
 

 

IBCHAPTER

GEOMETRIC PROGRESSIONS

19.1 GEOMETRIC PROGRESSION

A sequence of non-zero numbers is called a geometric progression (abbreviated as G.P.) if the ratio of a
term and the term preceding to it is always a constant quantity.
The constant ratio is called the common ratio of the G.P.

1

= constant forIn other words, a sequence, Uy U2, a^ ,a,,,... is called a geometric progression if
a
n

all neN.

12

12 36
... = 3, which isILLUSTRATION 1 The sequence 4,12,36,108,... is a G.P., because — -

constant.

Clearly, this sequence is a G.P. with first term 4 and common ratio 3.

ILLUSTRATION 2 The sequence ,

f ll
equal to — -s

V ^ J J

ILLUSTRATION 3 Show that the sequence given by a„ = 3 (2”), for all neN, is a G.P. Also, find its
common ratio.

SOLUTION Wehave,fl„ = 3 (2”). Therefore, = 3(2
n+ 1

3 (2")

So, the given sequence is a G.P. with common ratio 2.

GEOMETRIC SERIES If , ^2 / / ●●● ' — is a G.P., then the expression a-^+a2+a^ +■■■ + -
is called a geometric series.

Note that the geometric series is finite or infinite according as the corresponding G.P. consists of
finite or infinite number of terms.

19.2 GENERAL TERM OF A G.P.

THEOREM

9 1
- ,...isa G.P. with ifrst term — and common ratio
8 3

1 3

2'4'
31

2

«+ 1

3(2 )
= 2, which is constant for aU n e N.

a
n

n-\

Prove that the nth term of a G.P. with first term a and common ratio r is given by 0^=
1-1

ar

PROOF ^1=*^ ^ a-^=ar

Since ay 02, a^^,..., a^, ...isA G.P. with common ratio r. Therefore,
2-1(?2

-^ = r => <i2 = **1^ ^ a2~ar => a2=ar
<^1

3-1

^=r => fl3=fl2^ => f?3=(flr)r => U'^=ar^ => ao,=ar
«2

 

 



 

 

19.2 MATHEMATICS-XI

«4 2

= r => a^=a^r => a^={ar )r a^^-ar

Continuing in this manner, we get Ojj=ar

NOTE It follows from the above discussion that if a is the first term and r is the common ratio of a G.P.,

then the G.P. can be written as a, ar, ar^,.... ar”~^or,a, ar, ar'^, ar^, ar*,ar”~ according as
it is finite or infinite.
19.2.1 nth TERM FROM THE END OF A FINITE G.P.

3
=> ^4 = flr

4-1

^3
n-1

Q.E.D.

m-n

THEOREM 1 Prove that the nth term from the end of afinite G.P. consisting of m terms is ar
a is the first term and r is the common ratio of the G.P.
PROOF Since the G.P. consists of m terms.

«th term from the end = (m - n + l)th term from the beginning = ar

THEOREM 2 Prove that the nth term from the end of a G.P. with last term I and common ratio r is
/1 \n - 1

given by 0^=1 -

PROOF Clearly, when we look at the terms of a G.P. from the last term and move towards the
begirming we find that the progression is a G.P. with common ratio 1/r.

\H- 1

, where

m-n

1
So, nth term from the end = /

V)

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

Type I FINDING THE INDICATED TERM OF A G.P. WHEN ITS FIRST TERM AND THE COMMON RATIO
ARE GIVEN

EXAMPLE 1 Find the 9th term and the general term of the progression: — , --1-22 / ■‘■z ●●●

SOLUTION The given progression is clearly a G.P. with first term <7 = 1/4 and common ratio
r = -2.

4'

4 (-2)^4

i(-2)

(9-1) 8' ’ = ar9th term = <79 =ar

General term - a^=ar

= 64

(«-l) _ n-1
= (-!)”and.

(V2-1) f 3-2V2
' 243 '

\ (
542-7

j'l 24^3 y/ V ^ J

EXAMPLE 2 Find the 5th term of the progression 1
12

SOLUTION Clearly, the given progression is a G.P. with first term <7=1 and common ratio

V2-1
. So, its 5th term is given by

243

(V2-l)^V2-I

^ 2V3
(5-1)

= 1 X05=ar
144

EXAMPLE 3 Find 4th term from the end of the G.P. 3,6,12,24,..., 3072.

SOLUTION Clearly, the given progression is a G.P. with common ratio r = 2.

^-,^4-1
= (3072) -

2
4th term from the end = / = 384

r

 

 



 

 

19.3GEOMETRIC PROGRESSIONS

Txipe II ON FINDING THE POSITION OF A GIVEN TERM IN A GIVEN G.P.

...is — ?Which term of the G.P. 2,1 ,

SOLUTION Clearly, the given progression is a G.P. with first term a = 2 and common ratio

r=l/2. Let the Nth term be —

1
EXAMPLE 4

4 ' 128

. Then,
128

n7n«-2
111

=> n~2-7 => « = 9=> ar% =
2128 122128128

Thus, 9th term of the given G.P. is

EXAMPLE 5 Which term of the G.P. 5,10,20, 40,... is 5120 ?

SOLUTION Clearly, the given G.P. has first term a =5 and the common ratio r = 2. Let the fith
term be 5120. Then,

a„ =5120
. . H - 1 = 2^°=> N-l=10 => N=llH-1

=5120 => 5{2”“^)=5120 =>2” ^=1024 => 2

Thus, 11th term of the given G.P. is 5120.

EXAMPLE 6 Which term of the G.P. 2,8,32,... is 131072 7

SOLUTION Here, a = 2 and r = 4. Let the nth term be 131072. Then,

=131072

=> ar

[NCERTl

8n-1n-1n-1 = 4° => n-1 =8 => n = 9= 65536 =;> 4= 131072 => 4= 131072 =>2x4=> ar

Hence, 131072 is the 9th term of the given G.P.

Type III PROBLEMS BASED ON THE DEFINITION OF A G.P. AND THE FORMULA n„ = nr

EXAMPLE 7 The fourth, seventh and the last term of a G.P. are 10, 80 and 2560 respectively. Find the
first term and the number of terms in the G.P.
SOLUTION Let a be the first term and r be the common ratio of the given G.P. Then,

3 10

M -1

^ = 8 => r = 2.^4 =10, =80 => ar^ =10 and ar^ =80 =?●
10 5

=3- r

ar

Puttingr = 2 in ar^ =10, we get: (2)^ =10=> fl = —
O 4

Let there be n terms in the given G.P. Then,

fl„=2560

= 2560 => - (2
4

The first term of a G.P. is 1. The sum of the third and fifth terms is 90. Find the common
[NCERT]

8«-4h-4
= 2° => n-4 = 8 => n=12.= 256 => 2)=2560 => 2=> ar

EXAMPLE 8

ratio of the G.P.

SOLUTION Let r be the common ratio of the G.P. It is given that the first term a-1.

Now, ^3 + = 90

^ =90 => =90 => + r^ -90 = 02
ar + ar

+10r^ -9r^ -90=0 => (r^ +10)(r^ -9) = 0 => -9=0 => r =± 3.

Hence, the common ratio of the given G.P. is 3 or - 3.

 

 



 

 

19.4 MATHEMATICS'XI

EXAMPLE 9 If the 4th and 9th terms of a G.P. be 54 and 13122 respectively, find the G.P.
SOLUTION Let a be the first term and r the common ratio of the given G.P. Then,

^4 =54 and Og =13122

ar^ =54 and ar^ =13122 =>
8

13122ar

=> = 243 => r® = 3^ => r = 3
3 54ar

Putting r = Sin ar^ =54, we get: (3)^ =54 => a = 2

Thus, the given G.P. is fl, flr, i.e. 2,6,18,54,...

EXAMPLE 10 Find a G.P. for which the sum offirst two terms is ~4 and the fifth teiyn is 4 times the third
[NCERTI

SOLUTION Let a be the first term and r be the common ratio of the given G.P. It is given that
The sum of first two terms= -4. => flj + fl2=-4 => fl + i7r=-4

It is also given that

<75 = 4^3 => ar

Putting r = 2 and - 2 respectively in (i), we get =— and a = 4 respectively.
3

4
Thus, the required G.P. is - —,

term.

...(i)

^ = 4<2r^ ^=4 => r=±2=> r

8 16
.. or 4,-8,16,-32,...

3 ' 3 '■

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 11 The third term of a G.P. is 4. Find the product of its first five terms.
SOLUTION Let a be the first term and r the common ratio. Then,

r?3 =4 => ar^ =4

Product of first five terms = <?2 173 04 = /? (ar) (ar^) (ar^) {ar^)

= {ar^f=4^

EXAMPLE 12 If the pth, qth and rth terms of a G.P. are a, b, c respectively, prove that:

5 10
a r [Using (i)]

[NCERTJ

SOLUTION Let A be the first term and R be the common ratio of the given G.P. Tlien,

a = pth term =AR^^~^\ b = qth term = AR^‘^~ and c = rth term =AR^^

Substituting the values of a, b and c, we get

(P-1)
ir-p) (P-*?)

^ ^1‘1-r + r-p+p-q) - \)(q-r) +{q-l){r-p)+(r - l)(p - q)

= ^0 + ?(r-p) + r(p-4)-(4-r)-(r - p)-{p-£j)

EXAMPLE 13 If a, b, c are respectively the p^^, and terms of a G.P., show that

(q - r) log a + (r - p) \o^b + (p - q) log c = 0.
SOLUTION Let A be the first term and R the common ratio of the given G.P. Then,

= pth term ^ a=AR^ ^ => log n = log/I + (p -1) log R

AR

= A^R^ =1.

...(i)

 

 



 

 

19.5GEOMETRIC PROGRESSIONS

b=qthterm => b=AR‘^~^ => logfc =Iog A + -1) log R

c=rthterm c = AR^"^ log c = log A + (r-1) log R
Substituting the values of log a, log b and log c, we get

(q-r) log a + (r-p)logb+ (p-q) log c

= (£j-r)|logA+(;7-l) logRj+{r-p)|logA+(^-l) logRj

-(ii)

...(iii)

+ (p-i?)|logA + (r-l) logRj
log A|{g-r) +(r ~p) + (p -ij)| + log R |(p -1) (q ~r) + (q ~1) (r - p) +(r -1) (p - t/)|

jp (q -r) + q(r - p) + r (p - q) -(q -r) -(r - p) -(p - q)j log R= (logA)0 +

= (log A) 0 + (log R) 0 = 0.

Findfour numbersforming a geometric progression in which the third term is greater than
[NCERT]

EXAMPLE 14

thefirst terms by 9, and second term is greater than the 4th by 18.
2 3

Let the four numbers in G.P. be fl, flr, flr and or . It is given thatSOLUTION

2 3
= a + 9 and ar = ar + 18ar

ar (1 -r^) _18
a{r^-l) 9 ^

Putting r = - 2 in (r^ -1) = 9, we get: a (4-1) = 9 => a = 3

Hence, the numbers are: 3, 3 (-2), 3 (-2)^, 3 (-2)^ or, 3, - 6,12, - 24.

=> (r^ -1) = 9 and ar (1 - r^) = 18 => -r=2 => r = -2

The number of bacteria in a certain culture doubles every hour. If there were 30EXAMPLE 15

bacteria present in the culture originally, how many bacteria will be present at the end of 2nd hour, 4th
hour and nth hour? [NCERT]

Clearly, number of bacteria at the end of different hours forms a G.P. with first termSOLUTION

a = 30 and common ratio r = 2.

Number of bacteria present at the end of 2nd hour

= (Third term of the G.P. with first term a = 30 and common ratio r = 2) = ar

Number of bacteria present at the end of 4th hour

= (5th term of the G.P. with first term a = 30 and common ratio r = 2)= ar

^=30x2^=120

^ = 30x 2^ =480

Number of bacteria present at the end of nth hour

= {(n + 1)* term of the G.P. with first term a = 30 and common ratio r = 2} = flr" = 30 x 2
n

What will X 500 amounts to in 10 years after its deposit in a bank zohich pays annual
[NCERTI

EXAMPLE 16

interest rate of 10% compounded annually?

We have, P = Principal = ? 500, R = Rate of interest = 10%
( PR^ ^

Amount at the end of one year = X P +

SOLUTION

R
= X P 1 +

100100

RRR
+ P 1 +Amount at the end of second year = ? < P 1 +

100 j 100100

RRR
= ?P 1 +1 += X P 1 +

100 )100 )100 J\

 

 



 

 

19.6 MATHEMATICS-XI

a2R R R
Amoimt at the end of the third year = ? P 1 + + P 1 +

100 100 100

\3
R

= ?P 1 +
100

and so on.

We find that amounts at the end of various year form a G.P. with first term and common
f

ratio 1 +
R

100;
xlO

Rth

Amount at the end of 10th year =(11 term of the G.P.) = ?P 1 +
100

10 nIO
10 11 10

= ^500 1 + = ?500x = ? 500 X (1.1)
100 lo;

EXAMPLE 17 A manufacturer reckons that the value of a machine, which costs him ? 15625, will

depreciate each year by 20%. Find the estimated value at the end of 5 years. [NCERT]

SOLUTION We have.

Initial value of the machine = Vq = ? 15625 and, R = Rate of depreciation = 20%
VnR R0

Depreciated value at the end of first year = Vq - = Vo 1-
100 100

^2
V^R R R

Depreciated value at the end of second year = Vj - = Vi 1- = Vo 1-
100 100 100

ans so on.

Clearly, depreciated values at the end of different years form a G.P. with first term Vq and

common ratio 1 -
R

100

Depriciated value at the end of 5 years

= 6th term of the G.P. with first term Vq{ = 115625) and common ratio r = 1 -
R

100

\5‘ n5
fA

^ 15625 X -
R 20

= Vo 1- = ?U5625 1- [ =?5120
100 100 5

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 18 In a G.P. of positive terms, if any term is equal to the sum of next two terms, find the
common ratio of the G.P.

SOLUTION Let a be the first term and r be the common ratio of the G.P. By hypothesis

^ ='^+1+^+2

_ 1 2 2 T -1 ± JTTZ
=>l=r + r => r +r-l = 0=>r =	 	

-1 + ^5 V5-1

-1±V5n-1 «+ln

ar =ar +ar

2 2

But, r > 0. Therefore, r = = 2 sin 18®
2 4

 

 



 

 

19.7GEOMETRIC PROGRESSIONS

In a ifnite G.P. the product of the terms equidistant from the beginning and the end isEXAMPLE 19

always same and equal to the product offirst and last term.

SOLUTION Let a-i ,02 , a^ ,,a„_i,afj be a finite G.P. with common ratio r.
Ic “ \

Now, a^ = kth term from the beginning = r
xfc-l

= cfth term from the end = a,j -

if

, where 1 < A: < «and, 1

k-l
= flj a„ for all k satisfying 1 < A: < n.- cf + 1 = ^

\rj

Hence, the product of terms equidistant from the beginning and the end is always equal to
the product of first and last term.

If the first and the nth terms of a G.P. are a and b respectively and ifP is the product of the
INCERT]

EXAMPLE 20

first n terms, prove that P^ = (abf.
SOLUTION Let r be the common ratio of the given G.P. Then,

1

^b]n-ln-1 bn-1
b = nth term =ar ^ r ==> r

a

Now,
fi 1+ 2+ 3 + ...+ (w — 1)

a r
n-12

P = Product of the first n terms ~ a. ar .ar ... ar

^-1)
P = a'V 2

y 2

n-1 \f
V l + 2+3 + ... + (n-l) =

I 2

n(n-l)
1 2

nn
P = a = aa=>

■

a
V/

p2 =[(abf^^Y n

= {ab)

●/ ^ given G.P. the product of whose terms is P.ALITER Let Aj =A, ^2/
Then,

^1-2 ^-1 (^^2 ^i-l) (^3 ‘^-2)	P=fll A2 ^3 a„ a
nn

2+1
2 2 ,

,,n][●.● Ajt ^t-k+1 = «l «« for all cf = 1, 2,P = {a b) {a b) {a b) (ab)

n

- - times
2

=>P^=(a&)

The {m + n)th and (m - n)th terms of a G.P. are p and q respectively. Show that the mth and
\m/2n

n/2 n

P=(ab)

EXAMPLE 21

nth terms are ^Jpq and p —
V /

SOLUTION Let a be the first term and r be the common ratio. Then,

respectively.

+ « -P ^rid Off,
_ m + n-1

= 9-n

m - n - 1

= p and arar

 

 



 

 

19.8 MATHEMATICS-XI

\l/2« \l/2n»? + »-!
1ar P

=> r =

?»-«-! q r P
V /

m-\
Now,

/'i

^ ^/m + n-1) 1 ^ n m + H - 1
a, a. = arm m + n n

V) V)

f \«/2?i \V'hx

.1 (\
V i^„ + „ =p and -= -1

" UJ
= ;> 5

n1/2

«m = P

If’
H-1

and. = ar

\ni

(1 m + It - 1

[■●■ «m + Ma. ar = an ~ m + n
r

\ ■ /

f \m/2n n1/2«

V + „ =p and -= -i-= P 5
r P\' /

EXAMPLE 22 Ifpth, qthand rthtermsofanA.P.aswellasaG.P.area, b and c respectively. Prove that
a-bb-c 1 c - a

b c = 1.a [NCERT EXEMPLAR]

SOLUTION Let A be the first term and dbe the common difference of the A.P. It is given that a, b
and c are and r^^ terms of the A.P. Therefore,

a = A + {p -1) d, b = A+{q-l)d,c = A+{r-l)d

b-c = {q -r) d, c -a = {r-p)d and a-b = (p-q)d.
Let a be the first term and R be the common ratio of the G.P. Then,

R^ \b=aK^ and c = a R’^

iq-r)d

-1
a a

Mp-q)db- a- b -1
rp X a K''a a X a

{q-r)d+(r-p)d+(p~q)d ^{p - l){q-r)d + (q-l){r - p)d + {r - l){p-q) d

= + j^{p.(q-r)+ qir -p) + r{p-q)-{q-r)-(r-p)-{p~q)]d

0 „0 1
= a R =1.

EXAMPLE 23 Find all sequences which are simultaneously A.P. and G.P.

SOLUTION Let flj, U2, a^,..., - ...be a sequence which is both an A.P. as well as a G.P.

Let 'J,! /«,, + 1, + 2 be three consecutive terms of the A.P. Then,

2 ««.n =««+«,,+2'

Let r be the common ratio of the sequence when it is considered a G.P. Then,

/ arid

a

» -1 n+ 1
a„=a^r

Putting these values in (i), we get
11+ 1H-1

=> 2r=l +r^ ^-2r + l=0 => (r-l)^=0 => r=l
r, «
2 r = r + r

Putting r =1 in Aj, ^2 =<^i r, <73 a^ =af^,..., we obtain

^ r

a2=a-i, a^ =a^, a^ =a-i ..., which is a constant squance.

 

 



 

 

19.9GEOMETRIC PROGRESSIONS

Hence, the constant sequence is the only sequence which is both an A.P. as well as G.P.
2

Show that the products of the corresponding terms of the sequences a, ar, ar ,, or

^form a C.P., andfind the common ratio.

The sequence formed by the products of the corresponding terms of the given

«-l«n-l

EXAMPLE 24

and A, AR, AR^ , AR
n -

[NCERT]

SOLUTION

sequences is
2 2

aA,aArR,oAr R ,...,aAr

aA, aA {rR), aA (rR)^ , aA {rR)^ ,...., oA (rR)

R

H-1
or.

Clearly, the ratio of any term and preceding term in the above squance is same equal to rR.
So, it is a G.P. with common ratio rR.

EXAMPLE 25 ifp‘^, and terms of an A.P. are in G.P., then show that(p -q), (q-r), (r -s)
are also in G.P.

SOLUTION Let a be the first term and d be the common difference of the given A.P. Further, let

Up ,af^, Or and a^ be its , q^^, r^‘ and terms respectively. Then,

Up = a + ip -1) d, a^^ = a -h {q -1) d, Oj. = a + {r - V) d and Os = a + (s -1) d.
ap-a^=ip~q) d,a^-Oj. =iq-r)d anda^ ={r-s)d

It is given that (Ip, a,, andoj are in G.P. LetAbe the first term and K be the common ratio of the
G.P. Then,

[NCERT]

a

A = Op , AR = a^ , AR^ = and AR ^

A~AR = flp-fl^,AR-AR^ = and AR^-AR^

q , AR (1 - R) = flg - flr and AR ^ (1 - R) = «;.

= <h-

= Or -Os

A{l-R) = ap ~a

(a,-fl,)^=|AR (1-R)|^=|a (l-R)||ylR^(l-R)| = («p -‘h)

j{p - q) d| |(r -s) d|iq-rf d^
●y

iq-r) = (p “{?) (r -s) => p - q, q-r ,r -s aiein G.P.

[Using (i)j

EXERCISE ^9.^

BASIC

1. Show that each one of the following progressions is a G.P. Also, find the common ratio in
each case:

(i) 4,-2,l,-l/2,... (ii) -2/3,-6,-54,...
2 3

(iii) a, — ,— , (iv) 1/2,1/3, 2/9, 4/27,...
4 16

2

2. Show that the sequence defined by d„ = —, n e N is a G.P.
3

3. Find:

(i) the ninth term of the G.P. 1,4,16,64,...

(ii) the 10th term of the G.P.
3 1 1 2

3'9 '■■■

(iii) the 8th term of the G.P. 0.3,0.06,0.012,...

(iv) the 12th term of the G.P. ^

4'2 '

' ax, a X ,...
3 3

a X

 

 



 

 

MATHEMATICS-XI19.10

1
(v) «th term of the G.P. -J3, -

(vi) the 10th term of the G.P. -Jl, ...

2
4. Find the 4th term from the end of the G.P. —

1

2 2
..,162.

27 ' 9 ' 3 ' ■

5. Which term of the progression 0.004,0.02,0.1,... is 12.5 ?

6. Which term of the G.P.:

(i) i ,... is ?
V2 2V2 4^/2 512V2

(ii) 2, 2^2,4,... is 128?
(iii) -js, 3, 3v^,... is729?
... 1 1 1 .
(iv) — , — , ... IS

3 9 27

1

[NCERT]

[NCERT]

[NCERT]L.7
19683

512

7. Which term of the progression 18, -12, 8,... is ?
729

1 1 J_ 2
2'6'18'54''"' 4374'

1
8. Find the 4th term from the end of the G.P. —

BASED ON LOTS

9. The fourth term of a G.P. is 27 and the 7th term is 729, find the G.P.

10. The seventh term of a G.P. is 8 times the fourth term and 5th term is 48. Find the G.P.

11. If the G.P.'s 5,10,20,... and 1280,640,320,... have their nth terms equal, find the value of n.

12. If 5*, 8* and 11* termsofaG.P. arep, q and s respectively, prove that q^ -ps. [NCERT]

13. The 4th term of a G.P. is square of its second term, and the first term is - 3. Find its 7
th

term.

[NCERT]

[NCERT]14. InaGP the 3^*^ term is 24 and the 6'*‘ term is 192. Find thel0“‘ term.
th th

BASED ON HOTS

15. Iffl,fe, c, d and pare different real numbers such that:

{a^ +b^ + c^) -2 {ab + be + cd) p + (b^ + + d^) < 0, then show that a, b, c and d are

[NCERT]

[NCERT]

in G.P.

a-hbx _b + cx _ c + dx
a-bx b -cx c-dx

16. If {x * 0), then show that a, h, c and d are in G.P.

1

/ P-4th
17. If the p^^ and 4^^ terms of a G.P. are 4 and p respectively, show that(p + 4) term is —

[NCERT EXEMPLAR]

ANSWERS

1 ( 2

® -5

(iii) (0.3) (0.2)^

..... 3fl ... 2
(ill) — (iv) -

8
(ii) 9 3. (i)4

(V) ./3[i

(ii) — —
2[3)

\n-l

(vi) 4
141

(iv) (ax)
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1th thth th
5. 6 6. (i) 11"' (u) 13"' (iii) 12"' (iv) 9

11. 5

7. 9 8.4. 6
162

14. 307213. -21879. 1,3,9,... 10. 3,6,12,..

H/NTS TO SELECTED PROBLEMS

6. Cii) Let term of the G.P. 2, 2 V2, 4,... be 128. Then,
n+ 1

= 128 =>2 2 =2^ =>
n + 1H-l

2(V2)

Tlius, 13th term of the G.P. 2, 2 -J2, 4,... is 128.

term of the G.P. 3, 3-/3,... be 729. Then,

= 7=>n=13
2

th
(iii) Let«

n

n

V3x(V3)” ^=729 => 32 =3^ => = 6=> n=12
2

th
Hence, 12 term of the given G.P. is 729.

(iv) Let nth term of the G.P.— , —,
3 9 27

— ....be
1

. Then,
19683

\n- 1

-f-
3I3,

12. Let a be the first term and r the common ratio of the given G.P. It is given that

^=5^*^ term, ^ = 8^^ term, s=ll

=a^ and ps=a^r^^ => q^ =ps.
13. Let the common ratio of the given G.P. be r. It is given that the fourth term is square of its

second term.

.-. (-3)r^ = (-3r)^ => -3r^ = 9r^ => r=-3

Hence, 7*'' term =(- 3) / = - 3 (- 3)^ =-2187.

14. Let the first term and common ratio of the given G.P. be a and r respectively.

It is given that term = 24 and 6*^ term = 192

1
3 = 3^^n = 9=> n

19683

104 7
term => p =ar , q=ar , s -ar

th

5
192nr

^ = 8 => r = 2^ = 24 and ar^ = 192 =>

2

Putting r = 2 in = 24, we get a = 6.

term = = 6 x 2^ = 3072

=> rar
2 24ar

th
10

15. It is given that

{a^ +b^ + c^) p^ -2 {ab +bc + cd)p + {b^ + + d^) < 0

=> (fl^ - 2 abp + b^) + (b^ p^-2 bcp + c^) + (c^p^ - 2 cdp + d^) < 0

=> (ap - 6)^ + {bp -c)'^ +(q}-d)^ <0

=> (ap-b)'^ + {bp ~c)^+ {cp-d)^ =0 [v {ap-b)^ + {bp -c)^ +{cp-d)^ caimot be negative]
=> ap-b=Q, bp-c = 0, qj~d = 0

— = p => fl, b, c, fr are in G.P. with common ratio p.
b c

=>

b ca
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16. We have,
a+ bx b + cx c + dx

a -bx b - cx c-dx

a + bx _b + cx
a-bx b - cx

{a + bx) + (fl - bx) _{b + cx) + (b - cx)
(a + bx) - (a- bx) (b + cx) -{b - cx)

b b e

[Applying componendo-dividendo]

a

bx cx a b

b + cx c + dx c d
Similarly

' b - cx c-dx

b e d

b c

=> a, b, c, d are in G.P.
a b c

19.3 SELECTION OF TERMS IN G.P.

SomeJ’Mnes it is required to select a finite number of terms in G.P. It is always convenient if we
select the terms in the following manner:

Terms

a

- ,a,ar

No. of terms Common ratio

3 r

r

a a 3
-, ar, ar

1
4 r

r^'r
a a

r^ ' r
y 3

If the product of the numbers is not given, then the numbers are taken as a, ar, ar , ar ,...

The following examples illustrate the application of the above selections.

2
5 - , a, ar, ar r

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 If the sum of three numbers in G.P. is 38 and their product is 1728, find them.

SOLUTION Let the numbers be -, a, ar. It is given that the product and sum of these numbers

are 38 and 1728 respectively.

Now, Product = 1728 => - (o) (ar) = 1728 => = 1728 => a =12 and. Sum = 38

1 + r +

r

r

1 ,
- + 1 + r

a

- + a + ar = 38 => a = 38 => 12 = 38
r r

6 + 6r + 6r^=19r=> 6r^-13r + 6 =0 => (3r -2) (2r - 3) = 0 => r = 3/2 or, r=2/3

Putting the values of a and r in-,a, ar,we find that the required numbers are 8,12,18 or 18,12,8.

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

If the continued product of three numbers in G.P. is 216 and the sum of their products inEXAMPLE 2

pairs is 156, find the numbers.

SOLUTION Let the three numbers be a/r, a, ar. Then,
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Product = 216 => {a/r). (a). (ar) = 216 => = 6^ fl = 6.

Sum of the products in pairs = 156

1 + + rifla a

= 156-. a + a. ar + - .ar = 156 => a - + r + l = 156 => 36
rr r

3(r^ + r+ 1) = 13r=> 3r^ -lOr + 3 = 0 => (3r-1) (r - 3) = 0 => r =-
3

Putting the values of a and r, the required numbers are 18,6,2 or 2,6,18.
EXAMPLE 3 Three numbers are in G.P. whose sum is 70. If the extremes be each multiplied by 4 and the
means by 5, they will be in A.P. Find the numbers.

2

SOLUTION Let the numbers be a, ar, ar . It is given that the sum of these numbers is 70.

ff (1 + r + r^) = 70
2

It is also given that 4a, 5ar, 4ar are in A.P.

2 (5flr) = 4a + 4ar^

5r = 2 + 2r^ 2r^-5r + 2 = 0 => (2r-l)(r-2)=0=> r = 2 or, r=l/2

Putting r = 2 in (i), we obtain a = 10. So, the numbers are 10,20,40

Putting r =1/2 in (i), we get a = 40. So, the numbers are 40,20,10.
EXAMPLE 4 Find three numbers in G.P. whose sum is 52 and the sum of whose products m pairs is 624.

SOLUTION Let the required numbers be a, ar, ar^. Then,
Sum = 52^ a + ar + ar^ = 52^ a(1 + r + r^) =52

Sum of the products in pairs = 624

^ = 624

or, r = 3

-(i)

2
a .ar + ar .ar + a .ar

a\ (1 + r + r^) = 624
12

Dividing (ii) by (i), we get ar = V1^ a= —

...(ii)

....(iii)
r

12

Putting a~ — in (i), we get
r

12
(1 + r+ r^)=52 => 3r^ -lOr + 3 =0 => (3r-1) (r - 3) =0 => r=-or, r = 3

3r

Putting r = 3 in (iii), we obtain a =4. So, the numbers are 4,12,36.

Putting r = ~ in (iii), we get a = 36. So, the numbers are 36,12,4.
3

EXAMPLE 5 The product offirst three terms of a G.P. is 1000. If 6 is added to its second term and 7 added
to its third term, the terms become in A.P. Find the G.P.

SOLUTION Let first three terms of the given G.P. be - , fl, ar. Then,

Product = 1000 ^ =1000 ^ a =10.

r

a

It is given that , <7 + 6, flr + 7 are in A.P.
r

a

2{a + 6) =- + ar +7
r

10
32 = — + lOr + 7

r
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25 = —+ 10r => 5=- + 2r => 2r^-5r + 2 = 0 => (2r-l)(r-2) = 0 => r=2,-
r r 2

Hence, the G.P. is 5,10, 20,... or 20,10,5,...

EXA.MI’LE 6 The sum of three numbers in G.P. is 56. If we subtract 1, 7,22 from these numbers in that
order, we obtain an arithmetic progression. Find the numbers.

2
SOLUTION Let the numbers in G.P. be a, ar, ar . It is given that the sum of these numbers is 56.

2
a + ar ■¥ ar =56

10

[NCERTJ

It is also given that
2

-l,ar-7 and ar -21areinA.P.a

^ - 8 => a + ar'^ = lar + 82 {ar - 7) = (fl -1) + {ar^ - 21) => lar =

From (i), we obtain
2

a + ar =56-ar

2

Substituting a + ar =56-ar on the LHS of (ii), we get

lar + 8 =56 - ar => 3ar =48 => ar =16 => r = —

...(h)a + ar

...(hi)

a

16
Putting r = — in (i), we get

a

256
=56=>fl^ + 16fl + 256=56fl=>fl^-40fl + 256 = 0=> (fl - 32) (fl-8) =0 => a = 8, 32a+ 16 +

16 16

32 ”2

16
Putting = 8, in r = — we get: r = — = 2. Putting = 32, in r = — we get: r =

8a a

When a = 8 and r = 2, we obtain 8,16 and 32 as the numbers in G.P.

When a = 31 and r = —, we obtain 32,16,8 as the numbers in G.P.
2

Hence, the numbers, in order, are 8,16 and 32 or 32,16 and 8.

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 7 Find three numbers in G.P. whose sum is 13 and the sum of whose squares is 91.
2

SOLUTION Let the numbers be a, ar, ar . Then,

Sum - 13^ a + ar + ar^ = 13 => a(1 + r + r^) = 13

Sum of the squares = 91
2 2 2 2 4

a + a r + a r

Now, a{l + r + r^) =13

a^{l+r + r^f = 169

(1 + + r^) + la^ r{l+r+ r^) = 169

91 + 2flr j(?(l+7- + r^)| =169

...I

= 91 => a^{l + r^ + r^) = 91 ...(h)

[From (i)]

[Using (h)]

[Using (i)]

...(hi)

91 + lar X 13 = 169

ar = 3

=>

3
a

r
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3
Putting rt = — in (i), we get

-(l + r + r^)=13
r

- + 3 + 3r = 13 => 3r^ -lOr + 3=0 => (3r-l)(r-3) =0 r = 3 or, r
3r

1

Putting r = 3 in (iii), we get a = 1. So, the numbers are 1,3,9. Putting r = — in (iii), we get a = 9. So,
3

the nmbers are 9,3,1. Hence, the numbers are 1,3,9 or 9,3,1.

EXAMPLE 8 Find four numbers in C.P. whose sim is 85 and product is 4096.

SOLUTION Let the four numbers in G.P. be-~,ar,ar^.
r^ r

It is given that

Product = 4096 ^ = 4096 ^ = 8^ ^ = 8

and. Sum = 85

^ f t \

^ =85 => 8 r^+\
1 1

a -=- + - + r + r
1

+ 8 r + - = 85
3

r r
\r r >

(i+8 r+-
1 11 1

-16 r + - -85 = 0= 85 => 8 r + -8 -3 r + -r + -

r rjr r

3 1
8x -16x-85 = 0, wherer + - =

(2x-5)(4x^ +10X + 17) = 0

2x-5 = 0

.r

r

2

4x + lO.r +17 = 0 has imaginary roots]

-5r+2 = 0=>{r-2)(2r-l)=0 =>r = 2 or, r=^
5 ' =5^2r^X = — =>r + -

22 r

Putting a = S and r = 2 or r = ^, we obtain that the four numbers are either 1, 4,16, 64 or, 64,
16,4,1.

EXERCISE 19.2

BASIC

1. Find three numbers in G.P. whose sum is 65 and whose product is 3375.

2. Find three numbers in G.P. whose sum is 38 and their product is 1728.

3. The sum of first three terms of a G.P. is 13/12 and their product is -1. Find the G.P.

BASED ON LOTS

4. The product of three numbers in G.P. is 125 and the sum of their products taken in pairs is
871^. Find them.

39
5. The sum of first three terms of a G.P. is — and their product is 1. Find the common ratio and

INCERT]

10

the terms.
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6. The sum of three numbers in G.P. is 14. If the first two terms are each increased by 1 and the

third term decreased by 1, the resulting numbers are in A.P. Find the numbers.

7. The product of three numbers in G.P. is 216. If 2,8, 6 be added to them, the results are in
A.P. Find the numbers.

8. Find three numbers in G.P. whose product is 729 and the sum of their products in pairs is
819.

BASED ON HOTS

9. The sum of three numbers in G.P. is 21 and the sum of their squares is 189. Find the
numbers. [NCERT]

ANSWERS

2. 8,12,18

4. 10,5, T

1. 45,15,5 or 5,15,45

4 , 3
3-3'-1'-'- , — or —, 5,10

2 2
3 -1 ior

4' 3'4 '

5 2
7. 18,6,2 or 2,6,186. 2,4,8 or 8,4,23-5
9. 3, 6,128. 1,9,81 or 81,9,

HINTS TO SELECTED PROBLEMS

a

3. Let the terms of the G.P. be -, t?, ar. It is given that
r

13a a

- + a + ar = — and - xa.yar = -l
12r r

+ r + l 13
and =-la

12r

13 r13 r
-1 and fl (r^ + r + 1) =

12r^ +16r + 9r + 12=0 => (3r + 4)(4r+ 3)=0 => r=-~ :: ^
3 4

Hence, three numbers are —, -1, — or, —, -1, —.
4 3 3 4

5. Let the terms of the G.P. he-,a, ar. It is given that

2 1
=>r +r + l=- => 12 + 25 r +12 = 0a =

12 12

— or —

r

39a a
and- X ax ar =1- + a + ar =

10r r

2
r +r + l 39r39

=> 10(r^+r + l) = 39r
3 2

andfl =1 => fl=l andfl(r +r + l) =a

1010r

10r^-29r + 10 = 0 => (2r-5)(5r-2) = 0 => r = |orr=-
1 5 5,2,l,-or-,l,-

2 2 5

2

5

2
Hence, the numbers are —

5
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19.4 SUM OF THE TERMS OF A G.P.

THEOREM Prove that the sum ofn terms of a G.P. withfirst term 'a' and common ratio Y is given by
nn

r -1 1 -r
a aor,

r-1 1 -r

PROOF Let 5^ denote the sum of n terms of the G.P. with first term 'a' and common ratio r. Then,
H-12 n-2

S« = a + ar + ar +... + ar + ar
n

Multiplying both sides by r, we get
2 n-1 n

...(ii)rS flr + flr +... + ar + ar
n

On subtracting (ii) from (i), we get

S„-rS

S„(l-r) =

n
a-ar

n

r"-l ,
, provided that r ^1,

r-1

n

1 -r
or, Sa a

n
1-r

n ti

r -11 -r
Hence, S or, S ,r^la a

n ~n

1 -r r-1

Q.E.D

NOTE Some authors state two different formulas for viz.,

nn

1 -r r' -1
forr <1 and S forr >1.=a a

nn

r-11 -r

In fact these two are exactly identical. The only thing which must be noted is that the above formulae do
not hold for r = 1. Forr = 1, the sum of n terms of the G.P. is S„ =a + a-ha+...+a{n times) -na.

H-l

REMARK 1 If I is the last term of the G.P., then I = ar

n-1nn

a-lra~{ar )r1-r a-ar

Sn a

1 ~r 1-r1-r 1 -r

a-lr Ir-a
Thus, S S„ , r^lor.n

1 -r r-1

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

Type I FINDING THE SUM OF GIVEN NUMBER OF TERMS OF A GIVEN G.P.

EXAMPLE 1 Find the sum of 7 terms of the G.P. 3,6,12,...

SOLUTION Here,fl = 3,r = 2andn=7.

/-I ( 7

= 3 ^ -1

Srj ■= a = 3 (128-1) = 381
2-1r-1
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EXAMPLE 2 Find the sum of 10 terms of the G.P. 1,1/2,1/4,1/8...

SOLUTION Here, a =1, r =1/2 and w =10.

10
-1

^10 a

r-1

(i/2)^°-i 1

(1/2)-1 ^
EXAMPLE 3 Find the sum to 7 terms of the sequence

JL A A

(1024-1) 1023
Sjo =1 ● = 2

10 10 5125122 . 2

\ r \ f

1 A A

5 5^^5^J\5^
SOLUTION The given sequence is

1 A a1 A
5 '

1 2 3
—r + -^ +

5^

1 A A A 1 A A

[r52%3j'-
- +

1 2
Clearly, this is a G.P. with first term a = — + -^

5 5^

3 38 1
and common ratio r =

5^’5^ 125

3.7 211-/ 38 l-(l/5")

l-{l/5^)

1 -1/538 19

Sj ■=■ a => S; = 21621 -r 125 125 5 .1 -
125

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 4 Sum the series: x{x + y) + + y^) + x^ + y^) + ...ton terms

SOLUTION Let Sfj denote the sum to n terms of the given series. Then,

= x{x + y) + x^ (x^ + y^) + x^ (x^ + y^) +... + x” (x” + y")

5^ = (x^ + x^ + x^ + ... + x^) + (xy + x^ y^ + x^ y^ + ... + x” y")

jxyf-1
xy-1

2n
2

1 x^-1 xy-1

-1

4: = ■ +xy + xy
2-1X

Find the sum of the series 2 + 6 +18 +... + 4374.EXAMPLE 5

The given series is a geometric series in which a-2,r = 3 and / = 4374.
4374 X 3 - 2

SOLUTION

Hr-a)
Required sum = = 6560.

(r-1) 3-1

EXAMPLE 6 Find the sum of the following series:
(i) 5 + 55 + 555 4-... to n terms

(iii) 5 + 55 + 555 + 5555 +...tonterms

SOLUTION (i) Let S be the sum of the series 5 + 55 + 555 +... to n terms. Then,

S = 5^1+11+ 111 + ... + tow terms

(ii) 07 + 0.77 + 0.777 +... to n terms

j= ^|9 + 99 + 999+ .. . + to w terms

+ (10"-1)}S= ||(10-l) + (lo2-l) + (10^
s = - ■ (10 + 102+10^+...+10”)-{l + l+l+...+l)

^ n times

-1)+...
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5 15(10”_1)_„L Alio5 n+ 1
s= -nox -10-9n^-n ■

819 10-1 9 9

(ii) Let S be the sum 0.7 + 0.77 + 0.777 +... to n terms. Then,
S = 7 X 0.1 + 7 X 0.11 + 7 X 0.111 +... ton terms

S= 7 lo.l + 0.11 + 0.111 + ... tonterms

7 l_^ 99
9 110 100 ' 1000

9997
S= - 0.9 + 0.99 + 0.999 +... to n terms +... to n terms

9

.fi-A f
+ 1-

17 1
S= -< 1- — +... to n terms ●

9 10 100 1000 )
\ /

1 ^ 17 . 1-^S= 1- —

9 I, 10
+ ...+ 1-

10^>10^
tt

10J \

(r

10.

n
n-

s= -u- —+ ^7 1 7 1
+... +=> n -

10^ n 10 1-i9 10 10

10

7 1 1 1n-- 1	
7

9n-l + —●S= -
H«

9 9 8110 10

(iii) Let Sbe the sum of the series 5 +5.5 +5.55 + 5.555 + tonterms. Then,
S = 5 +5.5 +5.55 +5.555 + ...tonterms

=> S=5+(5 + 0.5) + (5 + 0.55) + (5 + 0.555) + tonterms

=> S=(5 +5 + 5 +...nterms) + {0.5 + 0.55 + 0.555+ ...to(n-l)terms)

=> S =5n + 5 {0.1 + 0.11 + 0.11 + ...to(n-l) terms)
9 99 99955

+...to(n-l) terms^ S =5n + — (0.9 + 0.99 + 0.999 + to(n -1) terms) =5n + — — +
9 10 100 10009

1W 11__L + ... 1-^5
^ S =5n + — + .

n-1100 10009 10 10J V

5
■ (n-1)-

1 1 1
=> S =5n + —

l^io'^io^’^io^

f 1

+...+
n-19 10

1
5

● (n-l)-i 1 1
5 10

^ S=5n + — = 5n + —■

n-199 10 i-i 9 10 y

10,

The sum offirst three terms of a G.P. is 16 and the sum of the next three terms is 128. Find
[NCERT]

EXAMPLE 7

the sum ofn terms of the G.P.
SOLUTION Let a be the first term and r the common ratio of the G.P. It is given that

a + ar + ar^ =16 ...(i) and, ar^+ar^+ar^ =128 ●●●(ii)
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a{l + r + r^) =16 and, ^ (1 + r + r^) = 128

3 = 8 = 2

ar

ar^ {1+r + r^) 128
=5> r

a{l+r + r^) 16

16
Putting r = 2 in (i), we get:

n n
r'-l 16 2 1

y{2"-l)7r-1 2-1

Find a G.P.for which the sum of the first two terms is - 4 and the fifth term is 4 times the
[NCERT]

EXAMPLE 8

third term.

SOLUTION Let a be the first term and r be the common ratio of the G.P.

We have,

fll+fl2=~4 and ^5=403
4 2 2

- 4 and ar =4ar => a (1 + r) = - 4 and r =4=>fl(l + r)=-4 and r = ± 2

, 4-4 => a- —

^ a + ar -

When r = 2: (1 + r) =
3

Whenr=-2:fl(l+r)=-4=> a = 4
4 8

Hence, required G.P. is —, —,
3 3

Type II FINDING VALUE{S) OF n, r AND a WHEN THE SUM OF n TERMS OF A G.P. IS GIVEN

EXAMPLE 9

16
...or, 4,-8,16,...

3 '●

Determine the number of terms in G.P. <Ofj>, ifa^ = 3, = 96 and = 189.

SOLUTION Let r be the common ratio of the given G.P. Then,

= 96 ^ aj r

Now, % = 189

H - 1 M-1
= 96 => 3r ...(i)= 96=>r = 32

/ H - 1\ 1
(r )r-l

n

r -1 32r-l
= 189 => 3 [Using (i)]\ =189 => = 63

r-1 r-1 r-1

32r-l = 63r-63 => 31r = 62=>r = 2=>

Putting r = 2 in (i), we get

2«-1 = 2^ =? «-l=5 =>« = 6.

EXAMPLE 10 How many terms of the geometric series 1 + 4 +16+ 64 + ... will make the sum 5461 ?

SOLUTION Let the sum of tt terms of the given series 5461. Here, a =1, r = 4and =5461.

Sn = 5461

= 32 => 2

n n
r" -1 4

= 5461 => -
-1

[●-■ a = 1 and r = 4]= 5461a

r-1 4-1

4" -1 = 16383=> 4" = 16384=> 4'' = 4^ => n = 7n n n
=>

EXAMPLE n The sum of some terms of a G.P. is 315 whosefirst term and the common ratio are 5 and 2,
respectively. Find the last term and the number of terms.
SOLUTION Let there be n terms in the G.P. with first term a =5 and common ratio r = 2. Then,

Sum of n terms = 315

[NCERT]
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2"
= 315 => 5 —

H● * *1

r -1 -1
[●.● a =5 and r =2]= 315a

2-1r-1

II II

2' -1=63 => 2 =64=2 => n = 6

II-1 6-1
Last term =i7r = 5x2 = 160

Iti an increasing G.P., the sum of the first and the last term is 66, the product of the secondEXAMPLE 12

and the last but one is 128 and the sum of the terms is 126. How many terms are there m the progression ?

SOLUTION Let a be the first term and r the common ratio of the given G.P. Further, let there be n

terms in the given G.P. It is given that the sum of the first and last term is 66.
II- 1

= 66ai + Of, = 66 a + ari.e.

It is also given that the product of second and the second last term is 128.

= 128 => ar =128 => =128 => =128 => ar
-1 128H

i.e. «2 «n-l
a

ii-l

Putting this value of ar in (i), we get

= 66 - 66fl + 128 = 0 => (fl - 2) {fl - 64) = 0 => = 2, 64

Putting rt = 2 in (i), we get; 2 + 2. r” ^ = 66 ^ r" ^ = 32.
tLlL II -1 1

= 66 => r = —

128
a +

a

n- 1

Putting fl = 64 in (i), we get: 64 + 64r

We reject the second value as the G.P. is an increasing G.P. and therefore r > 1. Thus, we obtain
a = 2 and r

Now, % = 126

32

ii-l
= 32.

It- 1« II
32r-l-1 r -1-1

= 63 => -2 - = 126 =5* - = 63 => r = 2= 63 =>
r-1r-1 r-1 r-1

= 2^ ^«-l=5=i>tt = 6II-1 n-1
= 32=> 2r

Hence, there are 6 terms in the progression.

Find the sum of the products of the corresponding terms of the sequences 2,4,8,16,32 and
INCERT]

EXAMPLE 13

128,32,8,2,-.
'2

and A,AR,AR ,.... are two geometric sequences, then the

sequence having terms as the product of corresponding terms of the two sequences is also a
geometric sequence with first term aA and common ratio rR.

Given sequences are geometric sequences with first terms 2 and 128 respectively and common

ratios 2 and ~ respectively. Therefore, the sequence formed by multiplying the corresponding

terms of the given sequences is a G.P. with first term a = 2x 128 = 256 and common ratio

r=2xl=l.
4 2

Since each sequence contains 5 terms. Therefore, the sequence formed by the products of the
corresponding terms has 5 terms.

SOLUTION If a, ar, ar^ ,
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\5

i-fl 1
1-

f 1
= 512 1- —

3132

Hence, required sum = 256 - = 512 X — = 496= 256
1	1 32 32

1 -
2 2

1

ALITER Required sum = 2 x 128 + 4x 32 + 8x8 + 16x2+ 32x —
2

= 256 + 128 + 64+ 32 + 16

1
1 -

2 f 1
=512 1 -—

31
= 256 =512 X = 496

1 32 32
1 -

2

Tijpe III ON PROVING RESULTS BASED UPON THE FORMULA FOR THE SUM OF nTERMS OF A G.P.

EXAMPLE 14 If Si, $2 and S3 be respectively the sum ofn, 2n and 3n terms of a G.P., prove that

S,(S3-S2) = (Sj-Si)^
SOLUTION Let a be the first term and r the common ratio of the G.P. Then,

2»i 3«n

^ s, -
r-1 ■

r"‘ -1 -1r

$i = a and S3 = fla

r-1 r-1

Now,

3« 2nII

r-1 r*"* -1 r"‘ -1

Si(S3 -%) = a a -a ■

r-1 r-1 r-1

22

(r"-l)|(r
a 3n 2n a 3n 2n

2(r”-l)(rSi(S3-S2) = -o-l)-(r
(r-lf (r-1)

2

2 n
r'-la , n ,■. 2jt , n

y(r -l)r (r -1) =
II

Si(S3-S2) ==> ar ■

r-1(r-1)

2
2h 2 2II

r"‘ -1 r“ -1
(S2-Si)^

a

and. = < a -a

(r-l)2r-1 r-1

2

2 [- 1 2

{r-lfi J

From (i) and (ii) we obtain: Sj (S3 - Sj) = (S2 - Sj)^

II

r“ -1
{S2-Sif =

a 11

...(ii)a r

r-1

EXAMPLE 15 IfS be the sum, P the product and R the sum of the reciprocals ofn terms of a G.P., prove

that — = P^. [NCERTl
R)
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SOLUTION Let a be the first term and r the common ratio of the G.P. Then,

r -12 H-1
S = a + ar + ar +... + ar a

r-1

^1+ 2 + 3 + ... + (h- 1) _2 H - 1 0

...(ii)P = a .ar ar ... ar a r

n
1 1-r 11 1 1

- H +

a ar

1
and. R +... +

«-12 jt- 1
a 1 -r ra

iVr) - 1ar ar

n

1 r-1 1
...(iii)R

n - 1r-1a r

n

r' -1 r-1S n-1 2 Ji-1
a ra . a r

nR r-1 r' -1

fsT ● =P^«
a r 2 [Using (ii)]

R

Hence,

EXAMPLE 16 A person writes a letter tofour of hisfriends. He asks each one of them to copy the letter and
mail to four different persons with instruction that they move the chain similarly. Assuming that the
chain is not broken and that it costs 50 paise to mail one letter. Find the amount spent on the postage when
8th set of letter is mailed

SOLUTION Amount spent on mailing one letter = ^ ~

Amount spent when first set of 4 letters is mailed = ^ 2

Amount spent when second set of 4 x 4 = 16 letters is mailed = f (2 x 4) = 8

Amount spent when third set of 4 x 4 x 4 = 64 letters is mailed = ? (8 x 4) = 32

Clearly, 2,8,32,... is a G.P. with first term 2 and common ratio 4.

Total amoimt spent when 8th set of letters is mailed = Sum of 8 terms of the G.P.

[NCERT]

8
r" -1

a

r-1

[ f4 -1
[●.● = ? 2 and r = 4]= ? ■( 2

4-1

65536-1
■ = ? (2 X 21845)

3

= ? 43690
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BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

\2 /
3. if^21 2 1

EXAMPLE 17 Find the sum to n terms of the sequence x + — / X + / ● ● ●
3

X
X y

SOLUTION Let denote the sum to n terms of the given sequence. Then,
n2 / \2 \2if 12 1

X +
n

Sn = X + - +... + X + —+ +
2 3 n

X^ X >
\ /

S) = X + —+ 2 + X + '—T- + 2 + X H—-r + 2 +... 4*
^2 4 .6V X J \ X

/

, 2 A 6 2mv 1
— (x +X +X +... + X )+ —^ ^ H g + ... +

2n
X +

2«
X X/ \

1 1 1
+ (2 + 2+...)

H times
2n

U X X X

In''
1 |(l/jrV-l

* I (l/x^)-l
r.^-1

In
2 x"" -1 1 -X1

● + 2« = x^ + 2«
2n l-x2x^-l XX

2n 2n
-1 -11 2 1

X ++ 2«= -Si, = f - + 2n

x^-l 2/1 x^^-1 x^-l 2n
X

EXAMPLE 18 Find the sum to n terms of the sequence given by a„ = 2” + 3«, neN.
SOLUTION Let S>, denote the sum to terms of the given sequence. Then,

Sn = a-i + 02 + + ... + a,j

^ = {2^ + 3xl) + (2^+ 3x 2)+(2^ + 3x 3) +... + (2" + 3x n)

S,t = (2^ + 2^ + 2^ + ... + 2") + (3x1 + 3x 2+ 3x 3 + ...+ 3x«)

£y, = (2^ + 2^+2^+... + 2"}+3(l + 2+3+...+n)

llsl
//

2 ? = 2(2"-l) + |^(n + l)
EXAMPLE 19 Prove that the sum to n terms of the series: 11 +103 +1005 +... is, ^ (lO” -1) +«^.

n

Sn = ^(l+«)=>

2-1

SOLUTION Let denote the sum to n terms of the given series. Then,
^ = 11 +103 +1005 +... to « terms

4, = (10 +1) + (10^ + 3) + (10^ +5) + ... + no" + (2ji -1)1

= (10 + 10^+... + 10") + |l + 3 + 5+ ... +{2«-l)j
-(l + 2«-l) = — (10"-l)+f
2 9

10 (10" -1) ,
(10-1)

2

EXAMPLE 20 Find the least value of nfor which the sum 1 + 3+ 3 + ...ton terms is greater than 7000.

SOLUTION We have,

^ = l + 3+3^+...to«terms => S,,

Sn =

n n

3 -1 3-1
= 1 X

3-1 2

n

>7000 => ?- >7000 => 3" -1 >14000
2

n

Now,
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log 14001 4.1461
3” > 14001 => n log 3 > log 14001 => n > = 8.69=> n>

log 3 0.4771

Hence, the least value of n is 9.

EXAMPLE21 Iffisafurictionsatisfyingf{x + y)=f{x)f{}/)forallx,yeN suchthatf{l) = 3and

[NCERTl
n

Z f(x)~ find the value of n.
x = l

SOLUTION We have, / (a: + y) = f {x) f (y) for all x, y € N

f{x) =/(1+1+1+... + !)=/(1)/(1) /(I) .../(!)= [f(l)fforallx€N
X-times

/ (x) = 3^ for all X e N

x-times

[V /(I) = 3]

Now,

S /(x)=120=> I S"" = 120 => 3+3^+...+3" = 120
n

x*lx=l

H

3 ^ -1
= 120 ^ 3" -1 = 80 => 3“ = 81 => 3" = 3^ => n = 4.nn n

3-1

n

Find the natural number a for which (« +k) =16 (2”-1), where the function fEXAMPLE 22

k=l

statisfies f{x + y) =/(x)- f{y)for all natural numbers x, y andfurther f {\) = 2.
[NCERT, NCERT EXEMPLAR]

SOLUTION Preceding as in Example 20, we obtain /(x) =(/(!))* = 2^ for all x e N.
n

X/(fl + cf)=16{2"-l)
k=l

n

a+k
= 16(2"-1)

k=\

n

2‘" 2 2^ =16 (2"-1)
,k=l ,

f yti
2‘’(2 + 2^ + 2^ + ...+ 2")=16(2”-l) => 2'"-| 2 ^

2«-"1(2”-1)=16(2”-1) => 2

-1
= 16 (2”-l)

2-1

<1+1 = 2'^ => fl + l= 4^fl = 3.

EXERCISE 19.3

BASIC

1. Find the sum of the following geometric progressions:
(i) 2,6,18,...to 7 terms

(iii)l,-l/2,l/4,-l/8,...

(ii) 1,3,9,27,... to 8 terms
a -b

(iv)(,a^-bh(,a-b) ... to n terms
' I '

(v) 4,2,1,1/2... to 10 terms.

2. Find the sum of the following geometric series:

(i) 0.15 + 0.015 + 0.0015 +... to 8 terms; (ii) + 4
1

+... to 8 terms;
V2 2V2
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2 1 1 3
(iii) h h... to 5 terms;

9 3 2 4

(v) — + ^ —j- +... to 2« terms; (vi)
5 5^ 5^ 5^

2 3
(vii) 1, - a, a ,-a ,... tow terms {a ^ 1)

3 5 7
(viii) X , X , X ,io n terms

2 2 3 2 2 3

(ix) {x + y)+{x +xy + y ) + {x +x y + xy +y ) + ...ton terms;

(iv) -J7 , / 3^7 ,.... to n terms [NCERT]

a a a a

+... ++

{l+if (1 + 0®
n1+i (1 + 0

[NCERT]

[NCERT]

BASED ON LOTS

3. Evaluate the following:
n

(i) I (2+3")
10

[NCERT] (ii) 2 (2^ + 3^" ^
n

(iii) 2 4
k = l m = 2n=l

4. Find the sum of the following series:

(i) 5 + 55 + 555 +... to n terms. [NCERT] (ii) 7 + 77 + 777 +... to «terms,

(iv) 05 + 055 + 0555 +... to n terms.

[NCERT]

(iii) 9 + 99 + 999 +... to n terms,

(v) 0.6 + 0.66 + 0.666 +.... ton terms. [NCERT]

3069,
5. How many terms of the G.P. 3,3/2,3/4,... be taken together to make

512

6. How many terms of the series 2 + 6 +18 + ...must be taken to make the sum equal to 728?

7. How many terms of the sequence 3, 3V3,...mustbe taken to make thesum

8. The sum of n terms of the G.P. 3,6,12,... is 381. Find the value of n.

9. The common ratio of a G.P. is 3 and the last term is 486. If the sum of these terms be 728, find

the first term.

39 +13^3?

10. The ratio of the sum of first three terms is to that of first 6 terms of a G.P. is 125:152. Find the

common ratio.

11. The 4th and 7th terms of a G.P. are — and
27 729

1
respectively. Find the sum of n terms of the

G.P.

1 - 1 /V' 110

12. Find the sum : ^ +

2 5jn=l

13. The fifth term of a G.P. is 81 whereas its second term is 24. Find the series and sum of its first

eight terms.

BASED ON HOTS

14. If $2, S3 be respectively the sums of n, 2n, 3n terms of a G.P., then prove that

sf+ S^ = Si(S2 + S3).
15. Show that the ratio of the sum of firstn terms of a G.P. to the sum of terms from (n +1)* to

(2n)*term is-^. [NCERT]
r

2 2

16. If a and b are the roots of x - 3x + p = 0 and c, d are the roots x - Vlx + q = 0, where

[NCERT]a,b, c, dformaG.F.Frovethat{q + p) :{q-p) = 17:15.
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3069,3 3

17. How many terms of the G.P. ^ ^ ^^

18. A person has 2 parents, 4 grandparents, 8 great grand parents, and so on. Find the number
of his ancestors during the ten generations preceding his own.

19. If Sj, $2,..., 5^, are the sums of n terms of n G.P.'s whose first term is 1 in each and common
ratios are 1,2,3,..., n respectively, then prove that

Sj + $2 + 2S3 + 3S4 + ... (n -1) =1" + 2" + 3" + ... +

20. A G.P. consists of an even number of terms. If the sum of all the terms is 5 times the sum of

the terms occupying the odd places. Find the common ratio of the G.P.

[NCERT]are needed to give the sum
512

INCERT]

[NCERT]

100

21. Let Ojj be the nth term of the G.P. of positive numbers. Let E a2„ =0. and
rr= 1

100

E «2n-1 =P/Such that a p. Prove that the common ratio of the G.P. is a/p.
n = 1

22. Find the sum of 2n terms of the series whose every even term is 'a' times the term before it
and every odd term is 'c' times the term before it, the first term being unity.

ANSWERS

{a + bf -1a -b
(V) 8 1--^

171
(iv)l.(i) 2186 (ii) 3280 (iii) n-2 ■ (fl + b) -1 1024256 (a + b)

n

2 x"-l255 V2 -1

(iv)
551

(ii) (iii)^1 - < X
8 y-1x-1128 7210

2nn

2 1X -1

l-(-n)19 1-4 (vi) -flMl-(l+0‘"} (vii) (viii) a:(v) ^ 2n \ + a24 5^‘J

n/l

(Xi) V7 - f(4^-l)
n+2

+ 3"-5) (iii)3.(i) 265741
Vs-1

4-(i) 4(10

(iv)|

(iii) 1[10n+ 1 H+ 1n+ 1
-9n-10]-9n-10]-9n-10]

81 81

1 f- 1<n — 1	n-ifl 1

(v)| 6. 65. 10
«

10", 99 10 /

ll.lfl-i
n 3

3
7. 6 8. 7 9.2 10. -

«
5

10 10
65x972*''-! 5

2^ 4x5

-1

13. a =16, ^ = ^ “ 17. 1012. + -
11 8

(«c)”-l
22. {a +1)18. 2046 20. 4

flC -1
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HINTS TO SELECTED PROBLEMS

2 3
2. (vii) Let denote the sum of n terms of the G.P. 1 - fl, ,-a ....Then,

1--(-!)%
Tl + a

(viii) Let 5^ be the sum of n terms of the G.P. Then,

3

n

^=1
-a-1

In
-1X3

%=X { = x

x^-1

(ix) Let denote the sum of n terms of the G.P. -fj, 3^7,.... Then,

3”''^-!(V3)"-l

' V3-1 ■
4.=V7 = V7

1111 11 11
3^-1

= 22+ -(3^^-l) =265741.(i) 2 (2+3”)= 2 2+ 2 3"=2x11 + 33.

3-1 2
n=l n= 1 n=l

(i) Let = 5+55+555+ .... ton terms. Then,

5^ = 5 (1 +11 + 111 +.... to n terms)

Sn = -(9 + 99 + 999 +

4.

to n terms)
9

5

|{10-1) +(10^-1)+(10^ -1) + ...+ (10"-1)|= T
9

|(10 +10^ +10^ +.... +10") -n|
5

=>

9

n

10" -15 5
— (10"-l)-« = — (10

n+ 1
=> % = ^ ■ 10 -9n-10).

9 10-1 9 9 81

(ii) Proceed as in (i)

(v) Let 5^ = 0.6 + 0.66 + 0.666+ .... ton terms. Then,

% = 0.6 + 0.66 + 0.666 +

^ = — (0.1 + 0.11 + 0.111 +.... to n terms)

to n terms

9

6

=> = T 0.9 + 0.99 + 0.999 + to n terms
9

f 1 w
I 1-— + 1-

6 1
+.

10^ 10^.9 10 n

10

6 1 1 1 1
^ = — (n- — + +... +

10^

i-fi

10^9 n10 10

10

Ll6 1 1. 6 1
1 ^

10"J
n 	 n —

1-19 10 9 9

10
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\
«

1-r
a

1-r«-l
1fl + flr + ... + ar^2

15. Required ratio = 2n-l nn n
r1-r. + arar

n
ar

1-r

2 3

16. We have, a + b = 3,ab =p,c + d=12 and cd = q Letb=ar,c = ar and d = ar .Then,
a + b = 3 and c + d=12

(1 + r) = 3 and ar^ (1 + r) = 12 => ar^(l + r)_12
a(\+r) 3

<i(l + r) = 3 => fl=l

Now, p = ab= a.ar = 2, q = cd = ar^ ^ ar^ =2^ = 32
<? + p^32 + 2_34_17

" 32 - 2 30 15q-p

3 3 3069
. Then,17. Let the sum of nterms of the G.P. 3, — , — be

2 4 512

/i
1- -

1-i
=i => n = 101023 1

3069 ^
2l0n

2” 1024 2512

2

3069
Hence, the sum of 10 terms of the given G.P. is

18. Number of ancestors during the ten generations preceding his own generation
f^lO ^

= 2 -

512

-1
= 2046.= Sum of 10 terms of the G.P. 2,4, 8,...

2-1

20. Let there be 2n terms in the G.P. with first term a and common ratio r. Then,

Sum of all itie terms = 5 (Sum of the terms occupying the odd places)

fll + <*2 +●●● ^2n = 5 («! + ^3 +<%+... + «2n-1)

=5{a + ar^ + ... + ar
2n-22n-l

)a + ar + ... + ar

2n] 2xtt
i-(01-r

=> 1 + r =5 => r = 4=5aa

l-r^

21. Let fl be the first term and r be the common ratio of the G.P. Then,

1-r

100100

S aoji^OL and S fl2n-l=P
n=l

fl2 + «4 + ●●● + <*200 = ^ fll + <13 +... + fli99 =P
=a and a + ar^ +... + ar

ri_(^2)iooi

«=1

1983
= Par + ar +... + ar

2x100
l-(r‘)

= a, and a = Par

l-r^l-r2

200^200^
1-r1-r a

= a, and a = p => r = —ar

J1-r^ P
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22. Let + <?2 + ^3/... + <32n given series. It is given that

a^-l, a2=a flj, = CU2, = ca^ and so on.
2 2 2 3 2

=> =1, ^2 =^/^^3 c,a^=a c ,a^=a c

Required sum = + ^2 + ^^3 + ● ● ● + «^2h
2 2 2

= l+ a + ac + a c + a c +...to2« term

= (1 + fl) + flc (1 + fl) + i7^ (1 + fl) +... to w terms

{acf-1

f ● ● ●

n

1 -{ac)
= (1 + rt) ■ = (l + fl)

1 - ac ac -1

19.5 SUM OF AN INFINITE G.P.

THEOREM The sum of an infinite G.P. with first term a and common ratio r (-1 <r <1 i.e., [ r j <1)
is S =

a

1 -r

PROOF Consider an infinite G.P. with first term a and common ratio r, where -1 <r <1 i.e.

I r I < 1. The sum of n terms of this G.P. is given by
1 n ^ n
1 - r a ar

Sn = a -(i)
1 -r 1-r 1-r

Since -1 < r < 1, therefore r” decreases as n increases and tends to zero as n tends to infinity
n

r -> 0 as « 00.I.e.

n

a r

^ 0 as n CO.
1-r

Hence, from (i), the sum of an infinite G.P. is given by
f . . n ^

S = lim = lim
a ar a

/ if I r| <1
1-r 1-r 1-r« -^00

NOTE lfr>\, then the sum of an infinite G.P. tends to infinity.

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

Type 1 FINDING THE SUM TO INFINITY OF A G.P. OR A GEOMETRIC SERIES

EXAMPLE 1 Find the sum to infinity of the G.P. ,
4 16

SOLUTION The given G.P. has first term <7 =-5/4 and the common ratio r = -1/4. Also, | r | < 1.

Hence, the sum S to infinity is given by
-5/4

1-r l-(-l/4)

Sum the following geometric series to infinity:

(i) (V2 + 1) + 1+(V2-1) + ..

Q.E.D.

5

64 '■■■

a
S = = -l

EXAMPLE 2

1 1 1 1 1
H =- + —=- + —j + H — + ... 00

g2 2^ 3^ 2^ 3^

SOLUTION (i) The given series is a geometric series with first term a=^J2 +1 and the common
ratio r given by

(ii)|. 00

V2+1 (^ + 1)(V2-1)

1
= 72-1
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Hence, the sum S to infinity is given by

V2+I ^ + 1 _ V2+I
■ 1-(V2-1) " 2-V2 V2(V2-1)

^ i^+if 		
V2(V2-1)(V2+1) V2

a

5 =
1 -r

3 + 2V2 _ 4 + 3V2
2

(ii) We have.

1 1 1 1 1

2 3^ 2^ 3^ 2^

1
—r + ...to CO

3^

^ ^ J_
3^ 3^ 3^

1 1 1
1 5- + —c" + ●●● +

2 2^ 2^
+...

/ V

1
+ An infinite G.P. with =—;r /

111
An infiniteG.P. with a=— ,r =—=

2 2^ 3^''"3^
/ V

(1/3^) ^ + 1 = 1?(1/2)
■ + ■

l-(l/2^) 1 -(1/3^) 243

1/81/2 1/4
EXAMPLE 3 Prove that: 6 x 6 x 6 CO = 6.

SOLUTION Clearly,

^ g|l/2+ 1/4+ 1/8+ ...=o)

^ l(l/2)/(l-1/2)1 [..1^1+1+
2 4 8

...CO

1 / 2
= 1

1-1/2

= 6^ = 6

Ti/pell ON PROVING RESULTS BASED UPON THE FORMULA FOR THE SUM TO INFINITY OF A G.P.
2 3

EXAMPLE 4 Ifb=a + a + a +...00, prove that a =

SOLUTION We have,
2 3

b = a + a + a +...co

Clearly, RHS is a geometric series with first term 'a' and common ratio 'a'
, L . ^
b = =>b -ab =

1 -a

Type IIJ FINDING REQUIRED UNKNOWN WHEN THE SUM OF AN INFINITE G.P. IS GIVEN

EXAMPLE 5 The first term of a G.P. is 2 and the sum to infijuty is 6. Find the common ratio.
SOLUTION Let r be the common ratio of the given G.P. It is given that, a = 2 and Sco = 6.

^- = 6 => 6-6r=2 => r=2/3.
1 -r

b

1+b

1 + b

a
= 6 ^Now, Sco = 6 =>

1 -r

EXAMPLE 6 The sum of an infinite G.P. is 8, its second term is 2, find the first term.
SOLUTION Let a be the first term and r the common ratio of the G.P. It is given that

Soo = 8 and flr = 2
2

- 8 and r = —
a

1 -r a
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a

= 8 [Eliminating r]

-8a+ 16 = 0=>(a- 4)^ = 0 fl = 4.

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

Type 1 ON PROVING RESULTS BASED UPON THE FORMULA FOR THE SUM TO INFINITY OF A G.P.

EXAMPLE? Ifx=a + - + ~ + ..
r

^_ab

, b b , c c
.co,y=&-- + — -...CO and, z-c + ^ + -^ + ...co, prove that

r r

z c

SOLUTION Clearly, x, y and z are the sums of infinite geometric progressions,

and, z = ^
2

b bra ar cr
X y =

1 +r1 -- 1 -
r

\ rj r

abr^ abr^ 2
br abar

^ = cr

xy =

■ (r^-l)

+... <x>,zvhere\ a \ <landy-l + b + b +...00, where(1? | <1. Prove

r^-l 2 1
r -1

r-1 r + 1 z c
y V

EXAMPLES Ifx=l+a + a^
that:

2 2
1 + ab + a b +...00 = xy

x + y-l

SOLUTION We have,

X = 1 + a + a^ +..
1

X

1-b = -=>b = 1--

1
1 -a =. 00 => X

1 - a X

1
and, y = l+ b + b^+b^ + ...(h)CO => y =

1-b y y

1 1
l + ab + (ab)^ + (ab)^ +.. [Using (i) and (ii)]. 00 =

1 - ab 1 1-11- 1--

xj yj

xy

X + y-1
b 2h

+... fo 00 and B =1 + r^ + r^° +... co, prove that
2a

If A=l+r‘^ +r

fA-l

EXAMPLE 9

l/a 1/b
fB-1^

SOLUTION We have, A = 1 + r** + r

r

A

2a
B = 1+r^ +r^^

— and, 1 -r^ =

and.+... 00 +... 00

1 1 1
A = and, B =

a
A B1 -r 1 -r

l/a Nl/b

=1-4- and, r^ =1-—=c.r =
/I -1 B-1

and, r =
A B A B

l/a l/b
(A-1) f B-1

Hence, r -

^ ) B
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Type II ON FINDING THE REQUIRED UNKNOWN WHEN THE SUM OF AN INFINITE G.P. IS GIVEN

EXAMPLE 10 The sum of an infinite G.P. is 57 and the sum of their cubes is 9747, find the G.P.

SOLUTION Let a be the first term and r the common ratio of the G.P. Then,

a
= 57Sum = 57 =>

1 -r

3
a

Sum of the cubes = 9747 => + a^ +... = 9747 => = 9747 ...(ii)

Dividing the cube of (i) by (ii), we get

(57)3
—

.3

a

(1-r)^ 9747
a

1 + r + r^l-r^
= 19 => 18r^ - 39r +18 = 0 => (3r - 2) (6r - 9) = 0= 19 =>

(1-r)^(l-r)2

[v r * 3/2, because-1 <r <1 for an infinite G.P.]=> r = 2/3 or, r = 3/2 => r ~ 2/3

Putting r = 2/ 3 in (i), we get

a
= 57 => a = 19

l-(2/3)

Hence, the G.P. is 19,38/3,76/9,....

Type IV FINDING A RATIONAL NUMBER WHOSE DECIMAL EXPANSION IS GIVEN

EXAMPLE 11 Which is the rational number having the decimal expansion 0.356 ?

SOLUTION We have, 0.356 = 0.3 + 0.056 + 0.00056 + 0.0000056+ ... oo

56

loi
10 990 ~ 990

356 56 . 56
3 5

10^ 10^
= 0.3 + + ... CO ^ = — + ,

10 i_J:10^
10^

EXAMPLE 12 Use geometric series to express 0555... = 0.5 as a rational number.
SOLUTION We have, 0.5 = 05555...

(5/10) 5
= 05 + 0.05 + 0.005 +... 00 = A + ^

5
+... oo =

7 '5
10^ lO-^ 1-(1/10) 910

Type V ON APPLICATIONS OF INFINITE G.P.

EXAMPLE 13 A square is drawn by joining the mid-points of the sides of a square. A third square is
drawn inside the second square in the same way and the process is continued indefinitely. If the side of the
square is 10 cm, find the sum of the areas of all the squares so formed.

SOLUTION Let.A|.A2i43A4bethefirstsquarewitheachsideequaltol0cm.LetBj, B2' ®3/
the mid-points of its sides. Then,

B1B2 = =5^2

LetCj,C2/ C3, C4 be the mid-points of the sides of the square B1B2B3B4. Then,

cm.
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5V2 5V2ca=-/v77^

Similarly, the side of fourth square is

=5 cm+
44 ^43h

12 2

C4 C3

cm and so on.

V2 B4 «2

Sum of the areas of all the squares so formed

= ■ 10^ + (5^)^+(5)^+f4
^2

[v Area = (Side)
A2B

1+ ... 00 sq. cm.
.V2j Fig. 19.1

25 100
100 + 50 + 25 + = 200 sq. cm.+ ... CO

2 l-(l/2)

EXAMPLE 14 After striking a floor a certain ball rebounds —

w

Find the total distance that it travels before coming to rest, if it is gently dropped from a height of 120
metres.

SOLUTION Initially the ball falls from a height of 120 metres. After striking the floor it rebounds
4 4

and goes to a height of — (120) metres. Now, it falls from a height of — (120) metres and after
5 5

4/4
rebounding again it goes to a height of - - (120) metres. This process is continued till the ball

5 5

comes to rest.

of the height from which it has fallen.

\2

|(120)

The total distance traveled = 120 + 2 ● (120) + ... CO.

= 120 + 2 X . ● =120 + 960 = 1080 metres.

1-^
5

EXAMPLE 15 The inventor of the chess board suggested a reward of one grain of wheat for the first
square, 2 grains for the second, 4 grains for the third and so on, doubling the number of the grains for
subsequent squares. How many grains would have to be given to inventor ? (There are 64 squares in the
chess board).

SOLUTION Clearly, required number of grains is the sum of an infinite G.P. with first term 1
and common ratio 2.

c
7 ^ 7

Number of grains = 1 + 2 + 2 + 2 +... to 64 terms =1 -

64
-1 64

= 2 -1.
2-1

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

Type I ON FINDING THE SUM OF AN INFINITE G.P.

EXAMPLE 16 Find the sum of an infinitely decreasing G.P. whose first term is equal tob + 1 and the
common ratio to He, where b is the least value of the product of the roots of the equation

(m^ +1) - 3x + (m^ +1)^ = 0, and c is the greatest value of the sum of its roots.

SOLUTION Given equation is: (m^ +1) - 3x + (m^ +1)^ = 0

3 2
and. Product of the roots = (m +1)Sum of the roots =

+1
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2

b = Least value of the product of roots = Least value of (m + 1)

b = 1

c = Greatest value of the sum of the roots =

Now,

[: m +1 > 1 for all m]

3
Greatest value of 	

m +1

o A 2

is greatest when + 1 is least and the least value of m +1 is 1.
nr + 1

Clearly,

5 = 3

2 2
So, first term of the mfinite G.P. is& + 2= l + 2 = 3 and, the common ratio is - =

c 3

Hence, the sum S of the infinite G.P. is given by

c

1

a

Using : S =S =
1 -r

1 --
3

Type II ON PROVING RESULTS BASED UPON SUM OF AN INFINITE G.P.

EXAMPLE 17 Ifx= I COS Q, V = Z sm
n=0 n=0

then prove that xz + yz-z = xy.
SOLUTION We have,

OD

« = 0

00

(b,z= X cos'^'0 sin^ (t), zy/iere 0 < 0, < 7i/2
« = 0

2n. 2n

. 2 Q 1
sm 0 = —

1
0 = 1 + COS^ 0 + COS^ 0 + ... CO => x =2ti

X

1 - COS^ 0 X

11CO
2

^ COS (|) =([) = 1 + sin^4)+sin‘^(l)+... CO =>y =
2n

y = 2] Sin=>

1 -sin^ (f)

0, sin^ (j) = 1 + cos^ 0 sin^(})+ cos*^ 0 sin^ +...

3/
n = 0

00

2n

z - 2] cos
« = 0

and. 00

11

^ ” 2 2
1 - COS 0 sin (f) l-(l-sin^ 0) (l-cos^(|))

11 ^3/
=> XZ + yz-z = xy^ z=> 2Z

X y xy

iV i^l1_ l_i l_i

If\x\ <1 and \y\ <\,find thesum to infinity of the following series:

(x + y) + {x^ + xy + y^) + {x^ + x'^y + xy^ + y^) +...

SOLUTION (x + y) + (x^ + xy + y^) + (x^ + x^y + xy^ +y^) + ...

-y^) + ... toco

x + y-1

yj

EXAMPLE 18

00

x-y I
n n

X -a + / ^fl^ + / +... + «" \nsN«-l
= x

X -a

.. to Qo) - {y^ + y^ + y^ + ... to oo) j
1

+.

x-y
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2 2
1

x-y \~x \-y

2 2 2 2
AT -a: y-y +y x}_ 1 j{x^-y^)-;cy(Ar-y)|1 X + y -xy

■{l-x)(l-y)a-x){l~y) (x-y) {^-x){l-y)x^~y

Type III ON FINDING REQUIRED UNKNOWN WHEN SUM OF AN INFINITE G.P. IS GIVEN

EXAMPLE 19 The sum of an infinite geometric series is 15 and the sum of the squares of these terms is 45.
Find the series.

SOLUTION Let a be the first term and r be the common ratio of the infinite geometric series.

Sum =15 ^
a

= 15
1 -r

2

Sum of the squares of terms = 45 => +... oo) = 45
a

= 45 ...(ii)
l-r^

Dividing the square of (i), by (ii), we get

(15)^
i^-rf

2

Putting r = — in (i), we get:
3

2
1 +r , 24=> r = —

a

- = 5^ 6r =
45 1 -r 3

a

= 15=>a =5
1 -2/3

Hence, the required series is 5 + — + —
3 9

EXAMPLE 20 If each term of an infinite G.P. is twice the sum of the terms following it, then find the
common ratio of the G.P.

40
+ ... 00.

27

SOLUTION Let a be the first term and r the common ratio of the G.P. It is given that

= 2 [a,j + 2 + + 2 + + 3 + ● ● ● ●*] for all« s N

= 2 [ar" + ar

a
n

n-1 n+ 1
+ ... oo]ar

n

2ar Ir 1rt-1
ar

1 -r 1-r 3

EXERCISE 19.4

BASIC

1. Find the sum of the following series to infinity:

(i) 1-- + ^
3 2T

(iii) 2/5+3/5^ +2/5^+ 3/5^..

,,1 1 1 1 1 1
(v)- + ^ + ~ + — + — + .00

3 5^ 3^ 5^ 3^ 5^

2. Prove that: .00) = 3.

3. Provethat:(2'/^4'/^8'^'^16'/3^..oc) = 2.

1 1

(ii) 8 + 4V2 + 4 + ..+... 00 . 00

3^ 3^

(iv) 10-9 + 8.1 -7.29 + ...00. 00.

[NCERT]
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BASED ON LOTS

4. If Sp denotes the sum of the series 1 + .

1 -r^ + tooo, prove that Sp + Sp =2 S^p-

5. Find the sum of the terms of an infinite decreasing G.P. in which all the terms are positive,
the first term is 4, and the difference between the third and fifth term is equal to 32/81.

6. Express the recurring decimal 0.125125125 ... as a rational number.
7. Find the rational number whose decimal expansion is 0.423.

8. Find the rational numbers having the following decimal expansions:

(ii) 0.^

9. One side of an equilateral triangle is 18 cm. The mid-points of its sides are joined to form
another triangle whose mid-points, in turn, are joined to form still another triangle. The
process is continued indefinitely. Find the sum of the (i) perimeters of all the triangles,
(ii) areas of all triangles.

. to CO and Sp the sum of the series

[NCERT](iv) 0.68(iii) 352(i) 0.3

BASED ON HOTS

Find an infinite G.P. whose first term is 1 and each term is the sum of all the terms which
follow it.

The sum of first two terms of an infinite G.P. is 5 and each term is three times the sum of the

succeeding terms. Find the G.P.
Show that in an infinite G.P. with common ratio r (| r | < 1), each term bears a constant ratio
to the sum of all terms that follow it.

If S denotes the sum of an infinite G.P. and S| denotes the sum of the squares of its terms,
. , 2SSi , - Si

then prove that the first term and common ratio are respectively ^—i-and

10.

11.

12.

13.

S^ + Si*S^ + Si
ANSWERS

12

(V) ^13

i.(i) I
, 125

■ 999

9. (i) 108 cm

(ii) 8(2 + V2) (iii)

7. ^

5. 6,— (iv) 5.263
3-2V21224

31317231
8. (i) i(ii)

(ii) 108 ^f3 square

(iv) ^(iii)
4590999990

1 11 1
11. 4,1,-10.1,cm

4'16'"

HINTS TO SELECTED PROBLEM

\ 18 18

9. Sum of the perimeters = 3.|l8 + -^ + -^ + ...co
risf n2

^18^ + 18
Sum of the areas = + ... 00 ●+

2 J 44

19.6 PROPERTIES OF GEOMETRIC PROGRESSIONS

In this section, we shall discuss some important properties of geometric progressions and
geometric series.

PROPERTY I If all the terms of a G.P. be multiplied or divided by the same non-zero constant, then it
remains a G.P. with the same common ratio.
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PROOF Let 02, a^,a,j, ...be a G.P. with common ratio r. Then,
^+1

= r, for all« 6 iV
a-.n

Let be a non-zero constant. Multiplying all the terms of the given G.P. by k, we obtain the new
sequence: ka-^, Jai2,ka'^,... ka^j,...

1_ %+ 1

ka„
Clearly = r for all n € N [Using (i)]

a
n

Hence, the new sequence also forms a G.P. with common ratio r.

PROPERTY II The reciprocals of the terms of a given G.P. form a G.P.

PROOF Let a^, 02, a^,..., a,j, ...be a G.P. with common ratio r. Then,
+ 1

= r for all« € N

On

The sequence formed by the reciprocals of the terms of the given G.P. is
1 1 1 1

r * *'

fll 02 ^3 a
n

For this sequence the ratio of a term and the preceding term is given by
1

_

[Using (i)]
l/«, ^1+ 1 r

n

So, the new sequence is a G.P. with common ratio 1 /r.

PROPERTY III If each term of a G.P. be raised to the same power, the resulting sequence alsoforms a G.P.

PROOF Let a-i, 02, a^,... a„, ...he a G.P. with common ratio r. Then,
1
= r for all neN

a
n

Let be a non-zero real number.

Consider the sequence whose terms are k*^ powers of the terms of the given sequence
k k k

a\,a2,a-^,...,0y^,...

For this sequence, we have
k

1

k
i.e.

^1+1 k
= r for all n € N [Using (i)]k

a.n

fc k }c k
Hence, o^, 02,02,... Oj,, ...is a G.P. with common ratio r .

PROPERTY IV In a finite G.P the product of the terms equidistant from the beginning and the end is
always same and is equal to the product of the first and the last term.

PROOF Let flj, 02, a^,..., Oj^he a finite G.P. with common ratio r. Then,

kth term from the beginning = r

kth term from the end = (n-k + l)th term from the beginning - = a-^r

fc-1

n-k

.’. {kth term from the beginning) {kth term from the end)
2 n-1it-1 n-k n-l

= <7„ for all cf = 2, 3, 1

Hence, the product of the terms equidistant from the beginning and the end is always same and
is equal to &e product of the first and the last term.

- ^k^-k+l = a^r = r = ai.a^r
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2
PROPERTY V Three non-zero numbers a, b, c are in G.P. iff b =ac

PROOF Clearly,
b e 2

a, b, c are in G.P. <=>- = -- ( common ratio) b
a b

= ac

NOTE W/ien a, b, c are in G.P., then b is known as the Geometric mean of a and c.

PROPERTY VI If the terms of a given G.P. are chosen at regular intervals, then the new sequence so
formed also forms a G.P.

PROPERTY VII If aj,a2,a3,...,a,
log a-^, log «2 / ●●● / log ... is an A.P. and vice-versa.

PROOF letai,a2,a^,...,a„,... be a G.P. of non-zero non-negative terms luith common ratio r. Then,
n-l

G.P. of non-zero non-negative terms, then. IS a
r\i

, for all n e Na„ = r

log a,, = log + (« -1) log r, for all w e N

bf, = log a„ = log flj + {n -1) log r, for all« e N

Then, b„+i-b„ = [log a^ + n log r] - [log a^+in-1) log r] = log r for all« s N

Clearly, j = log r = Constant for all« e N.

Hence, bi,b2,... ,b,i,... le. log a-^, log 02,..., log .a
log r.

Conversely, let log log a2,..., log a„, ...he an A.P. with common difference d. Then,
log flf, + 1 - log = d for all nehJ.

Let

.. is an A.P. with common difference
n' ●

^1+ 1
= d for all« e N.log

a
n

%+ 1
= e^ (a constant) for alln e N.

.. is a G.P. with common ratio e^.ai,a2,a^,...,a,i,.

ILLUSTRATIVE EXAMPLES

BASED ON LOTS

Type I PROBLEMS BASED UPON FOLLOWING RESULTS:

(i) a, b, care in G.P. iff I?"

EXAMPLE 1 Ifp, q, r are in A.P., show that the pth, qth and rth terms of any G.P. are in G.P.
SOLUTION Let A be the first term and R the common ratio of a G.P. Then,

and a^ =AR’^

(ii) a, b, c are in A.P. iff 2h = a + c.- ac

-1-1

p a^=AR"’

We have to prove that Up, a^f, a^ are in G.P. For this it is sufficient to show that
{aqf ^ap.Or

a

(a/ = (ARl-y

{ay =

(ay = RP
(ay = (ARf-^)(AR'

Hence, Up, a^, are in G.P.

Now,

+ r-2
[●.' p, q, r are in A.P.2q=p + r]

-1

) — Up .a^
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lfa,b,c are in G.P., then prove that log a”, log b”, log c” are in A.P.

SOLUTION It is given that a, b, c are in G.P.
b^ =

EXAMPLE 2

ac

(b^f = (nc)
a c

2»
= log(/c")logb

=> log (b”)^ = log fl” + log c” => 2 log b” = log a” + log c” => log a”, log b”, log c” are in A.P
EXAMPLE 3 Three numbers zvhose sum is 15 are in A.P. If 1,4,19 be added to them respectively, then
they are in G.P. Find the numbers.

SOLUTION Let th^ three numbers he a - d, a, a + d. Then,

Sum =15 => {a - d) + a + {a + d) =15 => a =5.

So, the numbers are 5 - d, 5,5 + fr. Adding 1,4,19 respectively to these numbers, we get
6-d, 9, 24+ d. These numbers are in G.P.

9^=(6-d)(24 + d) => d^ + 18d-63=0=> (d + 21) (d-3) = 0 => d =-21 or, d = 3.

Hence, the numbers are 26,5, -16 or 2,5,8.

Type II PROBLEMS BASED UPON PROPERTIES OF G.P.

EXAMPLE 4 If a, b, c, d are in G.P., show that:

(i) (b - c)2 -f (c - af +{d- bf =(a~d)^
(ii) (flb + be + cd)^ = (a^ +b^ + c^) (b^ + + d^)

SOLUTION Let r be the common ratio of the G.P. a, b, c, d. Then,b = ar, c =ar^ and d=ar^.

(i) LHS = {b-cf+ (c~a)^+{d-bf

= {ar - ar^)^ + {ar^ - of' +{ar'^ - ar)^

= (1 - r)^ + a^ (r^ -1^) + (r^ -1)^

= fl^(r^-2r^+l) = a^(l-r^)

LHS = {ab + bc + cd)^ = {ax ar + ar.x ar^ + ar^ x ar= a\^ (1 + + r^)^

RHS = + b^ + c^) (b^ + + d^)

= {a^ + aV -t- a^r^) (a^r^ + a^r^ + a^r^)

= a^{l+r^ + r^) a^r^ {1 + + r^) = aV^ (1 +
LHS = RHS.

EXAMPLE 5 Ifa,b,c,d are in G.P., prove that a + b,b + c, c + dare also in G.P.

SOLUTION Let r be the common ratio of the G.P. a, b, c, d. Then, b =ar, c=ar^ and d=ar^

a + b= a + ar = a{l+r),b + c = ar + ar^ = ar(1 + r)and c + d =ar'^ + ar^ =ar'^ {1 + r)

= a^r^ (1 +r)^ =

[NCERTl

3x2
= (a-d)^ = RHS.= (a-ar )

(ii)

(b + c)^ = jar (1 + r)j |fl(l + r)||(!r^(l+r)|Now,

[v a + b=a(l+r), and c + d=ar (1+r)]= {a + b){c + d)

Hence, a + b,b + c, c + d are in G.P.

EXAMPLE 6 If a, b, c, dare in G.P., prove that ^ + b”, b” + c”, c" + d” are also in G.P. [NCERTl
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2 3
Let r be the common ratio of the G.P. a, b, c, d. Then, b =ar, c = ar and d = ar .

i" + c"=fl'’r" + /r^=/r"(l + r”),c

Clearly, {&” + c”)^ ={o” + 6”) {c” + fr”).
Hence, + b”, b” + c”, c" + fr” are in G.P.

SOLUTION

+ /=/r^ + /r^”=/r^'(l+r")ti

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

If a, b, c are in A.P. and x, y, z are in G.P., then show that ^ .y
c-a a-b

= 1..2EXAMPLE?

(NCERT EXEMPLAR]

SOLUTION It is given that
a, &, c are in A.P. ^ '2b-a + c

2

X, y, 2 are in G.P. => y =xz
b-c c-a a-b

...(ii)4

, I—\C-(I a-b
UXZ) 2

b-c
[Using (ii)ly 2

c-a c-a

2 2 fl -b-c
X z zX

c-a
2b-{a+c) {c+a)-2bb-c + c-a

a-b+2 0 0
= x z22 = X 2 = 1 [Using (i)]2= X 2

Ifmth,nth and pth terms of a G.P. form three consecutive terms of a G.P. Prove thatEXAMPLE 8

m, n and pform three consecutive terms of an arithmetic sequence.

SOLUTION Let a be the first term and r be the common ratio the G.P. Then,

p-lm-l n -

^ and Ojj - ar,On = ara ar
m

It is given that Up are in GP.

= r”*'*’P“^=> 2n-2 = m + p- 2=>2n-m + p=>m,n, parein AP.

P-l){ar X ar

2 2n-2
a r

2h-2
r

EXAMPLE 9 If a, b, c are in G.P. and x, y are the arithmetic means of a, b and b, c respectively, then prove
that:

c „ .112- = 2 and - + - = —

y b

a
- + —

X y

SOLUTION It is given that
2

fl, cf, c are in G.P. => h

X

= ac

a + b
...(ii)xis the A.M. of and x =

2

b + c

y is the A.M. of b and c ^ y = —— ...(iii)and.

b + c
— and V =	
2 ^ 2

a + b2a {b + c) + 2c {a + b)2a 2ca c

^ y
Now, X =+

{a + b){b + c)a+b b+c
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<j c _ 2{ab + lac + hc) _ 2 {ah + lac + be)

X y {ab-^ac + h^ + bc) {(ih^lac + bc)
1 1 2 2
— + —

X y a + b b + c

1^^ 1 ^ 2(fl + c + 2b) _ 2
^ y

EXAMPLE 10 If a, b, careinC.P.and a^^^ = b^^^ =c^^^, prove that x, y,zareinA.P. [NCERT]

[Using (i)]= 2

2 (fl + c + 2b) 2 (fl + c + 2b)
And, [Using (i)]2

(flb + b + ac + bc) {ab + 2b^ + be)

=>

b{a + lb + c) b

SOLUTION We have,

=b^^^ = c^^^ = X{say) => a = )f,b =}^ and c =
Now, a, b, c are in G.P.

a

b^ =X
x + z

=^> ly = x + z=> X, y, 2 are in A.P.

EXAMPLE 11 Ifa^+ b^, ab + bc and b^ + c^ are in G.P., prove that a, b, c are also in G.P.

-ac =>

SOLUTION It is given that

a^ +b^, ab + bc,b^ + c^ are in G.P.

(ab + bc)^ = (/ + b^)(b^ + c^)
ah'^ + bV + 2flb^c = ah^ + a^c^ + b^c^ + b^

b^ + a^c^ - lab^c = 0 => (b^ -ac)^ = 0 ^ b^ = ac => a,b, c are in G.P.

EXERCISE 19.5

BASIC

1. If a, b, c are in G.P., prove that log a, log b, log c are in A.P.

2. If a, b, c are in G.P., prove that —-— , , 	
log^m logi,m log^m

3. Find k such that k + 9,k -6 and 4 form three consecutive terms of a G.P.

4. Three numbers are in A.P. and their sum is 15. If 1,3,9 be added to them respectively, they
form a G.P. Find the numbers.

1 1
are in A.P.

BASED ON LOTS

5. The sum of three numbers which are consecutive terms of an A.P. is 21. If the second

number is reduced by 1 and the third is increased by 1, we obtain three consecutive terms of
a G.P. Find the numbers.

6. The sum of three numbers a,b, c in A.P. is 18. If a and b are each increased by 4 and c is
increased by 36, the new numbers form a G.P. Find a, b, c.

7. The sum of three numbers in G.P. is 56. If we subtract 1, 7, 21 from these numbers in that

order, we obtain an A.P. Find the numbers.

8. If a, b, c are in G.P., prove that:

(i) fl(b^ + c^)=c(fl^ + b^) r-x 2.2 2( 1 1 1
(,,)abc _ +_ + _

b c

= a

a

(a + b + c)^ a + b + c

(iv) 2 “2 "^ -b^ b^

1 1
(hi)

a^+b^+c^ b^-c^a-b + c a

(v) (fl + 2b + 2c) {<7 - 2b + 2c) = + 4c^.
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9. If a, b, c, d are in G.P., prove that:

(ii) (a + b + c + d)^ ={a + b)'^ +2{b + cf +{c + d)'^
b

ab -cd
(i) ,2 2

b -c

(iii) {b + c) (b + d) = (c + a) (c + d)

10. If a, b, c are in G.P., prove that the following are also in G.P.:

(i) a^,b^, (ii) a^, (iii) ^ , ab + bc, b^ +

11. lia,b,c,d are in G.P., prove that:

(i) (fl^ + b"^), + c^), (c^ + d^) are in G.P.

(ii) (fl^ - b^), {b^ - c^), (c^ - d^) are in G.P.

j are in G.P.

INCERT EXEMPLAR]

1 1 1
(iii)

(iv) {a^ + + c^), {ab +bc + cd), (b^ + + d^) are in G.P.

12. If {a - b), (b - c), (c - a) are in G.P., then prove that (a + b + c)^ = 3 {ab +bc + ca)

-i- ab + b^ b + a

13. If b, c are in G.P. then prove that:
c + bbe + ca + ab

th
14. If the 4^^, 10* and 16

are in G.P.

terms of a G.P. are x, y and z respectively. Prove that x, y, z
[NCERT]

BASED ON HOTS

15. If fl, b, c are in A.P. and a, b, d are in G.P., then prove that a, a - b, d -● c are in G.P.

16. Ifpfb,gt/i, rfb and sfb terms of an A.P. be in G.P., then prove that p -q, q-r,r -s are in G.P.
[NCERT]

^— are three consecutive terms of an A.P., prove that a, b, c are the three
1 1

17. If
fl + b ' 2b ^ b + c

consecutive terms of a G.P.

18. If x^' = x^^'^ z^^^ =2^, then prove that -, -, i are in A.P.
■ b c

111
19. If b, c are in A.P. b, c, d are in G.P. and - are in A.P., prove that a, c, e are in G.P.

c d e

2 2 2

20. If a, b, c are in A.P. and a, x, b andb, y, c are in G.P., show that x ,b ,y are in A.P.

21. If a, b, c are in A.P. and a,b, d are inG.P., show that a, {a -b),{d-c) are in G.P.

22. If a, b, c are three distinct real numbers in G.P. and a + b + c = xb, then prove that either
X <-l or X > 3.

a

ANSWERS

7. 8,16,32

14. 2046

3. 0 or 16 6. a = -2, b -6, c = 14 or a = 46, b = 6, c = - 34

8. 15,5, -5 or 3,5,7 9. 12,7,2 or 3,7,11

HINTS TO SELECTED PROBLEMS

2 2

1. a,b, care in G.P. => b =ac => logb =log ac=> 2 logb =loga + log c

2. a, b, c are in G.P.

.-. b^

=> 2 log,„ b =log„, a + logm c

= log,„ b^ =log ac= ac
m
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2 1 1 1 1 1
are in A.P.= + => , ,

log^m log^m log^m logam logj, m log^ m

3. It is given that cf + 9, cf - 6,4 are in G.P. => (fc - 6)^ = (A: + 9) x 4 => cf = 0,16.
14. Let the first term and common ratio of the G.P. be a and r respectively. It is given that

3 9 15 2 2 18 2 18 2
x=ar ,y = ar and z=ar =>y=flr and xz=a r =^> y = xz ^ a:, y, 2 are in G.P.

16. Let the first term and the common difference of the AP be a and d respectively.

It is given that its p^, and terms are in G.P. Let A be the first term and R be the

common ratio of the G.P. Then,

a + {p -1) d = A

a + (q-l)d=AR

a + {r -1) d =AR^

a + {s-l)d = AR^

Subtracting (ii) from (i), we get

...(i)

...(ii)

...{iii)

...(iv)

|fl + (p - l)i| -|fl + (9 - l)d| = A-AR => ip-q)d = A{l-R) ...(V)

Subtracting (iii) from (ii), we get

jfl + (/7-l)d|-|fl + (r-l)rf|=AK-AK^ => (q-r)d = AR(1-R)
Subtracting (iv) from (iii), we get

jfl + (r-l)d|-|fl + (s-l)dj = AR^-AR^ (r-s)d = AR^{1-R) ...(vii)
From (v), (vi) and (vii), we obtain that

{q-rfd^ = ip-q)d(r~s)d

...(vi)

=> ={p-q){r-s) => (p-(?),((?-r),(r-s) are in G.P.

2 1
are in A.P. Therefore, — =	

2b a + b b + c

1 1 ]_
a + b' 2b' b + c

17. It is given that -ac.

19. We have,

^=1 + 1
d e e

We have to eliminate b and d from these relations. Substitute b and d obtained from (i)
2

and (iii) in (ii) to get c
2

22. Let r be the common ratio of the G.P. Then, 1? =flr and c =flr .

2 2
Now, a + b + c = xb=>a + ar + ar =xar => r + (1 - x) r +1 = 0.

2
But, r is real. Therefore, Disc ^ 0 => x -2x-3>0=> x<-lorx>3

c^=bd ...(ii)2b =a + c ...(i) and. ...(iii)

= ae.

19.7 INSERTION OF GEOMETRIC MEANS BETWEEN TWO GIVEN NUMBERS

GEOMETRIC MEANS Let a and b be two given numbers. If n numbers Gj,G2,.../ G„ are inserted
between a and b such that the sequence a, Gj, G2,..., G„, b is <? G.P. Then the numbers Gj, G2,..., are
known as n geometric means (G.M.'s) between a and b.

GEOMETRIC MEAN If a single geometric mean G is inserted between two given numbers a and h, then
G is known as the geometric mean between a and b.
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Thus,

= ab G =G is the G.M. between a and b. <=> a,G,b are in G.P.

The geometric mean G between 4 and 9 is given by G = ^4x9 = 6.
The geometric mean G between -9 and -A is given by G = 9 x - 4 = - 6.

NOTE If a and b are two numbers of opposite signs, then geometric mean between them does not exist.

19.7.1 INSERTION OF GEOMETRIC MEANS BETWEEN TWO GIVEN NUMBERS

Let Gj, G2 ..., G„ be n geometric means between two given numbers a and b. Then,

a, G^, G2,..., G„, b is a G.P. consisting of (n + 2) terms. Let r be the common ratio of this G.P.
Then,

1

^b\+ln+ 1 bn+ 1
b = {n + 2)th term - ar => r - => r

a a
\ j

1
^s2/(n+l)2 n

...,.GGj = ar ,G2 = ar aa ara n

a

THEOREM If n geometric means are inserted between two quantities, then the product of n geometric
means is the nth power of the single geometric mean between the two quantities.

PROOF Let Gj, G2, G3,..., G„ be n geometric means between two quantities a and b and let G be
the single mean between <7 and cf. Then,

fl, Gj, G2,..., G„, b is a G.P. Let r be the common ratio of this G.P. Then,
1

2

and, Gi = flr, G2 = ar ,G^ = ar '

/ \ / 2\/ 3\ / H\ tt 1+2 + 3+... + W
G„ = {ar){ar ){ar )...{ar )=a r

3 p n

ar .r =

a
vv

Gj.G2.G3

«{h+ 1)
1 2h(h+ 1)

/'i.\ H
b n+ 1

nil ^n/2n n n

= ar 2 = a= a < = a■

a a
y V,”/

I =G [v G=yfab]
n

Q.E.D.

19.7.2 SOME IMPORTANT PROPERTIES OF ARITHMETIC AND GEOMETRIC MEANS

THEOREM 1 IfA and G are respectively arithmetic and geometric means between two positive numbers
a and b, then A>G.

PROOF We have. /4 = ^ ^ and G =
2

^^~4ab =
2

b-l4^ 1a +

^{4a-^|bf>0 ^ A>G.
THEOREM 2 If A and G are respectively arithmetic and geometric means between two positive

2 2

quantities a and b, then the quadratic equation having a, b as its roots is x - 2Ax + G =0.

Q.E.D.A-G =
2
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PROOF We have, A = and G = The equation having a and b as its roots is

-X {a+ b) + ab = 0 or, x^ - 2Ax + = 0
Q.E.D.

THEOREM 3 If A and G be the AM. and G.M. between two positive numbers, then the numbers are

A±^ G^. [NCERT]

PROOF The equation having its roots as the given numbers is

2A±^4A^ -4G^ = A±^A^-G^x^ -2Ax + G^ =0 => X =

I 2 2
Hence, the numbers are/I ± ~G .

Q.E.D.=> X

2

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

Type I INSERTION OF GEOMETRIC MEANS BETWEEN TWO NUMBERS

EXAMPLE 1 Insert 5 geometric means between 576 and 9.

SOLUTION Let Gi,G2,G3,G4,C5 be 5 geometric means between a =576 andi7 = 9. Then,
576, Gi, G2, G3, G4, (^, 9 is a G.P. with common ratio r given by

1 1
^ 1

TT-Usmg: r = -
9 V-' ^ 1 15+ 1 n+ 1

= _ 6 =r

576 1,64 2 a

ar =576 x - G2 = ar^ =576 X i =144,

G4 = ar'^ =576 x — = 36 and, =

Gi = - = 288,
2

G3 = =576x 1 =72, 5 =576x — = 18ar

328 16

Hence, 288,144,72,36,18 are the required geometric means between 576 and 9.

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

Type II PROBLEMS BASED UPON ARITHMETIC AND GEOMETRIC MEANS
.«+ 1 n+ 1

+ ba

EXAMPLE 2 Fmd the value of n SO that may be the geometric mean between a and b.
a’'+b

n

(NCERT)
H+ 1 H+ 1

+ ba

is the G.M. between a and b.SOLUTION It is given that
n

n+ 1 n+ 1
+ ba

= 4^
n

a^'-tb

n +

H+ 1 »+ 1
+ b =a

(n+1)
1/2 .1/2n+ 1 n+ 1

2 b -b<=> a - a a
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("+h
a ^

(«+l) («+|)

(««●

^/2_^i/2^0, asa^b]= &a a

1

1
= 0on = --

<7
= 1<=> <=>« + -

b b b 2 2
V' / \ ■^ /

EXAMPLE 3 Find two numbers zohose arithmetic mean is 34 and the geometric mean is 16.
SOLUTION Let the two numbers be a and b such that a>b.lt is given that AM and GM of a and b
are 34 and 16 respectively.

^ — = 34 and 4^ =16 => a+b =68 and ab = 256
2

{a-bf = {a + bf -4ab = (68)^ - 4x 256 = 3600 => = 60

Solving a + b =68 and fl -& = 60 simultaneously, we get a = 64 and b = 4. Hence, the required
numbers are 64 and 4.

ALITF-R Here, A = 34 and G =16. So, the numbers are

and A-^|A^ -G^

...{i)i.e.

[v a>b a-b >0]

VS4^-16^ =64 and 34-^34^-16^
EXAMPLE 4 If the A.M. and G.M. between two numbers are in the ratio m : n, then prove that the

numbers are in the ratio m + ^m^ -n^ : m -

= 4.A + i.e. 34 +

2
[NCERT]-n .

SOLUTION Let the two numbers be a and b. Let A and G be respectively the arithmetic and
geometric means between a and b. Then,

A = and G = 4^ => a + b = 2A and G^ = ab
2

The equation having a and b as its roots is

~{a + b)x + ab = 0 => x^-2Ax+ G^ =0 [Using (i)]

2A±JZi^
X = 2	

-4G^
X = A±^A^-G^2

I 2 2
Thus the two numbers are a = A + JA -G and b=A

It is given that: A :G =m:n=> A = Xm and G =Xn for some X

Substituting the values of A and G in a = A + ^A^ -G^ and b=A - -G^, we get
Xm + J?3 m^ -r? 2 2

m + m -n

^ a:b = \m + Jm^ -n^ : I m -Jm^ -n^
a a

r~2 2
4m -n’’ Xm- m -

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

TlJpW Ul ON GEOMETRIC AND ARITHMETIC MEANS

EXAMPLE 5 Find two positive numbers whose difference is 12 and whose AM. exceeds the G.M. by 2.
SOLUTION Let the two numbers be a and b such that a>b.lt is given that

a-b =12

It is also given that
AM-GM=2
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and GM = yfab
2

d +b r~r _
Vflb = 2

2

b -2^fab = 4 (-Jfl --Jb)^ = 4 4^ -'Jb =2

Now, fl -& = 12 => (Vfl + -s/^) (V^ --s/^) = 12 => (V^ + yjb) X (2) = 12=> ^ + yjb =6 ...(iii)

V AM =

...(ii)a +

Solving (ii) and (iii), we get a = 16,b = 4. Hence, the required numbers are 16 and 4.
2 2

EXAMPLE 6 If a,b,c are in G.P and the equations ax + 2bx + c = 0 and dx + 2ex + / = 0 have a

[NCERT]
d e f

common root, then show that—, -, —are inA.P.
a b c

2

It is given that a, b, c are in G.P. Therefore, b

Now, + 2bx + c = 0=> ax^ + 2 x + c = 0=>(V^x + ●fc)'^ =0=> -fax + Vc =0=> x =

SOLUTION ac.

c

\a

It is given that the equations ax + 2bx + c = 0 and dx +2ex + f -0 have a common root and the

equation ax + 2bx + c = 0 has equal roots both equal to - ^ -

- ^1^ is a root of the equation dx^ + 2e:c + / = 0

5+/ = 0=> + ^ = 0

\a'

a

d--2e [Dividing through out by c]

b^ = ac]

^Ja a ac ca

a b c

^ f d e f ■ „n
a b c

EXAMPLE 7 Let X be the arithmetic mean and y, z be two geometric means between any two positive
3 3

y +2

b a c

numbers. Then, prove that = 2.

xyz

SOLUTION Let a and b be two positive numbers. Then,
a + b

●●●(0X = A.M. of a and b=> x =
2

It is given that y and z are two geometric means between a and b. Then, a, y, z,b is a G.P. with
1

b) 2+ 1
common ratio r =

2/3 .1/31/3 .2/3 2
and, z=ar => z = a =>z=b=>y=b

y^+z^ =(b'/3.2/3j3^^^2/3^1/3j3 =t,a^^b^a=ab(a^b)
) = ab.

y^ +z^ = ab(a + b) and yz = ab =>y^+z^ =yz(a + b)=>y^ +z^ - yz(2A:)
3 3

y +z

aay = ar=> y = a

1/3 .2/3^ ^^2/3 .1/3yz = {band.

Now,

a a

[Using (i)]

= 2.

xyz
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EXAMPLE 8 If a is the AM. of b and c and the two geometric means are G;i and G2, then prove that
Gi + g| = 2 abc. [NCERT EXEMPLAR]
SOLUTION It is given that a is the A.M. of b and c.

b + c = 2a
2

SinceGj and G2 are twp^geometric means between b and c. Therefore, b, Gj, G2, c is a G.P. with

common ratio r = -

b + c
a

1/3

n2/3n1/3

^^1/3 ^2/3= G2=br^ =b

cf = b^c and gJ* =bc^=>G;^ + G2 = b^c+ bc^ = be (b + c) = 2abc

EXAMPLE 9 If one geometric mean G and two arithmetic means and A2 be inserted between two
given quantities, prove that G^ = {lA^ - Af) {2A2 - Af).

=br = b -
b

[Using (i)]

SOLUTION Let a and b be two given quantities. It is given that G is the geometric mean of a
and b

G - ^ G^ = ab -(i)

It is also given that A-^, A2 are two arithmetic means between a and b. Therefore,, a, A-[, A2,b is
b -a

an A.P. with common difference d =
3

b - a 2a+ b 2{b~a) a + 2b
A-^ = a + d = a + , A2 —

3 ^

= a and 2A2 -Ai = 2

a + 2d = a +
3 3 3

\ r \ f
2a+ b a + 2h a + 2b 2a+ b

= bSo, 2Aj-A2=2
I 3

{2Ai~A2){2A2-Ai) = ab => (2Aj - A2) (2^2 - Aj) = G^
Type III PROBLEMS ON A.M. > G.M.

EXAMPLE 10 Ifx, y,zare distinct positive numbers, then prove that{x + y) (y+ z) (z + x) > 8xyz.

3 3 3

[Using (i)]

[NCERT EXEMPLAR]
SOLUTION Using A.M. > G.M., we obtain

x + y I— y+z I— , z + x

' ^>yjy2 and ~
x + y>2.J^, y+2>2^^ and z + x>2fzx
{x + y){y+z){z + x)>2j^x2^x2fzx => (x + y) (y+ z) (2 +x) > 8xyz.

EXAMPLE 11 Ifxe R,find the minimum value of the expression 3^ + 3^”^.
[NCERT EXEMPLAR]

SOLUTION Using A.M. > G.M., we obtain

>^|3^x3
1-x

3^+3 1-x
for all X E K

2

l-x
3"" + 3 l-x

> ^3 for all X e jR ^ 3^ + 3

Hence, the minimum value of 3* + 3

S 2a/3 for all X e R

for any x e R is 2y[3.

EXAMPLE 12 If a, b, c, d are four distinct positive numbers in A.P. then show that be > ad.
[NCERT EXEMPLAR]

2

l-x

 

 



 

 

MATHEMATICS-X!19.50

It is given that a, b, c, d are in A.P. Therefore, a, b, c are in A.P. and hence & is theSOLUTION

A.M. of a and c. But, the G.M. of a and c is

A.M. of a and c > G.M. of a and c ^ b > ^ b^ >ac ...(i)

Again, c, are in A.P. => b, c, d are in A.P. => c is the A.M of & and fr. But, The G.M. of &
and d is

A.M. of b and d > G.M. of b and d => c> Vm => >bd ...(ii)
2 2

From (i) and (ii), we obtain: b c > (ac) (bd) => bc> ad.

EXAMPLE 13 If a, b, c, d are four distinct positive numbers in G.P. then show that a + d >b + c.
[NCERT EXEMPLAR]

SOLUTION It is given that a, b, c, d are in G.P. Therefore, a, b, c are in G.P. and hence, b is the

G.M of a and c But, A.M. of a and c is .
2

a + c
A.M. of a and c > G.M. of a and c => >b => a + c>2b ...(i)

2

Again, a, b, c, d are in G.P. Therefore, b, c, d are in G.P. and hence, c is the G.M. of b and d.

But, A.M. of b and d is ^ ^ .
2

b + d
A.M. of b and d > G.M. of b and d => >c => b + d>2c ...(ii)

2

Adding (i) and (ii), we obtain

a + c + b + d>2b + 2c^ a + d>b + c

EXERCISE 19.6

BASIC

Insert 6 geometric means between 27 and —.1.
81

1

Insert 5 geometric means between 16 and —.

32 , 81
and —.

2.

Insert 5 geometric means between —

If fl is the G.M. of 2 and —, find a.
4

Find the geometric means of the following pairs of numbers:

(i) 2 and 8

3.
2

4.

5.

(ii) and ab^ (iii) - 8 and - 2

BASED ON LOTS

Find the two numbers whose A.M. is 25 and GM is 20.

Construct a quadratic in x such that A.M. of its roots is A and G.M. is G.

6.

7.

The sum of two numbers is 6 times their geometric means, show that the numbers are in the
[NCERT]

8.

ratio(3 + 2V2):(3-2V2).

If AM and GM of roots of a quadratic equation are 8 and 5 respectively, then obtain the
quadratic equation.

If AM and GM of two positive numbers a and b are 10 and 8 respectively, find the numbers
[NCERT]

9.

[NCERT]

10.
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BASED ON HOTS

11. Prove that the product of n geometric means between two quantities is equal to the «th
power of a geometric mean of those two quantities.

12. If the A.M. of two positive numbers a and b (a>b) is twice their geometric mean. Prove
that: a:b = (2 + ^3): (2 - a/3).

13. If one A.M., A and two geometric means and G2 inserted between any two positive

numbers, show that
G? . g| [NCERT EXEMPLAR]= 2A.

G2 Gi

ANSWERS

"'i1 1 j_
3' 9' 27

2. 8, 4, 2,1,-
2

6. 40,

3.—,8,12,18, 27
3

7. -2Ax + g'^=0

10.4,16 or 16,4

1- 9, 3,1,-

(ii) aV (ui) -45<i) 4

9.x^-16;c + 25 = 0

HINTS TO SELECTED PROBLEMS

8. Let the numbers be a and b. Further, let A and G denote their arithmetic and geometric

means respectively. It is given that
a + b

a + b = 6G => = 3G=>A = 3G.
2

Numbers a and b are roots of the quadratic equation

x^ -X (a + b) + ab = 0 or, -2 Ax + = 0 or, - 6 Gx + G^ =0 [■.■ A = 3G]

6G± J36G^-4G^ ^ ^ ^
=> a: = ^ = 3G±2V2G= 3G±2^/2G= (3±2V2)G

2

= (3 + 2^)GandiJ =(3-2V2)G

Hence, a: b =(3 + 2 ^2) :{3 - 2 V2)

9. The quadratic equation is -2Ax + G^ = 0i.e. x^ -16x + 25 = 0.

2 2 2

10. The quadratic equation having numbers as roots is a: - 2Ax + G = 0 or x - 20x + 64 = 0.

Now, -20x + 64 = 0 => (x-16)(x-4) = 0 ^ x = 16, 4.

a

Hence, the numbers 4 and 16.

13. Let a and b be two numbers. Then,

a + b
1/3 ^2/3 [See Examples 7,8]A = — ,Gi =2 ^

G|^ ^2 _G^ + G2^ _ a^b + ab^
G| + G2

a

= a+ b =2A
abG2 Gj

FILL IN THEBLANKSTYPEQUESTIONS(FBQs)

1. The third term of a G.P. is the square of its first term. If its third term is 8, then the common
ratio is	

2. The sum of first two terms of a G.P. is 1 and every term is twice the previous term. The first
term of the G.P. is	
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3. In a geometric progression consisting of positive terms, each term equals the sum of the
next two terms. Then the common ratio of the progression is	

4. If Aj, A2 are the two arithmetic means between two numbers a and b and Gj, G2 are two
Aj + A2

geometric means between same two numbers, then
Gi G2

5. If A and G are the arithmetic and geometric means, respectively, of the roots of a quadratic
equation. Then, the equation is	

6. If three positive real numbers a, b, c are in A.P. and abc = 4, then the minimum possible
value of b is	

7. The sum of infinity of the series 9 - 3+1--^+,
8. The value of the product (32) X (32)^'^^ X (32)^'^^^ x

2
9. If the sum of the series 3 + 3x + 3x +

,,is

to 00, is

45
, than X =to 00 is

8

10. The product of n geometric means between a and b is	

11. The minimum value of the expression 3* + 3^ ^, x ^R,is
a-b

12. If a, b, c are in G.P. then the value of is equal to	

13. The third term of a G.P. is 4, the product of the first five terms is

h-c

ANSWERS

3.^ 4. a + b 7.^5. x^-2Ax + G^ =02. 1/3

9.1

1. 2
ab 42

11. 2^/3 12. - or -
b c

n/2 13. 4^8. 64 10. (ab)
15

VERY SHORT ANSWER QUESTIONS (VSAQs)

Answer each of the following questions in one word or one sentence or as per exact requirement of the
question:

1. If the fifth term of a G.P. is 2, then write the product of its 9 terms.

2. If {p + q)^ and {p -q)^ terms of a G.P. are m and n respectively, then write its pth term.
y/0

3. If log;^ a, a and logf, x are in G.P., then write the value of x.

9
4. If the sum of an infinite decreasing G.P. is 3 and the sum of the squares of its term is — , then

write its first term and common difference.

5. If p^, q^ and terms of a G.P. are x,y,z respectively, then write the value of

6. If Aj, A2 be two AM's and Gj, G2 be two GM's between a andfe, then find the value of
A| + A2

Gj G2

7. If second, third and sixth terms of an A.P. are consecutive terms of a G.P., write the

common ratio of the G.P.

8. Write the quadratic equation the arithmetic and geometric means of whose roots are A and
G respectively.
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9. Write the product of n geometric means between two numbers a and b.

10. If a =l+b+b +b +... tooo, then write& in termsof rtgiven that| & I <1.

ANSWERS

a + b

2. -Jitin

8. -2Ax + G^

1. 512 3. logfl (logj, a) 5. 14. a 6.
ab

a-Inil
9. (ab)7. 3 = 0 10.

a

MULTIPLE CHOICE QUESTIONS (MCQs)

Mark the correct alternative in each of the following:

1. If in an infinite G.P., first term is equal to 10 times the sum of all successive terms, then its
common ratio is

(a) 1/10

2. If the first termof aG.P. ^2/ ^3/ ...isimity such that4 ^2 +5 <73 is least, then the common
ratio of G.P. is

(a) -2/5

3, If a, b, c are in A.P. and x, y, z are in G.P., then the value of x

(c) xyz

(c) 1/9 (d) 1/20.(b) 1/11

(d) none of these
b-c c-a a-b■

(b) -3/5 (c) 2/5

y z IS

(d)(a) 0 (b) 1

4. The first three of four given numbers are in G.P. and their last three are in A.P. with
common difference 6. If first and fourth numbers are equal, then the first number is

(c) 6

5. If c are inG.P. and then xyz are in

(c) HP

(d) 8(a) 2 (b) 4

(d) none of these
2

6. If S be the sum, P the product and R be the sum of the reciprocals of n terms of a GP, then P
is equal to

(a) S/R

(a) AP (b) GP

n

(d) (S/R)'(b) R/S (c) (R/S)

7. The fractional value of 2.357 is

(b) 2379/997

8. If pth, qth and rth terms of an A.P. are in G.P., then the common ratio of this G.P. is

(d) none of these

(d) none of these(a) 2355/1001 (d) 2355/999

p-q q-r
(b) (c) pqr(a)

p-q

9. The value of 9^^^ ■9^''^-9^^^^

q-r

... to 00, is

(d) none of these

10. The sum of an infinite G.P. is 4 and the sum of the cubes of its terms is 92. The common ratio

of the original G.P. is
(a) 1/2

(a) 1 (b) 3 (c) 9

(d) -1/2(c) 1/3

11. If the sum of first two terms of an infinite GP is 1 and every term is twice the sum of all the
successive terms, then its first term is

(b) 2/3

(d) 3/4(b) 2/3 (c) 1/4(a) 1/3
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The «th term of a G.P. is 128 and the sum of its n terms is 225. If its common ratio is 2, then its

first term is

12.

(d) none of these

If second term of a G.P. is 2 and the sum of its infinite terms is 8, then its first term is

(a) 1 (b) 3 (c) 8

13.

(c) 2 (d) 4(a) 1/4 (b) 1/2

If a, b, c are in G.P. and x, y are AM's between a, b and b, c respectively, then

(c) - + - =
^ y

If A be one A.M. and p, q be two G.M.'s between two numbers, then 2 A is equal to
2 2

P +?

14.

/.jx 1 1 2
(d) - + -=r

X y b
(b) - +

X y 2
(a) -- + - = 2

^ y a

15.

3 _33 3

P

(d)f
If p, g be two A.M.'s and G be one G.M. between two numbers, then G =

{a) {2p~q){p-2q) Qy) (2p-q){2q-p) {c) {2 p-q) {p + 2 q) (d) none of these

(l-:c)^ (l-;c)^

(1+;c)^ ' {1 (1 + x)^

(d) none of these

(b)^ (c)(a)
2P^

16.

1 -a:

If X is positive, the sum to infinity of the series 	17. +...1S

O') 3/4

If (4^) (4^) (4^) (4^^).... (4^^) = (0.0625)

(a) 1/2 (c) 1

-54
, the value of x is18.

(b) 8 (c)9 (d) 10(a) 7

yt-100
X

equalsGiven that a; > 0, the sum S
« = l

19.
x + 1

x + l
(c)

2a: +1

In a G.P. of even number of terms, the sum of all terms is five times the sum of the odd

terms. The common ratio of the G.P. is

(d)(b) a: + 1(a) ;c
2;c + l

20.

(a)-|
1

(d) none of these(b)- (c) 4

[NCERT EXEMPLAR]

3 3

y +z .
Let x be the A.M. and y, z be two G.M.s between two positive numbers. Then,21. is

xyz

equal to

(c)i (d) none of these(a) 1 (b) 2

1/361/6
The product {32), (32)

(a) 64

(32) ...to 00 is equal to

(c) 32

22.

(d) 0(b) 16

The two geometric means between the numbers 1 and 64 are

(a) 1 and 64

In a G.P. if the (m + «)‘" term is p and {m - n)"' term is q, then its m"‘ term is

23.

(c) 2 and 16 (d) 8 and 16(b) 4 and 16

thth th
24.
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1

(c) 7^(a) 0 (b) pq (d) -(p + q)

25. Let S be the sum, P be the product and R be the sum of the reciprocals of 3 terms of a G.P.

then P^R ^ is equal to

(a) 1:1

2 2
(c) (First term) (Common ratio)

(b) (Common ratio)” : 1

(d) none of these [NCERT EXEMPLAR]

26. If X, y, z are positive integers then value of the expression (a: + y) (y + 2) (2 + x) is

(a) =8A:yz (b) >Sxyz (c) < 8A:y2 (d) =4txyz

INCERT EXEMPLAR]

27. In a G.P. of positive terms, if any term is equal to the sum of the next two terms. Then the
common ratio of the G.P.

(a) sin 18° (b) 2 cos 18° (c) cos 18° (d) 2 sin 18°

INCERT EXEMPLAR]

28. The lengths of three unequal edges of a rectangular solid block are in G.P. The volume of
the block is 216 cm^ and the total surface area is 252 cm^. The length of the longest edge is

(a) 12 cm (b) 6 cm (c) 18 cm (d) 3 cm

INCERT EXEMPLAR]

29. The minimum value of 4^ + 4 , X eR, is

(a) 2 (b) 4 (c) 1 (d) 0

INCERT EXEMPLAR]

30. If X, 2y, 3z are in A.P., where the distinct numbers x, y, 2 are in G.P., then the common ratio
of the G.P. is

1 1
(a) 3 (b)- (c) 2 (d)-

INCERT EXEMPLAR]

ANSWERS

1. (b)

9. (b)

17. (a)

25. (a)

2. (a)

10. (a)

18. (b)

26. (b)

3. (b)

11. (d)

19. (b)

27. (d)

4. (d)

12. (a)

20. (c)

28. (a)

5. (a)

13. (d)

21. (b)

29. (b)

6. (d)

14. (d)

22. (a)

30. (b)

7. (c)

15. (a)

23. (b)

8. (b)

16. (b)

24. (c)

ACTIVITY

OBJECTIVE To show that the arithmetic mean of two distinct positive numbers is always

greater than the geometric mean.

MATERIALS REQUIRED Cardboard, chart papers of different colours, coloured pencils,

thumbpins, adhesive etc.

STEPS OF CONSTRUCTION

Cut four rectangles of dimensionayb,{a>b) from coloured chart papers of different
colours.

Step I
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Paste these four rectangles on the drawing board and name them as I, II, III and IV as
shown in Fig. 19.2.

Step II

<- I?

D

ra

Y R

A °A
a-b >

A
II
ca

:iLIV Va
A

< a-b > QP

I

V

A< ft X- a

Fig. 19.2

STEPS OF DEMONSTRATION

Step I ABCD is a square each side of which is of length (a + b) units. So, its area is
2

(a + b) sq. units.

We find that:

Area of rectangle l=ab sq. units

Area of rectangle II = ab sq. units

Area of rectangle III = ab sq. units

Area of rectangle XW = ab sq. units

Clearly, PQRS is a square of side (a -b) units.

Area of square PQRS = (a-b)^ sq. units.

Step II It is evident from Fig. 19.2 that

Area of square ABCD =Sum of the areas of four rectangles I, II, III, IV

+ Area of square PQRS

=> Area square ABCD > Sum of the areas of four rectangles I, II, III, and IV

=> (a + b)^ >4ab

(a + b)^
>ab

4

a + b
=>AM>GM.

2
>ab =>

2 )
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SUMMARY

1. A sequence of non-zero numbers is called a geometric progression if the ratio of a term, and

the term preceding to it is always a constant quantity. The constant ratio is called the
common ratio of the G.P.

2. If «3/ ●●●/ ●●● is a G.P., then the expression + fi2 + ^3 + ^ is called a
geometric series.

3. The «th term of a G.P. with first term 'a' and common ratio Y is given by a„ = ar
H-1

Ih th
4. If a G.P. consists of m terms, then n term from the end is (m -n -f 1) term from the

beginning and is given by flr”'" ”.
/i V'-l1

If I is the last term of a G.P., then ?ith term from the end is given by I -
r

5. In a G.P., the product of the terms equidistant from the beginning and the end is always

same and is equal to the product of first and last term.

6. It is always convenient to select the terms of a G.P. in the following manner:

No. of terms Terms Common ratio

a

3 - ,a,ar r

r

a a

?'r
a a

r ^

7. If sum of n terms of a G.P. with first term 'a' and common ratio is given by

3 2
4 -, ar, ar r

2
5 - , a, ar, ar r

n n

r -1 ^
— or, ^ =

1-r
S„ = a ,ii r ^ 1a

1 -r

^ = «, if r = 1

Ir-a
Also, ^ = or, S,, = where 1 is the last term.

r-1 '1 -r

8. If all the terms of G.P. be multiplied or divided by the same non-zero constant, then it
remains a G.P. with the same common ratio.

9. The reciprocals of the terms of a given G.P. form a G.P.

in. If each term of a G.P. be raised to tlie same power the resulting sequence also forms a G.P.

11. Three numbers a, b, c are in G.P. iff b = ac. If a, b, c are in G.P., then b is known as the

geometric mean of a and c.

12. If the terms of a given G.P. are chosen at regular intervals, then the new sequence so formed
also forms a G.P.

13. Let a and b be two given numbers. If n numbers Gj, G2, G3,..., G„ are inserted between

aandb such that the sequence a, G^, G2,, G„,is a G.P-, then the numbers

Gj, G2, G3,..., G„ are known as n geometric means between a and b.
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i-V''""'
The common ratio of tlie G.P. is given by r =

The geometric mean of a and b is given by

If n geometric means are inserted between two quantities, then the product of n geometric

power of the single geometric mean between the two quantities.

If A and G are respectively arithmetic and geometric means between two positive numbers
a and b, then

(i) A >G
2 2

(ii) the quadratic equation having a, b as its roots is x - 2Ax + G =0

14.

15.

th
means is n

16.

A-^A^ -G^a:b = A +(iii)
/ V

If AM and GM between two numbers are in the ratio m: n, then the numbers are in the ratio

m + -n^ :m~Jm

17.

 

 


