCD is a square each side of which is of length (a+b) units. So, its area is
(a+ b)2 sq.units.
We find that :
Area of rectangle I =ab sq. units
Area of rectangle II = ab sq. units
Area of rectangle III = ab sq. units
Area of rectangle IV = ab sq. units
Clearly, PQRS is a square of side (a —b) units.
. Area of square PQRS =(a BT sq. units.
StepIl  Itis evident from Fig. 19.2 that
Area of square ABCD =Sum of the areas of four rectangles I, II, ITI, IV
+ Area of square PQRS

= Area square ABCD > Sum of the areas of four rectangles I, II, III, and IV

=5 (a+b)2>4ab

2
= M}ab
4

2
= [%J >ab:>%>ﬁ = AM >GM.
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[

6.

I

___SUMMARY

. A sequence of non-zero numbers is called a geometric progression if the ratio of a term and

the term preceding to it is always a constant quantity. The constant ratio is called the
common ratio of the G.P.

If ay, ay, a3, ..., 4y,...is a G.P.,, then the expression a; +a, + a3 +...+a, +...1s called a

geometric series.

The nth term of a G.P. with first term ‘a” and common ratio %’ is given by g, =ar" .

If a G.P. consists of m terms, then " term from the end is (m —n + 1)th term from the
n

beginning and is given by ar" ~".

n—1
If Iis the last term of a G.P., then nth term from the end is given by [ (—J :
r

AN

. Ina G.P, the product of the terms equidistant from the beginning and the end is always

same and is equal to the product of first and last term.
It is always convenient to select the terms of a G.P. in the following manner:
No. of terms Terms Common ratio

a
3 -, a,ar r

3 2
, ar, ar r

’

-‘mlh ~

2
, a,ar, ar T

R~ -

a
_2 ’
#

If sum of n terms of a G.P. with first term ‘2" and common ratio is given by

n

r =1 1-r
or, =a
r—1 S 1-r

n

waf ¥ 2 1

Si

Il
&
=9
-~

1}
p—

S

Klso, S, a-Ir Ir—a

4
or, §, = , where [ is the last term.
1-r r—1

1l

If all the terms of G.P. be multiplied or divided by the same non-zero constant, then it
remains a G.P. with the same common ratio.

. The reciprocals of the terms of a given G.P. form a G.P.

. If each term of a G.P. be raised to the same power the resulting sequence also forms a G.P.

. Three numbers a, b, ¢ are in G.P. iff b2 =ac. If a, b, c are in G.P., then b is known as the

geometric mean of 4 and c.
If the terms of a given G.P. are chosen at regular intervals, then the new sequence so formed
also forms a G.P.

Let a and b be two given numbers. If n numbers Gy, G,, G3, ..., G, are inserted between
aandb such that the sequence a,Gq,G,,...,G, b is a G.P, then the numbers
Gy, Gy, G3, ..., G, are known as n geometric means between a and b.
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14.

15.

16.

17,

/n+1
The common ratio of the G.P. is givenby r = (—] A
a

The geometric mean of @ and b is given by \ab.

If n geometric means are inserted between two quantities, then the product of n geometric
means is 1" power of the single geometric mean between the two quantities.

If A and G are respectively arithmetic and geometric means between two positive numbers
a and b, then

() A >G

(ii) the quadratic equation having a, b as its roots is ¥ —24x+G* =0

(iij) a:b = (A + \}Az il ]:(A —JAz _g? J
If AM and GM between two numbers are in the ratiom : 1, then the numbers are in the ratio

m+1lm2 —?12 :m——1ﬂm2 —nz.



