ELLIPSE

25.1 INTRODUCTION

In previous chapter, we have discussed that an ellipse is a particular case of the conic
ax? + 2hxy+by2 +2g¢x + 2fy + ¢ =0 when abc + 2fgh —af -bgz ~ch* # 0 and h? <ab. The
analytical definition of an ellipse is as follows.

ELLIPSE  An ellipse is the locus of a point in a plane which mouves in the plane in such a way that the
ratio of its distance from a fixed point (called focus) in the same plane to its distance ~ » Z

from a fixed straight line (called directrix) is always constant which is always less M| Axy)
than unity. | .

|
The constant ratio is generally denoted by e and is known as the eccentricity of Ao
the ellipse. %

If S is the focus, ZZ' is the directrix and P is any point on the ellipse, then by &

I
o v Z
deflruhons " Fig. 25.1

—— =¢ = SP =e.PM
PM

ILLUSTRATION 1 Find the jguaffan of the ellipse whose focus is (1, 0), the directrixisx+y+1=0
and eccentricity 1s equal to1/~2

SOLUTION Let S (1, 0) be the focus and ZZ' be the directrix. Let P (x, y) be any point on the
ellipse and PM be perpendicular from P on the directrix. Then, by definition

1
SP = e¢-PM, wheree = — N
2 Pi—_ 2
= SP% = ¢* PM? B :
5 | S(1,0)
2 2 1 *+y+1 + |
= X=1)""4+ (y=-0)° =|—= =
N Ry = (0] SR 3
= 4[(1—1)2+y2] ={x+y+1}2 Fi;zg.z
— 4x1+4y2-81+4=x2+y2+1+2xy+2x+2y

=5 312+3y2—2xy—10x—2y+3={1
This is the equation of the required ellipse.

) g |
Y

25.2 EQUATION OF THE ELLIPSE IN STANDARD FORM *. + 2 = 1

B e
Let S be the focus, ZK the directrix and e the eccentricity of the ellipse whose equation is
required. Draw SK perpendicular from S on the directrix. Divide SK internally and externally at
A and A’ (on KS produced) respectively in the ratio e : 1.

e S (i)
AK 1
and, 4 _ L . 54 = e AK (i)

ax 1
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Since A and A’ are such points that their distances from the focus bear constant ratio ¢ (< 1) to
their respective distances from the directrix. Therefore these points lie on the ellipse.

Let AA' =2 aand C be the mid-point of AA'. Then, CA =CA' =a
Adding (i) and (ii), we get
SA + SA' = e(AK + A'K)

= 2a = e(CK-CA+A'C+CK)= 2¢CK [ CA=A'C =4]
= CK = = ..(iii)
e

Subtracting (i) from (ii), we get
SA"'-5A = e¢(A'K-AK)
=5 (SC + CA') - (CA-CS) = e(AA")
=5 2C5 = 2aq8 = €8 = ge -(iv)
Now let us choose C as the origin. CAX as x-axis and a line CY perpendicular to AA’ as y-axis.

Therefore, coordinates of S are (ae, 0) and equation of the directrix ZKis x = £
e

Let P (x, y) be any point on the ellipse. Join SP and draw PM L ZK. Then, by definition of the

ellipse
P Y A

SP = e PM A2’ AZ
= SP? = ¢? pM? B0, b)
2 2 2 RN Pxy) |
— SP= = ¢*(NK) ' Y = M
- Sp? =¢? (CK —CN)2 X | S'(-ae, 0) \ | X
" 3 | -— i PELES i o =
. k| \ACa,0) C S@ON 7 [k
= (:r—msz i (y~ﬂ)2 = ez(—-x] i |
e 3 | e 3 :
| | 00t B8 e LS A ) )
- x*(1-¢%) + yz = a%(1-¢%) (- ;[‘"(ﬂr—l’l sl
2 7 W _ L 4
g 1f_z T ; T o
a a- (1 —e”) Fig. 25.3
IZ yz
— — 2 = 1, where b* = a* (1 - ¢?). This is the standard equation of the ellipse.
a
nO 1L We have, e <1. Therefore, 1 —e* <1 = a* (1- ez) <a* = b* <a
25.2.1 TRACINGOF THE ELLIPSE
1*2 2
We have, =+ Y =1, wherea > b (i)
2> e
b 2
y =1z = a* - x2 ..(ii) and, x = % —g- -,,,'bz —yz ..(iii)
a

In order to trace the ellipse (i), we observe the following points:

(a) Symmetry: For every value of x there are equal and opposite values of y [see (ii)]. Similarly,
for every value of y there are equal and opposite values of x [see (iii)]. Thus, the curve is
symmetric about both the axes.

(b) Origin: The curve does not pass through the origin.

(c) Intersection with the axes: The curve meets x axis at y = 0. Putting y = 0 in (iii), we getx = + a.
So the curve meets x-axis at A (a, 0) and A’ (- a, 0). Putting x = 0 in (ii), we get y = + b. So, the
curve meets y-axis at B (0, b) and B’ (0, - b).
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(d) Region: If x > aor x <—a, from (ii) we get imaginary values of y. Therefore, there is no part
of the curve to the right of A or to the left of A’.If y > b or y < - b, from (iii) we get imaginary
values of x. Therefore, there is no part of the curve above B (0, b) or below B’ (0,-b).

From (ii), we find thatat x =0, y = + b and as x increases the values of y decrease and y = 0 at
x = a. Therefore, the curve is a closed curve.

With the help of the above facts and by joining some convenient points on the ellipse, the
2 2

general shape of the ellipse ::2 + i 5 =1is as shown in Fig. 25.3.

25.2.2 SECOND FOCUS AND SECOND DIRECTRIX OF THE ELLIPSE

In Fig. 25.3 of an ellipse let P (x,1 )b ea point on the curve. Then as discussed above , we have
2 2
X y .
—_— 4+ = 1 ---{l}
a* a* (1- Ez]

where CA =CA' = aand e is the eccentricity of the ellipse and the point S and the line ZK are the
focus and directrix respectively. Let §' and K’ be points on the x-axis on the side of C which is

opposite to the side of 5 such that CS' =ae and CK' = E.
e

Let Z/KLCK,PM'1LZ'K as shown in

Fig. 25.4.Join Pand §'.Clearly PM’' =NK' =x+~. % | e
e
Now, equation (i) can be written as
x? (1 —Ezj + yz = a* (1 —Ez}

= X2 + y> + e =a* + x> f
> (:r:2 + 2 qex + a° ez)+y2 =a® + 2 aex + e* x*
=5 (x + ﬂt‘r‘)z + yz = (a+ e,x)2

2 2 2 a :
= (x+ae)” +(y—-0)"= e (x+—)

e v x=-a/e YV v

= s'p? ="¢? pMm2 Fig. 25.4
=5 S'P = e PM' = Distance of P from S’ =e (Distance of P from Z'K')

Hence, we would have obtained the same curve had we started with 5§’ as focus and Z’' K’ as

directrix. This shows that the ellipse has a second focus S’ (—ae, 0) and a second directrix

a
X=-—,
e

25.2.3 VERTICES, MAJOR AND MINOR AXES, FOCI, DIRECTRICES AND CENTRE
2 2

For the ellipse :rz +2 5
a“ b
VERTICES The points Aand A’ in Fig. 26.4 where the curve meets the line joining the foci S and S', are
called the vertices of the ellipse. The coordinates of A and A’ are (a, 0) and (- a, 0) respectively.

MAJOR AND MINOR AXES In Fig. 25.4 the distances AA' = 2aand, BB' =2 are called the major
and minor axes of the ellipse.

Since e <1 and b? =a? (1 -E'E). Therefore, a>b = 2a>2b = AA' >BB'.

FOCI InFig. 25.4, the points S (a¢, 0) and §' (—ae, 0) are the foci of the ellipse.

=1, a>b, we have the following definitions of some terms.
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. : a a
DIRECTRICES ZKand Z'K' are two directrices of the ellipse and their equations are x = —and x = — —

& e
respectively.

CENTRE  Since the centre of a conic section is a point which bisects every chord passing through it. In
2 2

case of the ellipse IE / 5 =1 every chord, passing through C is bisected at C (0, 0). Therefore, C is the
a- b
centre of the ellipse in Fig. 25.4 and it is the mid-point of AA'.

g 2
ECCENTRICITY For the ellipse :-:2 + ¥ i 1, we have
a b

: 2 L flgg Minor axis |’
b* =a* (1-32) = ezzl-—-'li-— = ¢? =1—£=1—(—] —- EJI ~[ 'nrax'r,s]
Major axis

25.2.4 ORDINATE, DOUBLE ORDINATE AND LATUS-RECTUM
; , + X2 o
We have the following terms associated to the ellipse —- + %) =1,a>b:
a
ORDINATE AND DOUBLE ORDINATE Let P be a point on the ellipse and let PN be perpendicular
to the major axis AA' such that PN produced meets the ellipse at P'. Then, PN is called the

ordinate of P and PNP' the double ordinate of P.
LATUS-RECTUM 1t is a double ordinate passing through the focus.
In Fig. 25.4, LSL' is the latus-rectum and LS is called the semi-latus-rectum. M5 M' is also a

2 2
latus-rectum. The coordinates of L are (ae, SL ). As L lies on the ellipse Iz i 5 =1, the
a
coordinates of L will satisfy the equation of the ellipse.
2 2
), L4
a b

2 4 27
= (SL)? =b2(1—ez}=bsz—2_% s b2 =at(1-e?) = 1_:33:%
a- a as |

2 2
=5 SL = b—=SL'=b— [~ SL=SL']

a a

2
Hence, Length of the latus-rectum LL'=2 (5L) = -:'l =2a(l —e }
a
25.2.5 FOCAL DISTANCES OF A POINT ON THE ELLIPSE

The distances of any point on the ellipse from its foci are known as its focal distances.

THEOREM  The sum of the focal distances of any point on an ellipse is constant and equal to the length of
the major axis of the ellipse.

2 2
PROOF  Let P (x, y) be any point on the ellipse I?_ + : 5 =1 (see Fig. 25.4). Then,
{
SP=¢ePM = ¢(NK) = e(CK-CN) = (E—xj=n—ex (i)
é
and, S'P=ePM =e(NK) = e(CK +CN) [ ) abex o

SP + §'P =a —ex + a + ex = 2 a =Major axis (= Constant)
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Hence, the sum of the focal distances of a point on the ellipse is constant and is equal to the

length of the major axis of the ellipse.

REMARK  On account of this property, a second definition of the ellipse may be given as follows:

An ellipse is the locus of a point which moves in such a way that the sum of its distances from two fixed

points (foci) is always constant.

25.3 EQUATION OF ELLIPSE IN OTHER FORMS

2 yZ

In the equation of the ellipse % +<2-=1,ifa >bora* >b* (denominator of x*is greater than that

a b2

of yz}, then the major and minor axes lie along x-axis and y-axis respectively as shown in

Fig. 25.4. But, if a < b or a* < b* (denominator of

is less than that of yz], then the major axis of

the ellipse lies along the y-axis and is of length 2 b and the minor YA
axis along the x-axis and is of length 2 a. The coordinates of foci R Fo¢ f
S and S are (0, be) and (0, — be) respectively. The equations of the B(0, b)
directrices ZK and Z' K' are y =2 and y = =7 respectively. The
e e
WTW $ (0, be
eccentricity e is given by the formula X »
A A (-a,0) A@0)"
a* =E?2(1—-r:'2]|::- & = il—ﬂ—2 5’{[],—Je]
b
The shape of the ellipse is shown in Fig. 25.5. /
Vari it eelnted to the alligaas =AY =1 (25 : =i
arious results related to the ellipses 3 + iy (a>b) Yy
Fig. 25.5
12 yz
and g - % = 1, (a < b) are given in the following table for ready reference.
: 2.2 g
%+y—2=l,a}b ¥ + ¥ _=1,a<b
Coordinates of the centre (0,0) (0, 0)

Coordinates of the vertices
Coordinates of foci

Length of the major axis
Length of the minor axis
Equation of the major axis
Equation of the minor axis

Equations of the directrices

Eccentricity

Length of the latusrectum

Focal distances of a point (x, ¥)

(a,0) and (- a, 0)
(ae, 0) and (- ae, 0)

2b

(0, b) and (0, - b)
(0, be) and (0, — be)
2b
2a
x=0
y=0

b b

— = d _ = =
4 Eaﬂ / e
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SPECIAL FORM If the centre of the ellipse is at point (h, k) and the directions of the axes are parallel to

2 a2
c-0*  w-k* _ .
2 EJZ

the coordinate axes, then its equation is
a

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

Type I ON FINDING THE EQUATION OF AN ELLIPSE WHEN ITS FOCUS, DIRECTRIX AND
ECCENTRICITY ARE GIVEN

. | . :
EXAMPLE 1 Find the equation of the ellipse with focus at (1, 1) and eccentricity 3 and directrix

x —y+ 3 =0.Also, find the equation of its major axis.

SOLUTION Let P (x,y) be a point on the ellipse. Then, by using the definition of ellipse, we
obtain

SP = e PM AZ
Here e = %, coordinates of S are (1, 1) and the equation of the directrix is M ----F_{x' 4
x-y+3=0. 1 o S(1,1)
SP = — PM +
2 i
o Je TP 1|
2 \/12 +(=1)% Fig.25.6

= 8[(x-1)2 +(y-1)?%] = (x-y+3)?

— ?.r2+7y2+2xy—22x—1[1y+? =0
This is the required equation of the ellipse.

The major axis is a line perpendicular to the directrix and passing through the focus. Therefore,
the equation of the major axisis y —1=-1(x-1)

or, x+y—-2=0.

EXAMPLE 2 Find the equation of the ellipse whose eccentricity is 1/2, the focus is (-1, 1) and the
directrix is x —y + 3 = 0.

SOLUTION Let P (x, y) be any point on the ellipse whose focus is S(-1,1) A

and eccentricity P,y
e = 1/2. Let PM be perpendicular from P on the directrix. Then, =g ;
<2 iPM | S(-1,1)
= SP = — (PM) |
2 | x-y+3=0
¥ 4(SF)" = PM° Fi;EE.?
2
X—y+3
=5 4 {x+1)2+(y—1}2}=__
{ 1{'12 - {—1)2
= 8(x%+y? +2x -2y +2) =(x -y + 3)*
= 7x2 +7y* +10x-10y + 2xy +7 = 0

This is the required equation of the ellipse.
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['ype Il  ON FINDING THE VARIOUS ELEMENTS OF AN ELLIPSE WHEN ITS EQUATIONS IS GIVEN

EXAMPLE S For the following ellipses find the lengths of major and minor axes, coordinates of foci,
vertices and the eccentricity:
(i) 16x% + 25y% = 400 (ii) 3x% +2y% = 6 (iii) x* +4y® -2x = 0
SOLUTION (i) We have,
2 2
16x2 +25y% =400 = — + L =1 (i)
25 16
xE yz 5
This is of the form 5 bz =1, where a* =25 and b* =16ie.a=5and b = 4. Clearly, a > b,
a

therefore the major and minor axes of the ellipse (i) are along x and y axes respectively.
Length of major axis = 2a = 10, Length of minor axis = 2b = 8.

The coordinates of the vertices are (a, 0) and (-4, 0) i.e. (5, 0) and (-5, 0).
Let e be the eccentricity of the ellipse. Then,

2
e = I-b-—=1f1—1—6-=-—
V a* 25

The coordinates of the foci are (ae, 0) and (-ae, 0) i.e. (3, 0) and (-3, 0).
(ii)) We have,

2. .2
31242 =6 = 4L =1 (i)
4 2 3
z7 ., I 2
This equation is of the form —- + 5 = 1, wherea® =2and b* = 3i.e.a =2 and b = /3. Clearly,
a

a < b, so the major and minor axes of the given ellipse are along y and x-axes respectively.
Length of the major axis =2b = 23, Length of the minor axis =2 = 22

The coordinates of the vertices are (0, b) and (0, -b) i.e. ({} \/_} and (0, - /3).

The eccentricity e of the ellipse is given by e 1‘1 - Eﬁ 1’1 ——

The coordinates of the foci are (0, be) and (0, -be) i.e. (0, 1) and (0, —1)
(ili) We have,
% 43;2 -2x =0

:_(:1-—1) (y - U) i

¥ {1{2) (1)

= (x2 —2x+1)+4y? =0+1 = (x-1)2 +4(y-0)? =

Shifting the origin at (1, 0) without rotating the coordinate axes, we have

r = X+1 and y=Y+U (1)
" i
Using these relations in (i), it reduces to 5+ - 1 ..(iii)
1 (1/2)
2 YZ

=1 where a2 —landbz—lmle a=land b=1/2.

Clearly, this equation is of the form 32 bz

We find that a > b. So, the major and minor axes of the ellipse (iii) are along X and Y axes
respectively.
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Length of the major axis = 2a = 2; Length of the minor axis = 2b = 1.

2
L] L] L] L] 1 3
The eccentricity e is given by e = 1—?_ R ) [
a® 4 .2

The coordinates of the vertices with respect to the new axes are (X =1,Y =0)
and (X =-1,Y =0). So, the coordinates of the vertices with respect to the old axes are (2, 0) and

(0,0) [Putting X=1, Y =0and X=-1, Y = 0 separately in (ii)]
The coordinates of the foci with respect to the new axes are
V3 V3 . :
X=—,Y=0 d| X=—-—-,Y=0 Coordinates of foci are (+ ae, 0
{ 7 an Ne) [ ( )]

So, the coordinates of the foci with respect to the old axes are

[\EH, DJ and [1—@, D} {PutﬁngXH%,Yﬂin(ii}]

EXAMPLE4  Show that x* + 4};2 + 2x + 16y + 13 = 0 s the equation of an ellipse. Find its eccentricity,
vertices, foci, directrices and, the length and the equation of the latus-rectum.
SOLUTION We have,
x? +4y2 +2x+16y +13=0

= (2 +2x+1)+4 (2 +4y+4) = 4
(x+ 1)2 . (y + 2}2

2F 1*
Shifting the origin at (-1, —2) without rotating the coordinate axes and denoting the new
coordinates with respect to the new axes by X and Y, we have

= (x+1)2+4(y+2)?% =4 =

=1 ()

x =X-1 and y =Y -2 ..(ii)
2 YI
Using these relations, equation (i) reduces to ok 1 k1)
2 1
¥ 78
This is of the form Ta 2 =1, wherea=2and b= 1.
a

Thus, the given equation represents an ellipse. Clearly, a > b. So, the given equation represents
an ellipse whose major and minor axes are along X and Y axes respectively.

2
Eccentricity: The eccentricity eis givenby ¢ = 1-D~2— = 1-;11‘ = %
a

Vertices: The vertices of the ellipse with respect to the new axes are (X=%+a, Y =0) ie.
(X=%2, Y =0). So, the vertices with respect to the old axes are given by
(£2-1,-2)ie.(-3,-2)and (1,-2) [Putting x =+2, y =0 in (ii)]

Foci: The coordinates of the foci with respect to the new axes are givenby (X =+ ae, Y =0)i.e.
(X =++/3, Y =0). So, the coordinates of foci with respect to the old axes are given by

(+4/3 =1, =2 [Putting X =+ +/3, Y =0 in (ii)]
Directrices: The equations of the directrices with respect to the new axes are X =+ ud ie.

e
X=% iS So, the equations of the directrices with respect to the old axes are



4 L . 4
x =t—-1lie.x=—=-1 and x = —— -1 Putting X =+ — in (ii
5 = = [ g = in }]
2% 2
Length of the latus-rectum: The length of the latusrectum =— == =1

Equations of Latus-recta: The equations of the latusrecta with respect to the new axes are
X = *ae i.e. X = +4/3. 50, the equations of the latus-recta with respect to the old axes are

x =%J3-1ie.x =43-1 and x = -4/3 -1. [Putﬁngx=i-\[§in(ii}]
CXAMPLES Find the eccentricity, centre, vertices, foci, minor axis, major axis, directrices and
latus-rectum of the ellipse 25x% + 9y* —150x — 90y + 225 = 0.

SOLUTION The equation of the ellipse is
25x% + 9y* —150x — 90y + 225 = 0

= 25x2 —150x + 9y% —90y = —225
25 (x% — 6x) + 9 (y% —10y) =—225
- 25 (x% — 6x + 9) + Y(y* —10y + 25) =225 + 225 + 225

U

2 2
s 25 (x—3)2 +9(y-5)2 = 225 = & '93} L ;;) o1 ()

Shifting the origin at (3, 5) without rotating the coordinate axes and denoting the new
coordinates with respect to the new axes by X and Y, we obtain

x =X+3 and y =Y +5 ...(i1)
2 2
Using these relations, equation (i) reduces to =g Y—z- =1 ...(1ii)
3 5
. )l ) ) e I, :
This is of the form 5+ 8 = 1, where a“ =3¢ and b“ =5°. Clearly, a < b. So, equation (iii)
a

represents an ellipse whose major and minor axes along Y and X axes respectively.
Eccentricity: The eccentricity e is given by

2
B lrﬂ—:Jl—i:E
V b2 BV 5

Centre: The coordinates of the centre with respect to new axes are (X =0, Y =0). So, the
coordinates of the centre with respect to old axes are (3, 5).

Vertices: The vertices of the ellipse with respect to the new axes are (X=0,Y =+b) ie.
(X=0,Y =+5). So, the vertices with respect to the old axes are

(3,5+5) ie. (3,0) and (3,10) [Putting X =0, Y =+ 5in (ii)]

Foci: The coordinates of the foci with respect to the old axes are (X=0,Y =+be) i.e.
(X =0,Y =+ 4). So, the coordinates of the foci with respect to the old axes are

(3,+4+5) ie (3,1) and (3,9) [Putting X =0, Y =+ 4 in (ii)]
Directrices: The equations of the directrices with respect to the new axesareY =+ %i.e. Y=+ sz
So, the equations of the directrices with respect to the old axes are

y=i%+5 :'.E.y=—g~ and y=%. [Putﬁng]’=i% in{ii):l

Axes: Lengths of the major and minor axes are: Major axis = 2b = 10, Minor axis = 2a = 6.
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Equation of the major axis with respect to the new axes is X = 0. So, the equation of the major axis

with respect to the old axes is x = 3. [Putting X=01in (ii)]

The equation of the minor axis with respect to the new axesis Y = 0. So, the equation of the minor

axis with respect to the old axesis y = 5. [Putting Y = 0in (ii)]
2¢> 2x9 18

Latus-rectum: The length of the latus-rectum = R =

The equations of the latus-recta with respect to the new axesareY = tae i.e. Y = 1 4.50,the
equations of the latus-recta with respect to the old axes are

y=+4+5ie. y=1 and y = 9. [Putting Y =+ 4 in (ii)]
EXAMPLE 6 Find the eccentricity, foci and the length of the latusrectum of the ellipse
:r2+4y2+8y—2:r+1=[].

SOLUTION The given equation of the ellipse is

:::2+4y2+8yﬁz:t:+1=[]

—- x2—2x+4y2+8y=—1
= (x> -2x+1) + 4(y* +2y+1) = -1+1+4
2 2
2 - (x -1) (y+1)~ :
— (x-1)° + 4(y+1)° =4 2 + 72 = 1 ckd)

Shifting the origin to (1, - 1) without rotating the axes and denoting the new coordinates with
respect to these axes by X and Y, we obtain

xr=X+113=Y <=1 ..(11)
X W
Using these relations equation (i) reduces to— Wisgt= 1
2 1
x? yz -
This is of the form —- + 'S =1, where a > b. On compairing, we get
a

a® =22 andb® =1=a=2andb = 1.

Let e be the eccentricity of the ellipse. Then,
V3

b2 = a*(1-¢%) = 1=4(1-¢%) = e = =

The coordinates of foci with respect to new axes are (X =xae, Y =0) ie., (X=% J3, Y =0).
So, coordinates of foci with respect to old axes are(1 + /3, —1) [Putting X = +4/3,Y =0 in (ii)]

2 2
Length of the latus-rectum = - 2(;} =1.
a
IE yl
EXAMPLE 7 Find the distance between the directrices the ellipse — + o =1,
INCERT EXEMPLAR]

e 2 2
SOLUTION Comparing the given equation with - + == =1, we obtain a” = 36 and b~ = 20.

& b

Let e be the eccentricity of the ellipse. Then,
b2 =a* (1-e%) = 20=36(1-€%) = 36e*=16=¢ =%

Distance between the directrices = 28 = ;‘;: =18
e
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BASED ON LOWER ORDER THINKING SKILLS (LOTS)
Type III ON FINDING SOME ELEMENTS OF AN ELLIPSE FROM GIVEN ELEMENTS
EXAMPLE 8 If the eccentricity of an ellipse is g and the distance between its foci is 10, then find the

latusrectum of the ellipse. INCERT EXEMPLAR]

2 2
SOLUTION Let the equation of the required ellipse be x_z + 9’_2 =1 and let e its eccentricity.
a“ b
Wehave,e=%and2ﬂe=10 =3 e=% and ae =5 = e=i— and a=8

b2 =22 (1—-¢2) = b> =64(1 -%):39

2
Hence, length of the latusrectum = i 2x ::} — ?f
a

EXAMPLE 9 If the latusrectum of an ellipse is equal to half of minor axis, find its eccentricity.
INCERT EXEMPLAR]

2 2

SOLUTION Let the equation of the ellipse be ‘T—z + %T =1 and let e be its eccentricity.
a

It is given that
Latusrectum = % (Minor axis)

2% 1
= —=—
a 2

V3
2

(2b) = 2b=q =% 4b% = a* = 4q* (1 —ez) == 4-4¢*=1=4e°=3>¢
Hence, the eccentricity is T?’

Type IV ON FINDING THE EQUATION OF AN ELLIPSE WHEN SOME OF ITS ELEMENTS ARE GIVEN

EXAMPLE 10 Find the equation of the ellipse whose axes are along the coordinate axes, vertices are
(£ 5, 0) and foci at (£ 4, 0).
2 2

SOLUTION Let the equation of the required ellipse be :::2 + g 5 =1 ()
a

The coordinates of its vertices and foci are (+ a, 0) and (+ ae, 0) respectively. But, the coordinates
of vertices and foci are given as (£ 5, 0) and (+ 4, 0).

A =%rand ge =¥ = E=§

Now, b? =a?(1-¢%) = b? = 25(1—12%] = 9,

2 2

Substituting the values of a* and b? in (i), we obtain % + -‘% =1, which is the equation of the
required ellipse.
EXAMPLE 11 Find the equation of the ellipse whose axes are along the coordinate axes, vertices are

(0, £10) and eccentricity e =4/5.
2 2

SOLUTION Let the equation of the required ellipse be ;2 + i": 5= (1)
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Since the vertices of the ellipse are on y-axis. So, the coordinates of the vertices are (0, = b). But,
the coordinates of vertices are given to be (0, + 10).
b = 10,

Now, a%=b%(1-e%)= a* =1nu[1 -%): 36
2 2

Substituting the values of a* and b* in (i), we obtain :;6 + 1{_} i 1 as the equation of the required

ellipse.

EXAMPLE 12 Find the equation of the ellipse whose axes are along the coordinate axes, foci at (0, £ 4)
and eccentricity 4/5.
2 2
SOLUTION Let the equation of the ellipse be IE +2 5 =1 (1)
a“ b
The coordinates of the foci are (0, + 4). This means that the major and minor axes of the ellipse
are along y and x axes respectively and the coordinates of foci are (0, * be).

be = 4= b(4/5 = 4= b = 5. [+ e = 4/5]

Now, a° =b%(1-¢2) = a* = 25[1-%} =5

2 2
Substituting the values of a* and b? in (i), we obtain 2 + i — 1 as the equation of the required

ellipse.

EXAMPLE 13 The foci of an ellipse are (+ 2, 0) and its eccentricity is1/2, find its equation if it is given
that its centre is at the origin and axes are along the coordinates axes.
2 2

SOLUTION Let the equation of the ellipse be IZ + ‘: 5 =1.The, coordinates of its foci are (< ae, 0).
a
But, the coordinates of foci are given as (+ 2, 0).
HE=2=:=HH%=2:>H=4. [+ e=1/2]

Now, b?% = a° (1—62) = b% = 16[1-4%} =92,

2 2 2 2

g B 1nq. TANY _ . h . .
Substitutinga =4 and b —1211:1‘12«1-b2 1 we obtain 16+12 1 as the equation of the ellipse.

EXAMPLE 14  Find the equation of the ellipse with foci at (£ 5, 0) and x = ? as one of the directrices.

[NCERT EXEMPALR]

2 2
SOLUTION Let the equation of the ellipse be .1*_2 + -*E-j— =1 and let ¢ be its eccentricity. The
a
coordinates of its foci and the equations of the directrices are(+ ae, 0) and x = + a/e respectively.
But, it is given that the coordinates of foci are(+ 5, 0) and the equations of one of the directrices is
x = 36/5.

HE=5EII'IdE=—3§§ — ﬂE?{E=5xﬁ = a>=36= a=6

e e

Now, b*=a> (1—&2) = b? =q* —{ﬂﬂ)z =36-25=11 = b=411
1.2 IZ IE yz

Substituting a = 6 and b =+/11 in 5 ;2 =1, we Dbtaiﬂnﬁ*kﬁ =1 as the required equation.
a

EXAMPLE 15 Find the equation of the ellipse whose axes are parallel to the coordinate axes having its centre
at the point (2, — 3) one focus at (3, — 3) and one vertex at (4, - 3).
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SOLUTION Let2aand 2b be the major and minor axes of the ellipse. Then, its equation is
(=2* (3 _

1 (1)
a* b
Clearly, CA =a (= Semi-Major axis) A
= \/(4 ~)%2+(-3+3)2% =a=a =2 .. B
Since the distance between the focus and centre of an |
ellipse is equal to ae, where e is the eccentricity. ¥ s S | 5G,-3) 5
CS=ae Cl(2,-3)

= \/{2“ 3%+ (-3+3)* =ae = ae =1 ..(ii)

From (ii) and (iii), we get : e =—.

Fig. 25.8

Now, b2 = ﬂz{l—ez}:a b? = 4[%&):3.

(-, N

Substituting the values of a and b in (i), we obtain 2

= 1, as the required

equation of the ellipse.
BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 16  Find the equation of the set of all points the sum of whose distances from the points (3, 0)
and (9, 0) is 12.

SOLUTION Let P(x, y) be a point such that the sum of its distances from 5(3, 0) and 5’ (9, 0)
is 12. i.e. PS+ PS' =12

5 V=32 +(y-0)2 +(x=9)% +(y-0)? =12 e

= Jx=3)2 +y? =12—(x-9)% + 2 P, y)

=5 (x—3)2 +y2 =144 24 J(x-9)% + 2 +((x-9)% + 12 ’ Sy 3
= (-2 + A -{(x-92+ 1) =144-24 (x-9)? + A ik
= 12x-72=144-24,(x~9)% + 1> Fig:E:.B

= 12v-216==-24 (x-9)® + 1>

=> x-lB=—2J(:r:—9)2+y2

= (x-18)% =4 {(x-9)% + ]

— x? —36x + 324 =4x> ~72x + 324 + 4};2

= 3x% - 36x+ 4};2 = (), which is the required equation.

ALITER  We know that the sum of the focal distances of a point on the ellipse is constant equal
to major axis. Therefore, the curve is an ellipse having its foci at 5(3, 0) and ' (9, 0) and major

axis 2a =12. The distance between the foci S and S’ is 6.

20e = 6= 12&':6::*&:%

Now, b%=a*(1-e?)= b>=36 [1 -%) — 97

The centre of the ellipse is the mid-point of segment SS'.So, the coordinates of centre are (6, 0).
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Hence, the equation of the ellipse is
(x-6)°  (y-0)°
62
EXAMPLE 17  Find the equation of the ellipse whose centre is at the origin, foci are (1, 0) and (-1, 0) and
eccentricity is1/2.

SOLUTION Here coordinates of two foci S and §' are (1, 0) and (- 1, 0) respectively. Therefore,

SS'=2. Let 2a and 2b be the lengths of the major and minor axes of the required ellipse and e be

the eccentricity. Then, S5' =2aq¢ = 2ae=2 = ae=1= ﬂ[%)ﬂl =% g=2

=1] or, 3x2 + 43;2 - 36x=0

Let P (x, y) be any point on the ellipse. Then,
5P + 8P = 24 [See section 25.2.5]
= SP + §'P =4 [+ a=2]

= \/(Imljz +{y~—[])2 + \/(I+1)2 +(y—ﬂ)2 =4

= Jx-1)2+y? =4—(x+1)% + y? P(x, )

NY
= [Ja-12+92} ={a-J@r?ep?] X ol | x
A'\ S§(-1,000| 51,0 /A
= (x-l)z+y2=16—8J(:r+1)2+y2+(:-:+1J2+y2 K_/

B-i

= {(1‘*1)2 +y2} —{(:ncarll)l2 + y2}=16 —8{\/(.1* 31)" 4 yz} VY
Fig. 25.10

= —4x =16 - 8{\/(“1)%;;3}

=X + & = 2{\/(.1'+1)2 +y2}
= (x+4)* =4 {(.‘r +1)% 4 yz} =3x? +4y2 ~12 =0, which is the required equation of the ellipse.

ALITER LetS(1, 0)and S' (-1, 0) be the foci of the ellipse and e be its eccentricity. The centre of
the ellipse is the mid-point of segment SS'.So, the coordinates of the centre are (0, 0). Let 2z and
2b be the lengths of major and minor axes of the ellipse.

Now, 88'=4(-1-1)2+(0-0)% =2

= 20 =2 = ﬂE=1=}ﬂx%=1:} a=2 [ e=%{given}:|

Now, bZ=a%(1-e?%) :4(1—&] =3

% a2
Hence, the equation of the ellipse is % - % =1.

EXAMPLE 18  Find the equation of the ellipse whose foci are (2,3), (-=2,3) and whose semi-minor
axis is \/5.

SOLUTION Let S and §' be two foci of the required ellipse. Then, the coordinates of S and §' are
(2,3) and (- 2, 3) respectively. Therefore, SS' = 4

Let 2a and 2b be the lengths of the axes of the ellipse and ¢ be its eccentricity. Then,
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D' = aei=yRap =4 = gg =2
Now, bzzaz{l—ez) = 5=4%-22 = =3

Let P (x, y) be any point on the ellipse. Then,
SP 4+ §'P =2 [See section 25.2.5]

= Jx-22+@y-32 + J(x+22 +(y-3) = 6

= {(x—2)2+(yf3}2}—{{x+2}2+(y-3}2} 36 - 12{J(x+2}2+(y-3}2}

= -8x = 36 -12{\f(x+2)2+{y—3)2}

= 2x+9% = 9{(x+2)%+(y-3)3}

=> 5x%+9 yz -54 y + 36 = 0, which is the required equation of the ellipse.

EXAMPLE19 A rod AB of length 15 cm rests in between two coordinate axes in such a way that the end
point A lies on x-axis and end point B lies on y-axis. A point is taken on the rod in such a way that AP =6

cm. Show that the locus of P is an ellipse. Also, find its eccentricity. [NCERT]
SOLUTION Let the coordinates of A and B be (a, 0) and (0, b) respectively. Let the coordinates
of P be (h, k). YA
We have, AP =6 cm and AB = 15 cm. B (0, b)
BP = 9 cm.
Since P (h, k) divides AB in the ratio 6 : 9. Therefore,
e 28 and k2N
15 18
15h 15k 5h 5k i
= a=—and b= —=a=—and b = — Fig. 25.11
9 6 3 2 i

Applying Pythagoras Theorem in A OAB, we obtain

2512 . 25k2
4

0A2 +OB?2=AB% = 2% +b%2 =152 = =152 = 4h? +9k% =324

Hence, the locus of P (h, k) is 4x* + 9y* = 324. Clearly, it represents an ellipse.

2 2
Now, 4x2+9y2 = 304 = 2 g =1
81 36
2 a2
Comparing this equation with —- + Y_ = 1, we obtain
i b

=8l and b2 =36 = a=9 and b =

b"- V5
Let e be the eccentricity of the ellipse. Then, ¢ = |[1 —— 1-— ek
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EXAMPLE 20 Anarc is in the form of a semi-ellipse. It is 8 m wide and 2m high at the centre. Find the
height of the arch at a point 1.5 m from one end.

SOLUTION Let ABA' be the given arc such that AA’ =8 m and OB = 2 m. Let the arc be a part of
2 2

the ellipse ‘:2 + *: 5 = 1. Then,
Al' =8m =3 28=8=a=4and, OB=2m = b = 2
2 FZ
So, the equation of the ellipse is P + 7 =1 =)
We have, to find the height of the arc at point P such that AP =15 m. In other words, we have to
find the y-coordinate at P. YA
OA =4m and AP =15m B
T~ M (25, PM)
OP =0A-AP =(4-15 m= 25m. " B 9 N
g x ¥\ X
Thus, the coordinates of M are [E : PM]. B A\ ol 131 tg}'a g
Since M lies on the ellipse (i). Therefore, -y kﬁ!l_‘!___ .E.__f - ¥
25  PM* _ Tk
4x16 4 F8:28:12
2 2
U ol B ..alV O () P
4 64 4 64 16 4
Hence, the height of the arc at a point 1.5 m from one end is @ .
EXAMPLE 21 A man running a race-course notes that the sum of the distances from the two flag posts
from him is always 10 metres and the distance between the flag posts is 8 metres. Find the equation of the
path traced by the man. [NCERT]

SOLUTION Clearly, the path traced by the man is an ellipse having its foci at two flag posts. Let
the equation of the ellipse be

.1'2 2

¥ 2 2. .9
H2+bz—l,whereb = a° (1 -¢°)

It is given that the sum of the distances of the man from the two flag posts is 10 metres. This
means that the sum of the focal distnaces of a point on the ellipse is 10 m.

20 =10 = ga=35 [- Sum of the focal distances of a point = 2a]
It is also given that the distance between the flag posts is 8 metres.
20e = 8= ae = 4 [+ Distance between two foci = 2ae]
Now, b2 =a?(1-e’)=>b? =a?-a*?e* =25-16 = 9
2 2

Hence, the equation of the path is ;5 + yg = 1.

EXAMPLE 22 A bar of given length moves with its extremities on two fixed straight lines at right angles.
Show that any point on the bar describes an ellipse. [NCERT EXEMPLAR]

I_"q 3
5,
L
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SOLUTION Let ABbe a bar of length I which slides between the coordinate axes and let P (h, k)
be a point on the bar such that PA =aand PB =b. Let ZOAB = 0. Then, ZMPB = 6.

In A's ALP and PMB, we obtain AY
smﬁz%mdcmﬁ:% BN,
k h \E?\
e sinf =—and cos 0 =-— M| | {.fh,kj
i b : I A
: i3 3 32 Bl kel IR
= sm29+c0529=%+fl—2~¢ hz+k2 =1 x O L 4 x
g1 D b®™ @ vy

Fig. 25.13

2 2
Hence, the locus of P(h, k) is ;—2 + 1!’_2 =1, which is an ellipse.
a

EXAMPLE 23 A straight rod of given length slides between two fixed bars which include an angle of
90°. Show that the locus of a point on the rod which divides it in a given ratio is an ellipse. If this ratio be
1/2, show that the eccentricity of the ellipse is 2/ 3.

SOLUTION Let the two lines be along the coordinate axes. Let PQ be the rod of length a such
that ZOPQ = 0. Then, the coordinates of P and Q are(a cos 0, 0) and (0, a sin 0) respectively. Let

R (h, k) be the point dividing PQ in the ratio A:1. Then,

huacnsﬂ andk_lﬂsinﬁ Yo
A+1 A+1 ' Q(0,asin8)
7 . k N\
— cosf = —(A+1)andsin ® = — (A +1)
a ai “R(hK)
i 9
2 2 X | o, X
= cnszﬁ+sinzﬂ=£2—(}.+1)2+ 5 2(“1)2 ol Pacos 0)
a a= X
VY
hz k2 FIQ.E5.14
— + = 1
2 2
_a | oA
A+1 A+1
1‘2 2
Hence, the locus of (h, k) is P = 1, whichis an ellipse. Let e be the eccentricity

of this ellipse. Then,

[ al\ )2 3

—— i 2
1 ( a \2 a

(A+1) 4 '

1 1«3

, we obtain e —_—
2 4 2

When A =

|l
(-
I
i
Il
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EXAMPLE 24 A point moves so that the sum of the squares of its distances from two intersecting
straight lines is constant. Prove that its locus is an ellipse.

SOLUTION Let us assume that the two intersecting lines
intersects at the origin and they are equally inclined with

the positive direction of x-axisi.e. ZXOA =ZX0OC = 6.

The equations of lines OA and OB are respectively <
y = xtan © and y = —xtan 0

or, xsinB-ycosB® = 0and xsinO+ycosB = 0

Let P (h, k) be a variable point such that the sum of the

squares of its distances from OA and OB is constant. eSS
i.e. PL? + PM? =252 (constant)
2 2
[ hsin O —kcos0 } { hsin 0 + k cos O ] y)
Jsinzﬂﬂmszﬂ \/sin29+cnszﬂ
=% (1 sin 0 —k cos 0) + (h sin 0 + k cos 0)% = 232
2 2
=5 h% sin® 0+ k* cos® 0 = 3% = 2}: 7 +2k2 =_1
A" cosec“ O A" sec” ©
1,2 y2
Hence, the locus of (h, k) is : - = 1, which is an ellipse having its centre at

()cosec 0)2  (%sec 0)>
the intersection point of the given lines.

EXERCISE 25.1

e —— - e i ==

BASIC

1. Find the equation of the ellipse whose focus is (1, - 2), the directrix 3x -2y +5=0 and
eccentricity equal to1/2.

2. Find the equation of the ellipse in the following cases:

(i) focusis (0, 1), directrixis x+ y=0and e =%.

(i) focusis (-1, 1), directrixisx -y + 3=0ande =%_

(iii) focusis (-2, 3), directrixis2x+ 3y+4=0ande =§.

(iv) focusis (1, 2), directrixis 3x+4y—-5=0and e =%.

3. Find the eccentricity, coordinates of foci, length of the latus-rectum of the following ellipse:
(i) 4x*+9y* =1 (i) 5x* +4y> =1 (iii) 4x% + 3y* =1

(iv) 25 x* +16 y* =1600. (v) 9x? + 25y% =225 [NCERT EXEMPLAR]

4. Find the equation to the ellipse (referred to its axes as the axes of x and y respectively)

which passes through the point (- 3, 1) and has eccentricity E

5. Find the equation of the ellipse in the following cases:
(i) eccentricity e = % and foci (+ 2, 0)

(ii) eccentricity e = % and length of latus-rectum = 5
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~]

10.

11.
i A

13.

14.

15,

16.

17.

18.

19.

(iii) eccentricity e = 5 and semi-major axis = 4

(iv) eccentricity e = % and major axis = 12

(v) The ellipse passes through (1, 4) and (-6, 1).

(vi) Vertices(+5, 0), foci(+ 4, 0) [NCERT]
(vii) Vertices(0, +13), foci (0, +5) [NCERT]
(viii) Vertices(* 6, 0), foci (% 4, 0) [NCERT]
(ix) Ends of major axis (£ 3, 0), ends of minor axis (0, * 2) [NCERT]
(x) Ends of major axis (0, + +/5), ends of minor axis(+ 1, 0) [NCERT]
(xi) Length of major axis 26, foci(+ 5, 0) [NCERT]
(xii) Length of minor axis 16 foci(0, + 6) [NCERT]
(xiii) Foci(+ 3,0),a=4 [NCERT]
Find the equation of the ellipse whose foci are (4, 0) and (-4, 0), eccentricity =1/3.

. Find the equation of the ellipse in the standard form whose minor axis is equal to the

distance between foci and whose latus-rectum is 10.

. Find the equation of the ellipse whose centre is (- 2, 3) and whose semi-axis are 3 and 2
when major axis is (i) parallel to x-axis (ii) parallel to y-axis.
. Find the eccentricity of an ellipse whose latus-rectum is

(i) half of its minor axis (ii) half of its major axis.

Find the centre, the lengths of the axes, eccentricity, foci of the following ellipse:

() x> +2y*-2x+12y+10=0 (i) x> +4y* —4x+24y+31=0
(iii) 4x*> +y* -8x+2y+1=0 (iv) 3x>+4y>-12x-8y+4=0

(v) 4x% + ltfuy2 -24x-32y-12 = 0 (vi) x? 3§ 4];2 -2x =0

BASED ON LOTS

Find the equation of an ellipse whose foci are at (+ 3, 0) and which passes through (4, 1).
Find the equation of an ellipse whose eccentricity is 2/3, the latus-rectum is 5 and the centre
is at the origin.

Find the equation of an ellipse with its foci on y-axis, eccentricity 3/4, centre at the origin
and passing through (6, 4).

Find the equation of an ellipse whose axes lie along coordinate axes and which passes
through (4, 3) and (-1, 4).

Find the equation of an ellipse whose axes lie along the coordinate axes, which passes
through the point (-3, 1) and has eccentricity equal to ,/2/5.

Find the equation of an ellipse, the distance between the foci is 8 units and the distance
between the directrices is 18 units.

o5 4
Find the equation of an ellipse whose vertices are (0, = 10) and eccentricity e = 5
BASED ON HOTS

A rod of length 12 cm moves with its ends always touching the coordinate axes. Determine
the equation of the locus of a point P on the rod, which is 3 cm from the end in contact with
X-axis.

2 .
Find the equation of the set of all points whose distances from (0, 4) are = of their distances

from the liney =9. [NCERT EXEMPLAR]
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ANSWERS

1. 43x% +48y* +12xy—134 x + 228 y + 235 =0
2. () 7x*+7y*-2xy-16y+8=0 (i) 7x*+2xy+7 y*+10x =10y +7 =0
(iii) 325(x* +y* +4x-6y+13)=16 (2 x + 3y + 4)*

(iv) 91 x* + 84 y* — 24 xy —170 x — 360 y + 475 =0

s 0enBfs8 ) 2 @ embinegkg) s
T 1 ). V3 : 3
{m)e-zf(ﬂ,in_} > (w}e— ,(0, £6);
4 18

(V]f=§ (£ 4, 0); — 4.3x2+5y2=32

5

5. (i) 3x%+4y>=48 (iii) 3 x% +4 y? =48
2 2

(vi) ';5+Fg =1

(ii) 20 x* + 36 y* =405

(iv) 3x2+4y2=108 (V) 3x2+?y2=115

2 2 v2 2 2 2

X y: iy & = s A
Viil + =Y | 1X + =
V) 142 * 169 V) 35 * 20 ¥ T+
2 2 2 2 2 2
o e U () = i ) e L
1 5 169 144 64 100
2 2 2 2
(xidi) ~— + L =1 6. —+L =16 7. x2 +2y* =100
16 7 9 8
8. (i) 4x*+9y* +16x-54y+61=0 (i) 9x> +4y* +36x-24y+ 36=0
, J3 1
9. (i) e = — 1} & = —e
_ (1) > (i1) 72
10. Centre Major axis Minor axis Eccentricity Foci
1 3
. ey S e
() (1,-3) 6 342 72 (1 =2 3)
J3 33
(i) (2,-3) 6 3 % “—2 =
V3
(i) (1,-1) 4 2 = (1, <196 >1 £ /3)
1
(iv) (2,1) 243 B} (2+1,1)
v) G1) J3/2 (3+243,1)
(vi) (1,0) 2 1 J3/2 (1++/3/2),0)
2 2 2 2 2 2 2
- T fg. X % _qaaF oY 4 ae ix_ 15y _
18 9 81 45 43 688 247 = 247
5 A 2 52
15. 3x* +5y% = 32 16. _+ZL =1 17.100x% + 36y% = 3600
36 20 -
18. x2 + 9y 1 19. 9x% +54% =180
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HINTS TO SELECTED PROBLEMS

e —— — S e

2 2

5. (vi) Let the equation of the ellipse be IZ + gz =1 (1)
a

It is given that vertices are at (+ 5, 0) and foci are at (+ 4, 0). Therefore, a =5 and ae =4.

Now,
b2 = g (1-e?) = b% = a® —(ae)® = 25-16 = 9

2 2

Substituting the values of aandb in (i), we obtain :;5 + lfg = 1 as the equation of the

ellipse.
2 2

(vii) Let the equation of the ellipse be iz 3 : 5

Its vertices are at (0, = 13) and foci are at (0, + 5).
b =13 and be = 5
Now,a> = b2 (1 —e2) = a? = b —(be)® = 169 -25 = 144

1 (i)

2 2
Substituting the values of a and b in (i), we obtain 1;4 ks 1}!69 as the equation of the ellipse.
(viii) Proceed as in 5 (vi).
x? yz :
(ix) Let the equation of the ellipsebe —- + 2 = 1 (1)
a

[t is given that ends of major and minor axes are at (£ 3, 0) and (0, + 2). But, coordinates of
end points of major and minor axes are (+ a, 0) and 0, = b). Therefore, 1 = 3andb = 2

2 HZ
Hence, the equation of the ellipse is 5 + 7 1
2 2

y 1 .
A 2 =1, whereb >a. (1)

(x) Letthe equation of the ellipse be 2
a

The coordinates of end points of its major and minor axes are (0, + b) and (+ a, 0).
b =J5anda =1

Hence, the equation of the ellipse is j; + y; =1.
IZ 2
(xi) Let the equation of the ellipse be —- + i’:z =1.Itis given that2a = 26 andae = 5
a
— 4 =13 and a%? = 25
= 2=13 and &2 -b% = 25 [ b? =a {1-—52)}

13 and b* = 169 -25 = 144

I
p

2
x+y =1

2

169 144
X
e

Hence, the equation of the ellipse is

zyz

IJE

(xii) Let the equation of the ellipse be —- + =5 =1, b >a.1tis given that
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2a = 16 and be = 6. Therefore,a=8 and be =6.
Now,

be = 6 = b%?* = 36 =b>-a*> = 36 = b> =64+ 36 =100 [ a* = bz(l—ez)]

2 2
L

100
2 .2
(xiii) Let the equation of the ellipse be Iz + : 5 =1.Itis given that 2 = 4 and ae = 3.
a
b2 =a®(1-¢e?)= b%2=16-9=7

2 P
Hence, the equation of the ellipse is Tha i

& i 16%]
11. LettheemPsebE—+ =1. Then, ae = 3 and —fPe = 1

a? E:IE a? - b*
16 1 16 1
=> + =]l = —+ =1

2 223 2 2 g

= 4" -26a*+144=0 = (a®-18)(a* -8)=0 = a® =18, a> =8.
b2 = ﬂz(l—ez)andﬂe = 3= b*=4%-9,
Now, a* =18 = b*=18-9 = 9

Hence, the equation of the ellipse is

a* =8 = b*=8-9=-1, which is not possible.

2 yz
Hence, the equation of the ellipse is .18 + ob ] 1,

2 2 2
12. Let the ellipse be x_2+ Jz =1. We have, ¢ =E, and “ =5,
4% b 3 a

2h? 2 2 2 + 9
Now, — =5 = 2b°“=5a= 2a°(1-¢“)=5a= 2a l—a =5 = .-:I=E.“aﬁ’

a
2
=Y 5 = b? =—4—5-.
a 4
2 2
Hence, the equation of the ellipse is 4; + 449; =1.

1
13. Let the equation of the ellipse be = =t :——2— =1, where b > a. We have, ¢ =§-
a?

a* =b? (1 —Ez) = q° =1bz.
16
* x* ?yz
So, the equation of the ellipse becomes — + =1. It passes through (6, 4).
a*  16a°
2
326 . '.I.:IZ2 i o A8 el o 16a = B2 Elflx 43 - 688
a“ 16a 7 7 7
* Ty
Hence, the equation of the ellipse is — + .
43 688
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14.

16.

| o

EJI

10.

11.

12,

13.

14.

2 2
Let the ellipse be xz - i’; 5 1. It passes through (4, 3) and (-1, 4).
a

E+E——landi+ﬁ—1:>16u+9]3 land a +16p =1, wherea-iandﬁ~—l—.

HZ bE HZ bZ HZ bZ

Solving these two equations, we get: o = i and B = 15 i il 247
247 247

Hence, the equation of the ellipse is 7x + 15 yz =247.

2 yz

bZ

2ae=8and 2a/e=18 > QHEKE = JX18 = 4n2=8x18 = a=06.
e

- 24?

Let the equation of the ellipse be ;r =1. Itis given that

Now,2ae=8anda=6 = e =2/3.
b2 = ?(1-¢%) = 36(1—1;-) = 20.

2 2
Hence, the equation of the ellipse is I + I3
36 20

__FILL IN THE BLANKS TYPE QUESTIONS (FBQs)

s —

. If the latusrectum of an ellipse be equal to half of its minor axis, then its eccentricity 1s

The eccentricity of the ellipse 16x% + ?yz T 1M, oonuciopenimgensnaves 3

If the distance between the directrices of an ellipse be three times the distance between its
foci, then the eccentricity iS wiecsseasssssssnnas

If the eccentricity of an ellipse is % and the distance between its foci is 10, then the length of

the Iatusrectitim 8 ..o ot csiisiin

If the coordinates of foci and vertices of an ellipse are (+ 1, 0) and (+ 2, 0) respectively, then

the minor axis is of length .........cccoceveeneee.
2 2
The distance between the directrices of the ellipse % + %ﬁ o -

The distance between the foci of the ellipse L X O LS

The eccentricity of the ellipse whose latusrectum is equal to the distance between the foci,

2 2
The equation I
2-r r-5
An ellipse is described by using an endless string which passed over two points. If the axes

are 6 cm and 4 cm, the length of the string and distance between the points are ......................

2 2

The distance between the directrices of the ellipse -;6 - 1 1S

+1 =0represents an ellipse, if .........ccocoverenene

20
The equation of the ellipse having foci (0, 1), (0, ~1) and minor axis of length 1is ........c..c.......
2 2
The eccentricity of the ellipse — A gz =1,8<h, 15 GIVen BY v
a*

The length of the latusretum of the ellipse 3x% + _1;2 =128 sanvnsiciisie
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15. If the latusrectum of an ellipse with axis along x-axis and centre at origin is 10, distance
between foci = length of minor axis, then equation of the ellipse is ..........cccceveuue. .
INCERT EXEMPLAR]

e —— = - ) ~ ANSWERS
L V3 2. 2 3 L 8. 2 5 23 6. 18 7. 4
2 4 V3 4
8. ng_ 9. 2<r<h 10. 6+2+/5,2\5 11. 18 12. 2"Zl.za.’2+4],.f2 =5
. B 5 2 | 4 da 1 2
13, a“ =b~(1 —e 14. — 15. x* +2y* =100

VERY SHORT ANSWER QUESTIONS (VSAQs)

Answer each of the following questions in one word or one sentence or as per exact requirement of the

question:
1. If the lengths of semi-major and semi-minor axes of an ellipse are 2 and +/3 and their
corresponding equations are y -5 = 0 and x+ 3 = 0, then write the equation of the
ellipse.

. Write the eccentricity of the ellipse 9x? + Sy2 -18x -2y -16 =0.

P2

3. Write the centre and eccentricity of the ellipse 3x* + 4y —6x + 8y -5 = 0.

. PSQisa focal chord of the ellipse 4x* + 9y* = 36such that SP = 4.If §' is the another focus,

write the value of §'Q.
Write the eccentricity of an ellipse whose latus-rectum is one half of the minor axis.

If the distance between the foci of an ellipse is equal to the length of the latus-rectum, write
the eccentricity of the ellipse.

1 ==

Ln

A

2 2

. If § and §' are two foci of the ellipse Iz + i 5 = land Bis an end of the minor axis such that
a

ABSS' is equilateral, then write the eccentricity of the ellipse.
5. If the minor axis of an ellipse subtends an equilateral triangle with vertex at one end of
major axis, then write the eccentricity of the ellipse.

9. If a latus-rectum of an ellipse subtends a right angle at the centre of the ellipse, then write

~J

the eccentricity of the ellipse.
S—— e ANSWERS
1. 3x% +4y% +18x - 40y +115 = 0 2. }2- 3. {1,—1},% 4. 25—6
g 33 g 1.1 Y
2 2 2 3 2

___MULTIPLE CHOICE QUESTIONS (MCQs)

Mark the correct alternative in each of the following:
1. For the ellipse 12x% + 4y2 +24x -16y + 25 =0

(a) centreis (-1, 2) (b) lengths of the axes are +/3 and 1
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(c) eccentricity = E (d) all of these

The equation of the ellipse with focus(-1, 1), directrix x — y + 3 = 0 and eccentricity 1/2 is
(a) 7x* + 2xy+?y2 +10x+10y+7 =0 (b) 7 x> +2.1::3,f+'.7f'3,v2 +10x-10y+7 =0

(c) 7x% +2xy+7y* +10x-10y-7 =0  (d) none of these

2
3. The equation of the circle drawn with the two foci of = y =1 as the end-points of a
q 2 !:-2 P
diameter is
(c) x> +y2 = 242 (d) x% + yz = 2% -b>
2 s
.. The eccentricity of the ellipse Iz + -: 5 =1if its latus-rectum is equal to one half of its minor
a
axis, 1s
1 V3 1
a) — — = d) none of these
(a) " (b) > (c) 3 (d) n

b.

~J

LL

12

14,

. The eccentricity of the ellipse, if the distance between the foci is equal to the length of the

latus-rectum, is

(a) ‘/_ : (b) ”r it (©) J" : (d) none of these

The eccentricity of the elhpse, if the minor axis is Equal to the distance between the foci, is
V3 2 1 V2
a) — s C) —— d) —
@) = (b) 73 ©) 7 (@ 3
. The difference between the lengths of the major axis and the latus-rectum of an ellipse is

(a) ae (b) 2ae (c) ae” (d) 2ae>
The eccentricity of the conic 9x” + 253;2 =225 is

(@) 2/5 (b) 4/5 (c) 1/3 (d) 1/5  (e) 3/5
The latus-rectum of the conic 3x% + 4y2 -6x+8y-5=0is

V3 2
a) 3 — C) = d) none of these
(a) ) = © 75 (@

. The equations of the tangents to the ellipse 9x2 + luf;y:Z =144 from the point (2, 3) are

(ﬂ)y=3;1=5 (b)l"=2;y=3 (C)I=3,y=2 (d)I'l‘y:S;y:

1. The eccentricity of the ellipse 4x? + 93_;2 +8x+ 36y +4=0is

5 3 V2 V5
® 2 ®) = €) 3 ) =
. The eccentricity of the ellipse 4x* + 9y* = 36is
1 1 V5 5
) 2 /3 (b) 73 (c) 3 (d) &

. The eccentricity of the ellipse 5x% +9 yl = 1is

() 2/3 (b) 3/4 (c) 4/5 (d) 1/2
For the ellipse x> + 4_1,(2 = 9
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15.

16.

i 5

18.

19.

(a) the eccentricity is1/2 (b) the latus-rectum is 3/2

(c) afocusis(3+/3,0) (d) a directrixisx=-2+/3

[f the latus-rectum of an ellipse is one half of its minor axis, then its eccentricity is
1 1 J3 V3
= ol . i d) X2

(a) > (b) 73 (c) > (d) 3

An ellipse has its centre at (1, — 1) and semi-major axis = 8 and it passes through the point
(1, 3). The equation of the ellipse is

(:¢:~|-1}2_|_{y+1}2 (I—I}2+(y+1)2 _

=1 b 1
@) 64 16 () 64 16
_1\2 2 2 _1\2
(©) (x-1) +{y+1} 1 d) (x +1) +(y 1) o
16 64 64 16
The sum of the focal distances of any point on the ellipse 9x% + 115];2 =144 is
(a) 32 (b) 18 (c) 16 (d) 8

[f(2, 4) and (10, 10) are the ends of a latus-rectum of an ellipse with eccentricity 1/2, then
the length of semi-major axis is

(a) 20/3 (b) 15/3 (c) 40/3 (d) none of these
2 2
The equation = ipathae represents an ellipse, if
2-A A-=5
(a) A<5 (b) L<2 (c) 2<A <5 (d) A<2 orL>5
. The eccentricity of the ellipse 9x? + 25],,*2 —18x —100y —116 =0, is
(a) 25/16 (b) 4/5 (c) 16/ 25 (d) 5/ 4
. If the major axis of an ellipse is three times the minor axis, then its eccentricity is equal to
1 1 1 242 2
a) — = —= d) —
@) ) 7 © 5 @5 @5
. The eccentricity of the ellipse 25x% + lél_l,f2 =400 is
(@) 3/5 (b) i/ 3 (c) 2/5 (d) 1/5
. The eccentricity of the ellipse 5x% + 9y* =1is
(@) 2/ 3 (b) 3/ 4 (c) 4/5 (d) 1/ 2
The eccentricity of the ellipse 4x% + 9_1;2 = 36 is
1 1 V5 V5
— b) — c) — d) —
(a) R (b) 73 ©) = (d) ¢
5. The length of the latusrectum of the ellipse 3x% + yz =12is
4
a) 4 3 c) 8 d) —
(a) (b) () (d) 73
INCERT EXEMPLAR]
3 .2
. If e is the eccentricity of the ellipse % + :—2 =1(a <b), then
a

(a) b* =a*(1-€®) (b) a® =b*(1-¢?) () a® =b%(e®-1) (d) b® =a?(e?-1)

The equation of the ellipse whose centre is at the origin and the x-axis, the major axis, which
passes through the points (-3, 1) and (2, - 2) is

(a) 5x° +3y* =32 (b) 3x%+5y> =32 () 5x2-3y*> =32 (d) 3x%+5y2+32=0
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ANSWERS

1. (d) 2. (b) 3. (d) 4, (b) 5. (a) 6. (c) 7. (d) 8. (b)
g @ 108 1@ 13 18 @) . 1% © 16 (b
7. (d 18 @& 19 20 0 A d 22. (a) 23. (&) 24. (c)
25. (d) 26. (b) 27. (b)

ACTIVITIES

ACTIVITY-1

oBJECTIVE Construct an ellipse when lengths of its major and minor axes are given.
MATERIALS REQUIRED Plywood board, chart paper, thumbpins and nylon thread.

STEPS OF CONSTRUCTION
Step I Take a thin rectangular plywood board and cover it with a chart paper.

Step ' Mark centre of the plywood board as O. Taking O as centre drawn two concentric
circles with their radii equal to the semi-major and semi-minor axes of the required
ellipse.

Steplll  Draw radii of the outer circle at intervals of 10° or 15°. These radii cut the outer circle as
well as the inner circle.

StepIVv  Take a radius and draw a vertical line from a point at which it cuts the outer circle and
a horizontal line where it cuts the inner circle. The horizontal and vertical lines drawn
meet at a point. Fix a thumbpin at this point.

StepV  Repeat step IV for every radius.

Step VI Join the feet of the thumbpins fixed in steps IV and V by a nylon thread to get the shape
of an ellipse.

STEPS OF DEMONSTRATION
Step I AB and CD represent respectively the major and minor axes of the ellipse.

Stepll OBy, OB,,......represent the radii of the bigger circle and OCy, OC;,......represent the
radii of the smaller circle.

Step Il Ey, Ey,......are the points of intersection of the horizontal and vertical lines. The path
obtained by joining these points by a free hand curve is the required ellipse.
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ACTIVITY-2

OBJECTIVE To construct an ellipse using a rectangular sheet.

MATERIALS REQUIRED Cardboard, coloured chart paper, nails, sketch pen, scale, adhesive,
nylon thread etc.

STEPS OF CONSTRUCTION

Step I Take a coloured chart paper and cut it in the form of a rectangle.
Stepll  Paste the chart paper on the card board and mark it as rectangle ABCD.
Step Il Divide this rectangle ABCD in four congruent rectangles as shown in Fig. 25.17.
Step IV Take one of the four rectangles EBFP (say). Divide side BF into 11 equal parts by
marking points By, B,,..., Big between B and F.
Step V Join By, B,, ..., Bjg and F with E.
Step VI Divide side PF into 11 equal parts by inserting points P, P,,..., P;, between P and E.
Join G with P, P, Ps,..,Pp and F. Produce GP;,GP,,..,GP;y to meet
EB,, EB,,...,EBy respectively at the points A{,A,,..., Aqp.
Step VI Fixnails at the points A, A, ..., Ajg and join the feet of the nails with a nylon thread to
obtain a part of the ellipse.
Step VIII Repeat steps IV, V, VI and VII in the remaining three rectangles to obtain an ellipse as
shown in Fig. 25.17.
D G C
; Byg
B
By
By
B
Js
B
By
P HE
B
A E A B
Fig.25.17
ACTIVITY-3

OBJECTIVE To construct an ellipse when two fixed points are given.

MATERIALS REQUIRED Cardboard, chart paper, thumbpins, nails, thread, coloured pencils,
adhesive etc.

STEPS OF CONSTRUCTION

Step |

Take a cardboard and fix a chart paper on it by using thumbpins.
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Stepll ~ Draw a horizontal line on the chart paper and mark two points F; and F, on it as
shown in Fig. 25.18. Fix two nails at F; and F.

Fig. 25.18

Step Il Take a thread of length more than the distance between two points marked in step-11
and fix its two ends at nails F; and F,.

StepIV  Take a coloured pencil and put the thread on it as shown in Fig. 25.18. Keeping the two
portions of the thread tight move the pencil on the chart paper to take a complete
round. The curve traced by the tip of the pencil is an ellipse as shown in Fig. 25.18.

oBSERVATIONS In Fig. 25.18, PF, + PF, =Length of the thread. So, P moves in such a way that

the sum of its distances from F; and F, is constant. Therefore, F; and F, are two foci of the ellipse.

ACTIVITY-4

OBJECTIVE Visualising ellipse by paper folding.
MATERIALS REQUIRED Hardboard, paper sheet, sketch pen, geometry box etc.

STEPS OF CONSTRUCTION

Step I Take a hardboard and a paper sheet. Place the paper sheet on the hardboard and cut a
circle of radius 24 cm (say). Mark the centre of the circle as C.

SteplI ~ Mark a point F inside the circle but not at the centre C.

Step Il  Make a fold so that a point F’ on the circumference gets mapped onto F as shown in

Fig. 25.19.
‘ 3

Fig.25.19

Step IV Mark a point P on the crease where line segment joining C to F' meets the crease.

STEPS OF DEMONSTRATION
Step I We observe that F' is the image of point F in the crease. therefore, PF = PF'.
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Now, CP + PF'= radius of the circle.

m— CP + PF = radius of the circle [+ PF=PF']
= Sum of the distances of P from C and F is constant equal to the radius of the
circle.

Thus, when paper sheet is folded at different points, point F’ varies. Consequently
point P also vary and for every position of P, CP + PF remains constant equals to the
radius of the circle.

Hence, P moves in such a way that the sum of its distances from C and F always
remains same. So, P describes on ellipse with its fociatC and F.

StepII ~ Each Fold will be tangent to the ellipse.

SUMMARY

1. Anellipse is the locus of a point in a plane which moves in such a way that the ratio of its
distance from a fixed point (called focus) in the same plane to its distance from a fixed
straight line (called directrix) is always constant which is always less than unity.

The constant ratio of generally denoted by e and is known as the eccentricity of the ellipse.
If Sis the focus, ZZ' is the directrix and P is any point on the ellipse, such that M is the foot of
perpendicular from P on ZZ', then SP = e - PM.

The equation ax?® + 2hxy + byz +2¢x + 2fy + ¢ = 0 represents an ellipse, if
A = abc + 2f¢h - af . —bg* —ch® # 0and h?* <ab.

2. The equation of the ellipse whose axes are parallel to the coordinate axes and whose centre

i 2
is at the origin, is Zz + -: 5 =1 with the following properties:
2 2 ) 2 2
* g ( X
+<_=1,a>b FEh
Z %3 | n2+b2 =1,a<b
Coordinates of the centre (0, 0) (0, 0)
Coordinates of the vertices (a,0) and (- a, 0) (0,-b) and (0, - b)
Coordinates of foci (ae, 0) and (- ae, 0) (0, be) and (0, - be)
Length of the major axis 2a 2b
Length of the minor axis 2b 2a
Equation of the major axis y=0 x=0
Equation of the minor axis x=0 y=0
v et 8 b At b
Equations of the directrices A R T . aiiea o i
2 2
= e=,1- e e
Eccentricity a? b?
Length of the latus-rectum E | 2 4
| a ‘ b

Focal distances of a point (x, y) | atex | b+ ey
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