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THE STRAIGHT LINES

22.1 DEFINITION OF A STRAIGHT LINE
A straight line is a curve such that every point on the line segment joining any two points on it lies on it.
THEOREM Ewvery first degree equation in x, y represents a straight line.
[INCERT EXEMPLAR]
PROOF Letax+by+c=0 be a first degree equation in x, y where a, b, c¢ are constants.
Let P (xq1, y1)and Q (x5, y») be any two points on the curve represented by ax + by + ¢ = 0. Then,
axy + byy + ¢ =0 and axy + by, + ¢ =0 (1)
Let R be any point on the line segment joining P and Q. Suppose R divides PQ in the ratio A.: 1.
Axp+x Ayp+
A+1 T A+

represented by ax + by + ¢ = 0is a straight line, it is sufficient to show that R lies on it for all values
of A.

Then, the coordinates of R are ( J In order to prove that the curve

Now,
= A Xn + Xq S Ay + 1Yq i A(ax, +bys +¢) + (axq+byy +c)
A+1 A+1 A+1
=20+ 0=0 [Using (i)]
R[lxz +I1, ~Y2 +y1] lies on the curve represented by ax + by + ¢ = (.
A+1 A+ 1

Thus, every point on the line segment joining P and Q lies on ax + by + ¢ = 0.
Hence, ax + by + ¢ =0 represents a straight line.
Q.E.D.

NOTE When we say that a first degree equation in x, y i.e., ax + by + ¢ = 0 represents a line, it means that
all points (x, y) satisfying ax + by + ¢ = 0 lie along a line. Thus, a line is also defined as the locus of a point
satisfying the condition ax + by + ¢ =0 where a, b, c are constants.

It follows from the above discussion that ax + by + ¢ =0 is the general equation of a line.

[t should be noted that there are only two unknowns in the equation of a straight line because
equation of every straight line can be put in the form ax + by + 1 = 0 where g, b are two unknowns.
Note that x, y are not unknowns. In fact these are the coordinates of any point on the line and are
known as the current coordinates. Thus, to determine a line we will need two conditions to
determine the two unknowns. In the further discussion on straight line you will find that
whenever it will be asked to find a straight line there will always be two conditions connecting
the two unknowns.

22.2 SLOPE (GRADIENT) OF A LINE

The trigonometrical tangent of the angle that a line makes with the positive direction of the x-axis in
anticlockwise sense is called the slope or gradient of the line.

The slope of a line is generally denoted by m. Thus, m = tan 6.

Since a line parallel to x-axis makes an angle of 0° with x-axis, therefore its slope is tan 0°= 0. A
line parallel to y-axisi.e., perpendicular to x-axis makes an angle of 90° with x-axis, so its slope is
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Fig. 22.1
tan n/2 = o, Alse, the slope of a line equally inclined with axes is 1 or -1 as it makes 45° or 135°
angle with x-axis.

REMARK The angle of inclination of a line with the positive direction of x-axis in anticlockwise sense
always lies between 0° and 180°.

ILLUSTRATION 1 Find the slope of a line whose inclination to the positive direction of x-axis in
anticlockwise sense is (i) 60°(i1) 0°(iii) 150° (iv) 120°, INCERT]
SOLUTION (i) Slope = tan 60°=+/3. (ii) Slope = tan 0°=0.

(iii) Slope =tan 150° = - cot 60° = - % (iv) Slope =tan 120° = - cot 30° = - J3.

ILLUSTRATION 2 What can be said regarding a line if its slope is (i) positive (ii) zero (iii) negative?
SOLUTION Let 8 be the angle of inclination of the given line with the positive direction of x-axis
in anticlockwise sense. Then, its slope is given by m = tan 0.
(i) If the slope of the line is positive, then
m = tan 6 > 0= 0 lies between 0°and 90° = 0 is an acute angle.
Thus, a line of positive slope makes an acute angle with the positive direction of x-axis.
(ii) If the slope of the line is zero, then
m=tan 6 =0 = 0=0° = either the line is x-axis or it is parallel tox-axis.
Thus, a line of zero slope is parallel or coincident to x-axis.
(iii) If the slope of the line is negative, then
m=tan 0 <0 = 0 lies between 90° and 180° = 0 is an obtuse angle.
Thus, a line of negative slope makes an obtuse angle with the positive direction of x-axis
in anticlockwise direction.
22.2.1 SLOPE OF A LINE IN TERMS OF COORDINATES OF ANY TWO POINTS ON IT

Let P (xq, y1) and Q (x5, y,) be two points on a line making an angle 0 with the positive direction
of x-axis. Draw PL, QM perpendiculars on x-axis and PN L on QM. Then,

PN=LM=0OM-OL=xy -xqy b & =
and, ON=0QM-NM=0M -PL=y,-1; /
Qlxa, )
In A PON, we obtain : |
tan D= B0 o 2 =Y | Al N!’lz
%R o R IR
0 ; L M
Thus, if (x1, 11) and (x5, y,) are coordinates of any two points on 5% -—

a line, then its slope is



THE STRAIGHT LINES 22.3

o ¥y —y1  Difference of ordinates

xy —xq Difference of abscissae

ILLUSTRATION 3 Find the slope of a line which passes through points (3, 2) and (- 1, 5).
INCERT]
SOLUTION We know that the slope of a line passing through two points (x1, i) and (x5, ) is

givenby m = i Z - i L. Here, the line passes through (3, 2) and (-1, 5).
7 S

5-2 3

S0, its slope is given by m = ’
RS o8 4

22.3 ANGLE BETWEEN TWO LINES

THEOREM The angle 6 between the lines having slopes my and m, is given by tan 6 = + S

1+ myiy

PROOF  Letmy and m, be the slopes of two given lines AB and CD which intersect at a point P
and make angles 0, and 0, respectively with the positive direction of x-axis. Then,
my; = tan 0; and my, = tan 0,.

Let ZAPC =0 be the angle between the given lines. Then,

6, =0 + 04 [See Fig. 22.3]

= = 92—91
=5 tan 6 = tan (0, —0,)

tan 6, —t =
= tan @ = ——2 a0 Usmg:tan{A—B}:tanA it 2

1“!‘131192 tan Bl l+tan A tan B
< L8 = My — My (i) Y

1 +mqymy

Since ZAPD =n—-0 is also the angle between AB andCD.
Therefore,

tan ZAPD = tan (n-6) =—tan 0=——2 "L [Using (i)] ...(ii)
1+mqym, {* X
.-..}.
From (i) and (ii), we find that the angles between two lines of slopes DI‘
my and m, are given by 7y
tan@'=+ —2 1. - g = tan~}|+ 27"
1+mymy 1 +mymy
The acute angle between the lines is given by tan 0 = w2 |
1+ ?ﬂl mzl
Q.E.D.

ILLUSTRATION If A(-2,1),B(2, 3) and C (-2, —4) are three points, find the angle between
BA and BC.

SOLUTION Letmy and m, be the slopes of BA and BC respectively. Then,

3-1 201 ~&=3 . 7

= =—=—, and my =
2-(-2) 4 2

m
1 2.3 A

Let 0 be the acute angle between BA and BC. Then,
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22.4
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ano < |mem| | 472 ] |8l.2 o0 wnl(2)
Lemmg] |, 7, 1 1513 3
4 2 8
CONDITION OF PARALLELISM OF LINES If two lines of slopes m; and m, are parallel, then the
angle 0 between them is of 0°.
tan 0 = tan 0° = 0
=% e o | RN My = M Using:tan 6 ==+ L el
1+ mymy 1 +my my

Thus, when two lines are parallel, their slopes are equal.

CONDITION OF PERPENDICULARITY OF TWO LINES If two lines of slopesm; and m, are perpen-
dicular, then the angle 0 between them is of 90°.

From Fig. 22.3, we have

B‘z =B+B]
= Bz =90° + 81 [~ © =9{]°]
= tan 0, =tan (90°+0;) = tan 0, =-cot 6; = tan 8y tan 05 =-1 = mymy =-1

Thus, when two lines are perpendicular, the product of their slopes is — 1. If m is the slope of a line, then the
slope of a line perpendicular to it is — (1/m).

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)
EXAMPLE1 Determine x so that the line passing through (3, 4) and (x, 5) makes 135° angle with the

positive direction of x-axis.
SOLUTION Since the line passing through (3, 4) and (x, 5) makes an angle of 135° with x-axis.
Therefore, its slope is tan 135° =—1. But, the slope of the line is also equal to

= {Uﬁing:mzyz—yl]

x-3 =1
5-4
x-3

EXAMPLE 2 Find the angle between the lines joining the points (0, 0), (2, 3) and the points (2, - 2),

(3, 5).
SOLUTION Let 6 be the angle between the given lines. We find that

=1 = = —-x+3=1 = x=2

m, = Slope of the line joining (0, 0) and (2, 3) = %:—g = %
g O 542
m, = Slope of the line joining (2, - 2) and (3, 5) = = ha 7
tan 0 =% Lo EE =+ L dp2 =i——1”2=iE = 0 = tan_l[iy_).
l+mm, 1+7(3/2) 23/2 23 23

EXAMPLE3 Let A (6, 4)and B(2, 12) be two given points. Find the slope of a line perpendicular to AB.

SOLUTION Letm be the slope of AB. Then,

=12_4 = 8 = —2.S0, the slope of a line perpendicular to AB is _.__l_
2-6 -4 w2

1

m
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EXAMPLE S Determine x so that 2 is the slope of the line through (2, 5) and (x, 3).

SOLUTION  The slope of the line through (2, 5) and (x, 3) is o : . But, the slope of the line is
I —_

given as 2.
F=3

x-2

=2=2x-4==2=x=1

EXAMPLES  What is the value of y so that the line through (3, y) and (2, 7) is parallel to the line through
(-1, 4) and (0, 6)?

SOLUTION LetA (3,y), B (2,7), C(-1,4) and D (0, 6) be the given points. Then,

my = Slope of theline AB = Z—L — 7 and, m, = Slope of the lineCD = —° 2

g3 0-(-1)
It is given that AB and CD are parallel.
my=my=>y-7=2=y=09.

EXAMPLE 6 Without using Pythagoras theorem, show that A (4, 4), B (3, 5) and C (-1, =1) are the
vertices of aright-angled triangle. [NCERT]
SOLUTION In A ABC, we find that

4-5 e==W

my = Slope of AB = T =-1 and, m, = Slope of AC = (1)

Clearly, my my =—1. This shows that AB is perpendicular to AC i.e. ZCAB =n/2.
Hence, the given points are the vertices of a right-angled triangle.

EXAMPLET A quadrilateral has the vertices at the points (-4, 2), (2, 6), (8, 5) and (9, —7). Show that
the mid-points of the sides of this quadrilateral are the vertices of a parallelogram.

SOLUTION Let A(-4,2),B(2,6),C(8,5 andD (9,-7) be the vertices of the given
quadrilateral. Let P, Q, R and S be the mid-points of AB, BC, CD and DA respectively. Then, the
coordinates of P, Q, R and S are P(-1,4), Q(5,11/2), R (1?/’2 -1) and §(5/2, 5/’2)
respectively. In order to prove that PQRS is a parallelogram, it is sufficient to show that PQ is
parallel to RS and PQ = RS. Letm, and m, be the slope of PQ and RS respectively. Then,

11/2-4 1 =0/2+1 1
my = = — and, m, = = —
~(—1) -t 6/2-17/2 4

Clearly, my = my. Therefore, PQ is parallel to RS.

Now,
PQ = J{5+1)3 [ﬂma;]z _ Y188 4 RS- \/[E-Ef +[—§+1)2 N8
2 2 . 2 2
= PQ =
Thus, PQ || RSand PQ = RS. Hence, PQRS is a parallelogram.
EXAMPLES  Prove that A (4, 3), B (6, 4), C (5, 6) and D (3, 5) are the angular points of a square.

SOLUTION Clearly,
AB = \J(6-492+(4-3)2 =5, BC = (6-4)% +(5-4)> =5,

CD = (5-6)% +(3-5)2 =5 and, DA = (5-3)% +(3-4)% =5

AB = BC = CD = DA.

e -4
Now, my; = Slopeof AB = ol l, m, = Slopeof BC = e =2
6-4 2 5-6
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9=6 1

e

Clearly, my my =(1/2) (- 2) =-1 and my =mj3. Therefore, AB is perpendicular to BC and it is
parallel to CD. Thus, AB=BC =CA =AD, AB L BC and AB is parallel to CD. Hence, ABCD

1S a square.

EXAMPLE 9 If the angle between two lines is Emm’ slope of one of the line % , find the slope of the other

and, m3 = SlopeofCD =

line. [NCERT]
SOLUTION We know that the acute angle 8 between two lines with slopesni; and 1, is given by
my —m | ()

tan 0 =
1+m ””2]

Letm = l and m, =m = slope of the other line. It is given that 6 = -E Substituting my = IE, n, =m

and 6 =E in (i), we obtain

1
m —
-1
tan 2 2 1 — e B i
4 1+mx E 2+m
= 2m—1= +1=2m-1 =m+2 or, 2m-1=—(m+2):>m=30r,m=ml
m+ 2 3
Hence, the slope of the other line is 3 or, — 15
BASED ON LOWER ORDER THINKING SKILLS (LOTS)
EXAMPLE 10  If the points P (h, k), Q (x1, y1) and R (x5, y,) lie on a line. Show that:
INCERT]

(h=x7) (Y2 =y = (k—y1) (xp —x9)
SOLUTION It is given that the points P (h, k), Q (x1, ¥1) and R (x3, y5) are collinear.
Slope of PQ = Slope of OR
k — g
= T = BN o (kg (- x) = (-3 (02— 3)
— X X — X1

EXAMPLE11 In Fig. 22.4, time and distance graph of a linear motion is given. Two positions of time and
distance recorded as, when T =0, D =2 and when T = 3, D = 8. Using the concept of slope, find law of

motion i.e. how distance depends upon time. '[NCERT]
SOLUTION Let P (T, D) be any point on the line, where D denotes 0

the distance at any time T. 5 /
Clearly, points A (0, 2), B(3, 8) and P (T, D) are collinear. E (T, D)

. Slope of AB = Slope of BP % |

g 0,2)
= —
3-0 T-3 |
D-8 4
= 2=—— = D =2(T +1), which is the required relation. ‘ Hwme T X
L Fig. 22.4

EXAMPLE 12 If points (a, 0), (0, b) and (x, y) are collinear, using the concept of slope, prove that

. + y = L
a b
SOLUTION Let A (a, 0), B(0, b) and P (x, y) be the given collinear points. Then,
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Slope of AB = Slope of BP

i b—[}zy—b:}—_b y—b
0—na x-0 a X

= -bx =ay—-ab = bx+ay = ab = L % =1 [On dividing both sides by ab]
a

EXAMPLE 13 A ray of light passing through the point (1, 2) reflects on the x-axis at point A and the
reflected ray passes through the point (5, 3). Find the co-ordinates of A. [NCERT EXEMPLAR]
SOLUTION Let the coordinates of A be (I, 0). Let AN be the normal at A. Then,

ZPAN = ZQAN =0 (say)
Clearly, AQ makes angle 90°-0 with OX. Therefore, slope of AQ is
tan (90°-0) = cot 6. Also, the coordinates of A and Q arc (h, 0) and

(5, 3) respectively.
3-0
S1 fAQ =——
ope of AQ T
— x"
Thus, cot6 = . = coto = ) )., S
5-h 5-h

AP makes angle 90°+6 with OX. Therefore, slope of AP is
tan (90°+0) = —cot 6. Also, AP passes through A (h, 0)and P (1, 2).

: SIDpequP=—2;D=:~ —-coth = —2+ =>'cotip = L ..(ii)
1-h 1-h h -1
From (i) and (ii), we obtain
3 2 13
— = = 3h-3=10-2h =5h =13 = h = —
5-h h=1 5

Hence, the coordinates of A are (13/5, 0).

EXAMFLE 14  Prove that the line joining the mid-points of the two sides of a triangle is parallel to the
third side.

SOLUTION Let A (xq1, yq), B(x3, y5) and C (x5, y3) be
the vertices of a A ABC and D and E be the mid-points
of sides AB and AC respectively. Then, the

coordinates of D and E are [12 ; g : Y2 ; Fl]

A {Il ¥ !:'1]

X +T1 ¥or¥h
D(-;" _2+1'3y1+y3

e
A

: (*2, ¥2) C(x3, ¥3)
[:n + X3 y i+ ‘IIB}respectively. o 3+ Y3
2 2 et
N1rYs Y2+
= ol 2 2 _ _¥Y3—Xa = —d3 =Y
my = Slope of DE = Bt3 B tE s is and, m, = Slope of BC s

2 2
Clearly, my = m, . Hence, DE is parallel to BC.

EXAMPLE15 If A(2,0), B(0,2) and C(0,7) are three vertices, taken in order, of an isosceles
trapezium ABCD in which AB||DC. Find the coordinates of D.

SOLUTION  Let the coordinates of D be (x, y).It is given that AB||DC.

Slope of AB = Slope of DC
2-0 7-y ad o Y=

0—-2 O=x X

=5 = x+y-7=0 ..(1)
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Since ABCD is an isosceles trapezium. Therefore, P el
AD = BC

= AD? = BC?

= (x-2%+(y-0?% = (0-0)? 3 (2=7° A2, 0) B(0,2)

=  (x-2%+y% =25 ool

— (I—2)2+{?-:~:}2 = 25 [From (i), y = 7 —x]

=5 2%% —18x+28 = 0 = x*-9x+14 = 0= (x-2)(x-7) =0=> x = 2,7

From(i),x = 2 = vy = 5andx = 7 = y = 0.Hence, the coordinates of D are (2,5)or(7,0).

EXAMPLE 16 By using the concept of slope, prove that the diagonals of a rhombus are at right angles.

SOLUTION LetOABC be a rhombus whose each side is of length a such that O is the origin and
OA is along x-axis. Let b be the height of the rhombus. Let BL and CM be perpendiculars drawn
from B and C respectively on x-axis.

Further, let OM =c. Clearly, AOMC = A ALB. Therefore, OM = AL = AL = c. Thus, we
have

YA
OM =¢,CM =b,0A =a,0L =a+cand LB =) C (. b) B (a+c, b)
So, the coordinates of the vertices of the rhombus are - -
00,0, A(a 0), B(a+c,b) and C(c,b) In right ; _
triangle OMC, we obtain a b b
0C? =OM? + MC? = a? =c? +b? ) s i S S
Now, <o M A@0) L X
b-0 b i Fig.22.8
my = Slope of diagonal OB = = ] s
1 pe 5 a+c-0 a+c
b-0 b
m, =Sl f di 1%4C = =
5 ope of diagona =i
2 2
My My = b % b = b = b =-1 [UEiﬂg ()]

a+c c-a c*—g* —p?
Hence, OB is perpendicular to AC.

EXAMPLE 17 Using the concept of slope, prove that medians of an equilateral triangle are perpendicular
to the corresponding sides.

SOLUTION Let ABC be an equilateral triangle such that AB = AC = BC =2a.

Y A

A(a, B)=(0,J3 a)
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Let BC be along X-axis, mid-point of BC be the origin and a line passing through O and
perpendicular to BC be Y-axis. Then, the coordinates of B and C are (-4, 0) and (a, 0)
respectively. Let the coordinates of A be (o, p).Since ABC is an equilateral triangle.

- AB = AC = BC
Now, AB = AC
. AB*> = AC? = (0 +a)?+(B-0)% = (-2 +(B-0)2 = 4a0 =0 = o = 0.

In right triangle COA, we obtain

AC? = 0A%+0C? = (202 =2 +a® = B = V34
Thus, the coordinates of A are (0, v/3a). Consequently, A lies on y-axis.

OA 1 BC [ OA is along y-axis and BC is along x- axis]
Let D and E be the mid-points of AC and AB respectively. Then, the coordinates of D and E are

(:1+ﬂ E)= a 3a T (“‘” E) N V3a respectivel
: ' F LlE 7

20 =2 2 2 2 2 2
r j_[]

Now, my = Slopeof AC = i 3, my = Slope of BD = —2 i

0-a ® &G V3

2
Clearly, m; my = —1. Therefore, BD L AC.
v3a_
Also  Slope of AB x Slope of CE = ﬁﬂ"ﬂx 2 = ﬁx—ﬁ = ~1= ABLCE
0+a S, v 3
2

Thus, AO, BD and CE are medians of an equilateral triangle ABC such that AO 1 BC,BD 1 CA
and CE L AB. Hence, medians of an equilateral triangle are perpendicular to the corresponding
sides.

EXAMPLE18 Prove that a triangle which has one of the angle as 30°, cannot have all vertices with
integral coordinates.

SOLUTION Let ABC be a triangle the coordinates of whose vertices are A (x; , 1), B(x, , y5)and
C(x3,y3), wherexy, x5 ,x3,y;, ¥y, y3 are integers. Let ZBAC = 30° We find that

my = Slope of AB = yr‘yzr and my = Slope of AC = 1793
I] —Iz 1'] —_1‘3
Now, <ZBAC = 30°
= tan 30° = | 1~
1+ ."Hl mz
¥i=Y2 ¥1iT¥3
= 1 _ I x-% x-x |1 |1 -y) (1 -x3) ~(y1 —¥3) (¥~ Xp)
V3 14917 Y2 Y1-Y3| VB |(x)-xp) (x1 —x3) + (11 — ¥2) (1 — ¥3)|

This is not possible as LHS is an irrational number and RHS is a rational number. Hence,
X1, X9, X3, Y1, Y2, Y3 cannot be all integers.

EXAMPLE19 The vertices of a triangle are A(xq, xqtan 04), B(x,, X, tan 65) and
C(x3,x3 tan 83). If the circumcentre of A ABC coincides with the origin and H (X, 7) is the
orthocentre, show that
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sin E!l+5'1n 92 + sin 53
cos 01 + cos By + cos O3

==

SOLUTION The circumcentre of A ABC is at the origin O. Let the circum-radius be . Then,
OA =0B =0C =71
=  04A* =0B? = 0C? =1

2 2

2 I P <N N 2o !
= x,"+x"tan® ) = x," +x," tan” 0 = x37 + x5 tan O3 =71

2

= .7a:1i251:ae-:2 04 =:1:2‘1151.=:::2 0, =x32 sec” 04 =r°= xy=r cos By, X =7 cos 05, x3 =r cos 03

Thus, the coordinates of the vertices of A ABC are
A =(xq, X1 tan 67) =(r cos 0y, r sin 0), B=(xy, X5 tan 0;) =(r cos B,, r sin 6;)
and, CE(I3,I3 tﬂﬂ93}=(rCDE Ba,fﬁi.['l BBJ

So, the coordinates of the centroid G are

(rcns61+rc0592 +7cos B3 rsin 07 +r sin 6, +r sin 93)
3 ' 3

We know that the circumcentre (O), Centroid (G) and orthocentric (H) of a triangle are collinear.

Slope of OH = Slope of OG
rsin B +rsin 8, +7sin 05

» y-0 3 "q'_‘{]:}_:z_sinﬂl+sinﬁg+5in83
¥-0 rcosBy+rcosB+rcos 93__0 X  cos 0y +cos 6y + cos O3
3
= = = ___EXERCISE 22.1
BASIC
|. Find the slopes of the lines which make the following angles with the positive direction of
x-axis:
N R T o DR g
-— ii) — i) — —
B =2 o= (i) = (iv) =

FJ

Find the slope of a line passing through the following points:

(i) (-3,2)and (1, 4) (ii) (m‘lz, 2 aty) and (mf%, 2 aty) (iii) (3,-5),and (1,2)

3. State whether the two lines in each of the following are parallel, perpendicular or neither:
(i) Through (5, 6) and (2, 3); through (9, -2) and (6, -5)

(i) Through (9,5)and (-1,1); through (3,-5)and (8, -3)

(iii) Through (6, 3) and (1,1); through (-2, 5)and (2, -5)

(iv) Through (3, 15) and (16, 6); through (-5, 3) and (8, 2).

1. Find the slope of a line (i) which bisects the first quadrant angle (ii) which makes anangle
of 30°with the positive direction of y-axis measured anticlockwise. [NCERT]

Using the method of slope, show that the following points are collinear:

(i) A (4,8), B (5,12),C(9,28) (ii) A (16,-18), B (3,-6), C (=10, 6)
6. Whatis the value of y so that the line through (3, y) and (2, 7) is parallel to the line through
(-1,4)and (0, 6)?

n
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- What can be said regarding a line if its slope is

(1) zero (ii) positive (iii) negative?

. Show that the line joining(2, - 3) and (-5, 1) is parallel to the line joining (7,—~1) and (0, 3).
. Show that the line joining (2, - 5) and (- 2, 5) is perpendicular to the line joining (6, 3) and

(1,1).
BASED ON LOTS

10. Without using Pythagoras theorem, show that the points A (0, 4), B(1, 2) and C (3, 3) are
the vertices of a right angled triang]e.
11. Prove that the points (-4, 1), (-2, —4), (4, 0) and (2, 3) are the vertices of a rectangle.
12. If three points A (h, 0), P (a, b)and B (0, k) lie on a line, show that: % - % =1. [INCERT]
I3. The slope of a line is double of the slope of another line. If tangents of the angle between
them is % , find the slopes of the other line. [INCERT]
14. Consider the following population and year graph:
Find the slope of the line AB and using it, find what will be the population in the year 2020.
INCERT]
~rY
A
O
=102
g 5,97)
*_g: 97 ) B (2042 c (020 M
& 921 '
iﬂ”’fu’;ﬂfﬂ}
87 1
| X
<- = e >
E?J, 1995 2000 2005 2010 2015 2020
Years
Fig.22.10
15. Without using the distance formula, show that points (-2, 1), (4, 0), (3, 3)and (- 3, 2) are
the vertices of a parallelogram.
16. Find the angle between the X-axis and the line joining the points(3, —1) and (4, — 2).
INCERT]
17. Line through the points (-2, 6) and (4, 8) is perpendicular to the line through the points
(8,12) and (x, 24). Find the value of x. (NCERT]
18. Find the value of x for which the points(x, —1), (2, 1) and (4, 5) are collinear. [NCERT]
19. By using the concept of slope, show that the points (-2, - 1), (4, 0), (3, 3) and (- 3, 2) are the
vertices of a parallelogram. INCERT]
20. A quadrﬂateral has vertices (4, 1), {1, ?}, (—- 6, 'D) and {— 1, - 9) Show that the mld-pﬂlﬂtﬁ of
the sides of this quadrilateral form a parallelogram.
RS Sl BRSNSV TR ) ~__ANSWERS
L (i) —1 (i) —+/3 (iii) -1 (iv) V3
s | ¥ 2 R,
= (i) = iii) ——
®3 (i) TS (i) >



22.12 MATHEMATICS-XI

3. (i) parallel (ii) parallel (iii) perpendicular (iv) neither.
4. (i) 1 (i) —/3 6. 9
7. (i) The line is either x-axis or it is parallel to x-axis.
(ii) The line makes an acute angle with positive direction of x-axis.

(iii) The line makes an obtuse angle with the positive direction of x-axis.

13. 1J,1 14, 104.50 crores 16. 135° 17, 4 18. 1

2
HINTS TO SELECTED PROBLEMS

12. Itis given that points A (h, 0), B(0, k) andP (a, b) are collinear. Therefore,

Slope of PA = Slope of PB
D=0 b=k
a-h a-0

—

= ab =(a-h)®-k) = ab = ab—-ak —bh + hk = hk = ak +bh = }q+% =]
1

13. Let m be the slop of first line. Then the slope of the second line is 2m. Let 6 be the angle
between the lines. Then,

Zm-m\

tan 0 =
1+2m'2'

=5 l=i L = 2m*+ 3m+1=0 = 2mz+3m+1=ﬂnr,2m2—3m+l=0

3 1+ 2m>

=% {2}:1+1)(m+1}=Ucrr,[2m-1)(n:—1}={]:.'=~m=i%,t1.

14. Let P be the population in the year 2020. Then, C (2020, P) lies on the line.
Since A, B, C are collinear points. Therefore,

Slope of AB = Slope of BC
97398 ., P27 il 5 P=97
2005-1995 2020 -2005 10 15

16. Let 6 be the angle between the line joining the points (3, —1) and (4, — 2) and x-axis. Then,
—2+1

= 7.59=P-97 =P =104.5

tan © = Slope of theline = tan 6 = = tan 6 = -1= 6 = 135°.

17. Itis given that the line through the points A (- 2, 6) and B (4, 8)is perpendicular to the line
through the points C (8, 12) and D (x, 24). Therefore,

Slope of AB x Slopeof CD = -1

8§-6 24-12 1 12
X = —] = —x
4+2 x-8 3 x-8

= -l -4 =x-8= x=4

18. Itis given that points A (x, —1), B(2, 1) and C (4, 5) are collinear.
1+1 5-1 2

Slope of AB = Slope of BC = = =
L—¥ B2 L%

=0 = D—y=] = =1,
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20. Given points are A (-2, -1), B(4, 0),C (3, 3) and D (- 3, 2). Therefore,

o -
m = SlupeanB=O 1=1, m, = Slopeof CD = s A
4+2 6 -3-2 6
—~ 2+1
ms = Slope of BC = o = —3 and, my = Slopeof AD = = =0
3-4 =3 2
Clearly, my; =m, and m5 =my. Therefore, AB||CD and BC || AD.
Hence, ABCD is a parallelogram.
22.4 INTERCEPTS OF A LINE ON THE AXES
If a straight line cuts x-axis at A and the y-axis at B, then OA and OB are Y
known as the intercepts of the line on x-axis and y-axis respectively. N
Y |
The intercepts are positive or negative according as the line meets 'g- 5
with positive or negative directions of the coordinate axes. E F
In Fig. 22.11, OA = x-intercept, OB = y-intercept. - JTT‘: l 1 10
OA is positive or negative according as A lies on OX or OX' P %:;-I: intercepte—Yy,
respectively. Similarly, OB is positive or negative according as B V'V
lies on OY or OY' respectively. Fig.22.11

22.5 EQUATIONS OF LINES PARALLEL TO THE COORDINATE AXES

22.5.1 EQUATION OF A LINE PARALLEL TO x-AXIS
Let AB be a straight line parallel to x-axis at a distance b from it. Then, clearly the ordinate of each

point on AB is b. Thus, AB can be considered as the locus of a point YA

at a distance b from x-axis. Thus, if P (x, y) is any pointon AB, then y=b P(x, y)

y =b. (See Fig. 22.12). & A

Hence, the equation of a line parallel to x-axis at a distance b from it, b

is y = J‘é' n ¥ Ef
Since x-axis is a parallel to itself at a distance 0 from it, therefore O

the equation of x-axisis y = 0. )

If a line is parallel to x-axis at a distance b and below x-axis, then its Fig. 22.12

equation is y = —b.
22.5.2 EQUATION OF A LINE PARALLEL TO y-AXIS

Let AB be a line parallel to y-axis and at a distance a from it. Then, the abscissa of every point on

AB is a. 50 it can be treated as the locus of a point a distance a from Y A
y-axis. Thus, if P (x, y) is any point on AB, then x = a. (See A
Fig. 22.13) e
R >
Hence, the equation of a line parallel to y-axis at a distance a from it, % .’
s x =a. < f >
0
Since y-axis is parallel to itself at a distance 0 from it, therefore the ’
equation of y-axis is x = 0. i
! A 4
If a line is parallel to y-axis at a distance a and to the left of y-axis, It
Fig. 22.13

then its equation is x = - a.
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ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Write down the equations of the following lines:

(i) x-axis (1) y-axis [NCERT]
(iii) A line parallel to x-axis at a distance of 3 units below x-axis.
(iv) A line parallel to y-axis at a distance of 5 units on the left hand side of it.

SOLUTION (i) y =0 (ii) x=0 (iii) y=-3 (iv) x=-5.

EXAMPLE 2 Find the equation of a line which is parallel to x-axis and passes through (3, -5).
SOLUTION The equation of a line parallel to x-axis is y = b. Since it passes through (3, - 5).
So,-5=b = b =-5. Hence, the equation of the required lineis y =-5.

ALITER Since y-coordinate of every point on a line parallel to x-axis is always same, it follows
that the equation of the required line is y = - 5.

EXAMPLE 3 Find the equation of a line which is parallel to y-axis and passes through (-4, 3).

SOLUTION The equation of a line parallel to y-axis is x = a. Since, it passes through (-4, 3).
So -4 =a = a=-4. Hence, the equation of the required line is x = - 4.

ALITER Since the abscissa of every point on a line parallel to y-axis is always same. So, the
equation of the required line is x = - 4.

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 4 Find the equation of a line which is equidistant from the lines x = -4 and x = 8.
SOLUTION Since the given lines are both parallel to y-axis and the required line is equidistant

: S ol .
from these lines, so it is also parallel to y-axis and its distance from y-axis is 5 (— 4 + 8) =2 units.

Hence, its equation is x = 2.
EXERCISE 22.2

BASIC
1. Find the equation of the line parallel to x-axis and passing through (3, - 5).

I

Find the equation of the line perpendicular to x-axis and having intercept — 2 on x-axis.

Find the equation of the line parallel to x-axis and having intercept — 2 on y-axis.

h.

Draw the lines x =—- 3, x =2, y =- 2, y = 3 and write the coordinates of the vertices of the
square so formed.

5. Find the equations of the straight lines which pass through (4, 3) and are respectively
parallel and perpendicular to the x-axis.

BASED ON LOTS
6. Find the equation of a line which is equidistant from the lines x =-2 and x = 6.
7. Find the equation of a line equidistant from the lines y =10 and y =-2.
- ANSWERS
-2 4.(2,3),(-3,3),(-3,-2),(2,-2)

-5 2. x==-2
e x=4 G x=2

-]
b~
Il

R
I

) -

=
i
4=
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HINTS TO SELECTED PROBLEMS

5. Since the given lines are parallel to y-axis and the required line is equidistant from the given

lines. Therefore, it is parallel to y-axis at a distance %{— 2 + 6) =2 units from it. So its
equation is x = 2.

22.6 DIFFERENT FORMS OF THE EQUATION OF A STRAIGHT LINE

In section 22.1, we have seen that a first degree equation in x, y represents a straight line. The
equation of a straight line can be written in different forms depending on the data given. In this
section, we shall learn about these forms.

22.6.1 SLOPE INTERCEPT FORM OF A LINE

THEOREM  The equation of a line with slope m and making an intercept c on y-axis is y =mx + c.

PROOE  Let the given line intersects y-axis at Q and makes an angle Ya /7'
0 with x-axis. Then, m = tan 0. Let P (x, y) be any point on the line. | P(x,y)
Draw PL perpendicular to x-axis and QM L PL. | I}
Clearly, ZMQP =0, QM =OL = x i
0
In triangle PMQ, we obtain X 08¢ X
= (@ I,
tan 0 = 2 = B2C /
oM X o
ol Fig.22.14
=\ m =2
X

= y = mx + ¢, which is the required equation of the line.

Q.E.D.

REMARK 1 If the line passes through the origin, then 0 =m0 + ¢ = c¢ = 0. Therefore, the equation of a
line passing through the origin is y = mx, where m is the slope of the line.

y=c.
ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE1  Find the equation of a line with slope - 1 and cutting off an intercept of 4 units on negative
direction of y-axis.
SOLUTION Here, m=-1 and c=-4
Substituting these values in y =mx + ¢, we obtain that the equation of the line is
y=—x—-4or, x+y+4=0

EXAMPLE2  Find the equation of a straight line which cuts off an intercept of 5 units on negative
direction of y-axis and makes an angle of 120° with the positive direction of x-axis.

SOLUTION Here, m =tan 120° = tan (90 + 30°) = - cot 30°=-+/3 and ¢ =-5.

Substituting these values in y =mx + ¢, we obtain that the equation of the line is
y=—+3x-5 or, V3x + y + 5 = 0
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EXAMPLE 3 Find the equation of a straight line cutting off an intercept — 1 from y-axis and being equally
inclined to the axes.

SOLUTION Since the required line is equally inclined with the YA
coordinate axes, therefore it makes either an angle of 45° or 135° ® { " PA
with the x-axis. \C jr’f
- 135° o

So, its slope is either m=tan45° or, m=tan135° % e i A
i.e.m=1 or, —1.Itis given that c = — 1. \ﬁ(un
Substituting these values in y =mx +c¢, we obtain that the Vsl a
equations of the linesarey =x-1 and y=—x-1. A

Fig.22.15

EXAMPLE 4 Find the equation of a straight line which makes an angle of tan 1 /2 with the x-axis and

cuts off an intercept of — 29 with the y-axis.

V2
SOLUTION Here,m =tan 0 = tan (tan "' v2) =2 and ¢ =-—%.

Substituting these values in y =mux + ¢, we obtain that the equation of the required line is

y = ﬁx—% or, 2y =2x -3

EXAMPLE 5 Find the equation of a straight line which cuts off an intercept of length 3 on y-axis and is
parallel to the line joining the points (3, —2) and (1, 4).

SOLUTION Let m be the slope of the required line. Since the required line is parallel to the line
joining the points A (3,-2) and B (1, 4‘)4. =3)

1-3

=3

m = Slope of the line AB =

It is given that ¢ = 3. Substituting these values in y =mx + ¢, we obtain that the equation of the
required lineisy = —-3x+ 3 or, 3x+y-3 = 0.

EXAMPLE 6 Find the equation of a line that has y-intercept 4 and is perpendicular to the line joining
(2,-3) and (4, 2).

SOLUTION Let m be the slope of the required line. Since the required line is perpendicular to

the line joining A (2, -3) and B (4, 2).
2+ 3

m x Slope of AB = ~1= mx

= —l::an::—g—
5

The required line cuts off an intercept of length 4 on y-axis. 50, ¢ = 4
Substituting these values in y =mx + ¢, we obtain that the equation of the required line is

y=—§x+4 or, 2x +5y—-20=0.

EXAMPLE 7 Find the equation of the straight line which makes angle of 15° with the positive direction of
x-axis and which cuts an intercept of length 4 on the negative direction of Y-axis.

SOLUTION Let m be the slope of the line. Then,

ot
I

tan 45° — tan 30° J2
m = tan 15° = tan (45°-30°) = el = =
1 + tan 45° tan 30°

&
%

&
_I_
cd

sk
e

-

(V3 -1)? 4-2J3

. e e s Bl
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[t is given that the line cuts an intercept of length 4 on the negative direction of y-axis.
c =—4

Substituting these values in y = mx + ¢, we get
y = (2-+/3) x -4 as the equation of the required line.

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLES Py, P, are points on either of the two lines y —~/3 | x |= 2 at a distance of 5 units from their
point of intersection. Find the coordinates of the foot of perpendiculars drawn from Py, P, on the bisector of

the angle between the given lines. [NCERT EXEMPLAR]
SOLUTION The equations of the given lines are
y—-+/3x=2 forx >0 ...(i) and, y++/3x=2forx<0 D

The slopes of these two lines are +/ 3 and —+/ 3 respectively. So, they make angles of 60°and 120°
respectively with x-axis. Consequently, each makes 30° angles with the positive direction of
y-axis as shown in Fig. 22.16.

Clearly, lines (i) and (ii) intersect at P (0, 2) and y-axis is the
bisector of the acute angle between them. It is given that
PPI =9 = PP 2.

Let M be the foot of the perpendiculars drawn from P; and P, on

y-axis. ¥ %
In right triangle PMP;, we have o >
COS 30":%::- f:PM =:-PM=¥ i
1 Fig. 22.16
OM =0P + PM =24+ Y3 _4+5V3
2 2
Hence, the coordinates of M are [D, 2 iﬁJ ,

EXERCISE 22.3

BASIC

1. Find the equation of a line making an angle of 150° with the x-axis and cutting off an
intercept 2 from y-axis.
2. Find the equation of a straight line:
(i) with slope 2 and y-intercept 3; (i1) with slope —1/3 and y-intercept — 4.
(iii) with slope -2 and intersecting the x-axis at a distance of 3 units to the left of origin.
3. Find the equations of the bisectors of the angles between the coordinate axes.

4. Find the equation of a line which makes an angle of tan " (3) with the x-axis and cuts off an
intercept of 4 units on negative direction of y-axis.

5. Find the equation of a line that has y-intercept—4 and is parallel to the line joining (2, -5) and
1;2)

6. Find the equation of a line which is perpendicular to the line joining (4, 2) and (3, 5) and
cuts off an intercept of length 3 on y-axis.

7. Find the equation of the perpendicular to the line segment joining (4, 3) and (-1, 1) if it
cuts off an intercept -3 from y-axis.

8. Find the equation of the straight line intersecting y-axis at a distance of 2 units above the
origin and making an angle of 30°with the positive direction of the x-axis. [INCERT]
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~ ANSWERS
1. x+/3y=243 2. ) y=2x+3 (i) x+3y+12=0 (iii) 2x+y+6=0

3. xxy=0 4. y=3x-4 5.7x+y+4=0 6. x-3y+9=0

7. 5x+2y+6=0 8. x -3y +2J3=0

__ _HINTS TO SELECTED PROBLEM

1
8. Clearly, ¢ = y-intercept = 2 and, m = tan 30° =—.
y Y P 3

So, the equation of the lineis y = 71_5.1: +2o0r, x =3y +24J3 =0.

22.6.2 POINT-SLOPE FORM OF A LINE

THEOREM The equation of a line which passes through the point (xy, y;) and has the slope ‘m’ is
y =y =m(x—xp).
PROOF  Let the line pass through the point Q(xy, y1) and let P (x, y) be any point on the line.

Then, Slope of the line is = y—y 1 But, the slope of the line is m.

X — X1
m=2 91— y—yp=m(x—2xq)
X —Xq
Hence, y —y;=m(x — x;) is the required equation of the line. Q.E.D.
ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)
EXAMPLE 1 Find the equation of a line passing through (2, — 3) and inclined at an angle of 135° with the
positive direction of x-axis.
SOLUTION Here, m =Slope of the line = tan 135° = tan (90° + 45°) = - cot 45° = - 1.

xWw=2,y,=-3

So, the equation of the line is y —y; =m (x —x;)
i.e. y—=(=3) ==1(x=2) = y+3==-x+2 = x+y+1=0.
EXAMPLE 2 Determine the equation of line through the point (— 4, — 3) and parallel to x-axis.
SOLUTION Here,m=Slope=0, x1=-4, y;=— 3.
So, the equation of the lineis y — y; = m(x—x7) or, y+3=0(x+4) = y+ 3 =0.
EXAMPLE3  Find the equation of the line passing through (1, 2) and making angle of 30° with y-axis.

[INCERT EXEMPLAR]
SOLUTION The required line makes 30° with the positive e
direction of y-axis as shown in Fig. 22.17. So, it makes 60° with the " 3
positive direction of x-axis. Therefore, its slope m is given by 2
m = tan 60°=+/3. Thus, the required line passes through (1, 2) and /
has +/3 as its slope. Hence, its equation is y-2=+/3(x-1) or < CY >
V3x-y+2-43=0 i / @ "

vY
Fig. 22.17

EXAMPLE 4  Find the equation of the perpendicular bisector of the line segment joining the points
A (2, 3) and B (6, -5).
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SOLUTION The slope of AB is given by m=_5_3 = -2 [Using: m=i2 “.‘;1]
25

Slope of a line perpendicular to AB =- A =%

m

Let P be the mid-point of AB. Then, the coordinates of P are ( 2 ; 6 ’ 2 Q-SJ ie. (4,-1).

Thus, the required line passes through P (4, —1) and has slope % So its equation is
y+1=%(x-4):>x—2y—6=ﬂ. [Using: y —y; =m(x = x9)]
EXAMPLE 5 Find the equation of the line for which tan 6 = % , where O is the inclination of the line and
(i) x-intercept equal tod. (ii) y-intercept is— g [NCERT]
SOLUTION (i) Clearly, the line passes through (4, 0) and has slope = ;— . So, its equation is
y—-0 = —]2‘- (x —4) [Putting x1=4, 1 =Uandm=%in ¥ =1 =m(x—x1)}

= x-2y-4 =10
(ii) The line passes through [U, - %) and has slope = % . So, it equation is

Y -[—%) = %[1‘ - 0) [Putﬁng x1=0,14 =~% and m =1E iny—yy=m(x —xl)}
= 2y+3=x or, x-2y-3=0
EXAMPLE6 The perpendicular from the origin to a line meets it at the point (- 2, 9), find the equation of
the line. INCERT]
. 9-0 9
SOLUTION ~We find that: n = Slope of OP = — =5 =

Let m be the slope of the line AB.Since AB L OP.
Slope of AB x Slope of OP = -1

9 .
=% mx——=-1=m= — X

2 9 S~ia T [O00 %
The equation of ABis

2
i =g =§{I-(—2}} d v
Fig. 22.18

'

= 9y-81 = 2x+4 = 2x-9y +85 = 0

EXAMPLE 7  Find the equation of the line passing through the point (0, 2) making an angle 2—; with the

positive x-axis. Also, find the equation of line parallel to it and crossing the y-axis at a distance of 2 units
below the origin. [NCERT]

SOLUTION The equation of the line passing through (0, 2) and making an angle 2—: with the
positive x-axis is
y—2=tan %(x-{l) [Using: v —y; =m (x = x1)]
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-— y—2=-~f§x=:- ﬁx+y-2=0
A line parallel to this line crosses y-axis at a distance of 2 units below the origin. So, it passes

through (0, — 2) and makes an angle %E with the x-axis. Hence, its equation is

y+2=tan~?3£(x-[]):= y+2=—+/3x = J3x+y+2=0

BASED ON LOWER ORDER THINKING SKILLS (LOTS)
EXAMPLES Tuwo lines passing through the point (2, 3) intersect each other at an angle of 60°. If slope of
one line is 2, find the equation of the other line. [INCERT]

SOLUTION  Let the slope of the other line be m. It is given that the angle between the two lines is
60°.

tan 60° = M2
1+ 2m
=2 m-2
= J3 = = =+J/3 > m-2=4++/3+2J/3m > m(l+-2J3)=2++/3
1+ 2m 1+ 2m
L 2:43 2als 2-4B . N\2443 2-45

- N = ’ n=- ’ =
14-243 1=243 1+2J§:” N3 =1 20341

Substituting x; =2, y; = 3and the values of min y — yy =m (x - x1), we obtain that the equations
of the required lines are

2++/3 2-4/3
-3=- x—-2) and y-3= -2
¥ E-1 T e B
EXAMPLEY Find the equation of the line passing through (- 3, 5) and perpendicular to the line through
the points (2, 5) and (- 3, 6). [INCERT]
SOLUTION The slope of the line passing through (2, 5) and (- 3, 6) is 63_ 52 = _51

Let m be the slope of the line perpendicular to the line passing through (2, 5) and (-3, 6). Then,

mx—1=—1 =Sain=>
5

The required line passes through (- 3, 5) and has slope m =5. So, its equation is
y-5=5(x+3) or,5x-y+20=0
EXAMPLE 10 A line perpendicular to the line segment joining the points (1, 0) and (2, 3) divides it in

the ratiol : n. Find the equation of the line. [NCERT]

SOLUTION The slope of the line joining A (1, 0) and B (2, 3) is g =

= 3 and the coordinates of

n+ 2 3
nt1¥n s

the point dividing it in the ratio1 :n are[ } The slope of the line perpendicular to the

line segment AB is — % Hence, the equation of the required line is

3 1 [ n+2
Y- x =

n+1

i = )nr, nm+1)x+3n+1)y=n+11

EXAMPLE 11 Find the equation of a line which divides the join of (1, 0) and (3, 0) in the ratio 2 : 1 and
perpendicular to it.
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SOLUTION LetC be the point which divides the join of A (1,0) and B (3, 0) in the ratio2: 1. Then,
the coordinates of C are

[zx 3+1x1 2x0+1x0] _(3 0)

2+1 2+1 3

Since AB is along x-axis, therefore a line perpendicular to AB is parallel to y-axis. As it passes

through C (7/3, 0), therefore its equationis x = % or, 3x =7

Hence, the equation of the required line is 3 x =7.
XAMPLE 12 The vertices of a triangle are A (10, 4), B (- 4, 9)and C (- 2, —1). Find the equation of its
altitudes. Also, find its orthocentre.

SOLUTION Let AD, BE and CF be three altitudes of A ABC. Clearly, AD L BC, BE LCA and
CF 1 AB. We find that

Slope of BC = L on
-2+4

A (10, 4)

=-5 = Slope of AD =é [~ AD 1 BC]

Since AD passes through A (10, 4). Therefore, equation of AD is

y—4=%(x‘10)=3x—5y+1[}=0 ..(1)
Slope of AC = 2o G = Slope of B.E=-E [=eBE L AC]
10+2 12 5

Clearly, BE passes through B (- 4, 9) and has slope —12/5. So, the
equation of BE is

y—9=—15—2{x+4):>12x+5y+ 3 =40 ..(i1)

i % = Slope of CF = % [+ CF L AB]

Slope of AB =
10 + 4 11

Clearly, CF passes through C (- 2, - 1) and has slope % So, the equation of CF is

y+1=%(x+2}:;14x—5y+23=0 ..(111)

Thus, the altitudes of A ABC are

x-5y+10=0,12x+5y+3=0 and, 14x -5y +23=0.
The orthocentre of A ABC is the point of intersection of its altitudes. Solving (i) and (ii) by
cross-multiplication, we get

,i:i:i:}x=_1}y=2

-656 117 6D B
Hence, the coordinates of the orthocentre are (-1, 9/5).
EXAMPLE 12 Find the equations of the altitudes of the triangle whose vertices are A (7, — 1), B(-2, 8)
and C (1, 2).
SOLUTION Let AD, BE and CF be three altitudes of triangle ABC. Let my, m, and m3 be the
slopes of AD, BE and CF respectively. Then,
AD L BC = Slope of AD x Slope of BC = -1
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2—-8 1 A(7,-1)
= My X ==-l=>m = -
1+2 2 /I\
BE 1 AC = Slope of BE x Slope of AC = -1 |
= My X% —1-2 = . 1=m =2 F-.} I__. {:
2 7 _1 2 | I e
CF L AB = Slope of CF x Slope of AB = —1 L | X
-1-8 B (-2, 8) D C(12)
=> M3 X =-1=>m; =1. Fig. 22.
3% 59 3 ig. 22.20

Since AD passes through A (7, -1) and has slope m; = % So, its equation is
y+1 = %(x~?) = x-2y-9 =0

Similarly, equation of BEisy -8 =2(x+2) or, 2x -y +12=0.
Equationof CFisy-2=1(x-1) or,x-y+1=0.

EXAMPLE 1 The mid-points of the sides of a triangle are (2,1),(=5,7) and (-5, =5). Find the
equations of the sides of the triangle.

SOLUTION Let D (2,1),E(-5,7) and F (-5, —5) be the mid-points of sides BC, CA and AB
respectively of A ABC.

We know that the line joining the mid-points of two sides of a triangle is parallel to the third two

side. Therefore, DE||AB, EF||BC and DF||AC. A
.. Slope of AB = Slope of DE Al
Slope of BC = Slope of EF and, Slope of AC = Slope of DF |
_",_5 Fh i iaapnial =3,
Letmy, my and m3 be the slopes of AB, BC and CA respectively. Then, o : ) 4 ¢ E dil
my = Slope of AB = Slope of DE = ?Sﬁ 12 = -76 ¥ *' o h
; :5 B D@D €
my = Slope of BC = Slope of EF = =it (Undefined) Fig. 22.21
-5+
m3 = Slope of CA = Slope of DF = SL
ey ¥

Side AB passes through F (-5, —5) and has slope m; = :; So, its equation is
y+5 = :;-[x+5} or, 6x+7y+65 = 0

Side BC is parallel to Y-axis and passes through D (2, 1). So, its equation is x = k. As it passes
through (2, 1). Therefore, 2 = k. Hence, equation of BCisx = 2.

Side CA passes through E (-5, 7) and has slope m; = ; . S0, its equation is
y-7 = g{x+5) or, 6x-7y+79 = 0

SNAMPLE 1T Find the equation of the perpendicular bisector of the line segment joining the points (1, 1)
and (2, 3). [NCERT]
SOLUTION Let P be the mid-point of the line segment joining points A (1, 1) and B (2, 3). Then,

the coordinates of P are (g ; 2} Let m be the slope of perpendicular bisector of AB. Then,
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3-1 -1
=—1::*m=? AC

mx Slope of AB = -1 = mx

Clearly, perpendicular bisector of AB passes through P (g ; 2) and

has slope m=—%. So, its equation is A(L1) P(3/2,2) B(2,3)
1 3 |
y—2 =—=|x——=|or, 2x+4y-11 = 0. |
2 2 VD
Fig.22 .22

EXAMPLE 16 Show that the perpendicular drawn from the point (4,1) on the line segment joining
(6,5) and (2, - 1) divides it internally in the ratio 8 :5.

SOLUTION Suppose perpendicular drawn from P (4, 1) on the line joining A (6, 5)and B (2, —1)
meets AB at M. Let m be the slope of PM. Then,

PM 1 AB
= mx S].GPE' of AB = -1 | P(4,1)
-1~5 3 2 |
=5 m % ==-1l=2>mx—=-1>m=— |
2-6 2 3 |
Clearly, PM passes through P (4, 1) and has slopem = —E. So, its A 1
3 A(6,5) M B(2,-1)
equation is Fig.22.23
y -1 =-§(:::—4) or, 2x+ 3y -11=0 ..(1)
Suppose M divides line segment AB in the ratio A.: 1. Then, coordinates of M are
2L+6 -A+5
A+1 T A+1

Since M lies on line PM whose equation is 2x + 3y —11 =0.
; (2“ 6}_ - ['“5]-11 A
A+1 A+ 1

k” A\ +12 B+ 35 12 ~11/210 = ~10A+16 = 0:= x=.§_

Hence, M divides AB internally in the ratio 8 :5.

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 17  One side of a square makes an angle o with x-axis and one vertex of the square is at the
origin. Prove that the equations of its diagonals are x (sin a + cos o) =y (cos o —sin a) and
x (cos o —sin @) + y (sin a + cos a) = a, where a is the length of the side of the square.

SOLUTION Let OABC be the square such that its side OA makes an angle a with x-axis. Since
OA = g, therefore coordinates of A are (a cos «, a sin a). Clearly, the diagonal OB makes an angle
(n/4 + a) with x-axis and passes through (0, 0). So, equation of OB is

1+ tan a

T
-0 =tan| —+ x-{0) or, = X
'} (4 Dt)('l‘.‘ ) or, ¥ 1_ =

x (cos o + sin o) (i)
-1

1t )
tan| - + a
s

I

= y (cos o. —sin )

Since the diagonal AC is perpendicular to OB. Therefore, Slope of AC =
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Clearly, diagonal AC passes through (a cos «, a sin ). So, equation of AC is

. -1
y—asin a = (x —a cos a) Y A
T
tan (— + u] B
4 ...--"".--'.
C-. ._..-"'- -1
. 1 -tan « N
= y—asina = - (x —acos a) |
1+ tan o
: COs oL —sin o . :
— y—asin o = — : (x —a cos o) Yy Alacosa,asing)
cos o + sin o o >
. . Fig. 22.24
= X (cos o —sin o) + i/ (cos o + sin o) = a.

EXAMPLE 18 A line passing through the point A (3, 0) makes 30° angle with the positive direction of

x-axis. If this line 1s rotated through an angle of 15° in clockwise direction, find its equation in new
position. INCERT EXEMPLAR]

SOLUTION Let ABbe the given line and AC be its new position. Clearly, AC makes an angle of
15° with the positive direction of X-axis.
. m = Slope of AC = tan 15°
tan 45° — tan 30°
1 + tan 45° tan 30°

YA

B

= m= tan (45° - 30°) =

1 o B o >
faaiss L, aD ¥ 0 A(3,0)
o 3 _B-1_ (B-12  4-2B8_, - /7’ X
1+ 1 V3+1 (3+1)(3-1) 2 /
V3 |
Fig. 22.25
Clearly, AC passes through A (3, 0) and has slopem = 2 —+/3. So, its
equation is
y-0 =(2-3)(x-3) or, (2-43)x-y-3(2-v3)=0
__EXERCISE 22.4

—_— ———— e we—m S =

BASIC
1. Find the equation of the straight line passing through the point (6, 2) and having slope - 3.

2. Find the equation of the straight line passing through (- 2, 3) and inclined at an angle of 45°
with the x-axis.

3. Find the equation of the line passing through (0, 0) with slope m. [NCERT]
4. Find the equation of the line passing through (2, 2v/3) and inclined with x-axis at an angle
of 75°. [INCERT]

5. Find the equation of the straight line which passes through the point (1, 2) and makes such

an angle with the positive direction of x-axis whose sine is 5

6. Find the equation of the straight line passing through (3, - 2) and making an angle of 60°
with the positive direction of y-axis.

7. Find the lines through the point (0, 2) making angles H;E and %’-‘ with the x-axis. Also, find the

lines parallel to them cutting the y-axis at a distance of 2 units below the origin.
8. Find the equations of the straight lines which cut off an intercept 5 from the y-axis and are
equally inclined to the axes.

9. Find the equation of the line which intercepts a length 2 on the positive direction of the
x-axis and is inclined at an angle of 135° with the positive direction of y-axis.
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10. Find the equation of the straight line which divides the join of the points(2, 3)and (-5, 8)in
the ratio 3 : 4 and is also perpendicular to it.

BASED ON LOTS

11. Prove that the perpendicular drawn from the point (4, 1) on the join of (2, —1) and (6, 5)
divides it in the ratio 5 : 8.

12. Find the equations to the altitudes of the triangle whose angular points are A (2, —2),
B(1,1)and C (-1, 0).

13. Find the equation of the right bisector of the line segment joining the points (3, 4) and
=1, 2) [INCERT]

14. Find the equation of the line passing through the point (- 3, 5) and perpendicular to the line
joining (2, 5) and (- 3, 6).

15. Find the equation of the right bisector of the line segment joining the points A (1, 0) and

B(2, 3).
b, _ANSWERS

1. 3x+y—-20=0 2. x-y+5=0 3. y=mx
4. 2++3)x-y-4=0 5. 3x -4y +5=0 6 x—8y=3-2J3=0
7. ﬁx—y+2={], ﬁx+y—-2=ﬂ,v’§x+y+2=U,xf§x—y—2=ﬂ
8. y=x+5 or x+y=>5 9, x—y—-2=0 10. 49 x-35y +229=0
12. 2x4+y-2=0,3x-2y-1=0,x-3y+1=0 13. 2x +y =5
14, 5x -y +20=0 15, x+ 3y-6=0

HINTS TO SELECTED PROBLEMS

3. The equation of the line passing through (0, 0) and slopemis y — 0 =m (x - 0) or, y =mx.
4. The equation of the required line is

y-24/3 = tan75°%x - 2)
V3 +1
V3 -1

or, ¥-2J3 = (2+3)(x-2)

13. The right bisector of the segment joining A (3,4) and B(-1, 2) passes through the
mid-point C (1, 3) of AB and is perpendicular to AB. Let m be the slope of AB. Then,

2-4 1 : "

m= =—

-1-3 2

So, m; = Slope of a line perpendicular to AB =-2.

or, y—2v3 =

tan 45° + tan 30°
o + tan 75° = tan (45° + 30°) =
"R { e s ) S —tan 5°tan 30‘3]

A3 4) C(L3) B(-1,2)
Fig. 22.26

Hence, the equation of the right bisector of ABisy -3 = -2(x~-1)or,2x+y -5 = (.
22.6.3 TWO-POINT FORM OF A LINE
THEOREM  The equation of a line passing through two points (xq, y1) and (x5, y5) s

y-y = {yz _le (x - x1).

X2 =X

PROOF  Let m be the slope of the line passing through (x4, ¥1) and (x5, y5). Then,
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= 2=0
X2 =X

m

So, the equation of the line is
y — Yy =m(x—xq9)
Substituting the value of m, we obtain

[Using point-slope form]

-1
y - = 22 ”(_1 (x = x9)
oy =
This is the required equation of the line in two point form. Q.ED

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)
EXAMPLE1  Find the equation of the line joining the points (-1, 3) and (4, - 2).
SOLUTION Here, the two points are (xq, 1) =(=1, 3) and (x5, ¥») =(4, — 2).
So, the equation of the line in two-point form is

3_1{_?{:c+1].—_>y*3=—x—1 = x+y-2=

y -3 =

EXAMPLE2  Find the equation of the line joining the points (ﬂflz, 2 aty) and (ﬂtzz, 2 aty).

SOLUTION Here, xq= ﬂflz, yi1=2at;, x, =at32; y, =2 at,. So, the equation of the required
line is

2aty —2at
y — 2at = % 21 (I—ﬂf—lz)
ﬂtz -ﬂtl
—. —als (x —at;)
y ; fl-l‘f.‘z :
— Yl +b) - 2at = 2at by = 2% ARaH* = Y+ h) = 2x + 2atts.

EXAMPLE3 Find the equations of the medians of the triangle ABC whose vertices are A (2, 5),
B(-4,9) andC (-2, -1).
SOLUTION LetD, E, F be the mid-points of BC, CA and AB respectively. Then, the coordinates
of these points are D (- 3, 4), E(0, 2) and F (-1, 7) respectively. The median AD passes through
points A (2,5) and D (- 3, 4).
So, equation of AD is

4-5
= 3=2

A(2, 5)

(x -2

Y = =

=3 y—5=é—(r—2)=:r:r—5y+23={]

The median BE passes through points B (-4, 9) and E (0, 2). 4
B(-4,9) D(-3,4) C(-2-1)

So, equation of median BE is o ta oy
(y—9) =[§;i][x+4] = 7x+4y-8=0.

Similarly, the equation of the median CF is
) e e oy g 15 A

-3+ 2
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BASED ON LOWER ORDER THINKING SKILLS (LOTS)
EXAMPLE 4 In what ratio is the line joining the points (2, 3) and (4, 1) divides the segment joining the
points (1, 2) and (4, 3)?

SOLUTION The equation of the line joining the points (2, 3) and (4, 1) is
1-3

y-3=4—2(x—2)=:~y—3=—x+2:=- x+y-5=0 (1)
Suppose the line joining (2, 3) and (4, 1) divides the segment joining (1, 2) and (4, 3) at point P in
1 A+ 2 L =1
the ratio A : 1. Then, the coordinates of P are [4::1 ; 31 :1 ]_ Clearly P lies on line (i).

4l+1+31+2
A+1 A+1

~5=0 = A = 1.Hence, the required ratiois A:11i.e.,1:1.

EXAMPLE 5 In what ratio, the line joining (-1, 1) and (5, 7) is divided by theline x + y=47?

SOLUTION Suppose the line x + y = 4 divides the join of A (=1, 1) and B (5, 7) in the ratio A: 1.
5A+1 7A+1
A+1 7 A+l

The coordinates of the point of division are ( J . Itliesonx + y=4.

51—1+?l+1
A+1 A+1

1
=4 = 5A-14+7A+1=4(AL+1) = 12 =4AL+4 = BA=4 = l=E

Hence, the required ratio are 1 : 2.

EXAMPLE 6 Prove that the points (5, 1), (1, - 1) and (11, 4) are collinear. Also ,find the equation of the
straight line on which these points lie.
SOLUTION Let the given pointsbe A (5, 1), B(1, —1)and C (11, 4). Then, the equation of the line
passing through A and B is
-1 -4
1-5

y—-1= (x-5)=>x-2y-3=0
Clearly, point C (11, 4) satisfies the equation x —2 y — 3 = 0. Hence, the given points lie on the
same straight line, whose equationisx -2 y — 3 =0.

EXAMPLE 7 The Fahrenheit temperature F and absolute temperature K satisfy a linear equation. Given
that K = 273 when F = 32 and that K = 373 when F = 212. Express K in terms of F and find the value of F,
when K = 0. [NCERT]

SOLUTION Assuming F along X-axis and K along Y-axis, we have two points (32, 273) and
(212, 373) in xy-plane or FK-plane. As F and K satisfy a linear equation. The equation of the line
passing through (32, 273) and (212, 373) is

373 —273 100

3 .
= = =3 R [y W il ) O ) (VG R Ay | < T\ WL - R ¢
K =273 e (F-32) = 180{ ) 9( ) (i)

Putting K =0 in (i), we obtain
ﬂ=%{F—32}+2?3 = F-32=-

el AR R N M S, | )

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 8  Find the equation of the internal bisector of angle BAC of the triangle ABC whose vertices
A, B, Care (5, 2), (2, 3) and (6, 5) respectively.
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SOLUTION We have, AB = \/(5—2)2 +(2-3)% =10 A(5,2)

and, AC = {(5-6)2+(2-52 = 10

AB:AC = J10:4/10 = 1:1
The internal bisector AD of ZBAC divides BC in the ratio AB: AC

i.e. 1:1. So, coordinates of D are /
(2+6 3+5] _ (4, 4) B(2,3) D C (6,5)
Bt ca ) P Fig. 22.28
: _ 4-2
Equation of AD 153;—2:4 z (x-5)or,2x+y-12=0

EXAMPLE 9 A rectangle has two opposite vertices at the points (1, 2) and (5, 5). If the other vertices lie
on the line x = 3, find the equations of the sides of the rectangle.

SOLUTION Let ABCD be a rectangle whose two opposite vertices are A (1, 2) and C (5, 5).
Let the coordinates of other two vertices B and D of rectangle ABCD be B (3, yy) and D (3, y5).
Since diagonals AC and BD bisect each other. Therefore, mid-points of AC and BD are same.

+ 2+5 _
Yi+v¥ _ = yiFyy = )
2 2
Y
Since ABCD is a rectangle. ‘i DB w)
C (5, 5)
AL =D AQ,2) P
—  AC? = BD? . 40
.<_- e — -__.-._-..._}
= (1-52+2-5?% = (3-3)% +(y1-12)’ 1° =3 %
Fig. 22.29
= 16+9 = (y;-)°
= Y=Y = x5 ..(ii)
Solving (i) and (ii), we get

y3=6 and y, =1lor, yy=1landy, =6
Thus, the coordinates of Band D are B(3, 1) and D (3, 6).

The equation of side ABis:y -2 = ;-?(x-lj or,y—-2 = _}2, (x-1)or,x+2y-5 =10
The equation of side BC is: y -1 = 2-13[:1‘“3}01',];—1 =2(x-3)or,2x-y-5 =0
. : : 6-5 1
The equation of sideCD is: y =5 = 3 5{:-:—5) or,y -5 = —E{x—S) or,x+2y-15 = 0
6-2

The equation of side ADis: y -2 = (x-1) or, y—2 = 2(x-1)or,2x-y = 0

3-1
EXAMPLE 10 Find the coordinates of the vertices of a square inscribed in the triangle with vertices
A(0,0), B(2,1)andC (3, 0); given that two of its vertices are on the side AC.

SOLUTION Let PQRSbe the square inscribed in the triangle ABC such that its vertices P and Slie
on side AC which is along X-axis. Let the length of each side of the square be I/ and the
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coordinates of P be (a, 0). Then, the coordinates of other vertices are P (a, 0), S(a+ 1, 0), Q (a, I)
and R (a + [, I). The equations of sides AB and BC are

1-0 1-0
-0 = x-0) and y-0 = x — 3) respecrivel
y 5 &0 Y T e y
or, x-=2y =0 and x+y-3 = Orespectively.
AY
Since Q and R lie on AB and BC respectively.
a-2l =0 and a+1l+[-3 =0 @D B(2,1)
=5 a =2l and a+2[-3 = 0
=5 a = 4 and [ = ) ., . S
2 A (0,0) P (a,0) S (a+1,0) X
Hence, the coordinates of the vertices of the square are Fig. 22.30

P(3/2,0),Q(3/2,3/4),R(9/4,3/4) and S5(9/4, 0)
EXAMPLE 11 A line is such that its segment between the lines 5x —y +4=0and 3x +4y-4=01s
bisected at the point (1, 5). Obtain its equation. [INCERT]

SOLUTION Suppose the required line intersects the lines5x —y+4=0and 3x + 4y -4 =0 at
P (xqy, y1) and Q (x5, 1) respectively. Clearly, P (xy, y;) lieson5x —y + 4 =0 and Q (x,, ¥;) lies
on 3x + 4y -4=0.

4-3
5x1-y1+4 =0 and, 3xp+4y; -4 = 0= y; =5x;+4 and y, = 72 k1)
Since R is the mid-point of PQ. Therefore, | A
1r N1
ML e Tand AR &
: 2
= Xy+x =2andy;+y; =10 ifk% / R(1,5)
= X1+ Xy =2and 5xq +4+ AT AR =10 [Using (i)] ;H \
X 3 X
=% X1+Xxy = 2and 20x; - 3x, = 20 * ‘*5"/ 9) ¢ y}}
2 ¥
Solving these two equations, we obtain: x; = b and x, = E Y
23 23 o
g.22.31
Substituting these values in (i), we get: y; = % and y, = %
Thus, the coordinates of P and Q are[ = ; 2 J and (E ’ EJ respectively. Hence, the equation
23" 28 23 23
of PQ is
Lo
S D (T
23/ 2u et LT =
23 23

= 23y —-222 =i;4 (23x-26) = 23y -222 =l{¥~ (23x-26) = 107x-3y—-92=0.

_ EXERCISE 22.5

BASIC

1. Find the equation of the straight lines passing through the following pair of points:
(1) (0,0)and (2,-2) (ii) (a,b) and (a + ¢ sin o, b + ¢ cos a)
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b2

un

~J

10.

j 5

14.

e b
o] |

(iii) (0, —a) and (b, 0) (iv) (a,b) and (a + b, a —b)
(v) (aty, a/ty) and (aty, a/ty) (vi) (a cos o, a sin o) and (a cos 3, a sin 3)

. Find the equations to the sides of the triangles the coordinates of whose angular points are

respectively: (i) (1,4),(2,-3)and (-1,-2) (i) (0,1),(2,0) and (-1, - 2).

Find the equations of the medians of a triangle, the coordinates of whose vertices are
(-1, 6),(-3,-9) and (5, —8).

Find the equations to the diagonals of the rectangle the equations of whose sides are
x=a,x=d,y=bandy="b".

Find the equation of the side BC of the triangle ABC whose verticesare A (-1,-2), B (0, 1)
and C (2, 0) respectively. Also, find the equation of the median through A (-1, - 2).

By using the concept of equation of a line, prove that the three points (-2, - 2), (8, 2) and
(3, 0) are collinear. [NCERT]

BASED ON LOTS

. Prove that theliney — x + 2 = 0 divides the join of points(3, — 1) and (8, 9) in the ratio 2 : 3.

Find the equation to the straight line which bisects the distance between the points
(a,b),(a',b') and also bisects the distance between the points (-a, b) and (a', - b’).

In what ratio is the line joining the points (2, 3) and (4, —5) divided by the line passing
through the points (6, 8) and (- 3, — 2). [INCERT]

The vertices of a quadrilateral are A(-2,6), B(1,2),C(10,4) and D (7, 8). Find the
equations of its diagonals.

The length L (in centimeters) of a copper rod is a linear function of its Celsius temperature
C. In an experiment, if L =124.942 when C =20 and L =125134 when C =110, express L
interms of C. INCERT]

. The owner of a milk store finds that he can sell 980 liters milk each week at ¥ 14 per liter and

1220 liters of milk each week at T 16 per liter. Assuming a linear relationship between
selling price and demand, how many liters could he sell weekly at¥ 17 per liter. [NCERT]

BASED ON HOTS

. Find the equation of the bisector of angle A of the triangle whose vertices are A (4, 3),

B (0, 0)and C (2, 3).

Find the equations to the straight lines which go through the origin and trisect the portion
of the straight line 3 x + y =12 which is intercepted between the axes of coordinates.

Find the equations of the diagonals of the square formed by the linesx =0, y =0, x =1 and
y=L1 [NCERT EXEMPLAR]

ANSWERS

S

W ok

i i 2

(i) y=—x (i) y—=b=cot a (x —a) (iii) ax —by =ab
(iv) (a—2b) x by +b* + 2ab —a* =0 (V) ti by y+x=a(ty+1)

(vi) xcns(u+ﬁ)+ysin(ﬂ +B] :ﬂcns(u_ﬁ)
2 2 2

i) x+3y+7=0,y-3x=1,y+7 x=11 i) 2x-3y=4,y-3x=1,x+2y=2
29x+4y+5=0,8x-5y-21=0,13x+14y+47 =0

y(@—a)y—x@ -b)y=ab-ab',y(@-a)+x(' -b)=a'b' —ab

x+2y—-2=0, Median:5x -4y -3 =0

2ay-2b'x=ab-dab D D497 10. x+6y—34=0,x-y+1=0

L = = C +124.899 12. 1340 liters 13. x-3y+5=0
1875
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14. y=6x,2y=3x 15. y=x,x+y =1

s HINTS TO SELECTED PROBLEMS
6. The equation of the line passing through points (-2, - 2) and (8, 2) is

y+2=;+2{x+2}nr,2x-5y—6=0

+2
Clearly, (3, 0) satisfies this equation which means that the line passing through (-2, - 2)
and (8, 2) also passes through (3, 0). Hence, these points are collinear.

9. The equation of the line passing through (6, 8) and (- 3, —2) is

y+2=2+2(x+3} or, 10x-9y+12=0 (1)

+ 3
Suppose this line divides the line segment joining (2, 3) and (4, —5) in the ratio A.: 1, then the

point of divisinn{df At 2, =24 4 lies on (i).

A+1 A+1

10 4L+ 2 _9(~5 A+ 3)+12=0
A+1 A+1

= 400+204+450-27 +122+12=0= 970 +5=0 ::a-k=§.
Hence, the required ratio is 5 : 97 externally.

11. The equation of the line passing through (C; =20, L; =124.942) and (C, =110, L, =125.134)
1S

[-124940 =2 LA BB o) = LY %c +124.899

110 - 20
12. Let x denote the price per liter and y denote the quantity of the milk sold at this price. Since
there is linear relationship between the price per liter and quantity solved. So, the line

representing the relationship passes through (14, 980) and (16, 1220). So, its equation is

y — 980 =1212: _iso(x-ldz} = 1y —980 =120(x —14) = 120x -y -700=0

When x =17, we obtain: 120 x 17 =y =700 = y =1340

22.6.4 THE INTERCEPT FORM OF A LINE

THEOREM The equation of a line which cuts off intercepts a and b respectively from the x and y-axes s
2440
i

"ROOF  Let AB be the line which cuts off intercepts OA =a and OB =b on the x and y axes
respectively. Let P (x, ) be any point on the line. Draw PL 1 OX. Then, OL =x and PL =y.

AY
Clearly, -
Area of AOAB = Area of AOPA + Area of AOPB "ﬁ.
= L 60408 = 2 0A-PL+ OB PM - A g
2 2 2 " M ngx,y}
1 1 1 3
= —ab = —ay + —bx : 2N
2 27 " Xl o Wt S
0 [ A
— ab = ay + bx i
Uy

Fig. 22.32
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— ® pdon
a b

This is the equation of the line in the intercept form.

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1  Find the equation of the line which cuts off an intercept 4 on the positive direction of x-axis
and an intercept 3 on the negative direction of y-axis.

SOLUTION Here a = 4, b = — 3.50, the equation of the line is
Ted10r, Z+L =10 3x-4y=12.
a 4 -
EXAMPLE 2 Find the equation of the straight line which makes equal intercepts on the axes and passes
through the point (2, 3). [INCERT]
SOLUTION Let the equation of the line be E3 % =1. Since it makes equal intercepts on the
a
coordinate axes, therefore a = b. So, the equation of the line is
X ;
—+Z=1lor,x+y=a il
a a

This passes through the point (2, 3).
) 2+3=a = a=5.
Thus, the equation of the required line is x + y =5. [Putting a =5 in (i)}

EXAMPLE 3 Find the equation of the line which cuts off equal and positive intercepts frc n the axes and
passes through the poini (o, p).

SOLUTION Let the equation of the line be 4 —g- =1 which cuts off intercepts a and b with the

a

coordinate axes. It is given that a =b. Therefore, the equation of the line is
£+£=1::>x+y=ﬂ (i)
a a

It is given that the line (i) passes through (a, p).
o+ p = a
Putting the value of a in (i), we obtain the equation of the lineas x+y = a + .

EXAMPLE4  Find the equation of a straight line which passes through the point (4, — 2) and whose
intercept on y-axis is twice that on x-axis.

SOLUTION Let the equation of the line be

i N7 :
—==1 el
a b o

It is given that its y-intercept is twice the x-intercept.

' b=2a

Puttingbh = 2ain (i), we get
x. ¥ =
—+-~-—=1 or, 2x+y=2a (1
a 2a y &

It passes through the point (4, — 2). Therefore, putting x =4, y =-2in (ii), we get
8-2=2a = a=3.

Substituting a = 3 in (ii), we get
2x + y = 6 as the required equation of the line.

EXAMPLE 5 Find the equation of the straight line whose intercepts on X-axis and Y-axis are respectively
twice and thrice of those by the line 3x + 4y = 12.
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SOLUTION The equation of the given line is 3x + 4y = 12. This can be written as E + % j

Clearly, its intercepts on X and Y-axes are 4 and 3 respectively.
x-intercept of the required line = 2x 4 = 8 and, y-intercept of the required line =3x 3 =9
Y

Hence, the equation of the required line is 1;— . -é- =1 or, 9x+8y =72

EXAMPLE 6 Find the equation of the line through (2, 3) so that the segment of the line intercepted
between the axes is bisected at this point.

SOLUTION Let the equation of the line be A i: =1 which meets the x and y axes at
a

A (a, 0) and B (0, b) respectively. The coordinates of the mid-point of AB are (a/2,b/2). It is
given that the point (2, 3) bisects AB.

£=2and-'!1=3:}a=4andb=6,
2 2

Puﬁngﬂ=4andb=6mi+%=1,we obtain
a

*+ZL=1 or, 3x+ 2y =12
4 6
Hence, the equation of the required line is 3x + 2y = 12.

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 7 If the intercept of a line between the coordinate axes is divided by the point (-5, 4) in the
ratio 1 : 2, then find the equation of the line.

SOLUTION Let the equation of the line be -4 +% = 1.1t meets the
i

coordinate axes at A (a, 0) and B (0, b). It is given that P (-5, 4)
divides ABin the ratio 1 : 2.

Using section formula the coordinates of P are

(lx{]+2:~:ﬂ 1:-:1:+2qu_(35 ga_} 9
1+2 °  1+2 3 3 >
._.5 :E’ 4 :E =N g =_1_5‘.r b =12
3 3 2
Substituting the values of 2z and b in Z 4 g- =1, we obtain
a
&L VY : ;
~3a - 5 =1 or, —8x+5y =60 or, 8x -5y + 60 =0 as the equation of the line.
EXAMPLE 8 A straight line cuts intercepts from the axes of coordinates the sum of whose reciprocals is a
constant. Show that it always passes through a fixed point. [NCERT EXEMPLAR]
SOLUTION Let the equation of the line be S % =1 .-.(1)
a
Its intercepts on x and y axes are a and b respectively. It is given that
L Constant =k (say)
a
L |
1. 1 B ok (1 1 ) o i o s i
—+—=1= &+2 =1 = | —, — |satisfies the equation — + = = 1
" Kb a b k'K g

Hence, line (i) passes through the fixed point (% ’ %}
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EXAMPLE 9 A line passes through the point (3, — 2). Find the locus of the middle point of the portion of
the line intercepted between the axes.

SOLUTION Let the equation of the linebe > + £ = 1 ...(i)

" ANY
It passes throu 3, - 2). \
¥ 3 9 e ) B (0, b)

: ——= =1 ...(ii)

a b P (h, k)
The line (i) cuts the coordinate axes at A (a, 0) and B (0, b). Let X Ao &
P (h, k) be the mid-point of the portion AB. Then, < 0 35 >

h:ﬂ—H]-,k=0—+b~:>n=2h and b = 2k §+§__-‘~fx

2 2 a b
Substituting the values of 2 and b in (ii), we get .
3 2 Fig. 22.34

2h 2k

Hence, locus of P (h, k) is 2 1 =1 or, 3y - 2x = 2xy.

2x ¥
BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 10 Find the equation of the line which passes through the point (3, 4) and the sum of ifs
intercepts on the axes is 14.

SOLUTION Let the equation of the line be il i{ =] (1)
a

This passes through (3, 4).

3 4 i
= 4 s 1 ..(11)

Itis given thata +b =14
b=14-a
Putting b =14 —ain (ii), we get

E+ t =1=3(14-a)+4a=a(l4-a)=> n2—13n+42={]:>(ﬂ—-?)(ﬂ—6)=0=rﬂ=7f6

a 14-aqa
When a=7,b=14-ga = b=14-7 =7 andfora = 6, b=14-a = b=14-6=8.
Thus, we obtain: a=7,b=7 or, a=6,b=8.
Putting the values of 2 and b in (i), we obtain that the equations of the lines are

£+g =1 and §+%=1 or, x+y=7 and 4x+3y=24

7
EXAMPLE 11 Find the equations of the lines which cut-off intercepts on the axes whose sum and product
are 1 and — 6 respectively. INCERT]
SOLUTION Let the equation of the line be
X oy .
i + A= 1 o B |
=k (1)

Clearly, it cuts off intercepts a and b on x and y-axes respectively. It is given that
a+b=1 and ab=-6
(a-b)* = (a+b)*> —4ab = (a-b)*=1-4x-6=25 = a-b=+5
Solvinga+b = landa-b =5 weget: a = 3 and b = -2
Solvinga+b = landa-b = -5, weget: a=-2 and b =3.
Substituting these values in (i), we obtain the equations of the required line as
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%—E =1 and —§+% =1 or, 2x-3y-6 =0 and —-3x+2y-6 =0

EXAMPLE 12 Find the equations of the straight lines which pass through the origin and trisect the
intercept of the line 3x + 4y = 12 between the axes.

M

SOLUTION The equation of the givenlineis 3x + 4y = 12 or, % + % = 1. It cuts the coordinate

axes at A (4, 0) and B (0, 3). The portion AB of the given line intercepted between the axes is
trisected by points P and Q.

4P 1. A0 9

PB 2 QB 1
= P and Q divide AB internally in the ratio 1:2 and 2:1 respectively.

So, coordinates P and Q are
P(lx 0+2x 4r 1x3+2x U)EP(E rl)r

1+2 1+2 3
2x0+1x4 2x3+1x0 4

F = _:2

Q[ 2+1 2+1 ] Q(E} ]

Hence, the equation of OQ is
2-0

.0
3

EXAMPLE 13 The area of the triangle formed by the coordinates axes and a line is 6 square units and the
length of the hypotenuse is 5 units. Find the equation of the line.

SOLUTION Let the equation of the line be %4 gu =1 wrekd) AY

y-0 =

(x-0) or, 3x-2y = 0.

AOAB s 6 square units and AB =5 units. It is given that

a
It cuts the coordinates axes at A (a, 0) and B(0, b) such that area of \k

Area of AOAB = 6 sq.units } X
< >
:>%(OA::OB}=6:#[H||E¢[=12:::|ﬂb|=12 =>ab=%+12 ..(ii) x O A@0) Ny
I am—
It is also given that A" h
2 2 . (R2 D 45 v
AB=5 = AB“ =25 => OA“+0B° =25 = a“+b“ =25 ...(iii) 1
Fig. 22.36

Following cases arise:
Casel Whenab =12, a? +IJ2 =25anda>0,b >0: In this case,

(a+b)? =ﬂ2+b2+2ﬂb=>{ﬂ+b)2 =25+2x12=49= a+b =7
and, (a-b)*=a*+b*-2ab = (a-b)>=25-24=1 =a-b=+1

Thus, we obtain
(a+b=7 anda-b=1)or,(a+b=7 anda-b=-1) = (a=4,b=3) or, (a=3,b=4)

Substituting the values of aand b in (i), we obtain E - % =] or % - -E— =1 as the equations of the

line.

Casell Whenab =12, a* + b2 =25anda<0,b <0: In this case, we have
[a+b)2=a2+b2+2ﬂb=25+24=49=:~ a+b=-7 [ a<0,b<0]

and, (ﬂ—i’?)2 =a® +b*-2ab=25-24=1=a-b =+ 1
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Thus, we have
(a+b=-7anda-b=1) or (a+b=-7anda-b=-1) = (a=-3,b=-4) or (a=-4,b=-73)

L=1o0r Z+2 =1 as the equations

m— —— —

Substituting the values of aand b in (i), we obtain IB +

of the line.
CaseIlll Whenab =-12, a*+b* =25 and a> 0,b <0: In this case, we have

(a+b)2 =a® +b*> +2ab=25-24=1=>a+b=%1
and, {a-b}z=nz+b2—2&b=25+24=49:> a-b=7 [c a>0,b<0 v a-b>0]
Thus, we have

(a+b=1and a-b=7)or(a+b=-1anda-b=7) = (a=4,b=-3)or(a=3,b=-4)

Substituting the values of aand b in (i), we obtain E —% =] or % - % =1 as the equations of the

line.

CaselV When ab =-12, a® +b* =25 and a <0, b > 0: In this case, we have
(a+b}2=ﬂ2+b2+2nb=25v—24=1::» a+b==x1

and, {n-b}z=n2+bz—2ﬂb=25+24=49:b a-b=-7 [a<0,b>0.. a-b<0]

Thus, we have
(a+b=landa-b=-7)or,(a+b=-1landa-b=-7) = (a=-3andb=4)or (a=-4,b=23)

Substituting the values of a and b in (i), we obtain % 4 % =7 or i -—% =1 as the equations of

the line.

EXAMPLE 14 Find the equation of the line which passes through P (1, —7) and meets the axes at A and B
respectively so that 4AP — 3BP = 0.

SOLUTION Let the equation of the required line be = g =1 1)
i

It passes through P (1, =7).

1 7

———=1 cerkd)

o (ii)
It is given that the point P (1, —7) divides segment AB in such a way that

4AP-3BP =0i.e. 2 => or, AP:BP =3:4 oy

BP 4
This means that P divides AB internally in the ratio 3 : 4. So, the /
coordinates of P are ‘;@. 3/ Af(a,0) 3}}
3x0+4xa 3xb+4x0)_(4a 3b 4/ P(1,-7)
3+4 ' 3+4 Tt
, . o B(0, b)
But, the coordinates of P are given as (1, —7). =hz=] /
vy
E=1Eﬂd 3?5=—‘?=? ﬂ=% and E?=—"E;' FIQEEB?

Substituting the values of a and b in (i), we obtain

i—x —Eg =1 or 28x -3y =49 as the required equation.
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EXAMPLE 15  Show that the locus of the mid-point of the segment intercepted between the axes of the

variable linexcosa + ysina =pis :2 + :2 = :2 , Wwhere p 1s a constant. [NCERT EXEMPLAR]
SOLUTION The given equation is xcosa + ysino =p or, = lf =1 .. (i)
y p/cosa.  p/sina
A
This cuts the coordinate axes at A (p/cosa,0) and i
B (0, p/sin ). Let P (h, k) be the mid-point of the intercept AB. F\
Then, B (0, p/sin @)
h=p/cnsu+[]rk:{]+pz’sinu i k)
2 2 ¥
< >
=X h = P e P X 0 AmkﬂﬂLﬂfHHi
2coso 2sin a Xcosatysina=p
= cnsazi%,SEIcm:z—i (1) -t
Fig.22.38
Here, o is a variable. To find the locus of P (h, k), we have to
eliminate a. From (i), we obtain
2 2 ‘) 2
cos® o +sin? o = P2+ PE = 1= p2+ PZ = iﬂ:l--{-—%
4h= 4k 4h* 4k pc h* Kk
Hence, the locus of (k, k) is 12 + 12 = 42 .
S S
EXAMPLE 16  If the sum of the distances of a moving point in a plane from the axes is 1, then find the
locus of the point. [NCERT EXEMPLAR]
SOLUTION Let P (h, k) be a moving point in the xy-plane. Let PL and PM be perpendiculars
from P on OX and OY respectively. Then, Y A
PL =|k|and PM =|h|. B(0,1)
It is given that P (h, k) moves in the xy-plane such that M LN
PL+PM =1 = |k|+|h|=1 '
C(-1,0
Hence, the locus of P (1, k)is| y| +| x|=1 or, | x| +|y|=1. < o 5
Now,
|x|+|y|=1 = 0<|x|=<1,0<|y| =<1
Also W
’ YV
( x+y=1,if0<x<1,0<y<1 Fig. 22.39

-x+y=1 ,if-1<x<0,0<y<1
-x-y=1,if-1<x<0,-1<y<0
x—-y=1,if0<x<1,-1<y<0
Thus, | x| +| y| =1 gives four line segments AB, BC, CD and DA. These line segments form a

square ABCD as shown in Fig. 22.38. Thus, the locus of the variable point P is the square having
verticesat A (1, 0), B(0,1), C (-1, 0)and D (0, —=1).

| x| +|y]| =1 = ;

X xR ; 1 1 : :
EXAMPLE 17 The line — + — =1 moves in such a way that where ¢ is a constant. Find the

+—=—,
a 0 ﬂz bz EZ
locus of the foot of the perpendicular from the origin on the given line.

SOLUTION Let P (h, k) be the foot of the perpendicular from the origin O on the line L Jf;i =1

a
which cuts the coordinates axes at A (a, 0) and B (0, b). Then,

Slope of OP x Slope of AB = -1
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—

ah

sl DL AT G R T L (i)
0—a k

h-0

Also, P (h, k) lies on = +§ =1
a

h k
—+—=1 (1
=+ (ii)
2 2 2 AY
s o B g g, BT HE [Using ()]
a ah h
s i . L : h? + k2
Substituting this values of a in (i), we obtain b = ,
Substituting the values of aand b in - + . ,weobtain ¢ >
& b - X X
h? k> 1 I (R
. =—or, h“"+k“=c 5
(hi i kl)l (hz = kE)E L,:E wvY
s b F Fig. 22.40
Hence, the locus of (h, k) is x* + y= =c*.
EXERCISE 22.6
BASIC

1.

h

Find the equation to the straight line
(i) cutting off intercepts 3 and 2 from the axes.
(ii) cutting off intercepts — 5 and 6 from the axes.

Find the equation of the straight line which passes through (1, —2) and cuts off equal
intercepts on the axes [INCERT EXEMPLAR]

. Find the equation to the straight line which passes through the point (5, 6) and has

intercepts on the axes
(i) equal in magnitude and both positive. (ii) equal in magnitude but opposite in sign.

For what values of a and b the intercepts cut off on the coordinate axes by the line
ax+by+8=0 are equal in length but opposite in signs to those cut off by the line
2x -3y + 6 = 0 on the axes. [NCERT EXEMPLAR]

Find the equation to the straight line which cuts off equal positive intercepts on the axes
and their product is 25.

BASED ON LOTS

Find the equation of the line which passes through the point (-4, 3) and the portion of the
line intercepted between the axes is divided internally in the ratio 5 : 3 by this point.

[NCERT EXEMPLAR]
A straight line passes through the point (a, ) and this point bisects the portion of the line

intercepted between the axes. Show that the equation of the straight line is ; + ;B =1,
CL

[NCERT]

. Find the equation of the line which passes through the point (3, 4) and is such that the

portion of it intercepted between the axes is divided by the point in the ratio 2.: 3.

Point R (h, k) divides a line segment between the axes in the ratio 1 : 2. Find the equation of
the line. [NCERT]
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10.

11,

12.

13,

14.

16.

17.

18.

19.

Find the equation of the straight line which passes through the point (- 3, 8) and cuts off
positive intercepts on the coordinate axes whose sum is 7.

Find the equation to the straight line which passes through the point (-4, 3) and is such that
the portion of it between the axes is divided by the point in the ratio 5 : 3.

Find the equation of a line which passes through the point (22, — 6) and is such that the
intercept on x-axis exceeds the intercept on y-axis by 5.

Find the equation of the line, which passes through P (1, —7) and meets the axes at A and B
respectively so that 4 AP — 3 BP =0.

Find the equation of the line passing through the point (2, 2) and cutting off intercepts on
the axes whose sumis 9. [NCERT]

Find the equation of the straight line which passes through the point P (2, 6) and cuts the

coordinate axes at the point A and B respectively so that % = E

3

Find the equations of the straight lines each of which passes through the point (3, 2) and
cuts off intercepts a and b respectively on x and y-axes such thata —b =2.

Find the equations of the straight lines which pass through the origin and trisect the portion
of the straight line 2x + 3y = 6 which is intercepted between the axes.

Find the equation of the straight line passing through the point (2, 1) and bisecting the
portion of the straight line 3x —5y =15 lying between the axes.

Find the equation of the straight line passing through the origin and bisecting the portion of
the line ax + by + ¢ = 0 intercepted between the coordinate axes.

ANSWERS

L({)2x+3y=6 (i) -6x+5y=30 2 x+y=-1
3.(1) x+y=11 (ii) x-y=-1

8

4, a=--§,b=4 5. x+y=5 6. 9x-20y+96=0 8. 2x + y =10

9. 2kx + hy=3hk  10. 4x+3y=12 11. 9x-20y+96=0

12

14.

16
18

. 6x+11y-66=0 or x+2y-10=013. 28x — 3y =49

x+2y-6=0,2x+y—-6=0 15. 9x + 2y = 30

. 2x+3y=12, x-y=1 17. x -3y =0, 4x-3y =0

cSx+y=11 19. ax -by =0

HINTS TO SELECTED PROBLEMS

2.

~J

The equation of a line cutting off equal intercepts ‘a4’ on the coordinate axes is
£+£=1 or, X+ y=a ..(1)
a a
If it passes through (1,-2), then 1-2=a = a=-1. Substituting a=1 in (i), we get
x + i =—1 as the equation of the line.
Y

. Let the equation of the line be =4 E =1 (1)

a
This line cuts the coordinate axes at A (a, 0) and B (0, b). It is given that (a., ) bisects the
segment AB.

u:ﬂzﬂ, ‘|3=0+bl = a=2a, b=28
Substituting these values in (i), we get L LT
2a. 2P
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9.

14.

Let the equation of the line be a0 Eb— =1 ikl
a

It cuts the axes at A (a, 0) and B (0, b).It is given that the point R (A, k) divides segment AB
in the ratio 1 : 2.

et e D0 g o O g
Substituting these values in (i), we obtain 2—; + ::— =3 or, 2kx + hy = 3hk as the equation
of the line.
Let the equation of the line be = + g -1 (i)
a
It passes through (2, 2) and the sum of the intercepts on the axes is 9. Therefore,
E4—2:1 and a+b=9
a
=5 2b+2a = ab and a+b = 9
— 2(9—-a)+2a=a(9 —a) [On eliminating b]

N a* -9a+18=0= (a-6)(a—3)=0= a=3,6.

Whena=3,a+b=9givesb=6.Whena=6,a+b=9givesb = 3.

Hence, the equations of the line are —§-+%=1 and, .224,-?';.;1 or, 2x+y=6andx+ 2y =6.

22.6.5 NORMAL FORM OR PERPENDICULAR FORM OF A LINE

THEOREM The equation of the straight line upon which the length of the perpendicular from the origin
is p and this perpendicular makes an angle a with x-axis is x cos a. + y sin o = p.

PROOF Let the line ABbe such that the length of the perpendicular OQ from the origin O to the
line be p and £XOQ = a. Let P (x, y) be any point on the line. Draw PL L OX, LM L OQ and

PN 1 LM .Then,OL =x and LP =v,. Y A
In AOLM, we obtain "\

In A PNL, we obtain

cosa = t3—!""1-::» OM = OLcosa = xcos Q.

PN X' X
sinot = — = PN = PLsina = ysina -
PL Y < = >
MQ = PN = ysin a Yy ¥
Now, p=0Q=0OM+ MQ=xcosa + ysin a. Fig. 22.41

Hence, the equation of the required line is x cos a + y sin a. = p.

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Find the equation of the line which is at a distance 3 from the origin and the perpendicular
from the origin to the line makes an angle of 30° with the positive direction of the x-axis.

SOLUTION Here, p = 3, a = 30° The equation of the line in the normal form is
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xcos 30° + ysin 30°= 3 = x {-3- + g— =3=2J3x+y =6
EXAMPLE2  Find the equation of the straight line on which the length of the perpendicular from the
origin is 4 units and the line makes an angle of 120° with positive direction of x-axis.
INCERT EXEMPLAR]
SOLUTION It is given that ZXAB =120°. Therefore, ZAOP = 30°. Thus, we havep =4 and
a = 30° (Fig. 22.42). So, the equation of the lineis xcosa +ysina =p or, xcos 30°+ysin 30°=4
or, V3x+ y=8.

AY

Ay \

2
Q
; 60° .-
2 300 .
) 0 A\ -
VY VY
Fig. 22.42 Fig. 22.43

EXAMPLE 3 The length of the perpendicular from the origin to a line is 7 and the line makes an angle of
150° with the positive direction of y-axis. Find the equation of the line.

SOLUTION It is evident from the Figure 22.43 that the perpendicular OQ from the origin on the
line makes 30° angle with x -axis. Therefore, o = 30°. It is given that OQ =7. Therefore, p =7.

So, the equation of the required line is

V3x

xcosa+ysina=p or, xcos 30°+ ysin 30° =7 = T’+ =7 = J3x+y =14

IS EES

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE4  Find the equation of the straight line upon which the length of perpendicular from origin is
32 units and this perpendicular makes an angle of 75° with the positive direction of x-axis.

SOLUTION Let OL be the perpendicular from the origin on the required line. It is given that
OL =32 and ZXOL =75°i.e. p = 3v/2 and a =75°. So, the equation of the line is

xcosa+ysinoa =p or, x cos 75°+ y sin 75° = 342 s} . 7l
: 323 V3 +1 NP
Putting cos 75°= and sin 75°= ——, btai
g 575 in 55 we obtain |
27) (2 '
s | PG | AN ﬂ
2\2 242 DD >
0 Na
or, (V3 -1)x+ (V3 +1) y = 12, which is the required equation. ¥ Fig. 22.44

EXAMPLES  Find the equation of the straight line upon which the length of the perpendicular from the

origin is 5 and the slope of this perpendicular is iy

SOLUTION Suppose the perpendicular OL drawn from the origin O on the given line makes
acute angle a with x-axis. Then, the slope of OL is tan .. But, it is given that the slope of OL is %
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tan o0 = —iu [Given]

Since tan (180°+ @) = tan a. So, there are two possible lines ABand CD on which the

perpendicular drawn from the origin has slope % Y
3 : 3 4 T
Now, tana=-4—:> sin U':E and 005 & = Here, p =5. |
: N a0 ! X
So, the equations of the required lines are < D 180%+a £ s >
¢ 5.
xcosa+ysino =p : S \
L' ~NC
and, xcos(180°+ a)+ ysin (180°+a) = p \
or, xcusu+y5inu=pand,—.rcnsu—y5h1c1 =p N
4x 3 —4x 3 i
or, +2Y _ 5 and A
8 b 5 5
or, 4x+3y—-25 =0 and 4x+3y+25 =0
BASED ON HIGHER ORDER THINKING SKILLS (HOTS)
EXAMPLE 6 A line forms a triangle of area 54+/3 square units with the coordinate axes. Find the

equation of the line if the perpendicular drawn from the origin to the line makes an angle of 60° with the
X-axis.

SOLUTION Let ABbe the given line and OL =p be the perpendicular drawn from the origin on

the line. AY
It is given that the perpendicular OL makes 60° angle with x-axis. .
Therefore, o =60°. Thus, the equation of the line AB is B
xcosa+ysin a=p or, xcos 60°+ ysin 60°=p
x 3y :
or, x++3y = 2por, — + =1 i) A60 3
d P 2p  2p 0 o

This, cuts the coordinates axes at A and B such that Fig. 22.46
OA=2pand OB = Z—J% It is given that area of AOAB is 54+/3 sq. units.

L OubxdB = 54/3(M 1x2px_2£ =543 = p> =81=p=9

2 2 V3

Substituting p =9 in (i), we get x + v3y = 18 as the equation of the required line.

EXAMPLE 7 A straight canal is 4 % miles from a place and the shortest route from this place to the canal

is exactly north-east. A village is 3 miles north and four miles east from the place. Does it lie by the nearest
edge of the canal? Y A North

SOLUTION Let the given place be O. Take this as the origin and
the east and north directions through O as the x and y axes BK
respectively. Let AB be the nearest edge of the canal. Itis given that |

the canal is 4~ miles from O. This means that the perpendicular | 1 St
2 4 Q%
* o o QR 7 Fas
distance of AB from O is 45 miles i.e. OL 1 AB and OL = 45. Itis < Gl - y >
X
also given that OL is exactly north-east. Therefore, ZLOA = 45°.50, Fig. 22.47

the equation of the edge AB of the canal is
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x cos 45° + y sin 45° = 4% or,v2(x+y)=9 ..(1)

The position of the village is (4, 3). The village will lie on the edge of the canal, if (4, 3) satisfies
the equation (i). Clearly, (4, 3) does not satisfy (i). Hence, the village does not lie by the nearer
edge of the canal.

____EXERCISE 22.7

BASIC

1. Find the equation of a line for which
(i) p=5,a=60° (ii) p=4, a=150° (iii) p =8, a =225° (iv) p=8, a. =300°
. Find the equation of the line on which the length of the perpendicular segment from the
origin to the line is 4 and the inclination of the perpendicular segment with the positive
direction of x-axis is 30°. INCERT EXEMPLAR]
3. Find the equation of the line whose perpendicular distance from the origin is 4 units and
the angle which the normal makes with the positive direction of x-axis is 15°. [NCERT]

%]

4. Find the equation of the straight line at a distance of 3 units from the origin such that the

perpendicular from the origin to the line makes an angle « given by tan o = 15—2 with the

positive direction of x-axis.

E.H

Find the equation of the straight line on which the length of the perpendicular from the
origin is 2 and the perpendicular makes an angle o with x-axis such that sin o = 7
BASED ON LOTS

6. Find the equation of the straight line upon which the length of the perpendicular from the
origin is 2 and the slope of this perpendicular is % .

~]

. The length of the perpendicular from the origin to a line is 7 and the line makes an angle of
150° with the positive direction of y-axis. Find the equation of the line.

8. Find the value of 0 and p, if the equation x cos 0 + y sin 0 = p is the normal form of the line
V3x+y+2=0. [NCERT]
BASED ON HOTS

9. Find the equation of the straight line which makes a triangle of area 96+/3 with the axes and
perpendicular from the origin to it makes an angle of 30° with y-axis.

10. Find the equation of a straight line on which the perpendicular from the origin makes an
angle of 30° with x-axis and which forms a triangle of area 50/+/3 with the axes.

& _______ANSWERS
L x+/3y=10 (i) -3 x+y=8 (iii) x+y+8+2 (iv) x-+/3y=16
2. /3x+y=8 3. (W3+1)x+(V/3-1)y=8V2 4. 12x+5y=39
5. 22 x+y=6 6. 12x +5y £ 26 =0 7. N3x+y=14
3.9:%,;;:1 9. x+3y=24  10. YBx+y=+10

HINTS TO SELECTED PROBLEMS

3. Here, a =15° and p = 4. So, the equation of the line is
x cos 15° + y sin 15° = 4or, («/§+1) x+(uf§—1)y=8\/§.
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8. Wehave V/3x+y+2 = 0= -/3x-y = 2= [_ﬁ)x+[—lJy =1

Thisissameasx cos 8+ ysin 6 = p.

J3 1 7T

c058=—~7,sinﬂ=—iandp=1::~ﬂ=—andp=l

22.6.6 DISTANCE FORM OF A LINE
THEOREM The equation of the straight line passing through (xy, y1) and making an angle 0 with the

8 W=

positive direction of x-axis is _ = r, where r is the distance of the point (x, y) on the line
cos 0 sin 6

from the point (xq yy).
PROOF Let the given line meets x-axis at A, y-axis at B and passes through the pointQ (xy, ).
Let P (x, y) be any point on the line at a distance r from Q (xq, y) i.e. PQ =r. Draw PL 1 OX,
QM L OXand QN L PL. Then,

QN=ML=0OL-OM =x-x;
and, PN =PL-NL=PL-QM=y-y;.
In APQN, wehave

cos 0 = QN = cos @ = — 1 (1)
F r
and, sin® = g_w = sin @ = 241 ...(ii)
r
Fig. 22.48
From (i) and (ii), we get: =1 = Y =¥ _,
cos 0 sin 0
This is the required equation of the line in the distance form. Q.ED
R ; .. X—=X1 Y- g
NOTE 1 The equation of the line is 1 =7
. i / cos sin O
= x—xy=rcosB and y-y;=rsin® = x=x;+rcos and y=y;+rsin 0.

Thus, the coordinates of any point on the line at a distance r from the given point (xq, y,) are
(x1 +7rcos 0, y; +rsin B). If P is on the right side of (x1, y1), then r is positive and if P is on the left side
of (xq, 1), then r is negative, Since different values of r determine different points on the line, therefore the
above form of the line is also called parametric form or symmetric form of a line.

NOTE2 In the above form one can determine the coordinates of any point on the line at a given distance

from the given point through which it passes. At a given distance r from the point (xq1, y,) on the line

b O © N~ ' ¥ W i
1 J. 71 there are two points viz. (xq +r cos 0, y; +r sin 0) and (x; —r cos 6, y; —r sin 0).

cos® sin 6

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 A straight line is drawn through the point P (2, 3) and is inclined at an angle of 30° with
the x-axis. Find the coordinates of two points on it at a distance 4 from P on either side of P.

SOLUTION Here, (xq,¥7) = (2, 3), 8 = 30° 5o, the equation of the line is
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x-2 y—-3 x—-2 y-3 -~ m =
F = # _2 - 3 _3 r [ 3 =2-3 3-
cos 30°  sin 30° 7 J3 i Y- o, % 4

Points on the line at a distance 4 from P (2, 3) are
(xy£rcos9, yytrsin ) or, (2+4cos 30° 3+4sin 30°) or, (2+ 23, 3+2)

or, (2+2+/3,5) and (2-2+/3,1).

EXAMPLE 2 The slope of a straight line through A (3, 2) is 3/4 Find the coordinates of the points on the
line that are 5 units away from A. [INCERT EXEMPLAR]

SOLUTION Suppose the given line makes an angle 6 with x-axis. Itis given that its slope is 3/4.

tan9=%=> 5;irn'£}=§eu‘u:la::u::r59=E

x-3_y-2 DLI—S_y—Z

cos® sin®  4/5 3/5
two points P and Q at a distance of 5 units from A are given by

and the coordinates of

The equation of the line in distance from is

x-3 _y-2 —+5
4/5 3/5
Nﬂw,x J i 5::1—3=E>c53nd,y-2=—%x5::- x=7,y=5
4/5 3/5 5 5
x-3 y-2_ 4 - Yy o) VY
and, a5 - a5 =-5 = If—Smgx-S and,y-z_gx-ﬁz::- x=-1,y=-1 Fig. 22.49
Hence, the coordinates of P and Q are (7, 5) and (-1, —1) respectively.

REMARK The coordinates of P and Q are (3£ 5 cos 0, 2£5 sin 0), where cos6 = % and sin 0 = E

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 3 Find the equation of the line through the point A (2, 3) and making an angle of 45° with
the x-axis. Also, determine the length of intercept on it between A and the line x + y +1 =0.

SOLUTION The equation of a line thrnugh A and making an angle of 45° with the x-axis is

x-2 -3 3
= y — 3 i y+1=0
cos 45°  sin 45° i =
V2 V2
Suppose this line meets the line x + y + 1 =0 at P such that AP =r.Then, the coordinates of P are
given by ik
x—2 = y=o = AEJE]
cos 45°  sin 45° 7
= Xx=2+rcos45° y=23+rsin 45°
=5 £ =2+, Y =3 e 0 ;
: 7’ y 7
+Jl'.
Thus, the coordinates of P are[ 3+ —J Since P lies on T
e AN
x+y+1=0. Fig. 22.50
2+——+3+——+1=0 =>2r =-6 =7 =- 342

" S
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Length AP =|r|= 3 /2. Thus, the length of the intercept is 3 v2.

ALITER The equation of the line through A (2, 3) and making an angle of 45° with x-axis is
y=3=tan45°(x-2) or, x-y+1=0.
This line intersects x + y +1 =0 at P(-1, 0).

AP =(2+1)2 +(3-0)% =18 =32

EXAMPLE 4 If the straight line through the point P (3, 4) makes an angle E with x-axis and meets the
line12 x +5 y + 10 =0 at Q, find the length of PQ.

SOLUTION The equation of a line passing through P (3, 4) and making an angle E with x-axis is

da APS s S T
CcOoS — sin — JE —
6 6 5 2

where r represents the distance of any point on this line from the given point P (3, 4).

The coordinates of any point Q on this line are {3 ¥ {-3— r, 4+ —;-J IfQ lieson12x + 5y +10 =0,

then
/3 r -132
12| 3 =r|+5]4 —] 10 =0 .
[+2TJ+(+2+ ~ R2VE 4
132
H , length PQ = )
e Jeng ol 1243 +5

ALITER The equation of the line through the point P(3, 4) and making an angle of E with
x-axis 1s

y—-i:tan-g(x—ii) or, x—~/3y+443-3=0

This intersects the line 12x +5y+10 =0 atQ (

2
po - [15=3043 * (48V3-46_,) __ 132
5+12/3 5+124/3 5+12/3

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

15-30/3 4843 -46
5+1243 " 5+1243 |

EXAMPLE5 The line joining two points A (2, 0), B (3, 1) is rotated about A in anti-clockwise direction
through an angle of 15°. Find the equation of the line in the new position. If point B goes to point C in the
new position, what will be the coordinates of C?

SOLUTION The slope m of the line AB is givenby m = }% =1.50, AB makes an angle of 45°
with x-axis. Now, AB is rotated through 15°in anticlockwise direction and so it makes an angle
of 60°with x-axis in its new position AC. Clearly, AC passes through A (2, 0) and makes an angle
of 60° with x-axis. Therefore, the equation of AC in distance form is

X—2 y—=0 ¥—2 3=l

or, = T
cos 60° sin 60° 1 {?:
2

2
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Clearly, AB=+/(3-2)2 +(1-0)% =+2. a p
The point C is at a distance J2 from A. So, the coordinates of C are .
given by C g{; B
x—-2 y -0 J_ 1 1 ‘\/5 ‘\XE ! 3
=2 _—=2=x=24242 =2+—andy=""x2=2",
1 E 2 ‘\{E y 2 g 2 X' 45° X
2 2 s o] 4r0 .
vY
Hence, the coordinates of C are (2 + 1 : 'JE} Fig. 22.51
B2

EXAMPLE 6  Find the distance of the line 4x —y =0 from the point P (4, 1) measured along the line
making an angle of 135°with the positive x-axis. [NCERT]

SOLUTION The equation in distance form of the line passing through P (4, 1) and making an
angle of 135° with the positive x-axis is
-4 y-1

cos 135° sin 135°

Suppose it cuts 4x —y =0 at Q such that PQ =r. Then, the
coordinates of Q are given by

I—4 . y=1
cos 135° sin 135°
Foried r= x=4- y=1+-r—-
/42 192 Jf ' V2 Fig. 22.52

So, the coordinates of Q are 4—— Clearly, Q lieson 4x -y =0.
Qare(4-75 1+ 75 ). Cleary, Q =

4r r 5r

16— -1 - =0= =15 = r = 34/2. Hence, required distance is 3+/2 units.
2 ar HEE

EXAMPLE7  Find the distance of the point (2, 3) from the line 2x - 3y + 9 = 0 measured along a line
x-y+1=0.

SOLUTION The slope of the line x —y + 1 =0 is 1. So it makes an angle of 45° with x-axis.

The equation of a line, in distance form, passing through
P (2, 3) and making an angle of 45° with x-axis is
X-2y y-3

cos45°  sin 45°
The coordinates of any point Q on this line are given by

e = ?"3 = r Usmg:x_x1-=y__y1=r
cos 45°  sin 45° cosO sin 6

So, the coordinates of Q are

r r
2+rcosd45°, 3+rsin 45%oor, | 2 + —, 3+-——=J
‘ or, (2475, 3+ 75

If this point lies on the line 2 x -3 y + 9 =0, then
4+r«f§—9—%+9 0=r =42 = PQ=42

Hence, the required distance is 4 /2 units.
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EXAMPLES Find thedistance of the line 4x + 7y + 5 = 0 from the point (1, 2) along the line2x —y = 0.
[NCERT]

SOLUTION Clearly, line 2x — y = 0 passes through P (1, 2) and intersects 4x + 7y +5=0at Q.

Let PQ =r.If 2x —y = 0 makes an angle 6 with x-axis. Then, tan 8 =2 and hence sin 0 = % and

cos@ = -:%.Thus, the line 2x —y = 0 passes through P (1, 2) and makes an angle 8 with x-axis such

that cos® =31_§- and sin 6 =%. So, its equation in distance form is I'T/:E = ;}:’% and the
coordinates of Q are given by 1/}. = ;f_f_ =T, A
lej_ é’r/}— r= 1~1+v,_ J Y= 2+J_ So, the coordinates P{j:'”]
anare(ldrj_ 2+T) AsQ lieson4x+7y+5=0. ;:{'F*-\,_ < - ;)E
s 4{1+%}+?(2+3§]+5 []::ifg--z.?: r——% /?%
235 Fig. 22.54

Hence, PQ =| r|=—-1~8—.

EXAMPLE9 In what direction a line be drawn through the point (1, 2) that its point of intersection with

theline x + y = 4 isat a distance % from the given point. [NCERT EXEMPLAR]

SOLUTION Let the line drawn through A (1, 2) makes an angle 8 with the positive direction of

J6

x-axis and intersects the line x + y =4 at P such that AP = o Then, the coordinates of P are

given by AY

=y_-2=£::~x=1+\’%cusﬁ,y=2+\[%sh18 \

cos sinBG 3

So, the coordinates of P are(l + \E cos0, 2+ J% sin GJ. i/,m, X
: +y=4

Clearly, point P lies on the line x + y = 4.

% 1+(cnsﬂ+2+[5mﬂ 4 vy
Fig. 22.55

= cosb+sin0 = (ﬁ (cnaﬁ+smﬂ]

- 1+5i1129=g=:- sinZE!:%::rZB:Eﬂr, gt B DT

5. 2t1d

: s B, oK ;
Hence, the line drawn makes an angle whose measure is either — or — with the x-axis.

EXAMPLE10 Find the direction in which a straight line must be drawn through the point (-1, 2) so that
its point of intersection with the line x + y = 4 may be at a distance of 3 units from the point. ~ [NCERT]



THE STRAIGHT LINES 22.49

SOLUTION Suppose the required line makes an angle 6 with x-axis. It passes through the point
P(-1, 2).50, its equation is
X={=1) _ y—zm_x+1 =2

r

cos 6 sin O cos®  sin O \

ANY

The coordinates of a point Q on this line at a distance

of 3 units from P(-1, 2) are given by P(-1,2)
xtl . y-2

< =3 £ Q(-1 +3 cos 6, 243 sin 0)
cos 6  sin 6 ﬂx'“ﬁ?&x.ﬁ
> x =-1+3cos@,y =2+3sin0 | e S
s .
So, the coordinates of Q are: (=1 + 3 cos 6, 2 + 3 sin 0). i | iﬁ X
If point Q lies on x + y =4, then Fig. 22.56

—1+3cosB+2+3sinh =4

= 3cos0+3sinB = 3= cosO+sinB =1 = (cos B+ sin B}Z =%l
= 1+8in20 =1=5sin20 = 0= 206 =0 or ZE}:n:aH:Dan:g
Hence, the required line must be either parallel to x-axis or to y-axis.

EXAMPLE 11 A [ine is such that its segment between the lines5x —y +4=0and 3x + 4y -4=01is
bisected at the point (1, 5). Obtain its equation. INCERT)]

SOLUTION Let AB be the line making angle 6 with x-axis such that its intercept AB between the
lines5x —y + 4 =0and 3x + 4y — 4 =0 is bisected at P (1, 5). Then, the equation of the line is

=1 _y-2

or, y=-5=tanB (x -1 .oofd
cos® sin O J ( ) )
, , x=1 y-=5
Let AP =BP =r. Then, the coordinates of A and B are given by =*——=r and
cos® sin 0O
x-1 y-=b ;
=~—— = —r respectively.
cos B sin O
X=1 y—a :
Now, =f—=r=>x=1+rcos0, y=5+rsin0
cos® sinb YA
x-1 y-5 -
and, o ey —-r=>x=1-rcosf, y=5-rsin0 3x-+4y-4=0 Sx—y+4=0
So, the co-ordinates of A and Bare(1 +r cos 0,5 +r sin 0) and “
(1-r cos 8,5 —r sin ) respectively. Points A and B lie on lines
5x -y +4=0 and 3x + 4y — 4 =0 respectively. P(1,5)
5(1+7cos0) —(5+rsin 0) +4=0 \ ;
and, 3(1-rcos@) +4(5-rsin®) -4=0 % 0 B' 3
— r(5cos @ —sin B) =-—4 andr (3cos 6 + 4sin B) =19
-4 19
RN ey S ey g iy
cos 0 — sin cos 0 + 4 sin Fig. 22.57

L -4 & 19
5¢cos0—-sin O 3cosO+4sin 0

= -12cos0-16sin 6=95¢c0s 0 -19sin 6 = 107 cos =3 sin 6 = tan B=%
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7
Putting the value of tan® in (i), we obtain y-5=tan 6(x-1) or, y -5 =%~(I—1) or,
107 x — 3y — 92 =0 as the required equation of the line.

EXAMPLE 12 Find the equation of the line passing through the point (2, 3) and making an intercept of
length 3 units between the lines y + 2x =2 and y + 2x =5.

SOLUTION The equations of the given lines are
2x+y=2 ..(iQ) and, 2x+y=5 ...(ii)

We observe that the lines given by equations (i) and (ii) are parallel. Suppose a line passing
through A(2, 3) and intercepting length BC = 3 between lines (i) and (ii) makes an angle 6 with
x-axis. The equation of this line in distance form is ,\,,-.. Y

A

x~2. _y—3

=L ...(iii)
cos® sin0 AR3)
Let AB =r. Then, AC = AB+ BC =(r + 3). Clearly, B and C are points I

on line (iii) at distances r and r + 3 respectively from A. So, the

B
coordinates of B and C are given by \ \{w\
ol =y,_3=r anil A€ =""'__3 =r + 3 respectively. ¥ A\e f X
cos® sin® cosB sin® b
Now, \1‘ 2x+y=5
P _y._3 g b _ vY +1y=2
T _sinﬁzr = x=2+rcos0, y=3+rsinf Fig. 22.58
x—2 y—3 .
and, =>——=r+3 =>x=2+(r+3)cosB, y=3+(r+3)sinO
cos® sin0
So, the coordinates of B and C are
(2+rcosB, 3+rsinB)and (2+ (r+ 3)cos 0, 3 +(r + 3) sin 0) respectively.
We observe that points B and C lie on lines (i) and (ii) respectively.
2(2+rcos0)+(3+rsin @) = 2and, 2{2 + (r + 3) cos 6] + {3 + (r + 3) sin 6} =5
= r(2cosf+sinB)=-5and, (r + 3) (2 cos 6 + sin 0) =—2
= r= =3 andr + 3= —2 -
2cos0+sin 0 2 cos O+ sin O
—, © —+3= 2 : [On eliminating 7]
2cosO+sin O 2c0s0+sin 0
- 3 r Y ..(iv)
2cos0+sin B
=5 2cosB+sin =1
=5 2cosB@=1-sin 0 R i
— 4 cos?> 0=1+sin® -2 sin O
= 4(1-sin®0) =1+sin®0—-2sin O
= 5sin?0—-2sin0-3=0= (sin®-1)(5sin 0+ 3)=0 = sin 6=1 or sin 6 =-3/5

Putting sin 8 =1 in (v), we obtain cos 6 = 0. Putting sin 6 =— 3/5 in (v), we obtain cos 0 =4/5.

Substituting the values of sin 8 and cos 8 in (iii), we obtain that the equations of the required lines
dare
x-2 _y-3 . e W

or, x-2=0 and 3x+4y=18.
0 1 4/5 -3/5
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EXAMPLE 13 A line through A (-5,—4) meets thelinesx + 3y +2=0,2x+y+4=0andx -y -5=0

at the points B, C and D respectively, if (E)Z + [Ef = (if find the equation of the line
: " Qe T AC AD : i
SOLUTION The equations of the given lines are
x+3y+2=0 vorll); 2x+y+4=0 ...(ii)) and, x-y-5=0 ...(1ii)

The equation of a line passing through A(-5, —4) and making an
angle 0 with x-axis is
xX+5 _ y+4

cos 6 sin O

...(iv)

Suppose this line cuts lines (i), (ii) and (iii) at B, C and D respectively
such that AB=r, AC =r, and AD =r3. Then, the coordinates of
B, C and D are given by

x+5 y+4 wr x+5 y+4
cos® sin b 1" cos® sin®

L)

X+d> y+4
cosB sin0

and

=13 respectively.

The coordinates of B, C and D are (=5 +rycos0, —4 +rysin 8), (=5 +r, cos0, —4 +r, sin ), and
(=5 +r3 cos0, —4 +r5 sin 0) respectively.

Points B, C and D lie on lines (i), (ii) and (iii) respectively.
(=5+7r1c0s0)+ 3 (-4 +nsinB)+2=0,2(-5+r,cos0) +(-4+r,sin6) +4 =0
and  (-5+r3cos0)—(-4+r3sin@)-5=0

15 10 6
= r = —_—, Ty = —— andrg =
cos B+ 3sin O 2cosB +sin O cos O —sin 0
— E=+::::158+?.-sin'&l',ﬂj—c241:r.::-58+5i.n1{}z-.mclim«:mr:.El—5;.1]11B
AB AC AD

15Y (WA 6 Y
Substituting these values in (—] + (—) =(~——) , we obtain
AB AC AD

(cos O + 3 sin 9}2+{2c059+5in 9)2 = (cos O — sin B)2
=% 4CDSZG+125'1HBCDEB+QEH12'H=D:}(2CDSB+35H‘IH)2=U

— 2cosB+3sin=0=>tan 0=-2/3
Putting tan 6 =-2/3 in (iv), we obtain
y+4=-(2/3)(x+5) or, 2x+ 3y + 22 =0 as the required equation of the line.

EXAMPLE 14 The sides AB and AC of a triangle ABC are respectively 2x + 3y =29 and x + 2y =16
respectively. If the mid-point of BC is (5, 6) then find the equation of BC.
SOLUTION Suppose BC makes an angle 0 with the x-axis. Then, its equation is
xX=D -6 :
=7 (0
cos 8 sin 6
Let BD =CD =r. Then, the coordinates B and C are given by

£y —6 = =
B ol y_ = —-rand, = = 8 y_ gl r respectively.
cos® sin B cos®  sin O
Now, i =y__6=-=r::: x=5-rcosf, y=6-rsind
cos® sin B B D(5, 6) C
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and,

x=5 _y-—6

— =r=>x=5+rcosB,y=6+rsin0d
cosf sin6

Thus, the coordinates of Band C are B(5-rcos 8,6 —rsin 8) and C(5+r cos 0, 6 +r sin 0)
respectively which lie on lines 2x + 3y =29 and x + 2y =16 respectively.

—

2(5-rcosB)+3(6-rsinB) = 29and,(5+7rcosB) +2(6+rsinB) = 16

¥ = =1 and r = i
2cos B+ 3sin O cos 0+ 2sin 6

-1 -1
2c0s0+3sinO cos O+ 2sin O

[On eliminating 7]

2cos0+3sinB=cos0+2sinB = sinf=-cos® = tanB=-1= 6=3n/4

Putting 6 = f’f in (1), we obtain

X -5 - y-6 or, x+y-11=0as the required equation of the line.
cos 3n/4 sin 3n/4

EXERCISE 22.8

i

ol

9.

10.

& 3

BASIC

. A line passes through a point A (1, 2) and makes an angle of 60° with the x-axis and

intersects the line x + y = 6 at the point P. Find AP.

If the straight line through the point P (3, 4) makes an angle n/6 with the x-axis and meets
the line 12x + 5y + 10 = 0 atQ, find the length PQ.

A straight line drawn through the point A (2, 1) making an angle n/4 with positive x-axis
intersects another line x + 2y + 1 = 0 in the point B. Find length AB.

BASED ON LOTS

A line a drawn through A (4, —1) parallel to the line 3 x -4 y + 1 = 0. Find the coordinates of
the two points on this line which are at a distance of 5 units from A.

The straight line through P (xq, y;) inclined at an angle 6 with the x-axis meets the line
ax + by + ¢ =0in Q. Find the length of PQ.

BASED ON HOTS

. Find the distance of the point (2, 3) from the line 2 x - 3 y + 9 =0 measured along a line

making an angle of 45° with the x-axis.

Find the distance of the point (3, 5) from the line 2 x + 3 y =14 measured parallel to a line
having slope 1/2.

. Find the distance of the point (2, 5) from the line 3 x + y + 4 = 0 measured parallel to a line

having slope 3/4.

Find the distance of the point (3, 5) from the line 2x + 3y =14 measured parallel to the line
x-2y=1.

Find the distance of the point (2, 5) from the line 3x + y + 4 = 0 measured parallel to the line
Jx -4y + 8=0.

Find the distance of the line 2x + y = 3 from the point (-1, — 3) in the direction of the line
whose slope is 1.
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12. Aline is such that its segment between the straight lines5x —y —4 =0and 3x + 4y -4 =01is
bisected at the point (1, 5). Obtain its equation.

13. Find the equation of straight line passing through (-2, -7) and having an intercept of length
3 between the straight lines 4x + 3y = 12and 4x + 3y = 3.

14. In what direction should a line be drawn through the point (1, 2) so that its point of
intersection with the line x + y =4 is at a distance HSE from the given point.

INCERT EXEMPLAR]

L] L = - el ANSWERS
132 542

1. 3(3 -1 2. 3. 4. (8,2),(0, -4

( ) 5+1243 g (82, (0, =4
, |ty te 6. 42 7.5 8. 5 units

acos O+bsin 0
9. 5 10. 5 11.¥ 12. 83x - 35y +92=0
13. x+2=0,7x+24y+182=0 '14.£ursf-[

12 12

22.7 TRANSFORMATION OF GENERAL EQUATION IN DIFFERENT STANDARD FORMS

The general equation of a straight line is Ax + By + C = 0 which can be transformed to various
standard forms as discussed below.

(i) Transformation of Ax + By + C =0 in the slope intercept form (y =mx + ¢):
The equation of the line is
8

Ax+By+C=0= By=-Ax-C = y=[—%)x+[-—)

B
This is of the form y =mx + ¢, where m =-£ and, ¢ =—%.
Thus, for the straight line Ax + By + C = 0, we obtain:
A Coefficient of x : C  Constant term
m =Slope=——=- — ansd, Intercept on y-axis =—— =- —
B Coefficient of y B  Coefficient of y

Coefficient of x

NOTE To determine the slope of a line by the formula m =—
peef T Coefficient of y

, we must first transfer ail

ierms in the equation on one side.

(ii) Transformation of Ax + By + C =0 in intercept form =5 % =1 : The equation of the line is
a

Ax+By+C=0= Ax+By=-C = A—; + ﬂ:l:} e

Tactg

This is of the form = + % =1. Thus, for the straight line Ax + By + C =0, we obtain
a
. C Constarnit term ; C Constant term
Intercept on x-axis = ——=— — , Intercept on y-axis=——=- —
A Coefficient of x B Coefficient of y

NOTE  As discussed above the intercepts made by a line with the coordinate axes can be determined by

reducing its equation to intercept form. We may also use the following method to determine the intercepts
on the coordinate axes:
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For intercept on x-axis : Put y =0 in the equation of the line and find the value of x. Similarly to find
y-intercept, put x = 0 in the equation of the line and find the value of y.

(iii) Transformation of Ax + By + C =0 in the normal form x cos a.+ y sin a. = p:

We have, Ax + By + C =0 ..(1)
Let xcosa+ysina-p =0 .(i1)
be the normal form of Ax + By + C =0.

Then, (i) and (ii) represent the same straight line.

A B =£=.'-" COSs O =—E E]"ld, sin o =_EE (111}
COS O sin = C

2.2 p2.2 2
= cnszu+sin2a=ﬂp +B"~'jr -—.:-lzp—(A2+Bz} :pp=i—c—
c?2 2 C VA% + B®

But, p denotes thi.e length of the perpendicular from the origin to the line and is always positive.
Cl

a JA? + B
B

Putting the value of p in (iii), we obtain: cos o = - AN and, sin o =—
JA? + B JAY 4 B

—
]

Thus, the equation (ii) takes the form

A B C A B ¢
—— X - Y ——=———=0 or, - — X~ = —
VA2+B*  JA2+B? T A24B2 JA2 B2 L M2 . p? ) JA? + B2

This is the required normal form of the line Ax + By + C =0.

In order to transform the general equation of a line to the normal form, we use the following
steps :
Step I Shift the constant term on the RHS and make it positive

Stepll  Divide both sides by +(Coefficient of x)2 + (Coefficient of y)>

The equation so obtained is in the normal form.

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Transform the equation of the line /3 x + y — 8 = 0 to (i) slope intercept form and find its
slope and y-intercept (ii) intercept form and find intercepts on the coordinate axes (iii) normal form
and find the inclination of the perpendicular segment from the origin on the line with the axis and its
length.
SOLUTION (i) Given equation is
V3x+y-8=0 = y=-3x+ 8, which is the slope intercept form of the given line.
Slope = - +/3, and y-intercept = 8

(ii) Given equation is
V3x +y-8=0=

+ % =1, which is the intercept form of the given line.

X
8/4/3
So, x-intercept = -\% and, y-intercept=_8

(iii) Wehave, v3x + y — 8 = 0 or, Y3 x + y = 8. Dividing throughout by
J{Cnefficient of x)% + (Coefficient of y}z, we obtain
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V3 1 8 48, 1
- Yy = r———e= —x+-y=4,

X
\f{ﬁ)z +1% \/{«fﬁ)z +1% (v3)% +1° 2 2

which is the normal form of the given line.

—

Comparing this equation with xcosa + ysin . = p, we obtain cos o. = —2-3—, sin o =% and p =4.

Assin a and cos o both are positive, therefore o is in first quadrant and is equal to n/6. Hence,
for the given line, wehave o = n/6 and p = 4.

EXAMPLE 2 Reduce the lines 3x -4y +4=0and 4 x - 3 y +12 =0 to the normal form and hence
determine which line is nearer to the origin.
SOLUTION The equation of the firstlineis 3x — 4y + 4 = Qor,-3x + 4y = 4

Dividing throughout by J (—3)2 - («4)2 , we obtain
Cb 4y 4 3
o = .
J~82 427 e r @ JBrhat N8

This is the normal form of 3 x -4y +4=0 from which we find that the length of the
perpendicular from the origin to it is given by p; =4/5.

The equation of the second line is 4x — 3y +12 = Oor, —4x + 3y = 12

Dividing throughout by \/ (Coefficient of x)* + (Coefficient of y)*, we obtain

4 x 3y 12 4 3 12

- + = or, ——X + —Yy = —

JC92+3% J4?i8?  Jea?i3@ 0 BQN ST 5
This is the normal form of 4 x -3y +12=0 from which we find that the length of the
perpendicular from the origin is given by p, =}§. Clearly, p; >py. Therefore, the line

3 x —4 y + 4 =0is nearer to the origin.
EXAMPLE 3 Find the values of k for which the line (k — 3) x —(4 - kz) Y+ k* -7k +6 = 0is
(i) parallel to the x-axis. (ii) parallel to the y-axis. (iii) passing through the origin.
[NCERT]

SOLUTION Letm be the slope of the line (k - 3) x —(4 k) y + k* =7k + 6 = 0 ..(i)

(F3) &t k33
~(4-k) 4-k®
(i) If the line is parallel to x-axis, then

Then, m = -

Slope = 0 = k_g;_ =0=k-3=0=>k=3
4-k
(ii) If the line is parallel to y-axis, then
g e
l=[}=}u=ﬂ=p4—k2={}:>k=i2
m k-3

(iii) If the line passes through the origin, then (0, 0) must satisfy the equation (1).
(k-3)x0-(4-k¥)x0+k*-7k+6 = 0= (k-1)(k-6)=0 = k=1,6.

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE ¢  Find the equation of a line with slope 2 and the length of the perpendicular from the origin
equal to /5.

SOLUTION Let the y-intercept of the required line be c. Then, its equation is
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y=2x+cor,-2x +y=_¢c ..(1)

Dividing throughout by \/ (Coefficient of x)* +(Coefficient of )%, we obtain
2 Y c 2 y c
(-2)% +12 (=22 412 J=2) +1* V5 W5 A5

This is the normal form of line (i). Therefore, the absolute value of the RHS represents the length
of the perpendicular from the origin. But, the length of the perpendicular from the origin is

given to be +/5.

%=J5-:::|c|:5::>f:=i5

Putting ¢ =+ 5 in (i), we obtain the equations of the required lines as y =2x+5.

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 5  Prove that the slope of a line is invariant under the translation of the axes.

SOLUTION Let the equation of a straight line referred to a system of coordinate axes be
ax+by+c =0 (1)

The slope of this line is m = _E :

Now, let the origin be shifted to the point (%, k) under some translation of the axes. Then, any
point (X, Y) with respect to the new system of coordinate axes is given by the relation

x=X+hand y =Y +k,
where (x, y) are the coordinates of the point in the old system of coordinate axes.

The equation of line (i) in the new system of axes is given by
a(X+h+b(Y+k)+c =0o0r, aX+bY +(ah+bk+c¢c) =0 ..(i1)

Letm' be the slope of this line. Then, m' =- g Clearly, m=m'.

Hence, the slope of a straight line is invariant under the translation of coordinate axes.

EXAMPLE 6 The line 2x —y = 5 turns about the point on it, whose ordinate and abscissae are equal,
through an angle of 45° in the anti-clockwise direction. Find the equation of the line in the new position.

SOLUTION Iftheline 2x —y = 5makes an angle 6 with x-axis. Then, tan 8 =2.Let P («, o) be a
point on the line 2x —y = 5. Then,
200t =5 ="¢fl= B

So, the coordinates of P are (5, 5).

If the line 2x —y -5 = 0 is rotated about point P through 45° in YA 2x-y-5=0
anti-clockwise direction, then the line in its new position makes
angle 0 + 45° with x-axis. Let n’ be the slope of the line in its new it

P (o, o)

position. Then,

tan O + tan 45° L 2+1
1 —tan O tan 45° 1-2x1

Thus, the line in its new position passes through P (5, 5) and has
slopen’ = - 3.So, its equation is VY

y-5=m(x-5) or, y-5 = -3(x-5)or,3x+y-20 = 0 Fig. 22.61

m' = tan (0 + 45°) = = -3

pg A
_§<_
T |

e Y
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EXAMPLE 7 Find the coordinates of one vertex of an equilateral triangle with centroid at the origin and
the opposite side x + y—2 = 0. [NCERT EXEMPLAR]

SOLUTION Let ABC be an equilateral triangle having x + y —2 = 0 as the equation of side BC and
opposite vertex A. Let the coordinates of its vertices be A (xq, y1), B (x5, ¥3) and C (x3, y3). 1t is
given that the centroid of AABC is at the origin.

AY
C ‘.-‘Tj-' Ef3:|
X1+ Xo + X Y1+ Yn +
1 2 3 -0 and Y1+Y2+ Y3 -0 siviing
3 3
=5 X1+xXy+x3=0and y; +y5 +y3 =0
== Xo+X3==2x; and Yy +y3 == .wikl) 5{7_
It is given that AABC is an equilateral triangle. Therefore, i
median AD 1 BC and so OA 1 BC. A (x, 1y)
Slope of OA x Slope of BC =-1 vY
= Fig 22.62
— Lj| Gx-—lzl = Y1 =%X1 ...}
Il -0
Clearly, D is the mid-point of BC.So, the coordinates of D are
Xg + X3 y2+y3J=(_Il _yl] Using (i
( SR A [Using (i)]

But from (ii), we obtain y; = x4. So, the coordinates of D are(—fz-l-, _x_;} Point D lies on BC

whose equationis x+y -2 =0.
" X
——1—?1"*2:0:5 I1=—2:>_lf12'—'2 [ y1=:f]]
Hence, the coordinates of A are (-2, —2).

ALITER Itis given that ABC is an equilateral triangle with centroid at the origin O. Therefore,
OA 1 BC.Consequently,

Slope of OA x Slope of BC = - 1= Slope of OA x -1 =-1=> Slope of OA =1

Thus, OA makes an angle of 45° with x-axis. So, the equation OA in distance form is
x—=0 ay-0 & x-0 " %<0
cos45° sin45° 1/42  1/42

The equation of BC in normal form is jﬁ + \yﬁ = /2. Therefore, OD =+/2.

Since O is the centroid of AABC. Therefore, OA =2 (OD) = 2+/2.

Thus, A is a point on OA at a distance 2+/2 from the origin O.So, the coordinates of A are given by
x—=U  y=0
=r——==242 = x=-2and y=-2
e e y

Hence, the co-ordinates of A are (-2, —2).

EXERCISE 22.9

BASIC

1. Reduce the equation +/3 x + y + 2 =0 to:
(i) slope-intercept form and find slope and y-intercept;
(ii) intercept form and find intercept on the axes;
(iii) the normal form and find p and «.
2. Reduce the following equations to the normal form and find p and « in each case:
(i) x+\f§y—4={}{ii) x+y+ﬁ=0 (iii) x+y+2ﬁ=0(iv} x—-3=0
(v) y—-2=0.
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3. Put the equation =4 % =1 to the slope intercept form and find its slope and y-intercept.

i

4. Reduce the lines 3x-4y+4=0and 2 x+ 4 y -5 =0 to the normal form and hence find
which line is nearer to the origin.

5. Show that the origin is equidistant from the lines 4x + 3y + 10 =0; 5x - 12y + 26 =0 and
7x + 24y =50.

6. Find the values of 8 and p, if the equation x cos 0 + y sin 0 = pis the normal form of the line
V3x+y+2=0. [INCERT]

7. Reduce the equation 3 x — 2 y + 6 = 0 to the intercept form and find the x and y intercepts.

BASED ON HOTS

8. The perpendicular distance of a line from the origin is 5 units and its slope is — 1. Find the
equation of the line.

e — ANSWERS
1. (i) Slope =-+/3, y-intercept = -2 (ii) x-intercept =— 7‘%, y-intercept = -2

(iii) p=1, o =210°
2. (@A) p=2a =g (1) p=1, a0 =225° (iii) p=2, a=135%(iv) p=3,q@ =0

(V) p=2,a=g 3. SIUpe=—%,y-intercept = 4, 3x-4y+4=0

6. o = 210° p=1 7. x-intercept =— 2, y-intercept = 3 8. x+y—-5+42=0

22.8 POINT OF INTERSECTION OF TWO LINES

Let the equations of two lines be

Mx +bjy +cg =0 ki)
and, @ x +byy + ¢ =0 .. (i1)
Suppose these two lines intersect at a point P (xy, y;). Then, (xy, y;) satisfies each of the given
equations.

apxy + bjyp + ¢ =0and, apxqy + bhyy + ¢ =0
Solving these two equations by cross-multiplication, we get

Il Fl 1 = Il = bl E2 —E?Z El L"l HE —C2 ﬂ]

b] Cz "‘bz l‘.':l 7 l':] ﬁz “l':z ﬂl 3 ﬂ] bz —ﬂ'z bl
Hence, the coordinates of the point of intersection of lines (i) and (ii) are:

bl Cz —bz €1 E'l ﬂz —L"z ﬂ-l
ayby —ay by ayby —ay by

NOTE To find the coordinates of the point of intersection of two non-parallel lines, we solve the given
equations simultaneously and the values of x and y so obtained determine the coordinates of the point of
intersection.

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Find the coordinates of the point of intersection of the lines 2x—y+ 3=0 and

x+2y—-4=0.

SOLUTION Solving the equations 2x -y + 3 =0 and x+ 2y -4 =0, simultaneously we obtain
4-6 3+8 4+1 =2 Ik HTE 5 5

Hence, (-2/5,11/5 is the required point of intersection.

=

r
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EXAMPLE2  Find the area of the triangle formed by the lines y =x, y =2xand y = 3x + 4.

SOLUTION The given equations are
y=x atl) y = 2x ..(ii) and y = 3x+4 ..(1ii)

Suppose the equations (i), (ii) and (iii) represent the sides AB, BC and CA respectively of a
triangle ABC.

Solving (i) and (ii), we get: x =0 and y =0. Thus, AB and BC intersect at B (0, 0).

Solving (ii) and (iii), we obtain: x =-4, y =-8. Thus, BC and CA intersect at C (-4, —8).
Solving (iii) and (i), we get: x =—2 and y =— 2. So,CA and AB intersectat A (-2, - 2).

Thus, the coordinates of the vertices of the triangle ABC are: A (-2, -2), B(0, 0) and C(-4,-8).

-2 =21
Area of A ABC = L 0 0 1 = 4sq.units.
: -4 -8 1

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE3 Find the equations of the medians of a triangle formed by the lines x + y -6 =0,
x—3y—-2=0and 5x -3y +2=0.
SOLUTION The given equations are :

x+y-6=0 .(i) x-3y-2=0 ..(ii) and “S¥=3y+2=0 ..(1i)

Suppose equations (i), (ii) and (iii) represent the sides, AB, BC and CA respectively of triangle
ABC.

Solving (i) and (ii), we get: x =5 and y =1. Thus, AB and BC
intersect at B (5, 1).

Solving (ii) and (iii), we get: x =-1 and y=-1. Thus, BC and CA
intersect at C (=1, =1). F( :

Solving (i) and (iii), we get: x=2andy=4. Thus, ABandCA
intersect at A (2, 4).

Thus, the coordinates of the vertices A, B and C of triangle ABC are g5, 1) D2,0)  C(-1,-1)
(2, 4), (5, 1) and (-1, -1) respectively. Let D, E and F be the Fig 22.63
mid-points of sides BC,CA and AB respectively. Then, the

coordinates of D, E and F are

D[S_l 31—1]‘__{2,&);}3[2—1 ,4_1]=[l,§)andif(2+5,4+1J=[Z,E]
2 2 2 2 2 2

The median AD passes through A(2, 4) and D(2, 0). So, its equation is

0-4 -2
x-2)=2>x-2=—(W—-4)=>x-2=0=x =2

5 (¥2 SR Y

The median BE passes through points B(5, 1) and E(1/2, 3/2). 50, its equation is

3_’1

y-1=42 (x-ﬁ):y-1=~%(x-5) = x+9y-14=0

>
2

The median CF passes through points C(-1, —1) and F(7/2,5/2). So, its equation is
5

= 3]

y+1 = % {x+1}:>y+1=%(x+1}::?x—?y—2=0
—+1
2

A(2, 4)

i o=

Hence, the equations of the medians of the trianglearex =2, x + 9y -14 =0and7x -9y -2 = 0.
EXAMPLE4  Find the wvalue of m for which the lines mx+(2m+ 3)y+m+6=0 and
(2m+1) x+(m—1) y + m—9 =0 intersect at a point on y-axis.

SOLUTION The equations of the lines are
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mx+(2m+3)y+m+6=0 (1)
Cm+1D)x+(m-1)y+m-9=0 ...(ii)

Solving these two equations by cross-multiplication, we obtain
X ¥ y Al 1
(2m+3)(m-9)-(m-1)(m+6) (22m+1)(m+6)-m(m-9) m(@m-1)—(2m+1) (2m+ 3)
x Iy 1
= 2 =0 ji 2
m--=20m-21 m“+2m+6 -—-3(m°+3m+1)
m> - 20m — 21 m® + 22m + 6
=5 X = andy =

—~3@m* +3m+1)
m® —20m — 21 m> +22m+ 6
—3(m% +3m+1) - 3(m* + 3m+1)

) —3(m2+ 3m+1)

So, given lines intersect at the point

If it lies on y-axis, then its x-coordinate is zero.
m* —20m — 21
~3(m% +3m+1)

— 0= m*-20m-21=0= (m-21)(m+1)=0=>m=-1, 21

EXAMPLE 5 Find the area of the triangle formed by the lines y = mj x+ ¢,y =my X + ¢ and x =0.
[NCERT]

SOLUTION Lety =my x + ¢y, ¥ =my x + ¢ and x = 0 be the sides AB, BC and CA respectively of
a triangle ABC.Solving y =my x + ¢c;and y =m, x + ¢, as linear

YA
equations in x, y, we get
€y —C ny Cy =My C
Fm20 g Th0 G
i"'."Il —mz ml -'—'."HZ
. €y —Cq My Cy =My C
So, the coordinates of B are( & L2 2 1} ’
My — My m] i "12 :’E 4
: i e O
Solving y=my x+c¢, and x=0, we get: x = 0,y=c,. ﬁ?" #
So, coordinates of C are (0, c). ¥ VY
Similarly, by solving x=0 and y=my x +c¢;, we get the Fig. 22.64
coordinates of A as (0, ¢q).
0 €1
0 Cr
i § 1 € — 64
. Area of A ABC = Absolute value of 5 Ca=Cp Mcy-mycy =5 (c] —¢7)
iy — M
my —my ny —my 1 e

_1 (- cy)*
2 |'.'ﬂ1 —HIZ‘

ALITER The equations of the given lines are
y=my X+ Cq - (1) Y=my X+Cy .. (ii) x=0 .. (ii)
Lines (i) and (ii) intersect line (iii) at A (0, ¢1) and C (0, ¢,) respectively. Solving (i) and (ii), we
€ =€ Mcp -y ﬂl]

obtain the coordinates of B as ,
my —my iy =y

: O =€
BM = x-coordinate of B=—2 1

iy —nmyp
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Clearly, AC =| ¢y —¢q|

2
- Cn —C
AreanfMBC=l(ACxBM)= l|g2—¢1|x|f‘? ‘:1‘ = l (2 —¢1)
2 : |m]-—m;,_‘ 2 |my—my|

EXAMPLE6 Find the equation of the line parallel to y-axis and drawn through the point of intersection of
the lines x =7y +5=0and 3x + y=0.

SOLUTION On solving the equations x =7y +5 =0 and 3x + y =0, we obtain:

: 5 15
Y=——andy=—.
22 22

So, the given lines intersect at the point whose coordinates are : (-5/22, 15/22).

We know that, the equation of a line parallel to y-axis is of the form x=constant. So, let the
equation of the required line be

% =X (i)
It passes through (-5/22,15/22). Therefore, _—25 =).

Substituting the value of A in (i), we obtain: x=-5/22 or, 22x+5 = 0 as the equation of the
required line.

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE7 Show that the lines 4x+y—9+= 0,x-2y+3 = 0,5x-y—6 = 0 make equal
intercepts on any line of gradient 2.

SOLUTION The equation of any line of gradient 2 is
Yy =2x+c¢ ..(1) \
The equations of given lines are y=2x+4c
4x+y-9 =0 .(11) x=2y+3 =0 ..(111)
Sx-y-6 =0 .(iV)

Solving (i) with (ii), (iii) and (iv) respectively, we obtain the x-2y +3=ﬂ\4 dx+y-9=0

coordinates of P, Q and R as

{ Fig. 22.65
p [-3-—5, 3+EJ,Q(1—-E, 2-1)511:1 R {2+5, 4+5_“]
5 & 3 39§ 3 3~

Clearly, P is the mid-point of QR. Therefore PQ = PR.
Hence, lines (ii), (iii) and (iv) make equal intercepts on any line of gradient 2.

EXAMPLE 8 Two vertices of a triangle are (3, —1) and (- 2, 3) and its orthocentre is at the origin. Find
the coordinates of the third vertex.

SOLUTION Clearly, A is the intersection of sides AB and AC of AABC. Side AB passes through
B (3, —1) and is perpendicular to OC whose slope is —3/2. So, equation of side AB is

y+1 = % (x-3) or, 2x-3y-9 =0 (1) Alh, k)

Similarly, side AC passes through C (-2, 3) and is perpendicular

to OB whose slope is —1/ 3. So, equation of side AC is
y—-3=3(x+2) or, 3x-y+9=0 ...(ii)

Solving (i) and (ii), we get: x =—36/7, y =—45/7. e S

Fig. 22.66
Hence, coordinates of A are (-36/7, —45/7). _
EXAMPLE 9 Two consecutive sides of a parallelogram are 4x + 5y =0 and 7 x + 2y = 0. If the equation

of one diagonal is11x + 7y =9, find the equation of the other diagonal.

SOLUTION Let ABand AD be consecutive sides of parallelogram ABCD. Let the equations of AB
and AD bedx + 5y =0and7x + 2y = Orespectively. Clearly, these two lines intersectat A (0, 0).

000, 0)
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Solving11lx +7y = 9and4x +5y = 0,weget: x=5/3 and y=-4/3.So, the coordinates of B
are (5/3,-4/3). Similarly, by solving 11x+7y = 9 and
7x+ 2y = 0, we obtain that the coordinates of D are D (-2/3,7/3) C

(=2/3,7/3). The diagonals of a parallelogram bisect each
other. So, P is the mid-point of BD and hence its coordinates

are

y-0=

4

\

o (2 _%+?“

3 3 3 3o, [l ; l} Clearly, AC passes through
2 2 2= 2 A(0, 0) 4x+5y=0 B(5/3,-4/3)

J Fig. 22.67
A(0,0) and C(1/2,1/2). Hence, equation of AC is

~-0
1 (x-0) or, y=nx.
— =0
2

EXERCISE 22.10

BASIC

1. Find the point of intersection of the following pairs of lines :

!‘w-..l'

(i) 2x-y+3=0andx+y-5=0 (ii) bx + ay =ab and ax + by = ab.

a a
(iii) y=myx+—and y=my x + —.
ny L)

Find the coordinates of the vertices of a triangle, the equations of whose sides are:

i) x+y-4=0,2x-y+3=0 and x-3y+2=0

(i) y(i+t)=2x+2atjty, y(ty +t3)=2x+2aty t5 and, y (i3 +t) =2 x + 2 aty t5.
Find the area of the triangle formed by the lines

(i) y=myx+c¢y,y=my x+c¢y and x=0 (ii) y=0, x=2andx+2y=23.
(iii) x+y-6=0,x-3y-2=0and5x-3y+2=0

. Find the equations of the medians of a triangle, the equations of whose sides are:

3x+2y+6=0,2x-5y+4=0andx-3y-6=0

5. Prove that the lines y =+/3 x + 1,y =4and y = - /3 x + 2 form an equilateral triangle.

10.

B it

Classify the following pairs of lines as coincident, parallel or intersecting:
i) 2x+y-1=0and 3x+2y+5=0 (ii) x-y=0and3x-3y+5=0
(iii) 3x+2y-4=0and6x+4y—-8=0.
Find the equation of the line joining the point (3, 5) to the point of intersection of the lines
4x+y-1=0and7 x-3y-35=0.

Find the equation of the line passing through the point of intersection of the lines
4x -7y - 3 =0and 2x - 3y + 1 =0 thathas equal intercepts on the axes. [NCERT]

BASED ON LOTS

Find the equation of the straight line passing through the point of intersection of the lines
5x-6y—1=0and 3x+2y+5 =0 and perpendicular to the line 3x -5y +11 =0.
[NCERT EXEMPLAR]

Find the equation of the line passing through the intersection of the lines 2x +y =5 and
x+ 3y + 8 =0 and parallel to the line 3x+ 4y =7.

BASED ON HOTS

Find the orthocentre of the triangle the equations of whose sides are x + y =1, 2x + 3y =6
and 4x -y +4=0.
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12,

13.

14.

-

15.

16.

Three sides AB, BC and CA of a triangle ABC are 5x-3y+2=0, x-3y—-2=0 and
x + i — 6 = 0 respectively. Find the equation of the altitude through the vertex A.

Find the coordinates of the orthocentre of the triangle whose vertices are (-1, 3), (2, —1)
and (0, 0).

Find the coordinates of the incentre and centroid of the triangle whose sides have the
equations 3x -4y =0,12y +5x=0and y -15 = 0.

Prove that the lines v/3x+y = 0,v3y+x = 0,V/3x+y =1 and Y3y +x=1 form a
rhombus.

[f the straight line a1 % =1 passes through the point of intersection of the lines x + y =3

a
and 2x — 3y =1 and is parallel tox —y — 6 =0, find a and b.

. Show that the area of the triangle formed by the lines y =my x, y =m, x and y =cis equal to

2
% (V33 + +/11), where m;, m, are the roots of the equation 2 +([3+2) x+/3-1=0.

ik e & 3 N ANSWERS
/ \
T [ (u)[“*’,“b] (iii)[ 2 ,.{Hln
3 3 a+b a+b My My my My
wifiE, X 7 1 5 3\ 2 2 2
2. —_ =, ==, =, =, = at“, 2 atq), (aty=, 2 at4), (ata=, 2 at
[l}x?) 3;[55)(2 ZJ{HHI 1), (aty 2), (at3 3)
e 2
5 0 L4 (ii) 0 (iii) 12. sq. units
2 (nig —my)
4, 41 x-112y-70=0, 16 x-59y-120=0 and 25x-53y +50=0
6. (i) intersecting (ii) parallel (i11) coincident
7.12x-y-31 = 0 8. x+y+13=0 9 5x+3y+8=0 10, 3x+4y+3=0
11. (EE] 12. 3x+y-10=0 13.(—4,-3) 14. (-1, 8),(*12,10)
Ll 3
16. a=1,b=-1

8.

___HINTS TO SELECTED PROBLEMS

Given lines intersect at (-8, —5). The equation of a line making equal intercepts on the

coordinates axes is = + £ =1 or, x + y =a.It passes through (-8, -5).
a a

-8-5+a=0 = a=13
Hence, the equation of the line is x + y =13.

. The lines 5x -6y -1 =0 and 3x + 2y +5 = 0 intersect at the point (-1, —1). The slope of the

line 3x -5y +11 =0 is 3/5. So, the slope of a line perpendicular to it is =5/ 3. Hence, the
equation of the required line is

y+1=-5/3(x+1)or,5x+ 3y+8=0.

22.9 CONDITION OF CONCURRENCY OF THREE LINES

Three lines are said to be concurrent if they pass through a common point i.e. they meet at a
point.

Thus, if three lines are concurrent the point of intersection of two lines lies on the third line. Let

A x1+byy+c1=0 ..(1) a8y x+byy+cy=0 ..(ii) ag x+byy+cy=0 ..(iii)
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be three concurrent lines. Then the point of intersection of (i) and (ii) must lie on the third.

The coordinates of the point of intersection of (i) and (ii) are:

bycy —bycy cya3 —cp 4y [See section 22.8]
4 b‘z —ﬂzbl ’ M EJZ =y b]

This point must lie on line (iii).

bicy—by C C1 0 —Cr Q
ﬂa["—lz 21)+ba[12 21]+c3=ﬂ

a1 by — a3 by ayby —a by
a by
= s {bl Efz*"bz {'1)+E13 (El Ay —in ﬂ1)+C‘3 (ﬁ'l bz —dn bl} = (0= iy bz Ga. | = 0
a3 by ¢3

This is the required condition of concurrency of three lines.
ANOTHER CONDITION

Li =a1x+bjy+c1 =0, Ly =ayx+byy+cy =0, Ly =az3x+bzy+cy =0
are concurrent iff there exist constants A, 1,5, A5 not all zero such that

ML+ MLy, + A3L3 =0
i.e. M@ x+bjy+c)+r(@x+byy+cy)+Arzlagx+bzy+cy) = 0.

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Prove that the lines 3x+y—-14=0,x-2y=0and 3 x -8 y + 4 = 0 are concurrent.
SOLUTION Given linesare 3x+y-14=0, x-2y+0=0and 3x -8y +4=0.

3 1 -14
Wehave,|1 -2 0|=3(-8+0)-1(4-0)-14(-8+6)=—24 -4 +28 =0.
3 -8 04

So, the given lines are concurrent.

EXAMPLE 2 Show that the inesx -y —6=0,4x -2y —-20=0and 6x +5 y + 8 =0 are concurrent.
Also, find their common point of intersection.

SOLUTION The given lines are

x-y—-6=0  ..(i]) 4x-3y-20=0 . i) 6x+5y+8=0 . (111)
Solving (i) and (ii) by cross-multiplication, we get
X Y 1

= : = = x=2 and y=-4.
20-18 -24+20 -3+4

Thus, the first two lines intersect at the point (2, — 4). Putting x =2 and y = -4 in (iii), we get
6 x 2 +5x-4+8=0

Thus, the point (2, —4) lies on line (iii). Hence, the given lines are concurrent and their common
point of intersection is (2, - 4).

EXAMPLE 3 Find the value of A, if the lines 3x —4y =13 =0,8x -11y =33 =0and 2x -3y + A=0
are concurrent.

SOLUTION The given lines are concurrent, if
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3 -4 -13
8 -11 -33|=0
2 -3 A
= 3(-11A-99)+4(8L+66)-13(-24+22)=0 = —-A-7 =0=> A=-7
ALITER  The given equations are
3x -4y -13=0 ..(i) 8x-11y-33=0 ..(i)) and, 2x-3y+A=0 ...(1ii)

Solving equations (i) and (ii), we get x =11 and y =5. Thus, (11, 5) is the point of intersection of
lines (i) and (ii). The given lines will be concurrent if they pass through the common point i.e.
the point of intersection of any two lies on the third. Therefore, the point (11, 5) must lie on the
line (iii).

2x11-3x5+A =0=> A = -7,

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE4 Ifthelinesay x +byy+1=0,ay, x+ by y+1=0and aszx + b3y +1 =0are concurrent,
show that the points (ay, by), (a5, by) and (a5, by) are collinear.

SOLUTION The given lines are

ax+by+1=0 ..(i) apx+byy+1=0 ..(ii)) and azx+bsy+1=0 .. (111).
If these lines are concurrent, we must have
a bl 1
ay by 1|=0, whichis the condition of collinearity of three points(ay, by), (2, bp) and (a3, b3).
ay by 1

Hence, if the given lines are concurrent, the given points are collinear.
BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLES If the lines ax+y+1 =0, x+by+1 =0 and x+y+c = 0 are concurrent

(a#b#c+#1), prove that . + 1 + 4 =1.

1y 1 -0 15¢
SOLUTION The equations of the given lines are

ax+y+1 =20 ..(1) x+by+1 =20 (...(i1) x+y+c =0 ,(111)
If these lines are concurrent, then
R 1
|b 1 ‘1 1| |1 b
1 W 1| = 0= -1 + 1 =0
1 e [ 2 |1
1 1 @
= abc-1)—-(c-1)+(1-b)=0 = abc—a-c+1+1-b=0 = abc=a+b+c-2 ..(i)
1 - 1 E 1 ={1-b){1-c)+{l—a)(l—c)+(l‘a){1—b}
l1-a 1-b 1-c (1-a)(1-b)(1-¢)

3-2(a+b+c)+ab+bc+ca

1-(a+b+c)+ab+bc+ ca-abc

3-2(a+b+c¢c)+ab+bc+ca
1-(a+b+c)+(ab+bc+ca)—(a+b+c-2)

[Using (i)]

3-2(a+b+c)+ab+bc+ca
3—-2(a+b+c)+ab+bc+ca

F—
=

I
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EXAMPLE 6 Show that the following lines are concurrent:
Li=(a-b)x + b-c)y + (c-a) =0
Ly=(b-c)x + (c-a)y + (a-b) =0
and, Ly=(c—-a)x + (a-b)y + (b-c) = 0.
SOLUTION We observe that: Ay Ly + Ay Ly + A3 L3 =0, where A =X, =A3 = any non-zero
number, Hence,the given lines are concurrent.
EXAMPLE? Show that the altitudes of a triangle are concurrent.

SOLUTION Let ABC be a triangle such that the coordinates of its vertices are A (x1, y1).B (X3, ¥3)
and C (x5, y3). Let AD, BE and CF be the altitudes drawn from the
vertices A, B, C respectively to the opposite sides BC, CA and, AB
respectively. Then,

-_f'“l']:,!i’ﬂ

Slope of BC =¥2"Y3 glope ofcA =¥3 "Y1

X2 —*3 X3 —X1 _
and, Slope of AB = Y2701 B(xy¥2) D Clxz, ¥3)
Xy —X1 Fig. 22.68
Since AD 1 BC, BE 1 CA and CF L AB. Therefore,
X3 —X3 X3 —Xq — X

. Slope of BE = - and, Slope of CF = - o St
¥2=¥3 ¥3 - Y2~

The equation of altitude AD is

Slope of AD = -

SE- S ¥2' Y3 g
ie. Ly = x(xp-x3) +y(y2—¥3) — % (xa —x3) =¥1 (¥2 —¥3) =0 (1)
Similarly, equations of altitudes BE and CF are

Ly = x(x3-x)+y(y3-y1) %2 (xX3-x) -2 (y3-y1) = 0 (i)
and, L3 =x(x-X)+y(¥-y)-X3(x-%)-y3(y1-42) =0 -..(iii)

Clearlyl.L;+1.Ly +1.Ly = 0.Hence,linesL; =0, L, =0 and L3 =0i.e. the altitudes AD, BE
and CF are concurrent.
EXAMPLE 8 Prove analytically that the medians of a triangle are concurrent.

SOLUTION Let ABC be a triangle the coordinates of whose vertices are A (xq , y1), B(x2 , ¥»)
and C (x3, y3). Let D,E and F be the mid-points of sides BC, CA and AB respectively.

The coordinates of D,E and F are (1‘2 & IE';HE Y y3),E[I3 il > y3+y1] and
2 2 2 2
Xy + X + :
F[ 1 g 2 ¥ Zyzlrespecnvely. A5 9)
Equation of median AD is
_Y¥27¥s
n 2
Y% = — %, (* —x7) | |
& P B (xp, ¥)) D C (xy, 3)

Fig. 22.69

2y1-Y2-Y3 (x - xy)
2.1'1 "'Iz —'IB
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o,  (2Y1-Y2-Y3)x—(2%1 - -x3) y-x(2y1 - Y2 —¥3) + Y1 (21 - X —x3) = 0

or, Ly =@y -y -y3) x-(2x1 -xp —x3) Yy + x1 (Y2 + y3) —y1 (X + x3) = 0 (1)
Similarly, equations of medians BE and CF are respectively
Ly = (2Y Y1 -¥Y3) x (2% —x1 = x3) Yy + X (Y1 + Y3) Y2 (X1 + x3) = 0 -«+(i)
Lz = QY3 -y1-Y2) X —(2x3 =% = X) Y + X3 (Y1 + Y2) — Y3 (X1 + X%3) = 0 -..(iii)

We observe that 1.L{+1.L, +1.L3 = 0 (identically). Hence, medians AD, BE and CF are
concurrent.

EXERCISE 22.11

BASIC

l. Prove that the following sets of three lines are concurrent:
(i) 15x-18y+1=0,12x+10y-3=0and6x+66y-11=0
(i 3x-5y-11=0,5x+3y-7=0andx+2y=0

Gii) Z+Z=1,2+Z=1andy=x.

a b g
2. For what value of A are the three lines2x -5y + 3=0,5x-9y+A=0andx-2y+1=0
concurrent?

BASED ON LOTS

3. Find the conditions that the straight lines y =my x + ¢y, y =m, x+ ¢y and y =mj x + c4 may
meet in a point. INCERT]

4. If the lines py x+ g ¥y =1, pp x+ gy y=1 and p3 x + g3 y =1 be concurrent, show that the
points (p1, 41), (P2, g2) and (p3, q3) are collinear.

BASED ON HOTS

5. Show that the straight lines Ly =(b+c)x+ay+1=0, Lo =(c +a) x+by + 1 =0 and
Ly =(a+b) x + cy +1 =0 are concurrent.

6. If the three lines ax+ a” y+1=0, bx +b* y+1=0 and cx + ¢? y + 1 = 0 are concurrent,
show that at least two of three constants a, b, c are equal.

7. 1fa, b, carein A.P., prove that the straight linesax + 2 y + 1=0,bx + 3y+1=0andcx + 4 y
+ 1 =0 are concurrent.

8. Show that the perpendicular bisectors of the sides of a triangle are concurrent.

__ANSWERS

2. =4 3. ?'."’11({'.'2"C3J+m2(tf3—E1)+IH3(E1—E2}“—‘0

HINTS TO SELECTED PROBLEMS

3. If the lines y =my x + ¢y and y =m, x + ¢ and y =m4 x + ¢35 are concurrent, then

"’11 -1 El mq I':] 1

my -1 cp|=0=>|my ¢, 1|=0 [Interchanging second and third column]

my -1 c3 ms c3 1

= my (cy —c3)+my (c3 —cq)+m3 (c1—cp) =0



22.68 MATHEMATICS-XI

22.10 LINES PARALLEL AND PERPENDICULAR TO A GIVEN LINE

LINE PARALLEL TO A GIVEN LINE

THEOREM 1  Prove that the equation of a line parallel to a given lineax + by + c =0 isax +by + L=0,
where A is a constant.

PROOF Let m be the slope of the line ax + by + ¢ = 0. Then,
a Coeff. of x

m = —— Using: m = -
b Coeff. of y

The required line is parallel to the given line. So, the slope of the required line is alsom. Let ¢, be the
y-intercept of the required line. Then, its equation is

Yy =mx + ¢

= Yy = *gx+¢1=‘> ax +by-bcy=0= ax+by+ A=0, where\=-bc=constant.

Q.E.D.

NOTE  Towrite a line parallel to a given line we keep the expression containing x and y same and simply
replace the given constant by an unknown constant A. The value of unknown X.can be determined by some
given condition.

LINE PERPENDICULAR TO A GIVEN LINE

THEOREM 2 Prove that the equation of a line perpendicular to a given line ax +by +c=0
is bx — ay + A =0, where A is a constant.

PROOF  Letmq be the slope of the given line and m, be the slope of a line perpendicular to the
given line. Then, m; = - E As the lines are perpendicular.

nmymyh =—1=m -\ %
R ‘ m a
Let ¢; be the y-intercept of the required line. Then, its equation is
Y=mp X+ Cy

:y=%x+52:>bx-ay+ac2 =0 = bx —ay + A=0, where A =ac, =constant. Q.E.D.

To write a line perpendicular to a given line we may use the following algorithm.

ALGORITHM

Step Interchange x and y.

Step Il If the coefficients of x and y in the given equation are of the same sign make them of opposite
signs and if the coefficients are of opposite signs make them of the same sign.

Step Il Replace the given constant by a new constant A which is determined by a given condition.

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Find the equation of the line which is parallel to 3 x — 2 y + 5 = 0 and passes through the
point (5, — 6).

SOLUTION The equation of any line parallel to the line 3x -2y +5=0 is
3x -2y + A =0 (1)

This line passes through (5, — 6). Therefore, 3x5-2x -6+ A=0 = A=-27.
Putting A = - 27 in (i), we obtain 3 x —2 y — 27 =0 as the required equation.
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ALITER  The slope of the given line is 3/2. Therefore, the slope of the required line is also 3/2.
Since the required line passes through (5, =6), so its equation is

y+6 =§(x -5) or, 3x-2y—-27 =0 [Using: y -y =m (x —x1)]

EXAMPLE2  Find the equation of the straight line that passes through the point (3, 4) and perpendicular
totheline3x+2y+5=0.

SOLUTION The equation of a line perpendicular to 3x + 2y +5=0 is

2x -3y +i=0 1)
This passes through the point (3, 4). Therefore, 3x2-3x4+ A = 0= A = 6
Putting A =61in (i), we obtain 2 x - 3 y + 6 =0 as the required equation.

'TER  Theslope of the given line is -3 /2. Since the required line is perpendicular to the given

oy
L

A
line. So, the slope of the required line is 2/3. As it passes through (3, 4). So, its equation is

y—ti:%{:c -3) or, 2x—-3y+6=0 [Using:y —yy =m (x —x7)]

EXAMPLE3  Find the equation of the line perpendiculartox -7y +5 =0 and having x- intercept 3.
SOLUTION The equation of a line perpendiculartox -7y +5=0is

7x+y+A=0 * (1)
Its x-intercept is 3. This means that the line cuts x-axis at a distance of 3 units from the origin.
Consequently, it passes through the point (3, 0) on x-axis.

21 +0+A=0 = A=-21

Putting A =— 21 in (i), we obtain 7x + y — 21 = 0 as the equation of the required line.

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE4  Find the coordinates of the foot of the perpendicular drawn from the point (1, —2) on the line
y=2x+1.

SOLUTION Let M be the foot of the perpendicular drawn from P (1, - 2) on the line y =2 x + 1.
Then, M is the point of intersection of y=2x +1 and a line passing through P (1, —2) and
perpendicular to y =2 x + 1. The equation of a line perpendiculartoy =2 x+1lor,2x—-y+1=0
is

X+2y+A=0 (1)
This passes through P (1,-2).
; 1-4+A=0=>A=3 1P(1,-2)

Putting =3 in (i), weget: x + 2y + 3 =0
Point M is the point of intersection of the lines
2x-y+1=0 and x+2y+ 3=0.

= M

Y

M

Solving these equations by cross-multiplication, we obtain: g Bk

x _y 1 .
Bl BT L. y==1, ' Fig. 22.70

Hence, the coordinates of the foot of the perpendicular are (-1,-1).

EXAMPLE S Find the equetion of a straight line parallel to 2 x + 3 y + 11 = 0 and which is such that the
sum of its intercepts on the axes is 15.

SOLUTION The equation of a line parallelto2 x + 3 y+11=01s
2x + 3y + A = 0, Aisaconstant ...(1)
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To find x-intercept of this line, we put y = 0 in its equation. Putting y =0 in (i), we get

— 22 + A=0= x =-A/2

So, x-intercept = —-A/ 2

To find y-intercept of this line, we put x =0 in its equation. Putting x =0 in (i), we get
3y+A=0= y=-A3

So, y-intercept = — A/ 3.

It is given that the sum of the intercepts of the line (i) on the coordinate axes is 15.

[—E)+(-i)=15 :a—ﬂ=15:~*l=—18
2 3 6

Putting A = —18in (i), we get: 2x + 3y —-18 =0.
Hence, the equation of the required line is 2x + 3y —18 =0.

EXAMPLE 6 Show that the equation of a line passing through (a cos 3 0,asin® 6)and perpendicular to
the line x sec + y cosec O =ais x cos 6 —y sin 0 =a cos 2 0.

SOLUTION The equation of a line perpendicular to the line x sec 0 + y cosec 6 =ais
xcosech — ysec® + A = 0, Aisa constant (1)

This line passes through (a cos® 0, asin® ).
acos® Ocosec® — asin® Dsech + A = 0= A = n{sinaﬂser:ﬂ - cns39cnsecﬁ)

Putting the value of Ain (i), we get

xcnsecﬂ—ysecﬂ+n{sin3 0 sec 0 — cos® O cosec 6) =0

X ] +ﬂ[5in39_cns39}_ﬂ

= sin @ cos 0 cos® sin® |

= xcuaﬁ—ysinﬁ+ﬂ(5in4ﬂ—cns49} = 0

= ICDEB"ySinH+ﬂ(SinzH'+CG529}(5:]112'3—(:0529}:0

= x cos 6 -y sin B—a(cn52 0 —sin> 8) =0

= xcosB-ysinB-acos20= 0= xcosB-ysinO=acos20.

EXAMPLE 7 Find the image of the point (- 8, 12) with respect to the line mirror 4 x +7 y + 13 =0.

SOLUTION Let the image of the point P (- 8, 12) in the line mirror ABbe Q (a, ). Then, the line
segement PQ is perpendicularly bisected at R. So, the coordinates of R are

(D‘.—S B+12J .
2 " 2 4 i
Asitlieson4 x+7 y+13=0. e
7B + 84 . < i
200 =16 + +13=0=>40+7p+78=0 (1) R
The line segment PQ is perpendicular to AB.
(Slope of AB ) x (Slope of PQ) = -1 AR
= - X =-1=27a-45+104 = 0 (i)
7 o+ 8

Solving (i) and (ii), we get: o =—=16, =-2.
Hence, the image of the point (- 8, 12) in the line mirror 4 x + 7 y+ 13 =0is the point (- 16 — 2).
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BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 8 A person stranding at a junction (crossing) of two straight paths represented by the
equations 2x -3y —-4=0 and 3x-4y-5=0, wants to reach the path whose equation is
6x —7y + 8 =0in the least time. Find the equation of the path that he should follow. INCERT]
SOLUTION The lines 2x — 3y —4 =0 and 3x —4y -5 = 0 intersect at (=1, — 2). In order to reach
the path, represented by the equation 6x -7y + 8 =0, in B
the least time, the person should move along the line +._ 2/
passing through A and perpendicular to 6x =7y + 8 =0. :? é”f 2
T/ ““‘*«._‘ -
. . 6 / &g
L = = o S0
Clearly, slope of the line 6x-7y+8 =0 is = Therefore, s \\H
/ACL-2) g
slope of a line perpendicular to it is —E-. X =) .
é Fig. 22.72

Hence, the equation of the required pathis y + 2 = - % (x+1) or, 7x+ 6y+19=0

EXAMPLE Y  The equations of two sides of a triangle are 3x -2y +6 = 0and 4x +5y -20 = Oand
the orthocentreis(1, 1). Find the equation of the third side. [NCERT]
SOLUTION Let the equations of sides AB and AC of triangle ABC be respectively

3x-2y+6 =0 (1)
and, 4x+5y-20 =0 .(11)

Let H (1, 1) be the orthocentre of triangle ABC where the altitudes AL, BM and CN intersect
each other. Clearly, BM passes through H (1, 1) and is perpendicular to AC. The equation of a
line perpendicular to AC is

S5x-4y+A =0 ..(1ii)
If it passes through the orthocentre H (1, 1), then \\

5-4+L =0 = W1 3x-2y+6= ﬂ/ HQ, Iﬁ*ﬁy‘m‘ﬂ
Substituting A = —1 in (iii), we get: J,f“

5x—4y-1=0 .(iv) B : ““}:
This is the equation of altitude BM. Fig. 22.73

The vertex B of AABC is the intersection point of side AB and

altitude BM. Solving their equations given by (i) and (iii), we get x =-13 and y =- 33/2. So,
coordinates of B are (-13, — 33/2).

The altitude CN is perpendicular to AB. So, let its equation be 2x + 3y + p =0 (V)
If it passes through the orthocentre H (1, 1), then2+ 3 + p =0= p =-5.
Substituting p =-5in (v), we get: 2x + 3y —5 =0 as the equation of CN. (Vi)

The vertex C of A ABC is the point of intersection of side AC and altitude CN. Solving (ii) and (vi),
we find that the coordinates of C are (35/2, —10).

Thus, the coordinates of B and C are(-13, — 33/2) and (35/2, —10) respectively. Hence, equation
of side BC is

33
=10+ —
y+33= 2 (x +13) or, 29’+33 L (x +13) or, 26x —122y —1675 =0
2 -3—5+13 2 76
2

EXAMPLE 10 A straight line L is perpendicular to the line5x — y = 1. The area of the triangle formed by
the line L and the coordinate axes is 5 square units. Find the equation of the line L.
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SOLUTION The equation of a line L perpendicular to the line5x —y =11is
x+5y+A=0 ..(1)

This line meets x-axis at y =0. Putting y =0, we get x=—A So, the line L meets x-axis at
A (= A, 0). The line L meets y-axis at x = 0. Putting x = 0 in the

equation x +5y + A =0, we obtain y=-1/5. So, the line L
meets y-axis at B (0, —=A/5).
Thus, the line L meets the coordinate axes at A and B such that
OA =-Aand OB =-A/5. It is given that
Area of AOAB =5
i

- %(OA) (OB) =5 = %{-1)(-%):5 g v W, W

Substituting the value of A in (i), we obtain x + 5y + 542 =0 Fig.22.74
as the equations of the required line L.

EXAMPLE 11 Let P (xq, y1) be a point and let ax +by + ¢ = 0 be a line. If L (h, k) is the foot of
perpendicular drawn from P on this line and Q (., P) is the image of P in the given line, then prove that

a b a* + b2 a b a® + b2

SOLUTION Suppose PQ makes an angle 0 with x-axis. Since PQ is perpendicular to
ax+by +c =0.

Slope of PQ x (Slopeofax +by +¢ = 0) = -1

(0 h-x1 _k-y; _ _{nx1+by1+cJ (i) o-x _B-yn _ —2(HI1+W1+EJ

= taan—E=—1::«tanB=£1:>5inB= v and cos B = E

‘@ a* + b? ,fnz + b2

Since PQ passes through P (xq, 1) and makes an angle 6 with x-axis. Therefore, equation of PQ

TNY N 1o phi= LQ =r. Then, coordinates of L and Q are given by
cos® sin 6

(in distance form) is

adi o . ) 5 s s :
= =r and = = 2r respectively. P(x,,
cos® sin 0O cos O sin 0 P z )
g = k—-'lﬂ = Tv...(1) aﬂd,u_xl = B__yl =27 d31)
cos 0 sin 6 cos 0 sin 6 ax +by +c=0
h=x; k- : s Lk
Now, =—2=r=> h=xy+rcos0,k =y +rsin0
cosB sinB
So, the coordinates of L are (xq + r cos 0, y; +r sin 0). Ola, B)

Point L liesonax +by +c¢ = 0. Fig. 22.75

a(xy+rcos@)+b(y;+rsinB) +c =0

axy +byy +c axy + by, +c

a . b
— == c 0s=———,s5in 0 =——
acosO+bsin 6 rﬂz+bz /ﬂz_l_bz "Iaz+b2

(i) Substituting the values of cos 0, sin 6 and r in (i), we get

h —xq . k-4 ' _nx1+by1+c=}h-x1 - e _ﬂx1+by1+c

S S : i Ja* +b? a b a* +b?

1 e S

= r =
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(1) Substituting the values of cos 0, sin 6 and r in (ii), we get

e-% B-W £ ax;+by, +c ju—xlzﬁ—y1=_2[nxl+by1+cJ

a . b it L2 32 a b a2 + b2
. - _2 ..2. a<+b
Jac +b ac +b

EXAMPLE 12 Find the centroid, incentre circum-centre and orthocentre of the triangle whose sides

have the equations 3x -4y =0,12y+5x=0and y-15=10

SOLUTION Let ABC be the triangle whose sides BC, CA and AB have the equations y —15 =0,
3x—-4y=0and5 x + 12 y = O respectively. Solving these equations pair wise we can obtain the
coordinates of the vertices A, B, C as A (0, 0), B (- 36, 15) and C (20, 15) respectively.

Centroid: The coordinates of the centroid are

(0_36+ZD;U+15+15] =(—E,10] Uk [:c1+xg+x11y1+y2+y3)
3 3 3 3 3

In centre: We have,

a = BC =4/(- 36 - 20)? + (15 - 15)2 =56,

b= CA=4202 +15% =25,

and, c= AB=y(-36-0)%+(15-0)? = 39.

Using[ﬂxl +bxy + cx3  ayy + by, + cyj

" the coordinates of
a+b+c a+b+c

B(-36,15) D C(20, 15)
the incentre are Fig.22.76

¥

56x 0+25%x —36+39x20 56x0+25x%15+ 39x 15 - (-1.8)
56 + 25 + 39 56 + 25 + 39 .

Circum-centre: Let(x, y) be the coordinates of the circum-centreO (say). Then,OA = OB = OC.
Now,

OA=0B=> OA* =OB*= x> + y* =(x+ 36)* + (y 15> =72 x-30y+1521 =0  ..(i)
and,OB = OC = OB? = OC? = (x + 36)% + (y -15)% =(x - 20)% + (y -15)>= x=-8 ..(ii)
Solving (i) and (ii), we get : x=-8 and, y =63/2. So, the coordinates of circumcentre are
(—8,63/2).

Orthocentre: AD is a line passing through A (0, 0) and perpendicular to y —15 = 0.So, equation
of ADisx =0.

The equation of any line perpendicular to side AC having equation 3x-4y =0 is
4x + 3y + A =0.1f it passes through B(-36, 15), then
-144+45+A=0 = A=99.

So, the equation of BE is 4x+ 3 y + 99 =0. Solving the equations of AD and BE, we obtain
x =0 and y = - 33. Hence, the coordinates of the orthocentre are (0, — 33).

EXAMPLE 13 Find the circumcentre of the triangle whose sidesare 3 x-y+3=0,3x+4y+ 3 =0
andx + 3y +11=0.

SOLUTION Let ABC be the triangle whose sides AB, BC and CA have the equations
3x-y+3=0,3x+4y+3=0and x + 3y +11 =0 respectively.
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The circumcentre of AABC is the point of concurrence of its perpendicular bisectors. So, let us
first find the perpendicular bisector of sides BC and AC.

Solving the equations of AB and AC; BC and AB; AC and BC in pairs we obtain that the
coordinates of the vertices A, Band C are (-2,-3), (-1, 0) and (7, — 6) respectively.

The equation of a line perpendicularto BCis4x -3y + A = 0. A(=2,-3)
This will pass through (3, - 3), the mid point of BC, if
12+9+A=0= A=-21.
Putting A =-21in4x - 3y + A =0, we get
4x -3y —-21=0. (i)
as the equation of the perpendicular bisector of BC.

B(-1,0) 3x+4y+3=0 C(7,6)

The equation of a line perpendicular to AC is 3x —y + A1 =0. Fig. 22.77

This will pass through (5/2, - 9/2) i.e. the mid point of AC, if
E+2+I!L1=U = M ==L
2 2

Putting A; =-12in3x -y + Ay =0, we get

3x-y-12=0. . ...(i1)
as the perpendicular bisector of AC.
Solving (i) and (ii), we get: x = 3, y =— 3. Hence, the coordinates of the circumcentre of A ABC
are (3, - 3).
EXAMPLE 14 Find the orthocentre of the triangle whose wvertices are (atyty, a(fy +1)),
(aty t5, a(ty +1tq)) and (aty t5, a(ty + t3)).
SOLUTION Let ABC be a triangle whose vertices are A (at; t5, a(t; +15)), B(aty t5, a(ty +1t3))

and C (aty t3, a (t; + t3)). The orthocentre of AABC is the point of concurrence of its altitudes. So,
let us find their equations.

Clearly,
Slope of BC = 2o M) ~aty +13) 1 and, Slope of AC = s +tghaty+a) 23
ﬂfz fa —m‘1 !’3 !’3 ﬂtl fa —.'.Tf'] fz t]
The equation of the line through A perpendicular to BC i.e. the altitude through vertex A is
¥ —4a (f‘l L fz) = '—'f3 (I ‘—ﬂtl fz} ...(i)
The equation of the line through B perpendicular to AC i.e. the altitude through vertex Bis
yo— 4 (!‘2 + fs) = -—fl (I “HfE i‘a} (11)

The point of intersection of (i) and (ii) is the orthocentre.

Subtracting (ii) from (i), we get x =—a.

Putting x =—ain (i), we get y =a (t] +t5 +t5 + 11 {5 t3).

Hence, the coordinates of the orthocentre are (—a, a (f] + tp + t5 + 1, 15 £3).

EXERCISE 22.12

BASIC
1. Find the equation of a line passing through the point (2, 3) and parallel to the line
3x-4y+5=0.
2. Find the equation of a line passing through (3, — 2) and perpendicular to the line
x-3y+5=0
3. Find the equation of the perpendicular bisector of the line jeining the points (1, 3) and (3, 1).

4. Find the equations of the altitudes of a A ABC whose vertices are A (1, 4), B(- 3, 2) and
C (-5,-3).
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5.

6.

10.

11.

12.
13.

14.

15.

16.

17.

18.

19.

20.

A F

22,
23,

24,

25.

26.

Find the equation of a line which is perpendicular to the line J3 x -y +5=0and which
cuts off an intercept of 4 units with the negative direction of y-axis.

If the image of the point (2, 1) with respect to a line mirror is (5, 2), find the equation of the
MIrror.

. Find the equation of the straight line through the point (o, f) and perpendicular to the line

Ix +my+n=0.

BASED ON LOTS

. Find the equation of the straight line perpendicular to 2 x = 3 y =5 and cutting off an

intercept 1 on the positive direction of the x-axis.

. Find the equation of the straight line perpendicular to 5 x -2 y =8 and which passes

through the mid-point of the line segment joining (2, 3) and (4, 5).

Find the equation of the straight line which has y-intercept equal to 4/3 and is
perpendicularto 3 x -4y +11 =0.

Find the equation of the right bisector of the line segment joining the points (a, b) and
(HL bl}
Find the image of the point (2, 1) with respect to the line mirror x + y —5 = (.

If the image of the point (2, 1) with respect to the line mirror be (5, 2), find the equation of
the mirror.

Find the equation to the straight line parallel to 3 x —4 y + 6 =0 and passing through the
middle point of the join of points (2, 3) and ( 4, -1).

Prove that the lines 2x-3y+1=0, x+y=3, 2x-3y=2 and x+y=4 form a
parallelogram.

Find the equation of a line drawn perpendicular to the line E + % =1 through the point
where it meets the y-axis. [NCERT]
The perpendicular from the origin to the line y =mx + ¢ meets it at the point (-1, 2). Find
the values of m and c. [NCERT]

Find the equation of the right bisector of the line segment joining the points (3, 4) and
(-1, 2).

The line through (1, 3) and (4, 1) intersects the line 7x — 9y —19 =0 at right angle. Find the
value of h.

Find the image of the point (3, 8) with respect to the line x + 3y =7 assuming thelinetobea
plane mirror. [NCERT]

Find the coordinates of the foot of the perpendicular from the point (-1, 3) to the line
3x—4y-16=0. [NCERT]
Find the projection of the point (1, 0) on the line joining the points (-1, 2) and (5, 4).

Find the equation of a line perpendicular to the line/3 x—y +5 =0 and at a distance of 3 units
from the origin.

BASED ON HOTS

The line2 x+ 3y = 12 meets the x-axis at A and y-axis at B. The line through (5, 5)
perpendicular to AB meets the x-axis and the line AB at C and E respectively. If O is the
origin of coordinates, find the area of figure OCEB.

Find the equation of the straight line which cuts off intercepts on x-axis twice that on y-axis
and is at a unit distance from the origin.

The equations of perpendicular bisectors of the sides AB and AC ofa triangle ABC are
x —y+5=0and x + 2 y=0respectively. If the point A is (1,~-2), find the equation of the line
BC.
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. 4= ! ANSWERS
I. 3x-4y+6=0 2.3x+y-7=0 3. y=x
4. 2x+5y-22=0,6x+7y+4=0,2x+y+13=0
5. x+V3y+4/3=0 6. 3x+y—-12=0
7. m(x—a)=Il(y—-p) 8 3x+2y-3=0 9.2x+5y-26=0 10. 4x+3y—-4=0
11. 2 x(ay —a) + 2y (b —b) +(a* +b%) — (a2 +b2) =0 12. (4,3)
13. 3x+y=12 14, 3x-4y=5 16. 2x-3y+18=0 17.m=1/2,¢c=5/2
18. 2x+y~-5=0 19. 22/9 20. (-1,-4) 21. [E,—ﬁ]
25 o 25
22. (%,153] 23. x+/3y+6=0 24.%3—’5q_units 25. x+2y++/5=0

26. 14x+23y-40=0 27, 5x+3y+8=0
HINTS TO SELECTED PROBLEMS

16. The line E + % =1 cuts y-axis at (0, 6) and has slope is —g.

Hence, equation of the required line is y -6 =% (x=0) or, 2x-3y+18=0

17. Clearly, (-1, 2) lies on y =mx + c.
£ 2=—m+cC (1)
The line joining the origin to (-1, 2) is perpendicular to y =mx + c.
2-0

xm=-1 = m=%. Puttingm=—;—in(i}, wegetc= %

20. Let the image of the point P (3, 8) in the line mirror x + 3y =7 be Q (a B). Then, PQ is
perpendicularly bisected at M. The coordinates of M are

a+3 P+8) .. :
( 5 }Smcthesnn:r+3y-_7. P (3,8

“+3+3[P+—8} =7= a+3p+13 = 0 ..>)

2 2
Li i ' =7. < —>
ine segn[:in; PQI? perpendicular to x + 3y =7 W = Cragay
X ——=-1

a-3 3
=% 3a-9 =B-8=>3a-p-1=0 ..(1i) | Qe p)
Solving (i) and (ii), we get o =—1 and p=— 4. Fig.22.78

Hence, the coordinates of Q are (-1, — 4).

21. Let M (a., P) be the foot of perpendicular from P (-1, 3) on the line 3x — 4y —16 =0. Then,
p-3 3

u+lxz=-1::~ da + 3p-5=0 (i) P1,3)
Point M (a., B) lies on 3x —4y —16 =0.
' 3a-4p-16=0 ...(if)
oo it " 68 49 < >
Solving (i) and (ii), we get: a0 = and [3=—2—5. 3x-4y -16=0 M(c, B)

Hence, the coordinates of M are (68/25, —49/25). Fig.22.79



THE STRAIGHT LINES 22.77

22.11 ANGLE BETWEEN TWO STRAIGHT LINES WHEN THEIR EQUATIONS ARE GIVEN

THEOREM Prove that the acute angle © between the linesay x + by y + ¢; =0anday x +by y + ¢ =0
is given by

SO L E’z{

ﬂl ﬂz + bl bz

PROOF Let my and my be the slopes of the lines a; x +by y+c¢; =0 and a, x + by y + ¢ =0.
Then,

m1=—ﬂﬂndm2=—£—]g
by by
Now, tan 0= e
1+m1m2
a
sy tan O = bl bz Sog e 0 o ﬂzbl—ﬂibzi = N =1 ﬂzbl—ﬂlbzl
1o _ﬂ_l _H_Z ﬂ1ﬂ2+b1b2i dq dr +blb2|
by )\ by
Q.E.D.

CONDITION FOR THE LINES TO BE PARALLEL Ifthelinesa; x + by y +cqy=0anday x +b, y +cp =0
are parallel, then

a a a b
my =n12:::—b—1 = —b—zz::—l = b_l
1 2 @ 2

CONDITION FOR THE LINES TO BE PERPENDICULAR If the lines ajx+byy +¢q =0 and
Ay X + by y + ¢y =0 are perpendicular, then

mmy =-1=>-—x-—==-1=>aya,+byby =0

It follows from the above discussion that the linesay x + by y + ¢y =0anda, x + by y + ¢ =0are:

(Colcidendic B = 21\ & (i) Parallel, if %0 = 2L u 1.
a b o ay by o
(iii) Intersecting, if s % -::—1 (iv) Perpendicular, if 2y a; + by by =0
iy V3

To find the acute angle between two lines when their slopes are given, we may use the following
algorithm.

ALGORITHM
Step | Obtain the equations of the lines.
; : Coeff. of x
Step 1  Obtain the slopes my and m, of two lines by using the formula: Slope = - :
Coeff-of y

ny —mp |
1+m mz‘

Step I  Use the formula : tan 0 = to find the acute angle © between the lines.
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ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)
EXAMPLE 1 Find the angles between the pairs of straight lines
(i) x -v/3y-5 = Dandﬁx+y—? =0 (ii) y={2—«f§)x+5 and y=(2+\f'§)1—
SOLUTION (i) The equations of two straight lines are:

x -3y =5 =0 ..(3) and V3x +y -7 =0 ...(ii)
Letm; and m, be the slopes of these two lines. Then,
1 V3
= —= and m =——=—J_
. J_ V3 S|

We observe that mym, =-1. Thus, the two lines are at right angle.

(ii) Letm; and m, be the slopes of the straight lines y =(2 ~v3)x +5 and y=(2++/3) x -7
respectively. Then, my =2 —+/3 and My =2 + J3.

Let 6 be the angle between the lines. Then,

(2-v3)-(2++3) |\ V3l
1+(2-3)(2++3)| | 1+4-3 A=

S L] |

tan 0 =

1+m1m2| 4

Thus, the acute angle between the lines is of 60°.

EXAMPLE 2 Find the tangent of the angle between the lines whose intercepts on the axes are respectively
a,—-bandb,—a.

SOLUTION The line which cuts off intercepts a and —b on the coordinate axes passes through
points A (2,0) and B (0, - b).
=0=0_vb

0-a a

Slope of line AB = my =

The line which cuts off intercepts b and — a on the coordinate axes passes through points C (b, 0)
and D (0, - a).

Slope of line CD =m, U\ 4
0-b b
Let O be the angle between AB and CD. Then,
b a
- —— 2 9
| my —my \ i a b =ib - a
1+m1m2 1+_EEE 2ab
a b
EXAMPLE 3 Find the obtuse angle between the lines x -2y + 3=0and 3 x+ y -1 =0.

SOLUTION Let m; and m, be the slopes of the straight lines x =2y +3 =0and 3x+y-1=0.
Then,

my = | g and my = .= — %
-2 2 1
Let 6 be the angle between the given lines. Then,
1
-+ 3
tan @ = |1 "2 ‘ = |2 =7 = 0 = tan"1 (7).
1+ my my) 1.3
2

Thus, the acute angle between the lines is tan = (7) and the obtuse angle is . - tan ! {7 ).
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EXAMPLE 4 Find the value of k if the straight line 2 x + 3 y+4 + k(6 x-y+ 12)=01is perpendicular to
the line7 x +5y -4 =0.

SOLUTION The two lines are

x(2+6k)+y(3-k)+4+12k =0 ..(i) and 7x + 5y -4 =10 ..(ii)
Let my and m, be the slopes of (i) and (ii) respectively. Then,
2+6k 7
m = - = —-—

y M =
g R 5

If lines (i) and (ii) are perpendicular. Then,

sl =l | e (—3]=—1 sy Bl e A8 Bl s B
3-k )\ 5 37

EXAMPLES A line passing through the points (a, 2 a) and (- 2, 3) is perpendicular to the line
4 x + 3 y+5=0, find the value of a.

2a-3
a+ 2

SOLUTION Let m; be the slope of the line joining A (a, 24) and B (- 2, 3). Then, m; =

Let m, be the slope of theline4 x + 3 y + 5=0.Then, m, =—%.

Since given lines are perpendicular. Therefore,

2a-3 » _E = =1= 8a-=12=53a + 6 = ﬂ=18/5
a+2 3

My tiy = -1 =

EXAMPLE 6 Classify the following pairs of lines as coincident, parallel or intersecting:
(i) x+2y-3=0and -3x-6y+9=0 (i) x+2y+1 =0and 2x+4y+3=0
(iii) 3x-2y+5=0and 2x+y-9=0

SOLUTION (i) The given lines are a; x+byy + ¢y = Oand ay x + by y+ ¢, =0, where
ﬂ1=1,b1=2,C1=—3,ﬂ2=“3,b2=—*6ﬂﬂdﬂ'2=9.

Clearly, 4 _ 9 efl () 15 So, the given lines are coincident.

P 2 QS

(ii) The given linesare ay x+byy+c¢;=0 and a, x +by y + ¢y =0, where
ay=1,by=2,¢4=1,a,=2,b, =4,and ¢, = 3.

Clearly,j—; = E% # % So, the given lines are parallel.

(iii) The given lines are a; x +by y+¢; =0 and ay x+ by y+ ¢y =0, where
ag=3,byj=-2,c1=5,ap=2,bp=1,and ¢ =-9.

Clearly, 4 4 :—1 So, the given lines are intersecting.
% 2

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 7 The hypotenuse of a right isosceles triangle has its ends at the points (1, 3) and (- 4, 1).
Find the equations of the legs (perpendicular sides) of the triangle. [NCERT]
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SOLUTION Let ABC be the right triangle with diagonal AC. Let m be the slope of a line making

45°angle with AC.Clearly, Slope of AC = lj-él— =~§ and 0 is the angle between AC and a line

of slopem.
C(-4,1)
m—c
- Pﬂ-“\\'q
tan 45° = o 2 4
1+ — 18
:"2"?-‘-5 =i(5m—2) 'j 455{‘,
B A(1,3)
= 2m+5 =5m-2 or, 2m+5 = —(5m—-2) = m = % i e _?E Fig. 22.80

Thus, the lines making 45° angle with AC having slopes % or -;; .So, the possible equations of

AB are

y-3 = %(Iul)andy—S = —g{x~1} = 7x-3y+2 =0and 3x+7y-24 =0
The possible equations of BC are

y—1 = %(x+4}andy—1 = —?E(x+4} = 7x-3y+31 = 0and 3x+7y+5 = 0

Hence, the equations of the sides are:
7x=3y+2=0and 3x+7y+5=0 or,7x-3y+31l=0and 3x+7y-24 =0

EXAMPLES8 If the lines y = 3x + 1 and 2y = x + 3 are equally inclined to the line y =mx + 4. Find
the values of m. [NCERT]

SOLUTION Let 0 be the acute angle which the line y =mx + 4 makes with the lines y = 3x +1
and 2y =x + 3. Then,

n —
L ek . D O
1+ 3m 192
2
st . = " b = i ¢ = ik zm_lzbmz—m—ﬁ = (61?:2—111—1}
1+ 3m m+2 3m+1 m+ 2
= 5m*+5 =0 or 7m*-2m-7 =0 =7m*-2m-7 =0 =>m = H:‘ﬁ

EXAMPLE9 Find the slope of the lines which make an angle of 45° with the line 3x —y +5=0.

SOLUTION Letm be the slope of the line which make an angle of 45° with the line 3x -y +5=0.
Then,

m-—3
tan 45° = Sl | f3x—y+5=0i
o [+ Slopeof 3x —y +5=0is 3]
i m-—3
1+ 3m

= 1+3m=m-3 = 1+3m=+(m-3) = 1+3m=m-3, 1+3m=-m+ 3 = m=-2,.1



THE STRAIGHT LINES 22.81

EXERCISE 22.13

BASIC

1. Find the angles between each of the following pairs of straight lines:
i) 3x+y+12 =0 and x+2y-1=0 (i) 3x-y+5=0and x-3y+1=0

(iii) 3x+4y-7=0and 4x-3y+5=0 (iv) x—4y=3 and 6x-y=11

3 2} y =(mn —nz) x +mo,

(v) (mz —mn) y =(mn+ nz) x+n” and (mn+m

P

Find the acute angle between the lines2x -y + 3=0andx + y + 2 =0.

3. Prove that the points (2, - 1), (0, 2), (2, 3) and (4, 0) are the coordinates of the vertices of a
parallelogram and find the angle between its diagonals.

4. Find the angle between the line joining the points (2, 0), (0, 3) and the line x + y =1.

BASED ON LOTS

5. If Bis the angle which the straight line joining the points(xy, 1) and (x5, y») subtends at the
PN-*Y St T ) 30

and cos 0 = \
X1 Xo + 11 Yo ||x12 43 FIZ szl + yzz

origin, prove that tan 0 =

6. Prove that the straight lines (a+b)x+(a-b)y=2ab,(a-b) x +(a+b)y=2ab and

x + ¥ =0 form an isosceles triangle whose vertical angle is 2 tan 7 [EJ

7. Find the angle between the lines x =a and by + ¢ =0.
8. Find the tangent of the angle between the lines which have intercepts 3, 4 and 1, 8 on the
axes respectively.

9. Show that the line a>

values of a.

x + ay + 1 = 0is perpendicular to the line x — ay =1 for all non-zero real

10. Show that the tangent of an angle between the lines ¥ -1andX-Z=1is 240

a b oy ﬂz—bzl
INCERT EXEMPLAR]

ANSWERS

2.3
1. (i) 45° (i) tan_l(%) (ifi) 90° (iv) tan_](%J (v) tan“l[q’lﬂ ”4]

2. tan"! 3 3, —tan‘l}z-—

il
5
-]
|
[
|
e a
~
WO
[ ]
b
N

i
2
22.12 POSITION OF TWO POINTS RELATIVE TO A LINE

In this section, we shall see how to check whether two given points are on the same side or
opposite sides of a given line.
Let the equation of the given linebe ax+by+c=0 ..(1)

and let the coordinates of the two given points be P (x1, y1) and Q (x5, ¥3).
The coordinates of the point R which divides the line joining P and Q in the ratio m :n are

MXy +NXy MYy +nYy (i)
R
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If this point lies on (i), then
H{m:cz +nx1]+b[my2 +”y1]+c=ﬂ

m-+n

m-+n

< <
F 4 X'
vY vy
(i) . (11)
Fig. 22.81
m axyp+by;+c¢
=> m(axy +by, +c) +n(ax; +byy +¢)=0=> — =~ ...(1i1)

g axy +by, + ¢

If the point R is between the points P and Q i.e. points P and () are on the opposite sides of the
given line, then the ratio m :n is positive.

[ axy+by; +c S axy +byq + ¢ <0
axy +byy + ¢ axs + bys +

— axq + by, + cand ax, + by, + c are of opposite signs

If the point R is not between P and Q i.e. point P and Q are on the same side of the given line,
then the ratio m : nis negative.

_[ax1+by] +c} <0 Mty te [From (iii)]
M2+by2+c HIZ‘{‘byz‘*l-C

= axq + by, + c and axy + by, + c are of the same sign.

Thus, the two points. (x1, 1) and (x3, y2) are on the same (or opposite) sides of the straight line
ax + by + ¢ = 0 according as the quantities ax; + by; + ¢ and axp + bys + ¢ have the same (or
opposite) signs.

REMARK 1 A point (xq, y;) will lie on the side of the origin relative to a line ax +by + ¢ =0, if
axqy + byy + c and ¢ have the same sign.

axq + byy + c and c have the opposite signs.

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Are the points (3, 4) and (2, — 6) on the same or opposite sides of the line 3x -4y =87
SOLUTION LetZ =3 x -4y -8.Then, the value of Z at (3, 4) is given by
Z1=3x3-4x4-8=9-16-8=-15<0
The value of Z at (2, - 6) is given by
Zr=3x2-4x-6-8=6+24-8=22>0
Since Z1 and Z; are of opposite signs, therefore the two points are on the opposite sides of the
given line.
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BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 2 If the points (4,7) and (cos 0, sin 8), where 0 <0 <, lie on the same side of the line
x + y —1 =0, then prove that 8 lies in the first quadrant.

SOLUTION If the points (4, 7) and (cos 6, sin 6) lie on the same side of x + y —1=0, then
4+7 -1 and cos 0 + sin 0 —1 must be of the same sign.

: cosO+sin0-1 >0

—* —l—c{}59+isinﬁ:::—1—
J2 J2 J2
= c0595m3+5i119cusﬁ:':»—1—
4 V2
— Em(9+EJ}—l—:bE{H+E{—3—E:>D*’-IB{E:-}HE(U,E)
4)7 3 74 4 4 2 2

Hence, 0 lies in the first quadrant.

EXAMPLE 3 Find the values of [3so that the point (0, B) lies on or inside the triangle having the sides
3x+y+2=0,2x-3y+5=0and x+ 4y -14=0.

SOLUTION Let ABC be the given triangle. The coordinates of the vertices of the triangle ABC
are marked in Fig. 22.82. The point P (0, B) will lie inside or on the
triangle ABC, if the following three conditions hold
simultaneously:

(i) A and P lie on the same side of BC Friy-14=0./ P, B)
(ii) B and P lie on the same side of AC,
(iii) C and P lie on the same side of AB.
Now,
A and P will lie on the same side of BC, if

A(2, 3)

2x-3y+5=0

B(-2,4) 3x+y+2=0 C(-1,1)
Fig. 22.82

(3x2+3+2)(3x0+B+2) >0=211B+2) 20=>p+220=p 2 -2 ..(1)
B and P will lie on the same side of AC, if
5

(-2x2-3x4+5)(2x0-3+520= -11(-3p+520= 3p-520= BEE ..(i1)
C and P will lie on the same side of AB, if

(~-1+1x4-14)(0+4p-14)20 = -22(2p-7) 2 0 = 2p-7<0 = Bg% ...(iii)

From (i), (ii) and (iii), we obtain that: % <p<= % ie, Pel5/3,7/2]

EXAMPLE 4 Determine all values of a for which the point (o, a?) lies inside the triangle formed by the
lines2x+ 3y -1 = 0,x+2y—-3 = 0and5x -6y -1 = 0.

SOLUTION Let ABC be the triangle, the equations of whose sides AB, BC and CA are
respectively 2x + 3y -1 =0x + 2y — 3 =0and5x - 6y —1 = 0. The coordinates of the vertices are

A(1/3,1/9), B(~7,5) and C (5/4,7/8). If the point P (a, a.*) AL AT
lies inside the AABC, then
(i) A and P must lie on the same side of BC
(i) B and P must lie on the same side of AC
(iii) C and P must lie on the same side of AB.
Now,
A and P will lie on the same side of BC, if

2x+3y-1=0 Sx—6y-1=0

Pla, o)

B(-7,5) x+2y~-3=0 C(5/4,7/8)
Fig.22.83
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= a+2a°-3<0= 20 +a-3<0= (a-1)(2a+3)<0 = ae(-3/2,1) (i)
B and P will lie on the same side of CA, if

(- 35-30-1) (50 —6a® -1) > 0
- 60 -50+1 > 0= (3a-1)(2a-1) > 0= ae(-o,1/3)uU(l/2, x) (i)
C and P will lie on the same side of AB, if

(E+E—3)(2{1+3u2—1) > 0
28

=5 30 + 20 -1 > 0= (a+1)(3a-1) >0 = ae(-»,-1)u(1/3, ©) ...(iii)
From (i), (ii) and (iii), we obtaint o e(-3/2,-1) u(1/2,1)

EXERCISE 22.14

BASED ON HOTS
1. Find the values of o so that the point P (a?, &) lies inside or on the triangle formed by the
linesx -5y +6=0,x-3y+2=0and x -2y -3 =0.

2. Find the values of the parameter a so that the point (a, 2) is an interior point of the triangle
formed by the linesx + y -4 =0, 3x -7y -8 =0and 4x -y — 31 =0.

3. Determine whether the point (- 3, 2) lies inside or outside the triangle whose sides are
given by the equationsx + y-4=0,3x -7y +8=0,4x -y - 31 =0.

ANSWERS

1. ael2, 3] 2. ae(22/3, 33/4) 3. Outside

22.13 DISTANCE OF A POINT FROM A LINE
THEOREM  Prove that the length of the perpendicular from a point(xq yj)toalineax + by + ¢ =0is

axy+by+c

1”|'ﬂz + b2

PROOF  The line ax + by + ¢ = 0 meets x-axis at y = 0. Therefore, putting y=0inax + by + ¢ =0,

¢ : . ;
we get x = ——. Thus, the coordinates of the point A where the line  y 4

a
ax + by + ¢ = 0 meets x-axis are (— c¢/a, 0). Similarly, the coordina- ‘\ B0~ cI? P(xy, ¥y)
tes of B where the line cuts y-axis are (0, - ¢/b). o T
Let P (xq, y;) be the point. Draw PN L AB. 2
Now, X X
1 &) ef’ ¢ < 0 Cc/b,0)°
Areaof APAB = —| xy [U+—)—-[——-—y1)+{]{yl—ﬂ}| vy’ \t
2 b) a\ b Fig. 22.84
_,1_ fxl+ﬂyl+£ = |(ax, + b +c}——-—c (1)
2|5 e ab LA g

Also, Area of APAB —lABxPN & If—2~+—f'i':n-:1‘_5'1"'4.1’—~L a* +b* x PN (ii)
’ 2 2 V2?2 b2 2 ab
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From (i) and (ii), we get

C i c 2 2 [nxl+byl+c|
axs + by, + ¢ = —41l@a° +b*x PN = PN = - N
| c|

COROLLARY  Thelength of the perpendicular from the origin to the lineax + by + ¢ =0 is *ﬁ
a~+b

We may use the following algorithm for finding the length of the perpendicular from a point
(x1, yp) to the line ax + by + ¢ = 0.

AL FRODMTLILE
LGORITHM

Step 1 Write the equation of the line in the form ax + by + ¢ =0.

Step I Substitute the coordinates xq and y, of the point in place of x and y respectively in the
expression.

Step Il Divide the result obtained in step Il by the square root of the sum of the squares of the
coefficients of x and y.

StepIV  Take the modulus of the expression obtained in step .

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Find the distance between the line 12x —5y + 9 = 0 and the point (2, 1).
12x2-5x1+9| [24-5+9 28

—
e

SOLUTION Required distance = |——————
(122 + (-5) 13) 5 A3

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

If p is the length of the perpendicular from the origin to the line > + % =1, then prove that
a

1) = = —= + #&= ) a +b"=0,1a", p7, 0" arein A.F.
(1) 12 12 12 (ii) a* +b* =0,ifa*, p*,b* arein AP. [NCERT]
p a b
SOLUTION (i) The equation given lineisbx +ay —ab =0 wokl)
It is given that
p = Length of the perpendicular from the origin to line (i)
=g e |b(0) +a(0)—ab| ab
b? + a? 1}:12 +b?
. pz_ﬂzbz o 1_ﬂ2+b22}l__1_+i
2 5P 2 2b2 2 2 P
(ii) Ifa®, p*, b? are in A.P, then 2p* = a* +b*.
Now, — =2+ [from (i)}
Pan o B
R T, S ) @+b2) 2 20 29 o B B
= p-(a”+b")=a"b" = 5 (a° +b°) =ab [Using 2p*~ =a“ +b“]

= {n::2 +b2)1 =2a%h% = a* +b% =0.
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EXAMPLES If p and p' be the perpendicular from the origin upon the straight lines
x sec 0 + y cosec O =a and x cos 0 -y sin O=a cos 2 6. Prove that: 4 pz + p'2 =a. [NCERT]

SOLUTION We have,
p = Length of the perpendicular from (0, 0) to x sec 6 + y cosec 8 —a =0

0secO +0cosecB—a a cos 0 sin 0 )
— = =asin 0 cos O

= p = |——
1}5&:2 0 + cusecz 0 Js'm1 0 + CUSZ 0

and, p' = Length of the perpendicular from (0,0)to x cos 8 -~y sin 8 —acos26=0

, |[O0cos®-0sinB-acos20
. P =g cos 2 6.

\/cusz 0+ sin> 0

Now, 4 jp::r2 + p'z = 4 a° sin® 0 cos® 0 + a% cos® 2 0= a? (2sin O cos E?r)2 + a% cos® 20
=> 4p2 + 3::!’2 = q* (51!'[2 20 + cos? 20) = a2,

EXAMPLE Y What are the points on x-axis whose perpendicular distance from the line 4x + 3y =12
is 47

SOLUTION Let the required point be P (., 0). Then, Length of the perpendicular from P (a, 0)
on4x+ 3y -12 =01is 4.

4o+ 3x 0-12| 4
1/42+32
= 4“;12|=4=>|4u_12|=20=:,|¢1—3]=5=.5 o-3=5=>a =8§,-2

Hence, the required points are (8, 0) and (- 2, 0).
EXAMPLES  Find the points on y-axis whose perpendicular distance from the line 4x — 3y —12 =01is 3.

SOLUTION Let te required point be P (0, ). It is given that the length of the perpendicular
from P (0, a) on4x - 3y -12=01is 3.

4x0-3a-12| _,
J4° £(F3)°
=5 3a+12| =15 |a+4| =15=2>2a+4 =t5=>a =1,-9

Hence, the required points are (0, 1) and (0, - 9).
EXAMPLE 6 Find the equation of the straight line which cuts off intercept on X-axis which is twice that
onY-axis and is at a unit distance from the origin. INCERT EXEMPLAR]

SOLUTION Let the equation of the straight line be = % =1.Itis given thata = 2b.
a

Putting @ = 2b in the above equation, we get
x+2y-2b =0 (1)
This line is at 4 unit distance from the origin.

0+2x0-2b 12b|
= ]

y1%+22 V5
Substituting the value of b in (i), we obtain x + 2y ++/5 = 0 as the equations of the required
line.

=1=:=|2b|=-d'§:}2b=i«f§:-b=ii§
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cxAamrLE 7 The equation of the base of an equilateral triangle is x + y —2 = 0and the opposite vertex

has coordinates(2, —1). Find the area of the triangle. [INCERT EXEMPLAR]
SOLUTION Let p be the altitude of the given triangle and ‘a’ be the length of each side. Then,
p =Length of perpendicular from (2, -1) onx+y-2=0 A(2,-1)

/1
g UG, T f\
P hz +12 \E /

\
a P a
In AABD, we have /
: J3 p J_ |
Gn GRS P b Piasdl £ 60° I
a 2 a 'J_ ‘v,g *f‘ E | x fy el B
) Fig. 22.85
. Area of the triangle = Jiﬂ = \f X [ \/_ ] 273 sq. units

EXAMPLES Prove that the length of perpendiculars from points P (m* , 2m), Q (mn, m +n) and

R (r.'.2 , 2n) to the line x cos? 0+ iy sin O cos 0 + sin? @ = Oarein G.P.

SOLUTION Let a4,b and ¢ denote the lengths of perpendiculars drawn from P,Q and R
respectively on the line x cos” 0 + y sin O cos 0 + sin? @ = 0. Then,

S m? cos® 0 + 2m sin 0 cos 0 + sin> 0 R {mcnsﬂ+5inﬁ)2[ Q)
\jcus‘; 0+ sin” 0 cos” 0 cos 0 l
o mn cos> 0 + (m + n) sin 0 cos 0 + sin” B (m cos B + sin 0) (n cos 6 + sin B)l (i)
\/cus4ﬁ+ sin? 0 cos> 0 cos 9 5
n% cos® 0 + 2n sin 0 cos O + sin> 0 (1 cos B + sin E})z‘
and, ¢ = i —————| = ..(1i1)
~.Jcns4 0 + sin? 0 cos> 0 cos 6 ‘
% T (m cos 6 + sin 9)2 (n cos B + sin 9}2 _ (mcos B + sin 9}2 b (n cos O + sin 9)2
cos? 0 cos 6 cos 0
— b = ac = a,b, c arein G.P.

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

eXAMPLE 9 Find the coordinates of a point on x + y + 3 =0, whose distance from x + 2y + 2 = 0is /5.

SOLUTION Let the required point be (x;, y;). Since itlieson x + y + 3 =0.

x1+y1+3 =0 (1)
Now,

Length of the perpendicular from (x;, y;) to x + 2y + 2 =0 is /5.
=% o) =V5 = X +2y;+2 = £5 ..(i1)

Solving equation (i) and (ii), we get: xy =-9, y; =6and x; =1, y; =- 4.
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Hence, the required points are (-9, 6) and (1, — 4).

ALITER Puttingx=tinx + y + 3 =0, we get: y =— 3 —1. So, let the required point be (¢, — 3 — ).
This point is at a distance of /5 units from x + 2y + 2 =0.

t—6-—-2t+2 " ngp ‘_3_;_4\ = .J§ = {44 =20 = t=], =Y

12 + 22

Hence, the required points are (1, — 4) and (-9, 6).

EXAMPLE 10 Find all points on x + y = 4 that lie at a unit distance from the line 4x + 3y —10 =0.

SOLUTION Note that the coordinates of an arbitrary point on x + y =4 can be obtained by
putting x =t (or y =t )and then obtaining y (or x) from the equation of the line, where { is a
parameter. Putting x =t in the equation x + y =4 of the given line, we obtain y =4 —t.

So, coordinates of an arbitrary point on the given line are P (f, 4 —t).
Let P (t, 4 —t) be the required point. Then, distance of P from the line 4x + 3y —10 = 0 is unity.

4t +3(4-1-10
42 + 32

Hence, required points are (-7, 11) and (3, 1).

=l=> |+ =5=>1+2 st8Si=—"il =B

EXAMPLE 11 Find the equations of lines passing through the point (1, 0) and at a distance ‘—{2—_% from the

origin. INCERT EXEMPLAR]

SOLUTION Letm be the slope of a line passing through (1, 0). Then, its equation is
y=0=m(x-1) or, mx-y-m=0 canfd)

It is given that line (i) is at a distance % from the origin.
mx0—0-m _ﬁ:,_.l_ml /3
sz +i{-~1}:Jl 2 m® +1 2

Substituting the values of m in (i), we obtain ﬁx-ymﬁ =0 and ﬁxﬂ;*ﬁ =0 as the
equations of the line.

=>4rn2=3m2+3:m2=3:>m=i-/§

EXAMPLE 12 Find the locus of a point which moves in such away that the square of its distnace from the
point (3, —2) is numerically equal to its distance from the line 5x =12y =13.

[NCERT EXEMPLAR]

SOLUTION Let P (h, k) be a variable point moving in such a way that the square of its distance
from A (3, —2) is numerically equal to its distance from the line 5x -12y =13.

(k= 3}2 (K +2)2 =| 5h-12k + 13|
52 +(-12)?

= 13{(h—3}2+(k+2}2}=i{5h—12k+13}

= 13 (h? + k?)—83h + 64k +182 =0 or, 13 (h* + k%) —73h + 40k +156 =0
Hence, the locus of (h, k) is
13 (x> + y*) —83x + 64y +182 =0 or, 13 (x* + y*) —73x + 40y +156 = 0

EXAMPLE 13 A point moves such that its distance from the point (4, 0) is half that of its distance from
the line x =16, find its locus. [INCERT EXEMPLAR]
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SOLUTION Let P(h, k) be the variable point. It is given that the distance of P (h, k) from (4, 0) is
half of its distance from x-16 = 0.

V(=92 + (k- 0)?

h-16

=
m‘l +02

Hence, the locus of (h, k) is 3x% + 4_1; =192.

% 4{(h—4)2+k2} =(h~16)* = 3h* + 4k* =192

e EXERCISE 22.15
BASIC

I. Find the distance of the point (4, 5) from the straight line 3x -5y +7 =0.

2. Find the perpendicular distance of the line joining the points (cos 0, sin 0) and (cos ¢, sin ¢)
from the origin.

3. Find the length of the perpendicular from the origin to the straight line joining the two
points whose coordinates are (a cos o, a sin a) and (a cos B, a sin f).

4. Show that the perpendiculars let fall from any point on the straight line 2 x + 11y -5=0
upon the two straight lines 24 x +7 y=20and 4 x — 3 y — 2 = 0 are equal to each other.

n

. Find the distance of the point of intersection of thelines2 x + 3 y=2land 3x -4y +11=0
from theline8x+ 6y +5=0.

6. Find the length of the perpendicular from the point (4, - 7) to the line joining the origin and
the point of intersection of the lines 2x - 3y + 14 =0and5x+ 4y -7 =0.
BASED ON LOTS

7. What are the points on X-axis whose perpendicular distance from the straight line =4 % =1
a

15a?

8. Show that the product of perpendiculars on the line Z cos 0 + % sin 6 =1 from the points
a

(++a® -b%, 0)is b>. [NCERT]

9. Find the perpendicular distance from the origin of the perpendicular from the point (1, 2)
upon the straight line x —v/3 y + 4 = 0.

10. Find the distance of the point (1, 2) from the straight line with slope 5 and passing through
the point of intersectionof x + 2 y =5andx - 3 y =7. [NCERT]

11. What are the points on y-axis whose distance from the line % +¥ = 1is 4 units?

12, In the triangle ABC with vertices A (2, 3), B(4, —1) and C (1, 2), find the equation and the

length of the altitude from the vertex A. [NCERT]
13. Show that the path of a moving point such that its distances from two lines 3x — 2y =5and
3x + 2y =5are equal is a straight line. [NCERT]
14, If sum of perpendicular distances of a variable point P (x, y) from the lines x + y =5 =0 and
3x -2y + 7 =0is always 10. Show that P must move on a line. [NCERT]
BASED ON HOTS
15. If the length of the perpendxcular from the point (1, 1) to the line ax — by + ¢ = 0 be unity,
i 1

shuwthat—+———-—-—-—~
c a4 b 2ab

ANSWERS

2. cns[e_‘b) - N ncus[u_ﬁ) o %
2 2

g .o
" J34 10
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6. 1 ?: {g(bi\fahbz ),D} 9.%{2+J§)

oot 11. (0, 32/3), (0, — 8/ 3) 12. x-y+1=0,2

650
HINTS TO SELECTED PROBLEMS

2. The equation of the line joining (cos 0 , sin 0) and (cos 0, sin ¢) is

xcns(9+¢)+ysin [m)=cnﬁs[ﬂ)
2 2

2
i )
Ucug(ﬂ_-i-d? +Usm(9.l2-¢ —Eﬂs[ﬂqujl

kB 2 ol =c95(ﬂ)
o (P29 (73] 2
2 -

Required distance =

\

8. Let p; and p, be the lengths of perpendiculars drawn from points P(yJa* —b*, 0) and

Q (- 2 b=, 0) on the line = cos B+%5m 0 =1.Then,
a

2 2 2 2
V -b a--b
= CUEB+D in 6 -1 : : 1

—— il Em

i a b > @ =
P1= > = ¢ P2 = 5 T
cos™ 0  sin” 0 JFES_Eﬂ’{‘,_._B_
a* b* ﬂz b2
2 2 2 2
-b -b
= -cos 6 -1 . cos 0 + 1
Fia = 4 X | ===
cns29+si1129 cnszﬁ sian’f
.'12 bZ ﬂl bl
2 /4 2 2
J8R=2b -b
[-E — cusﬁ—l][ . cns9+1]
a a
=v P1 P
cuszﬂ_l_smz—ﬁ
a* b*
2
a“—b 2
———— -1 .
pr- = {ﬂz—bz)cnszﬁ-ﬂzl 2 —bzcnszﬂ—ﬂzsmzﬂl IS
> BT T P O O T o - L T 1 i
COS B+si11 0 b“ cos” 0+ a”“ sin E}] b“ cos“ 0+ a“ sin B[
2 2
a b

10. Given lines x + 2y =5and x — 3y =7 intersect at(%‘i, - %} The equation of the line of slope
; e s 2 29
5 passing through this point is y + 5 =5 x - T or, 25x -5y =147 =0.

25 -10 -147 132

J625+25 | 650

The distance d of the point (1, 2) from this lineisd =
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11. Let the required point on y-axis be (0, a). Its distance from % +% -1=0o0r4x+ 3y-12 =0isa.

4x0 -12 -
x0+axg =4 = L =4:.'::.'3nct-+12=i2'{]:::-Ii'nr1=32,—8:‘»':?=£J—E
J42+32 3 3
. ; 2 +1
12. The equationof BCis y+1 = z 4{::—4) o, y+1 = =x+4or, x+y-3 = 0.
A(2, 3)
2+3-3
AL = =2
J1+1
Clearly, slope of BC having equation x + y — 3 =0 is — 1. So,
Slope of AL is 1. As it passes through A (2, 3). So, its equation Bt =) ; .2
isy—-3=1(x-2)or,x-y+1=0. 8. 22.98

13. Let P (h, k) be a moving point such that it is equidistant from the lines 3x -2y -5 =0and
3x + 2y —5=0.Then,

3h -2k -5| 3h+2k—51:|3h_2k“51 | 3h+ 2k 5|
J9+4 Jo+4 |
= 3h -2k -5 = +(3h+2k-5) = 4k = Qor,6h-10 = 0 = k = Oor,3h = 5

Hence, the locus of (h, k) is y = 0 or 3x =5, which are straight lines.

14. Itis given that the sum of the perpendicular distances of a variable point P (x, y) from the
lines x + y —5 =0 and 3x - 2y + 7 =0 is always 10.

(x +y-5) 2 (3x-2y+7) _
V2 9 +4
= (3v2 +/13) x + (V13 —242) y + (74/2 -54/13 =10 J/26) =0
Clearly, it is a straight line.
22.14 DISTANCE BETWEEN PARALLEL LINES

If two lines are parallel, then they have the same distance between them throughout. Therefore
to find the distance between two parallel lines choose an arbitrary point on one of them and find
the length of the perpendicular on the other. In order to choose a point on a line, we give an
arbitrary value to x or y and find the value of the other variable.

10

We may use the following algorithm to find the distance between two parallel lines.
ALGORITHM

Let the two parallel lines be ax + by + ¢y =0 and ax + by + ¢, =0. To find the distance between
these two lines we proceed as follows:

Step 1 Choose a point on any one of the two lines by giving a particular value to x or y of your choice.
Step Il Find the length of the perpendicular from the chosen point in step I to the other line.
Step I The length obtained in step I is the required distance between the parallel lines.
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THEOREM Prove that the distance between two parallel lines ax + by + ¢y = Oandax +by +c¢, = 0
[¢q — ¢l

IS QIVEN DY — et
Ja* +b?
PROOF Given lines are
ax+by+cy =0 .(i) ax +by+cy = 0 ..(iQ)
Let P (h, k) be a point on the line ax +by + ¢; = 0. Then,
ah +bk +c¢q = 0 ..(1ii)

Clearly, distance ‘d’ between parallel lines (i) and (ii) is equal to

the length of perpendicular from P on line (ii). <
xr
d = PM
= gl TGl (O YRl G ah s ]
1Ha2+b2 1}a2+b2
B g laa-a Q.E.D.

«Jﬂz +b?

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)
EXAMPLE 1 Find the distance between the parallel lines 3x —4y + 9 =0and 6x —8y —15=0.

SOLUTION Putting y =0 in 3x -4y + 9 =0, we get x =— 3. Thus, (- 3, 0) is a point on the line

3x — 4y + 9. Length of the perpendicular from (-3, 0) to 6x — 8y —15 =0 is given by
d_|-3x 6-8x0-15] _33

V62 + (= 8)? 1

Hence, the distance between the given lines is % units.

ALITER Given lines are 15
3x-4y+9=0 (1) and, 6x-8y-15=0 or, 3x—4y—3=[} ..(11)

-15 15
9—-| — i
l [ J_ W

2+(-42 5 10

9

I

Required distance =

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 2 Find the equations of lines parallel to 3 x — 4 y —5 = 0 at a unit distance from it.
SOLUTION Equation of any line parallelto 3 x -4y -5=0is

3x -4y +A=0 (i)
Puttingx =—-1in3x-4 y-5=0,we gety =-2. Therefore, (-1,-2)isapointon3 x -4 y -5 =0.

Since the distance between the two lines is one unit. Therefore, the length of the perpendicular
from(-1,-2)to 3 x -4 y+ A=0is one unit.

5 | 3x—1-4x -2+ A |5+ A|
Jo2 L= ap?

i =1 = |5+A|=5= S5+A=1d = A=0 or -10.

=1 =
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Substituting the values of A in (i), we get
3x-4y =0 and, 3x-4y-10=0as the equations of the required lines.
ALITER  Let the equation of a line parallel to 3x —4y -5 = Obe

3x-4y+A =0 (1)
It is given that the distance between the line 3x —4y -5 = 0and line (i) is 1 unit.
|A—(=5)| |A+5]

_— =11 =
3% 4 (=4)?

Substituting the values of A in (i), we get 3x -4y =0 and 3x —4y -10 =0 as the equations of
required lines.

=1=%|h+H =5 =% A+5 =35 = X = 0,-10.

EXAMPLE 3 Two sides of a square lie on the lines x + y =1 and x +y + 2 = 0. What is its area?

SOLUTION clearly, the length of the side of the square is equal to the distance between the
parallel lines

x+y-1=0 ..(1) and x+p+2=0 ...(11)
Putting x =0 in (i), we get y =1. So (0, 1) is a point on line (i).
: Distance between the parallel lines

= {Length of the perpendicular from (0, 1) to x + y + 2 =0} = 2

2
Thus, the length of the side of the square is =1 and hence its area is (:%] = -z— square units

V2

ALITER The equations of parallel sides of the squareare x+y-1=0 and x+y+2=0.

Length of the side of the square = Distance between parailel side = 2= = 1%

1!'12 +12

2
Hence, Area of the square = (Sit:le-)2 =[%J =-§ sq. units.

EXAMPLE4 Prove that the line 5x —2y —1=0 is mid-parallel to the lines 5x -2y —-9=0 and
Sx -2y +7 =0.
SOLUTION Clearly, the slope of each of the given lines is same equal to 5/2. Hence, the line
5x =2y =1 =0 is parallel to each of the given lines.
In order to prove that the line 5x — 2y —1 = 0 is mid-parallel to the given lines it is sufficient to
show that the line 5x — 2y -1 =0 is equidistant from the given lines.
Puttingy = 0in5x - 2y -1 = 0, we get x =1/5. So, the coordinates of a pointon5x — 2y —1 =0 are
(1/5, 0).
The distance d; between the lines 5x — 2y -1 =0and 5x — 2y — 9 =0 is given by

dy = Length of the perpendicular from (1 /5, 0) to5x =2y -9 =0

s ds 5x(1/5)-2x0-9 _ 8

(5% + (- 2)2 V29

The distance d, between the lines5x -2y -1 =0 and 5x - 2y + 7 =0 is given by
d, = Length of the perpendicular (1/5, 0) to5x -2y +7 =0

e d2:5x(1/5}—2x0+?= 8

1}'52 +{—2}|2 V29
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Clearly, d; = d,.Consequently the line5x — 2y — 1 = 0is equidistant from the lines5x — 2y -9 =0
and 5x — 2y + 7 = 0. Hence, the result follows.

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLES Prove that the parallelogram formed by the lines LT % =1, % +2=1,%+ -g— =2 and
a a a
* + L =2is a rhombus.
a

SOLUTION Let the given straight lines be AB, BC,CD and CA whose equations are
respectively

Zel=r ) Z4f=1 ) Z4Z=2 ) and Z4+Z2=2 L)
a b b a a b & f

Putting ¥ = 0 in (i) and (ii), we get x =a and x =b respectively. So, the coordinate points on lines
(i) and (ii) are (a, 0) and (b, 0) respectively.

Now, d; = Distance between the parallel lines (i) and (iii)

=5 d; = Length of the perpendicular drawn from (g, 0) upon the line (iii)

b s
b
+

By dy = . = : &
]_ — = ——— e . T ———————
: L 1 1 2 .52
V2t @t v

==

and, d, = Distance between the parallel lines (ii) and (iv)
=5 d, = Length of the perpendicular drawn from (b, 0) upon the line (iv)
b O
i 1 ab
SR ol c g~ (58 g, 0
et K B, a~+b
\/bz : a* a® ! b*

Clearly, d; =d, i.e. the distances between the pairs of parallel lines are equal. Hence, ABCD is a
rhombus.

EXAMPLE 6 Find the equation of the line mid-way between the parallel lines 9x + 6y —7 =0 and

3x+2y+6=0 [INCERT]
SOLUTION The equations of the lines are

3x + 2y —% =VOA * .{i) 3x+2y+6 =0 . (ii)
Let the equation of the line mid-way between the parallel lines (i) and (ii) be

3x+2y+A =0 -..(1ii)
Then,

Distance between lines (i) and (iii) = Distance between lines (ii) and (iii)

A+ z‘
2 3 _ -4

J9+4 [9+4
= }L+Z|=|:I‘L_6|=="l+3=—}h+6:’*21=6"£-_—=’21=£=ﬁ1=ﬂ

3 3 3 3 6

Hence, the equation of the required line is 3x + 2y + % =0.
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EXERCISE 22.16

BASIC

I. Determine the distance between the following pair of parallel lines :
(i) 4x-3y—-9=0 and 4x-3y-24=0
(ii) 8x+15y-34=0 and 8x+15y+ 31=0
(iii) y=mx+c and y=mx+d
(iv) 4x+ 3y -11=0 and 8x + 6y =15

BASED ON LOTS
2. The equations of two sides of a square are 5x —12y — 65 =0and 5x —12y + 26 =0. Find the
area of the square.
3. Find the equation of two straight lines which are parallel to x + 7y + 2 =0 and at unit
distance from the point (1, - 1).
4. Prove that the lines 2x+3y=19 and 2x+ 3y +7 =0 are equidistant from the line
2x+3y=6.

Find the equation of the line mid-way between the parallel lines 9x + 6y -7 =0 and
3x+ 2y +6=0.

U

BASED ON HOTS

6. Find the ratio in which the line 3x+4y+2 =0 divides the distance between the lines

3x+4y+5=0and 3x+4y-5=0. [INCERT EXEMPLAR]
= = 5| L~ B L A ANSWERS
: . a 09 4 ...n 10 1] i B
1) 3 units i1) — units 1) ————— 1v) — units
2. 49 sq. units 3.x+7y+6+542=0 5 18x+12y+11=0 6.3:7

 HINTS TO SELECTED PROBLEMS

6. Given lines are parallel. So, required ratio is the ratio of distances between first and second
line and between first and third line.

— L e—— _— - — = ———

22.15 AREA OF A PARALLELOGRAM
Let ABCD be a parallelogram the equations of whose sides AB, BC,CD and DA are

Ay x+bjy+c1 =0, x+by Yy+c¢9 =0, a; x+byy+dy=0 and op MFthyrd=0
Ay X +byy + dy =0. Let p; and p, be the distances between the R /,f’ f‘
pairs of parallel sides of the parallelogram. In As ALD and AMB, ‘ﬁg y ™ VA
we obtain O {E’
AT X+ by +cy=0
: P1 ; P2 . AL 9 1 L 1 &
sin B =—— and, sin 6 = —= respectively. W
AD T i, 8
Po .. 00
=  AD=-Fl_ and AB=-F2 e
sin 6 sin © M
Maiir Fig. 22.88

Area of parallelogram ABCD =ABx p; = P1 P; [ AR HD :|
sin
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P1P2 " w bl
Also, A f llel ABCD = AD = +AD =
SO rea of parallelogram o [ s B]
Thus, area of a parallelogram is p} P E, where py and p, are the distances between pairs of parallel sides
sin

and © is the angle between two adjacent sides.

Letm, and m, be the slopes of sides AB and AD respectively. Then,

s a
=—— and, m, =——=
i b
The angle 0 between AB and AD is given by
5.0
tan 0 = my =y 8 bl bg_ i) ﬂzbl—ﬂlbz e O ﬂzbl'ﬂlbz
1+m1 My 1+H1 42 ay Ay +b1b1 \/(ﬂi?'i'bij-) (H%*Pb%}
by by
We have,
-d
py = Distance between parallel sides AB and AD = <1 —1 |
\/ 4 +by
and, p, = Distance between parallel sides AD and BC = IE—ZZ_EZ—%
1/1:12 +b,
= —d —d -d
Area of paralielogram ABCD = P1P2 _ Ky-alle =] i -d)c-d)
sin O |ﬂz b]—ﬂl b:}_] M b]
Hz bz
ILLUSTRATIVE EXAMPLES

BASED ON LOWER ORDER THINKING SKILLS (LOTS)
EXAMPLE 1 Show that the area of the parallelogram formed by the lines 2x —3y+a=0,

2
3x-2y—-a=0,2x-3y+ 3a=0and 3x -2y -2a=01s 2% sq. units.

SOLUTION Using the above formula, we obtain

(3a—a)|-2a—(-a)| 24°
2 —
3 —

EXAMPLE2 Prove that the area of the parallelogram formed by the lines x cos a. + y sin a. =p,
xcosa+ysina=gxcosP+ysinB=rand xcosP+ ysin p=sis +(p —gq) (r —s) ccsec (o —p).

Area of given parallelogram = Sq. units

SOLUTION The equations of the sides of the parallelogram are:
xcosa+ysina—-p=0, xcosa+ysina—-g=0, xcosp+ysinf-r = 0
and, xcosP+ysinfp-s =0



THE STRAIGHT LINES 22.97

(=p) == (=1) —(-5)]

COsS O SIn o

Area of the parallelogram

Il

cosp sinf
_ @-pG-n_ |_.@-9¢-s
(cnsusin[imsinucusﬁﬂ ~ sin (a0 = P)

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 3 Prove that the four straight lines Ted=1, 248,20 Y coana 2 Y- 2 form a
a b b g a b b 8

rhombus. Find its area.
SOLUTION The equations of the four sides are

. (1) 8 S| ..(1i)

+ +< =2 (iv)

D=
o = o
S = oo R
Y LE - L

= 2 ...(iii)

Clearly, (i), (iii) and (ii), (iv) form two sets of parallel lines. So, the four lines form a
parallelogram.

Let p, be the distance between parallel lines (i) and (iii) and p, be the distance between (ii) and
(iv). Then,

5 = 2=1 | _ - |a&b i 2-1 ab Using : @ C1—Co
| - &) e 3 £
1 + 29 1,‘:12 b 1 + 1 Ja* + b? 1,,‘112 +b?
> hr a” b3 i [
Clearly, p; = p5. So, the given lines form a rhombus.
» T 2,2
Area of the rhombus = L-D@E-P = . 2 5 l = Z : 5
Va 18 | |a/a® -1/b2)|  |b? -d?|
1/b 1/
2
EXAMPLE4  Show that the four lines ax + by + ¢ =0 enclose a rhombus whose area is 2—1-
a
SOLUTION The four lines are YA
ax+by+c=0 ..(i) ax+ by —c=0 ..(ii)
ax —by + ¢ =0 ..(>iii) ax by —c =0 ..(iv) B(0~%)

Clearly, (i), (ii) and (iii), (iv) are pairs of parallel lines. Solving \
(1) with (iii) and (ii) with (iv), we obtain the coordinates of C ¥ 2

and A as (-c/a, 0) and (c/a, 0) respectively. Solving (ii) with LB N / A(=,0)

(iii) and (i) with (iv), we obtain the coordinates of B and D as

(0, ¢/b) and (0, — c/b) respectively. DO~
Thus, the vertices of the parallelogram ABCD are
A(c/a,0), B(0,c/b), C(-c/a,0) and D (0, —c/b) YV
Fig. 22.89

It shows that the vertices of the parallelogram are on the

coordinate axes such that one diagonal is along x-axis and other along y-axis. Since, the
diagonals are at right angles. Hence, ABCD is a rhombus.
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Area of the rhombus = %AC x BD = l

2C

2c

—_— —
2(:: b

J

2c?
ab’

MATHEMATICS-XI

EXERCISE 22.17

BASED ON LOTS

1. Prove that the area of the parallelogram formed by the lines
apx+byy+cy=0,a1x+byy+d; =0, oy x+byy+cy =0, ap x+byy+dy=0is

(di — 1) (dy — c))|
ayby —ay by |

sq. units.

Deduce the condition for these lines to form a rhombus.

2. Prove that the area of the parallelogram formed by the lines 3x-4y+a = 0,
2
3x-4y+ 3a = 0,4x-3y—-a = 0Oand 4x -3y —2a = Uis%qu. units.
BASED ON HOTS
3. Show that the diagonals of the parallelogram whose sides are Ix+my+n = 0,

Ix +my+n = 0,mx+ly+n = 0and mx + ly +n' =0include an angle /2.

HINTS TO SELECTED PROBLEMS

o

P1P2
sin 6

1. Area =

, where p;, p, are the distance between the pairs of parallel lines and 0 is he

angle between two adjacent sides. For, rhombus use p; = p,.
3. Use:py = po -

22.16 EQUATIONS OF LINES PASSING THROUGH A GIVEN POINT AND MAKING A
GIVEN ANGLE WITH A LINE

THEOREM  Prove the equations of the straight lines which pass through a given point (x; y;) and make
a given angle o with the given straight line y =mx + c are
m* tan a
s

— X—-X
1+mtan a ( 1)
PROOF  Let P (x4, y1) be the given point and let the given line be LMN, making an angle 8 with
the axis of x. Then, m = tan 6.

Let PMR and PNS be two required lines which make angle
o with the given line. Let these lines meet the axis of X at R
and S respectively. Suppose lines PMR and PNS make
angles 0, and 0, with the positive direction of X-axis. Then,
the equations of the two required lines are

y — yp = tan 0y (x —xy) (i)
and,y - y, = tan 6, (x —x») ...(1i1)
In ALMR, we obtain: 01 =0 + a.
In A LNS, we obtain: 6 =0 + 180 - a.

Now,

B-l:B 2 R G

tan 0 + tan «
= tan 0 =tan (0 + a) =

m+ ftan a

1 -tan Otan o 1-mtan o
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and, 6, =0 +180° -«

tan 0 —tan o m—tan o
= tan 0y =tan (180 + 0 —a) =tan (0 — a) = =
l+tanBOtan o 1+ mtan a

On substituting the values of tan 8, and tan 0, in (i) and (ii), we get

AR m + tan o G s, = b m-tancr.{r_x)
y=h 1 = it . S A l+mtan o =~
These are the equations of the required lines.
Q.E.D.
ILLUSTRATIVE EXAMPLES

BASED ON LOWER ORDER THINKING SKILLS (LOTS)
EXAMPLE 1 Find the equations of the two straight lines through (7, 9) and making an angle of 60° with
the linex — /3 y -2 /3 =0.

SOLUTION We know that the equations of two straight lines which pass through a point(x, y4)
and make a given angle a with the line y =mx + ¢ are

Lo mitanct{r_x}
¥~ R T iTmene T
Here, x;=7,y;=9,a=60° and m= (Slope of theline x -3 y-2J3=0) = %
S0, equations of required lines are
1 1
— + tan 60° —— — tan 60°
y -9 = "@1 (x=7) and y — 9= "(51 (x =7)
1 - — tan 60° 1 + — tan 60°
. /3
( 9)f1 L 60\ 4 tanﬁﬂ){ 7)
or, — -—tan 60°| = | =+ °l(x -
§ \ ﬁ / kﬁ
d 9 fI 1 banfi{}“ﬁ =, tan 60° [(x -7
’ (s + = il e *Hx =
an (y )l~~ 73 | =\73 an ]‘t )
1 1
or, 0 =|—++43 |(x-7),and (y -9) (2) = —u-ﬁ)r-?
[@ J‘]( ) and(y-9)(2) = 5 =V3 -7

or, I—?zﬂand,x%-ﬁy:?-l-gﬁ,
Hence, the required lines are x =7 andx+«f§y=? +94/3.

EXAMPLE 2 Show that the equations of the straight lines passing through the point (3, — 2) and inclined
at 60°to theline~/3 x + y =larey+2=0and y —/3 x +2 + 33 =0. INCERT EXEMPLAR]

SOLUTION The equations of two straight lines passing through a point (xq, ¥;) and making an
angle o with y =mx + ¢ are

m=< tan o
Ve tis= (x = 2xq)

1+mtan o
Here, x;=3,y;=—-2,0=60° andm = (Slopeof V3 x + y=1) = —+/3.
So, the equations of the required lines are

—~+/3 —tan 60° — /3 + tan 60°

+ 2 = o -3 dvyv + 2 =
y =8 ang0e > > ey 1+ 3 tan 60°

or, y + 2 =+3(x-3) and y+2 =0

(x = 3)
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or, y-+3x+2+3J3=0 andy+2=0.
EXAMPLE 3 Find the equations of the straight lines through (3, 2) which make acute angle of 45° with the

linex-2y-3=0. [NCERT]
SOLUTION Here, xy =3,y; =2, =45° and, m= (Slopeof thelinex -2y -3=0) =%
So, equations of required lines are
1-t-arnw?:E"’ l+tan45“
y-2=21 (x—3)and,y—2=—21 (x - 3)
1 + — tan 45° 1 - — tan 45°
2 4
=i y—Z:-%(I—S) and y - 2 = 3(x—3)
— x+3y=9and 3x —y =7.
ALITER The equation of any line through (3, 2) is
y -2 =m(x-23) os(1)

where m is the slope of the line and is to be determined.
It is given that the line (i) makes an acute angle of 45° with the line x — 2 y — 3 = 0. Therefore,

1
m—— -
tan 45° = * 12 [Using:tanE}:i i mz}
14+ —m 1+mymy
2
— 1l =2 L= :}2+?ﬂ=i(2??1‘—1]=bm=3,—-1—
2+m 3

Putting the values of m in (i), equations of required lines are

y—2=3(x-3) and y—2=—-1§(:r~—3) or, 3x—-y=7 and x+3y=9.

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE4 A vertex of an equilateral triangle is (2, 3) and the opposite side is x + y = 2. Find the
equations of other sides. [NCERT EXEMPLAR]

SOLUTION Let A (2, 3) be one vertex and x + y =2 be the opposite side of an equilateral
triangle. Clearly, remaining two sides pass through the point A (2, 3) and make an angle of 60°
withx + y=2.

Let m be the slope of x + y=2. Then, m=-1. Fig. 2291 the Y A(2,3)
equations of the other two sides are
-1 —tan 60°
- 3 = x-2
Y 1 —tan 60° e
- y_3=-1+tan60 (x —2)
1 + tan 60°
-(1++/3) J3-1
—— -3 = —(x-2) and y - 3 = x—-2
y i-03 &4 Y S
= y—-3 = (2+4/3)(x-2) and, (y-3)(2++3) = x-2
= (2++4/3)x-y =1+2+3 and, (2-V3)x-y =1-24/3.
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EXAMPLE 5 Show that the equation of the straight line through the origin making angle ¢ with the line

-4
y=mx+bis ¥ mEtane [NCERT]

x 1F¥mtan ¢

SOLUTION Letmy be the slope of the desired line. Then, its equation is

(¥ =0) = my(x-0) [Using : ¥y —y; =m(x —x7)]
= Yy =mx ST
If y =m x + b makes angle ¢ with line (i), then

o st i M my = niitanq:

1+ mmy 1+mtan ¢
: . m* tan ¢ . : ;
Putting the values of my in (i), we get: vy = e x as the required equations of two lines.
+m tan

EXAMPLE 6 The opposite angular points of a square are (3, 4) and (1, — 1). Find the coordinates of the
other two vertices.

J-4 B D(xy, ¥5) C(1,-1)
SOLUTION We have, Slope of AC = = = % e
Clearly, AB and AD pass through A (3, 4) and make angle of 45° with AC HE
whose slope is 5/2. Therefore, equations of AB and AD are given by il
. + tan 45° 5% 9 A{a, 4) B{;—l, ¥;)
y—4 = 2 5 (x-3)=>y-4 = (x%=—3) Fig.22.92
1+ tan 45° 2£5

=> y—4=§(1‘—3) ancly—ﬂlz—%{x—'&} = 3x-7y+19=0and 7x+ 3y-33 =0.

Thus, equations of ABand ADare3x -7 y+19=0and7 x + 3 y — 33 = 0 respectively. Since BC
is a line parallel to AD. Therefore, equation of BC is7x + 3y + A = 0. This passes through (1,-1).
7-3+A=0=> A=-4
So, the equation of BC is 7x + 3y —4 =0.Since B is the point of intersection of AB and BC.
Therefore, solving equations of AB and BC by cross-multiplication, we get
X N 1 5

I=""".r y:::~

= = =¥
—29 15b /58 2 2

So, the coordinates of B are(-1/2,5/2).

Let the coordinates of D be (x5, y,). Then, the coordinates of the mid-point of BD are
3 1 5"

The coordinates of the mid-point of AC are (2, 3/2). Since the diagonals AC and BD bisect each
other.

1
L e ¥a +—
2 - 2 and ‘=—3-:>1:=Eand = —

So, the coordinates of D are (9! 2.1/ 2). Hence, the other two vertices are (—l /2.5/ 2) and
(9/2,1/2).
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BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 7 Ifonediagonal of a square is along the line 8x —15y = 0 and one of its vertex is at (1, 2), then
find the equations of sides of the square passing through this vertex. INCERT EXEMPLAR]

SOLUTION Let ABCD be the given square whose one vertex is at A (1, 2) and the diagonal BD is
along the line 8x -15y =0.

We observe that the sides AB and AD pass through the vertex A (1, 2) and make 45° angle with
the diagonal BD of slope m = 8/15. Therefore, equations of ABand AD are

D C
iven b 2
given oy . :5\
15 f tan 45° H“\Bx-lﬁy:ﬂ
Yy=2=-=x 3 (x-1) o
F—tan 45°
% 15 45}}
8+15 A(1,2) B
O Y e 15T 8 (¥-~1) Fig. 22.93

or, y—2=§{x—1) andy—2=—%(:r-1) or, 23x-7y-9=0 and 7x+ 23y -53=0

EXAMPLE & One side of a rectangle lies along the line 4 x +7 y+ 5 = 0. Two of its vertices are (-3, 1)
and (1, 1). Find the equations of the other three sides.

SOLUTION Clearly, the point (- 3, 1) lieson theline4 x +7 y +5=0.Solet A (-3,1)and C (1, 1)
be two vertices of the rectangle ABCD and let the equation of the side ABbe4 x +7 y+5=0.

Clearly, DC is a line parallel to AB passing throughC (1, 1).

Let the equationof DCbe 4x + 7y + A = 0 )

This passes through (1, 1). D c(, 1)
447 +1=0=r =-11. |

Putting the value of A in (i), we get
4x + 7y - 115=.0. 4x+7y+5=0 |

This is the equation of the side DC. A(3,1) B

Since AD is a line through A perpendicular to AB, therefore equation of Fig. 22.94
AD is
7x -4y + A =0 ..(ii)
This will pass through (-3, 1), if
-21-4+Ah=0= A =25
Putting the value of A in the equation of AD is7 x =4 y + 25 =0.
Clearly, BC is a line perpendicular to AB passing through C (1, 1). Let the equation of BC be
7x —4y + up =0 ...(1ii)
This will pass through (1, 1) if
7 —d4 +n=0=p=-3
Putting the value of p in (iii), we get 7 x — 4y — 3 = 0.This is the equation of BC.

EXAMPLES A line 4x + y =1 through the point A (2, -7) meets the line BC whose equation is
3x -4y + 1 =0at the point B. Find the equation to the line AC so that AB = AC.

SOLUTION The lines AB and BC meet at a point B. Let o be the angle between them. Then,
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my —my
1+mymy

-4-3/4 e E
1+(-4)x 3/4 8

, where, my =Slope of AB =-4,m, = Slope of BC =%

I

tan o

=

It is given that AB = AC. Therefore, triangle ABC is an isosceles triangle.

Clearly, AB and AC both pass through A (2, -7) and are equally inclined to 3x —4y + 1 =0. So,
their equations are given by

A{Er—ﬂ
= A
(y+7) = m__ L (x-2), where, m = Slope of BC :é and tan a=E ! 4 \
1+mtan o 4 8 woi o \
3 .19 3 19 > \
o — w
or, {y‘l‘?) = %3 819 (I_Z) Ell"ld y'!"’? - 4'-3 519 (IHE} L u}‘\
1_1"_3' 1"";""8‘ B 3x-4y+1=0 C
59 Fig.22.95
or, y+7 = —-4(x-2)and y+7 =—~8~§(:r—2)

=  4x+y =1and 52x+89y+519 = 0
Clearly, 4x + y =1 is the equation of AB. So, equation of AC is52x + 89y + 519 =0.

EXAMPLE10  The straight lines 3x + 4y =5 and 4x — 3y =15 intersect at the point A. On these lines,
the points B and C are chosen such that AB = AC. Find the possible equations of the line BC passing
through the point (1, 2).

SOLUTION Letmy and m, be the slopes of the lines 3x + 4y =5 and 4x — 3y =15 respectively.

Then, m =-E and m =i Clearly, my.m», =—=1. So, lines AB and AC are at right angle.
1 1 2=73 y, mq. My g

Thus the triangle ABC is a right angled isosceles triangle. Hence, the line BC through (1, 2) will
make an angle of 45° with the given lines. So, possible equations of BC are

(y—=2)= m_i an 4 (x—1), where m = slope of AB = @ A
1 + m tan 45° 4 )
- =3/4+1 c
=R Y-l = x-1 o |45°
/ 1+(-3/4) ( ) & \
= _2 = _1 + H"x
{y ] 4 j: 3 {x ) -"; .3.1'4-4 -5=0 ‘;5:}-1&-__}
1 | A(3,-1) B
= y-2=>(x-1) and y-2 = -7 (x-1) )
: Fig. 22.96

= x=7y+13 = 0and 7x+y-9 =0
_____EXERCISE 22.18

e —— —— e

BASED ON LOTS
1. Find the equation of the straight lines passing through the origin and making an angle of
45° with the straight line V3 x + y =11.

2. Find the equations to the straight lines which pass through the origin and are inclined at an
angle of 75° to the straight line x + y ++/3 (y —x) =a.

3. Find the equations of the straight lines passing through (2, — 1) and making an angle of 45°
with theline6x +5y -8 =0.

4. Find the equations to the straight lines which pass through the point (i, k) and are inclined
at angle tan-! m to the straight line y = mx + c.
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8

Find the equations to the straight lines passing through the point (2, 3) and inclined at an angle
of 45°to theline 3 x + y -5 =0.

. Find the equations to the sides of an isosceles right angled triangle the equation of whose

hypotenuseis 3 x + 4 y = 4and the opposite vertex is the point (2, 2).
[INCERT EXEMPLAR]
BASED ON HOTS

The equation of one side of an equilateral triangle is x — y = 0 and one vertex is (2 + V3, 5).
Prove that a second side is y + (2 - V3) x = 6 and find the equation of the third side.

. Find the equations of the two straight lines through (1, 2) forming two sides of a square of

which 4 x +7 y =12is one diagonal.

. Find the equations of two straight lines passing through (1, 2) and making an angle of 60°

with the line x + y = 0. Find also the area of the triangle formed by the three lines.

10. Two sides of an isosceles triangle are given by the equations 7x-y+ 3 =0 and
x + iy — 3 = 0 and its third side passes through the point (1, - 10). Determine the equation of
the third side.

11. Show that the point (3, — 5) lies between the parallel lines 2x+ 3y -7 =0 and
2 x + 3 y 4+ 12 = 0 and find the equation of lines through (3, - 5) cutting the above lines at an
angle of 45°.

12. The equation of the base of an equilateral triangle is x + y = 2and its vertex is(2, —1). Find
the length and equations of its sides. [INCERT EXEMPLAR]

13. If two opposite vertices of a square are (1, 2) and (5, 8), find the coordinates of its other two
vertices and the equations of its sides.

ANSWERS
1. y=(+3+2)x 2. x=0,y+J3 x=0 3. 11 x-y-23=0
4. y=k,(1 —mz}(y—k) =2m(x —h) 5. x+2y-8=0and 2x-y-1=0
6. 7x+y-16=0and x -7 y+12=0 7.y+(2+43)x=12+443
8. 3x-11y+19=0and 11 x+ 3y =17 =0
343
9. y=-2=(2% -./5) (x —1), Area= V3 sq. units

10. x-3y-31=0or3x+y+7=0 11. x-5y-28=00r 5x+y-10=0

12. \E (2-v3)x-y=5+243=0, (2+V3)x-y-5-2/3=0

13. (6, 3),(0,7),x-5y+9=0; 5x+y-7=0; 5x+y-33=0; x-5y+ 35=0

e — HINTS TO SELECTED PROBLEMS
6. The two sides pass through (2, 2) and make an angle of 45° with the line 3 x + 4y =4.
S
So their equations are given by y -2 =- 4 3 4 Lix2D)
(— ] tan
4 4
8. The two sides pass through (1, 2) and make 45° angle with the diagonal having slope

m=-4/7.
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10. Any line through (1, - 10) is y + 10 =m (x —1). Since it makes equal angles, say 0, with the
given lines. Therefore,

O T am S i . RESGPE T
1+7m 1+m(-1) 3
12. Proceed as in example 4 on page 22.100.

22.17 FAMILY OF LINES THROUGH THE INTERSECTION OF TWO GIVEN LINES

THEOREM Prove that the equation of the family of lines passing through the intersection of the lines
apx+byy+cy = 0anday x+byy+cy =01is (ay x+byy+cq)+ A(ay x +by y+ cp) =0, where A
Is a parameter.

PROOF The equations of the lines are
ax + by + ¢g =0 ..(3i and,ay x + by + ¢ =0 ..(ii)
Let (a, ) be the point of intersection of the lines (i) and (ii). Then,

ayo + b+ ¢ =0 ..(ii) and, @, o + b + ¢ =0 ..(iv)
Now, consider the equation

(A x+byy+cy) + AMapx+byy+cy) =0 (V)
Clearly, this is a first degree equation in x and y. So it represents a straight line.
We find that

(Gqa+biB+cy) + AMapa+byB+cy)=0+40=0 [Using (iii) and (iv)]

So, (o, B) lies on the line given in equation (v). Hence, equation (v) represents family lines
through the point of intersection of lines (i) and (ii).

Thus, the family of straight lines through the intersection of lines L; =a; x + by y + ¢; =0 and
Lz =y I+bz y+ﬂ'2 =0is
(@ x+byy+cy) + A(@yx+byy+cy) =0ie Ly + AL, =0
Q.E.D.
REMARK The equation Ly + h L, = 0 represents a line passing through the intersection of the lines

Ly = Oand L, = Qwhich is a fixed point. Hence, Ly + A L, = 0represents a family of straight lines,
for different values of A, which pass through a fixed-point.

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Find the equation of the straight line which passes through the point (2, - 3) and the point
of intersection of the linesx +y+4=0and 3x -y -8 =0.

SOLUTION Any line through the intersection of the lines x + y +4=0and 3 x -y -8 =0 has
the equation

(x+y+4) + A(3x-y-8) =0 (1)
This will pass through (2, - 3), if

(2-3+4) + A(6+3-8=0=>3+A=0=A=-3
Putting the value of A in (i), the equation of the required line is 2x -y -7 =0.

ALITER Solving the equations x + y + 4 =0 and 3 x —y — 8 = 0 by cross-multiplication, we get
x =1, y=-5. So, the two lines intersect at the point (1, — 5). Hence, the required line passes
through points (2, - 3) and (1, - 5) and so its equation is

5+3(x-2)=> 2x -y -7 =0

y+ 3 =-
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EXAMPLE 2 Find the equation of the straight line which passes through the intersection of the lines
x—y—1=0and2x -3 y+1=0and is parallel to (i) x-axis (ii) y-axis (it1)) 3x+4y=14

SOLUTION The equation of any line through the intersection of the lines x —y -1 =0 and
2x-3y+1=01s
(x—-y-1) + A(2x-3y+1) = 0or, 2A+1)x - y(32+1) + L -1 =0 ..(1)
(i) The line in (i) will be parallel to x-axis if it is of the form y =constant.
Coefficientof xin(i)) =0=>2A+1=0 = A=-1/2.
Putting .=-1/2in (i), we get y = 3 as is the equation of the required line.
(ii) The line in (i) will be parallel to y-axis if it is of the form x = A.
Coefficientof yin (i) =0=> 3A+1=0 = A=-1/3.
Putting A =-1/3in (i), we get x =4 as the equation of the required line.
(iii) The line in (i) is parallel to the line 3 x + 4 y — 14 = 0. Therefore, their slopes are equal

So, slope of line in equation (i) is same as that of the line 3x + 4y -14 =0.
22+1 3 7

i.e.

3h+1 4 7
Putting this value of A in (i) we get the equation of the required line as 3x + 4y =24.

EXAMPLE 3 Find the equation of the straight line which passes through the point of intersection of the
straight lines x + 2 y =5and 3 x + 7 y =17 and is perpendicular to the straight line 3 x + 4 y =10.
SOLUTION The equation of any line through the intersection of the lines x +2 y -5 =0 and
3x+7y—-17 =0is

(x+2y-5)+A(3x+7y-17)=00r, x(3A+1) + y(ZA+2) — (17 A+5) =0 ..(Q)
This is perpendicular to the line 3x + 4y =10.

Product of their slopes =-1.= — - kit (—E) =-1 = A=
7A+2 4

ok
37

Putting this value of A in (i), the equation of the required line is 4x — 3y + 2 = 0.

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE4 Obtain the equations of the lines passing through the intersection of lines4 x =3y -1=0
and 2 x -5y + 3 =0and equally inclined to the axes.

SOLUTION The equation of any line through the intersection of the given lines is

(4x-3y-1) + AM(2x-5y+3)=00r,x(2A+4)-y(OA+3)+3A-1=0 (1)
Let m be the slope of this line. Then, m = 52; S 43 .As the line is equally inclined with the axes.
+
2L+ 4

M =t L = =+1=5 A=1 or, 1/3

SA+3

Putting the values of A in (i), we obtain x + ¥y — 2 = 0 and x = y as the equations of the
required lines.

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLES5 Ifty and ty are roots of the equation £ + Lt + 1=0, where \is an arbitrary constant. Then
prove that the line joining the points (aty?, 2 aty) and (aty>, 2 aty) always passes through a fixed point.
Also, find that point.
SOLUTION Since t; and t, are roots of the equation 2 + At +1=0.

ty+t =—A and, H 15 =1 (i)
The equation of the line joining the points {ntlz, 2 aty) and (aty?, 2 aty) is
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2:’1!2 -2 ﬂf-!
2 2

y—2aly = (x - nflz} or, y(th +1) = 2x + 2al b ..(ii)

ﬂf2 = ﬂfl
Putting t; +t, =—Aand i {, =1in (i1), we get

2x + 2a ==Ly = (x+a) + [——%)y = 0

This is a line passing through the intersection of the lines x + 2 =0 and y =0 which is a fixed
point having coordinates (- a, 0).

EXAMPLE6 Show that the straight lines given by x (a + 2b) + y (a + 3b) = a + b for different values ofa
and b pass through a fixed point.

SOLUTION The given equation can be written as
a(x+y-1)+b2x+3y-1)=0o0r,(x+y—1) + A(2x + 3y —1) =0, where A=b/a

This is of the form Ly + A L, =0. So it represents a line passing through the intersection of
x +y—1=0and 2x + 3y —1 =0. Solving these two equations, we get the point (2, -1), which is
the fixed point.

EXAMPLE7 Ifa, b, c are variables such that 3a + 2b + 4c = 0, then show that the family of lines given by
ax + by + ¢ =0 pass through a fixed point. Also, find that point.

SOLUTION We have, 3a+2b+4c=0 = c= —% a-— 15 b. Substituting this value of ¢ in

ax + by + ¢ =0, we get

b

nx+by—§ﬂ-lb =0= H[I—E)-}-b[lf—l]:[} =5 [:-:—EJ+ l(yul)=ﬂ, where A =—.
4 2 2 - 4 2 a

This equation is of the form L+ AL, =0 which represents a straight line through the

intersection of theline L; =0 and L, =01i.e.x - = Oandy ~15 = (. Solving these two equations,

we get the point (3/ 4,1/ 2), which is a fixed point.
ALITER We have

3a+2b +4¢=U:&(—i~)n+[§]b+ c=0=>(3/4,1/2) lies on the line ax + by + ¢ =0

Hence, the given family of lines pass through the point (3/4,1/2).

EXAMPLE 8 Let a, b, ¢ be parameters. Then, the equation ax +by + ¢ = 0 will represent a family of
straight lines passing through a fixed-point iff there exists a linear relation between a, b and c.

SOLUTION First, let the equation ax + by + ¢ = 0 represent a family of straight lines passing
through a fixed-point (., B) (say) for different values ofa, b, c. Then, we have to prove that there
is a linear relation between a, b and c. Since, ax + by + ¢ = 0 represents a family of lines pasing
through (o, ). Therefore,

a o +bp+c=0, which is the required linear relation between g, b and c.

Conversely, let there be a linear relation between the parameters a, b, c. Then, we have to prove
that the equation ax + by + ¢ = 0 represents a family of lines passing through a fixed-point.

Let the linear relation be

Ia + mb + nc =0, where [, m, n are constants.

— [1] a -+ (Ejb +¢ = 0= ax +by +c = 0 passes through the fixed-point (//n, m/n)
n n
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EXAMPLE 9  If the algebraic sum of the perpendiculars from the points (2, 0), (0, 2), (1, 1) to a variable
line be zero, then prove that the line passes through a fixed-point whose coordinates are (1, 1).

[NCERT EXEMPLAR]

SOLUTION Let the variable line be ax +by = 1. It is given that the algebraic sum of the
perpendiculars from the points (2, 0), (0, 2) and (1, 1) to this line is zero. Therefore,

2a+0xb-1 Oxa+2b-1 a+b-1

—t———t ——=0= 32+ 3h-3=0= a+b-1=0= a+b=1.
1,(;12 + b2 -,fﬂ‘?‘ +b? «.”faz +b?

This is a linear relation between the parameters a and b. So, the equation ax + by = 1 represents
a family of straight lines passing through a fixed-point. Comparing ax +by = landa+b = 1,
we obtain that the coordinates of the fixed-point are (1, 1).

EXAMPLE10 A ray of light is sent along the line x — 2y — 3 = 0 upon reaching the line 3x — 2y -5=0,
the ray is reflected from it. Find the equation of the line containing the reflected ray.

SOLUTION The point of intersection of the lines x — 2y — 3 =0and 3x -2y -5 =0is B(1, —1). BP
is the normal at P. Clearly, BP passes through B (1,-1) and is perpendicular to 3x — 2y -5 = 0. So,
equation of BP is

y+1=—(2/3)(x-1)or, 2x+ 3y +1=0 C
Since the reflected ray passes through the intersection of e | e
x-2y~3=0 and the normal 2x+ 3y+1=0. Therefore, %d— ‘u:\ &
equation of the reflected ray is oy @ 5'%?
3 &
x-2y—3+A(2x+3y+1)=0 (i) i
or, x(1+20)+y(3A-2)+(A-3) = 0 ..(i0) < >

Let P (xq, y;) be an arbitrary point on the normal at P. Then, P is Fig. 22.97
equidistant from the incident ray and the reflected ray.

X1 —2y1 = 3| _ (%1 —2y; - 3) + A(2x1 + 3y; +1)
vi+4 I Ja+ 292 + (30 - 2)2

- Y1 =291 -3 _ [ (x1-2y;-3) +Ax0 [ (x1, yq) lies on 2x + 3y+1=(}]
B g v+ (3n-22 2x1 + 3y; +1=0
= ‘1 pilliows ARy s L
Bl ey v an-22
= 5 = (2A+1)2+(31-2)2= 1322 -81 = 0 :a:om,,x:%

Since A =0 is not possible. So, A = % Putting the value of A in (ii), we get 29x — 2y — 31 =0

as the equation of the line containing the reflected ray.

EXAMPLE 11  Lines Ly =ax + by + ¢ =0 and L, =Ix + my + n =0 intersect at a point P and make an
angle © with each other. Find the equation of the line L different from L, which passes through P and
makes the same angle with L.

SOLUTION Since the required line L passes through the intersection of L; =0 and L, =0. So,
equation of the required line L is

Li+ALy; =0 ie (ax+by+c)+Ai(lx+my+n) =0 weik1)
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where A is a parameter. L
Since L, is the angle bisector of L =0 and L, =0. Therefore any
point A (x1, ¥1) on Ly is equidistant from L =0 and L, =0. . d L
/
o | 1 xq +myq +n {r;ly]]_ p~U8
1 + m? i

|axy+byy+0)+A(Ixy+myy+n)

\/(n + A 1')2 +(b+ }uuvr}2
But, A (x1, y;) lies on L;. So, it must satisfy the equation of L, i.e. ax + by + ¢ =0.
ax, +byy+c =0

(i) Fig. 22.98

Substituting a x; + b y; + ¢ =01in (ii), we get

[ lxy+myy+n| _ [0+ A(Ixy+myy +n)|
-,|"1r‘2+:rn2 \ﬁﬂi+k!)2 + (b + }ulﬂ)z
2 12 2 2 2
- A +mT) =(a+AD”+(b+ Am)
e i ez a* + b2
2al + 2 bm
Substituting the value of X in (i), we get
{Ir.f2 +b2)

(ax + by + ¢) — (Ix+my+n) =0

2al + 2bm

or, 2 (al+bm)(ax +by+c) - (n2 + bz) (Ix + my +n) = 0as the equation of the required line L.

oy

EXERCISE 22.19

BASIC

1. Find the equation of a straight line through the point of intersection of the lines4 x -3 y =0
and2x-5y+ 3=0and parallelto4x+5y +6=0.

2. Find the equation of a straight line passing through the point of intersection of
x+2y+3=0and 3 x+4y+7 =0and perpendicular to the straight line x -y + 9 =0.

3. Find the equation of the line passing through the point of intersection of 2 x -7 y +11 =0
and x + 3 y —8=0and is parallel to (i) x-axis (i1) y-axis.

BASED ON LOTS

4. Find the equation of the straight line passing through the point of intersection of
2x+3y+1=0and 3 x -5y —5=0and equally inclined to the axes.

5. Find the equation of the straight line drawn through the point of intersection of the lines
x+y=4and 2 x -3 y=1 and perpendicular to the line cutting off intercepts 5, 6 on the
axes.

BASED ON HOTS

6. Prove that the family of lines represented by x (1 + 1) + y (2 —=4) + 5 =0, Abeing arbitrary,
pass through a fixed point. Also, find the fixed point.

7. Show that the straight lines given by (2 + k) x + (1 + k) y =5 + 7k for different values of k
pass through a fixed point. Also, find that point.

8. Find the equation of the straight line passing through the point of intersection of
2x+y-1=0andx + 3 y — 2 =0and making with the coordinate axes a triangle of area 3/8
§q. units.

9. Find the equation of the straight line which passes through the point of intersection of the
lines 3x — ¥ =5 and x + 3y =1 and makes equal and positive intercepts on the axes.

10. Find the equations of the lines through the point of intersection of the lines
x -3y +1=0and 2x + 5y — 9 = 0 and whose distance from the origin is V5.
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11. Find the equations of the lines through the point of intersection of the lines x —y+1 =0 and

2x -3y +5 = 0 whose distance from the point( 3, 2)is 7/5. [NCERT cXEMPLAR]
_ Y e o ANSWERS
. 28x+ 35y —-48=0 2, x+y+2=0 3, 13y=27,13x=23
4, 19x+19y+3=0o0r, 19x-19y-23=0 5 25x-30y-23=0
6. (-5/3,-5/3) 7.(=2,9)
8. 3x+4y-3=0o0r,12x+y-3=0 9, 5x + 5y =7
10. 2x+y-5=0 11. 3x-4y+6=0, 4x-3y+1=0

HINTS TO SELECTED PROBLEMS

11. The equation of the family of lines through the intersection of the lines x -y +1 =0 and
2x-3y+5=0is
(x-y+1)+A(2x-3y+5)=0 or, x (2L+1)+y(-31-1)+5AL+1=0 salt)

This is at a distance of % units from the point (3, 2).
| 3(2A+1) +2(-31-1) +5A+1|

7
JRA+1)2 +(-3%-1)* 5

|5A+2] 7

—— =
V1322 +100+2 O

Substituting the values of A in (i), we obtain
3x—-4y+6 =0 and 4x — 3y + 1 =0 as the required equations of the line,

25 (54 +2)% =49 (1322 +10A+2) = 622 541 =0 => }“=1’_}6

FILL IN THE BLANKS TYPES QUESTIONS (FBQs)
1. It2a+ 3b+4c =0, then the straight lines ax + by + ¢ = 0 will always pass through the point

2

If a, b, c are in A.P., then the straight lines ax +by+c =0 will always pass through the
point....

The line which cuts off equal intercepts from the axes and pass through the point (1, —2)

L

1. Thelocus of the mid-points of the portion of the line xsin 6 + ycos 0 = p intercepted between
e AXWIS <o vinsinarruasshsrssass. o

The points (3, 4) and (2, - 6) are situated on the ......................... of the line 3x -4y -8 =0.

L

6. Ifthe points(~2, 1) and (-1, - 2) are on the opposite sides of the line 2x + y+a =0, then the
set of values of a is .

Equations of the lmes thmugh the point (3, 2) and making an angle of 45° with line
x-2y—-3=0are..

8. A point moves so that the square of its distance from the point (3, -2) is numerically equal to
its distance from the line 5x —12y = 3. The equation of its locus is .........c.cccucue....

9. Ifthe vertices of a triangle have integral coordinates, then the triangle cannot be.................. .
10. Ifthelinesax+2y+1=0,bx+y+1=0and cx+ 4y +1 =0 are concurrent, then a, b, c are in
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1.

JN

. If the line (2x + 3y+4) + A (6x -y +12) =0 is perpendicular to the line7x+y -4 =0, then

A=
The Equatmn nf a stralght line passing through (-3, 2) and cutting intercepts from the axes
whose sum is zero, is .

The number of puints on the line x+y =4 which are at a unit distance from the line
2x+2y=111s.

. Ifthelines 2x - 3J+k {] 31 4y—-13 Oand 8x -11y — 33 = 0 are concurrent, thenk =...

Ifa+b + c =0, then the family of lines 4ax + 3by + ¢ = 0 are concurrentat ..

. If 2x+y-5=0 and 4x+2y-15=0 are two parallel sides of a square, then its area

185

If the lines 3x —43; +4 =0and 6x -8y -7 =0 are two parallel tangents to a circle, then the

length of its AAMELRT I8 ioivresrsessismrensansnisesns o0 o

b - __ _ANSWERS

e —— = s ———— e —

13 : A oviling 48
-, — 2. (1,-2 3 x+y+1=0 4, +— =
(2 4) ( ) J ] yz pz
opposite 6. (3,4) 7. 3x-y-7=0,x+3y-9=0

8. 13{x2+y2}—83x+64y+182=ﬂ 2. Equilateral 10. ‘AP 11. —%
x=y+5=0 3. Infinite 4. =7 15 [l EJ

_ y 13. > 122

{ —5~5 units 7 2

L q. 7. 5

_ VERY SHORT ANSWER QUESTIONS (VSAQUs)

Answer each of the following questions in one word or one sentence or as per exact requirement of the
question:

;

s

o)

b.

Write an equation representing a pair of lines through the point (a, &) and parallel to the
coordinate axes.

. Write the coordinates of the orthocentre of the triangle formed by the lines x? -y* = 0and

x+ 6y = 18.
If the centroid of a triangle formed by the points (0, 0), (cos 6, sin 8) and (sin 8, — cos 6 lies
on the line y = 2x, then write the value of tan 0.

Write the value of © E(U : g) for which area of the triangle formed by points

0 (0,0), A(acos9,bsin 0) and B (a cos 6, —=b sin 8) is maximum.

Write the distance between the lines 4x + 3y =11 = Oand 8x + 6y —-15 = (.

Write the coordinates of the orthocentre of the triangle formed by the lines xy = 0 and
X+y =

If the lines x+ay+a = 0,bx+y+b = Oand cx + cy +1 = 0 are concurrent, then write
the value of 2abc —ab —bec - ca.

Write the area of the triangle formed by the coordinate axes and the line
(secO—tan O) x + (secO+tan Q) y =
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9. If the diagonals of the quadrilateral formed by the lines I x+myy+mn = 0,
hx+myy+n =0, x+my+n=0and L, x+m, y+ny' = 0 are perpendicular, then

write the value of e'] o2l 122 +m, : _ "122'

10. Write the coordinates of the image of the point (3, 8) in the line x + 3y -7 = 0.

11. Write the integral values of m for which the x-coordinate of the point of intersection of the
linesy = mx+1and 3x + 4y = 9is an integer.

12. Ifa # b # ¢, write the condition for which the equations (b — ¢) x + (c —a)y + (a —b) = 0and
(.!:'3 - c*a) X+ {c3 - n3} Y+ {n3 —b3) = ( represent the same line.

13. Ifa, b, care in G.P. write the area of the triangle formed by the line ax + by + ¢ = 0with the
coordinates axes.

14. Write the area of the figure formed by the lines a|x| + b |y| + ¢ =0.

15. Write the locus of a point the sum of whose distances from the coordinates axes is unity.

16. If a, b, c are in A.P., then the line ax +by + c =0 passes through a fixed point. Write the
coordinates of that point.

17. Write the equation of the line passing through the point (1, -2) and cutting off equal
intercepts from the axes.

18. Find the locus of the mid-points of the portion of the line xsin 0 + ycos0 = p intercepted

between the axes.

ANSWER

1. (x-a)(y-b) =0 2.(0,0) 3. -3 4, n/4
5. 7/10 units 6. (0, 0) 7.—1 8. 2sq. units
9. 0 10. (-1, -4) 11.-1,-2 12. a+b+c =0
ey 4 : 2¢2 .
13. ESL]. units 14. l—”—Sq. units  15. A square 16. (1, -2)

ab
17. x+y+1=0 18. ]2 +- 12 = 42

XUy p

MULTIPLE CHOICE QUESTIONS (MCQs)

Answers each of the following questions in one word or one sentence or as per exact requirement of the
question:

1. Lisavariable line such that the algebraic sum of the distances of the points (1, 1), (2, 0) and
(0, 2) from the line is equal to zero. The line L will always pass through

(a) (1,1) (b) (2,1) (c) (1,2) (d) none of these

2. The acute angle between the medians drawn from the acute angles of a right angled
isosceles triangle is

(a) cos™ ! (%) (b) cos™? (g] (c) cos™ " (gj (d) cos™" (%J

S

3. The distance between the orthocentre and circumcentre of the triangle with vertices

(1,2).(2,1) and [ J +21j§ P > Zﬁ)is
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10.

1L

12.

13,

14.

15.

16.

(a) 0 (b) 2 (c) 3++/3 (d) none of these

The equation of the straight line which passes through the point (-4, 3) such that the
portion of the line between the axes is divided internally by the point in the ratio 5: 3 is

(@) 9x-20y+96 = 0 (b) 9x + 20y = 24

(c) 20x+9y +53 =0 (d) none of these

The point which divides the join of (1, 2) and (3, 4) externally in the ratio 1 : 1

(a) lies in the III quadrant (b) lies in the II quadrant

(c) lies in the I quadrant (d) cannot be found

A line passes through the point (2, 2) and is perpendicular to the line 3x +y =3.
Its y-intercept is [NCERT EXEMPLAR]
(@) 1/3 (b) 2/3 (c) 1 (d) 4/3

If the lines ax + 12y +1 = 0,bx+ 13y +1 = 0 and cx +14y +1 = 0 are concurrent, then
a,b, carein

(a) HP. (b) G.P. (c) A.P. (d) none of these

The number of real values of A for which the lines ¥ -2y + 3=0, Ax+ 3y +1=0 and
4x — Ly + 2 =0 are concurrent is

(@) 0 (b) 1 (c) 2 (d) Infinite

The equations of the sides AB, BC and CA of AABC are y-x=2,x+2y=1 and
3x + y + 5 =0 respectively. The equation of the altitude through B is

(@ x-3y+1 =0 (b) x-3y+4 =0 (c) 3x—y+2 = 0 (d) none of these

If p and p, are the lengths of the perpendiculars from the origin upon the lines
x sec 0 + i cosec O =aand x cos 6 —y sin 0 =a cos 2 O respectively, then

2 2 2 2
(@) 4p," +p, = a® (b) p,~ + 4p, = a*

(c) plz + pzz = q? (d) none of these

Area of the triangle formed by the points ((a + 3) (a +4),a+ 3),((a+2) (a+ 3),(a+2))
and ((a+1) (a+2),(a+1))is

(a) 25a° (b) 5a° (c) 24a? (d) none of these

If a + b + ¢ =0, then the family of lines 3ax + by + 2c = 0 pass through fixed point

(a) (2,2/3) (b) (2/3, 2) (c) (-2,2/3) (d) none of these

The line segment joining the points (- 3, —4) and (1, — 2) is divided by y-axis in the ratio
(A)ck:3 (b) 2:3 (c} 31 (d) 3:2

The area of a triangle with vertices at (-4, —1), (1, 2) and (4, - 3) is

(a) 17 (b) 16 (c) 15 (d) none of these

The line segment joining the points (1, 2) and (- 2, 1) is divided by the line 3x + 4y =7 in
the ratio

(a) 3:4 (b) 4:3 (c) 9:4 (d) 4:9

If the point (5, 2) bisects the intercept of a line between the axes, then its equation is
(@ 5x+2y=20 (b) 2x+5y=20 (c)5x-2y=20 (d) 2x-5y=20
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17. A(6, 3), B(-3,5),C (4, -2) and D (x, 3x) are four points. If ADBC : AABC =1:2, then x

18.

19.

20.

21.

24,

v o,

26.

27

28.

29,

30.

is equal to
(a) 11/8 (b) 8/11 (c) 3 (d) none of these
If p be the length of the perpendicular from the origin on the line x/a + y/b =1, then
(a) pz =g +b> (b) Pz = : + 1 (c) ! = : + 1 (d) none of these
a b* pz A

The equation of the line passing through (1, 5) and perpendicular to the line
3x-5y+7=0is

(@) 5x+3y-20=0(b) 3x-5y+7 =0 (c) 3x-5y+6=0 (d) 5x+ 3y+7=0
The figure formed by the linesax +by + ¢ =01is
(a) arectangle (b) asquare (c) a rhombus (d) none of these

Two vertices of a triangle are (- 2, — 1) and (3, 2) and third vertex lies on the line x + y =5. If
the area of the triangle is 4 square units, then the third vertex is

(a) (0,5) 0r,(4,1) (b) (2,3)or,(1,4) (c) (5, 0)0r,(4,1) (d) (0,5 or,(1,4)

The inclination of the straight line passing through the point (- 3, 6) and the mid-point of
the line joining the point (4, —5) and (- 2, 9) is

(a) n/4 (b) n/6 (¢) /3 (d) 3n/4
Distance between the lines5x + 3y -7 =0and 15x + 9y + 14 =0 is
35 1 35 35

oo b o ittt
® T ®) i 9 37 < 37
The angle between the lines 2x —y + 3=0and x + 2y + 3=01is
(a) 90° (b) 60° (c) 45° (d) 30°
The value of A for which the lines 3x + 4y =5,5x + 4y =4and A x + 4y = 6 meet ata point is
(a) 2 (b) 1 (c) 4 (d) 3

Three vertices of a parallelogram taken in order are (-1, — 6), (2, —5) and (7, 2). The fourth
vertex is

(a) (1, 4) (b) (4,1) (c) (1,1) (d) (4,4)

The centroid of a triangle is (2, 7) and two of its vertices are ( 4, 8) and (- 2, 6). The third
vertex 1s

(a) (0, 0) (b) (4,7) (c) (7, 4) (d) (7,7)

I[fthelinesx + 4=0, y —2 =0and 3x + 2y + 5 = 0 are concurrent, then the value of gwill be
(@) 1 (b) 2 (c) 3 (d) 5

The medians AD and BE of a triangle with vertices A (0,b), B(0,0) and C (a, 0) are
perpendicular to each other, if

(a)n=g (b}b=g (c)ab =1 (d) a = £/2b

The equation of the line with slope —3/2 and which is concurrent with the lines
4x + 3y -7 =0and Bx +5y -1 =0is

(@) 3x+2y-63 = 0 (b) 3x+2y-2 =0

(c) 2y-3x-2 =0 (d) none of these
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31.

32.

33.

34.

35.

36.

37,

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

The vertices of a triangle are (6, 0), (0, 6) and (6, 6). The distance between its circumcentre
and centroid is

(a) 242 (b) 2 (c) v2 (d) 1

A point equidistant from the line 4x + 3y +10=0,5x-12y+26 =0 and 7x + 24y -50 =0 1s
[INCERT EXEMPLAR]

(a) (1, -1) (b) (1,1) (c) (0, 0) (d) (0, 1)

The ratio in which the line 3x+4y+2=0 divides the distance between the lines
3x+4y+5=0and 3x+4y-5=0is [INCERT EXEMPLAR|
(a) 1:2 (b) 3:7 () 2:3 (dy 2:5

The coordinates of the foot of the perpendicular from the point (2, 3) on the line
x+1y—-11 =0are [INCERT EXEMPLAR]
(a) (-6,5) (b) (5, 6) (c) (-5, 6) (d) (6,5)

The reflection of the point(4, —13) about the line5x + y + 6 =0is INCERT EXEMPLAR]
(a) (-1, -14) (b) (3,4) (c) (0, 0) (d) (1,2

The inclination of the line x —y + 3 = 0 with positive direction of x-axis, is

(a) 45° (b) 135° (c) —45° (d) =135°

[NCERT EXEMPLAR]
The two lines ayx +byy = ¢y and ayx + b,y = ¢, are perpendicularif  [NCERT EXEMPLAR]
{El} a0, +b1b2 =0 (b} ﬂlbz :HZDI {E) ﬂlbl -I—ﬂzbg =1 {d) Hlbz +ﬂ2b1 =0
The coordinates of the foot of the perpendicular from the point (2, 3) on the line

x+y—-11=0are [NCERT EXEMPLAR]
(a) (-6,9) (b) (5, 6) (c) (=5, 6) (d) (6,5)

The coordinates of the image of the point (2, 3) in the line mirror x +y—-11 =0 are

(a) (5,6) (b) (9,8) (c) (8,9) (d) (-8,-9)

The intercept cut-off by a line from y-axis is twice than from x-axis and the line passes
through the point (1, 2). The equation of the line is [NCERT EXEMPLAR]
(a) 2x+y =4 (b) 2x+y+4=0 (c) 2x~-y=4 (d) 2x-y+4=0

A line passes through the point P (1, 2) such that its intercept between the axes is bisected at
P.The equation of the line is [NCERT EXEMPLAR]
(a) x+2y =5 (b) x-y+1=0 () x+y-3=0 (d) 2x+y—-4=0

The reflection of the point(4, —13) about theline5x +y+6 =0is  [NCERT EXEMPLAR]
(a) (-1, -14) (b) (3, 4) (c) (0,0) (d) (1,2)

A point moves such that its distance from the point (4, 0) is half that of its distance from the
line x =16.the locus of the pointis [INCERT EXEMPLAR]

(a) 3x%+ 4y2 =192 (b) 4x* + 3y2 =192 (c) x% + yz =12 (d) none of these
One vertex of the equilateral triangle with centroid at the origin and one sideasx +y -2 =0

is [NCERT EXEMPLAR]

(a) (-1, -1) (b) (2,2) () (-2,-2) (d) (2,-2)

The coordinates of the foot of perpendicular from the point (2, 3) on the line y = 3x+ 4 are
given by [INCERT EXEMPLAR]

o(5k) wEE) oEw) @)

If the coordinates of the middle point of the portion of a line intercepted between the
coordinate axes are( 3, 2), then the equation of the line will be [NCERT EXEMPLAR]
(@) 2x+ 3y =12 (b) 3x+2y =12 (c) 4x-3y =6 (d) 5x-2y =10

Equations of diagonals of the square formed by the lines x=0,y=0,x=1 and y=1
are INCERT EXEMPLAR]
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48.

49,

50.

o1.

52.

At

54.

55.

56.

S7.

58.

(@ y=x,y=x+1 (b) y=x,x+y=2 (c) 2y= ,rx+y— (d) y=2x,y=2x+1

For specifying a straight line, how many genmeh'lcal parameters should be
known? [INCERT EXEMPLAR]

(a) 1 (b) 2 (c) 3 (d) 4

The point (4, 1) undergoes the following two successive transformations:

(i) Reflection about the line y = x

(ii) Translation through a distance of 2 units along the positive x-axis. Then the coordinates

of the point are [NCERT EXEMPLAR]
(a) (4, 3) (b) (3, 4) (© (1,4 (d) (7/2,7/2)
The tangent of the angle between the lines whose intercepts on the axes area, b and b, —a
respechvezl}r, is , [NCERT EXEMPLAR]
2 2 2.2
(@) & 'b T i w0 = (d) none of these
2 2ab

If the line £+§=1 passes through the points (2,-3) and (4, -5), then (a,b)=
a

(a) (1,1) (b) (-1,1) (c) (1,-1) (d) (-1,-1)

[INCERT EXEMPLAR]
The dlstance between thelines y =mx + ciand y =mx +¢,, is INCERT EXEMPLAR]
(a) vy 1=l (c) 2—L (d) e —cy

1+1':|r1r‘r’l 1+m 2 '\.I'1+HIZ

The equations of the lines passing through the point (1, 0) and at a distance ? from the

origin are
(a) ﬁxiy—ﬁzo (b) V3x+y++/3 =0
(c) x+3y-43 = (d) none of these [NCERT EXEMPLAR]
\/guahnns of the lines which pass through the point(3, —2) and are inclined at 60° to the
=1lare [NCERT EXEMPLAR]
{a}y+2 0,V3x-y-2-3J3=0 (b) x-2=0,v3x-y+2+3J/3=0
(c) V3x-y-2%3J3 =0 (d) none of these
The distance of the point of intersection of the lines 2x — 3y +5 = 0 are 3x + 4y = 0 from the
line5x -2y =0,is [NCERT EXEMPLAR]
(a) B (b) (c) E (d) none of these
1729 ?@
Slopes of lines which cuts fo intercepts of Equal lengths on the coordinate axes are
(a) 0 (b) + (c) £1 (d) £/3

,r
[NCERT EXEMPLAR]

A line cutting off intercept — 3 from the y-axis and the tangent of angle to the x-axis is g, its

equation is

(@) 5y-3x+15=0 (b) 3y-5x+15=0 (c) 5y—-3x-15=0 (d) none of these

INCERT EXEMPLAR]
The equation of the straight line passing through the points (3, 2) and perpendicular to the
line y =xis [NCERT EXEMPLAR]
(a) x-y=5 (b) x+y =5 (c) x+y=1 (d) x-y=1
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ANSWERS

. (a) 2. (c) 3. (a) 4. (a) 5. (d) 6. (d) 7. {¢) 8. (a)

1o R U T b D R - ) N T 14. () 15. (d) 16. (b)
17. (@ 18. () 19.(@) 20.(c) 21.(b) 22.(d) 23.(c) 24 (a)
25.(b) 26: () 272.() 28() 29() 3s0.0b) 81 32
33. (b) 34.(b) 35.(a) 36.(d) 37.(a) 38.(b) 39.(c) 40. (a)
41. d) 42. (@) 43.(a) 44. () 45. (b) 46. () 47. (@) 48. (b)
49, (b) 50. (¢) 51. (d) 52. (b) 53. (a) 54. (a) 55. (a) 56. (c)
57. (@)  58. (b)
SUMMARY
1. Every first degree equation in x, y represents a straight line.
2. The trigonometrical tangent of the angle that a non-vertical line makes with the positive
direction of the x-axis in anticlockwise sense is called the slope or gradient of the line.
3. Theslopem of a non-vertical line passing through the points(x, y;) and (x5, ;) is given by
. = 2=Vr Difference of ordinates
my —xy;  Difference of abscissae
4. Slope of a horizontal line is zero and slope of a vertical ine is undefined.
5. An acute angle 6 between the lines having slopes my and m, is given by
tanEJ:lml"mzl,lHn # 0
11 + m?_| 172
6. Two lines are parallel if and only if their slopes are equal.
7. Two lines are perpendicular if and only if the product of their slopes is — 1.
8. Three points P, Q and R are collinear if and only if
Slope of PQ = Slope of QR
9. If a straight line cuts x-axis at A and the y-axis at B, then OA and OB are known as the
intercepts of the line on x-axis and y-axis respectively.
10. The equation of a line parallel to x-axis at a distance a from itis y =aory = — aaccording as it
is above or below x-axis.
11. The equation of a line parallel to y-axis at a distance b fromitis x =b or x = — b according as it
is on the right or on left side of y-axis.
12. The equation of x-axis is y = 0.
13. The equation of y-axis is x = 0.
14. The equation of a line with slope m and making an intercept ¢ on y-axis 1s y =mx + C.
15. The equation of a line with slope m and passing through the origin is y =mx.
16. The equation of the line which passes through the point (x1, y1) and has slope m is
Y=y = m(x—2xq)
17. The equation of the line passing through the points (xq, y;) and (x5, y5) is
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18.

19,

22,

23.

k2
wn

26.

g

Y2 — I
X7 — X1

Y-y, = (x —xq)

The equation of the line making intercepts aand b on x and y-axis respectively is T+l
a

==

The equation of the straight line upon which the length of the perpendicular from the origin
is p and the angle between this perpendicular and positive x-axis is o is given by
X Cos o+ ysin o =p.

The equation of the straight line passing through (xy, y;) and making an angle 6 with the
positive direction of x-axis is

i (.

Sy e r, wherer is the distance of the point(x, y) on the line from the point(xy, y4).

The coordinates of any point on the line at a distance 7 from the point (xq, y1) are
(x;1 £rcos 6, yy 7 sin 0)

The slope of the line ax + by + ¢ = 0Ois
a _ Coefficient of x

-
— e

b Coefficient of y

Threelines Ly =ayj x+bjy+¢1=0, Lysap x+by y+cy =0and, Ly =a3 x+by y+c3=0
are concurrent, if

Hi bl Cl
Hz bz CZ = ()
HS b.?r -['.'3

Also, these lines are concurrent iff there exist scalars A1, A,, A3 such that
;'L1L1+12L2+13 L3 =/{}

The equation of a line parallel to the line ax + by + ¢ =0 is ax + by + L =0, where A is a
constant.

. The equation of a line perpendicular to the lineax + by + ¢ = Oisbx—ay + A = 0, where A

1S a constant.

. The perpendicular distance (d) of a line ax + by + ¢ = 0 from a point (xy, ¥;) is given by

axy +by, +c¢
Ja* +b?

The distance (d) between the parallel lines ax + by + ¢y = Oand ax + by + ¢, = 0is given

by d = _|51"‘-72|_
a* + b*

d =

The equations of the lines passing through (x, 1) and making an angle a with the line
Yy = mx + ¢ are given by

g =

m =+ tan o
1+mtan o

(x —x9).
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