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PARABOLA

24.1 CONIC SECTIONS

A conic section, as the name implies, is a section cut-off from a circular (not necessary a right

circular) cone by a plane in various ways. The shape of the section depends upon the position of
the cutting plane.

Consider a double right circular cone of semi vertical angle o. and let it be cut by a plane inclined
at an angle 0 to the axis of the cone. We will get different sections (curves) as follows:

Casel If the plane passes through the vertex O S Q
The curve of intersection is a pair of straight lines passing through the vertex
which are o
(i) real and distinct for 6 < a. O Pairof
(ii) coincident for 6 = o i.e. the plane touches the cone. b

(iii) imaginary for 6 > a.

Case Il If the plane does not pass through the vertex O P R
The curve of intersection is called

< Fig. 24.1
(i) acircleif © = 55

(ii) a parabola for 0 = a i.e. if the plane is parallel to the generator PQ.

(iii) an ellipse for 0 > o (6 # nn / 2) i.e. if the plane cuts both the generating lines PQ and RS.
(iv) a hyperbola for 0 < a i.e. if the plane cuts both the cones.
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Parabola
(0 =a)
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Thus, we may get the section either as a pair of straight lines, a circle, a parabola, an ellipse or a
hyperbola depending upon the different positions of the cutting plane. These curves of
intersection are called the conic sections.

24.2 ANALYTICAL DEFINITION OF CONIC SECTION

CONIC SECTION A conic section or conic is the locus of a point P which moves in such a way that its

distances from a fixed point S always bears a constant ratio to its distance from a fixed line, all being in the
same plane.

FOCUS The fixed point is called the focus of the conic section.
DIRECTRIX  The fixed straight line is called the directrix of the conic section.
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In general, every conic has four foci, two of them are real and the other two are imaginary. Due
to two real foci, every conic has two directrices corresponding to each real focus.

ECCENTRICITY  The constant ratio is called the eccentricity of the conic section and is denoted by e.

AXIS  The straight line passing through the focus and perpendicular to the directrix is called the axis of
the conic section.

VERTEX The points of intersection of the conic section and the axis are called vertices of the conic
section.

CENTRE  The point which bisects every chord of the conic passing through it, is called the centre of the
conic.

LATUS-RECTUM  The latus-rectum of a conic is the chord passing through the focus and perpendicular
to the axis.

NOTE  As mentioned above the eccentricity of a conic is generally denoted by e and
(i) for e <1, the conic obtained is an ellipse;
(ii) for e =1, the conic obtained is a parabola;
(iii) for e > 1, the conic is a hyperbola;
(iv) for e =0, the conic is a circle.

24.3 GENERAL EQUATION OF A CONIC SECTION WHEN ITS FOCUS, DIRECTRIX
AND ECCENTRICITY ARE GIVEN

Let S (a, P) be the focus, Ax + By + C =0 be the directrix and ¢ be the eccentricity of a conic. Let
P (h, k) be any point on the conic. Let PM be the perpendicular from P, on the directrix. Then, by
definition

SP = e-PM

ZN
=> sp? = e pM? = P(i,
2
=
=) 4 (BN A T 1 (I
JAZ + B2 b
Thus, the locus of (I, k) is _{EE a
2 .
. w2 _ 2 (Ax+ By +C) oA
(x—a)" + (y—P)° =e {AE i BZ) Fig. 24.6

This is the cartesian equation of the conic section which, when simplified, can be written in the
form

ax* + 2 hxy + byz + 2 ¢x + 2 fy + ¢ =0, which is the general equation of second degree.
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[t can be easily shown that the general equation of second degree viz.ax< + 2 hxy + by* + 2 gx

+ 2 fy + ¢ =0 always represents:
(i) a pair of straight lines, if A =abc + 2 fgh — af : —bgz —ch* =0
(ii) acircleif A#0,a=bandh=0 (iii) a parabola if A # 0and h* =ab
(iv) anellipseif A# 0and h?* <ab (v) ahyperbolaif A= 0and h? > ab
(vi) arectangular hyperbolaif A # 0, h* >aband a+b =0.

24.4 THE PARABOLA

ANALYTICAL DEFINITION A parabola is the locus of a point which moves in a plane such that its
distance from a fixed point in the plane is always equal to its distance from a fixed straight line in the same
plane.
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As defined in section 24.2, the fixed point is called the focus and the fixed Za P

straight line is called the directrix of the parabola. The line through the focus and M !_\
perpendicular to the directrix is the axis of the parabola. The point on the axis R
midway between the focus and directrix is called the vertex of the parabola.

Directrix

Let S be the focus, ZZ' be the directrix and let P be any point on the parabola.
Then, by definition

Z'v
SP = PM Fig. 24.7

where PM is the length of the perpendicular from P on the directrix ZZ'.
ILLUSTRATION 1 Find the equation of the parabola whose focus is (- 3, 2) and the directrix is
x+y=4

SOLUTION Let P (x, y) be any point on the parabola whose focus is S (- 3, 2) and the directrix
x+y—-4=0. Draw PM perpendicular to x + y —4 = 0. Then,

SP = PM [By definition] ‘A Py
=  SP? = PM? -~ \
2 I 5(-3,2)
= (x + 3}2+(y_2}2=‘x+y74]| 1
4L 2
= 2[12+y2+6x~4y+13}= x2+y2+16+2:::y—8.1'—8y 7'\
Fig.24.8
=5 1'2+y2-2xy+20x+10=0

Thus, the required equation of the parabola is x% + yz -2xy+20x+10=0.

ILLUSTRATION 2 Find the equation of the parabola whose focus is (— 3, 0) and the directrix 1s
x+2=0.
SOLUTION Let P (x, y) be any point on the parabola having its focus at S (- 3, 0) and directrix as

the line x + 5 = 0. Then, A AY
SP = PM, where PM is the length of the perpendicular from P P o)
on the directrix o =
=  sp2=pM> X | .00 x
2
Oy + 5|
= I+32+!—02=|r+y LY
i A\ TR vasa?
5 >0 . _ Fig.24.9
=5 Yy~ =4x + 16, which is the required equation of the parabola.

24.4.1 EQUATION OF THE PARABOLA IN ITS STANDARD FORM

Let S be the focus, Z Z' be the directrix. Draw SK perpendicular from S on the directrix and
bisect SK at A. Then,

AS = AK
- Distance of A from the focus = Distance of A from the directrix
=5 A lies on the parabola [By def.]

Let SK=2 a. Then, AS = AK =a.

Let us choose A as the origin, AS as x-axis and AY a line perpendicular to AS as y-axis. Then, the
coordinates of S are (a, 0) and the equation of the directrix ZZ'is x =-a.
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Let P (x, y) be any point on the parabola. Join SP and draw PM zZ A

and PN perpendiculars on the directrix Z Z' and X-axis. Then, = _M]|
PM = NK = AN + AK = x + a. =
K
Since P lies on the parabola. Therefore, ? " >
SP = PM [By definition of parabola] E e
2 2 2 2 2 2 » |
=5 SP*=PM" = (x-a)" +(y-0)°=(x+a)" = y"=4ax ., | | Pk
This is the equation of the parabola in its standard form. Fig.24.10

NOTE  The parabola has two real foci situated on its axis one of which is the focus S and the other lies at
infinity. The corresponding directrix is also at infinity.

24.4.2 TRACING OF THE PARABOLA v/ =4 ax, a> 0
The given equation can be written as y =+ 2 vax.

We observe the following:
(i) Symmetry: For every positive value of x, there are two equal and opposite values of y.
(ii) Region: Forevery negative value of x, the value of y is imaginary. Therefore, no part of the
curve lies to the left of y-axis.
(iii) Origin: The curve passes through the origin and the tangent at the origin is x = 0 i.e,,
y-axis
(iv) Intersection with the axes: The curve meets the coordinate axes only at the origin.
(v) Portion Occupied: Asx — oo, y — oo, Therefore the curve extends to infinity to the right of
axis of y.

With the help of the above facts and by joining some convenient points on the parabola the
general shape of the parabola y* = 4 ax is as shown in Fig. 24.10.

24.4.3 VARIOUS RESULTS RELATED TO THE PARABOLA

As discussed in section 24.4, the focus of the parabola yz =4 axisat (a,0) and the directrixis x = —a.
The axis is a line passing through the focus and perpendicular to the directrix. In Fig. 24.10 x-axis
i.e., ¥y =0 is the axis of the parabola y2 =4 ax. The axis meets the curve yz =4 ax at A, the origin. So,
the coordinates of the vertex are (0, 0). Clearly, the vertex A is the midway between the focus and
the directrix i.e., the vertex is equidistant from the focus and the directrix.

DOUBLE ORDINATE Let P be any point on the parabola y2 = 4 ax. A chord passing through P
perpendicular to the axis of the parabola is called the double ordinate through the point P.

In Fig. 24.10, PP" is the double ordinate of point P.

LATUS-RECTUM A double ordinate through the focus is called the latusrectum i.e. the latusrectum of a
parabola is a chord passing through the focus perpendicular to the axis.

In Fig. 24.10, LSL' is the latusrectum of the parabola y* =4 ax.By 47 ¥/ /
the symmetry of the curve SL = SL’ = A (say). So, the coordinates of | L~ iP(x,y)
L are (a, A).Since L lies on y2 = 4 ax. Therefore, _
2 2 K| A ' X
A=4qg° = A=2a => LL'=2A=4a. J"'é— | - Frﬁ%‘{ﬁ'fﬁi—_}
Latusrectum =4 a. x=-a
| L y* = dax
The coordinates of L and L' ,end points of the latusrectum, are (a, 2 ¢ P
Z Y'Y

a) and (a, — 2 a) respectively.
Fig. 24.11
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FOCAL DISTANCE OF ANY POINT The distance of P (x, y) from the focus S is called the focal distance
of the point P.

Clearly, SP = J(x ~ .:I)2 +(y - l})2
= SP = J(x - u)z - yz = J(:r —a)z +4ax [ P(x,y) lies on the parabola .. yz =4 ax]

= SP = J(J:+ﬂ]2 =|x+a|=a+x [ x>0,a>0 .x+a>0]
Hence, a + x is the focal distance of any point P (x, y) on the parabola yz =4ax.
FOCAL CHORD A chord of the parabola is a focal chord, if it passes through the focus.

24.4.4 SOME OTHER STANDARD FORMS OF PARABOLA

Proceeding as in section 24.4, we find that there are three other standard forms of parabola viz.
y2 =—4ax,x*=4 ay and P=-4 ay depending upon the choice of the axes. Thus, in all there are
four standard forms. The shapes of the curves in these four standard forms and their
corresponding results are as follows: '

ZA YA ¢Y ML

7 {\ |
! /
K| Af0,0 X £

X \ &
' .
|
.-"'

Z'V Y'N
Fig. 24.12
AY
l xZ = 4ay
| A
/
+5(0, a)
X | X
% iA(ﬂ, 0) 4
5 K y=-a 3
vY
Fig. 24.14 Fig.24.15
y2=4ax yr=-4ax x2=4ay xX2=-4ay
Coordinates of vertex (0, 0) (0,0) (0, 0) (0, 0)
Coordinates of focus (a, 0) (—a,0) (0, a) (0,-a)
Equation of the directrix x=-a x=a y=-a y=a
Equation of the axis y=0 y=0 ~ x=0 x=0
Length of the Latusrectum 4a 4a 4a 4a
Focal distance of a point P (x, y) a+x a-x a+y a-y
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REMARK  If the vertex of the parabola is at the point A (h, k) and its latusrectum is of length 4a, then its
equation is

(i) (y- k}2 =4a(x - h)or,(y - k)z = —4a (x — h) according as its axis is parallel to OX orOX'.
(ii) (x - h)z =4a(y —k) or, (x — h)z = —4a (y — k) according as its axis is parallel to OY or OY".

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)
Typel ONFINDING THE EQUATION OF A PARABOLA WHEN ITS FOCUS AND DIRECTRIX ARE GIVEN

EXAMPLE 1 Find the equation of the parabola whose focus is the point (0, 0) and whose directrix is the
straight line 3x — 4y + 2 =0.

SOLUTION Let P(x, y) be any point on the parabola whose focus is S(0, 0) and the directrix
3x —4y + 2 =0. Draw PM perpendicular from P on the directrix. Then, by definition

SP = PM "
P(x,y)
- sp? = pM? i =y
2 © 5(0, 0)
Ix =4y + 2 T
=  (x-07+(@y-07° = F——= 4
3%+ (—4)* T
[fi |
& 2 v
= R R z*g+ ) Fig. 24.16
- 25 (x? + y?) = (3x -4y + 2)?
=5 25x% + 255.*2 = 9x% + lﬁyz +4 -24xy +12x - 16y

= 16x% + 9y2 + 24xy —12x + 16y —4 = 0, which is the required equation of the parabola.

EXAMPLE 2 Find the equation of the parabola whose focus is at (-1, —=2) and the directrix the line
x=2y+ 3=0.
SOLUTION Let P(x, ) be any point on the parabola whose focus is S(-1, =2) and the directrix

x — 2y + 3 =0. Draw PM perpendicular from P(x, y) on the directrix x —2y + 3 =0. Then, by

definition
A

SP = PM g P(x, )
= sp? = pMm? et
2 .-I_:ll ’
=  (x+1)2+@y+2)? = I_rzﬂs &
H;
v
Fig.24.17

= 54{x+1]2+(y+2}2} =(:r:'-2y+3}2

= 5{}2+y2+2x+4y+5}=(12+4y2+9—4xy+6x—12y)

= 4x% + yz + 4xy + 4x + 32y + 16 = 0, which is the required equation of the parabola.
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Type II ON FINDING THE FOCUS, DIRECTRIX, LATUS-RECTUM, AXIS ETC. FOR A GIVEN PARABOLA
IN ONE OF THE STANDARD FORMS

EXAMPLE3 For the following parabolas find the coordinates of the foci, the equations of the directrices
and the lengths of the latus-rectum:

(i) y* =8x (i) x* =6y (iii) y* =-12x (iv) x? =16y
SOLUTION (i) The given parabola yz = 8x is of the form yz =4ax, where 4a=8ie.a=2.

The coordinates of the focus are (a, 0) i.e. (2, 0) and the equation of the directrixis x =—a
i.e. x =—2. Length of the latus-rectum = 4a = 8.

(ii) The given parabola x? = 6y is of the form x? = 4ay, where da=61i.e.a=3/2.

Clearly, the coordinates of the focus are(0, a) = (0, 3/2) and the equation of the directrix is y =—a
i.e. y =—3/2. Length of the latus-rectum = 4a = 6.

(iii) The given parabola yz =~—12x is of the form y2 =—4ax, where 4a =121i.e.a = 3.

Clearly, the coordinates of the focus are (-a, 0) =(-3, 0) and the equation of the directrixis x =4
i.e. x = 3. Length of the latus-rectum = 4a = 12.

(iv) The given parabola is of the form x% =- 4ay, where da =161i.e.a =4.

Clearly, the coordinates of its focus are (0, —a) = (0, — 4) and the equation of the directrixisy =a
i.e. y = 4. Length of the latus-rectum = 4a = 16.

Type III ON FINDING THE VERTEX, FOCUS, AXIS, DIRECTRIX, LATUS-RECTUM ETC. OF THE
PARABOLAS REDUCIBLE TO ONE OF THE FOUR STANDARD FORMS

EXAMPLE4 Find the vertex, axis, focus, directrix, latus-rectum of the following parabolas. Also, draw
their rough sketches:

(i) y>-8y—-x+19 = 0 (i) 4y% +12x —20y + 67 = 0
(iii) y = 2% -2x+ 3 (iv) x> +2y - 3x+5 = 0
SOLUTION (i) The given equation is A M2 8y-x+19=0

yz—Syﬁx+19 =
=5 y2H8y=x—19 :
:} y2—3y+16 g x_19+16 ::} {y_4}2 L (1_3) ...(i) { ................ i

Shifting the origin to the point (3, 4) without rotating the axes %
and denoting the new coordinates with respect to these new

W S

axes by X and Y, we have v ..,D ,E;’" -
x X +3, v IYH4 ..(11) Fig. 24.18
Using these relations, equation (i) reduces to ..(ii1)

This is of the form Y? =44X. On comparing, we get4a=1 or, a= %

Vertex: The coordinates of the vertex with respect to the new axes are (X =0, Y =0).
So, the coordinates of the vertex with respect to the old axes are

(3,4) [Putting X =0, Y = 0 in (ii)]
Axis: The equation of the axis of the parabola (iii) with respect to the new axes is Y = 0.
S0, the equation of the axis with respect to the old axes is y =4. [Putting Y = 0 in (ii)]

Focus: The coordinates of the focus with respect to the new axes are (X=a, Y =0)
ie., (X=1/4.Y=10)

So, the coordinates of the focus with respect to the old axes are
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(13/4, 4) [Putting X =1/4 and Y =0 in (ii)]
Directrix: The equation of the directrix with respect to the new axes is X = -a i.e,, X=-1/4.
So, the equation of the directrix with respect to the old axes is

I=—l+3::=- e 2

4
Latus-rectum: The length of the latus-rectum of the parabola (iii) is equal to 4a = 1.

[Putting X =— % in (ii)]

(ii) The given equation is

2 AY
4y* +12x-20y + 67 = 0 A
. y2+3x—5y+%={l
6? y:i
= y* -5y = - 3x - AL 11;'
/
) 5 67 (5) < Z S
= Sy+|=| =-=-3x——+|— e
o (2J 4 2 & x=-3|0
2 VY
( 5] N 42 Fig.24.19
— y——| =-3x-—
2
B} 7 .
— . i =_3 o e o |
xy 2J [ 2) )

Shifting the origin to the point (-7/2, 5/2) without rotating the axes and denoting the new
coordinates with respect to these axes by X and Y, we have

x=X-—, yYy=Y+— ..(11)

Using these relations, equation (i) reduces to Y2 =-3X ...(1i1)
This is of the form Y# = - 4aX. On comparing, we get: 4a=3=>a =3/4.

Vertex: The coordinates of the vertex with respect to the new axes are (X =0, Y =0).

So, the coordinates of the vertex with respect to the old axes are

(=7/2,5/2) [Putting X =0, Y =0 in (ii)]
Axis: The equation of the axis of the parabola with respect to the new axis is Y = 0. So, the
equation of the axis with respect to the old axes is

y =5/2 [Putting Y = 0 in (ii)]
Focus: The coordinates of the focus with respect to the new axes are (X=-a, Y =0) ie.
(X=-3/4, Y =0).So, the coordinates of the focus with respect to the old axes are

(-17/4,5/2) [Putting X =-3/4and Y =0 in (ii)]

Directrix: The equation of the directrix with respect to the new axes is X =aie. X = 7

So, the equation of the directrix with respect to the old axesisx =— % [Putting X =3/4 in (ii)]

Latus-rectum: The length of the latus-rectum of the given parabola is 4a = 3.
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(111) The given equation is
y = x% —2x+ 3

= x2—2:~:=y—3
= x2—2x+1=y—3+1
= (x-1)% = y-2 (i)

Shifting the origin to the point (1, 2) without rotating the axes

and denoting the new coordinates with respect to these axes 2: : -_‘:f
by X and Y, we obtain 0

x =X+], y=Y+2 ..(ii) vy
Using these relations, equation (i) reduces to Fig. 24.20

X =¥ ..(ii)

This is of the form X* = 4aY. On comparing, we getda=1ie.a=1/4.

Vertex: The coordinates of the vertex with respect to the new axes are (X =0, Y = 0). So, the

coordinates of the vertex with respect to the old axes are(1, 2) [Putting X =0, Y =0in (ii)]
Axis: The equation of the axis of the parabola with respect to the new axes is X = 0.
So, the equation of the axis with respect to the old axes is x =1. [Putting X =0in (ii)]
Focus: The coordinates of the focus with respect to the new axes are (X =0,Y =a) i.e.
(X=0,Y=1/4)
So, the coordinates of the focus S with respect to the old axes are
1, 9/4) [Putting X =0, Y = % in (i)]

Directrix: The equation of the directrix with respect to the new axesis Y =-a ie. Y ==1/4.
So, the equation of the directrix with respect to the old axes is

1

Y =—E+2 or y =% [Putting}’=—-i-in(ii)]
Latus-rectum: The length of the latus-rectum of the given parabola is equal to 4a =1.
(iv) The given equation is AY

% 4 2y—3x+5 =0
= x2 - 3x = - 2y =5
— I2H3x+2=—2y—5+2

4 4

¥ x24+2y-3x+5=0

Shifting the origin to the point (3/2, —11/8) without rotating the \ %
coordinate axes and denoting the new coordinates with respect to Fig. 24.21

the new axes by X and Y, we obtain

X = X+§, y = Y-% ...(ii)

Using these relations, equation (i) reduces to
X4 ==Y ...(iii)
This is of the form X? = —4aY. On comparing, we get: 4a=2i.e.a=1/2.

Vertex: The coordinates of the vertex with respect to the new axes are (X =0, Y = 0). So, the
coordinates of the vertex with respect to the old axes are:

(3/2,-11/8) [Putting X =0, Y =0 in (ii)]
Axis: The equation of the axis of the parabola with respect to the new axes is X = 0.
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So, the equation of the axis with respect to the old axes is x = % [Putting X = 0 in (ii)]

Focus: The coordinates of the focus with respect to the new axes are (X =0,Y =-a)
e (X=0,Y=-1/2). So, the coordinates of the focus with respect to the old axes are

(3/2,-15/8) [Putting X =0, Y =-1/2 in (ii)]
Directrix The equation of the directrix with respect to the new axesis Y =ai.e. Y =1/2. 5o, the

equation of the directrix with respect to the old axesis y = - % [Putting Y =1/2 in (ii)]

Latus-rectum The length of the latus-rectum of the given parabola is equal to 4a = 2.
EXAMPLE5 Find the wertex, focus, directrix, axis and latus-rectum of the parabola
y? =4dx+4y.
SOLUTION The given equation 1s

Pe=dx+dy > P-4y =4x> PP -dy+4 = 4x+4=5(y-2° = 4x+1) ..(0)

Shifting the origin to the point (- 1, 2) without rotating the axes and denoting the new
coordinates with respect to these axes by X and Y, we have

x=X+(-1),y=Y + 2 ..(11)
Using these relations equation (i), reduces to
Y2 = 4X ...(iii)

This is of the form Y* =4 aX. On comparing, we get: 4a=4 = a=1.
Vertex: The coordinates of the vertex with respect to new axes are (X =0, Y =0). So, coordinates

of the vertex with respect to old axes are(-1, 2). [Putting X =0, Y =0in (ii)]
Focus: The coordinates of the focus with respect to new axes are (X =1, Y =0). So, coordinates of
the focus with respect to old axes are (0, 2). [PuttingX =1, Y = 0in (ii)]

Directrix: Equation of the directrix of the parabola with respect to new axes is X =-1. So,
equation of the directrix of the parabola with respect to old axes is

x=-2 [Putting X =—1in (ii)]
Axis: Equation of the axis of the parabola with respect to new axesis ¥ = 0.
So, equation of axis with respect to old axes is y = 2. [Putting Y = 0in (ii)]
Latus-rectum: The length of the latus-rectum = 4.
EXAMFLE 6 Find the vertex, focus and directrix of the parabola 4 Y +12x-12y+ 39 =0.
SOLUTION The given equation 1s

4y2+12x-12y+ 39=0 = 4y* —12y =-12x -39

= 4(y? -3y) =-12x-39 = 4(3;2-3“3-}:—12::—3%9

— 4[y—§)2=-12(x+gj=r[y-—i—) =—3(I+g] (1)

Shifting the origin to the point (-5/2, 3/2) without rotating the axes and denoting the new
coordinates with respect to these axes by X and Y, we obtain

5 3 »
= X - g =Y - s
X ir ( 2] y +2 (i1)

2

Using these relations equation (i), reduces to Y: = 3% ...(111)
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This is of the form Y? = -4 aX. On comparing, we get: a= g

Vertex: The coordinates of the vertex with respect to new axes are (X =0, Y =0). So, coordinates

of the vertex with respect to old axes are(-5/2, 3/2). [Putting X =0, Y =0in (ii)]
Focus: The coordinates of the focus of the parabola with respect to new axes are
(X =— 2 ,Y=0 ]
4
S0, coordinates of the focus with respect to old axes are
[-E, EJ [Putﬁng;«:=—§,v=n in(ii]]
4 2 4

Directrix: The equation of the directrix of the parabola with respect to new axes is X = 2 So,

equation of the directrix of the parabola with respect to old axes is

.‘L'=-*% [Putting X = 3/4 in (ii)]

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

Type IV ON FINDING THE EQUATION OF A PARABOLA WHEN ITS FOCUS AND VERTEX ARE GIVEN
EXAMPLE 7 Find the equation of the parabola with vertex (2, — 3) and focus (0, 5).

SOLUTION In order to find the equation of a parabola, we need to know the coordinates of its
focus and the equation of the directrix. We are given the coordinates of focus and vertex. So, we
require the equation of the directrix. Let Z (xq, y1) be the point of intersection of axis and the
directrix. The vertex A is the mid-point of the line segment joining the focus Sand the point Z of
intersection of the axis and directrix. Therefor, (2, — 3) is the mid-point of the line segment
joining S (0, 5) and Z (xq, 1)

A
x1+0 + A
]2 = 2 and /1 5=-—3:wxl=4,y1=—11. 77 -
Thus, the directrix meets the axis at Z(4,-11). »
5+ 3 Z(xy, yy) (A2 =)
Let m, be the slope of AS. Then, my = e o - Vertex
Let mj bf—’ the slope of the directrix. Since directrix is po Mo b
perpendicular to AS.
1 1 Fig. 24.22
My = -1 = my =—— = —,
11y 4

Thus, the directrix passes through the point Z(4,-11) and has slope 1/4. Therefore, the equation
of the directrix is

y+11 :%(1—4) or,x -4y —-48=0.

Let P (x, y) be any point on the required parabola, and let PM be the length of the perpendicular
from P on the directrix. Then,

SP = PM [By definition]

x—4y—48
J12 + (- 42
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= 17 x* +17 yz -170 y + 425 = x* +1E=y2 +2304-8xy—-96x+ 384 y
=h 16x* + y* + 8xy + 96x 554y -1879=0, which is the required equation of the parabola.

EXAMPLE 8 Find the equation of the parabola whose focus is (1,— 1) and whose vertex is (2, 1). Also, find
its axis and latus-rectum.

SOLUTION In order to find the equation of a parabola, we require the coordinates of its focus
and the equation of the directrix. Here, we are given the coordinates of the focus and vertex. So,
we require the equation of the directrix. Let Z(xj, y1) be the coordinates of the point of
intersection of the axis and the directrix. Then, the vertex A(2, 1) is the mid-point of the line
segment joining Z (x¢, y;) and the focus S(1, -1).

:c12+1 ~ B sl ¥ +(=1)

=1=>x =3, y1 = 3.

N
A /
M P

{ Z(xy, ¥1) A2, 1) 501, -1)
Vertex Focus
L4
v
Directrix
Fig. 24.23

Thus, the directrix meets the axis at Z(3, 3).
Let m be the slope of the axis. Then,

my = (Slope of the line joining the focus S and the vertex A) = bt < =7 ..(1)
Slope of the directrix = - % [ -+ Directrix is perpendicular to the axis]

Thus, the directrix passes through (3, 3) and has slope - 1/2. So its equation is
y—3=—%(x~3} or, x+2y-9=0

Let P (x, y) be a point on the parabola. Then,
Distance of P from the focus = Distance of P from the directrix

= Jar-12+y+1?= | 2r2Y 2
1“|'12+22
_in2
= (=12 + (y+1)? = {“255" ?)
2 2 e R 2
— S5x*+5y"-10x+10y+10 = x*+4y " +8l+4xy-18x-36y
=5 4x*+y*—4xy+8x+46y-71 = 0, which is the required equation of the parabola.

The axis passes through the focus (1,—-1), and its slope ism; = 2. Therefore, equation of the axis is
y+1=2(x-1) or, 2x-y-3=0

Now,
Latus-rectum = 2 (Length of the perpendicular from the focus on the directrix)
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=2 [Length of the perpendicular from (1, -1)on x+2 y -9 =0]

1-2-9 10
—. = 2 K — = 4 ‘Jg'
J1+4 J5
['ype V ON FINDING THE EQUATION OF A PARABOLA WHEN ITS VERTEX AND DIRECTRIX ARE GIVEN
EXAMPLES  Find the equation of the parabola whose vertex is at (2, 1) and the directrix is x =y - 1.

SOLUTION In order to find the equation of a parabola, its focus and directrix are required.
Here, we are given it directrix and vertex. So, we first find its focus which lies on the axis. The
axis of the parabola is a line perpendicular to the directrix and passing through the vertex. The
equation of a line perpendiculartox —y +1=01is x + y + A =0. This will pass through (2, 1), if

2 14 hi=0= A==3

g

Putting A.=-3inx+y+ A =0, we obtain -

T

1M '/
X+y—-3=0 .. =L| > aichas

K

as the axis of the parabola. 1 A{‘ Y sbdy) Fc;:?if
The equation of the directrix is E: | K\“‘"xm

x-y+1=0 ...(ii) S | 1
Solving (i) and (ii), we get x =1, y = 2. So, the coordinates of K 1.0 d Fig. 24.24

are (1, 2).

Let (x4, y;) be the coordinates of the focus S. Then, A is the mid-point of KS.
x +1
2

y1+20

=2 and =1 = x =3 and y; =0

So, the coordinates of the focus S are (3, 0).

Let P (x, y) be a point on the parabola. Then,

PS = PM
= PS* = PM?
1 2
2 2 & | FATYT
=% (x=-8)" +(y-0)"/= _ﬁﬁ
=> 2(x° +4° -6x+9) = P+ +1 -2 +2x-2y¥
= ! yz -14 x + 2 y + 2 xy + 17 =0, which is the required equation of the parabola.
cxamrie o Find the equation of the parabola whose focus is (1, 1) and tangent at the vertex is

x+y=1.

SOLUTION Here, we are given the coordinates of the focus and the equation of the tangent at
the vertex. To find the equation of a parabola, we require the coordinates of its focus and the
equation of the directrix. So, we first find the equation of the directrix of the parabola from the
given components. Let S be the focus and A be the vertex of the parabola. Let K be the point of
intersection of the axis and directrix. Since axis is a line passing through S (1, 1) and
perpendicular to x + y = 1. So, let the equation of the axisbe x =y + A=0.
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This will pass through S (1, 1), if
1-1+A=0 = A=0 * A =

So the equation of the axis is

Directrix
\“.\

x—-y=0 ...(1)

. . : . e e
The vertex A is the point of intersectionof x—y=0and x + y =1. K(x;, ¥ $(1,1)

Solving these two equations, we get x =1/2and y =1/2.
So, the coordinates of the vertex A are(1/2,1/2).

1

—

X+Vy

v W

Let (x1, y1) be the coordinates of K. As A is the mid-point of SK. ;
Fig. 24.25

I1+1_1 y1+1 1

: == X1=0, y3=0
2 3" T 9 1= 51

So, the coordinates of K are (0, 0). Since directrix is a line passing through K (0, 0) and parallel to
x + y = 1. Therefore, equation of the directrix is

y—0 =-1(x-Qor, x + y = 0. (i)
Let P (x, y) be any point on the parabola. Then,
Distance of P from the focus S = [Distance of P from the directrix x + y = 0]

X+
e J{I-l)z-[-(y—].)z = —z—y“-z'-
V1©+1
= 2x2+2y2—4x—4y+4=x2+y2+2xy
= Iz+y2~—2:r:y~4x—-4y+4=0, which is the required equation of the parabola.

cxamrie il Find the equation of the parabola whose latus-rectum is 4 units, axis is the line
3x+4y—4=0and the tangent at the vertex is theline4 x -3y +7 =0.

SOLUTION Let P (x, y) be any point on the parabola and let ?“' : ey
PM and PN be perpendiculars from P on the axis and tangent S
; & Py
at the vertex respectively. Then, v | /
5| Axis

2_ S e :- e .
PM* = (Latusrectum) (PN) < Vertex | M 3x+dy-4=0 >

2
i 3x+4y—-4 L 4 4x-3y+7 . W
\{32+42 \/42+{- 3)% | o
=4 (3x+4y-4}2 = 20(4 x - 3 y +7), which is the Fig.é4.25

required equation of the parabola.

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

Type VI MISCELLANEO! S PROBLEMS ON PARABOLA
EXAMPLE 12 A double ordinate of the parabola _1;2 = 4aqx is of length 8a. Prove that the lines from the

vertex to its ends are at right angles.

SOLUTION Let PQ be the double ordinate of length 8a of the parabola yz =4ax. Then,
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PR = QR = 4a. Let AR = x7. Then, the coordinates of P and Q are
(x1, 4a) and (xq, — 4a) respectively. Since P lies on y* = 4ax.

Y A
(4&]2 = 4ax; = xq = 4a. ﬁi}hx
. 7 P4a,4a)
So, coordinates of P and Q are (44, 4a) and (4a, — 4a) respectively. | +
Also, the coordinates of the vertex A are (0, 0). X' 40,0V 5 X
i o — _r — . h_._. —
my = Slope of AP = ol =1, 5
4q -0 N
—4a-0 ey
and, my =Slope of AQ = =-1 Qtha,; ~4a)
FERERE AR = A ¥
Fig. 24.27
Clearly, mym, = —1. Hence, AP is perpendicular to AQ.
EXAMPLE 13  The focal distance of a point on the parabola yz =12xis 4. Find the abscissa of this point.

SOLUTION The given parabola is of the form yz =4ax. On comparing, we obtain 4a = 12 i.e.

a=3.

We know that the focal distance of any point (x, y) on yz =4 axis x +a.

Let the given point on the parabola yz =12x be (x, y). Then, its focal distance is x + 3.
x+3 =4= x =1

Hence, the abscissa of the given point is 1.

EXAMPLE 14 Prove that the equation to the parabola whose vertex and focus are on the x-axis at a

distance a and a' from the origin respectively is yz =4 (a' —a)(x —a).

SOLUTION Let O, A and S be respectively the origin, vertex and focus of the parabola. Then,

OA =a, OS =a'. Therefore, the coordinates of S are(4’, 0). Let KK' be the directrix of the required

parabola. Suppose SA produced meets the directrix at Z. Let the coordinates of Z be (x1, 1/7).
Then,

y1+0

=0 = xy=2a-a" and y; =0 [. Aisthe mid-point of 5Z]

So, the equation of the directrix KK'is x =x; i.e. x =24 -4

Let P(x, y) be any point on the parabola. Then, S U Pt
SP = PM [By def.] » P{I "
—2a+ﬂ" | A
= Jx-a)2 +(y-0)2 = | . "
V@ -a)% +(y -0 JT+0 | ¥ i | JAe0 %
"z o |\ S(’, 0)
= \‘(::::—.::r’)2 +y2 = {x—2n+ﬂ')2
= (x-a')2 +y? = [(x-a')-2(a—-a")] b
o 8 2 2 D ¥ ™™
= x-a)"+y =(x-a')"+4(a-a')"-4(x-a')(a-a’) Fig. 24.28 :

= y* =4@-a)la-a)-(x-a)
= y* = 4(a' —a) (x-a).

ALITER  The parabola has its vertex at (a, 0) and the length of its Latus-rectum = 4 (Distance
between foucs and vertex) =4 (a' —a). The axis is along OX. So, its equation is

{_t,a'—[l)2 = 4(a’' —a)(x—-a) or, yz =4 (a'-a) (x—a)
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EXAMPLE 15 Find the locus of the middle points of all chords of the parabola yz = 4ax which are drawn

fhmugh the vertex.

SOLUTION Let OA be a chord, drawn through the vertex and P(h, k) Y A Ay Y
be its mid-point. Let the coordinates of A be (x;, 7). Then, /
.1:1;-[] = h, yl;[} = k= x; =2h and y; = 2k X P (1, k) §
= .D' = =
So, the coordinates of A are (2, 2k). Since A lies on y2 =4 ax. \"‘x
2k)2 = 4a 2 _ oun | -
(2k)= = 4a(2h) = k a A e
Hence, the locus of (, k) is y* = 2ax. Fig. 24.29

EXAMPLE 16 An equilateral triangle is inscribed in the parabola yz = 4ax whose vertex is at the vertex

of the parabola. Find the length of its side. [NCERT EXEMPLAR]
SOLUTION Let AB =1. Then, o /};?
e . I 57
AM = fCDESU“m— and, BM = [lsin 30°=—. ,
2 & [.va0r -
- A ! % _-'ISDD M —
. NEYRN l\
So, the coordinates of B are v 1) Since, B lies on y* =4ax.So, | \
3 i 2 | Hﬁ“‘“‘*ﬁ
coordinates of B satisfy y“ = 4ax. Y v C
Fig. 24.30
2
L —4H(J_]:ﬁ | = 8a/3
EXAMPLE 17 Ifyq, ¥, Y3 be the ordinates of a vertices of the triangle inscribed in a parabola yz =4ax,

then show that the area of the triangle is Bi |(y1 =) (v2 —¥3) (¥3 —¥1)|.
a

SOLUTION Let A (xq,y1), B(xy, ) and C (x5, y3) be the vertices of AABC. Since (xq, ),
(x5, ¥») and (x5, y3) lie on the parabola. Therefore,
2 2 2
Y Lp)

2 2 2 Yj
=4qax,, =4ax, and =4ax, = X4 ="—, X =—%— and Xq =—2
1 1 ¥2 - Y3 0 4 4a £ 4q 3 da
1 [

Area of AABC = —[x1(ys —y3) + x5 (Y3 —y1) + x3 (1 — )]

v y3 y3
7 (¥2 —y3) % (V3 —¥1) = (1 —¥2)

2
1
2
1
™ — W3 (v2 —v3) + (3y3 — ¥ov3) -1 (v3 — ¥3)]
1

= o VT (2~ y3) + yay3 (2 —¥3) — 1 (v2 ~¥3)]

1
== (y2 —y3) VT + yay3 —y1 (2 + ¥3)]

1
= o~ (12~ ¥3) (U] —y1y2) + (Yay3 — Y1y3)]
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1
= (Y2 —y3) vy (v1 —¥2) —y3 (11 — o)l
1 1
= a(yz -Y¥3) (Y1 -¥2) (y1-y3) = ‘g{yl -¥2) (Y2 —y3) (y3 —¥1)
1
Hence, Area of AABC = o (1 -v2) (V2 —y3) (v3 -}ﬁ)‘

EXAMPLE 18 PQ is a double ordinate of a parabola yz = 4qx. Find the locus of its points of trisection.

>

SOLUTION Let R and S be the points of trisection of the double Y
ordinates PQ. Let (h, k) be the coordinates of R. Then,
L=h and RL=k.

% RS =RL+LS =k+k =2k

—} PR = RS = 50 = 2k

—; LP = LR+ RP = k+2k = 3k

Thus, the coordinates of P are (h, 3k). Since (h, 3k) lies on yz = 4qax.

E Y'V ik
Ik* = 4ah Fig. 24.31

Hence, the locus of (h, k) is 9y2 = 4ax.

EXAMPLE 19  If the line Ix + my +n = 0 touches the parabola yz = 4ax, prove that In = am®

[NCERT EXEMPLAR]
SOLUTION The x-coordinates of the points of intersection of the line Ix+my+n=0 or

Y =- [ L ”] and the parabola yz = 4ax are roots of the equation
m

{{ !xr: ”]}2 =4ax [On eliminating y between y = { I::; HJ and yz = 4ax]
or, 1% x? +2x (IH-ZHH‘IZ) +1n* =0
If the line Ix +my +n = 0 touches the parabola y* = 4ax, then this equation has equal roots.

4 (In ~2am? ]2 —41* n* =0 [Putting discriminate equal to zero]
= ~4alm*n+4a’°m* =0 = In=am®

24.5 SOME APPLICATIONS OF PARABOLA

Parabola has many applications in our day-to-day life. For example, if an object (projectile) is
thrown in space, then the path of the projectle is a parabola. If we know the equation of the path
of a projectile by using various properties of parabola studied in earlier sections, we can obtain
many important results like greatest height attained by the projectile, its horizontal range
reached etc.

Parabolic reflectors have the property that the light rays or sound waves coming parallel to its
axis converge at the focus and then it reflects them parallel to the axis. Due to this property,
parabolic reflectors are used in cars, automobiles, loudspeakers, solar cookers, telescopes etc.

If the roadway of a suspension bridge is loaded uniformly per horizontal metre, the suspension
cable hangs in the form of arcs which closely approximate to parabolic arcs. Therefore, parabolic
arcs are used in suspension cable bridge construction.

In this section, we shall discuss some examples on these applications
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ILLUSTRATIVE EXAMPLES

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE1 Ifa parabolic reflector is 20 cm in diameter and 5 cm deep, find tts focus. [NCERT]
SOLUTION Let LAM be the parabolic reflector such that LM is its diameter L

and AN is its depth. It is given that AN =5cm and LM = 20 cm.

: LN = 10 am 10 cm
Taking A as the origin, AX along x-axis and a line through A perpendicular ’ A
to AX as y-axis, let the equation of the reflector be S5em N ?

yz = 4_‘{1.1' ."{i}

élﬂcm
The point L has coordinates (5, 10) and lies on (i). Therefore, '
102 = 4ax5 => a =5

M
] Fig.24.32
So, the equation of the reflector is y= = 20 x.

Its focus is at (5, 0) i.e. at point N.

Hence, the focus is at the mid-point of the given diameter.

EXAMPLE2 The focus of a parabolic mirror as shown in Fig. 24.33 is at a distance of 6 cm from its vertex.
If the mirror is 20 cm deep, find the distance LM. [INCERT]

SOLUTION Let the axis of the mirror be along the positive direction of x-axis and the vertex A be
the origin.

Since the focus is at a distance of 6 cm from the vertex. Then, the . L (20, LN)
coordinates of the focus are (6, 0). Therefore, the equation of the :
parabolic section is

y? = 24x [Putting a = 6 in y* = 4ax] 5 oxi e X

\ . A5E0 Neoe

Since L (20, LN) lies on this parabola. Therefore, :

LN? = 24x 20 _
=% LN = 4430 ﬁ.:»I

LM = 2LN = 8+v30 cm. Fg. 24,09
EXAMPLE3 Anarc is in the form of a parabola with its axis vertical. The arc is 10 m high and 5 m wide at
the base. How wide is it 2m from the vertex of the parabola. [NCERT]

SOLUTION Let the vertex of the parabola be at the origin and axis be along OY. Then, the
equation of the parabola is

x% = 4ay (1)
The coordinates of end A of the arc are (2.5, 10) and it lies on the parabola (i).
(25)% = 4ax 10

625 625 5 Yo
=5 a = = ——

40 4000 32
Putting the value of 4 in (i), we obtain that the equation of the

_A@S5,10

parabolic arc is x* = -‘3 1.
504
When y =2, we obtain M an
Izzng::x:igm. Y'V
8 2

Fig. 24.34
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Hence, the width of the arc at a height of 2 m from the vertex is 2 x -‘—? m = +/5m,

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 4  The towers of a bridge, hung in the form of a parabola, have their tops 30 m above the
roadway and are 200 metres apart. If the cable is 5 m above the roadway at the centre of the bridge, find the
length of the vertical supporting cable 30 metres from the centre. [NCERT]

SOLUTION LetCABbe the bridge and X' OX be the roadway. Let A be the centre of the bridge.

Taking X'OX as x-axis and y-axis along OA, we find that the >
coordinates of A are (0, 5). Clearly, the bridge is in the shape of
a parabola having its vertex at A (0, 5). Let its equation be C; - B(100, 30)
2 : : , ;
x*° = 4qa (y - 5} “.(l} 30 m A(0, 5) EF{Sﬂr Iy 30 m
It passes through B (100, 30). X B! | X
(100)* = 4a(30-5) = a = 100. L o ¢ M
; LT < 100m J 100m _
Putting the value of a in (i), we get
2 P Y'V
x* =4 -
: Vi) =0) (i Fig. 24.35
Let | metres be the length of the vertical supporting cable 30
metres from the centre. Then, P (30, [) lies on (ii).
900 = 400[1~5) = | = 245 = = m,
4 4
29

Hence, the length of the vertical supporting cable 30 metres from the centre of the bridge is i

EXAMPLE 5 A beam is supported at its ends by supports which are 12 metres apart. Since the load is
connected at its centre, there is a deflection of 3 cm at the centre and the deflected beam is in the shape of a
parabola. How far from the centre is the deflection 1 cm? INCERT]

SOLUTION Let O be the centre of the beam in A
deflected position. Taking O as the origin OX as x-axis
and OY as y-axis. The equation representing the «— 6m —>

parabolic shape of the beam is x* = 4ay. .

3
Th. t—l-l h 6;"_ .
is passes throug Q[ 100]

\'i’wf-.~=4n:1:««:i = a=300m
100

Fig. 24.36
So, the equation of the curve representing deflected beam is x% =1200y.

Let the deflection of the beam be 1 cm =ﬁIJE m at point B. Then, the coordinates of B are

[:;: ; i}%) , where OL = x. Since B lies on the parabola x? =1200 y.

x2 =1200 x % = x =4/24 =2+/6 metres.
Hence, the deflection of the beamis 1 cm at a distance of 2./6 metres from the centre O.
EXERCISE 24.1

BASIC

1. Find the equation of the parabola whose:
(i) focusis (3, 0) and the directrixis 3 x+4 y =1
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2.

B

4.

U

10.
11.
12,

13.

14,

16.

17.

(ii) focusis (1, 1) and the directrixisx +y+1=0
(iii) focus is (0, 0) and the directrix 2 x —y -1 =0
(iv) focusis (2, 3) and the directrixx -4 y + 3 =0. [INCERT EXEMPLAR]
Find the equation of the parabola whose focus is the point (2, 3) and directrix is the line
x -4 y+ 3 =0.Also, find the length of its latus-rectum.
Find the equation of the parabola, if
(i) the focusis at (- 6, — 6) and the vertex is at (- 2, 2)
(ii) the focus is at (0, — 3) and the vertex is at (0, 0)
(iii) the focus is at (0, - 3) and the vertex is at (-1, - 3)
(iv) the focusis at (a, 0) and the vertex is at (a’, 0)
(v) the focusis at (0, 0) and vertex is at the intersection of the lines x + y =1and x — y = 3.
Find the vertex, focus, axis, directrix and latus-rectum of the following parabolas
() y* =8x (i) 4 x> +y=0 (iii) y> =4y -3x+1=0

(iv) y2-4y+4x=0 (v]y2+4x+4y-3=ﬂ (vi)yz = 8x + 8y

(vii) 4(y-1)* = -7 (x-3) (viii) y> = 5x -4y -9 (ix) x* +y = 6x-14

BASED ON LOTS

For the parabola y? = 4 px find the extremities of a double ordinate of length 8 p. Prove that
the lines from the vertex to its extremities are at right angles.

Find the area of the triangle formed by the lines joining the vertex of the parabola x? =12 y

to the ends of its latus-rectum. INCERT EXEMPLAR]

Find the coordinates of the point of intersection of the axis and the directrix of the parabola
whose focus is (3, 3) and directrix is 3 x — 4 y = 2. Find also the length of the latus-rectum.

At what point of the parabola x* =9y is the abscissa three times that of ordinate ?
Find the equation of a parabola with vertex at the origin, the axis along x-axis and passing
through (2, 3).

Find the equation of a parabola with vertex at the origin and the directrix, y = 2.

Find the equation of the parabola whose focus is (5, 2) and having vertex at (3, 2).

The cable of a uniformly loaded suspension bridge hangs in the form of a parabola. The
roadway which is horizontal and 100 m long is supported by vertical wires attached to the
cable, the longest wire being 30 m and the shortest wire being 6 m. Find the length of a
supporting wire attached to the roadway 18 m from the middle. [NCERT]

BASED ON HOTS
Find the equations of the lines joining the vertex of the parabola yz = 6x to the point on it
which have abscissa 24. [NCERT EXEMPLAR]
Find the coordinates of points on the parabola y* = 8x whose focal distance is 4.

[INCERT EXEMPLAR]
Find the length of the line segment joining the vertex of the parabola yz = 4axand a point on

the parabola where the line-segment makes an angle 0 to the x-axis. [NCERT EXEMPLAR]

If the points (0, 4) and (0, 2) are respectively the vertex and focus of a parabola, then find the
equation of the parabola. [NCERT EXEMPLAR]

If the line y =mx + 1 is tangent to the parabola yz =4x, then find the value of m.
[INCERT EXEMPLAR]
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ANSWERS

. (1) 16x>+9y*-24xy—144x+8y+224=0
(i) x> +y> —2xy-6x -6y +3=0
(i) x> +4y> +4xy+4x-2y-1=0
(iv) 16 x> + y* + 8 xy —74 x -78 y + 212 = 0.

2 1622 +y? +8xy—74x ~78y + 212 =0, L.R.=%.
3. () @Qx-y)? +4(26x+ 37 y—-31)=0
(iii) y* + 6y -4 x+5=0
(v) (x + 2 y)* + 40 x — 20 y —100 = 0.
4. vertex focus axis
(1) (0,0) (2,0) y=0
i (0, 0) (0, -1/16) ;
(iii) (-1,2) (-1/4,2) y=2
(iv) (1,2) (0,2) y=2
{'Vl) {_ 2: 4); (01 4) i
(vii) 3,1) (41/16,1) y=1
(viii) (1,-2) (9/4,-2) y==2
(ix) (3,-5) (3,-21/4) x=3
5. (4p, 46) , (4p, —46) 6. 18 sq
8. 3,1) 9. 2y* =9 9. 2y% =9x

11. y*> -4y —-8x+28=0
14. (21’ 4)! (2,*-—4)

12, 9.11 m (approx.)
15. 4a cosec 0-cot 0 16. x* + 8y =32

(ii) x*=-12y
(iv) Y =—4(a -a) (x-a)

directrix L.R.
x=-2 8
y=1/16 1/4

7
I=_E 3
x &2 B
4 x=11 4
x+4=0 8
x=55/16 7/4
4x+1=0. 5
4y +19=0 1
. (B1)
5, B

10. x? =— 8y
13. x+2y =0
17. m=1

__HINTS TO SELECTED PROBLEMS

6. Required Area = % (Lt 8 = -]'_jx 12 x 3 =18 sq. units [See Fig. 24.37)
2= 12y MY
\ nY T > 100m <—
| | P (=50, 30) =0 . ' Q (50, 30)
/ C (0, 30)
L' (-6,3) \ |92 16,3 |

\

|
\ i / 30m A (0, 6y (18, 1)
< \\‘:h“"-\-__r'""df 4 > T E;hm
X' ‘-D ¥ < | 5 L2 M >
X X
VY VA
Fig. 24.37 Fig. 24.38
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Let X'OX be the bridge and PAQ be the suspension cable (See Fig. 24.38). The suspension
cable forms a parabola with vertex at (0, 6). So, let the equation of the parabola formed by
suspension cable be

(x-0)* =4a(y-6) (i)
It passes through P (-50, 30) and Q (50, 30).

2500 =4a (30 - 6) = 4n=@

Substituting this value of 44 in (i), we get: 1% = Eigg (y — 6) ...(ii)

Let LM be the supporting wire attached at M which is 18 m from the middle O of the bridge.

Let the coordinates of L be (18, ). It lies on parabola (ii). Therefore,

182 =29 1 _¢) = 1-6=311 = 1=911m.

24

. The parabola y* = 6x is symmetric about x-axis. So, for a given abscissa there will be two

points on the parabola as shown in Fig. 24.39. Let P and Q) be two points on the parabola
whose abscissa is 24. Let their coordinates be (24, y;) and (24, - y;) respectively.

AY
_ g
- P(24,wy)
= — >
X 0N _ X
2 yz = bx
S
1 Q(24,-yy)
Fig.24.39

Since P (24, y;) lies on y* = 6x. Therefore, ;> =6x 24 = y; =12. So, the coordinates of P

and Q are (24, 12) and (24, —12) respectively. The equations OP and OQ are

1208 oM i adE12-0
24-0 24-0

(x-0) or, x=2y and x =- 2y respectively.

.. Comparing yz = 8x with 3,.'2 = 4ax, we obtain 4a = 8 or a = 2. The focal distance of any point

P(x,y) u.'::-ny2 =4axisa+ x.Therefore, a+x=4= 2+x=4= x =2 Putting x =2i1'|lyr2 = 8x,
we obtain y =+ 4. Hence, the coordinates of required points are (2, 4) and (2, —4).

5. Let P (x, y) be a point on the parabola yz = 4ax such that the segment OP makes an angle 6

with x-axis. Then,

tanB=SlnpeofDP::wtanﬂ=—-—_—ﬂ-=:: y =xtan 6. Y A g\;ﬁ’ﬁ
x-=0 - y2 = dax
Since P (x, y) lies on yz = 4ax. Therefore, ;«’I/.B
(x tan 0) =4ax = x =4acot?> 0= y =4acotd X DF\ T 2
e,
Thus, the coordinates of P are (44 cot? 0, dacot 0). | x‘“*mh-ﬂ,
v Y

Hence, OP = a.p'xz - yz = J 16a% cot* 0 + 16:12 cot® 0 = 4a cosec 0 cot 0 Fig. 24.40
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_FILL IN THE BLANKS TYPE QUESTIONS (FBQs)

The coordinates of the points on the parabola yz = 8x whose focal distanceis 4 are ............... .

.. If the points (0, 4) and (0, 2) are respectively the vertex and focus of a parabola, then the
length of its latusrectum is ........cccocvenvirrvnnnnnene

. If the vertex of a parabola is at the origin and directrix is x+5 =0, then its latusrectum is

The latusrectum of the parabola whose directrix is x + y—2 =0 and the focus is (3, —4) ,

+. The equation of the parabola with focus (3, 0) and the directrix x + 3 = 01S ..ccccevvirecrevaireans
If a double ordinate of the parabola y2 =4ax is a length 8a, then the angle between the lines
joining the vertex of the parabola to the ends of this double ordinateis ..........c.coceccuvnuennne
The focal distances of points on the parabola yz =16x whose ordinate is twice the abscissa,

. The coordinates of the end-points of the latusrectum of the parabolax® + 8y =0 are............

The coordinates of the point on the parabola yz =18x whose ordinate is three times the
ADSCISEA, AL  arerrseossesesransasssssssssnan o

1), The equations of the latusrectum and the tangent at the vertex of a parabola are x+y =8
and x + y =12 respectively. The length of the latusretum is .......ccccoerviiiviirinnnan .

If the vertex of the parabola y = x? —16x + k lies on x-axis, then k = .................ccsmmmmsnannes -
The equation of the axis of the parabola 2x* +HY =X+ A =018 iisisinississisiomsisioies

The equation of the directrix of the parabola X SN Y T =038 i e
1. The equation of the parabola whose focus is the point (2, 3) and directrix is the line

x=4y+3=0,is. b [INCERT EXEMPLAR]
The equation of the parabnla havmg fucus at (-1, -2) and the directrix x - Zy-s- 3=0is
[INCERT EXEMPLAR]
ANSWERS
. (D), 4% 2./8 3. 20 4, 32 Lyt =12x
90° 74,8 5 (-4,-2)and (4, -2) 9. (2,6)
10. 842 11. 64 12. x:% 13, y=3
16x2+y2+8xy—?4x—?8y+212={] 15. 4:::2+4xy+y2+4:::+32y+16=0

VERY SHORT ANSWER QUESTIONS (VSAQSs)

Answer each of the following questions in one word or one sentence or as per exact requirement of the
question:

.. Write the axis of symmetry of the parabola y* =

gl

2. Write the distance between the vertex and focus of the parabola yz +6y+2x+5 = 0.

3. Write the equation of the directrix of the parabola x* -4x -8y +12 = 0.
Write the equation of the parabola with focus (0, 0) and directrix x + y -4 = 0.
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oy

~ Write the length of the chord of the parabola y* = 4ax which passes through the vertex and

is inclined to the axis at E

6. Ifb and c are lengths of the segments of any focal chord of the parabola yz = 4ax, then write

the length of its latus-rectum.

7. PSQ is a focal chord of the parabola yz = 8x.1f SP = 6, then write SQ.

3. Write the coordinates of the vertex of the parabola whose focus is at (- 2, 1) and directrix is
thelinex+y-3 = 0.

J. If the coordinates of the vertex and focus of a parabola are (-1, 1) and (2, 3) respectively,
then write the equation of its directrix.

10. If the parabola y2 =4ax passes through the point (3, 2), then find the length of its

latusrectum.
I1. Write the equation of the parabola whose vertex is at (-3, 0) and the directrix is x +5 = 0.

— % ; . ANSWERS
. x-axis 3. 1/2 3.y=-1  4.x*+y*-2xy+8x+8y—-16=0 5.4V2a
6. :% 7. 3 8.(-1,2) 9. 3x+ 2y +14 =0 0. 4/3
11 y* =8 (x+ 3)

MULTIPLE CHOICE QUESTIONS (MCQs)

Mark the correct alternative in each of the following:

I. The coordinates of the focus of the parabola yz -x—-2y+2=0are

(a) (6/4,1) (b) (1/4, 0) (c) (1,1) (d) none of these
2. The vertex of the parabola (y + ﬂ')z =8a(x —a)is
(a) (—a, —a) (b) (a, —a) (c) (—a, a) (d) none of these
5. If the focus of a parabola is (-2, 1) and the directrix has the equation x + y = 3, then its
vertex is
(@) (0, 3) (B)e(-1,1/2) (c) (-1, 2) (d) (2,-1)

t. The equation of the parabola whose vertex is (4, 0) and the directrix has the equation
X+ y=3a,is

(@) x% +y* + 2xy + 6ax + 10ay + 7a*> = 0 (b) x* —2xy + y2 + 6ax + 10ay ~7a> = 0
(c) x* - 2xy + yz — 6ax + 10ay - 7a® = 0 (d) none of these

5. The parametric equations of a parabola are x =% 4 1, y =2t + 1. The cartesian equation of
its directrix is
@x=0 (b) x+1 =0 €y =0 (d) none of these

6. If the coordinates of the vertex and the focus of a parabola are(- 1, 1) and (2, 3) respectively,
then the equation of its directrix is
(@) 3x+2y+14 = 0 (b) 3x+2y-25 =0
(c) 2x-3y+10 = 0 (d) none of these.
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10.

s =

13.

14,

15.

16.

17.

18.

19,

20.

-y B

. The locus of the points of trisection of the double ordinates of a parabola is a

(a) pair of lines (b) circle (c) parabola (d) straight line

The equation of the directrix of the parabola whose vertex and focus are (1, 4) and (2, 6)
respectively is

(@) x+2y = 4 b) x-y =3 (c) 2x+y =5 (d) x+3y = 8
. If V and S are respectively the vertex and focus of the parabola y2 + 6y + 2x +5 =0, then
SV =
(a) 2 (b) 1/2 (c) 1 (d) none of these
The directrix of the parabola x® = dx ~ 8y +12=0is
() y =0 (b) x =1 (€ y=-1 (d) x = -1

The equation of the parabola with focus (0, 0) and directrix x + y =4 s

(a) x* +~1,.e2 -2xy+8x+8y-16 =0 (b) x2 +_yr2 -2xy+8x+8y =0

(c) x2+y2+8x+8y—16=0 (d) xz—y2+8x+8y—16=0

The line 2x — y + 4 =0 cuts the parabola yz =8xin P and Q. The mid-point of PQ is

{a] (1.-' 2) (b) {1.r - 2) {C) {_lr 2) (d) (_1: = 2)

In the parabola y? = 4 ax, the length of the chord passing through the vertex and inclined to
P Yy & P & &

the axis at /4 is
(@) 4v2 a (b) 242 a (c) V2 a (d) none of these
The equation 16x° + yz + 8xy —74x =78y + 212 = O represents

(a) a circle (b) a parabola (c) an ellipse (d) ahyperbola
The length of the latus-rectum of the parabola yz +8x -2y +17 =0is

(a) 2 (b) 4 (c) 8 (d) 16

The vertex of the parabola X + 8% + 12y +4=01is

(a) (-4,1) (b) (4,-1) (c) (=4,-1) (d) (4,1)

The vertex of the parabola (y - 2}:E =16(x-1)is

(@) (1,2) (b) (=1, 2) () (1, -2) (d) (2,1)

The length of the latus-rectum of the parabola 4y® +2x -20y +17 =0 is

(a) 3 (b) 6 (c) 1/2 (d) 9

The length of the latus-rectum of the parabola x> —4x — 8y +12 = 0is

(a) 4 (b) 6 (c) 8 (d) 10

The focus of the parabola y = 2x% + xis

(a) (0, 0) (b) (1/2,1/4) (c) (-1/4,0) (d) (-1/4,1/8)
Which of the following points lie on the parabola x* =4ay?

(a) x = n-tz, y =2at (b) x = 2at, y = at*

c) x = 2at?, y = at (d) x = 2at, y = at?
(c) y y
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22. The equation of the parabola whose focus is (1, —1) and the directrixisx + y +7 =0 1s
(@) x* +y* —2xy-18x-10y = 0
(c) x> +y* -18x-10y—45 = 0

(b) x> -18x -10y —45 = 0
(d) x? + y* - 2xy —18x 10y —45 = 0

23.

The area of the triangle formed by the lines joining the vertex of the parabola x* = 12y to the

ends of its latusrectum is

(a) 12 sq. units (b) 16 sq. units (c) 18 sq. units (d) 24 sq. units

[INCERT EXEMPLAR]

. The equations of the lines joining the vertex of the parabola y2 = 6x to the points on it which

have abscissa 24 are

(@) y=2x=0 (b) 2y x=0 (c) x+2y=0 (d) 2x+y =0

INCERT EXEMPLAR]

. The focus of the parabola is (0, - 3) and directrix is y = 3, then its equation is

(a) x* = -12y (b) x2 =12y (c) yz =-12x (d) _1;2 =12x

If the vertex of the parabola is the point (-3, 0) and the directrix is the line x +5 =0, then its
equation is

(a) y* =8 (x+3) () Y =-8(x+3) (d) y*=8(x+5)

INCERT EXEMPLAR]

(b) x* =8 (y+3)

27. If the parabola yz = 4ax passes through the point (3, 2), then the length of its latusrectum is
(a) % (b) % (c) 15 (d) 4 [NCERT EXEMPLAR]
ANSWERS
1. (a) 2. (b) 3. i(c) 4. (b) 5. (a) 6. (a) T () 8. (a)
9. (b) 10. (¢) 11. (@) 12. (¢) 13. (a) 14. ) 15. (¢) 16. (b)
17. (a) 18B. (¢ 193(c) 20. (c) , 2% (d) 22. (d) 23. (¢) 24. (b)
25. (a) 26. (a) 27. (b)
ACTIVITIES

ACTIVITY-1

OBJECTIVE To construct a parabola when distance between its focus and directrix is given.
MATERIALS REQUIRED Hardboard, chart paper, hammer, nails, nylon thread etc.

STEPS OF CONSTRUCTION

Step I Take a rectangular sheet of hard board and cover it with a chart paper.

Step II Let the distance between the focus and directrix be 2a. Draw a horizontal line X' X on
the chart paper and mark two points S and Z on XX’ at a distance 2a apart. Mark A as
the mid point of 5Z.

StepIll ~ Draw a vertical line K' K through Z to denote the directrix of the parabola.

Step IV Mark number of points Py, P,, P5,..., P, on AS and draw vertical lines through these
points as shown in Fig. 24.41.

Step V. Taking S as centre and radius equal to ZP;, draw arcs cutting the perpendicular

through P; at A; and Aj.
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Step VI

Step VII

KT As A
| -'dl;l_ ,.“"l B
! Ay A7
| "‘2/{/
.-’.,/ |
I|'
2 e
\ | |
Al
A
r‘t‘;{\ﬁ
Sl
As Ay
v K o
Fig.24.41

Repeat step V for points Py, P3, Py, P; and Pg and mark points Ay, Ay; A3, A3; Ay Ay;
As Az and Ag Ay on both sides of line X' X.

Fix nails on the points A, A}, Ay, A5, A3 Aj,...,Ag, Ag and join foot of the nails by a
nylon thread to get the shape of a parabola.

STEPS OF DEMONSTRATION

Step 1 S denotes the focus, K’ K denotes the directrix and X' X is x-axis.

StepIll A denotes the vertex of the parabola.

Step I SA; =SA} = ZP;. So points A, and A] are equidistant from the focus S and directrix
KK'. Similarly, A, A5, Ay, A3, Ag Ay, ......, Ag, Ag are equidistant from the focus S
and directrix KK'. So, all these points lie on the parabola.

ACTIVITY-2

OBJECTIVE To construct a parabola when its focus and directrix are given.
MATERIALS REQUIRED Hardboard, chart paper, hammer, nails, nylon thread etc.

STEPS OF CONSTRUCTION

Step 1
Step 11

Step III

Step IV

Step V

Step VI

Take a rectangular sheet of hardboard and cover it with a chart paper.

Mark a point S in the centre of the chart paper and draw a horizontal line passing
through S. Also, draw a line K'K perpendicular to the horizontal line through S at
some constant distance to the left of point S.

Mark some points A1, Ay, A3, Ay, A;, Ag on the vertical line K' K.

At point Ay, draw a perpendicular to the line K' K. Join A;S and draw perpendicular
bisector of A;S, meeting the perpendicular through A, at P;. Fix a nail at P;.

Repeat step IV by taking points Ay, A3,...,Ag on K'Kand get points P, P3, ..., Pg. Fix
nails at these points.

Join foot of the nails at P;, P,, ..., P; by a nylon thread to get the shape of a parabola.

STEPS OF DEMONSTRATION Point P, lies on the perpendicular bisector of SA;.

=

=

SPl e A]PI
P, is equidistant from point S and line K' K.
P, lies on the parabola with focus S and directrix K' K.

Similarly, points P,, P, ..., P4 lie on the parabola.
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Fig. 24.42

ACTIVITY-3

OBJECTIVE To construct a parabola.

MATERIALS REQUIRED Thin Plywood board, coloured chart paper, nails, nylon thread. scale,
marker, pencil etc.

STEPS OF CONSTRUCTION

Step I

Step Il
Step III

Step IV
Step V

Take a thin plywood board of size 30 cm x 30 cm (say) and cover it with coloured chart
paper.
Draw two line segments at an angle of about 55°.

Divide each line segment into the same number of parts say 24 with the help of a
marker.

Fix nails on the points of division of the two line segments.

Using a nylon thread join the foot of first nail on one line segment to the foot of the last
nail on the other line segment, the foot of the second nail on one to the foot of the last
second on the other and so on. The shape so formed is the shape of a parabola as
shown in Fig. 24.43.
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STEPS OF DEMONSTRATION
Step | AB and AC are two line segments inclined at an angle of 55°.

Step I  AB and AC are divided into 24 equal parts. Along AB, the points of division are
numbered from 1 to 24 whereas along AC they are numbered from 24 to 1 as shown in
Fig. 24.43. At the points of division of both AB and AC nails are fixed.

Step Il The foot of the nails at equally numbered points of division are joined together. For
example, 1isjoined with 1,2 with 2, ..., 24 with 24. By doing so, we obtain the shape of
a parabola.

T\ T

AL TIVITIY-4
OBJECTIVE  To construct different conic sections.
MATERIALE REQUIRED Drawing sheet, scissors, hardboard, adhesive etc.

STEPS OF CONSTRUCTION
Step I Take a drawing sheet and cut five pieces from it each in the form of a sector a circle.
Fold each piece to form right circular cone. Also, construct a double right circular cone

as shown in Fig. 24.44.

Generator /
I/?‘nﬁ : \ CGenerator
/ | \\ Semi vertical X
/ angle
/ X ~—Y Vertex
\
| ] \
/ \ ‘_\_ axis
/ \ \
.:'____,.. S -H.HIW.,‘ H,J \l\'-,l
— a2
Fig.24.44

SteplI ~ Take one of the five right circular cones and fix it on the hardboard. Take a plane sheet
and cut the cone in such a way that it is perpendicular to the axis of the cone. We find
that the section is a circle as shown in Fig. 24.45.

A
/\
/ \
."Ir A /
= -"’ f_-_-ﬁ'"}a. J/
/ / b an_j___..- "'I"I.I I _I,n:r
Fi / \
' il ,r"l \ /
/ \
/ \
oy R~ S|
4 o
e -
-~ i
Fig. 24.45 Fig. 24.46

Step Il Take another cone and fix it on the hardboard. Take plane sheet and cut the cone in
such a way that a < <90°, where o is the semi-vertical angle of the cone and B is the
angle between cutting plane sheet and the axis of the cone. In other words, the cutting
plane is tilted slightly. The section of the cone in this case is an ellipse as shown in

Fig. 24.46.
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Step IV Take third circular cone and fix it vertically on the hardboard take a plane sheet and
place it such a way that it is parallel to a generator. The section will be a parabola as
shown in Fig. 24.47.
LR e
l;"f ﬂ."h : . "“-,__;? \ ""‘{-_.—---—'—"r !Ill"-,
f’fr .f"f- f“ff}" / k. \
EXr TN 7\
i p I_.l_.-"".f L‘- I-"‘l ,."'".II 1 \
S L5 4
A
k. &L f ) AN, DY
M i 4 7 = F. I ""-._
a%_.a Il_ \ IIiI' : _:'-.-1"!"/
.-“H.f; I1_:' =
Fig. 24.47 Fig. 24.48
StepV ~ Takeadouble right circular cone and a plane sheet. Cut the double circular cone by the

plane sheet in such a way that sheet is parallel to the axis of the cone. We observe that
the sheet cuts the lower and upper cones and the section obtained is a hyperbola as
shown in Fig. 24.48.

_ SUMMARY

B

v LN

0.
. Following are four standard forms of parabola:

]

. A parabolais the locus of a point which ;'.s:eauid-ista.r;t from a fixed point {c_alled focus) and a

fixed line (called directrix).
Thus, if (o, B) is the focus and ax + by + ¢ = 0 is the equation of the directrix of a parabola,
then its equation is

oy _ =(ﬂx+by+c)2
(x—a)® +(y -P) et

This equation is of the form
ax® + 2hxy + byz + 2¢x + 2 fy + ¢ = 0 satisfying the conditions
abc + 2fgh — af 2 -bgz ~ch* # 0 andh® —ab = 0.

Axis : The straight line passing through the focus and perpendicular to the directrix is called
the axis of the parabola.

Vertex: The point of intersection of the parabola and its axis is called the vertex of the
parabola.

1. Latus-rectum : A chord passing through the focus and perpendicular to the axis is called the

latus-rectum.
Focal chord : Any chord passing through the focus of a parabola is called its focal chord.
Double ordinate : Any chord perpendicular to the axis of a parabola is called double ordinate.

B y:=4ax Yy =-4ax x2=4ay x2=-4ay
Coordinates of vertex (0, 0) (0, 0) (0, 0) . (0,0)
Coordinates of focus (a, 0) (—a,0) (0, a) (0, —a)
Equation of the directrix x=-a x=a y=-a y=a
Equation of the axis y=0 y=0 x=0 x=0
Length of the Latus-rectum | da da 4a 4da
Focal distance of a point P (x, i) | a+ x a-—x a+y a -1y
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