INTRODUCTION TO THREE
DIMENSIONAL COORDINATE
GEOMETRY

27.1 INTRODUCTION

Ugﬁll now, we have learnt about two-dimensional coordinate system, which is also denoted by
R*. Because we live in a three-dimensional coordinate system. We call this three-dimensional

space and denote it by R 3. We introduce a coordinate system in three-dimensional space by
choosing three mutually perpendicular axes as a frame of reference. The orientation of the
reference system will be right-handed in the sense that if you stand at the origin with your right
arm along the positive x-axis and your left arm along the positive y-axis, as shown in Fig. 27.1,
your head will then point in the direction of positive z-axis.
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Fig. 27.1

In order to understand a three dimensional co-ordinate system, let us think of a room as shown
in Fig. 27.2 and take x-axis and y-axis as lying in the plane of the floor and z-axis as a line
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perpendicular to the floor. We observe that the floor has two boundaries as x-axis and y-axis, so
we say that it is situated in xy-plane. Similarly, front wall is in the yz-plane and left wall is in
xz-plane. The xy, yz and zx-planes are called coordinate planes as shown in Fig. 27.5.
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27.2 COORDINATES OF A POINT IN SPACE

As we have studied in two dimensional geometry that two mutually perpendicular lines divide
the plane containing them into four parts which are known as quadrants and the lines are
known as the coordinate axes. Analogous to it three mutually perpendicular lines in space
define three mutually perpendicular planes which in turn divide the space into eight parts
known as octants and the lines are known as the coordinate axes.

Let X'OX, Y'OY and Z'OZ be three mutually perpendicular lines intersecting at O such that two
of them viz. Y'OY and Z'OZ lie in the plane of the paper and the third X'OX is perpendicular to
the plane of the paper and is projecting out from the plane of the paper (see Fig. 27.4). Let O be
the origin and the lines X'OX, Y'OY and Z'OZ be x-axis, y-axis and z-axis respectively. These
three lines are also called the rectangular axes of coordinates. The planes containing the lines X'OX,
Y'0OY and Z'OZ in pairs, determine three mutually perpendicular planes XOY, YOZ and ZOX or
simply XY, YZ and ZX which are called rectangular coordinate planes.
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Let P be a point in space (Fig. 27.5). Through P draw three planes parallel to the coordinate
planes to meet the axes in A, B and C respectively. Let OA =x, OB = y and OC = z. These three real
numbers taken in this order determined by the point P are called the coordinates of the point P,
written as (x, y, 2), x, ¥, z are positive or negative according as they are measured along positive
or negative directions of the coordinate axes.

Conversely, given an ordered triad (x, ¥, z) of real numbers we can always find the point whose
coordinates are (x, y, z) in the following manner:

(i) Measure OA, OB, OC along x-axis, y-axis and z-axis respectively.

(ii) Through the points A, B, C draw planes parallel to the coordinate planes YOZ, ZOX and
XOY respectively. The point of intersection of these planes is the required point P.

To give another explanation about the coordinates of a point P we draw three planes through P
parallel to the coordinate planes. These three planes determine a rectangular parallelopiped

which has three pairs of rectangular faces, viz. PB' AC', OCA'B; PA'BC', OAB'C: PA'CB’, OAC'B as
shown in Fig. 27.5. Then, we have
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x =0A =CB' = PA’ =Perpendicular distance from P on the YOZ plane
y=0B = A'C = PB' =Perpendicular distance from P on the ZOX plane
z=0C = A' B =PC' =Perpendicular distance from P on the XOY plane.

Thus, the coordinates of the point P are the perpendicular distances from P on the three mutually
rectangular coordinate planes YOZ, ZOX and XOY respectively.

Further, since the line PA lies in the plane PB'AC' which is perpendicular to the line OA, we have
PA perpendicular to OA. Similarly, PB perpendicular to OB and PC perpendicular to OC.

Thus, the coordinates of a point are the distances from the origin of the feet of the perpendiculars from the
point on the respective coordinate axes.

Alternatively, to find the coordinates of a point P in space, we first draw perpendicular PM on
the xy-plane with M as the foot of this perpendicular as shown in Fig. 27.6. Now, from the point
M, we draw perpendicular ML on x-axis with L as the foot of this
perpendicular. If OL =a, LM =b and PM =c, then we say that
a, b and c are x, y, and z coordinates, respectively, of the point P P (@b )
in space. In such a case, we say that the point P has coordinates '
(a, b, c).

Conversely, if we are given the co-ordinates (a, b, c) of a point P
and we have to locate the point, then first fix the point L on x-axis _
such that OL =a. Now, find a point M on the perpendicular to R i
x-axis at point L such that LM =b. We can say that M has x & =~ 7 y
coordinates (a, b) in xy- plane. Having reached the point M, we Fig. 27.6
draw the perpendicular on xy-plane at point M and locate a point

P on this perpendicular such that PM = a. The point P so obtained
has the coordinates (a, b, c).
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Thus, there is one-to-one correspondence between the points in space and the ordered triplets
(x, v, z) of real numbers.

27.3 SIGNS OF COORDINATES OF A POINT

To determine the signs of the coordinates of a point in three dimension we follow the sign
convention analogous to the sign convention in two dimensional geometry that all distances
measured along or parallel to OX, OY, OZ will be positive and distances moved along or parallel
to OX', OY’, OZ' will be negative.

As discussed in previous section that three mutually perpendicular lines X'OX, Y'OY and 2'0OZ
determine three mutually perpendicular coordinate planes which in turn divide the space into
eight compartments known as octants. The octant having OX, OY and OZ as its edges is denoted
by OXYZ. Similarly, the other octants are denoted by OX'YZ, OXY'Z, OX'Y'Z, OX Yor L YT
OXY'Z',0X'Y'Z'. The signs of the coordinates of a point depend upon the octant in which it lies.
Let P be a point and let A, B, C be the feet of the perpendiculars drawn from P onX'OX, Y'OY and
Z'0Z respectively. If P lies in octant OXYZ, then clearly A, B, C lie on OX, OY and OZ
respectively. Therefore, by our sign convention OA, OB and OC are positive. Thus, all the three
coordinates of P are positive. If P lies in octant OX'YZ, then A, B and C lie on OX’, OY and OZ
respectively. Therefore, x-coordinate of P is negative and y and z-coordinates are positive.

The following table shows the signs of coordinates of points in various octants:
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REMARK | Ifa point P lies in x y-plane, then by the definition of coordinates of a point, z-coordinate of
P 1s zero. Therefore, the coordinates of a point on xy-plane are of the form (x, y, 0) and we may take the
equation of xy-plane as z = 0. Similarly, the coordinates of any point in yz and zx-planes are of the forms

(0, y, z) and (x, 0, z) respectively and their equations may be taken as x = 0 and y = 0 respectively.

REMARK 2 If a point lies on the x-axis, then its y and z-coordinates are both zero. Therefore, the
coordinates of a point on x-axis are of the form (x, 0, 0) and we may take the equation of x-axis as y = 0,
z = 0. Similarly, the coordinates of a point on y and z-axes are of the form (0, y, 0) and (0, 0, z) respectively
and their equations may be taken as x = 0, z = 0 and x = 0, y = 0 respectively.

ILLUSTRATIVE EXAMPLES

EXAMPLE1 In Fig. 27.7, if the coordinates of point P are (a, b, c), then
(1) write the coordinates of points A, B,C, D, Eand F. 7 A

(ii) write the coordinates of the feet of the perpendiculars from lc E
the point P to the coordinate axes. |

(iti) write the coordinates of the feet of the perpendicular from E Cies —=(P(a, b, c)
the point P on the coordinate planes XY ,YZ and ZX. Tl
(iv) find the perpendicular distances of point P from XY, YZ

and ZX-planes. o R
(v) find the perpendicular distances of the point P from the &

coordinate axes. x 4 2
(vi) find the coordinates of the reflection of P in Fig. 27.7

XY, YZ and ZX-planes.

SOLUTION (i) Since the coordinates of P are(a, b, ¢). Therefore, OA =a, OB =b and OC =c.
Now, A lies on OX such that OA = a. So, the coordinates of A are (a, 0, 0).

Similarly, coordinates of B and C are (0, b, 0) and (0, 0, c) respectively.

Since D lies in XY-plane such that OA =aand AD = OB =b. So, the coordinates of D are(a, b, 0).
Point E lies in YZ-plane such that OB =b and BE =OC = c. So, the coordinates of E are (0, b, c).
Similarly, coordinates of F are (a, 0, ) as it lies in XZ-plane.

(ii) PA, PB and PC are perpendiculars from P on OX, OY and OZ respectively. So, A, B and C
are the feet of perpendiculars from P on OX, OY and OZ respectively. Their coordinates are
A(a,0,0),B(0,b,0)and C (0, 0, c) as discussed in (i).

(iii) Clearly, PD, PE and PF are the perpendiculars from P on XY,YZ and ZX-planes
respectively. 5o, D,E and F are the feet of the perpendiculars from P on XY, YZ and
ZX-planes. The coordinates of D, E and F are D (a,b, 0), E(0, b, c) and F (a, 0, c) respectvely as
discussed in (i).
(iv) PD, PE and PF are the perpendicular distances of P from XY,YZ and ZX-planes
respectively.

PD =0C =¢,PE=0A =aand PF = OB = b.
Hence, the perpendicular distances of P (a, b, ¢) from XY, YZ and ZX planes are ¢, a and b
respectively.
(v) PA, PB and PC are the perpendicular distances of point P from OX, OY and OZ
respectively.
In right-angled triangle ADP, we obtain

AP? = AD? + DP?

= PA = |AD? +DP? = [b? + ¢? [ AD =OB =b and PD =OC =]
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In right-angled triangle PDB right angled at D, we have
PB* = BD? + PD?

- PB = BD? + PD? = \[a® + 2 [+ BD=0A=aand PD =0C =]

In right-angled triangle PCF right angled at F, we have
PC? = PF? +CF?

- PC = PF2+CF? = b2 +a® = a® +b*> [ PF=AD=OB=band CF=0A =4]

(vi) The reflection or image of P (a, b, c) in xy-plane will be as much below the xy-plane as point
P is above it, that is, if P’ is the reflection of P in xy-plane, then P' D = PD =cand P’ D is parallel
to OZ'.So, the coordinates of P' are (a, b, — c).

The image of P (4, b, c) in yz-plane will be as much on the back side of yz-plane as the point P is
on its front side. Thus, if P’ is the image of P in yz-plane, then P'’ lies on PE such that PE =EP"".
But, PE =0A =a.So, the coordinates of P'' are(—a, b, c).

The image of P (a, b, ¢) inzx-plane will be as much as on the left side of xz-plane as the point P is
on its right side. Thus, if P'"’ is the image of P inzx-plane, then P'"’ lies on PF produced such that
PF = FP'"'. But, PF =0OB =b. So, the coordinates of P''’ are (a, —b, c).

EXAMPLE 2  Planes are drawn parallel to the coordinate planes through the points P (xq, y1,21) and
Q (x5, Y, 29). Find the length of the edges of the parallelopiped so formed.

SOLUTION Clearly, PA, PB and PC are the lengths of the edges of the parallelopiped shownin
Fig. 27.8.
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Clearly, PBEC, QDAF are planes parallel to yz-plane such that their distances from yz-plane are
x; and x, respectively. So,

PA = (Distance between the planes PBEC and QDAF) = x5 —x.
PB is the distance between the planes PAFC and BDQE which are parallel to zx-plane and
are at distances y; and y,, respectively, from zx-plane.

X PB =y, -1
Similarly, PC is the distance between the parallel planes PBDA and CEQF which are at distances
z and z,, respectively, from xy-plane.
PC = In =44
EXERCISE 27.1

——

1. Name the octants in which the following points lie:
(i) (5,2, 3) (ii) (-5,4, 3) (iii) (4, - 3,5) (iv) (7, 4,-3)
(v) (-5,-4,7) (vi) (-5,-3,-2) (vii) (2,-5,-7) (viii) (-7,2-5) [NCERT]



27.6 MATHEMATICS-XI

2. Find the image of:
(i) (=2, 3, 4) in the yz-plane. (ii) (=5, 4, — 3) in the xz-plane.
(iii) (5, 2, =7) in the xy-plane. (iv) (=5, 0, 3) in the xz-plane.
(v) (=4, 0, 0)in the xy-plane.
3. A cube of side 5 has one vertex at the point (1, 0, — 1), and the three edges from this vertex

are, respectively, parallel to the negative x and y axes and positive z-axis. Find the
coordinates of the other vertices of the cube.

4. Planes are drawn parallel to the coordinate planes through the points (3, 0, -1) and
(2,5, 4). Find the lengths of the edges of the parallelopiped so formed.

5. Planes are drawn through the points (5, 0, 2) and (3, -2, 5) parallel to the coordinate
planes. Find the lengths of the edges of the rectangular parallelopiped so formed.

6. Find the distances of the point P (-4, 3, 5) from the coordinate axes.

7. The coordinates of a point are (3, - 2, 5). Write down the coordinates of seven points such
that the absolute values of their coordinates are the same as those of the coordinates of the

given point.
ANSWERS
1. (i) XOYZ (i) X'OYZ (iii) XOY'Z (iv) XOYZ’
(v) X'OY'Z (vi) X'OY'Z’ (vii) XOY'Z' (viii) X'OYZ'
2. (1} (21 3.- 4} {ll) (_ 5: 5 4: =5 3) l:.'l_'l_t) {Sr 2.- ?) (IV:! (-5: Df 3)

(v) (-4,0,0)
3. (I) {1: 0, 4): {1, o “1).' (lr =9, 4); (_41' 0, _1).- {'_ 4, -5, 4): (_ 4, —0; _1)1- (“L 0, 4)
4.55,5 > 2,208 6. x-axis : /34 ; y-axis : /41 ; z-axis: 5
7.(~8,-2,~5),(~3,~2,5)i3,~2, -5 &a/2 -5, (A 5),(3,2,-5),(~3,2,5

27.4 DISTANCE FORMULA
THEOREM  The distance between the points P (xq, ¥y, zy) and Q (x,, ¥, 25) is given by

PQ = x/(f'-’z ~x)% + (2 ~y)? + (2 ~2)°

PROOFE  Let O be the origin and let P (x4, ¥4, z) and Q (x5, y», 2p) be two given points in space.

Let L and M be the feet of the perpendiculars from P and Q on the XOY plane. Then in the XOY
plane the coordinates of L and M are (xy, y;) and (x,, y,) respectively. Therefore, by using
distance formula in two dimensional geometry, we get

IM = \(xp —x7)% + (yp — 13)? (i)
Draw PN perpendicular to QM. Then PN = LM and NQ = z, —z,.
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Clearly, A PNQis a right triangle right angled at N. So, by using Pythagoras theorem, we obtain
PQ? = PN? + NQ%?= LM? + NQ? [+ PN = LM]
= PQ?* = (x5 —xl)z + (¥ ~y])2 + (25 —31)2 [Using (i)]
Thus, the distance between points P (x1, ¥1,2;) and, Q (x5, ¥, 2y) is given by
PQ = (x ~x1)? +(y1 ~y1)? + (22 —2))
REMARK If O is the origin and P (x, y, z) is a point in space, then
OP = J(x-02 +(y-0)2 +(@z-02 = {22+ +22

Q.E.D.

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Find the distance between the points P (-2,4,1) and Q (1,2,-3) .
SOLUTION Here, x;1=-2,y1=4,z;=1,x =1,y =2andz =-5

Pl = \,{3‘-'2 -:-:1}?‘ + (1 —yl)z +(29 —21)2 = J{I — (= 2))2 +(2 —-4}2 +(-5 -1)2

=5 PQ = /9+4+ 36 =7 units

EXAMPLE 2 Prove by using distance formula that the points P (1,2,3),Q(-1,-1,-1)and R(3,5,7)
are collinear.

SOLUTION Using distance formula, we obtain
PQ = (-1-1)2 +(-1-22 +(-1-3)% = [A+9+16 = 29

QR = J(3+12+G+1)2+(@7 +1)? = 16+ 36+ 64 = V116 = 2429

and, PR = ﬁB-I}E +(5-2%+(7-3)% = JA+9+16 = V29
Clearly, QR = PQ + PR. Therefore, points Q, P, R are collinear and P lies between Q and R.

EXAMPLE3 Determine the point in XY-plane which is equidistant from three points A (2,0, 3),
B(0,3,2)and C (0,0, 1).

SOLUTION We know that z-coordinate of every point on xy-plane is zero. So, let P (x, y, 0)
be a point on xy-plane such that PA = PB = PC.

Now, PA =PB= PA? = PB>

= (x=22 +(y-02+(0-3)% =(x-0)2 +(y-3)2 + (0-2)* = 4x -6y =0 > 2x-3y=0  ..(i)
PB=PC = PB?=PC*

= (x-02+(y-3)2+(0-2%=(x-0 +(y-02%+(0-1)* > -6by+12=0=> y=2  ..(ii)

Putting v = 2 in (i), we obtain x = 3. Hence, the required point has the coordinates (3, 2, 0).

EXAMPLE 4 Find the coordinates of a point on Y-axis which is at a distance of 5y2 from the point
P(3,-2,5). [NCERT]

SOLUTION Let the point be A (0, y, 0). Then,
AP = 542

= J0-32+@+22+(0-5?% =572
= 9+(y+22+25=50 = (y+2)*=16 = y+2=14 = y=2,-6

Hence, the coordinates of the required point are (0, 2, 0) and (0, - 6, 0).

EXAMPLE5 Show that the points A (0, 1, 2), B (2, -1, 3) and C (1, - 3, 1) are vertices of an isosceles
right-angled triangle.
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SOLUTION Using distance formula, we obtain
AB = 2-02 +(-1-12+(3-2)2 = A+4+1 = 3

BC = {(1-22+(-3+1)2+(1-3)% = fT+4+4 = 3

and, CA = (1-02+(-3-1)2+(1-2)?2 = [I+16+1 = 32

Clearly, AB = BC and AB* + BC* = AC%. Hence, triangle ABC is an isosceles right-angled
triangle which is right angled at B.
EXAMPLE 6 Find the locus of the point which is equidistant from the points A (0,2, 3)and (2,-2, 1).

SOLUTION Let P(x,y,z)be any point which is equidistant from A (0,2,3)and B (2, -2, 1).
Then,

PA = PB
- PA* = pB>
= J{x-0}2+{y—2}3+{z—3}2 = \/[x-2)2+{y+2)2+(2—1)2
=5 4x-8y-4z+4 = 0= x-2y-z+1 =0

Hence, the required locusis x -2y —z + 1 =0.

EXAMPLE7 Find the coordinates of a point equidistant from the four points O (0,0,0), A (a, 0, 0),
B(0,b,0)and C (0,0, c).

SOLUTION Let P (x, y, z) be the required point. Then ,OP = PA = PB = PC.

Now, OP = PA

= OP? = p4*

=5 x2+y?‘+z2 = (.T—II'}2+(H—UJE+{Z—G)2 =0 =-2ax+a* = x = a/2
Similarly, OP = PB = y = b/2 and OP = P€}=3>"z = ¢/2

Hence, the coordinates of the required point are [% - % - —;}

EXERCISE 27.2

BASIC

1. Find the distance between the following pairs of points:
(i) P(1,-1,0) and Q (2,1, 2) (i1)) A@3,2,-1) and B(-1,-1,-1).
2. Find the distance between the points P and Q having coordinates (-2, 3,1) and (2,1, 2) .
3. Using distance formula prove that the following points are collinear:
(i) A4,-3,-1),B(5,-7,6)and C(3,1,-8)
(ii)) P(0,7,-7),Q(1,4,-5)and R (- 1, 10,-9).
(iii) A(3,-5,1),B(-1,0,8)and C (7,-10,-6)
4. Determine the points in (i) xy-plane (ii) yz-plane and (iii) zx-plane which are equidistant
from the points A (1,-1,0), B(2,1,2)and C(3,2,-1).
5. Determine the point onz-axis which is equidistant from the points (1,5,7) and (5, 1, — 4).
6. Find the point on y-axis which is equidistant from the points (3, 1, 2) and (5, 5, 2).
7. Find the points on z-axis which are at a distance +21 from the point (1, 2, 3).
8. Prove that the triangle formed by joining the three points whose coordinates are (1, 2, 3),
(2,3,1) and (3, 1, 2) is an equilateral triangle.
9. Show that the points (0, 7, 10), (- 1, 6, 6) and (- 4, 9, 6) are the vertices of an isosceles
right-angled triangle.



INTRODUCTION TO THREE DIMENSIONAL COORDINATE GEOMETRY 27.9

10. Show that the points A (3,3, 3), B(0,6,3),C(1,7,7) and D (4, 4, 7) are the vertices of a square.
11. Prove that the point A (1, 3,0), B(-5,5,2),C(-9,-1,2)and D (- 3, -3, 0) taken in order are
the vertices of a parallelogram. Also, show that ABCD is not a rectangle.
12. Show that the points A (1, 3,4), B(-1,6,10),C(=7,4,7) and D (-5, 1, 1) are the vertices ofa
rhombus.
13. Prove that the tetrahedron with vertices at the points O (0,0,0), A (0,1,1),B(1, 0,1)and C
(1,1, 0) is a regular one.
14. Show that the points (3, 2, 2), (-1, 4, 2), (0, 5, 6),(2, 1, 2) lie on a sphere whose centre
is (1, 3, 4). Find also its radius.
15. Find the coordinates of the point which is equidistant from the four points O (0, 0, 0),
A(2,0,0), B(0,3,0)and C (0, 0, 8).
16. If A (-2,2,3)and B (13, - 3, 13) are two points. Find the locus of a point I’ which moves in
such a way that 3PA = 2PB.
17. Find the locus of P if PA% + PB* =2 kz, where A and B are the points (3, 4, 5) and
(=1,3,~7), INCERT]
18. Show that the points(a, b, c), (b, ¢, a)and(c, a, b) are the vertices of an equilateral triangle.
19. Are the points A (3, 6,9), B(10, 20, 30) and C (25, — 41, 5), the vertices of a right-angled
triangle? INCERT]
20. Verify the following:
(i) (0,7,-10),(1,6,—6)and (4,9, - 6) are vertices of an isosceles triangle. INCERT]
(ii) (0,7,10),(-1,6, 6)and (-4,9, 6) are vertices of a right-angled triangle INCERT]
(iii) (-1,2,1),(1,-2,5),(4,-7,8)and (2,-3, 4) are vertices of a parallelogram. [INCERT]
(iv) (5,-1,1),(7,-4,7),(1,-6,10) and (-1, — 3, 4) are the vertices of a rhombus.
21. Find the locus of the points which are equidistant from the points (1,2, 3)and (3,2,-1).
INCERT]
22. Find the locus of the point, the sum of whose distances from the points A (4, 0, 0) and
B (-4, 0, 0)is equal to 10. [INCERT]
23. Show that the points A (1, 2, 3), B(-1,-2,-1),C (2, 3,2)andD (4,7, 6) are the vertices of
a parallelogram ABCD, but not a rectangle. [INCERT]
24. Find the equation of the set of the points P such that its distances from the points
A(3,4,-5and B(-2,1, 4) are equal. [INCERT]
ANSWERS
1. (i) 3 (ii) 5 2. V21
i () [3, 1, D) (i) [ i ) (i) { LR ] 5. [u, 0, EJ
2 16 16 10 5 2
6. (0,5,0) 7. (0,0,7),(0,0,-1) 15. [1, % 4]
16. 5(x% + y* +z%) + 140x — 60y + 50z —1235 = 0
1?.2{.1*?‘+y2+.=:2}-4x-14y+4z+109—2k2 =0 19. No
21, x-22=0 22. 9x2 + 25y + 2522 - 225 =0 23. 10x + 6y —182-29 =0
HINTS TO SELECTED PROBLEMS
10. Show that AB = BC = CD = DA, AC? = AB? + BC? and, BD? = AB? + AD>.
11. Show that AB=CD, BC =DA and AC = ED.
12. Show that AB = BC = CD = DA.
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13. Show that OA=0B=0C=AB=BC=CA
17. Let the coordinates of P be (a., 3, v). Then,

19.

20.

PA? + PB? = 2k2
s, (@-3)2+P-92+F-5%+(a+1)*+(B-3)2%+(y+7)% = 2k?
= u2+[32+'y2—2c1—?13+2]r+1(2lg-=k2

Hence, the locus of (a., B, ?}iﬁl‘z +y2 + 22 -2x—?y+22+%=k2

or,  2(x?+y?+2z%) —4x 14y + 4z +109 - 2k* =0.

AB =1/(10 - 3)2 + (20 - 6)2 + (30 - 9)? = /686

BC =4/(25 —10) + (- 41 - 20)2 + (5 - 30)2 = /4571

and, CA=y(25-3)% +(~41-6)% + (5-9)2 =2709
Clearly, BC* = AB> + CA%, AB* # BC? + CA* and AC? # AB* + BC>.
Hence, A ABC is not a right triangle.
(1) LetA(0,7,-10), B(1,6,-6)andC (4, 9, — 6) be the given points. Then,
AB = \[1+1+16 = 18 = 32,BC = /9+9+0 = +18 = 32
and, AC = \[16+4+16 = 6
We observe that AB + BC > AC, AB+ AC > BC and BC + CA > AB.So, points, A, B, C form
a triangle. Also, AB = BC. So, triangle ABC is isosceles.
(ii) Let P (0,7,10),Q (-1, 6, 6) and R (-4, 9, 6) be the given points. Then,
PQ = 3vJ2,0R = 3J2 and PR = 6.
Clearly, PQ + QR = 642 >PR, QR + PR > PQ and PQ + PR >QR. So, given points form
a triangle. Also, PR? = PQ? + QR%.So,APQR isa right triangle right angled at Q.
(iii) LetA(-1,2,1)B(1,-2,5),C(4,-7,8)and D (2, — 3, 4) be the given points. Then,
AB = 6, BC = +43,CD = 6and AD = V43
AB = CD = 6and BC = AD = /43.Hence, ABCD is a parallelogram.

. Let P (a, B, y) be a point equidistant from the points A (1, 2, 3) and B(3, 2, —1). Then,

PA = PB
— PA* = PB*
= (a-1)2+PB-2%+(1-32=(a-3)*+(B-2* +(y+1)* > 4a-8y=0= 0 -27=0
Hence, the locus of P (o, B, v) is x — 2z = 0.

22. Let P (a, B, y) be the point such that the sum of its distances from the points A (4, 0, 0) and

B(—-4,0, 0)is equal to 10.
i.e. PA+PB =10

= J@-92+p2+y  + J(a+ 42 +p2+y? =10

\/{u+4)2 +|3.2 +]r2 = 1[]—\{(11—4'-]:)2 +ﬁ2+"f2

—J
= (a+42+p2+y? = 100 - 204(c —4)% + B% + 7% + (ot — 4)2 + p2 + ¢
—

16 & = 100 — 20y/(ct — 4) + B +
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= (40 -25) = 5J(u-4}2+|32+?2
= (4 o -25)% = 25{(a—4)2+|32+~,-2} — 9 a2 + 252 + 25y% -225 = 0

Hence, the locus of (a, B, y) is 9x + 25‘1,'2 + 25z — 225 =0.
23. Given pointsare A (1,2, 3), B(-1,-2,-1),C (2, 3,2)and D (4,7, 6).
AB = 6,BC = /43,CD = 6and AD = /43
=  AB =CE =6 and BC = AD = /43
So, ABCD is a parallelogram.
Also, AB?+BC? = 36+43 = 79and AC = 3

AB? + BC? # AC? i.e. ZBisnota right angle. Hence, ABCD is not a rectangle.
24. Let P (a, B, y) be one of the points equidistant from A (3, 4, —5) and B (-2, 1, 4). Then,
PA = PB
=  PA* = PB’

=  (@-32+B-9%+@¥+5> = (a+2*+(B-1)*+(y-4)*

== 10a+6p-18y-29 =0
Hence, the locus of P is 10x + 6y —18z — 29 = 0.

27.5 SECTION FORMULAE

THEOREM (FOR INTERNAL DIVISION) Let P (x1, y1,27) and Q (x;, ¥, 2p) be two points in space
and let R be a point on the line segment joining P and Q such that it divides the join of P and Q internally
in the ratio my : my. Then, the coordinates of R are:

my X9 +My X4 My Vo + My Y1 1My Zp + My Z4
1y + iy j 1 + iy ' Iy + Ity

PROOF Let the coordinates of R be (x, y, 2z). Let PL , QM and RN be perpendiculars from P, Q
and R respectively on XOY plane. Clearly, PL , OM and RN lie in a plane which contains the line
PQ and is perpendicular to XOY plane. Therefore, Zh 0 }
points L, M, N are in a straight line which is the AR
intersection of this plane with XOY-plane. Through R S o ol
draw a line parallel to LM and meeting LP produced in  p(x,, v, 2y) * R (xyz
L' and MQ in M'. Clearly, triangles RPL' and RM'(Q) N— M’
are equiangular and hence similar;
PL'" PR o)
MQ PQ
LL' - LP my
M Q — MM’ my A Na
NR-LP  my M

MQ —NR My Fig.27.10
& = Z m My Z + My Z

—, 1 g2 L =iy oo y S i |
22 — HIZ m] +m2

-~V

U
I
|

Similarly, by drawing planes containing PQ and perpendicular to YOZ and ZOX planes
respectively, we get
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v ny Xo + My Xq ul mq Yo +mn Ifq
??11 + mz ﬂ!l + mz

X

My I2+m2 xl_’mly2+m2 Y1 rﬂilZz_'l'-mgIlJ

Hence, the coordinates of R are
IHI +?ﬂ2 m]+m2 m1+m2

REMARK 1 If R is the mid-point of the segment joining P (xqy, y1,21) and Q (x5, ¥5,2y), then
my =my =1 and so the coordinates of R are given by

(11+x2 Y1 +Yo z1"'32}

25 YR
REMARK 2. If P (xq, Y1, 21) and Q (x5, Yo, 25) be two points, and let R be a point on PQ produced
dividing it externally in the ratio my :m, (my # my). Then, the coordinates of R are

[?”1 Xog —Mp X9 My Yo —Mp Yy MyZy —MyZy
; ;

r

m1 — m1 — My my + my

REMARKS3  Thexy, yz and zx planes divide the segment joining points A(xq, y1, z1) and B(x,,Y5, 27)
in the ratio =z, :2,, —x1 : X5 and —yy : y, respectively.

REMARK 4 The line segment joining points A (xq, y1,21) and B(Xs, ¥2, 25) is divided by the plane
axqy+byy+czy+d

ax + by + cz+d =0 in the ratio -

axy +byy +czp +d

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE1 Find the coordinates of the point which divides the join of P(2,~1,4)and Q(4,3,2) in
the ratio 2 : 3 (i) internally (ii) externally.

SOLUTION Let R (x, y, z) be the required point.
(i) If R divides PQ internally in the ratio 2 : 3, then

2x4+3x2 2x 3+ 3x-1 2x2+3x4 14 3 16
L — Iy= ,EI =:"1'=—;y=—:3=—
2+ 3 2+ 3 2+ 3 5 5 5
50, the coordinates of point R are( %4, ; " %}
(ii) If R divides PQ externally in the ratio 2 : 3, then
2x4-3x2 2x 3-3x-1 2x2-3x4
x = , Y = S > x==-2,y=-9z=28
2-3 2-3 2-3

So, the coordinates of R are (-2, -9, 8).
EXAMPLE2  Find the ratio in which the line joining the points (1, 2, 3) and (- 3, 4, — 5) is divided by the
xy-plane. Also, find the coordinates of the point of division.

SOLUTION Suppose the line joining the points P (1, 2, 3) and Q (- 3, 4 —-5) is divided be the
xy-plane at a point R in the ratio A :1. Then, the coordinates of R are
(—31+1 4N+2 ~51+3]

, , (1)
A+1 A+1 A+1

—51+3_ 3
N ha 5

Since R lies on xy-plane i.e. z = 0. Therefore,
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S0, the required ratio is ; :1or,3:5. Putting A= % in (i), we obtain the coordinates of R as

(_1/21 11/4; U}*

ALITER We know that the xy-plane divides the line segment joining points P(xy, 1, z1) and
Q(x5, Y5, 29) in the ratio -z, : z,. Hence, the required ratio is —3:-5i.e. 3 : 5 internally and the
coordinates of the point of division are
(3::: -3+5x1 3x4+5x2 3x-5+5x 3]_[_1 11 U]
24"

.F ¥

3+5 3+5 3+5
EXAMPLE 3 Find the ratio in which the join the A (2,1,5) and B(3, 4, 3) is divided by the plane
2x + 2y — 2z =1. Also, find the coordinates of the point of division.

SOLUTION Suppose the plane 2x + 2y — 2z =1 divides the line joining the points A (2, 1, 5) and
B (3, 4, 3) at a point C in the ratio A : 1. Then, the coordinates of C are

(31+2 40+1 31+5J

(i)

f I

A+1 A+1 A+1

Since point C lies on the plane 2x + 2y — 2z =1. Therefore, coordinates of C must satisfy the
equation of the plane

- 5 3A+2 39 40+1 5 3L +5 =1=>81.—4=l+1=:-1.=5
A+1 A+1 A+1 7
So, the required ratinisg:ImS:?. Putﬁngl=§in(i), the coordinates of the point C of division
(29 9 25)
are| — ,—,— |
12 4 6

ALITER Weknow that the line segment joining points A (xq, ¥1, z1) and B(x5, ¥», 25) is divided

axy+by +czy+d

axy +bys +cz2y +d

joining points A(2, 1, 5) and B(3, 4, 3) is divided by the plane 2x + 2y -2z -1 = 0 in the ratio
2x2+2x1-Ax0=V S

- ==1ie.5:7.
2x3+2x4-2x3-1 7

The coordinates of the point of division are

(5H3+?:{2 5x4+7x%1 5x3+7x5]_(§ E __ZEJ
547 T Y@®YT " 547

by the plane ax +by +cz+d =0 in the ratio -

. Therefore, the line segment

(124" 6
EXAMPLE4 Using section formula, prove that the three points A(-2,3,5), B(1,2,3) and
C(7,0,-1)are collinear.

SOLUTION Suppose the given points are collinear and C divides AB in the ratio A:1. Then,
coordinates of C are

[1-2 oA+ 3 3a+5]

a1l et el

A=2 _, 2A+3 o 3A+5_

e -1
A+1 A+1 A+1

But, coordinates of C are given as (7, 0, — 1). Therefore,

From each of these equations, we obtain A =- % Since each of these equations give the same

value of A. Therefore, the given points are collinear and C divides AB externally in the ratio 3: 2.
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EXAMPLE 5 The mid-points of the sides of a triangle are (1, 5, - 1), (0, 4, = 2) and (2, 3, 4). Find its
vertices.

SOLUTION Let A (xq,y1,z1), B(xy,¥5,27) and C (x3, y3,2z3) be the vertices of the given
triangle, and let D (1,5, —1), E(0, 4, - 2) and F (2, 3, 4) be the mid-points of the sides BC, CA
and AB respectively.

D is the mid-point of BC

Btx3 _ 4 WBt¥s 5 Bt _
2 2 2
= Xo+X3 =2, Yp+y3z =10, 20 +253 = =2 (i)
E is the mid-point of CA
X1+ X3 =0, Y1+ Y3 =4, Z1 T 23 Hleg
2 2 2
=> X1+x3 =0, y1+y3 =8, z1+253 = —4 ..(11)

F is the mid-point of AB

Nrxg w PN om AR §
2 T2 Y2

= X1+X%X =4, Yy1+Yp =6,21+2 =8 ...(iii)

Adding first three equations in (i), (ii) and (iii), we obtain
2(x1+x9+2x3) =2+0+4 = x1+x+x3 = 3.

Solving first equations in (i), (ii) and (iii) with xy + x5 + x3 = 3, we obtain:
x1=1,x=3,x3=-1

Adding second equations in (i), (i1) and (iii), we obtain
2(/1+Yp+y3) =10+8+6 = Yy +yp+y3 =12

Solving second equations in (i), (ii) and (iii) with y; + y» + y3 =12, we obtain
Vi =2 Y2 =4, 93 =6

Adding last equations in (i), (ii) and (iii), we obtain
2(21 +2p +23) = -2-4+8 = 21 +2p +23 = 1.

Solving last equations in (i), (ii) and (iii) with z; + z5 +z3 =1, we obtain

Zy =3, 29 =95, z3 = —7.
Thus, the vertices of the triangleare A (1, 2, 3), B(3,4,5)andC (-1, 6, -7).
EXAMPLE 6 Given that P (3,2,—-4), Q (5,4, - 6) and R (9, 8, —10) are collinear. Find the ratio in
which Q divides PR. [INCERT]

SOLUTION Suppose Q divides PR in the ratio A:1. Then, coordinates of Q are
[9 A+3 BA+2 4014}

¥ F

A+1 A+1 A+1

But, coordinates of Q are (5, 4, — 6). Therefore,
OA+3 8?~,+2m4 -10A -4

£ T, D G WY

A+1

r

These three equations give A = % So, Q divides PR in the ratio ;1'—2- sliort s
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EXAMPLE? Find the coordinates of the points which trisect the line segment AB, given that
A(2,1,-3)and B(5, -8, 3).

SOLUTION Let P and Q be the points which trisect AB. Then, AP = PQ =QB. Therefore, P
divides AB in the ratio 1 : 2 and Q divides it in the ratio 2 : 1.

As P divides AB in the ratio 1: 2, so coordinates of P are

I1x5+2x2 1x-8+2x1 1x3+2x-3
’ ’ =(3;_2,_1)
142 1+2 1+2
A2,1,-3) B(5-83)
P Q
Fig.27.11

Since Q divides AB in the ratio 2 : 1, so coordinates of Q are

[2x5+1x2 TumB b T%l 2ZxB41x-3

’ ’ =(4r"‘511}
2+1 2+1 1+2

EXAMPLE8 Three vertices of a parallelogram ABCD are A(3,-1,2),B(1,2,-4)andC (-1,1, 2).
Find the coordinates of the fourth vertex. [NCERT]

SOLUTION Let the coordinates of the fourth vertex D be (x,y,z). Since diagonals of a
parallelogram bisect each other. Therefore, mid-point of AC and BD coincide.

_ (3—1 -1+1 2+2)_(1+I 2+ Y —4+z]

2,72 2 2 0 2
1 2 z-4
x+1 y+2 z ]:‘x+1 y+2

— (1f DJ‘ 2] =[ ’ ’ =1:
2 2 2 2 2

Hence, the coordinates of the fourth vertex are (1, — 2, 8).

EXAMPLE 9  Find the lengths of the medians of the triangle with vertices A (0, 0, 6), B(0, 4, 0) and
C (6, 0, 0). [NCERT]
SOLUTION LetD, E and F be the mid-points of sides BC, CA and AB respectively.

The coordiantes of D, E and F are

(ﬂ+6,4+0,(};n)={3;2,ﬂ), E[GZU,U+U,D+6J={U;2, 3)

=U,¥=2:}x=1,y=—2, and z=38

2 2 2 2

and F(U+D,U+4,6+0J={O,2, 3) respectively. A (0,0, 6)
2 2 2 g
/
% .»-’tD=\({'I'J'—‘E’;)241~({fl~-2)2+(6—[])2 =\[9+4+36=? /
F(0,2,3) E (3,0,3)
BE=1(0-3)2+(4-0)%+(0-3)2 = [0+16+9 =34 : x
[ N
and, CF =\/(6 ~0)*+(0-2*+(0-3)* =,/36 + 4 + 9 =7 B(0,4,0) D320  C(60,0)
Fig. 27.12

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE10 LetA(3,2,0),B(5, 3, 2),C (-9, 6, — 3) be three points forming a triangle. The bisector
AD of ZBAC meets side BC in D. Find the coordinates of D. [NCERT]

SOLUTION The bisector AD of ZBAC divides BC in the ratio AB: AC.
Now, AB=y(3-52+(2-3)2+(0-2)% =3 and, AC =4/(3+9)%+(2-6)%+(0+ 3)% =13
Thus, D divides BC in the ratio AB: AC i.e. 3:13. Hence, the coordinates of D are
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A(3,2,0)
B(532 D C (-9, 6,-3)
Fig.27.13
3x-9+13x5 3x6+3x13 3x-3+13x2 _[19 57 l?J
3+413 " 3+13 °  3+13 8 16 16
EXAMPLE 11 [f the origin is the centroid of the triangle with vertices P (2a, 2, 6), Q (-4, 3b, —10) and
R (8,14, 2¢), find the values of a, band c. INCERT]

SOLUTION The coordinates of the centroid of APQR are
{2&'-4+8 2+3b+14 6-10+ 2::] [2n+4 3b +16 25~4J

F—
=

F ¥ F ¥

3 3 3 3 3 3

It is given that the origin is the centroid of APQR.
20+ 4 16 + 3b 2c -4

=0, =0, =0
3 3 3
= 2a+4=0,15+3b=u,2c—4:0:>a:-z,b=-1§ands:2
EXAMPLE 12 A point R with x-coordinate 4 lies on the line segment joining the points P (2, — 3, 4) and
Q (8, 0, 10). Find the coordinates of the point R. [INCERT]
SOLUTION Suppose R divides PQ in the ratio A:1. z 1
Then, the coordinates of R are ; ;
P(2,-3,4) R Q(8,0,10)
8L+2 -3 10A+4 Fig. 27.14
A+l "a+1" A+l
It is given that the x-coordinate of R is 4.
i =4 = BA+2=40A+4 = 4A=2= l=~1—
A+1 2

Hence, the coordinates of R are (4, — 2, 6).

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 13  Show that the coordinates of the centroid of the triangle with vertices A (xy, ¥1,21),
+ Xy + X3 Yp+ Yy + 21 +2Zy +2Z
B (x5, ¥9,29)andC (x5, y3, 23) are(xl I;' 3,4 y; 23, 4 ; 3) [NCERT]

SOLUTION Let D be the mid-point of AC. Then, coordinates of D are
(Iz tX3 Yaty3 B +33J_

# ¥

2 2 2

Alxy, Y10 21)

2
G
1

E (IE.I _T,I"g,- IE} 'D C {I}, ya_.. :3}
Fig. 27.15
Let G be the centroid of A ABC. Then, G divides AD in the ratio 2 : 1.
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So, coordinates of D are

f’ 3
Loy +2(32258) 1oy e2(2398) 1q40( 235
2 2 2
142 ‘ N ‘ 1492
\ Y,
i (X1 + Xy +X3 Y1+ 1Y +Ya zl+zz+23]
Y L 3 ; 3 ’ 3

EXAMPLE 14 Let P and Q be any two points. Find the coordinates of the point R which divides PQ
externally in the ratio 2 : 1 and verify that Q is the mid point of PR.

SOLUTION Let the coordinates of points P and Q be (x1, ¥, z1) and (x5, ¥, 2p) respectively.
Then, the coordinates of the point R which divides PQ externally in the ratio 2: 1 are
(21'2 X1 2 -1 23 -7

; ¥ = (2x9 = X1, 2Y» — Y1, 220 =2
= o1 2_1J (2% = x1, 2y = Y1, 225 —71)

The coordinates of the mid-point of PR are

X1 +2%-X] Y+2Y-¥ 31+2?-'2—31J
! ’ = (X9, =
( > 5 > (%2, ¥2.22)

Clearly, these are the coordinates of point Q. Hence, Q is the mid-point of PR.

EXAMPLE 15 Prove that the lines joining the vertices of a tetrahedron to the centroids of the opposite
faces are concurrent.

SOLUTION Let ABCD be a tetrahedron such that the coordinates of its vertices are

A (x1, ¥1,21), B(x2, ¥, 2),C (x3, ¥3,23) and D (x4, ¥4, 24). The coordinates of the centroids of
faces ABC, DAB, DBC and DCA are respectively

G][:c_l+xz+x:i Vit +Y3 zl+zz+z3J

3 3 ’ 3 Alxy, ¥y, 2q)
G [1’1 tXp Xy Y1tYatYs [t +24}
2 3 ! 3 F 3
G (12+I3+I4 Yo+ Y3+ ¥4 32+33+34J ¥
3 3 ’ 3 r 3
3 . 3 ' 3 ' 3 Fig. 27.16

Now, coordinates of point G dividing DG, in the ratio 3: 1 are

AR SRR L)
3 3 3

1+3 ’ 1+3 ’ 1+3

\ /

B [Il +Xo+X3+Xg4 Yy +Ys+Ys+Yy Zp+2Z+2Z3 +z4]
4 ' 4 ' 4
Similarly, the points dividing CG,, AG3 and BGy in the ratio 3 : 1 have the same coordinates.
Thus, the pﬂintG{xl o ;I?’ T %4 > Y17 Y2 ';yg * Y4 ? s B 133 +34Ji5 common to

DGy, CG,, AGy and BGy. Hence, they are concurrent.
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EXERCISE 27.3

i~

e |

10.

11.

14.

13,

14,

16.

BASIC

. The vertices of the triangle are A (5, 4, 6), B(1, —1, 3)and C(4, 3, 2). The internal bisector of

angle A meets BC at D. Find the coordinates of D and the length AD.

A point C with z-coordinate 8 lies on the line segment joining the points A (2, - 3, 4) and
B (8, 0,10). Find its coordinates.

. Show that the three points A (2, 3,4), B(-1,2 - 3) and C (-4, 1, —10) are collinear and

find the ratio in which C divides AB.

. Find the ratio in which the line joining (2, 4, 5) and (3, 5, 4) is divided by the yz-plane.
. Find the ratio in which the line segment joining the points (2,-1,3) and (-1, 2,1)1s

divided by the plane x + y +z =5.

. If the points A (3, 2, —4), B(9, 8, —10) and C (5, 4, - 6) are collinear, find the ratio in which

C divides AB.

. The mid-points of the sides of a triangle ABC are given by (-2, 3, 5), (4,-1,7) and (6, 5, 3).

Find the coordinates of A, B and C.

Find the ratio in which the line segment joining the points (4, 8, 10) and (6, 10, - 8) is divided
by the yz-plane. INCERT]
GiventhatP(3,2,-4),0 (5,4, -6) and R (9, 8, —10) are collinear. Find the ratio in which
Q divides PR. INCERT]
Using section formula, show that the points A (2, -3, 4), B(-1,2,1)and C (0,1/3, 2) are
collinear. INCERT]
Find the centroid of a triangle, mid-points of whose sides are (1, 2,-3), (3,0, 1) and
(-1,1,-4).

The centroid of a triangle ABC is at the point (1, 1, 1). If the coordinates of A and B are
(3,-5,7)and (-1, 7, — 6) respectively, find the coordinates of the pointC. INCERT]
Find the coordinates of the points which tisect the line segment joining the points
P(4,2,-6)andQ (10, - 16, 6). [NCERT]

BASED ON LOTS

A(l1,2,3),B(0,4,1),C(-1,-1, - 3) are the vertices of a triangle ABC. Find the point in
which the bisector of the angle ZBAC meets BC.

. Find the ratio in which the sphere x> y2 +z% =504 divides the line joining the points

(12, - 4, 8) and (27, - 9, 18).

Show that the plane ax + by + cz + d =0 divides the line joining the points (xy, y;,z;) and
axy +byy +czy +d

axy +byy +czo +d

(x5, Y5, 27) in the ratio —

ANSWERS

n

13.

(g 3 19) V1530
AR

|
—

o
y

|

r-l-

Qo
p——

i 3. 2:1externally 4. 2:3 externally
8 2 8

1: 3 externally & Ti2 7. A(12,1,5),B(0,9,1),C(-4,-3,9)
2 : 3 externally 9. 1:2 11. (1,1,-2) 2. 1:1:2)

(6,—4,-2),(8,-10, 2) 14. (-—,—,——) 5. 2:3,-2:3
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—— HINTS TO SELECTED PROBLEMS

1. Use the fact that D divides BC in the ratio AB : AC.
2. Suppose C divides AB in the ratio A:1. Then, the coordinates of C are

(81+2 —3 101+4]

P IR T T |

100+ 4
A+1

=8:-_:. A=2.

It is given that the z-coordinate of C is 8. Therefore,

Hence, the coordinates of C are (6, —1, 8).

8. Let the required ratio be A:1. Then, the coordinates of point of division are

r

4% <~ L) A+1

63"4"4:[}::3.:-3

A+1 3

{6 At+t4 10A+8 —-8A+10 } This point lies of yz-plane. So, its x-coordinate must be zero.

1.e.

Hence, yz-plane divides the segment joining given points externally in the ratio 2 : 3.

9. Suppose Q divides PR in the ratio A:1. Then, the coordinates of ) are
[91+3 8l+2-401—4}

r

v (A C % ISR T |

But, the coordinates of Q are (5, 4, — 6).
9A+ 3 8l+2_4—101—4

¥ ¥

A+1 A+1 A+l

e
—

==

All these equations give A = % Hence, Q divides PR in the ratio -;— i G B o

10. Suppose C [O, ~1§, 2] divides the segment joining A (2, — 3, 4) and B(-1, 2, 1) in the ratio

A :1. Then, the coordinates of C are [_;H‘z, 2h=e ts

(Df F Jl
3

—A+2 _ U,Z}LHS

A+1 A+1

J . But, the coordinates of C are

dl+4 i
A+1

—

1
= —an
3

All these equations give the same value of A. Hence, A, B, C are collinear points.
12. Let the coordinates of C be (a, B, 7). Then centroid of triangle ABC has the coordinates
[u+2’|3+2:1r+1
3 3 3
a+2 1 B+2

= F

3 3

Hence, the coordinates of C are (1, 1, 2).

} But, coordinates of the centroid are givenas (1, 1, 1).

=1J%1=1:;Q=LB=L¢=2
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13. Let A and Bbe the points of trisection of PQ. Then, A divides PQ internally in the ratio 1: 2.
So, coordinates of A are
(lxlﬂ+2x4;lx+16+2x2jlx 6 + 2 45} et
1+2 1+2 1+2
Clearly, Bis the mid-point of AQ. So, its coordinates are
(6 +1U, -4 —16’ -2 + 6]=(8, _10, 2).
2 2
FILL IN THE BLANKS TYPE QUESTIONS (FBQs)
1. The distance of the point (4, b, ) from zx-plane is........ccocvemveevrurrererierins
2. The distance of the point (p, g, r) from x axis is ......coervvvrnrevnerisnnies
3. If Land M are the feet of perpendiculars from P (3, 4, 5) on xy and yz-planes, then LM =....... ;
4. The coordinates of the point eqmd15tant from the four points O (0,0, 0), A(a, 0,0),
B(0,b,0)and C (0, 0, c) are.
5. A line is parallel to xy—plane if all the points on the line have equal ....
6. The equation x = b represents a plane parallel to .......cccceervereccrericnnncnns plane.
7. Perpendicular distance of the point (3, 5, 6) from y-axis iS .....c.emnimesiinianiinn «
8. Listhe foot of the perpendicular drawn from the point (3, 4, 5) on yz-plane. The coordinates
OELG0B irscessimmsoncsetoieinsim g [INCERT EXEMPLAR]
9. The length of the perpendicular drawn from the point P(a, b, ¢) on z-axiS iS ....ccccccvveerervecunnn
10. z=arepresentsa plane parallel to..............ccc.ceceururueueen. plane. INCERT EXEMPLAR]
11. If the centroid of the triangle is origin and two of its vertices are (3, -5, 7) and (-1, 7, - 6),
then the third vertex Bl ....cccsmssisnasigsons
12. If the mid-points of the sides of a triangle have coordinates (1, 2,-3), (3,0, 1) and (-1, 1, 4),
then the coordinates of its centroid are .........ccccecvvvvvrsrvnsrenns
13. The three axes OX, OY, OZ determine ............c.eeeusisusuariassesss
14. The three planes determine a rectangular parallelopiped which has ................... of
rectangular faces.
15. The coordinates of a point P are perpendicular distances of P from the three coordinate
i 3 S ACRORORE WG ; - (SOOI I Nl .7~ b 118
16. The three coordinates planes divide the space into ..........cccccevrereecvcreienressennnn. parts.,
17. The equations of xy, yz and zx planes are ..........ccccvvverviennrs serveesvesesnenennenen. @aNd respectively.
18. The equations of the coordinate axes are : .........ccceceeruvrerenvusinsenae
19. A line is parallel to xy-plane if all the points on the line have equal ..........occcvviinniiniiininnn.
20. A line is parallel to x-axis if all the points on the line have equal ........c.ccccccuviiiinnnnnnas
21. x =arepresents a plane parallel to ........ccoueveneviccrrennnnn
22. The plane parallel to yz-plane is perpendicular to .......ccocovvevinvivririnrisiniann
23. The length of the longest piece of a string that can be stretched straight in a rectangular

room whose dimensions are 10, 13 and S unitS are ........cccoeeeiveeerevverrenneenns «
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24, If the distance between(a, 2,1) and (1, -1, 1)is 5, thena= .........cccece. .
[NCERT EXEMPLAR]
25. If the mid-points of the sides AB, BC and CA of a AABC areD (1,2,-3),E(3,0,1) and
F(-1, 1, —4) then the coordinates of the centroid of the triangle ABC are.........ccceceevereirereerenns
ANSWERS
I 2. Vb?% +c? 3.4/34 4, (E, E,EJ 5. z-coordinates
222
6. yz 7. V45 8. (0,4, 5) 9. Va2 +b?
10. xy 11. (-2,-2,1) 12.(1,1,-2) 13. Three coordinate planes
14, Three pairs 15. yz, zx and xy 16. 8 17. z=0,x=0and y=0
18. x-axis:y=0,z=0; y-axis:z=0,x=0; z-axis: x=0,y=0
19. z-coordinates 20. y, z-coordinates 21. yz-plane 22. x-axis
23. /333 24, 5,-3 25. (1,1,-2)

VERY SHORT ANSWER QUESTIONS (VSAQs)

Answer each of the following questions in one word or one sentence or as per exact requirement of the
question:

s

ol AE .

N oo oW

Write the distance of the point P (2, 3, 5) from the xy-plane.
Write the distance of the point P(3, 4, 5) from z-axis.
If the distance between the points P(a, 2,1)and Q (1, -1, 1) is 5 units, find the value of a.

The coordinates of the mid-points of sides AB, BC and CA of AABC are D(1, 2, - 3),
E(3,0,1)and F(-1, 1, —4) respectively. Write the coordinates of its centroid.

Write the coordinates of the foot of the perpendicular from the point (1, 2, 3) on y-axis.
Write the length of the perpendicular drawn from the point P(3, 5, 12) on x-axis.

Write the coordinates of third vertex of a triangle having centroid at the origin and two
vertices at (3, -5,7) and (3, 0, 1).

8. What is the locus of a point (x, y, z) for whichy =0,z =0?
9. Find the ratio in which the line segment joining the points (2, 4, 5) and (3, -5, 4) is divided

10.
3
12,

13.

14,

by the yz-plane.

Find the point on y-axis which is at a distance of ¥10 units from the point (1, 2, 3).

Find the point on x-axis which is equidistant from the points A (3, 2, 2) and B (5, 5, 4).
Find the coordinates of a point equidistant from the origin and points A(a, 0, 0), B(0, b, 0)
and C(0, 0, ¢).

Write the coordinates of the point P which is five-sixth of the way from A(-2, 0, 6) to
B(10, -6, -12).

If a parallelopiped is formed by the planes drawn through the points (2, 3, 5) and (5, 9, 7)

parallel to the coordinate planes, then write the lengths of edges of the parallelopiped and
length of the diagonal.

. Determine the point on yz-plane which is equidistant from points A(2, 0, 3), B(0, 3, 2) and

C(0,0,1).
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16. If the origin is the centroid of a triangle ABC having vertices A(a, 1, 3), B(-2, b -5) and
C(4,7, c), find the values of a, b, c.

____ANSWERS

1. 5 2. 5 3.5,-3 4. (1,1,-2) 5. (0,2,0)
6. 13 7. (-6,5,—-8) 8. x-axis 9. 2:3 externally

10. (0,2,0) 11. (49/4,0,0) 12. (a/2,b/2,c/2) 13. (8,-5,-9)

14. 3,6,2,7 15, (0,1,3) 16. a=-2,b=-8,c=2

MULTIPLE CHOICE QUESTIONS (MCQs)

Mark the correct alternatives in each of the following:

1. The ratio in which the line joining (2, 4,5) and (3, 5, —=9) is divided by the yz-plane is

(@) 2:3 (b) 3:2 (c) -2:3 (d) 4:-3
2. The ratio in which the line joining the points (a, b, ¢) and (- a, — ¢, —b) is divided by
the xy-plane is
(@) a:b (b) b:c (c) c:a (d) c:b
3. fP(0,1,2),Q(4,-2,1) and O (0, 0, 0) are three points, then -POQ =
T n s T
2 iz il W=
() . (b) i (c) 3 (d) 5
4. If the extremities of the diagonal of a square are (1, — 2, 3)and (2, — 3, 5), then the length of
the side is
(a) V6 (b) V3 (c) V5 (d) v7
5. The points (5,4, 2),(4,-3,1),(7, 6, 4) and (8, =7, 5) are the vertices of
(a) arectangle (b) asquare (c) a parallelogram (d) none of these

6. In a three dimensional space the equation x* —5x + 6 = 0 represents

(a) points (b) planes (c) curves (d) pair of straight lines
7. Let(3,4,-1)and (-1, 2, 3) be the end points of a diameter of a sphere. Then, the radius of
the sphere is equal to
(a) 2 (b) 3 (c) 6 (d) 7
8. XOZ-plane divides the join of (2, 3, 1) and (6, 7, 1) in the ratio
(@) 3:7 (b) 2:7 (c) —3:7 (d) -2:7

9. What is the locus of a point for which y =0,z =0?
(a) x-axis (b) y-axis (c) z-axis (d) yz-plane
INCERT EXEMPLAR]
10. The coordinates of the foot of the perpendicular drawn from the point P(3, 4, 5) on
the yz-plane are

(@) (3,4,0) (b) (0,4,5) (¢) (3,0,5) (d) (3,0,0)
INCERT EXEMPLAR]
11. The coordinates of the foot of the perpendicular from a point P(6, 7, 8) on x-axis are
(a) (6,0,0) (b) (0,7,0) (c) (0,0,8) (d) (0,7,8)
INCERT EXEMPLAR]
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12.

13,

14.

15

16.

17.

18.

13

20.

&1,

23.

24,

The perpendicular distance of the point P(6, 7, 8) from xy-plane is
(a) 8 (b) 7 (c) 6 (d) 10

[INCERT EXEMPLAR]
The length of the perpendicular drawn from the point P(3, 4, 5) on y-axis is
(a) 10 (b) V34 (c) ¥113 (d) 5v2

[INCERT EXEMPLAR]
The perpendicular distance of the point P(3, 3, 4) from the x-axis is
(a) 3v2 (b) 5 (c) 3 (d) 4

The length of the perpendicular drawn from the point P(a, b, c) from z-axis is

(a) va? +b? (b) Vb? +c? (c) vat +c* (d) x/nz +b* +¢*

L is the foot of the perpendicular drawn from a point (3, 4, 5) on x-axis. The coordinates of L

are
(a) (3,0,0) (b) (0,4,0) (c) (0,0,5) (d) none of these
[NCERT EXEMPLAR]

The coordinates of the foot of the perpendicular drawn from a point (3, 4, 5) on the xy-plane
are

(a) (3,0,0) (b) (0, 4, 5) (c) (3,0,5) (d) none of these
[INCERT EXEMPLAR]

If a parallelopiped is formed by planes drawn through the points (5, 8, 10) and (3, 6, 8)
parallel to the coordinate planes, then the length of diagonal of the parallelopiped is

(a) 243 (b) 342 (c) V2 d) V3

INCERT EXEMPLAR]
The locus of the point for which x =01is
(a) xy-plane (b) yz-plane (c) zx-plane (d) none of these

INCERT EXEMPLAR]
The locus of the point for which z=0, x =0, is
(a) equation of x-axis (b) equation of y-axis
(c) equation of z-axis (d) none of these [INCERT EXEMPLAR]
Equation y-axis is considered as
(a) x=0wr=0 (b) y=0,z=0 (©)z=0;x=0 (d) none of these

[INCERT EXEMPLAR]

. A plane is parallel to yz-plane, so it is perpendicular to

(a) x-axis (b) y-axis (c) z-axis (d) none of these
INCERT EXEMPLAR]

x-axis is the intersection of two planes

(a) xy and xz (b) yzand zx (c) xy and yz (d) none of these

[NCERT EXEMPLAR]
If the distance between the points (a, 0, 1) and (0, 1, 2) is +/27, then the value of ‘4’ is
(a) 5 (b) £5 (c) -5 (d) none of these

INCERT EXEMPLAR]
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ANSWERS

1. (c) 2. (d) 3. (d) 4. (b) 5. (a) 6. (b) 7. (c) 8. ()
9. (a) 10. (b) 11. (a) 12. (a) 13. (b) 14. (b) 15. (a) 16. (a)
17.(d) 18. (@) 19.(b) 20.(b) 21.(c) 22.(a) 23.(a) 24. (b)

ACTIVITIES

ACTIVITY-1

OBJECTIVE To explain the concepts of coordinate axes, coordinate planes and coordinates of a
point in three dimensional space.

MATERIALS REQUIRED Thin plywood board, adhesive and wires.

STEPS OF CONSTRUCTION
Step Take a thin plywood board and cut it into three equal parts of size 30 cm x 30 cm (say).
Stepll ~ Take one of the three pieces of plywood board and put it on the top of a table.

Step T Along two perpendicular edges of this plywood board fix remaining two pieces
vertically as shown in Fig. 27.17.

StepIV  Three pieces intersect at right angles at a point O. First and third pieces intersect along

OX, First and second pieces intersect along OY and second and third pieces intersect
along OZ.

NZ

yz—plane 11

xz-plane |0

7 xy-plane”—>—"]
'.-" *
o vl

i

ity
L i

.l"'r.l Fal
VAW AW A & 4

¢ Fig. 27.17

STEPS OF DEMONSTRATION

Step I OX, OY and OZ are positive x, y and z-axes respectively. Planes XOY, YOZ and ZOX
are known as xy, yz and zx coordinate planes respectively. The xy, yz and zx-planes are
called the coordinate planes.

Step I If the planes XOY and XOZ are extended in the backward direction, they intersect
along OX' which is called the negative part of x-axis. Similarly, when the planes XOY
and YOZ are produced in backward direction, they intersect along OY" which is called
the negative direction of y-axis. By extending planes XOZ and YOZ in downward
direction, they intersect along OZ' which is known as the negative direction of z-axis.
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Fig. 27.18

StepIll  If Pis a point in space such that PL is perpendicular from P on XY-planeand PL=z. LA
and LB be perpendiculars from P on OX and OY respectively. Let OA =xand OB =Y.
Then, (x, y, z) are the coordinates of point P.

NZ

GH
v =<

VP (x,p2)

A L (x,v,0)
Fig. 27.19

Step IV OLP is a right triangle right angled at L.
OP2 =012 + LP?
= OP%=0L%+27° ...(1)
AOAL is also a right triangle right angled at A.
OL* =0A? + AI?
= OL?=0A%+0B?* =x* + > ...(ii)
From (i) and (ii), we obtain

OP? =x* +y* +2* = OP =\/:::2+y2+:v:2

ACTIVITY-2

OBJECTIVE To explain the meaning of octants.

MATERIALS REQUIRED Thin plywood sheets, wooden board, coloured chart papers, scissors,
wires, adhesive etc.

STEPS OF CONSTRUCTION

Step 1 Take three thin plywood sheets of size 30 cm x 30 cm: (say).
Stepll  Paste chart papers of three different colours on both sides of the sheets.
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Step Il Fix two sheets in such a way that they intersect orthogonally in the middle of each
other as shown in Fig. 27.20.

Step IV Cut the third sheet into two equal rectangles.

StepV  Insert one rectangle from one side in the middle cutting the two orthogonally, and the
other rectangle from other side. We observe that in the model so formed three planes
are intersecting at right angles at a point O (called the origin) and they divide the space
into eight parts. Each part is called on octant.

StepVI  Inone octant fix scales to show x-axis, y-axis and z-axis. The needle of x-axis piercing to
other side represents XOX', similarly, YOY' and ZOZ' are represented.

STEPS OF DEMONSTRATION

Step 1 The octant having OX, OY and OZ as its edges is denoted by OXYZ. Similarly, the
other octants are OX' YZ, OXY' Z, OX'Y'Z, OXYZ',OX'YZ', OXY' Z' , OX' Y' Z'.
The signs of the coordinates of a point depend upon the octant in which it lies. Let P be
a point and let A, B,C be the feet of perpendiculars drawn from P on planes
X'OX, Y'OY and Z'OZ respectively.

Stepll  IfPliesin octantOXYZ, then A, B, C lieonOX, OY and OZ respectively. Therefore, by

sign convention OA, OB and OC are positive. Thus, all the three coordinates of P are
positive. If P lies in octant OX' YZ, then A, Band C lieonOX’, OY and OZ respectively.
Therefore, x-coordinate of P is negative and y and z-coordinates are positive.

AZ
ZA
i: E

Ff—— Plrqur z)

oL S

oW
-
x i A D
Fig.27.20 vz

The signs of coordinates of points in various octants are shown in the following table:

Octant | OXYZ |OX'YZ OXY'Z | OX'Y'Z | OXYZ' | OX'YZ' |OXY'Z' |[OX'Y' Z'
Coordinate y |
X | - - + | - - ~ - ~
y + 'f - - - - - - -
4 - ‘ - - - = - - -
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Lad

.';J'I

6

10.

SUMMARY

. In three dimensions, the coordinate axes of a rectangular Cartesian coordinate system are

three mutually perpendicular lines. The axes are called the x, y and z axes.

. The three planes determined by the pair of axes are the coordinate planes. These planes are

called xy, yz and zx planes and they divide the space into eight regions known as octants.

The coordinates of a point P in the space are the perpendicular distances from P on three
mutually perpendicular coordinates planes YZ, ZX and XY respectively. The coordinates
of a point P are written in the form of triplet like (x, y, 2).

. The coordinates of a point are also the distances from the origin of the feet of the

perpendiculars from the point on the respective coordinate axes.

The coordinates of any point on:
(i) x-axis are of the form (x, 0, 0) (ii) y-axis are of the form (0, y, 0)
(iii) z-axis are of the form (0, 0, z) (iv) xy-plane are of the form (x, y, 0)
(v) yz-plane are of the form (0, v, 2) (vi) zx — plane are of the form (x, 0, z)

The distance between two points P (xq, ¥1,2¢) and Q (x5, ¥5, 25) is given by

PQ = \[{Iz '*"*'1}2 + (Y2 ~y1)* + (25 —2)?

The distance of a point P (x, y, z) from the origin O (0, 0, 0)is givenby 3 OP = \/IZ + yz +22,

The coordinates of the point R which divides the line segment joining two points
P (xq, ¥1,2z1) and Q (x5, ¥, 2;) internally and externally in the ratio m :n are given by

(mx2+nx1 n iy, + 1Yy mzz+n:-:1Jand [mxz—nxl miys =1y rnzz—nzl)
m+n r & r r

¥

m+n m+n m-—n m-—n m-n
respectively.
. The coordinates of the mid-point of the line segment joining two points (xq, ¥;,2;) and
Xy + X +Yy 21 +Z
(Iz,yg,zz)arE[ 1 . 2 Y1 2Jz A 2}

The coordinates of the centroid of the triangle whose vertices are(xq, vy, z1),(X2, ¥», Zp) and
X1+Xy+X3 Y1+Yr +Y3z W+ +z3]

r F

(x3 +y3 +33)are[ 3 3 3
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