CHAPTER 2

RELATIONS

2,1 INTRODUCTION

In previous chapter, we have discussed various operations on sets to create more sets out of
given sets. In this chapter, we shall study one more operation which is known as the cartesian
product of sets. This will finally enable us to introduce the concept of relation.

2.2 ORDERED PAIRS
ORDERED PAIR  An ordered pair consists of two objects or elements in a given fixed order.

For example, if A and B are any two sets, then by an ordered pair of elements we mean a pair
(a, b) in that order, where a € A, b ¢ B.

NOTE An ordered pair is not a set consisting of two elements. The ordering of the two elements in an
ordered pair is important and the two elements need not be distinct.

ILLUSTRATION 1 The position of a point in a two dimensional plane in cartesian coordinates is
represented by an ordered pair. Accordingly, the ordered pairs (1, 3), (2, 4), (2, 3) and (3, 2) represent
different points in a plane.

EQUALITY OF ORDERED PAIRS Two ordered pairs (a1, by) and (ay, by) are equal iff a;=a, and
by=b,.

ie. (ﬂ], bl) = (Rz, bz) ) =y and bl = bz

It is evident from this definition that (1, 2) = (2, 1)and (1, 1) = (2, 2).

ILLUSTRATION 2 Find the values ofaand b, if (3a—2,b + 3) =(2a -1, 3).

SOLUTION By the definition of equality of ordered pairs, we obtain
(3a-2,b+3) =(2a-1,3) & 3a-2=2a-1and b+3=3 < a=1 and b=0

2.3 CARTESIAN PRODUCT OF SETS

CARTESIAN PRODUCT OF SETS  Let A and B be any two non-empty sets. The set of all ordered pairs
(a,b) such that a € A and b € B is called the cartesian product of sets A and B and is denoted by A x B.
Thus, AxB={(a,b):acA and b eB).
If A=¢ or B=¢, then wedefine Ax B=¢.
ILLUSTRATION1 IfA={2,4, 6} and B={1, 2}, then

AxB =(2,4,6}x{1,2} ={(2,1),(2,2),(4,1),(4,2),(6,1), (6, 2)
and, BxA =1{1,2}x(2,4,6} =((1,2),(1,4),1,6),(2,2),(2,4),(2, 6)

Itis evident from the above illustration that to write A x B, we take an element from set A and
form all ordered pairs with this element as first element and elements of B as second elements.
Next we choose another element from A and corresponding to each element in B we form
ordered pairs with this element as first element and elements of B as second elements. This
process is continued till all elements of A are exhausted.
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ILLUSTRATION2 If A=[a,b) and B={1,2,3), find AxB, BxA, AxA, BxB and
(A x By n(Bx A).
SOLUTION We have, A ={a,b}and B={1, 2, 3}

AxB = ((a,1),(a,2),(a,3),(1,1), (0, 2), 0 3

Bx A ={(1,a),(1,b),(2,a),(2,b),(3,a),(3,b)

Ax A = {(a,a),(a,b), b, a), b, b)

Bx B = {(1,1),(1,2),(1, 3),(2,1),(2,2),(2,3),(3,1),(3,2),(3, 3)}
Clearly, (Ax By n{Bx A)=¢.

CARTESIAN PRODUCT OF THREE SETS Let A, Band C be three sets. Then, A x B x C is the set of all
ordered triplets having first element from A, second element from Band third element fromC.

ie. AxBxC = {(a,b,c):acA,beB, ceC}
ILLUSTRATION3 IfA =(1,2},B = (3,4}andC = {4,5, 6). Then,
AxB ={1,2)x{3,4 = {1, 3),(1,4),(2 3),(2 4}
and, AxBxC ={(1,3,4),(1,3,5),(13,6),(1,4,4),(1,4,5),Q1,4,6),(2,3, 4),(2, 3,5),
(2,3,6),(2,4,4),(2,4,5),(2, 4, 6)}
NOTE If should be noted that Ax BxC #(Ax ByxC = Ax(BxC).

If Ay, Ay, As, ..., Ay arensets, then the cartesian product Aqx Ay x...x A, of these nsets is the
set of all n-tuples of the form (ay, a5, a3, ..., a,), where gy € A, ay €Ay, ..., @y € Ay

ie. Ay x Ay % .x Ay = {(ag, 8y, 83, ..., 8y) 10y € Ay, 8y € Ay, a3 €Az, ..., 0y €4y}
2.3.1 NUMBER OF ELEMENTS IN THE CARTESIAN PRODUCT OF TWO SETS
THEOREM If A and B are two finite sets, then n (A x B) = n(A)xn(B).
PROOF Let A = (ay,ay,a3,..., 4y) and B = {by, by, b3, ..., byl be two sets having m andn
elements respectively. Then,
Ax B = {(ay, by), (a1, by), (a1, b3), ..., (a1, by)
(a3, by), (a3, b3), (a3, b3) ..., (a3, by)

(8, b)), (@ b2)r (a4 , b3) s (ay, bn)}
Clearly, in the tabular representation of A x Bthere aremrows of ordered pairs and each row has
n distinct ordered pairs. So, A x B has mn elements.

Hence, n(Ax B) = mn = n(A)xn(B) Q.E.D.
REMARK (i) If cither A or B is an infinite set, then A x Bis an infinite set.
(i) If A, B, C are finite sets, then n(Ax Bx C)=n (A) x n(B)xn(C)

2.3.2 GRAPHICAL REPRESENTATION OF CARTESIAN PRODUCT OF SETS

Let A and B be any two non-empty sets. To represent A x B graphically, we draw two mutually
perpendicular lines, one horizontal and other vertical. On the horizontal line, we represent the
elements of set A and on the vertical line, the elements of B.Ifa € A, b € B, we draw a vertical
line through a and a horizontal line through b. These two lines will meet in a point which will
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denote the ordered pair (g, b). In this manner we mark points corresponding to each ordered pair
in A x B. The set of points so obtained represents A x B graphically as illustrated below.

ILLUSTRATION [fA ={1, 2, 3} and B=(2, 4}, find A x Band show it graphically.
SOLUTION Clearly, AxB = {(1; 2)r (1r 4)f (2r 2)1 (21 4)f (3r 2)1 (3: 4’)}'

—

(1,4)(2,4)(3,4)
In order to represent A x B graphically, we draw two perpendicular 4 - * *
lines OX and OY as shown in Fig. 2.1. Now, we represent the set A by
three points on OX and the set B by two points on OY. The set AxB is ,| . . .
(1.2)(2.2)(3,2)

represented by the six points as shown in Fig. 2.1.

@ 2 X
Fig. 2.1

2.3.3 DIAGRAMATIC REPRESENTATION OF CARTESIAN PRODUCT OF TWO SETS

In order to represent A x Bby an arrow diagram, we first draw Venn diagrams representing sets
A and B one opposite to the other as shown in Fig. 2.2. Now, we draw line segments starting
from each element of A and terminating to each element of set B.

Fig. 2.2

IfA = (1, 3,5)and B = {a, b}, then following figure gives the arrow diagram of A x B.

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

Typt.’ I ON EQUALITY OF ORDERED PAIRS
EXAMPLE1 Find x and y, if (x + 3, 5) =(6, 2x + y).
SOLUTION By the definition of equality of ordered pairs

(x+3,5 =(6,2x+y)
= x+3 =6 and 5 = 2x+y
= x=3and 5 =2x+y=>x=3,5=6+y=x =3andy = -1
Type IT ON FINDING THE CARTESIAN PRODUCT OF TWO SETS
EXAMPLE2 IfA={1, 3,5, 6} and B=(2, 4}, find A x Band Bx A.
SOLUTION We have, A ={1, 3,5, 6} and B = {2, 4}. Therefore,

AxB ={(1,2),(1,4),(3,2),(3,4),5,2),5,49,(6,2),(6, 4}
and, BxA ={(2,1),(2,3),(2,5),(2,6),(4,1),(4, 3),(4,5), (4, 6)}
EXAMPLE3 IfA=(1,2, 3}, B={3, 4} andC ={1, 3, 5}, find

(i) Ax(BuC) (i) Ax(BnC) (iii) (Ax B)n(AxCQC)
SOLUTION (i) Clearly, BuwC =({1, 3, 4, 5}
Lo Asc(BUE) =41;2, 3)x{1, 3,4,5)
=1{(1,1),(, 3),Q1,4),@1,5),(2,1).(2 3),(24),(2,5),(3,1),(3, 3), (3, 4, (3,5}

(ii) Clearly, BnC ={3).

Ax(BnC)=(1, 2, 3} x {3} ={(1, 3),(2, 3), (3, 3)}
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(i)  AxB={(1,3),(14),.(2 3),(2,4),(3, 3),(3,49)
and, AxC ={(1,1),(1,3),(1,5),(2,1),(2, 3),(2,5.(3,1),(3, 3),(3,5)
(AxB)n(AxC) = {((1, 3),(2, 3),(3, 3}
EXAMPLE4 Let A = (1,2, 3}and B = |x:x €N, xis prime less than 5). Find A x Band B x A.
SOLUTION Wehave, A={1,2, 3} and, B = {x:xeN, xis prime less than5}=(2,3}
. AxB =(1,2,3}x{2, 3} ={(1,2),(1,3),(2,2),(23),(3,2),(3, 3)}
and, BxA =1{2,3}%{1.2,3} = {(2,1),(2,2),(2, 3),(3,1),(3,2),(3,.3))
EXAMPLE5 IfAx B={(a,1),(a,5),(a,2),({,2),",5),@®, 1}, find Bx A.
SOLUTION Clearly, Bx A can be obtained from Ax B by interchanging the entries (or
components) of ordered pairin A x B.
Bx A ={(@1,a),(5,a),(2,a),(2,b),(5,b),(1,b)}
EXAMPLE6 If A = {1, 2}, form the set Ax A x A.
SOLUTION We have, A ={1, 2}.
o AxA ={(1.1),01,2),(21),(22)
and, AxAxA ={1.1,1,1,1.2:1,2.1);1,2, 2),(2.1,1}(2,1,2):(2,2.1),(2, 2. 2)}
EXAMPLE7 If R is the set of all real numbers, what do the cartesian products R x R and R x R x R
represent?
SOLUTION The cartesian product of the set R of all real numbers with itselfi.e. R x R is the set of
all ordered pairs (x, y) where x, y € R. In other words, R x R ={(x, y):x, y € R].
Clearly, R x R is the set of all points in XY-plane. The set R x R is also denoted by R?.
Similarly, we obtain: Rx Rx R = {(x,y,2):x,y,zeR}
Clearly, it represents the set of all points in space. The set R x R x R is also denoted by R =3

EXAMPLES Express A = {(a,b):2a+b =5, a,b € W} as the set of ordered pairs.
SOLUTION Here, W denotes the set of whole numbers (non-negative integers).
We have, 2a+b = 5 wherea,beW.

g=0=b=hua=1l=pb=3and i=2=.b=i1
For a > 3, the values of b given by the above relation are not whole numbers.

A ={(0,5), (1, 3),(2, 1}
Type III ON FINDING SETS A AND B WHEN A x B OR SOME ELEMENTS OF A x B ARE GIVEN
EXAMPLEY IfAx B={(a, 1), (b, 3),(a, 3),(,1),(a, 2), (b, 2)}, find A and B.
SOLUTION Clearly, A is the set of all first components in ordered pairsin A x Band B is the set of
all second components in ordered pairs in A x B.

A =lab} and B = {1, 2, 3}

EXAMPLE 10 Let A and B be two sets such that A x B consists of 6 elements. If three elements of A x B
are:(1,4),(2,6),(3,6). Find Ax Band B x A.

SOLUTION Since (1, 4), (2, 6) and (3, 6) are elements of A x B. It follows that 1, 2, 3 are elements of
Aand 4, 6 are elements of B. Ttis given that A x Bhas 6 elements. S0, A = {1,2, 3} and B={4, 6}.

Hence, AxB =1{1,2,3}x{4,6] = {(1,4),(1,6),(2,4),(2,6),(3,4),(3, 6)}

and, Bx A = {4,6}x(1,2, 3] ={(4,1),(4,2),(4, 3),(6,1),(6, 2),(6, 3)}

EXAMPLE 11 The cartesian product A x A has 9 elements among which are found (-1, 0) and (0, 1).
Find the set A and the remaining elements of A x A.

SOLUTION Given that(-1,0)e A x A and (0,1) € A x A.

Now, (-1,00eAxA = -1,0€A and, (0,1)eAxA = 0,1cA
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-1,0,1€A
It is given that A x A has 9 elements. Therefore, A has exactly three elements.
Hence, A =(-1,0,1} and remaining elements of A x A are(-1, -1), (-1, 1), (0, =1), (0, 0), (1, -1),
(1, 0),(1,1).
EXAMPLE 12 Let A and B be two sets such thatn (A) = 5andn(B) = 2.Ifa, b, ¢, d, earedistinct and
(a,2), (b, 3),(c, 2),(d, 3), (e, 2)arein A x B, find A and B.
SOLUTION It is given that (g, 2), (b, 3), (c, 2),(d, 3), (¢, 2) are elements of A x B. Therefore,
a,b,c,d,eeA and 2, 3 €B.
Itis also given that n(A) = 5and n(B) = 2

a,b,c,d,ecA and n(A) =5 = A = [a,b,c,d, e}

2,3eB and n(B) =2 = B = (2, 3}
Type IV ON GRAPHICAL AND DIAGRAMATIC REPRESENTATION OF A x B

EXAMPLE 13 Let A={-1, 3, 4} and B ={2, 3}. Represent the following products graphically i.e. by
lattices: (1) AxB  (ii) BxA  (iii) AxA

SOLUTION (i) Wehave, A ={-1, 3, 4} and B={2, 3}. AY
w AxB ={(-1,2),(-1, 3),(3,2),(3, 3), (4, 2), (4, 3)
In order to represent A x B graphically, we follow the (= 3}?..........?? ................. (3.3) ..... +(4,3)

following steps:

Step I Draw two mutually perpendicular lines one ; 2 (3.2
horizontal and other vertical. 1 .

Step I On the horizontal line represent the elements of b3 ox
set A and on the vertical line represent the s T 7 . B
elements of set B.

Step I  Draw vertical dotted lines through points re- Fig. 2.3 Graphical representation
presenting elements of A on horizontal line and of AxB

horizontal lines through points representing

elements of B on the vertical line. Points of intersection of these lines will represent
A x B graphically as shown in Fig. 2.3.
(ii) Clearl}’, BxA = 12: 3’ x [_11 3: 4] = {(21 ‘1)/ (2: 3): (2.r 4)/ (3r _1)1 (3l 3): (3: 4)]
Here, we represent B on the horizontal line and A on vertical line. Graphical representation of
B x A is as shown in Fig. 2.4.

AY
AY 3.4)
2.4 1 4)... S
S5}t (94 { 1,4)__:, ______ T e . (4,4)
.......... o (3,3 15 1O N (O 0 /- O
et ot e uu A ¥
1 H
1
i : X
o Tttt ; o >
S > Sr o] T 2 (3 il 2
1 2 i3 X PRI Rl WSSOI S T
o e Tt e R s ER = V)| S
(2,-1): 3,1 : i |
Fig. 2.4 Graphical representation of B x A Fig. 2.5 Graphical representation of A x A

(iii) We have, A ={1, 3, 4}
AxA ={-1,3,4x(-1,3,4)
= {(-1,-1),(-1, 3).(-1, 4),(3,-1),(3, 3), (3, 4), (4, -1), (4, 3), (4, )}
Graphical representation of A x A is shown in Fig. 2.5.



26 MATHEMATICS-XI

EXAMPLE14 IfA = (1, 3,5}, B = {x, y} represent the following products by arrow diagrams:
(i) AxB (ii) Bx A (iii)) Ax A (iv) Bx B
SOLUTION (i) We have, A ={1, 3,5} and B={x, y
Ax B = {1,3,5x{x, y} ={(1,2),(1Ly), (3,2, (3, v, 6 2,6
Following arrow diagram represents A x B. (see Fig. 2.6).

Fig. 2.6 Arrow diagram of Ax B Fig. 2.7 Arrow diagram of B x A
(ii) We have, B={x, y} and A =(1, 3,5}.
Bx A = {x,y}x{1, 3,5} = {(x, 1), (x, 3),(x,5), (y, 1), (v, 3), (v, 5}
It has been represented by the arrow diagram shown in Fig. 2.7.
(iii) We have, A =][1, 3,5}
i CcAxA =i{1,:3,5 % [1,38.5] = {1,101, 3):(1;5),(3:1),(3,3):(3:5)5;1);(5:3).:(5:5)}
It has been represented by the arrow diagram shown in Fig. 2.8.

Fig. 2.8 Arrow diagram of Ax A Fig. 2.9 Arrow diagram of Bx B
(iv) Wehave, B={x, y}
. Bx B = {x,y}x{x, y} = ((x, %), (x,y), (1, 2), (¥,
It has been represented by the arrow diagram shown in Fig. 2.9.

EXERCISE 2.1

BASIC
(i) If [%4’1 ,b~§]=(%,l3), find the values of @ and b.

i

(ii) If(x+1,1)=(3, y - 2), find the values of x and y.

2. If the ordered pairs (x, —1) and (5, y) belong to the set{(a, b) :b =2a — 3}, find the values of
xand y.

3. If ae{-1,2, 3,4,5} and b €10, 3, 6}, write the set of all ordered pairs (a,b) such that
a+b=5.

4. Ifae(2,4,6,9 andb €(4, 6, 18, 27}, then form the set of all ordered pairs (a, b) such thata

dividesb and a <b.

. IfA={1, 2}and B={1, 3}, find A x Band B x A.

. Let A ={1, 2, 3} and B ={3, 4}. Find A x B and show it graphically.

. IfA={1,2,3}and B=(2, 4}, whatare Ax B,Bx A, Ax A, Bx B,and (A x B) n(Bx A)?

If A and B are two sets having 3 elements in common. Ifn(A) =5, n(B) = 4, find n(A x B) and

(A x B) n(Bx A)]

@ oW
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9;

Let A and B be two sets. Show that the sets A x Band B x A have an element in common iff
the sets A and B have an element in common.

10. Let A and B be two sets such thatn (A) =3 and n(B) =2.
If(x,1), (v, 2),(z, 1) are in A x B, find A and B, where x, y, z are distinct elements.
11. LetA=(1,2,3,4 and R ={(a,b):ac A, b eA,adividesb). Write R explicitly.
12, If A = {-1,1},find Ax Ax A.
13. State whether each of the following statements are true or false. If the statement is false,
re-write the given statement correctly:
(i) If P ={m, n) and Q ={n, m}, then P x Q ={(m, n), (1, m)}
(ii) If A and B are non-empty sets, then A x B is a non-empty set of ordered pairs (x, y)
such that x e Band y € A.
(iii) If A={1,2}, B={3, 4}, then Ax(Bn¢) =¢
14. If A={1, 2}, formtheset A x A x A.
15. If A={1, 2, 4} and B={1, 2, 3}, represent following sets graphically:
(i) AxB (ii) Bx A (iii) Ax A (iv) Bx B
- ANSWERS
1. () a=2,b=1 (i) x=2,y=3 2 E=10=7 3. {(-1,6),(2, 3), (5, 0)
4, {(2,4),(2,6),(2,18),(6,18),(9,18), (9, 27)}
5. AxB={(@1,1),(1, 3),(2,1),(2, 3)}and Bx A ={(1,1),(1, 2),(3,1),(3, 2)}
6. AxB={(1, 3),(1,4),(2, 3),(2,4),(3, 3),(3,4)}.
7. AxB = ((1,2),(1,4),(2,2),(24,(3,2,(3,9]
Bx A ={(2,1),(2,2),(2, 3),(4,1), (4, 2), (4, 3)}
AxA =1{(Q1,1),(1,2),(1,3),(2,1),(2 2),.(2 3),(3,1),(3, 2),(3, 3)}
Bx B =1{(2,2),(2,4),(4,2),(4,4)].
(Ax Byn(Bx A) = {(2,2)}
8, n(Ax B)=20,n[(Ax Byn(Bx A)]=9 10. A ={x,y;z}, B={1,2}
11. R={(1,1),(1,2),(, 3),(1,4),(2,2),(2,4,(3, 3), (4,4}
12, AxAxA = [(-1,-1,-1),(-1,-1,1),(-1,1,-1),(-1,1,1),1,-1,-1),(1,-1,1),
(3, =1 (1, 13
13. @ F @) F (i) T
14. AxAxA={(1,1,1),(1,1,2),(1,2,1),1,2,2),(21,1,(2,1,2),(2,2,1),(2, 2, 2)}
B HINTS TO SELECTED PROBLEMS
8. n(A x B) =n(A)xn(B) =5 x 4 = 20. From theorem 9 on page 2.10 if A and B have n elements in

common, then (A x B) and B x A have n? elements in common. Therefore,
n[(A x B)n(Bx A)] =32 =09,

*2.4 SOME USEFUL RESULTS

In this section, we intend to study some results on cartesian product of sets which are given as
theorems.

* May be skipped. Not from examination point of view.
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THEOREM 1 For any three sets A, B, C, prove that:
(i) Ax(BUC)=(AxB)yU(AxC) (ii) Ax(BNC)=(AxB) n(AxC).

PROOF (i) Let (g, b) be an arbitrary element of A x (B w C). Then,
(a,b) e Ax(BuUC(C)
aeAandbe BuC [By definition]
aeAand(beBorbelC) [By defi: ‘tion of union]
(aeAandbeB)or(aeAandb eC)
(m,b)eAxBor(a,b) e AxC = (a,b) e(AxB)U(AxC)
Ax(BUC) c(AxB)u(Ax(C) (1)
Now, let (x, ¥) be an arbitrary element of (A x B) (A x C). Then,
(x, y) e(Ax B) U(AxC)
(x,yyeAxBor, (x,y) e AxC
(xeAandyeB)or,(xeAandyeC)
xeAand(yeBoryeC)
xeAandye (BuC) = (xv,y)eAx(BuC)
Z (AxB)u(AxC)c Ax(BuC) ..(ii)
Hence, from (i) and (ii), we obtain

Ax(BuC)=(Ax Byu(AxC).
(ii) Let (4, b) be an arbitrary element of A x (B nC). Then,

(a,b) e Ax(BNC)

R I R

R R R

= acAandbe (BNC) [By definition]
= ae Aand(beBandb eC)

= (ae AandbeB)and(aeAandb eC)

= (a,b) e Ax B and (a,b) e AxC [By definition]
= (a,b) e(Ax B)n(AxC)

; Ax(BNC) c (AxB) n(AxQC) (i)

Now, let (x, y) be an arbitrary element of (A x B) n (A x C). Then,
(x,y) e(Ax B)n(AxC)
(x,y) e(Ax B)and(x,y) e AxC
(xeAandyeB)and(xe A and y ()
xeAand(yeBandy eC)
xe Aandye (BNC) = (x,y) eAx(BnC(C)
(AxB)n(AxC) € Ax(Bn(C) ..(ii)
Hence, from (i) and (ii), we obtain
Ax(BNC) = (AxB) n(AxC) Q.E.D.
THEOREM 2 For any three sets A, B, C, prove that: A x (B-C) =(A x B) - (A x C).
PROOF Let (g, b) be an arbitrary element of A x (B —C). Then,
(a,b) e Ax(B-C)
= ae Aandbe (B-C)
= aceAand(beBandb ()
=
=

SRR R

(neAandbeB)and(acAandb ¢C)
(a,b) e(Ax B)and (a,b) g(AxC) = (a,b) e(Ax B) —(A xC)
Ax(B-C) ¢ (AxB)—(AxC) (1)
Now, let (x, y) be an arbitrary element of (A x B) — (A x C). Then,
(x, 1) e(Ax B) =(AxC)
(x,yeAxBand(x,y) g AxC
(reAandyeB)and(xeAand y ¢C)

U
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= xeAand(yeBandy eC)
= xeAandye (B-C) = (x,y) € Ax(B-0C)

(AxB) -(AxC) ¢ Ax(B-C) .. (i)
Hence, from (i) and (ii), we get

Ax(B-C) = (Ax B)-(AxC) Q.E.D.

THEOREM 3 If A and B are any two non-empty sets, then prove that: Ax B=Bx A < A=B.
PROOF First, let A = B. Then we have to prove that A x B=Bx A.

Now, A=B
= AxB=AxA and BxA=AxA [- B=A]
= AxB = Bx A

Conversely, let A x B=B x A. Then we have to prove that A = B.
Let x be an arbitrary element of A. Then,

xeA
= (x,b)e AxB forall beB
= (x,b)eBx A [.Ax B=Bx A]
= xeB [By definition]
‘ Ac B
Now, let y be an arbitrary element of B. Then,
yeB
= (a,y)eAxBforallacA
= (a,y)eBx A [-AxB=Bx A]
= yeA [By definition]
Be A
Hence, A =B. Q.E.D.

THEOREM 4 If A< B, show that Ax Ac (A x Byn(Bx A).
PROOF  Let (a, b) be an arbitrary element of A x A. Then,

(a,b) eAx A
= aneAandbeA
= (acA,beA)and(aecA,beA)
= (aeA,beB)and(aeB,beA) [+ AcB.abeA=abeB
= (a,b) e(Ax B) and (a,b) e(Bx A) = (a,b) e(Ax By n(Bx A)

AxA c (AxB)yn(Bx A)

Hence, Ac B=>Ax Ac (Ax B)n(Bx A). Q.E.D.
THEOREM 5 If A< B, prove that A x C < B x C for any set C.

PROOF Let (g, b) be an arbitrary element of A x C. Then,

(a,b) e AxC
= aneAandbeC
= aeBandbeC [. AcB ..acA=aeB]
— (a,b) e BxC
Thus, (a,b) e AxC = (a,b) e BxC forall(a,b) e(AxC).
AXC .c BXC, Q.E.D.

THEOREM 6 IfAc BandC < D, prove that Ax C c BxD.
PROOF Let(a, b) be an arbitrary element of A x C. Then,
(a,b)e AxC
= acAandbeC
= aeB andb eD [ Ac B and C ¢ D]
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= (a,b) € BxD
Thus, (a,b) e AxC = (a,b) e Bx D forall(a, b) e (A x C).

AxC < BxD Q.E.D.
THEOREM 7 For any sets A, B, C, D prove that: (A x By n(C xD) = (A nC)x (BnD)
PROOF  Let (4, b) be an arbitrary element of (A x B) »(C x D). Then,
(a,b) e(Ax B)n(C = D)
(a,b) e AxBand(a,b)eCxD
(areAandbeB)and(aeC andb eD)
(reAandaeC)and (b eBandb eD)
a e(AnC)andbe BND = (a,b) e(AnC)x(BnD)
(AxB)n(CxD) ¢ (AnC)x(BnD)
Slmllarly, (ANC)x(BND)c (Ax B) n (CxD)
Hence, (Ax B)n(CxD)=(AnC)x(BnD) Q.E.D.
COROLLARY  For any sets A and B, prove that (A x B) n(Bx A)=(A n B)x (B n A).
THEOREM 8 For any three sets A, B, C prove that:

(i) Ax(BuC') =(AxB)n(AxC) (ii)) Ax(B'nC'Y=(AxB)u(AxC).

PROOF (i) We have,

R R

Ax(B'uC) = Ax((B") n(C")) [By De-Morgan’s law]
= Ax(BNC) = (AxB)yn(AxC) [See Theorem 1]
(ii) Ax(B'nC") = Ax((B') u(C")) [By De-Morgan’s Law]
= Ax(BUC) = (AxB)u(Ax(C) [See Theorem 1]
Q.E.D

THEORE#1 9 Let A and B be two non-empty sets having n elements in common, then prove that A x B
and Bx A have n’ elements in common.

PROOF We have,
(AxB)yn(CxD) = (AnC)x(BnD) [See Theorem 7]
=5 (AxByn(Bx A) = (AnB)x(BnA) [On replacing C by B and D by A]
= (AxByn(Bx A) = (AnB)x(AnNB)
It is given that A m B has n elements, so (A m B) x (B m A) has n? elements.
But, (AxB)ym(Bx A) = (AnB)x(AnB) [Proved above]
(Ax B)yn(Bx A) has n” elements.

Hence, A x Band B x A have n elements in common. Q.ED.

THEOREM 10  Let A be a non-empty set such that A x B=A x C. Show that B=C.
PROOF  Letb be an arbitrary element of B. Then,
(a,b)e Ax Bforallae A

= (a,b) e AxCforallae A [ Ax B=Ax(C]
= beC
Thus, beB = beC

BcC (i)

Now, let ¢ be an arbitrary element of C. Then,
(a,c)eAxCforallac A
= (a,c) eAx Bforallae A [+ Ax B=Ax(C]
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= ceB

Thus, ceC = ceB

% CcB ...(ii)
From (i) and (ii), we get B=C.

EXERCISE 2.2

BASIC
. Given A={1,2,3),B=(3,4], C={4,5, 6}, find (A x B) n(Bx C).
. IfA={2,3},B={4,5},C =15, 6}, find A x (BUC), Ax (BNC),(Ax B) U(AxC).
. If A =11, 2, 3}, B={4}],C ={5), then verify that:
(i) Ax(BuC)=(AxB)U(AxC) (ii) Ax (BN C)=(Ax B)n(AxC)
(iii) Ax(B-C)=(Ax B)—(AxC).
. LetA={1,2},B={1,2,3,4},C={5,6land D ={5, 6,7, 8}. Verify that:
(i) AxCcBxD (i) Ax(BNC)=(AxB)~(AxC)
. IfA={1,2,3},B={3,4)and C ={4,5, 6}, find
@) Ax(BAC) (i) (AxB)n(AxC) (i) Ax(BUC) (iv) (Ax B)U(AxC)

BASED ON HOTS

5. Prove that: (i) (AUB)xC=(AxC)u(BxC) (ii) (AnB)xC=(AxC)n(BxC)
7. fAxBc CxDand Ax B# ¢, prove that Ac C and B D.

(S B O

.

o

ANSWERS

1. {3, 4).
. Ax(BUC)={(2,4),(2,5),(2,6),(3,4),(3,5,(3, 6))
Ax(BnC)={(2,5),(3,5),
(Ax B)U(AxC)={(2, 4),(2,5),(3,4), (3,5),(2,6), (3, 6)).
CR={(1,1),(1,2),0,3),(1,4),(2,2),(2,4),3,3), 4 4))
- () 11, 4), (2, 4), (3, ) (ii) {(1, 4), (2, 4), (3, D}
(iii) {(1, 3), (1, 4),(1,5), (1, 6),(2, 3),(2, 4, (2,5),(2,6), (3, 3),(3,4),(3,5), (3, 6))
(iv) (1, 3), (1, 4),(1,5),(1,6), (2, 3),(2, 49, (2,5),(26),(3,3),(3,4),(3,5), (3, 6)}

N

=

n

2.5 RELATIONS

Let A and B denote the sets of all male and female members in the royal family of Dasrath’s
kingdom. Clearly, A = { Dasrath, Ram, Laxman, Shatrughan, Bharat } and B = { Kaushalya,
Kaikai, Sumitra, Sita, Urmila, Shrutkirti, Mandvi }.

If we write R for the relation “was husband of” then the
fact that Dasrath was husband of Kaushalya, Kaikai and
Sumitra, Ram was husband of Sita, Laxman was husband
of Urmila, Bharat was husband of Mandvi and Shatrughan
was husband of Shrutkirti can be represented as:

Dasrath R Kaushlya, Dasrath R Kaikai, Dasrath R Sumitra,

Ram R Sita, Laxman R Urmila, Bharat R Mandvi and
Shatrughan R Shrutkirti.

Now, if we omit the letter R between the pairs of names and write them as ordered pairs, then
the above fact can also be written as a set R of ordered pairs as given below:
R = { (Dasrath, Kaushalya), (Dasrath, Kaikai), (Dasrath, Sumitra), (Ram, Sita),
(Laxman, Urmila), (Bharat, Mandvi), (Shatrughan, Shrutkirti) ]
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Clearly, R c Ax B.

Avisual representation of this relation R in the form of an arrow diagram is shown in Fig. 2.10
Thus, we see that the relation “was husband of” from set A to set B gives rise to a subset R of
A x Bsuch that(x, y) € R iff xRy.

Keeping this example in mind, we may define a relation as follows.

RELATION  Let A and B be two sets. Then a relation R from A to B is a subset of A x B.

Thus, R is a relation from Ato B<> R< Ax B.

If R is a relation from a non-void set A to a non-void set B and if (a, b) € R, then we write aRb
which is read as “a is related to b by the relation R. If (a, b) ¢ R, then we write aRb and we say that
a is not related to b by the relation R.
ILLUSTRATION1 IfA={1,2, 3}and B={a, b,c}, then R={(1,b),(2,¢),(1,a), (3, a)}, being a subset
of A x B, is a relation from A to B. Here, (1, b), (2, ¢), (1,a) and (3, a) € R, so we write IRb, 2Re¢, 1Ra and
3Ra. But, (2, b) ¢ R, so we write 2 Rb
ILLUSTRATION 2 IfA={a,b,c,d}, B=({p,q,r,s), then which of the following are relations from A to
B? Give reasons for your answer.
(l) Rl = [(fl, p), (b, l"), (C, S)} (”) R2 ={(q; b): (CI S).' (dl r)}
(iit) Rz ={(a, p),(a, 9),(d, p), (c,1), b, 1)) (iv) Ry ={(a, p). (g, a), (b, 5), (s, b)}.
SOLUTION (i) Clearly, Ry < A x B. So, R is a relation from A to B.
(ii) Since(q,b) € R, but(g,b) ¢ A x B.So, Ry ¢ A x B. Thus, R, is not a relation from A to B.
(iii) Clearly, R3 = A x B. So itis a relation from A to B.
(iv) Ry is not a relation from A to B, because (g, a) and (s, b) are elements of Ry but(g, a) and
(s, b) arenotin A x B. Assuch Ry ¢ A x B.

TOTAL NUMBER OF RELATIONS  Let A and B be two non-empty finite sets consisting of m and n
elements respectively. Then, A x B consists of mn ordered pairs. So, total number of subsets of
A x Bis 2™, Since each subset of A x Bdefines a relation from A to B, so total number of relations
from A to Bis 2™". Among these 2" relations the void relation ¢ and the universal relation A x B
are trivial relations from A to B.

2.5.1 REPRESENTATION OF A RELATION
A relation from a set A to a set B can be represented in any one of the following forms:

(i) ROSTER FORM In this form a relation is represented by the set of all ordered pairs
belonging to R.

For example, if R is a relation fromset A ={-2,-1,0,1,2}toset B={0,1, 4, 9, 10} by the rule
aRb < a* =b. Then,0R0,-2R4,-1R1,1R1and2R 4.

So, R can be described in Roster form as R = {(0, 0), (=1, 1), (=2, 4), (1, 1), (2, 4)}

(if) SET-BUILDER FORM In this form the relation R from set A to set B is represented as
R = {(a,b):aeA,b eBand a, b satisfy the rule which associates a and b}.

Forexample, ifA = {1,2,3,4,5}, B = {1, 1 g = , i - L 7 i ,} and R is a relation from A to B

ot 8-{6 (3 (5 o). )

Then, R in set-builder form can be described as: R = { (a,b):aecA,beBandb = 1}
a
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It should be noted that it is not possible to express every relation from set A to set Bin set-builder
form. For example, the relation R ={(1,4),(1,¢c),(3,b)} from set A={1,2,3, 4} to set
B = {a, b, c}cannot be described in set-builder form.

(iii) BY ARROW DIAGRAM In order to represent a relation from set A to a set B by an arrow
diagram, we draw arrows from first components to the second components of all ordered pairs
belonging to R.

For example, relation R ={(1, 2), (2, 4), (3, 2), (1, 3),(3, 4)} from set A={1, 2,3,4,5} to set
B={2, 3,4,5, 6,7} can be represented by the arrow diagram shown in Fig. 2.11.

MNY
39 ... @9

-

=¥ N; W wai U1 Ov ~3; oo}

2
-3 (IS S
é LA { =
~ _ B E 0 Ll
: g 32 10001 %
7 Yy
Fig. 2.11 Arrow diagram Fig. 2.12 Lattice

(iv) BY LATTICE In this form, the relation R from set A to set B is represented by darking the

dots in the lattice for A x B which represent the ordered pairs in R.

For example, if R={(-3,9),(-2,4),(-1,1),(0,0),(1,1),(2,4,(3,9} is a relation from set
={-3,-2,-1,0,1,2,3}toset B = {0,1,2, 3,4,5,6,7, 8,9}, then R can be represented

by the lattice shown in Fig. 2.12.

2.5.2 DOMAIN AND RANGE OF A RELATION

Let R be a relation from a set A to a set B. Then, the set of all first components or coordinates of
the ordered pairs belonging to R is called the domain of R, while the set of all second
components or coordinates of the ordered pairs in R is called the range of R.
Thus, Dom (R) ={a: (a,b)..€ R} and Range (R) ={b: (a,b) e R}.
It is evident from the definition that the domain of a relation from A to B is a subset of A and its
range is a subset of B. The set B is called the co-domain of relation R.
ILLUSTRATION1 IfA=(1,3,5,7), B=(2, 4, 6, 8,10} and let R ={(1, 8),(3, 6),(5, 2),(1, 4)} be a
relation from A to B. Then,
Domain (R) = {1, 3,5} and Range(R) = {8,6, 2, 4]
ILLUSTRATION2 LetA={1,3,57)andB={2,4,6,8)belwosetsand let R be a relation from A to
B defined by the phrase “(x, y) € Ré x> y”. Under this relation R, we obtain 3R2, 5R2, 5R4, 7R2, 7R4
and ’7R6
ie. ={(3,2),(5,2),(5,4,(7,2,7,4,7, 6)
. Domam (R) = {3,5,7] and Range(R) = {2, 4, 6}
lLLUSlRA [ON3 If R is a relation from set A =1{2,4,5} to set B={1,2, 3, 4, 6, 8} defined by
xRy < x divides y.
(i) Write R as a set of ordered pairs, (ii) Find the domain and the range of R.
SOLUTION (i) Clearly, 2R2,2R4,2R6,2R8,64R4, and 4R 8.
R =1{(2,2),(2,4),(26),(28),(4 4, (4 8)
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(ii) Clearly, Domain (R) ={2,4}and Range (R)=1{2,4,6,8)
RELATION ON ASET  Let A be a non-void set. Then, a relation from A to itself i.e. a subset of A x A, is
called a relation on set A.

2.5.3 INVERSE OF A RELATION
INVERSE RELATION  Let A, B be two sets and let R be a relation froma set A toa set B. Then, the inverse
of R, denoted by R, is a relation from B to A and is defined by R~ = {(b, ) :(a, b) eR).
Clearly, (a,b) eR < (b,a) e R7?
Also, Dom (R) = Range (R™!) and, Range (R) = Dom (R Y.
ILLUSTRATION 1 LetA=(1,2, 3}, B={a,b, c, d) betwosetsand let R ={(1, a), (1, ¢),(2, d), (2, c)}
be a relation from A to B. Then, R7! = {(a,1),(c,1),(d, 2), (c, 2)} is a relation from B to A.
Also,  Dom (R) = {1, 2} = Range (R™Y), and Range (R) = {a, ¢, d} = Dom (R™Y).
ILLUSTRATION 2 Let A be the set of first ten natural numbers and let R be a relation on A defined by
(v,y) eR e x+2y=10ie.R ={(x,y):x €A, y € Aandx + 2y =10}. Express Rand R L as sets of
ordered pairs. Also, determine (i) domains of R and R (ii) ranges of R and R,
SOLUTION We have,

10 —x

(x,1) eReox+2y=10 y= > ,x,ye Awhere A={1,2, 3,4,5,6,7,8,9,10).

Now, x=1= y=M=2 g A.
2 2
This shows that 1 is not related to any element in A. Similarly, we can observe that 3, 5,7, 9 and

10 are not related to any element of A under the defined relation.

Further we find that:
For x = 2, y=107—2=4 A. Therefore, (2,4) € R
For x = 4, y=m—2‘i=3eA. Therefore, (4, 3) € R

For x = 6, y=¥=2 € A. Therefore, (6,2) € R

! =l—2—=1 € A. Therefore, (8,1) € R

[
&

For x

Thus, R = {(2,4),(4,3),(6,2),(8 1)} = R =((4,2),(3,4),(26),(1, 8)
Clearly, Dom(R) ={2, 4, 6, 8} = Range (R ) and, Range (R) ={4, 3, 2,1} = Dom (R}

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

Typel ON EXAMINING WHETHER A SET OF ORDERED PAIRS REPRESENTS A RELATION OR NOT

EXAMPLE1 [fA=(1,2,3),B={4,5, 6}, which of the following are relations from A to B? Give reasons
in support of your answer:
(i) Ry={(1,4),(L5),(1,6)) (i) R2=((1,5),(2,4), (3,6) }
(iii) Rz=1{(1,4),(1,5),(3,6),(2,6),(3,4)} (iv)Re=1{(42),(26),(51),(24})
SOLUTION (i) Clearly, Ry < A x B. So, it is a relation from A to B.
(i) Clearly, R, = A x B. So, it is a relation from A to B.
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(iii) Clearly, Rz € A x B. So, itis a relation from A to B.
(iv) Since (4,2) e Ry but (4,2) ¢ A x B. So, R4 is not a relation from A to B.

Type II ON DESCRIBING A RELATION AND ITS INVERSE AS A SET OF ORDERED PAIRS AND
FINDING THEIR DOMAINS AND RANGES

EXAMPLE2 A relation R is defined fromaset A={2,3,4,5}toaset B= {3,6,7, 10 } as follows:
(x,y) e R < x divides y. Express R as a set of ordered pairs and determine the domain and range of R.
Also, find R il
SOLUTION Recall that a | b stands for ‘a divides b’. For the elements of the given sets A and B, we
find that2|6,2]10,3|3,3|6, and 5] 10.
(2,6)eR,(2,10)eR,(3, 3) eR, (3, 6) eRand (5, 10) e R.
Thus, R={(2,6),(2 10),(3,3),(3,6),(5 10) }.
Clearly, Dom (R) ={ 2,3, 5} and, Range (R) = {3, 6,10 }.
Also, R1={(6,2),(10,2),(3,3),(6,3),(10,5) ).
EXAMPLE 3 IfR s the relation “less than” from A={1,2,3,4,5 toB={ 1,4, 5 ], write down the set of
ordered pairs corresponding to R. Find the inverse of R.
SOLUTION Itis given that(x, y) e R < x <y, wherexe Aand y € B.
For the elements of the given sets A and B, we find that
1<4, 1<5, 2<4, 2<5,3<4, 3<5and4<5
(1,49 eR,(1,5€R, (2,4 eR,(2,5€R, (3,4 R, (3,5 €eR and (4,5) eR.
Thus, R={(1,4),(L5),(24),(25), (34,3, 5), 45))
R71=((4,1),(5,1),(4,2),5,2),(4,3),5,3),5,4) ={(x,y):xeB,yeAand x >y}
EXAMPLE4 A relation R is defined on the set Z of integers as: (x, y) € R & 2%+ y2 =25.

Express R and R L 4s the sets of ordered pairs and hence find their respective domains.
SOLUTION We have,

(x,y)eR®x2+y2=25 <:>y=:t\/25—x2

We observe that from the above relation x =0 gives y =+ 5.
(0,5) eR and (0, -5) e R
Slmllarly, =t 3= = J55_9 =+4
£ (3,4 eR,(-3,4)eR,(3,-4) eRand(-3,-4) R
x=t4=y= Jﬂ =% 3
(4,3)eR,(-4,3)eR, (4, -3)eR and (-4, -3) eR
¥x=+5=y=,25-25=0
. (5,0)eR and (-5,0) eR
We also notice that for any other integral value of x, the value of y givenby y =+ V25 -x2 isnot
an integer.

R=1{(0,5),(0,-5), (3,4), (-3,4), (3,-4), (-3, -4), (4, 3), (-4, 3), (4,-3), (-4,-3), (5,0),(-5,0)}
= R7=((5,0),(-5,0), 4 3), (4,-3), (-4,3), (4,-3), 3,4), (3,-4), (-3, 4), (-3,4), (0, 5), (0,-5) )
Clearly, Domain (R) = {0, 3, -3, 4, -4, 5, -5 } = Domain (R_l).

EXAMPLE 5 Let R be the relation on the set N of natural numbers defined by
R={(a,b):a+3b=12,aeN,beN ]

Find: (i) R (i) Domain of R (iii) Range of R

SOLUTION (i) Wehave, a+3b =12 = a = 12-3b
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Puttingb =1,2, 3 respectively in the above relation, we geta=9, 6, 3 respectively.
For b =4, 2 =12~ 3b gives a = 0 which does not belong to N. Also, values of a given by a =12 — 3b
do not belong to N for all b > 4.
R =1(9,1),(6,2),(3, 3)}
(ii) Domain of R = (9, 6, 3}
(iii) Range of R ={1, 2, 3}
Type III ON REPRESENTING A RELATION BY USING AN ARROW DIAGRAM
EXAMPLE6 Let A ={1,2, 3,4,5, 6}. Define a relation R on set Aby R ={(x, y):y =x+1}
(i) Depict this relation using an arrow diagram  (ii) Write down the domain, co-domain and range of R.
SOLUTION (i) Putting x = 1,2, 3,4,5,6 respectively in y=x+1, we get y=2, 3,4,5,6,7
respectively.
(1,2)eR,{(2,3)eR,(3,4€R,(4,5 €R,(5,6) eRand (6,7)  R.
For x = 6, we get y =7 which does not belong to set A.
Hence, R ={(1, 2), (2, 3), (3, 4), (4,5), (5, 6)}
The arrow diagram representing R is as follows.

A A

=

Fig. 2.13

(ii) Clearly, Domain (R)={1, 2, 3, 4,5}, Range(R) = {2, 3, 4,5, 6).
EXAMPLE?  Figure 2.14 shows a relation R between the sets P and Q. Write this relation R in (i) Roster
Jorm (ii) Set builder form. What is its domain and range?

Fig. 2.14

SOLUTION (i) Itis evident from the figure that
R ={(9, 3),(9, - 3), (4, 2), (4 - 2), (25, 5), (25 -5)}
(ii) It is evident from R, that it consists of elements (x, y), where x is the square of y i.e. x = yz.
Therefore, relation R in set builder formis R ={(x, y):x = y2 ,xeP,yeQ}.
The domain and range of R are {9, 4, 25} and (-5, -3,-2, 2, 3,5} respectively.

REMARK  In the above example, the range of relation R is not same as the set Q. The set Q is known as the
co-domain.

Type IV ON PROVING RESULTS BASED ON THE DEFINITION OF A RELATION

EXAMPLES  Let R be a relation on Q defined by R ={(a,b):a,b eQ anda-b e Z}.
Show that:
(i) (a,@)eR forallaeQ (ii) (a,b) eR = (b,a) eR
(iii) (a,b)eR and (b,c)eR = (a,c)eR. [NCERT]
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SOLUTION (i) For anya €(Q, we have
a-a=0eZ
= (a,a) eR
Hence, (a,a) eR forallaeQ.
(ii) Let(a,b) € R. Then,
(a,b) eR
= a—-beZ,wherea, beQ
— b-aecZ [+ b—a=-(a-b)]
= (b,a)eR
(iii) Let(a,b) €R and (b, c¢) € R. Then,
(a,b) eR and (b, c) eR
= a-beZ and b-ceZ = (a-b)+(b-c)eZ = a-ceZ = (a,c)eR
EXAMPLE 9 Let R be a relation on N defined by R ={(a,b):a,beNanda :bz}.
Are the following true :
(i) (a,a)eR forallaeN (ii) (a,b)eR = (b,a)eR
(iii) (a,b)eR,(b,c)eR = (a,c)eR [NCERT]
Justify your answer in each case.
SOLUTION (i) We observe that a = a?is true fora = 1eN only. Therefore, (1,1) € R. But,
(2,2),(3, 3), (4, 4) etc do not belong to R. So, (a, a) € R for all 2 € N is not true.
(ii) We observe that (4, 2) € R, because 4 = 92, But, (2,4)¢Ras2 + 42,
So,(a,b) e R = (b, a) e Risnot true foralla, b e N.
(iii) We observe that (16, 4) € R and (4, 2) € R. However, (16, 2) ¢ R.
So,(a,b) eR and(b,c) eR = (a,c) eRisnottrueforalla,b,ceN.
EXAMPLE10 Let a relation Ry on the set R of all real numbers be defined as (a,b) € Ry < 1+ ab >0 for
alla,b e R.Show that: (i) (a,a) e Ry forallaeR (i) (a,b) eRy = (b, a) Ry foralla,beR
SOLUTION (i) Foranya € R, we find that 1 + a* >0 = (a, a) e R{.Thus,(a, a) € Ry foralla e R.
(i1) Let(a, b) € Rq. Then,
(a,b)eR;= 1+ab >0= 1+ba>0= (b,a)eRy
Thus, (a,b) eRy = (b,a) eR foralla,beR.
EXAMPLE11 Let R be the relation on the set Z of all integers defined by (x, y) € R = x —yisdivisible
byn. Prove that:
(i) (x,x)eR forallxeZ (i) (x, ) eR = (y,x)eR forallx,yeZ
(iii) (x,y)eRand(y,z)eR = (x,2) eR forallx,y,zeR.
SOLUTION (i) For any x € Z, we have
x—-x =0 = 0xn= x-xisdivisiblebyn = (x,x) eR
Thus,(x, x) eR forallx e Z.
(ii) Let(x,y) € R. Then,
(x, ) eR
= x —y is divisible by n
= x-y = lnforsamek e Z



2.18 MATHEMATICS-XI

= y-x =(=Nn

= y —x is divisible by n [ AeZ = -AeZ]
= (¥, x) eR

Thus, (x, y) eR = (y,x) eRforallx, yeZ.

(iii) Let(x, y) € R and (y, z) € R. Then,

(x,y) eR = x -y isdivisiblebyn = x-y=2AnforsomeireZ

(y,z2) eR = y -z isdivisiblebyn= y—z=pnforsomep e Z

(x, ) eRand(y,z) eR

=5 x-y =Ain and y-z = un

= (x-y)+(y—-2) = An+pn

=5 x-z =(A+p)n

= x —zis divisible by n [ A+peZ]
= (x,z) eR

Thus, (x, y) e Rand (y,2z) e R = (x,2) e R.
EXERCISE 2.3

BASIC

1. IfA={1,2,3},B={4,5,6}, which of the following are relations from A to B? Give reasons in

support of your answer.

() {(1,6),3,4),65,2)) (ii) {(1,5),(2,6).(3,4),3,6)]

(iii) {(4,2),(4,3),(5 1)} (iv) A x B.

2. A relation R is defined fromaset A=(2,3,4,5) toaset B={3,6,7,10} as follows:
(x, y) €R & x is relatively prime to y

Express R as a set of ordered pairs and determine its domain and range.

3. Let A be the set of first five natural numbers and let R be a relation on A defined as follows:
(x,)eR < x<y
Express R and R~ as sets of ordered pairs. Determine also
(i) the domain of R (ii) the range of R.
4. Find the inverse relation R ! in each of the following cases:
(i) R={(1,2),(1,3),(23),32),(56)}
(i) R={(x,y):x,yeN,x+2y=8)

(iii) R isarelation from {11,12,13}to {(8, 10, 12} defined by y =x — 3.

5. Write the following relations as the sets of ordered pairs:
(i) A relation R from theset{2,3,4,5,6} totheset {1,2,3} defined by x =2y.
(i) Arelation Rontheset(1,2,3,4, 5 6, 7} defined by
(x,y) R < x is relatively prime to y.
(iii) A relation R on theset{0,1,2, ..., 10} defined by 2x + 3y = 12.
(iv) A relation R from aset A = {5, 6,7, 8 } to the set B = (10, 12, 15, 16, 18} defined by
(x, ¥) eR < x divides y.

6. Let R be a relation in N defined by (x, 1) € R <> x + 2 = 8. Express R and R™! as sets of

ordered pairs.

7. Let A={3,5) and B=(7,11}. Let R ={(a,b):a e A,b € B, a—b is odd }. Show that R is an
empty relation from A into B.
8. Let A ={1, 2} and B ={3, 4}. Find the total number of relations from A into B.
9. Determine the domain and range of the relation R defined by
(i) R={(x,x+5):x¢<{0,1,2, 3, 4,5}} [NCERT]
(i) R ={(x, xs) : X isa prime number less than 10 ) [NCERT]
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10.

11.
12.
13.

14.

15.

16.

17.
18.

19.

20.

21.

22,

Determine the domain and range of the following relations:
(i) R ={(a,b):aeN,a<5,b = 4}
(ii) S ={(a,b):b =|a-1|,aeZ and|a|<3}
Let A ={a, b}. List all relations on A and find their number.
Let A ={x, ¥, z} and B ={a, b}. Find the total number of relations from A into B. [NCERT]

Let R be a relation from N to N defined by R ={(a, b):a,b e Nanda = b2].
Are the following statements true?
(i) (a,a) eR forallaeN (ii) (a,b)eR = (b,a) eR

(iii) (a,b) eR and (b,c)eR = (a,c)eR

Let A = {1,2, 3,...,14). Define a relation on a set Aby R ={(x,y):3x-y=0,x,yecA}

Depict this relationship using an arrow diagram. Write down its domain, co-domain and

range.

Define a relation R on the set N of natural numbers by

R ={(x, y) : y =x + 5, xis a natural number less than 4, x, y € N.

Depict this relationship using (i) roster form (ii) an arrow diagram. Write down the domain

and range or R. [NCERT]

A={1,2, 3,5} and B =4, 6, 9}. Define a relation R from A to Bby

R ={(x, y): the difference between x and y is odd, x € A, y € B}. Write R in Roster form.
[NCERT]

Write the relation R ={(x, x3) : x is a prime number less than 10 |} in roster form. [NCERT]

Let A=(1,2, 3,4,5, 6. Let R be a relation on A defined by
R={(a,b):a,beA,bisexactly divisible by a }
(i) Write R inroster form (ii) Find the domainof R (iii) Find therangeofR.  [NCERT]

Figure 2.15 shows a relationship between the sets P and Q. Write this relation in
(i) setbuilder form (ii) roster form. Whatis its domain and range? [NCERT]

el
L

Fig. 2.15

Let R be the relation on Z defined by R = {(a,b):a,b eZ,a—-b is an integer}. Find the
domain and range of R. [NCERT]I

For the relation Ry defined on R by the rule (2, b) e Ry < 1+ab>0.
Prove that: (a, b) € Ry and (b, ¢) e Ry = (a, ¢) € Ryisnot true foralla, b, c e R.

Let R be a relation on N x N defined by (a,b) R (c,d) < a+d = b+c for all (a,b),
(c, d) € N x N.Show that:

(i) (a,b) R (a,b)forall(a,b) e Nx N

(ii) (a,b) R (c,d) = (c,d) R (a,b)forall(a,b),(c,d)eNxN
(iii) (a,b) R (c,d)and(c,d) R (e, f)= (a,b) R (e, f ) forall(a,b),(c,d), (e, f) e Nx N

ANSWERS

(i) Itisnota relation from A to B.

(ii) Itis a subset of A x B, so it is a relation from A to B.
(iii) It is not a relation from A to B as it is not a subset of A x B.
(iv) Itis a relation from A to B.
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P

=1{(2,3),(2,7),3,7),(3,10), (4, 3), 4,7), (5, 3), (5 6), (5 7)}
3. ={ (1,1),(1,2),(1,3),(1,4). (1,5),(2,2),(2,3),(2,4),(2,5),(3,3),(3,4),(3,5), (4,4),(4,5), |
55
R1={(1,1),(2,1),3,1),(41),(51),(2,2),3,2),(42),(52),3,3),(43),5,3),(44), 5 (4), )
Domain of R-'={1, 2, 3, 4, 5] = Range of R. o
4. (i) R'l {(2,1),3,1),3,2),(23),(65)) (i) R ={(3,2),(2,4),(1,6)}
(iii) R~ ={(8,11),(10,13))
5 (i) {(2,1),42),(673)]
(i) {(2,3),(2,5),(2,7)(3,2),(3,4),3,5),(3,7),(43),45),47),5,2),(5,3), (54, (56),
(5,7),(6,5),(6,7),(7,2),(7,3),(7,4),(7,5),(7,6) |
(iii) {(0,4), (3,2),(6,0) } (iv) {(5,10),(5,15), (6,12), (6, 18), (8, 16) }
6. R={(2,3),4,2),(61)} R1={(3,2),(24),(1,6)} 8. 16
9. (i) DomainR ={0,1, 2, 3, 4,5}, Range R =1{5, 6,7, 8, 9,10}
(ii) DomainR ={2, 3,5,7}, Range R =18, 27,125, 343}
10. (i) Domain R ={1, 2, 3, 4}, Range R ={4}
Domain $={0,-1,-2,-3,1, 2, 3}, Range S=(0, 1, 2, 3, 4}
(i) S={(0,1)),(-1,2),(-2,3),(-3,4),(1,0),(2,1),(3, 2))
11. 16 12. 64 13. (i) No (ii) No (iii) No
14. Domain (R) = (1, 2, 3, 4}, Co-domain (R) = A, Range(R) = {3, 6,9, 12}

N U W = s

Fig. 2.16
15. (@) R = {1, 6),(2,7),(3, 8)} (ii) Domain (R) =[1, 2, 3], Range (R)={6,7, 8}

1
2
3
4
5
6
7
8

Fig.2.17
16. R ={(1, 4), (1, 6), (2, 9),(3,4), (3, 6), (5, 4), (5, 6)}
17. R ={(2, 8),(3, 27), (5,125), (7, 343)}
18. (i) R={(1,1),(1,2),(1,3),(1,4),(1,5),(1,6),(2,2),(2,4),(2,6),(3, 3),(3,6), (4, 4),
(5.5), (6, 6)}
(ii) Domain (R) ={1, 2, 3, 4,5, 6} (iii) Range(R) ={1, 2, 3, 4,5, 6}

19. (i) R={(x,y):y=x-2,xeP,yeQ} (ii)) R={5, 3),(6,4),(7,5}

Domain (R) ={5, 6,7}, Range(R) =3, 4,5
20. (i) Domain(R)=Z, Range (R)=2Z
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____HINTS TO SELECTED PRCBLEMS

8. We have, n(A) =2, n(B) =2. Therefore, n(Ax B) = 2x 2 = 4.50, there are 2% =16
relations from A to B.
9. (i) R={(x,x+5):x€{0,1,2,3,4,5)} ={(0,5),(1,6),(2,7),(3, 8),(4,9), 5, 10)}
Domain (R) ={0,1, 2, 3, 4,5} and, Range(R) =15, 6,7, 8, 9, 10}
(ii) R ={(x, 1'3) :xis a prime number less than 10} ={(2, 8), (3, 27), (5, 125), (7, 343)}
Domain (R) = {2, 3,5,7}, and Range (R) = {8, 27,125, 343}
10.(0) R={1,4),(2,4),(3,4, (4,4} Therefore, Domain (R) = {1, 2, 3, 4}, Range (R) = {4}
(i) S={-3,4),(-2,3),(-1,2),(0,1),(,0),(21),(3, 2}
Domain (S)={-3,-2,-1,0,1, 2, 3}, and Range(S)=1{0,1, 2, 3, 4}
12. Here A has 3 elements and B has 2 elements. Therefore, total number of relations from A to
Bis23*2 =64,
13. (i) No, because (2, 2) ¢ R. (ii) No, because (4, 2) € R but(2, 4) ¢ R.
(iii) No, because (16, 4) e R and (4, 2) € R but (16, 2) ¢ R.
14. R ={(1, 3),(2, 6),(3,9), (4,12)}. Domain (R) = {1, 2, 3, 4}, and Range(R) ={3, 6, 9, 12}.

A
e —
T g
Tt M - ELY
g e = B
iy e
e
PRk
Fig. 2.18

15. (i) R ={(x, ¥): ¥y =x +5, x is a natural number less than 4, x, y e N} ={(1, 6),(2,7), (3, 8)}
(ii) Domain (R) ={1, 2, 3}, and Range (R) ={6,7, 8}

Fig. 2.19
16. We have, A = {1,2,3,5},B = {4,6,9}
R = {(x, y): the difference between x andy is odd, x € A, iy € B}
= R ={(1,4),(1,6),(2,9),(3,4),(3,6), 5, 4), (5, 6)}

17. We have, R ={(x, x3) : x is a prime number less than 10}

R ={(2,8),(3, 27),(5,125), (7, 343)}
18. (i) We have, R = {(a,b):a,b e A, b is exactly divisible by a}, where A =1{1, 2, 3, 4,5, 6}.
S R={(1,1,(1, 2,1, 3),(1,4,(1,5),@1,6),(2 2,(2,4,(2,6,(3, 3), (3,6, (4,4, (5,5), (6, 6)}
(i) Domain R ={1, 2, 3, 4,5, 6} (ii) Range R ={1, 2, 3, 4,5, 6}
19.() {(x,y):y=x-2,x€l{5,6,7), y (3, 4,5}} (i) {(5, 3), (6, 4), (7, 5)}
Domain R = {5, 6,7}, and Range R ={3, 4, 5}
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20. The relation R on Z is defined by R ={(a, b):a,b € Z, a—b is an integer}
Since a —bis an integer for alla, b € Z.So, domain (R) = Z = Range (R).

21. We find that: (1,—%)ER1 and (—}2—,—4]eR1a31+[M21J>Oand1+( )( 4) >

But, 1+1x -4 } 0. So,(1,-4) ¢ Ry.

22, (i) We know that a+b = b+aforalla, b e N.Therefore, (a,b) R (a,b) foralla,b e N
(ii) (a,b) R(c,d) > a+d =b+c= c+b =d+a= (c,d)R(a,b)
(iii) (a,b) R (c, d) and (c, d) R (e, f)

= a+d =b+cand c+f =d+e
= a+d+c+f =b+c+d+e=>a+f =b+e= (a,b)R (e, f)

FILL IN THE BLANKS TYPE QUESTIONS (FBQ@s)

1. Let n(A) =m and n(B) =n. Then, the total number of non-empty relations that can be
defined from A t0 Bis ..ceevninieiirenicns :

2. The smallest reflexive relation on a set Aisthe ....cccoeeeevreenee. i

3. If A and Bare two sets such thatn (A) =5 and n (B) =7, then the total number of relations on
A BB Lcmsnnnimnie. s

4, Arelation R on a set A is a symmetric relation iff.........cc.ccooiicici
5. If R and S are two equivalence relations on a set A, then R N Sis covveireiviiinnninnnn :

6. 1f (1, 3),(2,5) and (3, 3) are three elements of A x B and n (A x B) =6, then the remaining
three elements of Ax Bare ......ccccoceeevernes :

7. The total number of reflexive relations on a finite set having # elements is .........c.ccccc.e0. .

8 UHR={(x,y):x,yeW, X2+ yz =25}, then Domain (R) = ....ccoevreverenes and Range (R) =.......... .
9. Therelation R =((x, y): X, Y € Z, x* + Y* =64} iS ccererrreserssscenn 7

10. fA={x:xeW,x<2,B={x:xeN,1<x<5andC ={3, 5}, then Ax (BNC) =..ocevvvrrerrures

11. If R ={(x, y) : where x e R and -5 < x <5} is a relation, then range (R) = .....ccoovvvrviininnne .

12. fn(AnB)=9,n(A'nB)=10 andn(A wB) =24, thenn (A x B) =

13. If A={3,5, 6,9 and R is a relation in A defined as R ={(x,y) : x + y <18}, then R in roster
1] 11 ;

14. Ifn (Ax B) =200 and 11 (A) =50, then the number of elements in P(B) 1S ...ccovereerrmiensirirennins

15. IfA=1{1,2, 3,4,4,5, 6], then the number of subsets of A containing elements 2, 3and5

1S sasmnsamammomsiiig 3
ANSWERS
120y 2. Identity relation 3. 2% 4, R=R7!
5. an equivalence relation 6.(1,5:2. 31085 . '% 2”2_"
& 1,5.4,3.0:8:48 9. symmetric 10. (0, 3), (1, 3)

11. [- 3,17] 12. 210
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13. R={(3,3),(3,5),(3,6),(3,9),(5,3),(5,6), (5,9, (6,3), (6,5), (6,6), (6,9),(9,3), (9,5), (9,6)}
14, 24 15. 8

VERY SHORT ANSWER QUESTIONS (VSAQs)

Answer each of the following questions in one word or one sentence or as per exact requirement of the
question:

1,
2

3.

IfA =1{1,2,4},B = (2,4,5)and C ={2, 5}, write (A —-C) x (B-C).
Ifn(A)=3,n(B) = 4, then writen (A x A x B).
If R is a relation defined on the set Z of integers by the rule (x, y) e R < x* + y2 =9, then

write domain of R.

IR ={(x,y):x,yeZ, x4+ y2 < 4} is a relation defined on the set Z of integers, then write

domain of R.

. If R is a relation from set A = {11,12,13} to set B ={8, 10, 12} defined by y=x -3, then

write R~ 1,

- Let A =1{1,2,3}and R = {(a,b):| a? —bzi <5, a,b € A}. Then write R as set of ordered

pairs.

+LetR ={(x,y):x,yeZ,y=2x—-4}. If (a, - 2) and (4, bz) € R, then write the values of

aandb.

IR ={(2,1),(4,7),(1, = 2),..), then write the linear relation between the components of

the ordered pairs of the relation R.

+IfA = {1, 3,5}and B = {2, 4}, listthe elementsof R, if R ={(x, y):x, ye Ax Band x >yh

10. IfR = {(x,y):x,y €W, 2x +y = 8}, then write the domain and range of R.
11. Let A and B be two sets such that n(A) =3 and n(B) =2. If (x, 1), (v, 2), (z, 1) are in A x B,
write A and B.
12. Let A =(1, 2, 3,5}, B={4, 6, 9} and R be a relation from A to B defined by
R ={(x, y): x —yis odd }. Write R in roster form.
ANSWERS
1 {(1, 4), (4, 2)} 2, 36 3. Domain (R) = {- 3,0, 3}
4. Domain (R) = {-2,-1,0,1,2) 5.{(8,11), (10, 13)}
6. {(1,1),(2,2),(3,3),(1,2),(2,1),(2 3),(3, 2)} 7va =1,b = 2
8. y = 3x-5 9:1(3,2), (5, 2,5, 9)
10. Domain (R) = {0,1, 2, 3, 4}, Range(R) = {0, 2, 4, 6, 8}
11. A=(x,y,2},B=(1, 2} 12.R = {(1,4),(1,6),(2,9,(3,4),(3,6),(5, 9,5, 6)}

MULTIPLE CHOICE QUESTIONS (MCQs)

Mark the correct alternative in each of the following:

b i

IfA={1,2,4},B={2,4,5},C=(2,5},then(A-B)x(B-C)is
(@) {(1,2),(1,5), (2 5} (b) {(1, 4)}
(©) (1, 4) (d) none of these.
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N

If Risarelationon theset A={1,2,3,4,5,6,7,8,9 ) givenby x R y < y =3 x, then R=
(@) {(3,1),(6,2),(82),(93)] (b) {(3,1),(6,2),(93)}
(c) {(3,1),(2.6),(3,9] (d) none of these.
3. LetA={1,2,3},B={1,3,5].If relation R from A to Bis givenby R={ (1, 3), (2,5), (3, 3) }.
Then, R7lis
(@ {(33),31),65,2)} (b) {(1,3),(2,5),(3,3)}
(c) {(1,3),(5.2)} (d) none of these.
4. IfA={1,2,3},B={1,4,6,9 ) and R is a relation from A to B defined by "x is greater than y.
The range of R is
(@) {1,4,6,9} (b) {4,6,9} (c) {1} (d) none of these.
5. IR ={(x,y):x,yZ, x% + yz <4} is a relation on Z, then domain of R is
(@) 10,1,2) (b) {0,-1,-2} (c) {-2,-1,0,1,2} (d) none of these.
6. Arelation R is defined from {2,3,4,5)t0{3,6,7,10} by :x R y < xisrelatively prime to y.
Then, domain of R is

(a) 12:3,5] (b) {3,5} () {23,4) (d) {2,3,4,5).
7. A relation ¢ from C to R is defined by x ¢ y <> | x| =y. Which one is correct?
(@) (2+3)$13  (b) 3¢(-3) (© (1+1) 2 (d) i ¢1.
8. Let R be a relation on N defined by x + 2 y = 8. The domain of R is
(a) 12,4,8) (b) {2,4,6,8} (c) {2,4,6] (d {1,2,3,4}
9. Ris arelation from { 11, 12,13 } to { 8, 10, 12 } defined by y = x — 3. Then, R71lis
(a) {(8,11),(10,13) | (b) {(11,8),(13,10)}
(c) {(10,13), (8,11),(12,10) | (d) none of these.
10. If the set A has p elements, B has g elements, then the number of elements in A x Bis
(@ p+q (b) p+q+1 (c) pq () p?
11. Let R be a relation from a set A to a set B, then
(a) R=AUB (b) R=AnNB (c) Rc AxB (d) Re Bx A.

12. If R is a relation from a finite set A having m elements to a finite set B having n elements,
then the number of relations from A to B is
() 2 (b) 2™ -1 (c) 2mn (d) m'"
13. If R is a relation on a finite set having # elements, then the number of relations on A is
2
(a) 2" () 2 (c) n? (d) .

14. Letn(A) =m and n (B) =n.Then the total number of non-empty relations that can be defined
from A to B is
(a) m" (b) n" -1 (c) mn-1 (d) 2™ -1
[NCERT EXEMPLAR]
ANSWERS

L®p 2d 3@ 4@ 5@ 6.(d 7@ 8 9 @
10. () 11 (0 12. (@) 13. () 14.(d)
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ACTIVITY

OBJECTIVE  To explain the meaning of Cartesian product of two sets.

MATERIALS REQUIRED  Cardboard, chart paper, pencil, scale, nails etc.

STEPS OF CONSTRUCTION

Step I Take a cardboard and a chart paper. Fix the chart paper on the cardboard.

Step I Draw two mutually perpendicular lines on the chart paper, one horizontal and one
vertical.

StepIll  Take two sets A and B. Let A ={ay, a5, a3, ay, s} and B ={by, by, b3, by}.

Step IV Mark points Ay, Ay, A3, Ay, As on horizontal line to represent points ay, a5, a3, a4
and a5 respectively. Similarly, mark points By, B,, B3 and B, on the vertical line to
represent by, by, b3 and by respectively.

Step V Draw vertical lines through A;, A4,, Az, Ay, A5 and horizontal lines through
By, By, B3 and By. At the points of intersection of the horizontal and vertical lines fix
nails. Points represented by these nails represent A x B.

STEPS OF DEMONSTRATION

Step I Let the points of intersection of horizontal and vertical lines be
C11, C12, C13, Crg, €15, Co1, o, Ca3, Coy, Co5, Ca1, Ca2,Caa, Caq, C35, Cay, Cap,
Ca3, Caa, Cys.

Stepll  Clearly, point Cjj in step Il represents the order pair (g;, b;);i=1,2,3,4,5=1,2,3,4

Y N
By e A At
€y 1Cp 1Cy 1Cy Gy
. ! .
1C1 1Gp 1G3 1GCy 1Css
By 1=~ e .
iC1 [Cpn Gy Gy Oy
B e et
Cn 3C12 1Ca Gy (G5
1 1 1
i i i i i >
o A Ay 4 Ay Ay X

SUMMARY

- An ordered pair consists of two objects or elements in a given fixed order.

- (a,by) =(ay,by) < a;=a, and by =b,

- If A and B are two non-empty sets, then Ax B={(a,b):ae A, b e B} is called the cartesian
product of A and B.If A and B are finite sets having m and n elements respectively, then
A x Bhas mn elements.

wN'—lJ
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4. Rx R = {(x, y):x, y € R} is the set of all points in xy-plane.
. RxRxR = {(x,y,2):x,y,z € R} set of all points in three dimensional space.
. For any three sets A, B, C, we have

(i) Ax(BUC) = (Ax B)U(AxC) (ii)) Ax(BNC) = (Ax B)n(AxC)
(iii) Ax(B-C)=AxB-AxC (iv)AxB=Bx A < A=B

v) (Ax B)n(Bx A) = (AnB)x(BNA) (vi) Ax(B'UC'Y = (AxB)n(AxC)
(vii) Ax (B NC') = (AxB)U(AxC) (vili) Ax B=AxC = B=C

. Let A and Bbe two sets. A relation from A to Bis a subset of A x B.
5. If A and B are finite sets having m and 1 elements respectively. Then, 2" relations can be

defined from A to B.

. If R is a relation from set A to set B, then

Domain (R) = {x:(x,y) eR}, Range(R) = {y:(x, y) eR}
A relation from a set A to itself is called a relation on A.
Let A, Bbe two sets and let R be a relation from set A to set B. Then the inverse of R, denoted
by R™ 1, is a relation from B to A and is defined by R~ 1- {(b, a):(a, b) e R}.
Clearly, (a,b) e R < (b,a) eR™ 1
Domain (R) = Range(R™ 1), and Range (R) = Domain (R~ 1).



