LIMITS

28.1 INFORMAL APPROACH TO LIMIT
P
x° -4

Consider the function f(x) = . Clearly, this function is defined for all x exceptat x =2 asit

assumes the form % (known as an indeterminate form) at x = 2. However, if x # 2, then

(x=2)(x+2)
x—2 3

fx) = x+2

The following table exhibits the values of f(x) at points which are close to 2 on its two sides viz.
left and right on the real line.

- ~

r |14 15 16 17 1B 19 419 5 | 208 21 $27) 23 24 25 26

fix) |34 35 36 37 38 39 39| 0 |4 41 42 43 44 45 46

0

The graph of this function is shown in Fig. 28.1. It is evident from AY

the above table and the graph of f(x) that as x increases and comes A "
closer to 2 from left hand side of 2, the values of f(x) increase and (0.4) piiie x=2
come closer to 4. This is interpreted as: (0,2)

When x approaches to 2 from its left hand side, the function f(x) tends to the
limit 4.
It we use the notation 'x — 27 to denote “x tends to 2 from left
hand side’, the above statement can be restated as: __f
2 4
as x — f(x) = L3 o

or, lim f(x)=4 or, Left hand limit of f(x) at x = 2 is 4. Fig. 28 .1 Graph of fx) ==———
x—2

p
-_.-"-

4200 @20 i
. |

A

Thus, lim f(x) =4 means that as x tends to 2 from left hand side, the values of f(x) are

x=>2

tending to 4.

From the above table as well as the graph of f(x), shown in Fig. 28.1, we observe that as x
decreases and comes closer to 2 from right hand side, the values of f(x) decrease and come closer
to 4. This is interpreted as:

When x approaches to 2 from its right hand side, the function f(x) tends to the limit 4.

Using the notation ‘x = 2™’ to denote ‘x tends to 2 from right hand side’, the above statement

can be re-stated as:
as x—>2", f(x) >4 or, lim f(x)=4 or, Right hand limit of f(x) atx =2is 4.

x 2%
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Thus, ].irrL+ f(x) =4 means thatas x tends to 2 from right hand side, the values of f(x) are tending
to4., x—2

2 ——
It follows from the above discussion that for the function f(x) given by f(x) = = ; :
I -—
(i) lm f(x) = 4 (i) lim f(x) =4 (iii) lim f(x) = lm f(x)
x=2" x—2" x=32" 1527

(iv) f(2) does not exist i.e. f(x) is not defined at x = 2.
|x -3

Now, consider the function f(x) = . This function is defined for all x except x = 3, as it

assumes the form % (an indeterminate form) at x = 3. The graph of f(x) is shown in Fig. 28.2.

The following table shows the values of f(x) at points which are close to 3 and are on its two
sides.

ok |25 24 25 26 27 28 29 299

—

1861 31 Y82 #BABA 35 36
|

olo |[W

I
fo[-1 -1 -1 -1 -1 -1 -1 -1 o A BT ey

It is evident from the table and the graph of f(x) that as x — 3 from its left hand side the values
of f(x) are everywhere — 1.
i.e. lim  f(x) =-1 or, Left hand limit (LHL) of f(x) at x =3 is - 1.

x=>3

We also observe that at every point on the right hand side of 3, the function assumes value 1.

Iim f(x) =1
x—3%
NY Y A
Fal
: _|x=3]
9 i}: =3
X 6,0
- 0 - {', —= -E_'_]
<0 5{3. 1)
v
vY = Y'v :
Fig. 28.2 Graph of f(x) Jiﬁ Fig. 28.3 Graph of fix) = —;

Let us now consider the function f(x) = % , X # 4. Here also the function is undefined at x=4
I —

as f(4) assumes the form % In this case it is evident from the graph shown in Fig. 28.3 that as x

approaches to 4 from the left hand side, f(x) decreases to — .
1.e. Iim f(x) = -

x—4
Also, we observe that f(x) increases to + « as x approaches to 4 from the right

ie. lim f(x) = + o
R B

So, wesay that lim f(x)and lim f(x) both do not exist.

x=>4 x—4t
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It follows from the above discussion that as we can approach to a given number ‘a’ (say) on the
real line either from its left hand side by increasing numbers which are less than ‘a’ or from right
hand side by decreasing numbers which are greater than ‘a’. So, there are two types of limits viz.
(i) left hand limit and, (ii) right hand limit. We also observe that for some functions at a given
point ‘a’ (say) left hand and right hand limits are equal whereas for some functions these two
limits are not equal and even sometimes either left hand limit or right hand limit or both do not
exist.

If lim f(x)= lim f(x)ie. (LHLatx=a)=(RHL atx=a), then we say that lim f(x)exists.

x—=a X —a S

Otherwise, lim f(x) does not exist.
X—>a

28.2 EVALUATION OF LEFT HAND AND RIGHT HAND LIMITS

In the previous sections, we have learnt that a real number /; is the left hand limit of function
f (x) at x = aif the values of f (x) can be made as close as desired to the number /; at points

closed to a and on the left of 4. In such a case, we write lim_ f (x) = ;. Also, arealnumber/; is
X—>a

the right hand limit of f (x)atx = a ie. ljm+ f(x) = I, if the values of f (x) can be made as

XA
close as desired to the number /, at points close to ‘a” on the right of ‘a’.

In this section, we shall discuss methods of evaluation of left hand and right hand limits of a
function at a given point.

As discussed earlier that statement x — 4~ means that x is tending to a from the left hand side i.e.
x is a number less than a but very very close to a. Therefore, x — a~ is equivalent tox=a-h
where h > 0 such that h — 0.

Similarly, x — a™ is equivalent to x =a + h where h — 0.Thus, we have the following algorithms
for finding left hand and right hand limits at x = a.

ALGORITHM

Step I Write lim  f(x)

X=>a"

Stepll  Put x=a-hand replace x - a by h — Otoobtain lim = f(x)= h]imn f(a—h).
-

Y-8

Step Il  Simplify im f(a — h) by using the formula for the given function.
0

h —

Step IV The value obtain in step Il is the LHL of f(x) at x = a.
ILLUSTRATION 1 Evaluate the left hand limit of the function

|x -4
=t aap “ETE mpmag
h(} ; X=4&
SOLUTION (LHL of f(x) at x = 4) (Step I)
= lim  f(x)
x—4
= lim f(4-h) (Step IT)
h—0
BT o DIPTSR L R PR (Step III)
h—»0 4-h-4 h—0 - h—0 —h h—0
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To evaluate RHL of f(x) atx =aie. lim f(x) we use the following algorithm.

o+
ALGORITHM S g
Step | Write lim  f(x)

I—}ﬂ+

Step 11 Put x =a+ hand replacex —a* by h — Otoobtain lim f(x)= lLim f(a+ h).

xX—a h —0

Step Il Simplify ; hm':l fla+ h) by using the formula for the given function.
e

Step IV The value obtained in step I11 is the RHL of f(x) at x = a.

ILLUSTRATION 2  Evaluate the right hand limit of the function
x4

f@={x-a **F* ax=4
_U L=l
SOLUTION (RHL of f(x) at x = 4) (Step I)
= lim  f(x)
x4
= lim f(4+h) (Step 1I)
h =0
o oy O g AW e B s (Step I1I)

h -0 4+h-4 h -0 h h=>0h h> 0

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE1 Evaluate rhe left hand and right hand limits of the function defined by

_J1+ 2 ,if 0<x<1
X) = : atx = 1. Also, show that im f(x) does not exist.
f) {2 -X, i x>1 ¥ -3l f ()

SOLUTION (LHL of f(x) atx=1)

= lim f(x) = lim f(1-h)= lim 1+(1-h)? = lim 2-2h+h* = 2.

Il

r =1 h -0 h—0 h =0
and, (RHL of f(x) atx =1)
= lim f(x) = lim fQ+h) = 2-(1+h)=1lm 1-h=1.
v — 1t h — 0 h -a-D h =0
Clearly, lim  f(x) # lim f(x). Hence, hm f(x) does not exist.
xr —>1 r <17
x —|x| 0
EXAMPLE2 If f(x) = 2 ! X 7 Vshow that lim  f(x) does not exist.
2, x=0 x =0

SOLUTION We find that:
(LHL of f{x) at x = 0)

= lim  f(x)
xr — 0
= B FlO=Km M B oy SR g B o ey,
h — 0 h—=>0 (=h) h—-0 =-h Ir-—z-{}—h h — 0
(RHL of f(x) at x = 0)
= lim  f(x)

xr —0F
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h —|h| , h-h 0
= L O0+h) = lim ——= lim
X inﬂ 4 B I I-—}D h h =0 h h

— = lim 0 =10
0 h h =0

Clearly, lim f(x) # lim  f(x). Hence, lim f(x) does not exist.

x =0 % =3 0 r =

EXAMPLE3 [f f(x) = {i’; 3‘ fksx ? : :f f% , show that lim f(x) exists.

x =1

SOLUTION We find that
(LHLof f(x)atx=1)= lim f(x) = lim f(1-h)= lim 5(1-h)—-4= lim 1-5h =1.

e o h—0 h—0 h—0

(RHL of f(x)atx=1)= lim f(x)

+
x—1

lim f(1+ h) = Jlimﬂ 41+m3-30+h) =41)°-3(1) =1

h—0

Clearly, lim f(x) = lim f(x). Hence, lim f(x)exists and is equal to 1.

L =17 x—>1

EXAMPLE 4  Discuss the existence of each of the following limits:
e 1
(i) Lim 1 (i) im —

x—=0 X x>0 |x]

SOLUTION (i) Thegraph of f(x) = L is as shown in Fig. 28.4. We observe that as xapproaches to
x

1 :
0 from the LHS i.e. x is negative and very close to zero, then the values of = are negative and very

large in magnitude.

. 1
im ——-—oo,

x—=>0" +

Similarly, when x approaches to 0 from the right i.e. x is positive and very close to 0, then the
values of — are very large and positive.

X
Iim l—a-m.

x=>0" X

: 1 :
Thus we obtain, lim L # lim l Hence, lim — does not exist.
r—0" X x—»>0" X x—=>0 X

¥
< <
X'

vy vy 1

Fig. 28.4 Graph of f(x) = % Fig. 28.5 Graph of flx) =

(ii) The graph of f (x) = 1_1-I is shown in Fig. 28.5. We observe that as x approaches to 0 from
X
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LHSi.e. xis negative and close to 0, then| x| is close to zero and is positive. Consequently, 2. is

x|
large and positive.
lim L —> @
=0~ | x|
Also, if x approaches to 0 from RHS i.e. x is positive and close to 0, then| x| is close to zero and is

positive. Consequently, — is large and positive.
X

lim L —> 00
x— 0t | x|
Thus, we obtain: lim L1 lim L.I—Ience; lim = exists and it tends to infinity.
x—» 0" x| x50t IIJ x = 0 | x|
EXAMPLES5 Let f(x) = { i_: 1]ff F:'nd the value of constant k, given that ]jmu f(x) exists.
Xx—

SOLUTION It is given that
lim f(x) exists
x—0

= lim f(x) = hm f(x)
x—=>0 x— 07
— im x+k=lm cosx= 0+k =cos0 = k =1 [Using definition of f(x)]
x—0 x—0
. 4y -5 ,ifx<2 _. e .
EXAMPLE6 Let f (x) bea function defined by f(x) = { kA ,ifx::Z‘Fmd?“’ zfrh_xfz f(x) exists.
4x -5 ,ifx <2
SOLUTION We have, f(x) = { - ,ifeoe
lim f(x) = lim f(2-h) = lim 42-h)-5= lim 3-4h = 3
x—32" h—0 h—0 h—0
and, Iim f(x) = h‘m f2Q+h) = lim 2+h-A =2-4
r—=27 h—=0 h—0

If lim f (x) exists, then
x—=2
lim f(x) = iim+ (1) =53 =2~-A =k =-1

x = 2 x— 2

mx2+n,:rf:ﬂ

EXAMPLE 7 If f(x) = <nx+m,0<x<1. For what values of integers mandn does the limits

rrx3+m;x::-1

lim f(x)and im f (x)exist. [INCERT]

x—=0 r—1

SOLUTION It is given that
lim f(x)and llm f (x) both exist

x—0

= im f(x) = hm f(x) and, lim f(x) = lm f(x)

x—=0" r—=0" r=>1 r—=1"
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= im f(0-h) = lim f(0O+h)and, lim f(1-h) = lim f(1+h)
h—0 h =0 h—0 h—0
= lim m(-h}2+n= lIim n(h)+mand, Im n({l-h)+m= lim n{1+h}3+m
h — 0 h - 0 h =» 0 h —- 0
' n=mandn+m=n+mecS m=n
Hence, lim f(x)and lim f (x)both sides forn = m.
x— 0 x— 1
| Xl +1 , ¥<0
EXAMPLES If f(x) =40 , x = 0. For what value (s) of ‘a” does lim f(x) exist?
|x|-1, x>0 X —>a
SOLUTION We have, INCERT]
|x]+1 ,x<0 -x+1, x<0 ety
(x) =40 yx=0= f(x)= 0. ;,2=0 [':|x|={_ { }
J | x|-1 ,x>0 x-1 , x>0 LeEd
Clearly, lim f (x)exists forall a # 0. So, let us see whether lim f(x) exist or not.
X—a x—0
We observe that:
lim f(x) = lim f(0-h) = lim —-(-h)+1 =1
x— 0 x—=>0 h— 0
and, lim %) = lim 0+h) = lim h-1 = -1
r— 0F f (%) h— 0 i ) h— 0
im f(x) # lim f(x)
x—= 0 z =5 0F
So, lim f (x) does not exist. Hence, lim f (x) exists for all a # 0.
x—> 0 X — a
a+bx,x<l1
EXAMPLE9 Suppose f(x) = {4 ox =1
b—-ax, x>1
and, if ]jmd1 f(x) = f(1). What are possible values of a and b? INCERT]
x>

SOLUTION We find that:
im f(x) = f(1)
xr—1

= im f(x) = lim_ f(x) = f()

x—1 x—1

& lim  f(9) = @) and, lim_f(x) = f()
x— x—

— J:;;u f(1-h) = 4 and, hﬁfn f(Q+h) =4

= lim {a+b(l—h)} = 4 and, lim {b-—ﬂ{l-l—h)} = 4
h—0 h—0

I} a+b=4and, b-a=4<a=0,b =4

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 10 Find the left hand and right hand limits of the greatest integer function f(x) = [x] =
greatest integer less than or equal to x, at x = k, where k is an integer. Also, show that iimjr f(x) does not
exist. =
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SOLUTION We find that:
(LHLatx=k) = lim f(x) = lim f(k—-h) = lim [k-h]

P h—0 h—0
= lim k-1 = k-1 [ k-1<k-h<k .. [k-h]l=k-1]
h—=0
(RHLatx=k)= Ilim f(x) = lim f(k+h) = lim [k+H]
x — kt h =0 h =0
= lim kK =k [ k<k+h<k+1 .. [k+h]l=k]
h — 0
Clearly, lim f(x) # lim  f(x). Hence, hm f(x) does not exist.
x =k x =kt
EXAMPLE 11 Prove that lim [x] = [a] for all a ER, where [.] denotes the greatest integer
function. x > a
SOLUTION For every real number a there exists an integer k such thatk <a <k + 1.
Now, im |[x]= lim [a+h] =k ' k<a<k+1 " kfa+h<k+1 =[a+h]=k]
x—a’ h—0
= [a] [+ k<a<k+1 = [a4] = k]

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

¥ _q
EXAMPLE 12 Show that lim does not exist.
x>0 eV/* 11
oN¥ g
SOLUTION Let f(x) = — . Then,
/x
Sl |
(LHL of f(x) at x =0)
R _q
= lim X lim 0-h) =
— f{) h—0 f{ } h--}ﬂ Eﬂ]"’h+1
{ 1 1‘\
'I_F"" i
= lim 4 =u=~1 ['.'h—}[}:} lam:-elfh—}m::ri—:-ﬂ
bt s W TS h A7
1/h
\ € J
and, (RHL of f(x)atx=0)
/ 1 3
|
g A/F | 1-0
= llm f(x) = hm f(O+h) = : = lim = —— =1
x—0" -’I—iﬂ e/ 1 Ko i 1+0
1+eV/h
Clearly, lim  f(x) # 11m f(x). Hence, hrn f(x) does not exist,
x—0 x—0"
EXAMPLE 13 If fis an odd function and if hmu f(x) exists. Prove that this limit must be zero.

SOLUTION It is gwEIl that
hm f(x) exists

= lim f(x)= lim f(x)
x—= 0 x— 0"
= lim f(0-h)= lim f(0+ h)

h— 0 h—>0
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7 hh-T 0 fi=h) = F:hinﬂ fh)

= - lim f(h) = lim f(h) [+ f(x) isodd .. f(-h)=-f(h)]
h—0 h—0

= thf(h}-[l::a llrn f(h)y =0= lim f(x) =0
h -0 x =0

EXAMPLE 14 If fis an even function, then prove that  lim  f (x) = hm+ f(x).

SOLUTION We find that §=~Y BN

lim f(x) = lim f(0-h) = lim f(-h)= hm f(hy [+ fiseven .. f(—h)=f(h)]
r=0" h—=0 h—>0 h— 0

lim f(O0+h) = lm f(x).
h—0 x— 0"

EE

- - J
- .r_..lr-'a._.--.'h_.-l

Im

By
LS|

BASIC
1. Show that lim & does not exist. INCERT
x—0 |x|

2x+ 3, x<2
Xtk , x>24

b2

Find k so that lim f(x) may exist, where f(z) = {
x—

)

. Show that lim l does not exist.

x—=0 X

4. Let f(x) be a function defined by f(x) = {|x| +2x g .
0

Show that lim f(x) does not exist.

x—0

1

Let f(x) = {it.}: gizﬂn Prove that lim f(x) does not exist.

x— 0

6. Let f(x) = {iii: ‘1‘; i Zg Prove that lim f (x) does not exist.

x—0

4 it x>3

7. Fmd:]j_rfs f (x), where f(x) = {I+L if v<3

. 2X4+3 +EZ0 o : : e
5. If f (2) = {3(x+1) ! $30. Find lim f (x)and lim f (). [NCERT

2

" W - -1 151 r e pes ey s )

9. Find lim f(x),iff(x) ={ * ; .
" x—}lf{} f ) {——xz—l,x}l

III

10. Evaluate hm f (x), where f(x) = x # 0 INCERT]
[} x=0
BASED ON LOTS

11. Letay, a,..., a, be fixed real numbers such that f (x) = (x—ay) (x =ap) ... (x - a,)

Whatis lim f(x)? Fora # ay,ay,..., a4, compute lim f (x). [NCERT]

X—ra, X—ra
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1

12. Find lim

r1t ¥=1

13. Evaluate the following one sided limits:

() lim - i (i) lim - - (i) lm
g 2F g r=2" x° -4 r—=0F 3x
. : 2x : 2 ‘ :
(iv) lim (v) lim (vi) lim tan x
sop=glh e Xt 8 x>0t x/5 n
xX——
2
v 2
i y) i
(vii) lim  secx  (vii) lm L. =S @ im0 = .
t<p~x/27 r—0" x°-2x rs-2t 2x+4
(x) lim (2-cotx) (xi) lim 1+ cosecx
x—>0" x—-0
BASED ON HOTS
14. Show that lim e~ * does not exist.
x—0
15. Find: (i) lim [x] (i) lim [x] (iii) lim [x]
x—2 o) =1
2
16. Provethat lim [x]=[a]for alla € R. Also, prove that lim [x]=0.
e i x—1
_ ; X : X
17. Show that lim — # lim —.
o N I [\‘.'] x— 2" [I]
18. Find lim —.Isit equal to lim iy
=37 [I] x—=3 [x]
19. Find Iim  [x].
x—=-5/2
[ x —[x] x <2
20. Evaluate lim f(x) (if it exists), where f(x) ={ 4 y X=2 .
x—>2
3x=> r x>»2
21. Show that lim sin & does not exist.
x—0 X
( k cosx m
, where x = — -
22. Let f(x) =4 ®—2x 2 andif lim f(x) =f[—),fi.nd the value of k.
3 ,wherex =" x>n/2 2
2
R S L S ANSWERS
2. k=5 9.4 8.3 6 9. Does not exist 10. Does not exist
11. 0,(a—a) (a—ay)...(a—a,) 12. x
13. (i) - (i) 0 (i) © (iv) =0 (V) © (vi) o
(vii) oo (viii) —o0  (ix) o (x) o (xi) —oo
15. (i) Does not exist (ii) 2 (iii) Does not exist 18. 1, No

19. -3 20. 1

22. k=6

MATHEMATICS-XI
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LIMITS
HINTS TO SELECTED PROBLEMS
1 lm = lm —=-land, lm =—= fim ==1
230 | ¥ s —% x—0F 12| x0+ %
lim i # lim —.Hence, lim ——-dues not exist.
x=0" | X I—}ﬂ+|:':| :r—a-D|I|
1
3. lim —hm (}h—hm—=— and, lim X im f(0+Hh)= lim — =
I,_,.g—f{x} J( ) h—0—h " I_,,n'l'f{) h—:-{}ﬂ ) h—}ﬂh
Clearly, lim f(x)# lim f (x). Hence, hm f (x) does not exist.
x—0 x—0"

2.1'""3: *<0
8. Wehave,f{x}={3{x+l} x20

lim f(x)= lim (2x+3)=2x0+3=3and, Lm f(x)= lm 3(x+1)=23(0+1)=3

x—=0 x—=>0" x—=0" x—0"

So, lim f(x) exists and is equal to 3.

x—0
lim  f(¥)= lim 2x+3=2x1+3=5, lm_ f(x)= lim 3(x+1)=3(1+1)=6.

e b T w517 x—1

lim f(x)# lim f(x). Hence, lim1 f(x) does not exists.
R

xr=>1 r 31T

S 4.
9. We have, f{x}={ 4 : -
—I — =

lim f(x)= lim x*-1=12-1=0 and, lim f(x)= lm -x*-1=-1-1=-2

e r—>1 :-:—:u-l+ x—+i

lim  f(x) # hm f(x). Hence, hm f(x) does not exist.

x—1 , Gy
|il x#0
10. Wehave, f(x)={ x '
0 . x=0
lim f(x)= lim L lim —=-1and, lim f(x)= lim EJ P =1
x—>0" x=20" X x50 X x—=0" r—0t X x-20 X

lim  f(x) # lJm f(x). Hence, hm f(x) does not exist.

r—0 x=307

11. Wehave, f(x)=(x—-ay) (x-a3) ...(x —a,)
lim f{x}— hm f(al h) = ; ~h(ay -h-ay) (ay—h —a3) ...(a; —h—ay,)

xX—ay h"*

=0 (ﬂl —Ezl (ﬂl —"ﬂa) {ﬂl —ﬂn} =t

im f(x)= ]jm(a1+h ay) (ay+h—ay) (ay + h—ag) ...(a; +h - ay,)

x—:-a;' t—0
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=f11mu h(ay+h—ay) (ay+h—ag)...(ay+h—-a,)=0(ay —ay) (ay —a3) ...(a; —a,) =0
1 —>

im f(x)= llm f(x) =0. Hence, lim f(x)=0.
xX—aq .1——}:11 X —aq

For any a # ay, a5, ...a,., we find that
lim f(x)= lim (x-aq) (x-ay) (x-a3) ...(x—a,) =(a—ay) (a—ay) (a—a3) ...(a —a,)

X=—>0q L =rQ
12. lim L‘-—THI'I'I B = lim lz:ﬂ.
r—1t X-1 h->01+h-1 h-0 h
14. We find that: lim f(x) = lim f(0-h) = lim e"" =
T e =0 h—0
& 1
and, Hm f(x) = im fO+h) = lim e V" = lim ——=0
vyt f) h—0 /( ) h—0 h—0 l/h

21. We we find that:
Iim f(x) = lim f({]-h) lim sm[ 1 J =~ lim sin 1

x>0 h—0 h- = h—0 h
= lim  f(x) == (An oscillating number which oscillates between -1 and 1).
x—=0"

So, lim f(x)does not exist. Similarly, lim f(x) does not exist.
x=0" xr—=>0"

28.3 DIFFERENCE BETWEEN THE VALUE OF A FUNCTION AT A POINT AND THE LIMIT
AT THAT POINT

Let f (x) be a function and let a be a point. Then, we have the following possibilities:
(i) lim f(x) exists but fla) (the value of f(x) at x = a) does not exist:
X—a M
Consider the function f(x) defined by f(x) = £ ; .Clearly, this function is not defined at

x = 3 i.e. f(3) does not exist, because it attains the form % But, it can be easily seen that

lim f(x)= lim f(x)=6.50, lim f(x)exists. Thus, the lim f(x) exists but f (3)

x =3 2337 x =3 X—>3

does not exist.

(ii) The value f(a) exists but lim f(x) does not exist: In Example 10 on page 28.7, we have seen
X —a

that lim f(x) does not exist but f(k) = k exists.

x=—k

(iii) lim f(x) and f(a) both exist but are unequal: Consider the function f (x) defined by

A —* H o)
x©c -4 x =2

fo ={5-3
132 s

It can be easily seen that lim f(x)=4= Ilim f(x).50, lim f(x)exists and is equal to
T =2 r— 2 X =2
4. Also, the value f (2) exists and is equal to 3.
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Thus, limz f(x) and f(2) both exist but are unequal.
i

(iv) lim f(x)and f(a) both exist and are equal: Consider the function f(x) defined by

X—=a ;
x*-4 | x#2

f(X)=9 x-
142 §opan

For this function, it can be easily seen that lim f(x) and f(2) both exist and are equal to 4.
x—>2

28.4 THE ALGEBRA OF LIMITS

Let fand g be two real functions with common domain D. In the chapter on functions, we have
defined four new function f + g, fg, f/g on domain D by setting

(i) (f £ (x) = f(x) £ g(x), (i) (fg) (x) = f(x) g(x)
(iii) (f/9) (x) = f(x)/g(x),if g(x) # 0 for any x eD.

Following are some results concerning the limits of these functions.

Let lim f(x)=I/and lim g(x)=m. If | and m exist, then

X—r i X—n
i) lim (f+xg)(x)= im f(x)x lLim g(x)=I+m
X — 4 X —=a X—r
(i) lm (fg)(x)= lim f(x) lim g(x)=Im
X =¥ X — A iz =r
lim f(2
(iii) lim [i](l—):" 28—~ providedm # 0.
x—>alg lim g(x) m
X — i

(iv) lim k f(x)=k lim f(x), wherek is constant
X =—r U X =R

=0 X. —»H X —rA

g(x)
(v) lim |f(x)]=] lim f(x)|=|!] (vi) lim {f{x)} ="

(vii) If f(x) < g (x) for every x in the deleted neighbourhood of a, then lim f(x) < lim g(x).

X —=>d X—a

(viii) If f(x) <g(x) <h(x) for every x in the deleted neighbourhood of a and
lim f(x)=1 = lim h(x), then Lim g(x)=L

X—a X—d X—>d

This result is often stated as Sandwich Theorem.

(ix) If lim f(x) = +wor-m, then lim —1—=U.
X—a x—a f(x)

28.5 INDETERMINATE FORMS AND EVALUATION OF LIMITS

Uptill now we have been discussing left hand and right hand limits and the existence of limits.
In what follows, we will be assuming that the limit of a function at a given point exists. In the
previous section, we have stated that

lim f(x)

lim /&) =2 __} : , provided that lim g(x) # 0.
x—>a g(x) lim g(x) X = A

X —r A
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An interesting situation now arises. If lim f(x) = lim g(x) = 0, then lim f®) takes
X —>a x—a x—>a g(x)
the form g , which is undefined or meaningless. But, this does not imply that lim L%x—; is
X—>a g\Xx

meaningless or it does not exist. In fact, in many cases this limit exists and has a finite value. The
determination of limit in such a case is traditionally referred to as the evaluation of the

indeterminate form %, though literally speaking nothing is indeterminate involved here.

Sometimes % is referred to as undetermined form or illusory form. In addition to % there are six

P - oD
other indeterminate forms, namei}f, — , 0 x 00, 00 — o0, UD, 00
oD

Y and 1°. Among all these seven

indeterminate forms % is the fundamental one because all the remaining six forms can easily be

reduced to this form. In this chapter, we shall study how to evaluate a limit which belongs to one

of following in determinate forms:
g-, 0 x oo and oo — 0.

To facilitate the job of evaluation of limits we categorize problems on limits in the following
categories:

(i) Algebraic Limits. (i) Non-algebraic Limits.
If a problem on limits does not involve trigonometric, inverse trigonometric, exponential and

logarithmic function, then it is a problem on algebraic limits, otherwise, it is a problem on
non-algebraic limits.

For example,

e 1+ x=.1- 2
@ dm Bt @) lm CFMEE o gy T2
x=>1 x-1 x = 0 X x -2 x-2
X +x+1
(iv) lim etc. are problems on algebraic limits.

x > © 2¢*45

Following are some examples of non-algebraic limits:

sinx _q TG . & ; 72X _ X
() lim i i 220 oy iy, SDLE-005X (iv) lim 2
x = 0 X -3 0 sSmx x> r/4 dx — 1t RO T

e

28.6 EVALUATION OF ALGEBRAIC LIMITS

In order to evaluate algebraic limits we have the following methods.
(i) Direct substitution method. (ii) Factorisation method.
(iii) Rationalisation method. (iv) By using some standard limits.
(v) Method of evaluation of algebraic limits at infinity.

Let us now discuss these methods with suitable illustrations in the following sub- sections.

28.6.1 DIRECT SUBSTITUTION METHOD

Consider the limits: lim f (x) and lim b If f (a) and 9@ exist and are fixed real numbers,
x—oa x—a y(x) y(a)

then we say that
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F= L 00) _ 6@
x—a JR) = rie) x—a V(a) v (a)

In other words, if the direct substitution of the point, to which the variable tends to, we obtain a
fixed real number, then the number obtained is the limit of the function. In fact, if the point to
which the variable tends to is a point in the domain of the function, then the value of the function
at that point is its limit.

Following examples will illustrate the above method.

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE1 Evaluate: lim 3:1*2 + 4x + 5.
x=1

SOLUTION lLim 3x% +4x+5=3(1)* + 4(1) +5=12
x—1

2
. x- -4
EXAMPLE 2  Evaluate: lim
xr—=2 x+3

SOLUTION Using direct substitution method, we find that:

2 e
lim o 4=‘1 4=9=0_
=22 X+3 243 9

J1#x+ 1#1 -X
EXAMPLE 3 Evaluate: lim

2= D 1+ x

SOLUTION Using direct substitution method, we obtain

i 41+x+,f‘1—x_..,’1+[]+ 1-0 ,.1+1=2

x—0 1+x 1+0 1
% ' o o - EXERCISE 28.2
BASIC
Evaluate the following limits:
% 2 J2x+ 3
- x+1  fin 2x“+ 3x+ 4 3 i
r—>1 x+1 x—0 x* +3x+2 x—=3 x+3
[ 8 3 a2
4. lim e 5. lim Jx+a 6. lim A=
x—1 v’E x—»a X+8a xr—1 1+_:.::2
?/3 _9
7. lim - 8 lim 9 9. lim (3 -x)
r—0 x-—-27 x>0 x—>2
3
- 1 x+1
10. Lm (4x%+2) T T B Y, 25
x—-1 x—>-1 x-1 x>0 x+3
2
13. lim & 4. lim ﬂr+b,d;¢{1

=33 T4+ 2 x—0 cx+d
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— . == B ANSWERS

M
]
J1

T.l 8. 9
3

O

=
Ja
0 M 2

d

28.6.2 FACTORIZATION METHOD

Consider the limit: lim S If by substituting x =g, f ) , reduces to the form 9 , then (x —a)
x—>a g(x) g (x) 0

is a factor of f (x) and g (x) both. So, we first factorize f (x) and g (x) and then cancel out the
common factor to evaluate the limit.

Following algorithm may be used to evaluate the limit by factorization method.
ALGORITHM

Step I Obtain the problem, say, lim f (%) ,where lim f(x) =0 and lim g(x) =
x—»a g(x xX—a X—>a

Step II Factorize f (x) and g (x).

Step Il Cancel out the common factor(s) of f(x) and g(x).

Step IV Use direct substitution method to obtain the limit.

Some useful results to remember:

(i) a% -b® =(a—-b) (a+Db) (i) a°-b> =(a-b) (a®+ab +b?)
(iii) a° +b3 =(a+b) (a* —ab +b?) (iv) at-bt=(a?-b2) (a%+b2) = (a+b) (a—b) (a®+b?)
(v) If f(a) =0, then x — a is a factor of f (x).

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

g
EXAMPLE 1 Evaluate: lim a 5I+6.

xX—»2 I2—+4

x*-5x+6

2
x* -4
(x —2) is a common factor in numerator and denominator. Factorising the numerator and
denominator, we obtain

ol
lim . 25x+6 [furmE}—J
X2 x=_4 0

(x 2) (x - 3) I x-3 2-3 1

x—}2(1+2)[x 2 xs2x+2 242 4

_ i —1
EXAMPLE 2 Evaluate: Hm :
¥y-31 x-1

SOLUTION When x =2 the expression assumes the indeterminate form g.Therefnre,

1'3 -1

SOLUTION When x = 1 the expression assumes the indeterminate furmg.'lherefnre,

x-1

(x —=1) is a common factor in numerator and denominator. Factorising the numerator and
denominator, we obtain
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3
lim x7 =1 [fnrm 9)
r=1 x-1 0
2
= lim(x ) +I+1}= lim el =17+1%1 = 5
r—51 (x -1) xr—1

3 2
x"=-3x"+4
EXAMPLE 3 Evaluate: lim y 5 .
x—=2 x*"-8x“+16

3 2
o Ko —OK A . , 0
SOLUTION When x = 2, the expression assumes the indeterminate form —.
4 2 0
X" —8x"+16
Therefore, (x — 2) is a factor common to numerator and denominator. Factorising the numerator

and denominator, we obtain

3 2 2
- -2 -x-2
B x4 .'33:2 +4= ffir (x )éx .21: )
x=22 x"=-8x"+16 x—2 (x° —-4)
5 i (x-2)(x-2)(x+1) = fi x+1 2+1 3

x>2  (x-2%(x+22 -2 (x+2% (2+2? 16

3 2
x” —6x° +11x-6
EXAMPLE4 Evaluate: Im 5 j
x—2 x° —6x+8

:1:3—6:r:2+11x—6
X% —6x+8

(x —2) is a factor common to numerator and denominator. Factorising the numerator and
denominator, we get

x3 —6x% +11x -6

: 0
SOLUTION When x = 2, the expression assumes the form 0 Therefore,

lim 2

x—2 x“—-6x+8

_ o (EDE-H(x-3 T (x-D(x-3) _(2-1)(2-3) _1

3 xhi“z (x —2) (x —4) 'xhi“z (x —4) (2 - 4) 2
8x° -1

EXAMPLE 5 Ewvaluate: lim .
x—1/2 16x" -1

1

3 _
8x —1 assumes the form % Therefore, [I - EJ or,

16x* -1

2x —1 is a factor common to numerator and denominator. Factorising the numerator and
denominator, we obtain

SOLUTION When x =1/2, the expression

3
lim 8x” -1 [g fnrm)
x>1/2  16x* -1 0
3 8 3 2
= lim (2x)" -1 _ lim (2x -1) (4x“ + 2x +1) [g fnrm)
x>1/2 (4x2)%2-12 x-1/2 (4x* +1) (4x% -1)
¥ 2 2
o i (2x-1) (4x" +2x+1) lim dx° +2x +1 E

x—1/2 {4x2+1)(2x—1){2x+1) x>1/2 (4x% +1) 2x + 1) 4
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BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 6 Ewvaluate: lim { 2 + 1 J
1

=31 —yt  x=1

SOLUTION We have,

lim 2 + : = lim % el
x=1(1-x% =x-1 x=1|1-x%2 1-x

; 2 1
When x = 1, the expression - assumes the form o« —w. So, we need some

1-x2 1-x

simplification to express it in the form % Taking LCM, we get

: 2
hm[ - 1 ] (o0 —o0 form)
x—=21l1—-2 1l-x
., 2=-(1+x ; 1-x
= lim ( 5 ) = [E formJ
xr—=1 1-x x—>11-—x2 0
= lim LR
r—>11+x 2
" 2 1 X
EXAMPLE 7 Evaluate: lim 3 e :
-+l L™ 59l x2
SOLUTION When x = 1, the expression 5 - -~ assumes the indeterminate form

x“+x-2 13—1

o — 0. 50, we need simplification to reduce the expression in the indeterminate form %

1 o
lim - (o0 — oo form)
x—»1 [.x2 +x-0 % —IJ
. 1 X
= lim j - (o0 — oo form)
x> ~(1-+2}{I_1) (I—I}{IZ+I+1}}
: 2z
. +x+1) - 2
= Y.< (X" 4% 1) Z(I+ ) [Efnrm)
x>1|(x+2)(x=1) (x* +x+1) 0
R e e S S
x=21(x+2)(x-1D)(x“+x+1) x=>1(x+2)(x“+x+1) 9
:r4 -4
EXAMPLES Evaluate: lim 5 ; INCERT EXEMPLAR]
x—+42 x°+3x+2-8
4
SOLUTION When x =+/2, the expression 5 . assumes the indeterminate form E.Su,
x* +3x+2 -8 0
(x — «E} is a factor of numerator and denominator. Factorising the numerator and denominator,
we get
. x*—d 0
lim 5 [fﬂrm —J
x—>v2 x4+ 3x+/2-8 0
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) (x% =2) (x% +2) 0
= lim % f =
=42 (x+442) (x =+2) (nrm D]
o (x=V2) (x +42) (2% +2) 0
= Hm = = £ =
xoNZ  (x+442) (x-2) (”"mo]

L (B4 9) - (24D)(243) 8
x=42  (x+42) 542 5
R,
EXAMPLEY9 Ewvaluate: lim (; Iz ) 5
x—>4 (x° -8x°+16x)
(x% = x-12)18

SOLUTION When x = 4, the expression assumes the form -g So, (x—4)isa

(:‘:3 —8x* + 161}9

common factor in numerator and denominator. Factorising the numerator and denominator, we
get

2 o wnilB
lim {; xz = 9
x—=4 (x° —8x° +16x)

b (E=9@+° L [e-4)(x+ I
x=4 [x(x*-8x+16))7 =x-4 x%(x-4)8

. b 18 18 18
Hm(x 4)*" (x + 3) . lim[x+3) =?

x4 x%(x-4)18 x>4 4°

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

3 m.2 1
EXAMPLE 10 Ewvaluate: lim i ?; Fiot =9 :
x—48 x*-5x"+27xa27

%3 27x% +15x -9
x* —5x° +27x -27
factor of numerator and denominator. Factorising the numerator and denominator, we get

3 -2 A
o, TP plBue form
X223 x" =-bx " +27x-27

SOLUTION When x = 3, the expression assumes the form % So,(x—3)isa

oo

(x = 3) (x* —4x + 3)

= lim 3 5 (furmEJ
x—=3 (x=3)(x°-2x"-6x+9) 0
1
= lim 3::: 241+3 [fnrm—q)
x—=23 x?=2x"—-6x+9 0
: (x-3)(x-1) [ D)
= lim form —
x=>3 (x-23)(x%+x-3) 0

lim x -1 N 3-1 =El
x>3 2 41x-3 94+ 3-3 9

Il

O Al b ik and
EXAMPLE11 Evaluate: lim _ x*—-3x" +x 9: 4x- -16x + 84
x— 2 © -3x* —4x+12
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9 8 6 4 2
. XT—=Bx+x -9x" ~4x~—16x+ 84
SOLUTION When x = 2, the expression 1 assume the
© - 3x* —4x +12

form % Therefore, (x — +/2) is a factor of numerator and denominator. But, irrational roots occur

in pairs. So, (x + v¥2) will also be a factor of both numerator and denominator, consequently,
(:vs:2 —2) will be a common factor of numerator and denominator, Dividing numerator and

denominator by (x% - 2), we get

;::9 B E’;:t:8 + x© -—9x4 —4x?% -16x + 84

lim
=5 A3 ¥ - 3x% —4x+12
L A (x2 =2) (7 - 3x% +22° —5x% + 4x3 —19x% + 8x - 42)
x = 2 (x® - 2) (x3 - 3x% + 2x - 6)
Tin ¥ —3x% +2¢° —5x% + 4x3 —19x% + 8x -42
x =42 I3—3:1:2+2I—6
_ 842-24+8J2-20+8v/2-38+8v2-42 8+42-31
V2 6422 -6 J2=-3
- __ EXERCISE 28.3
BASIC
Evaluate the following limits:
2 L & =
L L 2x“ +9x -5 > Lim x“—4x+ 3 3. liml 81
x—=>-5 x+5 x—3 _1;2-2_::—3 x—3 xz-"-}'
3 3 - 50
& T x° -8 5. lim 8x” +1 5 Tiva x-=-7x+12
x =32 x2#4 xr—>-1/2 2x +1 x—4 ;:2—3:{“4
4 2 3
g s O 16 8. lm x° —9x + 20 i xv +1
r-x2 Xx-—2 x =5 xz—ﬁx+5 r-3—1 X+1
3 _
10. Tim xY =125
x5 x%2 -7x+10
BASED ON LOTS
2 2 - P
1. lim X< =2 12 s x° -3 13.  lim x -9
T2 ¥*42x =4 x—>v3 %2 +3J/3x-12 x—>v3 x% +4/3x-15
/
o o | E -2 B I |
x>2 | x=-2 % _2x x—1 k-‘f2+x—2 x3 -1
g
6. l.lm[l . 2 ] 7. lim IR 8. Tm 4x -1
A X—=-3 x°-4x+3 x—2 l'\:c'—.'l % — 2 x—1/4 24x -1
.2 2 2
9. im X -16 20. Lim (a+x)" —a 1. lim . 4
x4 ~Jx =2 =0 X x—=2 | =2 3 _2x°
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22. Im e 23 23. lim 1 Ll 24. lim (12—9)( . + 1 ]
t=>3(x—-3 x*_3% x—=1|x-1 x%_1 x—=3 x+3 x-3
BASED ON HOTS
¢ 5.l 3 B A -1/3

25, lim —- i’l ve 26. lim > +§I ey ey o E
x—=>1 x° -5x°+3x+1 x—2 x°—-x-6 x—>1 1 —x" /3
2 B 4 3 2
& fim 31: ;: 6 507 T X +3.r +4x +12 56 T x3+3x bx + 2
x—>3 x" -3x"+x-3 r—-2 x°-3x+2 v—>1 %% 4 3x% = 3x -1
; 1 2(2x=3 Jat =1 sl ~1
31. lim == ( 5 ) INCERT EXEMPLAR] 32. lim = e |
x—>2 |x-2 x°-3x°+2x x=1 |
: x—2 , 2% +1
33. lim {5 - [NCERT] 34. lim ===~ [NCERT EXEMPLAR]
X—=>1 |x*=2 x¥ -3x°+2x x>l W -3 HWR
. 4 ___ANSWERS
1 1 1
1. =11 2, = 3. 18 4. 3 5 3 6. — 7. 32 8. —
4 5 4
2 P 1 1
g 3 10. 25 11. — 12. — 13. 2 1€ 2 S — ;=
3 5 15 9 16 2
17. : 18. 2 19. 32 20. 2a 21. 1 b3 L3 23 - 24. 6
2 3 2
5 15 1 1 4 1 1 J2 +1
Ao == 26, — 2. — o — = 30. — 3. —— 3L
4 11 2 3 2 2 J2
33 2 34. 1
| _HINTS TO SELECTED PROBLEMS
At Hoa 1 2(2x-3) - . Lok 2(2x-3)
x>2 | x-2 x(x*-3x+2)| x-2[x-2 x(x-1)(x-2)
S PxeE2003)) [ x-5x46 | _ (x—3) (x—2)
x—2 x(x-1)(x-2) x—2 L;';f(:t.'—l) (x-2)| x-2 x(x-1)(x-2)
= lim i B
xr—2 x(x-1) 2
33. ]J'm(x_z e )=Hrn i A
x21\x*—x x3-3x2+2x) x-o1|x(x-1) x(x-1)(x-2)
2 42
- lim (x-2)" -1 L ET (x—3)(x-1) . x—-3 =~2=2
-1 x(x-1)(x-2) zx-1x(x-1)(x-2) x->1x(x-2) -1
= ik
34 fics :i 21‘Z+1 (x- 1)(.r 20 5% okt 1)
x—=1 x° -3x°“+2 J.'—zhl (x - 1}(I -2x-2)
ol =
_hm(:r N I X" —x xl)_ 3=1
x—1 —2;;‘*2 -3
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28.6.3 RATIONALISATION METHOD

This is particularly used when either the numerator or denominator or both involve expression

consisting of square roots and substituting the value of x the rational expression takes the form

o , = etc. Following examples illustrate the procedure.

oD

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

J2+ X ]
EXAMPLE1 Ewvaluate: lim :
x—0 X

J2+x -2
SOLUTION When x = 0, the expression ol takes the form -g Rationalising the
X

numerator, we get

,/m VZ _ o (ZHx -2 ([2¥x+42) [fmmﬂj
J-:—:-D x—+D (.,i'2+x+~f§) 0
= ik 2+x-2 [fﬂfmg)

x—0 I(ﬂ'2+1’+‘\v’{_} 0

]
lim ;
x—0 2+I+-J!_ -JE

EXAMPLE 2 Evaluate: lim

x—0 ,,|I'ﬂ+x-.“‘

SOLUTION When x = 0, the expression

takes the form % Rationalising the

Jﬁ- fi-x
denominator, we get
= lim = \[F:E+\{ﬁ) (fﬂrmg]
an\/mnjn x—0 \/&TIHJH} (Jﬂ+x+\/ﬁ) 0

L x{m+\/ﬁ} ( {])

x—0 f(a+x-a+Xx)

A J_+:r+1/n :c) 2 a e

X —» D
~\||£I + I -n”]
EXAMPLE 3 Evaluate: lim

x—0

2 2
J& = Vya© —x
SOLUTION When x =0, the expression 5 takes the form % Rationalising the
X

numerator, we get

\{ﬂ +x2—1/n —x2 . (-,ll'n + x2 —-xh: —x‘,l wJa +x% ++a? —1'2}[ ]
J.'—H':I' ,1,-; x—}ﬂ x* x,l' +x° +Va —Iz)

2
; 8% 4 x% gt o 0
"—"Ux(—-,fn +2° 40" =-2%) 0
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= lim W ——
x>0 (1'|I|£I +x2 +.la® —:c} \/ﬂ_2+‘\/ﬂ_2 a
2
x° =16
EXAMPLE4 Evaluate: lim — :
x4 Jx?4+9-5
x* -16 0
SOLUTION When x = 4, the expression —— assumes the form —. Rationalising the
-.,ﬂ.?u:2 +9 =5 0
denominator, we get
2 s 2
o - X*+9+45
lim z v = lim —,_(I ) ~—} [fnrm E]
x4 y* 495 x4 (\[x2+9—5) (yx* +9 +5) 0

lim {:'z*2 —16)(-,(:-:2+9+5) ( {}]

x =4 (x* +9 - 25)

Jiim (1/.::2 +9 +5J =(J16+9 +5)=5+5 10

r—=>4

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

1,‘.-::.' + 2x —+/ 3x
EXAMPLES Evaluate: lim . ; INCERT EXEMPLAR]
Xx—a \/m 2Jx
1/:: + 2x —4/3x
SOLUTION When x = g, the expression “——~ L

assumes the form —.
J3a+x -2 2/x 0

Rationalising the numerator, we get
Ja+2x —/3x i (yfa+2x —+3x) (Ja+2x +/3x) (J3a+x +2Jx) (f {}]
orm —
x—m ,,’3ﬂ+x-2v’_ v »a (J3a+x-2Jx) (J3a+x+2Jx) (Ja+2x +3%) 0

lim (a+ 2x — 3x) {.,}3ﬂ+x+2~f§
x—=a (3a+x-—4x) (,{ﬂ+2:r+m)

.,,’3£I+I+2-\/; f3a+a+2+a 1 44Ja 2
— = — =
3(Ja+2a++3a) 3 243a 3J/3

lim

i 4 3{,;‘&4—2:: +m}

3-./5+x
EXAMPLE 6 Evaluate: lim

" x—4 1 —1|I|5—I'

3-5+x
SOLUTION When x = 4, the expression ————— assumes the form % Rationalising the

_J5Tx

numerator and denominator, we get

lim 3-+x lim (3—J5+x)(3+,/5+x} 1+.5-x) [fnrmgj
x—»41-/5-x T x4 {1—1/5—x){1+1('5-x} (3 + .5+ x) 0

3 i (9-5-x) S5—x [furmg)
x—=4 (1-5+x)| 3+, 5+« 0
y —{:c 4)(1+.5-x) (fnrmg]
1:—}4 (x-4)(3+ ., /5+x) 0
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) -1+5-x) -+ _ 1

—— —

":..-44 (3+,f5+x) (3 + 3) 3

EXAMPLE 7 Evaluate: lim ; [INCERT EXEMPLAR]

x—+2 L3x-2- 1'+2

0
SOLUTION When x = 2, the expression ———————assumes the form — . Rationalising the
denominator, we get R =l i -

i x* -4 lim (x=2)(x+2) (3x—-2+ . Jx+2) ¢ 0
rflz J3x=2—=./x+2 x=2 (J3x=2-=Jx+2)(J3x -2+ Jx+2) ( urm—J

0
5 {x—2}(x+2)(Jﬁ+M) (fﬂ UJ

FHL-—

x—2 (3x-2-x-2) 0
- i (x-2)(x+2)(J3I*=2 + Jx + 2) [furmg)
-2 2(x-2) 0
oy (I+2}[J3x—2 +,/x+2} _@+2@+d _
x—2 - 2 :

EXAMPLES8 Ewvaluate: lim £ 3}(’E 1}
x—=1 2x% +x-3

SOLUTION When x = 1, the expression (2:; 23} (Vx -1 : ta]-:es the form % . Rationalising (Vx -1)
e o
in the numerator, we get
o (22 3) Wx-1) _ o 2x-3)(x-1)(x+1) (fnmg)
x—}l 222 +x-3  x-1 Wx+1)(2x+3)(x-1) 0
L (2x - 3)(x-1) {furmg]
r=>1Hx+1)Q2x+3)(x-1) 0
i, W 2x -3 = _1_1“
r—>1(x+1)(2x+ 3) 10
BASED ON HIGHER ORDER THINKING SKILLS (HOTS)
EXAMPLEY9 Evaluate: lim ylL =%~ (5 -+2)
x—+/10 x> -10
SOLUTION We have,
- J7 —2x - (5 -+2)
x—=+10 x‘?' -10
A -
= lim - J(JE_) v2) (furm EJ
x =10 x* -10 0
J7—2x - J? 2 10 ( 0)
= form —
x—4/10 x% -10 0
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I

I

- 1{?-21:—2\(?—2 VIO [7-2x+y7-2 V10
x— V10 x* =10 J7=2x + 7 - 2410

s (7 —2x) = (7 — 24/10)
x— V10 (x-\/l_[}){,r+m){1f§—21 +J?-2 Jﬁ}

: —2x + 2410
Il]}?l—ﬂ (I_Jﬁ){x+J1—{]"){,,‘§—2x+J7-2 ‘\Hﬁ}
limr -2 (x -+/10)
x—+10 (I_,jff])(x+\/ﬁ){ /7—2x+J?—2J1_U}
-9 -2

=t (I+J1_U){.,/?—2x+\/?—2\f1_0} H‘h— {J? 2 IO /- ZJ—}

. -1 y -1 ol R
-Jl_DxE:-:J'}-Zm ST [ (\5 ~+/2)* =7 2@}
_ "1 (B5+42) (B +42)
2410 3 6410
NS e’ S0 (NN s 4 ___EXERCISE 28.4
BASIC

Evaluate the following limits:

J1+:f+x -1 _ 2x > 1,’ﬂ2+x2 —a
1. lim 2, Im —— — 3. lim 5
x—0 X x—0 Ja+x—-.Ja—-x x—0 x
.,/1+x-1)'1 - X .,[3—::—1 s
4. 5. lim 6. lim i O
x—:-ﬂ x—=2 2-x x—>3 Jx-2-J4-x
_ X ,}51‘ J_ _ x -1
7. I 8. 9. lim
xr—0 1,{1+x—.1,‘1—.1: x—+1 X x—=1 x2+3 2
,,/x+ =6 ...I'S:r: -Jx 1+x-1
10. 11. 12. lim [NCERT]
x—}3 x -9 :c—}l x - x—0 X

13.

Jx + ~~./_ | x =2
42

14, lim
X xX—2 f \‘r
BASED ON LOTS
: 4-./9+x _ 1/a+x—xﬁ x-5
. lim = 16. lim 17. lm
xr—»7 1—-./8-x x—0 o !EZ+HI x—5 JEI -5 - J4I+5
o 5x —4 —+/x - ,}1+4x—1}5+2x W J3+x—J5—x

r—1 x‘?‘—l I—}Z x—1 :fz-l
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1. bm -,(I+:c2—~ 1-x% 2 lim \/1+::r:+:a:2 -.,/x+113‘ Dyl

-0 X x—0 21-2 x—o4 4-x
s 1+ 3x-1-3x 1/2—x-1f2+x
2. B —2 O 25, lim 3 J 26. lim
xX—=a \/E—JE xr—0 X x—=0 x
2
27, Tim J3+x—-5—-x 28, him (21’—23)(\{}—1) 20. bim 1f1+:¢ -J1+x
z Jx+h—x
30. lim i VX INCERT EXEMPLAR| 31. Bm XD
r—+ 1 ~Jx-1 h—=0 h

INCERT EXEMPLAR]
BASED ON HOTS

- 1/'P'+2.1|r (+5 + /2) 1) ﬂf5+2x;(ﬁ+ﬁ}
HJT{i x% =10 x> /6 x b
J3+2x - (V2 +1
34. lim b xz (J_+ )
x—>42 x° =2
ANSWERS
1 1 1 1
0 = 2. 2a B s s = 6. 1 7. 1 8., 2
2 ! 2a 2 2
1 1 2 1 1
9, 2 10— 311 A12 8 M AW 22 15.-= 18
126 2 55 il T
17. 5 8. 2 19. L 99 1 21. 0 9 X 95 =~ 94 ok
3 3 4 4 4
1 1 (+/5 —~/2)
25. 3 26. ——== 2W— 28. -—,29. 1 30. 3 31 :
- A i 18 5 T e
n V3-42 » V2 -1
2J6 ) Y )

HINTS TO SELECTED PROBLEMS

41+x-1 J1+x-1 v‘l+x+1 - 1+x-1 = Fises 1 l
x50 X r—rﬂ X -Jl+x+1 x—=0 x(v1+x+1 x-0 -Jl+:f+1

_J5+2x—(ﬁ+ﬁ)= lim 45+2x—\/(ﬁ+ﬁ)2= lim J5+21—~f5+2x@

P 236 x% -6 x—>J6 2 -6 xr =6 x% -6
(V5 +2x) =(+/5 + 2v6) 2 (x—/6)
r—rf(:c f}{x+()(m+1/5+2f) HJ‘(I J‘}(x+J‘)(M+J5+2J‘)
2 2

= Hin —— ok e Ll
x=>v6 (x+6) (VB +2x +/5+2v6) (2v6) (2/5+246) 2J3N§+ﬁ)

28.6.4 EVALUATION OF ALGEBRAIC LIMITS BY USING SOME STANDARD LIMITS

Following theorem will be used to evaluate some algebraic limits.
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THEOREM IfneQ, then lim
X=>A A =l

PROOF We have,
. .
lim il = lim Salil { lim f(x)exists .. lim f(x)= lim _f{x):|
x—a X-—4a yagat X=iR xX—a X—a x—at
n
“ n"{[HEJ }
- a
L e (a+ h) a”= lim
h—0 a+h-a h—0 h

v e
{1+HE+H(ZI1) hz +“.—1}
a ! =
= 4" lim g s (1+20)" =1 +1r'1:!r:+ﬂ{H 1).1'2+...
h—0 h 2!
PP N R B D
h—0 |a 2! 2 a
Q.E.D.

Following examples will illustrate the use of the above result in evaluating algebraic limits.

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)
10 _
EXAMPLE1 Evaluate: lim *— 02
x=»2 x-2
x'Y —1024 0
SOLUTION When x = 2, the expression 7 assumes the form 5
x —
10 10 _ 410
tim £ T8 R gim £ 24 10210 - 5120
x—2 x-—2 X2 X=2
x10 ~1024

EXAMPLE 2 Evaluate: lim 1
=3 x5 - 39

10

-1024
SOLUTION When x = 2, the expression 2 . assumes the indeterminate form 3
- 32

10
NUWJ, lim . L (furm EJ
x=2 ¥ -32 0
10 410
= lim 2 2 (fﬂl‘m E]
x— 2 P -7 0

10 _ 510

10 _ 10 A5
= lim > = = lim © -2 =10.210-1 4 5.2°-1 = a4
x—2 ;(5-25 =2 x-2 x—=2 x-2

5
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3/2
: i - 27
EXAMPLE 3 Epaluate: him :
r—9 r—9

. x% 7 0
SOLUTION When x =9, the expression 5 assumes the form 0
l‘.—
lim > = lim = 291 - 33 = 2
x=+9 x-9 x—9 x-9 2 2 2
xvx —ava

EXAMPLE4 Ewvaluate: lim
x—a X—a

SOLUTION We have,

L S T
x—a X—a x—a X—-a 2
K> =g

EXAMPLE5 Evaluate: lim .
x—=a X-4°

SOLUTION We have,
n_m s m _ m T
mfﬂ_gmzl_,m{xf a xalfﬁm{x a” ) & n’}

¥ —x I”‘—ﬂ"

x=a ¥-gt x—=a Yr—a X—a Xx=—a
= lim il i + lim G mad" =1+ pa"~1 = Dgmom,
xr—>a X-—a xr—>a X-—1a N
EXAMPLE 6 Evaluate: lim 52
| B %{E - %/E
SOLUTION We have,
. x—-2 1 1 1 2/3
lim = = = i F7=E ¥ )
x—>2 2¥ 3m o3 s /@513 1[21;3-1] 1,023
x—2 x—-2 3 3
BASED ON LOWER ORDER THINKING SKILLS (LOTS)
n
- -1
EXAMPLE?7 Euvaluate: lim \1-%) :
x—0 X
SOLUTION We have,
. H_ i ”_71 I__lﬂ
lim =4 1=—1im =i =— lim -y—'-—, wherey=1-x. [ x>0 = y—>1]
x—=0 x x—=0(1-x)-1 y—>1 y-1

ot i

Il

= —n()*1

5/3 5/3
EXAMPLES Evaluate: lim &2 e+a”
X —rA XxX—0a

SOLUTION We have,

poe (272 (42

X = x ==
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BT s BiETS /3 4518
= 11m(1+ ) Ll = hn 1/5 : , Wherex+2 =y and a+2 = b.
X —a (x+2)—(a+2) Y- b y‘-—b
= Dp5/3-1 2 242/3 _ 3 (5, 9y2/3
3 3 3
P | £9 k"
EXAMPLE9 Find the value ofk, if lim = lim [INCERT EXEMPLAR]

x 21 ¥=1 x5k y2_%2

SOLUTION We have,

lim = lim =4 (1) =¢
¥—1 x—=1 ¥y—31 XxX-—
g %3 333 L 3 33 _2 &
and,M"2k=lim"kx“k=1nn“k+"k
x—=>k x -,I;E r—2k x-k Iz—kz x—=k x-k x-k
3 13 2 42
- m T o him E M 21
vk x-k r=>k x-k 2
4 3 23
li:ml 1=]j1n :L_kv_—_,gl:_g’f:,kzﬁ
x—->1x-1 vk 2 k2 2 3
_1.?]_2"
EXAMPLE10 If lim — =80 andn e N, findn. [INCERT EXEMPLAR]

x—2 X-

SOLUTION It is given that:

- 1o
r—352 X2

=80 = nx2""1 80 = nMA=5%x22"1 = n=5.

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

1.9 4 ”9

EXAMPLE11 If lim

=9, find the real values of a.
X == X+ a

SOLUTION We have,

b 9
; x° +a £
X ——q X+a
) —(~a)’ 91 8 8
= lim =9 = 9(-a) = Gy Qg =8 = g~ =1 =g =]
¥x—=¢ X—I—a

EXAMPLE 12 Evaluate: lim
¥l x -1
SOLUTION We find that

. W -
Hm{::.+;=: +x"+...+Xx)—-n [furm%]

=1 x—1

D (=Dt =1) 0¥ D a2 1)
e o | x—1
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B B N . -1
= lim ——+ lim + lim +...+ lim
r—->1x-1 x-1 x-1 r—=1 x-1 x—=1 x-1
nin+1
=14+2M°% 14 3@ Tk en@) =1 424 8 % w0 (2 A
BASIC
Evaluate the following limits:
5/2 _ 5/2 3/2 _ 3/2 2 b
§ T (x +2) (a+2) > lim (x +2) (a+2) - (1 :::}2
xX—a X—-a X—a xX—a x=0(1+x)°" -1
' lim 22/ 7 —g?l7 s lim 27 —p!7 : ; 8x> +1
: r—a xX—-a N x—a-ng;zf?-nzf? e 1/ 2% + 1
L (343 (x3-3) . 3 - 64 o Vgt x> -1
x— 27 x —27 x—4 xz—lﬁ x—=1 xln—]
3 2/3 243
x" +1 X X -a
10. lim 11. lim
r—=>-1x+1 x—a yo/4_g3/4
BASED ON LOTS
W g
12. If lim - =108, find the value of n.
r—=3 x-3
x’ -q’
5. If lim =9, find all possible values of a.
x—=a X-=14
P
14, If lim =405, find all possible values of a.
x—=>a X—0a
P
5. If lim = lim (4 + x), find all possible values of a.
xX—>a X-—0a x—5
v? — g3 xt -1
16. If im - = lim , find all possible values of a.
x4, X—a r—1 x-=1
o o 3/2 g O 1/2 ~ , 2 __5/7 e 2377
e = 2 2. —(a+2 - 4. —a . o—a
2(ﬂ+ ) 2( ) 7 >
6. 3 2 8. 6 9, 3 10. 3 11, 8 112 12, 4
9 2 9
2
13. 1,-1 4. g=3;-3 15, 1,-1 e
J3
28.6.5 METHOD OF EVALUATION OF ALGEBRAIC LIMITS AT INFINITY

Consider the functions f (x) = : and ¢ (x) = ii. Graphs of these functions are shown in Figures
X X

28.6 and 28.7.
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v
e <
¥
VY Y'v
Fig. 28.6 Graph of f(x) = _11— Fig. 28.7 Graph of flx) = TJ,E
We observe from the graphs that as x increases, the values of f(x) = L and g(x) = —1:2- decrease
X X

rapidly and when x is indefinitely large ! and lz are indefinitely small i.e. very close to zero. In
* X

such cases, we write

limlzﬁand m l=[].

lim 3
X—>+a0 X X —> +0 x

We aiso observe from the graphs of these two functions that asx decreases and is very small

negative real number, then also the values of 2 and —% approach to zero. 5o, we write
X X
lim L = 0 and lim iz = Ok

X —> -0 X X ——w x

It follows from the above discussion that:
(i) Iim c=c (i) MmNV ¢ =¢
X — @ X —» =00
(i) lim = = 0,n>0 (iv) lim < =0,neN
x—»m x! x =» = X

From the graphs of real functions, we obtain the following useful results:

(i) ~lim X > 4+ (ii) lim X = =0
X —» 0 2 Dl el "

(iii)  Iim X - 4w (iv) lim X~ — +w andsoon.
X = +¢ X =5 -

(v) Lm &' — « or, Iim e ' 5 ©
X —> o0 X — =0

(vi) im e *—>0 or lim e%=5

X —» of X =y — O
(vii) lim a* —0,if|a|<1 (viii) lim a* — o, ifa> 1
X — oo X — oo

(ix) lim log,x > —o and Ilim log, x — o, wherea> 1
x — 0 A=

(x) Im log,x—>x and lim log,x — —o,if 0<a<l.
x—0F - T

We use these results to evaluaie limits at infinity. Following algorithm may be used to evaluate
algebraic limits at infinity.
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ALGORITHM
f(x)

Step Write down the given expression in the form of a rational function. i.e. ﬁ , if it is not so.
g(x
Step 11 If k is the highest power of x in numerator and denominator both, then divide each term in

numerator and denominator by x*.

3 C .
StepIll  Use theresults lim — =0and lim c¢ = ¢, wheren>0.
X = x” X — o

Following examples will illustrate the above algorithm.

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

ax® + by + ¢

EXAMPLE1 Evaluate: lim =

x =m dy

+ex + f '
SOLUTION Here the expression assumes the form ~ We notice that the highest power of x in
co

both the numerator and denominator is 2. So we divide each term in both the numerator and
denominator by .

b C
e R e
lim ax® + bx + ¢ o r¢‘+l_ w2 a+0+0 a
o
x b 5

. 5x -6
EXAMPLE 2 Ewvaluate: lim

= e

SOLUTION Dividing each term in numerator and denominator, we find that

lim BXm6 "= lim 5-6/x . 5-0 =E

X — @ \{4x2+9-f—*m\/4+9112 1"44.[] 2

¥ 35S -1 4 o] 2 —1

X = 4x + 3

EXAMPLE 3 Ewvaluate:

SOLUTION Dividing each term in the numerator and denominator by x, we get

liths \/ﬁ'*'m B -J3—1/1‘2+\/2—1,/x2 _ J3 ++2

= lim
X —> 4x + 3 X — o 4+ 3/x 4

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE4 Evaluate: lim x (Jx+c —+/x).

X =3 0D

SOLUTION The given expression is of the form o« — . So we first write it in the rational form

"@. So that it reduces to either & form or s form.
g(x) 0 o0
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ool
5

. lim «E{ X+C —«E}z lim
X — o X —» @O

& i Jx(x+c-x)
X 5> x 1||'I+C+-\/E
= lim cVx [furmi}
X =% o0 1f.1+r:+v’_ o
= & =% [Diving N" and D" by /x]

X 9 ® i .}1+0+1
EXAMPLE 5 Evaluate: lim U:;z+x+1—-,ﬂx +1J

X —r 0

SOLUTION Here the expression assumes the form « — o as x — . So, we first reduce it to the
f(x)

8(x)

2 2
+x+1—-4x+1
lim x2+x+l~~.lxz+1= lim {

g des &g { 12+x+1+1[':::2+1

&

rational form ——~

i )
W

{sz+x+1 +ﬁ}

. T 2 rx+1-x%-1 e X
X —w \/x2+x+l+1h‘2+1 * =pm Jx2+x+l+-.ﬂl'x2+l
= lim ; [Dividing N" and D" by x]
X—» o0 1 1 1
1+—+—2+ 1+—2
X x X
_alg ¥
1+1 2

. 142+3+...+n
EXAMPLE & Evaluate: lim ;

n—ow ﬂ2
: nmn+1) :
SOLUTION Usingl+2+ 3+...+n= , we obtain
_ 1+2+3+...+n . 1 nn+1) . 1 1 1
lim = lim X = lim —=|14+=|=—
n— 0w "2 n—>w ne 2 n— o n 2
b n!
EXAMPLE7 Evaluate: lim
n— o (M+1)-
SOLUTION We find that
I I
= = lim i = lim 1 = lim 1 =
n—o> o M+D!I-n! no «» M+D)nl-n! n-o o n+l-1 n-o «=on

ax +b

EXAMPLES Let f(x) = , im f(x)=2and lim f(x)=1 prove that f(-2) =

x+1 x-0 ¥ — o0
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SOLUTION Given that

i =2 = dm 0l s o e
x—=0 ° xr—=0 x+1 1
It is also given that
a+ —
. 0
o [l = B B2 = fim %:1:"” i ms g,
X = x % X+1 X =m 7.2 1+0
X
ey : ax +b *
Substituting the values of a and b in f(x) = T we oblain
X+
X+ 2 -2+2
X) = — -2) = = (.
@ x+1 f=2) -2+1

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE9 Evalugte: lim [ J:2 -x+1+ I].
X —F — 0D

SOLUTION We have,
lim [\/Iz—x+1 +x)

X = = 0D

lim (Jy2+y+1 -y),where;;:—-x

],-‘—-i o0
{\/92+y+1 -y} {Jyz+y+1+y}

=. lim
¥ {Jy2+y+1+y}
_ e Yorudd-y
. st Jyz+y+1+y
1 1+ 1
= lim A = lim ——23XL ==
K, J:,f2+y+1+y g 1+1-+—1 $1 =
) 2
Y vy
ALITER We have,
{JIE—I+'1+I}<|[-JI2—T+1“I}
lim (\ﬁ'z-x+1+x)= lim
o A T { .1‘2—:r+1~.}
N lim :4:2—*|r+1—:s:2 _ lim —:r:+1u
X = — 00 { :.1‘2—:"""1_1-} P \/-"-'2—1'+1—,1:
¥ 1 . i
ke _..i.ll
= lim %] 13 Dividing N" and D" by ||
X = —@ 4

il
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I
I &
5

e [':\J‘xz =| x| =—x for x < D}
X

o b
1
2 fais |
e \/1 i iz i *
X x
10 10 10
EXAMPLE10 Eualugte: lm St 1  +&+2) " +..+(x +100)

SOLUTION Dividing the numerator and denominator by x1%, we obtain

e (x4 D0 4 (x+ 210 4.+ (x +100) 1

x > o x10 + 1010
1 10 g 10 100 10
- (”}J "'"[“'I} '*"'"'{“?) 1414, +1(100 —times) _ 100 _,
T 1010 1+0 1
1+( ]
X
— _EXERCISE 28.6
BASIC
Evaluate the following limits: (1-10)
Ve BE=D (-0 o o 3x - 4x% + 6% -1 5 i 5x3 -6
x—wo (x+8)(x-1) X —» o 2.1’3+.1‘2—5I+? X —w ‘\’9_'_4:(5
4, lim x*+ex-§ 5. lim Jx+1-+x 6. lith fx*+Fx —x
X — o0 X —» 00 X —» oo
7 lim X 8. 1im n* 8 N 3x7! +4x72
X0 fa4x? 11 -1 B e 142+834..+n xo® 5y 14 6x 2

_ ‘ 1‘2+ﬂ2+1/x2+b2
10, lim ¥
S 1|':::z+r:3 +x% +d?

BASED ON LOTS
Evaluate the following limits: (11-20)

| _ (n+2)! +(n+1)! AN {IE "=
I n+2)!—(n+1)! SR RN > 1}

n— a X —» 00

2 7 4 2

N - : _ _ . 4T HE .t
13 rhmj;nm{.(':c+ —JI}.{Hz 14. ”lem 3
1 "

3 3 3

-1 : . 1Y +2¥ +...+n
15. lim (1+2+?;+...+H2J 16. lim 7
nso \n* n* n n 1 =» o0 n
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3 3 3
19 +2% +... +
17. lIim 3 : 18. lim {ﬂh+ —xf'_}
n—ow {n_]) :r—}m
19. lim [l+ L T 1 +...+LJ
n—w 3 32 33 3”
4+ 7x3 4463 +a
20. lim 3 , where a is a non-zero real number.
X —> @ X" +6
ax> +b : _ ;
21. f(x) = hm f(x) =1 and lim f(x) =1, then prove that f(-2) =f (2) =1.

1;' +1 "x =0 X —w

22. Show that lim (J.T2+I+1—1*) #  lim ( r+1-x)

X 2w X —o0

BASED ON HOTS
Evaluate the following limits:

23. lim {J:ixz -7x + Zx] 24. lim (\; x?* -8x + x)
X >—- X = —w
3% Tm 14+24+34+.”+114 I 13 +23+.. +n°
‘noow i n— o "
) 1:24+2:34+3:4+...4nn+1
26. lim 3 ( )
n—» 00 11
ANSWERS
3 5 C 7 1 3
1. 12 2. — 3. — 4, — 5.0 5. — = 8 2 3, —
2 2 2 2 2 5
1 11 1 1 1 1
10. 1 11 i 12. 1 13. — 14. — 15— 8. — 17.— 18, —
2 3 Wia 4 4 2
1 7 I 1
19. — 20. 1 3. — 24. 4 29, — 26. —
2 4 >5 3

28.7 EVALUATION OF TRIGONOMETRIC LIMITS

In this section, we will be studying various methods of evaluating trigonometric limits. In order
to evaluate trigonometric limits we will be using the following results which are stated and

proved in the following theorem.
THEOREM If angle 0 is measured in radians, then

in 0
G) lim sin6=0 (i) lim cos 0=1 (i) lim 24 =1
B—=0 B—0 B8—0 )
sy T 288 g TR Ll G S o[
e—-0 O 0-—>a 0—-a 0—a 0—a

PROOF (i) Let ABC be a right angled triangle such that £C = g and ZABC = 0. Then,

sin {-}:E and, cos 6 =—.
BA

Now, if we keep BC fixed and go on decreasing angle 0, then we find that A goes on coming
nearer and nearer to C.
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A—>Cas6—->0 A

This means that CA — Oand BA — BC as 6 — (.

— g—}ﬂ and E—hl as 6 — 0
BA BA
B C
=5 sin®—>0 and cos®—>1as0 -0 Fig. 28.8

(iii) Consider a circle of radius r. Let O be the centre of the circle such that £ AOB = 0 where 81s
measured in radians and it is very small. Suppose the tangent at A meets OB produced at P.
From the Fig. 28.9, we find that

Area of AOAB < Area of sector OAB < Area of AOAP p
e %OA—OBsin 9 < 32-(0,4}2 0 < %OA-AP
I 2 1.9 1 19
= Er smB{Er H{—z—r tan B [[n&DAP,AP=OAtanB] ——1 A
— sin 0<B<tan O
— 1< *H < g [ ©issmall.. sin 6 >0] Fig. 28.9
sin ® cos O
sin O , sin O . : ; sin 6
= 1> >cos0 =1 2 lim > lim cos® or, lim cos B < lim <1
60 © B — 0 B — 0 0—-0
— 1£lim5m951::.~ 11'11151“9:1
p—0 0 >0 ©
(iv) lim tan9= lim smﬂx 1 T Smexlim 1 < it g
g8 0 6->0 0 cos 0 B0 O 0—-0 cosbB
(v) lim sin (6 —a) Niin sin (a+ h —a) Giiings Tim sin (H-ﬂ}= lim sin (6 — a)
0—sa O-a h—0 (a+h-a) 8—»a ©O-a 8gt O-—a
NS0 "
h—0 h
. 2 w B~
(vi) . tan (0 —a) ¥ b tan (a + h —a) sing: Jink tan (0 r.-): lim tan (0 —a)
0-—a 0-a h—>0 a+h-a 0—a 0—a 0->a 0—a
¥ & tan h -

28.7.1 EVALUATION OF TRIGONOMETRIC LIMITS WHEN THE VARIABLE TENDS TO ZERO

For evaluating such type of limits, we use the formulae discussed above. Following examples
will illustrate the same.

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)
EXAMPLE1  Evaluate the following limits:

Y iy 20 B2 (i) lim —— L Gl . T—— [NCERT]
x—=»0 X r-30 2% ¥r— 0 sin bx
s B s d oA
(v) lim - 2% f iy, 2B 22

2

x—0 sin“ bx x40 X
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SOLUTION (i) We have,

lim S 3x _ lim [axsm 3:() _ 3 fim S 3x _ 3(1) = 3 [ iy SO 3x=1]

xr—0 X x—0

(ii) We have,

lim sin 5x _ lim [ExsmSI):E , sinSx:E{l):E [ lim sinSx:l}
x—0 2 x 2 *

=50 2

(iii) We have,

( sin ﬂx‘*ﬂ . ( sin ax)
: - |ax e
_ sin ax ; L X ) a x>0\ ax ) a(l) a
lll"I'I. > = llm 2 = = . N R L] .
x—0 sinbx x—0 (sinbx) b .. (‘sinbx b(1) b
bx lim
W -« L x=>0\ bx
(iv) We have,
(sin ax ) (sin ax (sin ax \( sin ax
9 (ax) ax 2 — 2 P
e BIATRE L A a% L A% ) Aa . RePar o ax¥) @t 1 g
lim 57— & lim =— : y— = lim : — L= —x—=—
x>0 sin“bx x—0 (sinbx b3) sulig"‘m b2 x—0 (sinbx)(sinbx) p2 1 p2
\ bx y, . - L bx k. bx J
(v) We have,
o ; , . .
3
lim 511:12 x lim sin Sxx sin 3:11:= lim 3[5111 SIJ” 3 sin 33:)
xr—>0 v x—0 X X x—0 3x 3x
1 sin 3x . . 8in 3x
E 3 Lim x 3 lim ={3)(3) =9
a0 3% wi ' 3x
EXAMPLE 2 Evaluate:
W o sIn 2% 4+ s : i v.  SIN 2Xx + sin 6x
(i) lim _ [INCERT EXEMPLAR] (ii) lim — .
x=0 2x+sin 3x x—0 sin 5x -sin 3x
sin 2x L sin 3x
o e sin 2x + si ; ; . ividi
SOLUTION (i) lim = ism 3T= Hig —% X [Dlﬁ‘ﬂ"‘g nqurat]gr }
x—>0 2x+sin3x x—0 , Sin3x A G NORURARL Y &

X

(22 (2
3x _2x1+3x1 _

=1i1Tl zx - - _.§=1
=0 2+3[5m3-r] 2+3x1 5
3x
sian_l_sinéx
(ii) lim sin 2x + sin 6.1': lim x Y Dividing numerator
r20 SinB5x—sin 3% x-30 SN5%_sin 3% and denominator by x
X X
2*”51'_1‘12:::]"_{_;{_5}11Eb.?a:"wﬁ
= lim — 2x bx J=2x1+6x1=§=4
:nrw-}n-[Z'5"rSEiJ'?l5-’5]_3[5“1B’I\1 Sx1-3x1 2
\ 51' 31- F,
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ALITER See Example 6 (ii).

EXAMPLE 3  Evaluate the following limits:

1- 2 - 2
(i) lim "“f ¥ INCERT EXEMPLAR] (ii) lim ~— 5%
x—0 X x—0 3
i) i, 2908 (iv) lim LS9 2M  NCERT EXEMPLAR]
x>0 x2 x—>01—-cos 2nx
‘1___ '*
W il o [NCERT EXEMPLAR]
y—=01-cosnx
R i e : :
SOLUTION (i) lim ] ETZ‘I = lim 25"1 * = 2 lim [me o x}
xr—=0 ¥ x—0 . x—0 X X
~ 2 lim sin x lim sin ¥ _ 2 (1)) = 2
xr—=0 X x—=0 X
N . 1-cos2x 2 sin? x
(ii) lim = lm
r—0 X x—=>0 X
SIN X SINn X 3
~2 lim ( x sin :c)=2[1im J[hm sin x J=2{1){0}=0
x—=0 X x—=0 X x—0
. 1-cosx . 2sin” x/2 : sinx/2 sinx/2
(iii) lim = lim = 2 Im X
x—0 ,1:2 x—0 IZ r—=0 X X
o O fi smxilexlsmxﬂ :E lim sin x/2 o lim sin x/2
x—0 x/2 2 2 x/2 41 x>0 x/2 =0 x/2
2 1
=Z()(1)==
4( ) (1) >
: N
(iv) lim cos 2mx
x—0 1 -cos 2nx
o = Zsinzmx i sin‘Zm:r
x—=0 2sin” nx x—=0 sin“nx
[ sin mx sin mx ) sin mx) | sin mx |
X MX — X MX 2 = . —
- liIl"l % HII = +”'II - llm _:.HL 5 o ]im ___"L_:
x—0 | Smnx smEr:x”I n? | x>0 smnx x—0 SInnx
nx nx , k nx J | nx
o sinmx ] [ ,. sinmx |
2 | hm — 1 oy e 2 2
m r—0 mx r—=0 mx m [1)[1) m
= 3 4 - 4 - - » = e -— — —— _2.~
n iy D T i n= \1JA1 1
x>0 nx ;| x>0 nx
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2
. mx e
1 - cos mx 2sin” (_;;J (sin ™
(V) lim — = lim = lim =
xr—0 1-cosnx x—0 ZEME(E) r—=0 sinE
\ 2
rrsin Eﬁﬁ |* | fsin TEY ’
2 | mx . =g
mx | 2 < Do| ~mx >,
= lim "} 2 :: ! =#E i} 2 ::} =(JHH1} :%
X8 | g, = : " sin nx1 it
2 | m i | 2
faod 2 x=0|
N S , L G 1
BASED ON LOWER ORDER THINKING SKILLS (LOTS)
EXAMPLE 4 Evaluate the following limits:
w 1. AN X-sinXx o 4. tan x—sin x
(i) lim 3 [NCERT EXEMPLAR] (ii) lim 3
x—0 Sin "% x—=0 X
SOLUTION (i) We have,
sin x
tan x —sin x casx_EmI sin x (1 —cos x)
lim 3 = lim 3 = lim 3
x—0 sin™ x x—=0 sin” % x>0 cosx sin” x
; 1—-cosx . 1-cosx
= lim 5 = lim 3
x>0 cosxsin“x x-0 cosx(1l-cos” x)
B 1-cosx N 1 _
x>0 cosx(l+cosx)(1-cosx) x—-0 cosx(l+cosx) 2
(ii)) We have,
. tan x —sin x ; sin X — sin X COs X
lim 3 = lim 3
xr—=0 X x—=0 xY cosx
o sin x (1 —cos x) — lim smxxl—cusxx 1
x—0 xacusx x—0 X xz Cos X
X
- 2sin? =
= ¢ lim gy B8 lim 2L x lim 2
x—=0 X x—}ﬂ(;r)z x—0 cosx
] H4
2 )
[ x )
. Em._
. HBNX . .
={ Iim x=x{ lim 2| b lim — w DRt el
x—=0 X 2 x—0 X x—=0 COSX 2 | 2
v @t
, tanx-sinx ., tan x—sin x si;nxa | . S | :
ALITER lim 3 = lim x[ =—x1"== [See Example 4 (i)]
x=0 X x—0 51n3_1: X 2

) 2x —sin 2x
EXAMPLES Evaluate;: lim =n

x—=0 _-.;3
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SOLUTION We have,

) tan 2x —sin 2x [D )
lim — form
x—0 _1-3 0
sin 2x .
—— —sin 2x _ _ .
. Ccos2x . sin 2x(1 —cos 2x) ., sin2xx 2sin“ x
= lim 3 = lim 3 = lm 3
x—=0 X r—>0 x cos 2x x—0 XY eoR 2%
i D ; 2
: tan 2 :
= 2 lim ta“z”",f‘“ Y = 4 lim (‘“‘“ I]f“‘“‘} =42 = 4
x—0 X" x—0 2Xx X
Lidts Ty SO ZE-SHCE gy, BBOE-BOOT B [See Example 4 (ii)]
x—0 x93 x>0 {2.1:)3 2
EXAMPLE 6 Evaluate the following limits:
() lim cos Ax —cos Bx i) lim 51ln 2x + s.m 6x
x—0 2 x—0 sin 5x —sin 3x
SOLUTION (i) We have,
lim cos Ax — cos Bx (fﬂrm EJ
x—0 ;ri 0
25in[A+B)x sin[B_A]t
s 2 ) D . D-C
= lim E bl : { ccsC—cn5D=25inC+ sin ]
x—0 X 2
rsin(A-l'BJr sin[ié)x ﬂ
. 2 | A+B 2 B-A UJ
= | d f —
3, (A+BJ "( 2 J” (B-—A "‘( > )’ (”““
—_— | X — | x
L 2 2 |
sin iq+ '-:1 r sin E-A x‘
B+A\(B-A Y ] + 7
b { lim . % 4 lim \
2 v, x—0 (A'I'BJ x—0 (B'A]
X X
L, 2 b 2 o
e | B oA e IACA
2 2
(ii)) We have,
T 51.112:r:+s‘1116x = 251?14:::052:: (fnrmgj
r=0 sinbx-sin 3x x—0 2sin x cos 4x 0
[ i y : sin 4x ?
51“4:"!4_17“:0521, lim —4——-:4 lim cos 2x o
= et ,-%Ix ==4I-+D .II x—0 =4(>{}=4
x—0 ?‘Hl—x:fx cos 4x lim E{l}—--x lim cos 4x 1x1
L X 2 r—=0 X x=>0

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXA\PLE7 Evaluate the following limits:

(i) lim (x+y)sec(x+y)—xsecx [NCERT EXEMPLAR] (i) lim sec 4x — sec 2x

y—0 y r—0 sec3x-secx
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SOLUTION (i) We have,
lim (x +y) sec(x+ y) —xsecx
y—0 Y
lim X (sec(x+y) —secx) + ysec(x+y)

MATHEMATICS-XI

y sec(x + y)

+ lim
y—0

lim
y—0

Il

y—0 Y
T{sec(r+y}-5ec.r}
; {cnsx—cu5(x+y)

Yy
Y cos x cos (x + y)
rcusx-—ms(,r+y] y

Y
sin(

Y

lim

+ lim sec(x + y)
y—0

y—0
)}
X
X

COS X €oS (X + y)

|

—_—
—_

} X

Cos X cos (x + ¥

J

lim
y—0
"'q B
.

N
2[»’"

Yy

25in(
2

lim

=0

.

Y
2

sin

—_—

\

Il

lim x lim x lim

X

+ lim sec(x+y)
y—0

+ lim sec(x+ y)
y=0

2)
sin [.‘L‘ + E)
2

X

EC‘.IEZ X

y—0

e B

y—0 (

+ S8C X

sin xx1 x Xtanxsecx+ secx

Il

(ii)) We have,
("cos' 2x =cos 4x )

COs 2Xx cos 4x
COS X — COSAX

—

sec 4x —sec 2x
& lim

x— U

him
tr—0 sec 3x-secx

—_—

| COs X cos 3x b

cos 2x —cos4x. cos ' cos 3x 2 sin 3x

—

) y—0 EDSIEDS[I+yJ_

+ lim sec(x+y)
y—0

sin x ” COS X COS 3Xx

lim

xr—=0

P4 lim
COsS X —COs 3x [

Cos 2x cos 4x r— 0l 2sin 2x

sSin 23X

JIx
. sin 2x
lim —
x—=0 2x

\
COS X COs 3x
cos 2x cos 4x

lim

L_E.r—r[]

2

x

/

EXAMPLES FEvaluate: lim <o 2x — cosec 2x

x—=0

X

SOLUTION We have,

sin 2x sin 2x
C

lim cot 2x — cosec 2x 4

x—0

lim

x>0

B%

2

—(1 — cos 2x) 28Iy

T 8in 2x

lim

x—=0

.
— —

=— lim .
x—=0 x(2sin x cos x)

: sin X — 2 sin 4+ sin 5x
EXAMPLE9 Ewvgluate: im sin 3x + sin 5x
x—=0

X

r—0 cos 2x cos 4x

= lim :
r—=0 xsin 2x

|

T T
_}E_

A

Cos 2x cos 4x

|

sin x

COS X cos 3x > 3

ey

-

cos 2x -1

ta:n:r:_

lim

x—0

=l

X

[INCERT EXEMPLAR]
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SOLUTION We have,

. sin x —2 sin 3x + sin 5x . (sin x —sin 3x) + (sin 5x —sin 3x)
lim = lim
x—0 X xr—0 X
. —2sin x cos 2x + 2 sin x cos 4x . 2 sin x (cos 4x — cos 2x)
= lim = lim
r—0 X x =0 X

2 lim (smx)x lim (cos4x-cos2x) = 2x1x0 =20

x—0 X x—0

sin X —2 sin 3x + sin Sx

4 lllTl
x—0
[ J (sm 31']4_(5111 5:::] - sin :c_z i sin 31‘+ Em sin 5x
's:—}[] X X r=0) X x—0 X r—0 X
= fim % _ou 3| 5im 3 |5 fim SR LR 3« W1 o
x=0 X x—=0 3x x—=0 bx
BASED ON HIGHER ORDER THINKING SKILLS {HDTS}
t 4 tan 2x — 3 tan 3x
VIPLE 10  Evaluate: lim i azn = —
x—=0 X Eanx

SOLUTION We have,
tan x + 4 tan 2x - 3 tan 3x

Iim 5
x—0 X° tan x
3
] 34 —t
a0 21:3112?.' _1 an x azn X
: l1-tan“ x 1-3tan“ x
= |lim 5
xr—=0 X" tan x
24,
1 82 _3 3 tailzl
‘ 1—-tan“ x 1-3tan” x
= lim 5
x—0 X
2 2 2. 2 gl o
. 1, (1-tan“ x)(1 -3tan“ x)+8(1 -3 tan“ x) - 3(3 —tan” x) (1 —tan~ x)
=0 x% (1 -tan? x) (1 - 3 tan? x)
TS, 1-4tan?v+3tan* x+8-24tan? x-9+12tan® x -3 tan* x
x—0 xz{l—tanzx](l-.'ﬁtanz:-:)
. -16tart2:c
= lim — > 5
x=0 x*(1-tan“x)(1 -3 tan” x)
3
= -16 lim (m"J % 12 % 1 — = —16
x—0 X l-tan“x 1-3tan“x
1 - 'J 2x
\MPLE 11 Evaluate: lim i 12 =
x—0 X

SOLUTION We have,

lim 1 —cos x ./cos 2x 1—-cosx qus 2x 1+ cosx./cos2x

= lim X
x—10 ;1|:2 x—0 _1:2 1 + cos x ./cos 2x
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, 3
EXAMPLE 12  Ewpaluate: lim —3
x—0 x

s

MATHEMATICS-XI

1 - cos? x (2 cos? x -1)

(1 - cos? x) (1+2 cos> X)

x2 (1 + cos x ,/cos 2x)

: 1 —cos” x cos 2x _

lim 5 = lim 5

x>0 x*(1+cosx,/cos2x) x—-0 x°(1+ cosx,/cos2x)
: 1 -2 cos® x + cos® x

x>0 x=(1+cosx.cos2x) x—0
! si:n2 x ) 1+2 cﬂsz X

lim x lim

x—0 IZ xr—=0

SOLUTION We have,

{1 + c:ﬂs:r\/m:?}

X 2 x

2
1 =008 — =08 — + COS — €05 —
2 4 2

1+2 3
:I:{ — =
[1+1] 2

2 2

Y X

|

4

: 8 x* 2 v2 x°
lim =5 1 - cos — —cos — + cos — cos —
xr =0 x -4 2 B
2 2 2
= lim —SE- l—cnsx— —EDEL 1—c¢}5x—
x>0 x 2 4 2
. 5 2
8 Iz 1'2 1 — cos % 1 —cos 3
= lm —|l-cos—|[|l-cos—|= lim 8 - 48 . -
x =0 IE 2 4 x =0 1'4 14
r y 2 2
z 2 2z 2
2sin2 ¥~ 2sin? ? sin - sin >
= ]JJ'I'l SH 1 4 x B = 1111’1 32 % ¢ - 4 _}8
X — ﬂ X l'q: .T—}D I2 s
2t v 2
sin -IE sinx—z 2 2
= 32 i . 4:'- X 4 8 . =32 K(EJ x[l) — }{lxiz.}_
x—0 2 2 8 16 64 32
4| — 8| —
= 8
EXAMPLE 13 Evaluate: lim 1 - cos x cos 2x cos 3x
x—=0 5i1122.1"
SOLUTION We find that
1

COS X COS 2X C0s 3x =

lim

xr—=0

Il

= N = N =

1 —cos x cos 2x cos 3x

{2 COS X Cos 2X cos 31} -

o

(cos 3x + cos x) cos S:r}

s

lim

sin2 2x

— .

2 EDEZ 3x + 2 cos 3x cos x}

5 {(2 COS X COS 2X) Cos 3,1'}

1

.
—

{::052 3x + cos 3x cos x}

—
e—

% {1 + cos 6bx + cos 4x + cos 2:-:}

]—1{1+c056x+c054x+c952x}

x—0

e
sin”“ 2x
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. 4-1-cos 6x —cos 4x — cos 2x : (1 — cos 6x) + (1 — cos 4x) + (1 - cos 2x)
= lim 3 = lim 3
r—0 4 sin® 2x x—=>0 4 sin” 2x
:ﬂ.in2 3x i sin2 2X P sirn2 e
, 2 sin® 3x + 2 5'11112 2x + 2 sin1 X e J::2 :r2 x?
= lim 5 = lim
x—0 4 sin”® 2x x—0 o sin? 2x
I
sinE&:r2 sianz sin:rz 51113:1’2 sinz:r2 s‘mxz
——— == +| — 9 x ¥ + 4 x e + :
2 oF imD X X - S . ]jmn B X X 2 X
g : A2 1 —» in 2:
i) 2w (2
X 2x
_9x1+4x1+1 14 7
8 8 4
EXERCISE 28.7
BASIC
Evaluate the following limits:
. 1 e
L fig MO2 2, lim 22 8y iim —*
=0 - OX y—30 g x—0 sin Iz
. . i 3
3 Sin X COs X ! 3sinxy—-4sin " X ] tan 8x
b Jig S 5. lim 6. lim —
x—0 b r—0 b y—=0 sin 2x
~ tan mx : sin 5x BN X
7. lim 8. lim 9. lim
¥ —0 tan nx r—=0 tan 35x x=> x°
7 x — 3si - — cos bx t 2 3y
0 i X COS X sin x 11, Tind COS AX — COS 1. Tim an 2
x—0 4x + tan x ¥+ —0 €OS cX — Cos dx r=50 %
.1 -—cosmx 3sin 2x + 2x . cos3x—-cos7x
13. lim 14. : 15. lim
X =0 12 x—0 3x+2tan 3x x—0 2
. . 2 s i i 2
sin 36 . sin 1 -cosx . sin” 4x
16. 19 iy ) 18. lim ;
-0 tan 20 x— 0 x x50 x
" +2sin x 2x —sin x 5% X+ 3sin x
19, Iihigt %% 20. lim L 21, lim ==
x—0 X+ tan x r—0 tan x + X xr—0 3Ix* + tan x
. s . o - ;
. lim sin 3:.: Sin X 3. lim sin 53:. sin 3x sa  iim cos 3x 2:::f.:ls X
x—=0 sSin X r—=0 SIn X r—=0 1
= 1 4 x) - 1 i
25 lim tan 3x 22;: T sin (2 + x) —sin (2 - X)
x—=0 3x-sin” x Y, X
BASED ON LOTS
7 e .
~ . tan x —sin x
27 lim (@ +h)” sin(a+ h)—a” sin a 28. lim — a |
h—0 h y—0 sin 3x -3 sin x
. X - ; : 1-c g
20. Lim sec bx —sec 3x 30, Jim Ccos 2x

vy—=0 sec 3x —secXx

r—0 cos2x —cos 8x
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tL

39.

44,

40.

A4

U

- lim

. lim

. lim

1—-cos2x + t.an2 X

- o =
Ilm ]
5 b i

x=0 X sin x

"
x° —tan 2x

x—0 tan x

: Xtan x o
x—>0 1-cos x

sin 2x (cos 3x — cos X)
3

x—0 X

:1'3 cot x

lim 40

r—0 1—-cosx

cos2x -1
r—=0 cosx-1

- J1+sin x — /1 -sin x

x = X
; X COS X+ Sin x
2

x—=0 x*+tanzx

) ax + X cos x = sud
. lim - INCERT]
xr=>0 b sin x

. 2sinx —sin 2x

lim 3 52
xr—0 X

: sin 3x +7x

lim

x -0 4x +sin 2x

tan 3x —sin 3x

lim

I
.

sin(a+x)+sin(a—x)-2sina

lim

x—0 xXsin x

21 im ﬁ—\/1+cusx

sin ax + bx

lim

r—( sin‘?:c
. .1'2+1—c05.1'
lim ‘
x—0 xsinx
.. 2s8inx"—sin 2x°
- lim
x—0 _1:3
x tan x . sin(3+x)-sin(3-x
i SIN(B+ X —sin (3-3)
xr—0 1-cos 2x x—0 x
. 3sin? x -2 sin x2
lim
x—=0 31‘2
. 1-cos4dx
-t ) ]]]Tl
xr—=0 xz
. 1-—cos2x 1 —cos 46
lim 5 L8,
r—=0 3tan“ x 00 1-cos 606
. sin 40
0 lim
6—0 tan 30
: 1 —cosbx : . cosec x —cot x
lim 53. lim
x—01-cos bx r—0 X
: 5x +4 sin 3x 3sin x —sin 3:
g . o S SIn X —Ssin 3x
x—0 4sin 2x +7x x—=0 ¥

=0 x3 x>0 ax+ sin bx
BASED ON HOTS
B eerec 1+ o) ki x {sin (o + ) :4:2-4-5111 (o —B) x + sin 2oy
r—0 x—0 COS ﬁx—cuszn.r
= - B -
lim COS 4% cos bx 52. lim (a+h)*sin (a+ h)—a“sina
x>0 coscx-1 h—0 h
. If im  kx cosec x = lim x cosec kx, find k.
x—=0 x—0
. : 1 _ m 5
: | — 5. 3 4 — ), =
180 3 n 3
3 42 2
0.2 121277 9 3. 128 15 20
5 o2 —d? 2 9
| 1
i 5. 16 19, 3 ) — 21. 8 -3
= l: > 2 2
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e
24, 8 25. ;— 26. 2 cos 2 27. 2a sin a + HE COSs a 28. —8—
29 2 30. L 31. 3 32. —-sin a 33. -2 34. L 35. 2
15 42
3

3.2 37.-8 38 [l] 39,2 a0, 1 11.2cos3  42.4 43.1

2 180 2 3
44. 1 45.8 46.2 7.2 483 20.%%! 5042 &1

3 G b 3

52, ~2§- 53. l 54, i 55. l-?— 56. 4 57, 2—?~ 58. 1 59. 0

36 2 3 15 2

5. 49
60. 4o G1. a_—b 62, HZEDSH-%-ZHSinﬂ 63. k==x1
2 2 2
a”-p C
2 HINTS TO SELECTED PROBLEMS
B e A . 4 i
. lim 98 2x 1= lim (2 cos® x -1) 1= lim 2(cos” x-1) . . 2 (cosx ~1) (cosx +1)
x>0 cosx-1 x-0 cos x —1 xr—=0 cosx-1 x—=0 cosx —1
= lim 2(cosx+1)=4
r—0

9. Lm ux+:rfcn51 o fos ﬂ+r:':DEI =a+I =a+l

x—0 bsinx x—}ub(ﬁml‘j bx1 b

X

58. Dividing numerator and denominator by x, we obtain

in ax sin ax
: ) ot +b a +b

. sin ax + bx : ¥ : ax ax1l+b a+b

lim _ = lim _ = Im : = =——=]1
x0ax+sinbx x—0 _ sinbx x50 sinbx) a+bx1 a+b

= a+b| ——
% hx
28.7.2 EVALUATION OF TRIGONOMETRIC LIMITS WHEN VARIABLE TENDS TO A NON-ZERO
QUANTITY

So far we have been discussing trigonometric limits when x — 0. Now we will discuss
evaluation of trigonometric limits when x tends to a non-zero real number. As we have already
assumed that lim f(x) always exists.

xX—=a
lim f(x) = lim f(x) [ im f(x) = lim f(x) < lim f(x)
x—a x-—sa" x=ra x—a" x—>a
= lim I
h— []f{ﬂ +0)

Thus, we have the following algorithm to evaluate the said type of limits.

ALGORITHM

Step I Obtain the problem. Suppose x —» a, where a is a non-zero real number.
Stepll  Replacex - abyh — 0and x by (a + h).

Step Il Solve the problem by using formulae discussed in the previous section.
Following examples will illustrate the above procedure.

REMARK In order to evaluate lim f(x), where a is a non-zero real number, we may use the following
results: s

=] (ii) lim

T—rd X—a X —>il X—n

tan (x —a) ot
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ILLUSTRATIVE EXAMPLES
BASIC
EXAMPLE 1 Evaluate:
2 sin x 2 . sin 3x—-3sin x
(i) lim (ii) lim 3
X=—2>nx W—X Y —31 (‘]‘E—I)
(i) lim COs X (v) lim cos 3x+ 3 gns x
x—s= B —2x P [T'-' )
Z 2 E—I
SOLUTION (i) lim sinx _ .. sin (7 + h) - fiica —5mh= lim 5mh=1.
x—=n (t=x) h->0 (a—-(n+Hh) h->0 -h h->0 h
AT Hin Sf = i DRARND 4
x—=n T—X x-n (nm-X)
o i 3 3
(i) lim sin 3x 3§mx_hm 3 sin x —4 sin ;c 35111::_”4 lim sin~ x
X—n (m—2x) X7 (m—x) x—=>n (n- ‘![“)
- y 3 3
— 4 i SO (‘It+h)=_4 P (-sinh)® ., [smh)
h=>0 {n—(n+Hh))> h—=0 (=h)° h—0
=—4x(1)° =~
: i . Y
ALITER um.““BI 3?nx==mn 3sin x—-4sin“x-3sin x
X—=>T (m—x) X—»T (;n:—:c)3
g ; _
=0 ]_I]]'[ Sin {ﬂ I]=_4 in {Sm(n I}} =—4H(1)3=—
X—T {;n: 1)3 X—T T—X
cns(EH:J
G lim =% = fim 2 ) _pahonti 1 . sink 1 .1
x—=n/2 T=2X h—0 E—Z(E+h) 0 -2h 2h—0 h 2 2
2
osx ﬂn[——x] 1 mn(——x] 1 1
ALITER. [im == lim g Jlod fie 2, S S -
x—n/2 T—-2X x—mfz 2(——.1:] 2x-5n/2 [E_IJ 2 2
2 2
3 3
(v) lim :053x+3f;ﬂsx= lim 4 cos” x— 3cnsx+3cnsx*4ﬁm cos” x
x—>mn/2 (n ] x—>n/2 [-n; JE' xqf—(ﬂ ]3
— =X — =X 2| =—x
2 2 2
3\
ﬂEEfE+h (- ﬂnh) sin h :
=4 lim s Lo i . —-411111[ J=4:~:(1)3=
n-m{ [“+J] h>0  (=h) h->0\ h
= 115
2 \2 )
_ g ... 3
ALITER lim SO 3.1+3cnsx= lim 4cos"x-3cosx+ 3cosx il i cos” ¥

e ——

x—>n/2 [‘ﬂ: 3 x—rm/2 [“ )3 x—=n/2 (1 3
— =X ——X ~—x
2 J 2 (2 }
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(39, o (=G
sin”| - —x sin| — —x
=4 lim =~ =4 lim < L =4x(1)° =4
x—=»n/2 (g x—>mn/2 [E—T]
b gt
EXAMPLE 2 Evaluate:
(i) lim S8 (i) lim it (iii) lim [E—x)tanx [NCERT]
K Ny R R X ——
2 2 2 2
r"' A
cot x ook g-l-h ~tanh tan h
SOLUTION (i) lim = e i ‘; =1
L. (E-I] =0T [T h-0 -h h—0 &
2 \2 Z N )
Lods tan[——x]
ALITER lim = lim =1
oL ——X X = n~x
2 2 |9
tan 2(ﬂ+.’1]
) 2h
() lim tan_}.’x= : 5 = il tan (n+2h) g 1 tan 2h_=2 lim tan I,
258 wo X H=0 [Fﬂl—h)—-ﬁ h—0 h h—»0 h h—0
2 2
tan 2[E -x] tan 2[5 —x]
ALITER lim o =} S i 2IJ:— lim 2 =2 lim 2
n T T n m 8 mn |
X=— X=— X—=r— L= X—=— —=| ==X x—— 2| ==X
2 2 2 2 2 (2 J e [2 )
=2}:1=2
(iii) lim [Euthanx=lim {E-[Lh]} tan[hh):um S cab e T sl
A
C S
ALITER lim (E—xJ tan x (0x « form) = lim [— furm]= lim 2 =
s B \2 B eotx AD TR ] L
2 - 2
EXAMPLE 3 Ewvaluate the following limits:
(i) lim 2" sin — (i) lim xtan - (i) lim 2f'1tan[—‘}]
H—> o0 M X —» 00 X X~ 0 £
SOLUTION (i) lim 2" sin — (o0 x 0 form)
n—> 0 2n
sin(—‘?—) sin(iJ
= lim 2 = lim - 2" . xa=1xa=a [Efnrm)
n—» 1 1= o0 a 0
. %
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1 an )
(ii) im xtan —= lim -« A0 =1
X —» 00 X X—ro [1)

5 - tan[ ﬂ)
(iii) lim Zx_ltan(—},:_ lim 2%) o8y w8
&=¥ro 2% ) 2i9w (i) 5 9
2x

EXAMPLE 4 Evaluate the following limits:

(i) lim XTS5 NCERT EXEMPLAR] (i) lim V3 SiNX—-COSX |\ o T EXEMPLAR]
WG x >7/6 T
4 4 6
3 Sl X —Ssin 4 8 3 51N X — Sin 4
(iii) lim (iv) lim S22 "% (NCERT EXEMPLAR]
X =1 I LT ﬁ r—i J} -—-.\'/E

SOLUTION (i) We find that:
sin X —CoS X

lim
T —>n/4 I_'-‘T
4
T
sm[—+h)—cas[ +}:J
= A T - * (fm*m—}
h—0 g B
4
. T . T .
sin — cosh+cos — sin h—cos — cos h +sin — sin h 0
= lim 4 4 4 4 (fnm_J
I — 0 h 0
2[ 1-.ﬁiﬂu‘i
: V2 2 .. sinh
= lim — =— lim =2 (1) =2
h—0 I N2 h—>0 & 1)
1 1
s ﬁ{—-—-sinx—* —EDSI}
ALITER  lim oy S x lim V2 V2
non/4 ol T xo>n/4 .
4 4
; T - . i
sin X cOs — — COs X sin — sm(x—;]
=v2 lim 4 & /2 lim
x—n/4 g T x=n/d o T
4 4
=J2x1=42
(ii)} We have,
' i . T : n
. /3 sin x —cos x (Smxﬂﬂsﬁ-msxsm ) sm(x—ﬁj
lim = =2 Im =2 lim =2.
oy L s X—>m/6 :I:-E x— /6 [I"ﬂ;
6 5 6 P

(iii) We have,
lim SN X —sin 4 (fﬂrm%]

X—>il A=
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= s sin{n+h}—sinn= lim sinacosh+cosasin h—sina [fnrng
h—0 a+h-a =0 h
. gind . .. 1 —cosh 3 sinh . ) 1—-cosh
= lim cosa —sin a = lim cosa —-sina lim
h—0 h h h—0 h h—0 h
[ . 2h) "5'111!1;’2“2
. sinh . 4nin 7 sin /1 ] h
=cosa| lim —sinal lim =cosa lim —— —2sina lim | —%— | x—
h—=0 h h—0 h h—0 h h—0| h/2 4
\ J \ J
= cusnxl—Zsinn[l)zx{):msa
. (x—a xX+a . [x—a
Sin X —sin a 25111[ 9 )cns[ 2 j Em(TJ X+a
ALITER lim = lim = lim - >xcns( )
xX—a X-a xX—a 2[-"—'“_3] xX—a -4 2
2 2

= C0s @A

(iv) We have,

: sin x —sin a : sin x —sin a
lim o = lim (Vx + Ja)
x—>a x-a X—>a xX—-a

Zsm[qu}s[Efﬂ]
= lim 2 2 (Vx + /a)

xX—a X—10

Zﬁin[;f—un

lim
X—>a 2(1' ﬂ}
2

EXAMPLE 5 Evaluate the following limits:

1+ cos 2x (i) Lim 1 —sin x
it

2

x—»— [T
——X
2[2 )

I

)xcns[x;ﬂ)x(ﬁ+ﬁ)= 1xcosax(va++/a) = 2Jacosa

(i) lim N
et (T —24X)
2

SOLUTION (i) We have,

1 + cos 2(E+h]
2

* 1 + cos 2x 0
lim = lim form —
x—=n/2 (nﬁzl'}z h—0 - -
{n—z[— + h]}
2
1+ cos(m+ 2h 1-cos2h 2 sin® h
= lim { ) = Hm = |i 5
h—>0 4}12 h—0 4}12 h—=0 4h

lim sin h lim sin h _ 1
h—0 h h—=0 h 2

Il
W= |
o
oy

[ 5]
~|5

=
o
"

N

—
|
RN

Il
N | =
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o 1 (il
: 25111‘( -r)
\LITER lim 1+ cos 2x - i 1 —cos(m—2x) P 2
x—=>n/2 (E-Zx}z x—an/2 (7;—2;.-:)2 x—=>n/2 4[11: JZ
—-X
2
y 2
sm(n—xJ
=l L4 2 ] =l}¢{1}2=}-
2 x -n/2 ['{F_IJ 2
2
(ii)) We have,
st g l-—sm[ﬁJth 0
lim 5 = lim 2 5 (fnrm—)
R (“ ] h—0 {JT {TL' ]} 0
A =K — —| =+ h
2 A
sin? h rr:‘»}iru{ﬁ rMEmF—I‘1
- g 2oOBE G a2 2 g [N 2 |g= ity ==
h—>0 K2 h—0 h? 4 h—o| h h 2 2
. 2 JN &2
T
o lumﬁ[zﬁxJ Zsinz(ﬂ-;—fJ
AR T =% o Ben = lim 4 2
s 2 T 2 T 2
x—:i—[E_x) ke [E—I) Bk 4[E_I]
2 2 z 4 2
)2
sin(ﬂ—ij
=E ]j_n‘l, < 4 2 > =E}{(‘1)2=1
S iy (I‘_-‘?) 4 2
2 L 2) |
EXAMPLE 6 Evaluate the following limits:
(i) lim o b (ii) lim (sec x —tan x) [NCERT EXEMPLAR]
x—a cotx-—cota x—->n/2
(i1 cot x -cc:: s
x> (n-2x)
2
SOLUTION (i) We have,
lim COsx—cosa _ g cfjsx—ciznsn e ek (fnrmgj
x—=a cotx—cota ¥r—a COSXSINa—sin X cosa 0

. Feeay o (=)
—-2sin| — sin
lim ) X 2 )

/ \
¥ —a . (x—a) X—a
—25111[ cos| —

A

. X+4a
sin | —— :
2 sin a 3”

sin xsinag = X 8INn 4 sin @ = sin

sin x sin a

lim —=
X —>0 CDE( _]
2
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LIMITS
(ii) We have,
lim (secx—tan x) (form = — )
x—n/2
= lim [I—sm I] (fnrm EJ
x—n/2 COS X 0
F . oR
_ 1 —-sin (n/2 + h) : 1—-cosh 2 sin )
= lim « » = lim R m — 75
h—0 EDS(F+H] h—-0 -smin h—0 —2sin h/2 cos h/

=— lim tan h/2=-tan 0=0
h—0 1
§ o g l—cus(z—:c)
ALITER lim (secx—tanx)= lim = Jim
= /2 x—>7n/2 COSX  x—mu/2 Ein[ﬂ__,IJ

= = |lim tan(E—%Jﬁ]
I_’EIZESM(E—E)CGS(-“—EJ E=Rp2
4 4 2

(ii1) We have,

m mn
B . Eﬂt(— + hJ - cns[ + Jz] 0
lim et Eﬂi' = |lim 2 23 (fnrm—)
x—->n/2 o h—0
Lo {n-n?(g-’th}

. —tan h+sin h . —=sinh(l-cosh) 1 tanh 1-cosh
= lim = Hm = — X 5
h—=0 —Sj;3 h—=0 cush{ﬂﬁha) 8 h—0 h h
. ofh . 2 h
1 . bl Nad CROVEYRL 2 RS 4
=— lim x lim =—x — lim =
8 h»0 h h—0 h2 8§ 4

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

. 2 -3 cos x —sin x
EXAMPLE 7 Evaluate: lim 5
X —> : (6-:"5 iy T[)

SOLUTION We have,
~ . SO, s
- —+h|—-sin| —+1
. 2 —/3 cos x —sin x ‘ . J3m5[6+1 Em(ﬁ I]
lim = lim

T . — )2 h—0 3\ .
*=E (6 x —m) i {6(:+h —un}

/

Z—ﬁ(cnszmsh—singﬁm h)—[sin zcmsh+cns-gsin hj

= lim
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2-%cﬂsh+ﬁsinh—lcush—ﬁsmh 2(1 — cos ]
: 2 2 2 2 : ( cos h)
= lim = lim
h—0 36 h* h—0 36 h*
¢ \2
| zsi“z(g] 1 Sm[;J ¥ |
= — lim = — lim x= = =x ()2 x= = —
18 h—>0 h? 9 h—0 (f_f) 4 9 4 36
L N
/3 _ 2—2{?c05x+isin x}
ALITER  lim 2-V3cosx—sin x = lim
x—>n/6 (6 x —7)* x—>n/6 (61’—1:}2
2—2{cusxmsr—r+sinxsin -TE} 2-2{305(,1'——]
= lim 6 6] _ uf .
x—>n/6 (6x — 1-;}2 x—>n/6 (6x —m)
- . 2
2:251112(31:—1] 4 sin(f——ﬂi] 1 1
= lim 2 0 . lim & N 121 @/° (1?2 =—
x—>n/6 T 144 x—n/6 s i 36 36
144[— "—'] 2 1
2 12 :
3 gle—
ERAMPLES  Provethit: T b rMERL_ 4 INCERT EXEMPLAR]

i EGE[I-FI[)
-+

SOLUTION We have,

tan 3

lim x—tan:::: lim tan x (tan x —1) (tan x + 1)
x—n/4 cos(x+ n/4) x—o>n/d cos(x + n/4)

lim tan x (sin x —cos x) (tan x + 1)
x—>n/4 cos x cos (x + m/4)

Il

d Y tan x (cos x —sin x) (tan x + 1)
x—n/4 cos x cos (x + n/4)

Lmﬁx ey sin :u:](tan x+1)

tan x
_\fi lim (\"{E *\."IE

x—n/4 cos X cos(x + n/4)

~ 2 lim tan x cos (x + n/4) (tan x +1)

x—n/4 cos x cos (x + n/4)

= -2 x lim tan.r(tﬂn.r+l)=_ 2x2J2=-4

rx—=>n/4 COSs X

. X X X X
EXAMPLE? Evpaluate: lim | cos = cos — cos —3 s €OS —
n— o 22 A o

SOLUTION We have,

. X X X X
Iim CO8 — CO8 — C0O8 —— ;.. (08 —
1 —» oo [ 22 23 2"}
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X
sm(Z”:ﬂ:T) o AT
. 2" A
= lim 2 . cos A cos 2A ... cos 2" IA=5:?.
71— Z’Iﬁiﬂ(il 2 5111.{4_.
2"
) e
sin X sin X Em[zﬂ]
= l_]_m ].

X 4

' 5
4.2 —-(cosx+sin x
EXAMPLE 10 Evaluate: lim V2 ( - )
x—n/d 1 —sin 2x

SOLUTION We have,

5/2
»l2 (cos x + sin :::};1
42 —(cos x + sin I)E {

lim = lim =

x> n/4 1 —sin 2x x> n/4 2 —(1 + sin 2x)
B 25/2 _ {1+s.11121}\:5"‘2
C xo>n/4 2 —(1 + sin 2x)
R (g sind2x)>? QAT
 xoa/4 (1+sin2x) -2

/2 _ o518
= lim 0 2 , whereu = 1+ sin 2x
-2 u—-2

2x @271 = 2x2%2 =502

1—cos (ax® + bx +
EXAMPLE 11 If a, B are the roots ﬂf.-:u + bx + ¢, then evaluate llmﬁ (( [3) )
X =) Y -

SOLUTION Itis given thata and Pare the roots of the given equation ax? +bx + ¢ = 0. Therefore,
ax® +bx +¢ = a(x—oa)(x-p)
Now,
: zsmz{ﬁ{x—m(r—ﬁ)}
lim l—cns(ﬂx'+bx+::}_ lim 1 - cos {n{x—u]{x—ﬁ)} 2
x—p (x ~P)? x—p (x - B)? eoh (x - By

" {H(A__u}_(} = @1 T
=2 lim o ()
cop | Jalr—a)(x- _ﬁ)} i
e 2 _

,, PB-a)? _a*@-a)
= 2
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EXERCISE 28.8

Evaluate the following limits:

1. 1m (E-x)tanx - 1
ror/2\ 2
L J1 —cos 6x .
T V2(n/3-2) N
3
7 fim 1-sin x
T 2
L =P L
- [2 )

10. lim 2" !lsin {—"-J 1.
2.".!

n—x

2
: X* = -2
13. lim 5
x—>2 x*-2x+sin(x-2)
, . @asinx-xsina .
i4. lim 5 3 15,
X—>a ax  —xa
J2 = cos x —sin x
17. lim 3 18.
TC
xX—— L
¢ (i)
4
54cosx -2
20.  Hm 'J 5 ;A
X—1 (n-x)
s
23 lim L 24
x—=1 5N 2t X
= : 1+cosmx
25. lim 5 26.
x=1 (1-x)
X 1+ cos x
28. lim 29,
X—mn tanzx
) 2+ cosx -1
31. lim \/ 5 32
X—n ('."[-—.‘E)

BASED ON LOTS

sin 2%

lim
T COS X

A )=

2

CO5 X —CO5 i1

lim
X—a

: ﬁ—tanx
lim
n n—-3Xx

(%)
sin | —
lim 2"

B=pt . b
Sin (EJ

BASED ON HOTS

ﬁ—Jl+sh1x

lim

x—m/2 -

COS X

cotd x—-cosd x

lim

x— = (R”SI}S
, cos Vx —cos va
lim

xX—a X—a

f -f(z]

lim

|
X —» = Xwmim
4 -
i 1 -x2
lim

x=>1 SN KX

r— 1

lim

Jeosx - [sin z

x—-n/4

x—->n/4d

12,

lim

IE—I—Z

x—=-1 (x%+ ) +sin (x+1)

16.

19.

&«

lim (1 -x) tan[ﬂ) 30. lim
2 X

poy  y2-sin¥ -1

= 2
X— - n
— X
4 (2 )

CO5 X —CO5 @

V% —a

lim

X—da

sin v/x —sin Va

el ¢

lim

X—rd

, where f(x) =sin 2x

l-sin 2x
n 1+ cos4x

X =)

1 —tan x
% 1-4/2sinx

—3
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2 2

33, Hm ——X & i XY INCERT EXEMPLAR]
xr—1 sin w(x-1) y_y & cOsecx—2

T[ =
2 — =X |sin x—2cosx
V2 —cos x —sin x [2 ]

35. lim 5 36. lim
x_].ﬁn, (4)&'—11:) I—}E [E_x].!.cﬂ.tx
4 2 2
1 —sin &
37. Lm S 38. lim 2 [NCERT EXEMPLAR]
m T i YT — T X X S
X —p— (-——-I)(EDEI+ sin x) CoS -—(cm—-—sm~]
4 | 4 2 4 4
ANSWERS
; O | 2. 2 . iR 4. Does not exist 5 —sinag 6. =2 7. %
—_ i
g 2 0. 1002 1?2 1 13. 1 e R
3 4 2 b {,'2
1 1 1 1 1
I — 6= 17 = W= Mu=2Jdacinae of. \R
42 4 ™ B 16 8
- 2
B o Ja 22 . - B 2.0 . . an ®
2 Ja 2 Ja n 2 T
7l sl 292 302 a3}l m-_t 33l 34
4 2 o 4 n1/4 T
1 1
B e 36, —— 37, 1 38. 4/2
16 V2 2

28.7.3 EVALUATION OF TRIGONOMETRIC LIMITS BY FACTORISATION

Sometimes trigonometric limits can also be evaluated by factorisation method as illustrated in
the following examples.

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)
EXAMPLE 1 Ewvaluate the following limits:

2 3 R
Sl X 1_
m e EEETAY gy g “"Si‘: : Git) lim, ———
xr—-n/4 tan x -1 x—->n  tan® x I—"TF"Q cos” X
3 .
1 J2 -1 +sinx J2 -1 +cosx
(iv) lim — >~ (v) lim J 2 I s »
X=n sin“x x—rn/2 J2 cos” x x—0 sin“ x
¥ 2
- i
SN 5 S R iy ITWUER L e (RnpeB= 2
x—->n/4 tan x -1 x—n/4 tan x -1 x> n/d
3 3 _ 2 .
(ii) lim 1+5E2C X _ tim (1+25EE :r)= lim (sec x +1) (sec™ x —sec x + 1) (fnrng
x—=n tan“ x xon (sec“x-1) x-o=n (secx+1)(secx-1)
R seczx—sec:r+l=l+1+1=_§

X secx —1 -2 2
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o 1-sin3x . (l-siny)(+sinx+sin®y) . 1+sinx+sinx
(iii)) lim = lim : : = lim
¥ —1/2  cos® x x—>mn/2 (1 —sin x) (1 + sin x) x—n/2 1+ sin x
*1+1+1_3
141 2
3 2 2
i : " > .
(iv) lim 1 + cos X _ lim (1 + cos x) (1 —cos x + cos” x) _ 1 —cos x + cos“ x
o7 sin® x Y oW (1 —cos x) (1 + cos x) YT 1 —cos x
_1+1 +1 &
1+1 2
V2 — 1 +sin x 2—-.J1+sinx 2 +./1+si
(v) lim J 5 = lim V2 -~y : x‘[— J anx
I_,._;_ J2 cos? x es®  J2cos?x V24 1+sinx
) 2—(1+sinx) 1 (1 — sin x) 1
= lim ) 2 HT 7 - '= IHI oy = x -
l._};{ J2 (1-sin®x) v2++1+sinx I_}_;_ 2(1-sinx)(1+siny) 2 ++1+sinx
. 1 1 1 1 1
—— lj_m Illr__ : x == = oeeem— N ——
‘T_}TEE v2(1 +sinx) 2+ l+sinx 242 VR%RJ/2 8
2
W o N2-1+cosx \’E‘ﬁms'z
(vi) lim = m - 7
x—=0 sinzx v—0 (1 —-cosx)(1+ cosx)
‘\5(1—{:[}55) I_CGS.J;
2 2

= hITl 58 ﬂ"\/—E llm X "1_
x>0 3 gin 2{1+cusx} == [1—cn55}[1+ct}5§}(1+mﬁx}

1 1 1

b 1
11 = T
JZ x50 [Hm;}{“cmx} V2 AEDA+T) T 442

2

2sin“ x+sinx -1

Evaluate: 1lim 5

x—=>n/6 2sin

EXAMPLE 2
x—-3sinx+1

SOLUTION We find that:

2 sin? x + sin x—1

lim

2

x—-»n/6 2sin“x—-3sin x+1

1
2sin x-1)(sin x+1) _ sinx+1 571 .
x—>n/6(2sin x-1)(sin x-1) x-on/6sinx-1 1 _;
g

EXERCISE 28.9

Evaluate the following limiis:

. 1+ cos x
1. lm
X—mn tanz;r:
2
) 2 —cosec” x
4. lim
e 1—-cotx

BASIC
, cnsecz x-2 , cot? x — 3
2. lim 3. lim
x5 X - eot®~] 3 X COSECX—2
4 6
. A2+ cosx -1 . 1 + cosec® x
5. lim 3 6. lim 5
X =it (t—2x) I_}3’_t cot™ x

2
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__ANSWERS

i

2

| =
|

B

Sometimes, following expansions are useful in evaluating limits. Students are advised to learn
these expansions.

n(n-1) 2 (n-1)(n-2) -

1+x) =1+nx+
2! 3!

log. (1 +2x) = x— e i
ge ) S-Sk
2 3 4 B
¥: x yr 3
log,(1-x) = —x - - - e
ge (1 —x) T
2 3 A4
R i L
21 31 41
2 .3 4
6 i s e s s
| 31 4!

a* =1+ x(log, a) + 32;—'(10& A

, oYY
SiNY = B~ e
31 51 4il
2 ot a®
cosx =1- +- -
ol 4! 6!
3
[an .y = .T+:L+£I5+.”
3 S5
Prove that:
V. ax log, (1 +:
& D Wil Al L) tim 281D g Gy lim 282U e,
x>0 X x—0 X x—0

(i) Using expansion of a*, we obtain

2
: l+:rlng[.n+L(lﬂgfﬂ)z+...—1
T e ST = lim {log, a+— (log, a)° +
= 1 = S——
r—0 X x—0 X x—0 Ge 2! Be
= log, a.

(ii) Using expansion of log, (1 + x), we obtain

lim log, (1 + x) : 1:_“
x—0 X x—0 X x =0 2 3

5
5
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| 1 log ., (1 +x 1+x
(iii) lim Oad 4 2) = Hm Ol 45) = L lim ol +5) = s = log, ¢
+—=0 X x—0 xlog,a log,a x—0 X log,a
COROLLARY Putting a=e¢ in (i) we get
i |
lim =] ? =1,
r—0 X OBe ¢

REMARK Throughout this text log x stands for log, x or In x unless stated otherwise.

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Ewvaluate the following limits:

R XX x o
@) lim £ i £ 2 il T e
r—0 X *r—=0 sinx x—=0 ,p‘]+x 1
| | ¥ _ ¥ Eil‘t.‘lf_] X - 1__-1
(iv) lim (v) Lim Z— (vi) lim =
*x—=0 tan x xr—=>0 sin X xr=>]1 s mTX

SOLUTION (i) We have,

Y i (*=D=0*-1) . &a*-1 bl a
lim = lim = lim — lim =log, a-log,b=log,| — |
x>0 X x>0 x x—=0 X . x50 X Be Be B (b]

a’ —b* b 0 a a
ALITER lim = lim - - =bh"Y x lo —I=lo —]
x—0 X x—0 X gf[b} gf(b

(ii) We have,

X A X X X X

a: —b -1 bt =i -1 b g -1 1
lim : = |im {[ﬂ J~—£ _ ]} = lim [ﬁ X _1 J— lim [b X ‘1 J
*r—=0 s x x=>0 Sin X Sin X x—>»0 X SN X x>0 e SIn X

a7 = .. v . Br=1 X

= lim x Jim - lim % lim

x>0 X r=>0.s5Y -0 X xr—0 sin Xx

= (log, a) x1 - (log, b)x1 = log, (E]
(iii) We have,

- LI J1+x +1 o
lim ’ 2" -1 ( EEy = lim 2 lx Jl+x+1
r—0 J1+x -1 'c—{l ﬂ+1’ -1 (Jl+1 +1) =0 x

> =1
= lim > x lim (J1+x +1) =(log, 2) 2=2log, 2 lﬂg:}

r—0 X x—0

_ LI 3% 1) —(2* -1 3
(iv) lim = lim ( = ) e
x—0 tan x x—0 X tan x

_{. g¢q . 9%yl . 3

lim — lim x hm
x—0 X =0 X r—0 tan x

=(log, 3—-log, 2)x1 = log, (%]

(v) Lety=sinx.Then,y - 0asx — 0.

sin x i
- =1 . =]
lim . = lim
x =0 s Xx =0 Y

= log, a
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(vi) We have,

. 7~-1_1 _ ﬂ1+.'1—1_1 : ﬂh—l
im — lim — = lim _
x=>1 sinnx h—0 sin (1 + h) h—0 —sinmh

= | - |
_1. lim a -1 mh :_‘l i a' -1 lim th ’ -llﬂgeﬂ'
T h—=0 I sin wh tlh—>0 h h—0 sinnth T

x—1 x-1_ B
. lim s 1=11'rrl < 1:arr: x 1
x=>1 sinmx x-1 x-1 sin (7t — 7x)
x-1
= lim - L :n:-(x D = log,ax —=-=log, a
xr—-»1 x-1 —-nsin w(x —1) -7 ]

BASED ON LOTS
Evaluate the following limits:

X _aX gX X -X SRR
(i) lLim 10" =2* =5 +1 (i) lim 3*+3 2 (i) 4im 2. 3
x—0 x tan x x =0 y2 x—0 sin 3x
2x _adx 2x :
U B = ol B S vi) W o0 5X
r—0 X x—0 23“ =7 730 3* #Fi
SOLUTION (i) We have,
X _AaX _gX X 9X _nX _gX
i 10 2" =5 +1: i 5" .27 -2 -5 +1
x—0 X tan x xr— 0 X tan x
XpnX an ek - - X -
. 1 o" (27 -1)—(2 1}=Hm(5 1) (2 lJ:HmS 1:-.:2 1:{ X
x—0 X tan x x—0 X tan x x—0 X X tan x
5% =1 ey | X
= lim % i ———x Hm = (log. 5) (log, 2) (1) = (log, 5) (log, 2
r—=>0 X x—=»0 X r—=0 tan x { Be )( Se )() ( Se }( Be }
(ii) We have,
. 3% 4 3" 2
him
x =0 xz
. 2
3%asD x 371 3¥-1) _ 1 2 (1Y 2
= him = lim = (] 3 —_ = (] 3
P 3 B2 :r—}ﬂ{ p } Xi— (log, 3) "( ) (loge 3)

(iii) We have,

3x X 3 X
o 2% -3 =IEI*F2I“HEﬂ3“”}
x—

x—0 sin 3x sin 3x sin 3x

3x : - 1
lim 2 Ix 3x | i 3 1:{ 3x
x>0 3x sin 3 x x—>0 3x sin 3x

= (log, 2) x 1 _13 (log, 3) = log, 2 _% log, 3.
(iv) We have,

2x 3x 2y 3x
- - o
1i 3 i {{3 1] [2 l]}
x—0 s x—0 X x
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= lim 32I-1x2—1im 231_13{3*‘210 3-3log.2=log,9-1o B=lng(EJ
T oD 2x x =0 3x Se Ee Be Se 8

(v) We have,

(a4 ) 2%
& - A 5 lim 3- L
32% _q 2x 27 x-0 2x 2 (log, 3
lim = lim - . = =X ==
x=0 23% 1 x50 (23 _1 3 23x _1) 3\ log, 2
— |x 3x lim |-
3x x—0 3x
\ J
_log, 3* _log, 9
log, 25 log, 8
(vi) fhiss smS:r= lim 511131*“ 3x .9 Hka sm?:xx]jm % 3

x=03"'-1 x>0 3x 3% =1 x—0 3x x—rﬂSx-1=lng3

EXAMPLE 3  Evaluate the following limits:

-X _ X —x _1 ; * ¥, 57 _ 9
o Bt G b E—f (i) T (iv) lim S
x—=+0 X x—0 X x—1 IDgEI x—0 X
SOLUTION (i) Putting —x =y, we obtain
-x _ y _ v _
e w9
x=20 X y—=0 -V y—=0 ¥

(i) We have,

X _ —X x -X x -X
i & ¢ g [ E L |2 V] tigy B || i = |=1+1 =2
x—0 X x—0 X X x—0 X x—=0 -

(iii) We have,

. x -1 3 1+h-1 h 1 1
lim = lim lim = =—=1
x—>1log,x  h—0 log,(1+h) h—0 log,(1+h) | log(l+h) 1
h—=0 h
x-1 x -1 1 1
AL lim =l = H =—=1
ALIER x—>1 logex x-1log, f1+(x-1) =x-1 log, 1 +(x-1)} 1
x-1
(iv) We have,
LR e A
lim
r— 0 xz
i I & 1Y 0
= lim -]Jm[ ]:-:EI=Hm x lim EI=(12)HE =1.
x50 x%e* x—=0| x 2=30| =x x =0

EXAMPLE 4  Evaluate the following limits:
() lim log, (5 + x) —log, (6 —x) (i) lim log, x —log, 5

x—0 X x—5 xX-5

SOLUTION (i) We find that:

log, {5 (1 + i)} - log, {5 (1 - fj}
lim log, (5 + x) —log, 6 -x) _ fiin 5 5

= X x—0 X
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- {lng35+lngﬂ (1+§)} w{lug35+logt,[1+'}f)}
= lim /) - fim

r—0 X x—0 X

X x
1 log, (1 + E) leg, [1 — F_:) 1

= 111‘[1 — X y— Hm 4 = l-[-1 = g
20, 5 x/5 x—0 -x/5 (=9) & &5 5
log (5+h] log [1+h)
| ' el e e
(i) lim log, x log,_,5= lim log, (5+h) 10555=]jm 5 e 5 }i:l
x—5 x=-5 h—0 h h—0 h h—0 h 5 B
5
log [Ij log (1+I 1) log 1+Id5j
= [ = ¢ “ e
ALITER lim 282X ~1%8ed _ 40 9/ tim Sad/ _ 1iff & 4,1
x—>5 x-5 x—=5 x-5 x—5 xX—-23 xX—=5 (1—5J 5
5
5 5

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

43> %12 _4

EXAMPLES Prove that: lim =,
X, ad—X . o o A X X A
ESE 3*+3 12_ (37)°-12(3 )+2?__ (3°=3) (37=-9)

= lim = lim
x—2 397%¥_3%2 53 33.(3%%3  x52 (3-372)(9+3x 3724 3%

=l erd. x/2
LT T (SI 3) (3 3)(3 +3]I=_]jIn

(3'-3)(3"%+3) _ (9-3)(3+3)_ 4
x>2 (37/2-3)(3%+ 3x 324 9) | x>2 (3%+3x3249)  (9+9+9) 3

—

log, x -1

EXAMPLE®6 Evaluate: lim
X—e X —-g

SOLUTION We have,

lim log, x -1 w AN log, {e+h}—1= lim log, (e + h) - log, e B Rpia=n)
x—>e X-—¢€ h—0 e+h—e h—0 h
h h
log, (1 + -J log, (1 + —] |
= lim ¢/~ lim $lulorudl o HEE TS
h—=0 h h—0 h e e e x>0 X

e

X
. ” lngf( ]
ALITER lim 08— lim OEe ¥—108e€ _ lim E

X—e X—=—£ XxX—e =g xX—e =g
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_— . — m—— ——

Evaluate the following limits:
5% ~1
4+x-2

X X
b di 2 +b" =2

x—=0 X

1
1.

x—0

7. 1jm5I+3I+ZI‘3
xr—0 X

., sin2x
0. lim
r=>0 g* =1

b X
15, lim 8" —2
x—0 X
Or L26% 4 4%
2

6. Hm
x—=0 X

19, lim (ﬂ”x -1 x

X —» 00

22, lim

e

log x—log a

X—a

log (2 + x) + log 05

™y & L]
24, lim

x—0 Y

X
26. lim x(2" -1)
x—>0 1-cosx

X
20, lim .i
x=0 /1-cosx

EEDSI___1

32, lim

x=>n/2

COs X

' p3X _ 2%
35. lim
x—0 X

obx _ ax

37. IIm
x—0 X

EI . Eﬁm X

39. lim
x—0 X—=sIm Xx

X
: x(e" =1
42, lim ( )
+r—=30 1—-cosx

LF1

1.

where 0 <a <b

40.

BASIC

log (1 + x)
3* -1
am-'f _bﬂ.l'

lim

¥r—=0

Iim A

x—0 X

: am:': o bi‘lI

lim 9.

x—0 sin kx

SINX _ 1

lim 12,

x—=0 X

l+x-1

x—0 log (1 + x)
8% —4* L9 1

lim 18.

x—0 IE

a* +b* —c* -d*

lim 21.

x—=0 b's
lim log (a + x) — log (a —x)

Ll

r—0 Y

iy 108 (3 +x) —log (3 - )
xr—0 x
BASED ON LOTS
iy lngll:x3|
x> sin> x
X

Y e —e
x5 X-=5

e3** _sin x —e°

lim

x—=0 X 34

tan x
e —1
Iim

*r—=0

tan x

32+ X _g

lim 41.

r—0 X

. lim

MATHEMATICS-XI

_____EXERCISE 28.10

(Imx—'l
¥ — 0 b}II_l’
- a +b* +c* -3

x—0 X

n#0

e’ -1+ sin x

lim
x—0 X

lim log (a + x) —log a

x—=0 X

CO5 X

cc}tx_ﬂ

. a
lim
x=>n/2 cotx—cosx

:-:+2_E2

E

x—0 x

X

lim e” —x-1
x—=0 2

ANSWERS

1. log, (ab)
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i ) 1 a"
. log, [FJ 5. log, (abc) 7. log, 30 8 -El gf(ﬁ]
e ] 10. 2 11. 1 12 l
a
. e ) | 2
‘2. log, 4 14, — 15. (log, .-:1}2 16. (lnge E]
2 2
b 2 i ab
7 (log, 4) (log, 2) 8. log,a 1Y, log,a 0. log, (_d)
C
.4 l 22, l 23. E 24 l
2 a a 2
. p > ﬁ
E 26. lﬂgﬂ 4 o e ! 28. lﬂge a
29, Does not exist 0. 35 31 ez Cy.
33. 9 -1 34, 0 35. 1 36. 1
37. (b —a) | 38. 1 39. 1 20. 9.log,/ 3
41. 2log, 2 42. 2 43. 2 log, 2
T
R — g e § _HINTS TO SELECTED PROBLEMS
x-2 i (x-2) 1
10. = lim = lim x log, a
x—=2 log, (x-1) x—2 log,(x-1)xlog,e xr—2l0ge{l+(x—-2)} ne
x-2
= 1
= I“ O A=10g, a
% N
29. Hm £l = lim ge-1
x>0 Jl-cosx x—0 V2 |sin X
2
f x )
x 4 X -
Now, lim i 4L M e 2 g | BT |2 =—42
x—=>0 ﬁsmii ‘\51‘—-}0 Sinﬁ 'Vr"t—}ﬂ X Siﬂ.E
2 2 \ 2.
o a N
X x _ e
and, lim it - -t lim | < : E = /2.
x=0% MAlsin X V2 x50t X i
2 \ 2
X s X -
lim e ~1 = # lim o
I—}D_ Ji Smi I—?U+ ﬁ[sin I)

33:«:1—1 = E‘BHI

il
aJ
5
1
15
——
L1
3
+
P -
|
31
L2
|
m'
- | B
-
—
1l
H-'-
-L -
‘3
——
Lo
Cad
ey
e
"
=1
e
b, R T
|
ml
= | B
-+
'l-_...,_l"
1]
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r—>0 X-—sInX x—0 X —sin X
f ET_] 3 i x \\2
X -1 _ Y -1 -
12, lim r[ £ J— lim x2 X = =2 lim [E : J 2:1: =20 %1% =3,
Y — 0 l-cosx| x—0 2 sin 2 x>0 X sin X
\ 21 \ 2/
SiII(T-E] : s
- COSX _ sin(x—-mn/2) _ ) == 1 sm[x——)
43, lim < : = lim 2 = 13{1: lim = x II2 xl
x—n/2 I(I—?—TJ x—n/2 B X x-n/2 sin(:r—-J o & b %
2 2 2 2
—lngi..?x]xz:glngf
by
28.9 EVALUATION OF LIMITS OF THE FORM 1

To evaluate exponential limits of the form 1%, we use the following result which is stated and

proved as a theorem.

THEOREM If lim f (x) = lim g (x) =0 such that lim /A )e:nsts then

x->a xX—a x—a g(X)
3_1} im L%
lim {1+f(x}} —¢ x>0 8%
X—d
_l_
PROOF LetA = lIm {1 +f{t}} g(x ) Then,
X ->a
i = fii log{l+f(x) _ . logl+f(x) f()
R g (%) X—a f(x) g (x)
= log, A = lim m o Tie log {1 + f (x)} =i
:r:—a-ﬂgl':l'} X—>i f(x)
lim &2
=i Mr o X4 g (x) e

i The above result can also be restated in the following form:
If lim f(x)=1and hm g(x)=c0 suchthat lim {f (x) -1} g (x) exists, then

A e

lim {f(x)-1}g(x)
lim {f (I}}g{.‘f} = g X=¥e

X —>00
PARTICULAR CASES

X X
() lim A+x)Y¥=¢ (i) lim (1+ 1) =e¢ (iii) lim (1+A0)Y*=¢* (iv) lim [1+5) =e*

X —>»00 b @ x—=0 X =» 00 ¢

Following examples will illustrate the applications of the above mentioned results.



LIMITS

ILLUSTRATIVE EXAMPLES
BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE1 Evaluate the following limits:

b
(i) lim {1+3] (i) Lim (1 + sin x)* Ot ¥
X—w X x—=0
(iii) lim (logs 3x)1°8x 3 (iv) Lim (cos x)®°t*
x—1 x—=0
2 \¥ lim Ex X
SOLUTION (i) lim [1+—J =g ¥F@T 2
X—wm X
lim sinx x2cotx lim 2cosx
{'ii} lim (1+Sil"|. I}ZCD!’I= e x—0 = P rt—0 - EZ
x—0

(iii) lim (logy 3%)'8x 3 = lim (logs 3 +logs x)'°8x 3 = lim (1 +logs ) 0B 5
x—1 x—1

x—1

lim logg x x 1 -=g- =g

=5 r—1 [U'ESI

(iv) We have,
lim (cos x)<°t¥

lim {1+cﬂsx—1}mtI= lim {1_{1_{:051,)}c0tx

x—0 x—0 x—=0
" cot x lim —Zsinzt.r;’Z]:-:cut X
= lim 1—25i1'l2 [_,} = ¢ x—0
x—0 2
. 2
_.Lz T

S0 QY o83 im - tan(x/2)xcosx

_ %00 2sin(x/2)cosx/2 _ e X0 g

EXAMPLE 2 Evaluate the following limits:
1/x
(nx +b* +c* }

(ii) lim (2-5

X—=a A

(i) lim

x=0

tan mx/2a
; J
SOLUTION (1) We have,

1/x
X X X
i (ﬂ +b* +c J

x>0 3

x—0 3 x—0 3
X X X ¥ X X
TN a -1+E:r -1+r: -1 1 lim a 1+ o b 1+ b c 1
= p x—0 3x X Jx L g 3|lx—0 X r—0 x r—=30 X

; {log a+ log b+ log c}
£ =

plog (abc) 1/3 ={ﬂb£)”3

Il

28.67

1/x ik
X A S o = >
lim {1+ a +b” +c 3} L {l_l_{ﬂ 1)+(@E" —-1) +(c 1}}
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(ii) We have,
a tan nx/2a " tan nx/2a
lim [z__] Slif {14.[1*_]}

X—a X i Y | X
lim (I—E'JtamzE lim [T_ﬂJtanT;—l e
= Frax = P g RN P " — ¢! wherel = lim ( ]
X =0 2
: xX—a [ 8 . X—a S = T xX—-a Wiz v
Now, f=Ithﬂ( = ]tanﬂ -Ihinﬂ( = ]mt(i_ﬂj_thn[ . ]cntzﬂ[n x)
- i
= I=1im['1 "]x . = = li (“"‘J s
X—a X tﬂni(ﬂ'—.ﬂ XxX—a tﬂn—{ﬂ—x} X
2a 2a
T
- [ =%)
= [ = - lim gﬂl‘t X =4 = —E
=8 fan—(a-%) ™ &
2a
P tan —
Hence, lim [Zﬂ—] 20 _ o-2/m
X—a X
BASED ON HIGHER ORDER THINKING SKILLS (HOTS)
_ Evaluate the following limits:
X 2 X
+5 " ; x“+4x+ 3
@) lim |2 (i) Lm >
X = © x-1 x—>o | x*+2x-5
SOLUTION (i) We have,
. X A X i E.]
i | 2T = lim |1+ =gl X R FTR 40
r > |x-1 ey o x-1
(i) We have
2
A . . 5 a i Yot i:-: + Bx
im |2 g 2xa 3 iy im {1+ i B R i
X—w x2+2x—5 X = X+ 2x -5
Evaluate the following limits:
= 1/x 2
(i) lim {tan [—+x)} (ii) lim (cos 2x)Y/*
% 30 4 xr—0
SOLUTION (i) We have,
" 1/x
lim {tan(—+:c]}
x—0 4
1
, {l+tan xl /x
= lim
r—0 |1-tan x
Ztanx 1 2 tan x

1/x
—HIH{I'F Ztﬂnx} r—30 l-tanx x . r—=>0l1l-tanx X 2

r—=0 1—-tan x
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(ii) We have,

> 1{::2 lim “‘; """ - lim 2_51:;:::
lim (cnst)UI = lim {1 +(cos 2x —1) =e X0 =g ¥ X" e
x—0 x—0
BASIC
Evaluate the following limits:
n 1/2x
L lim (1 +E] “~  lim 1+ tan® Vx
n— o 1 xr-=>07
3. lim (cos x)!/sin¥ 1. lm (cos x + sin x)1/¥
x—0 x—=0
Ix-2
2
= | . x4+ 2x+ 3| 3x+2
2. lim (cos x + a sin bx)”x 0. lim 3
x—0 x—w | 2x“+x+5
3 5 i l_m(fz_ 1]_ 4 % _g ‘l.ﬂ’:u:2
a = | : et +e " —
7. lim XU +2x"+Xx+ (x=1) 8. Ym -
e B 2 +2x+3 x—0 X
1 x°
; - - 1+ x
9. lim sinx|x-a .. 3x2+1
x—a |sSIna x50 fW4xs -1
LA 2.0 N - 5 b/ 6.1 7. |2 01/12
2 6
9. po0ta 10. o
) s/ FILL IN THE BLANKS TYPE
: tan x .
L If f(x) = AAREN 1 LR = ..o oneenssssssvsassessonsassananans o
xX—N X—>T
2. lim —

3. If lim [sin mxcuti)nz, therrMr= . Licibnaenasans

x—0 ‘\.@
& i | sin x|
x—=0 X
5 EUEECZ x—-2.
: 1S EAUAL 10 iicinisioiiimiinimiivaivsiesis
LR cotx -
|
6. lim is Equal By e s s e

r—->1 -1
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7. lim 14 2; It P AT P ik M

n— n=+100
p2tany _

8. lim is equal t0 .uovevereenrinieineiiiinininnns

x—=0 X
. log,.x.

9. lim Be I ECURRLERN s svicsvaanenssmonieoniisnsninu s

r—>1 x-1

2
10. Let f(x) ={ §I+ é: 'gZi :::?é , the quadratic equation whose roots are xl_i}n;— f(x) and

x—27
. tan (2% -1) .
11. lim 1IBCGURAL 10 i i0nsinmssnsssnmsrssnensasonssassasas
xr—1 x-1
; t .
12. lim ol is equal 10 .....crmeeenssuss
r—0 X
; 2x + ;
13. lim X+ Stanx 15 EAUAL T cosssnissionssnssmsorsvsvasinnssmpagiie

x—0 3x-2sinx

14. lim O cosx—2sinx — ST RN,

x—0 3x+tanx

. RPN - |
f(x) {xz, % =1 , then Ihi':\l JEX) = croneorvrerenfUAIL o vovvemonusssesponsassinsenss s
16. lim ( Va2 +1 —~;r] is equal to ...............
X =)0
31.-""2 L 3
17. The value of lim [ O . (R
r—-2 § 38R0
ANSWERS
2 : m 1
L1 21 8. - 4. Does not exist 2 2 6. — 7 —
73 . 2
8. 2 9. 1 10. ¥* ~12x+ 35 =0 11. 2 19 % 135
180
14. §- 13. 1 16. 0 17 l
4 6

VERY SHORT ANSWER QUESTIONS (VSAQs)

Answer each of the following questions in one word or one sentence or as per exact requirement of the
question:

1- 2
. Witlsithevilosor fin =2k 2. Write the value of Lm [x].
x>0 X |
3. Write the value of lim [x]. 4. Write the valueof lim x—[x]
x—0" x—1
sin [x] sin x

5. Write the valueof lim ; 6. Write the value of lim
v 1l x—»n X—T
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S . sinx . . | x=2]
" Write the value of lim 1 % Write the value of lim :
r—>mo X y—392 x=2
! n x° : ! sin x
9. Write the value of lim 2 (). Write the value of lim 1
x—=0 X r— 0 Jx
. . sin X ; : 9
1 1. Write the valueof lim ; 12, Writethevalueof lim (3x +4/9x" —x).
I-+U1|I|1+I—'1 X = = 00
. : '+ m+1)! ) , 2y — T
15, Write the value of lim ( ) 14, Write the value of lim

n—-w M+1)+n+ 2)!
1+2+3+...4n

15. Write the value of lim

x—nf2 COSX

§
¥
¥

n—>»o0 ”2
1. Does not exit 2. =1 3.1 4, 1 = sin 1 . —1 % 0
4. Does not exast 9. = 1w Does not exist 11,2 12 L 13. 0
180 6
14, -2 15, l
2
2 o B  MULTIPLE CHOICE QUESTIONS (MCQs
Mark the correct alternative in each of the following:
2 2 2 2
{ s 19+ 2 +E’.3 +ocah it s equalio
H—»a0 H
(@ 1 (b) 1/2 (c) 1/3 (d) 0
. sin 2x .
lim is equal to
2. x>0 X
(@) 0 (b) 1 (c) 1/2 (d) 2
3. If f(x)=xsin (1/x), x# 0, then lim f(x)=
(a) 1 (b) 0 ¥=0 () =1 (d) does not exist
. l1=-cos2x.
1. lim — 1S
x—=0 X
(a) 0 (b) 1 (¢c) 2 (d) 4
= lik {1~c¢;52x}5i115x=
x—-0 X“sra X
(a) 10/3 (b) 3/10 (c) 6/5 (d) 5/6
6. lim & is
x—0 tan x
(a) O (b) 1 (c) 4 (d) not defined
S 1 2 n o
7. lim 5 5+t 5 ( is equal to
n—o |1-n 1-n 1-n
(a) O (b) -1/2 (c) 1/2 (d) none of these
8§, lim >— xequals
X —»ad X

(@) 0 (b) o (c) 1

(d) does not exist
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4.

LU,

19

- 0
lim s equal to
x-=0 X
(a) 1 (b) = (c) x
xX—-3
43 al t
s S EmY is equal to
(a) 1 (b) -1 (c) 0
1 .1
lim 3 s is equal to
xX—=a X—a
(a) na" (b) na" 1 (c) na
lim ﬁcmx_lisequaltu
ro>n/4 cotx-1
1 1 1
(a) 75 (b) 5 (c) 5 7=
: -1
lim is equal to
x—wo 2x+1
(a) 1 (b) O (c) =1
. V3 sin (n/6 + h) — cos (n/6 + h)
lim 2 - !
h=>0 { T ATE. Ul '~ i
(a) 2/3 (b) 4/3 (c) -24/3
lim : e by
h—0 {h?’ 8 + h 2!!}
(a) —1/12 (b) -4/3 (c) -16/3

‘ 1. L. 1 .
. lim + 8l il + is equal to
ﬂ—}m{l.S 25 b7 2n+1)(2n+ 3}}

(@) 0 (b) 1/2 (c) 1/9
lim 20 “’Tisequaltu
xr—>1 x-1
1
(a) —m (b) = (g) ==
T
LT "
Ly i = 5050, then n equals
x—1 x-1
(a) 10 (b) 100 (c) 150
4 2
. The value of lim Lt +2{1+I }is
X — o0 b
(a) -1 (b) 1 (c) 2
H+r-—
lim i i ]'15 equal to

x—=0 X

MATHEMATICS-XI

(d) = /180

(d) does not exist

d) 1

(d) 1

d) 1/2

(d) -4/3

(d) -1/48

(d) 2

@ -

(d) none of these

(d) none of these
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(@) % (b) 2 (c) 0 (d) 1
ke
Bl | ——X
21. lim 3 is equal to
x>n/3 2cosx-1
1 1|
3 b) — - d) V3
(a) V3 (b) > (c) T3 (d) V3
N n
2 d— &
22. lim = =4 is equal to
x—3 x-3
(2n-1)x 3" (2n-1)x 3" +1 d) (2n—-1) x 3" -1

(a)

- (b) : () 2n-1)3"+1 ( :

1-2+3-445-6+...+(2n-1)-2n .

23. lim is equal to
Lk s -|,ﬁ'11*1"1 +1 + 1’112 -1
1 1
~ - — 1 d) -1
(a) > (b) > (c) (d)

-y _
24, If f(x) = xsm;, 1#’0, then lim f (x)equals

0 . x=0 x—0
(a) 1 (b) 0 (c) -1 (d) none of these.
n! [INCERT EXEMPLAR]

25, ' is equal to

n—o (M+1)!+n!

1
&)= (b) O (c) 2 (d) 1
—_— i 1 5

26, lim 442 (cr:.nsll L S1%9 is equal to

x—n/4 1-sin 2x

(a) 52 (b) 32 (c) V2 (d) none of these

1+.[2+x-+/3

27. lm \[ is equal to

x—2 X=2

1 1

a i c) 83 d) V3

(a) 373 (b) 73 (©) (d)
28. lim 4" sin (-EJ ,a,b>1isequalto

X —» a0 ﬂx

(a) b (b) a (c) alog, b (d) blog, a

2 2 2 2

29, lim 2 1 -cos 2 —cos 2 + cos 2 cos 2- is equal to

x>0 b 2 4 2 4

(a) 1/16 (b) —1/16 (c) 1/32 (d) -1/32

2

30. If a is a repeated root of ax* + bx + ¢ =0, then lim Balee +00+0) is

X—a (;::—D;}Z

(a) a (b) b (c) ¢ (d) 0
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3 2 [2 2
1. The value of lim \{ﬂ e N TREwe 1S
x—0 1.|'ﬂ+:t:-—..,|'ﬂr-:t:
(a) a (b) a (c) —a (d) —a
» . N 0. [N . 4
32 Thevalseof L 1 cnsx;—Esmx zsm X—-x"+ 3x ks
r—0 tan® x — 6 sin :u:+;:—5.1r3
(@) 1 (b) 2 (o) —1 (d) -2
- ; 1-sin® .
3. im is equal to
0—->n/2 (n/2-0)cos0
(@) 1 (b) -1 (c) 1/2 (d) -1/2
34, Thevalueof lim (secx—tan x)is
x—>>mn/2
(a) 2 (b) -1 (o) 1 (d) 0
n!

15, The value of lim is
x—=wo (n+1)!—nl

(a) 0 (b) 1 (c) -1 (d) none of these

36. The value of lim r:j|1+2}!4-(“-'-”!1
n—ox M+2)!-n+1)!

(@) 0 (b) -1 (c) 1 (d) none of these
10 10 10
37. The value of lim (x+1)" +(x+2)" +...+ (x +100) s
X =@ 210 4 107
(a) 10 (b) 100 (c) 1010 (d) none of these
38. The value of lim LR En B s
n— o n+ 2 2
(a) 1/2 (b) 1 (c) -1 (d) -1/2
39. liml [x—1], where []is the greatest integer function, is equal to
b
(a) 1 (b) 2 (c) 0 (d) does not exist
10. lim mis equal to INCERT EXEMPLAR]
x—0 X
(a) 1 (b) -1 (c) 0 (d) does not exist
. . Wsinz| . Ty e
41. lim [NCERT EXEMPLAR]
x—0 X
(a) 1 (b) -1 (c) O (d) does not exist
sin [x] e
() =9 ] , where [-] denotes the greatest integer function, then lim f(x) is
0 ,[x]=0 x—>0
equal to
(a) 1 (b) 0 (c) -1 (d) none of these
INCERT EXEMPLAR]
43. lim X4
X=»mx X—T
(a) 1 (b) 2 (c) -1 (d) -2

INCERT EXEMPLAR]
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2
44, lim ~ lmﬁxis
x—=0 1-cosx
(a) 2 (b) % (c) —g (d) 1 [NCERTEXEMPLAR]
5. lim 1+2)"-1 .
& =P X
(a) n (b) 1 (c) —n (d) 0 [NCERTEXEMPLAR]
46. lim x" -1 is
xr—1 -1
A
(a) 1 b = (&) = (d) ™ [NCERT EXEMPLAR]
n n n
a7, v, A—RER0
>0 1-cos 660
(a) % (b) % (©) -% (d) -1 [NCERT EXEMPLAR]
48. lim cnsecx—cntxl_s
. x—0 X
1 1
(a) % (b) 1 (c) 5 (d) 1
2
49. lim =€ x=2 is
r—-n/4 tanx-1
(a) 3 (b) 1 (c) 2 (d) v2 [NCERT EXEMPLAR]
. sin x X
» :ch-fll] Nl1+x—-+1-x r
(a) 2 (b) 0 () 1 (d) -1 [NCERT EXEMPLAR]
51. lim ("'EFI) -8 is
r->1 2x*$x-3
1 1
(a) 0 (b) 5 (c) 1 (d) none of these
INCERT EXEMPLAR]
ANSWERS
1. (c) 2. (d) 3. (b) 4. (a) 5. (a) 6. (b) 7. (b) 8. (a)
9.(d) 10.(d) 11.(b) 12.(b) 13.(d) 14.(b) 15 (d) 16. (b)
17. (a) 18. (b) 19.(b) 20. (@) 2L (c) 22. (b) 23. (b) 24.(b)
25. (@) 26.(a) 27.(a) 28.(a) 29.(c) 30. (a) 31.(d) 32. (b)
33. (¢) 34. (d) 35. (a) 36. (c) 37. (b) 38. (d) 39.(d) 40. (d)
41. (d) 42.(d) 43. (¢ 44. (a) 45. (a) 46. (b) 47. (a) 48. (c)
49. (c) 50. (c) 51. (b)
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lim f(x)exists<> lim f(x)= lim f(x)
£=rq x—a x—sa’
For a function f (x) and a real number a, lim f (x) and f (@) may not be same.

In fact: B i
(i) lim f (x)exists but f (a) (the value of f (x) at x =a) may not exists

X—=0Qa
(ii) The value f (a) exists but lim f (x) does not exist
X—>0a
(iii) lim f (x)and f (a) both exist but are unequal
X —*
(iv) lim f (x)and f (a) both exist and are equal.
X—=0a
Let lim f(x) = land lim g (x) = m. If [ and m both exist, then
X =8 X—ril
i) Iim kf(x) =k lim f(x)
X =0 rT—=qa
(i) im (f£9(x) = lim f(x)£ lim g(x) = l+m
X—a X—a X—a
(iii) lim (fg)(x) = lim f(x) lim g(x) = Im
X—>i X—>0 X—»
f lim  f (x) .'
iv) lim [Z |[(zx) = 225 = v) lim an8 ) _ gm
() x—a [3}[ ) lim g(x) m ) x=a V(@
X=>0
Following are some standard limits:
n .
i fim 2% ) (i im 2% = q
X—oa X-—4a r—=>0 X
(i) lim 22X _ q ) lim 0G0 _ 4
x—=>0 X x—=a X-—4a
() lim 2R PNE) ke
X—0 X— x—=0 X
xy XL
(vii) lim %1 = log,a,a # 0,a>1 (viii) lim il = ]

x—=0 X xr=0 X
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