CHAPTER . =

DERIVATIVES

29.1 DERIVATIVE AT A POINT

DEFINITION  Let f (x) be a real valued function defined on an open interval(a, b) and let ¢ €(a, b). Then,
f (x) is said to be differentiable or derivable at x = c, iff

lim f(I) _f(f)

X=»C - Sl ¥

exists finitely.

This limit is called the derivative or differentiation of f (x) at x = ¢ and is denoted by f ' (c) or

Df (¢) ur{f;f(x)}

X=C

Thatis, f'(¢) = hm 48 =11 , provided that the limit exists.

X=>C L —=C
Throughout this chapter it will be assumed that a given function f (x) is differentiable at every

X
point in its domain i.e. lim fx -/ exists for all ¢ in its domain.
X—>L X%

fr({.'.) — lim f(T) _hf{c) - f{‘*) -f{':)

x—ct X—=c x> X —~£

f(c+h)-f(c)

f(c=h)=f(c)

— ¢) = lim or, c) = lim
Fike = h—0 h f() hl—:-{} —h
ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)
EXAMPLE1  Find the derivative of f (x) =k atx =0and x =5. [INCERT]
SOLUTION By using the definition of derivative, we obtain
By = Jiy, LR TR | gy B nm2=g
h—0 h h—s0 h >0 h
and, f'(5) = lim RN -F0). o G B o g 2o
h—0 h h—0 h h-ﬂ}h
EXAMPLE 2 Find the derivative of sin x at x = 0. INCERT]
SOLUTION Let f (x) = sin x. Then, by using the definition of derivative, we obtain
£1(0) = f{[l+h}—f{[l}= oy 51nh—smﬂ= ﬁmsmhzl
Jrur{} h h—0 h i h

FXAMPLE3  Let f be a real valued function defined by f (x) = x* + 1. Find 074 L

SOLUTION Wehave, f (x) = x? + 1. By using the definition of derivative, vse obtain
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2 2
£1(2) = lim f{2+h)-f(2): lim (2+h)° +1} —{2° + 1}

h =0 h h =0 h
2 3 2
- i (h= + 4h +5) 5= lim h* + 4h T
h =0 h h =0 h h =0

EXAMPLE 4 If fis a real valued function defined by f (x) = x* + 4x + 3, then find f' (1) and f' (3).
SOLUTION We have, f(x) = x? + 4x + 3. By using the definition of derivative, we obtain

= 2 _[2
lim fA+h)-f(@) _ lim {(T+h)"+4(0+h)+3}-{1°+4x1+ 3

F'l —
fr® h—0 h h—=0 h
2 - 2
s Hm{h + 6h + 8) 8= h_mh+6h= s AR
h—0 h h—-0 h h—0

[(3+F:}2+4{3 +h)+3]—132+4x 3+ 3

aid,  Fr@= g LD P e

h—>0 h h—=0 h
2 v 2
.. s (h* +10h + 24) 24= lim h +1E}II= im  h+102 10
h—0 h h—=0 h h—=0

EXAMPLE 5 Find the derivative of f (x) = 2x? + 3x —5at x =—1. Also, prove that
f'(0)+3f'(-1) = 0. [NCERT]

SOLUTION  Let us first find the derivatives of f (x) at x = 0 and x = —1. By using the definition of
derivative, we obtain

h—=0 h h=0 h

= £7(0) = lim (2h* + 3h =5) ~ (2% (0)* + 3x (0) -5 _ i (2H° + 31 =5) —(-5)
B I C BB h
2
> f'(0) = ;,“"'“uzh - &, lim 2+ 3) = 2x0+3 = 3
ve vy A N1+ k) =3f(=1)

iy Ll hlinu h
s o) = Tim R2G1+m*+3(-1+h)-5-2(-1)*+3(-1)-5 _ fioe 2h* —

h—0 h B0 B
= fi{-1) =Iﬁmn{2h—1}=2x{]—1 = 1

fr(O+3f'(-1) =3+3x-1=3-3=0
EXERCISE 29.1

BASIC
1. Find the derivative of f (x) = 3xatx = 2
2. Find the derivativeof f (x) = x* —2atx = 10 [NCERT]
3. Find the derivativeof f (x) = 99xatx = 100 [NCERT]
4. Find the derivativeof f (x) = xatx = 1 INCERT]
5. Find the derivative of f (x) = cos xatx = 0
6. Find the derivative of f (x) = tan xatx = 0
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7. Find the derivatives of the following functions at the indicated points:

(i) sin xatx = g (ii) xat x =1 (iii) 2cnsxatx=§ (iv) sin 2x atx = g

ANSWEHRS

1.3 2. 20 3. 99 4, 1 5. 0 6.1
2.Gy0° ) 1 (iii) -2 (iv) =2

HINTS TO SELECTED PROBLEMS

. We have, f(x) =x2-2.
2 i}
£(10)= lim f{10+h}—f(1[])= lim {10+ h)* -2} - {10° - 2

h—0 h h—0 h
2 SN |
— (10 + h)= =10 s (2[]+.l'z)h= lim (204 h) =20
h—=0 h h—=0 I B> 0
. Wehave, f(x) =99 x
£(100) = lim (100 + h) — f(100)
h—=0 h
T 99(1{}ﬂ+h)-99x1{}0=99 lim 1[10+fr—10[}___99 . P 100
h—0 h h—0 h h—0
4. We have, f(x) =x
£ (1) = lim f(a+h)-f(1) a el (1+h)-1 = ,r_,=]
h—0 h h—0 h h—0h
29.1.1 PHYSICAL INTERPRETATION OF DERIVATIVE AT A POINT

Let a particle be moving in a straight line OX starting from point O towards point X as shown in
Fig. 29.1.

Clearly, the position of the particle at any time f depends upon the
time elapsed. In other words, the distance of the particle from O
depends upon the time i.e. it is a function f of time t taken by the
particle. Let at any time fj i.e. at time { =1, , the particle be at P and
after a further time hi.e. at timet =t + h, itis at Q.

OP = f(ty) and OQ = f({p +h)
Distance travelled in time h = PQ =0Q —OP = f (ty + h) - f (ty)

t=ty t=ty+h
i " I . :}
0 P Q X

Fig. 29.1

PQ _f(ty +h) —f (k)
h h

Clearly, Average speed of the particle during the journey from P to Q =

As h — 0, we observe thatQ — P.

T f(fu-i—.li}—f(f{}} :fr(t{})
h—0 h

Thus, if f (t) gives the distance of a moving particle at time t, then f' (fy) i.e. the derivative of f att =1k
represents the instantaneous speed of the particle at time t =t or, at the point P.

LLUSTRATION Thedistance f (f) in metres moved by a particle travelling in a straight line int seconds
is given by f (t) = t2 + 3t + 4. Find the speed of the particle at the end of 2 seconds.

(Instantaneous speed at time { =fj) =

SOLUTION We have, f (t) = 48t 4,
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Ihe speed of the particle at the end of 2 seconds is given by f ' (2) i.e. the derivative of f (t) atf = 2.
Now,

£'(2) = lim f2+h)-f2) _ lim (Q+M)2+3Q+h)+4-{22 +3x2+4)

h—0 h h—0 h
2 g 2
- £1(2) = lim (h* +7h+14) 14 _ o h +?h= im ka7 = 7
h—=0 h h—0 h h—0

Hence, the speed of the particle at the end of 2 seconds is 7 m/sec.

29.1.2 GEOMETRICAL INTERPRETATION OF DERIVATIVE AT A POINT

Let f (x) be a differentiable function. Consider the curve y = f (x). Let P (c, f (c)) be a point on the

curve y = f (x) as shown in Fig. 29.2 and let Q (¢ + h, f (¢ + h)) be a neighbouring point on the
curve y = f (x). Then,

Slope of chord PQ =tan Z QPN = E;F = fle+ ’I;) —f (o)
1

nNY Qle + h, flc + h))

fle ﬁﬁ— fle)

Fig. 29.2

Taking limitas Q — Pi.e. h — 0, we obtain

; o fle+h)y=f(c) :
QIIEIP (Slope of chord PQ) = hhi:-nu 3 wik1)

AsQ — P, chord PQ tends to the tangent to y = f (x) at point P. Therefore, from (i), we get

Slope of the tangent at P = lim f(c+h)—f(c)
h=0 h

=5 Slope of the tangentat P =f'(c) i.e, tan y =f"' (),
where v is the inclination of the tangent to the curve y = f (x) at point (¢, f (c)) with the x-axis.

Thus, the derivative of a function f (x) at a point x = c is the slope of the tangent to the curve y = f (x) at
the point (c, f (c)).

ILLUSTRATION  Find the slope of the tangent to the curve y = x? at (-1/2,1/4).

SOLUTION Let f (x) = x?.Then, y = f (x)is the given curve. Clearly, slope of the tangent to the
curveat(-1/2,1/4)is equal to f ' (-~1/2) i.e. the derivative of f (x) atx =-1/2.

s () g R G-

2 h—0 h _h—}ﬂ h

l-F::+,’1"2)—-—

( 2
lim 4 4=1i:m i JTI:l:irn h-1 = -1
h—0 h h—0 h h =0

Il
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Hence, slope of the tangent to the curve y = x? at point (-1/2,1/4) is equal to — 1. This means

that the tangent to the curve at point (-1/2, 1/4) makes 135° angle with the positive direction of
X-axis.

29.2 DERIVATIVE OF A FUNCTION

In the previous section, we have learnt about the derivative of a function ata point in its domain.
Let f (x) be a function differentiable at every point in its domain. Then corresponding to every
point ¢ in the domain, we obtain a unique real number equal to the derivative f ' (c) of f (x) at
x = c. Thus, there is one-to-one correspondence between points in the domain of the function
and the derivatives at these points. This correspondence induces a function such that the image

of any point x in the domain is the value of the derivative of f at x i.e. f " (x) or ;; (f (x)). This

function is called the derivative or differentiation of f (x) and is given by

f: [I}= im f{I+h’) -f(l') f(I+ h) _f{l']
h—0 h h

d
or, — x)) = lim
dx (f( ) h—0

The process of finding the derivative of a function by using the above formula is known as the
differentiation or derivative from the first principles.

29.2.1 DERIVATIVE AS A RATE MEASURER

Let f (x) be a function of x and let y = f (x). Clearly, the value of y depends upon the value of x
and it changes with a change in the value of x. So, x is called the independent variable and y the
dependent variable. Let Ax be a small change (positive or negative) in x and let Ay be the
corresponding change in y = f (x). Then, the value of x changes from x to x + Ax and the value of
the f (x) changes from f (x) to f (x + Ax). So, change in the value of f is

f(x+Ax)-f(x) or, Ay = f(x+ Ax)—f (%) (1)
Thus, we observe that due to change Ax in x, there is change Ay in y. Therefore, due to one unit
change in x, change in y is equal to % This is known as the average rate of charge of y with

X

respect to x.
As Ax — 0, we observe that Ay also tends to zero.

Instantaneous rate of change of y with respect to x = lim 2y

Ax -0 Ax

If we use the phrase rate of change instead of instantaneous rate of change, we have

Rate of change in y with respect to x = lim £
Ax—0 Ax
« g [T/ [Using (i)
Ax =0 Ax
. 1 (f (%)) = ay [Using def. of derivative]
dx dx
Thus, ay or, L3 (f(x)) measures the rate of change of y=f(x) with respect to x.i.e., 4y lim 2Y
dx dx dx Ax—0 Ax

WEMARK 1 The meaning of the term “‘rate of change of y with respect to x"” is that if x is increased by an
dy
dx
is defined as its velocity, so if we say that a particle is moving with the velocity v km/hr then it means that
when time is increased by one hour the displacement changes by v km.

additional unit the change in y is given by —=. For example, the rate of change of displacement of a particle
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Some authors also define d_y as lim 4y or, lim f(x + Ax) - f(x)

dx Ax—0 Ax Ax—0 Ax
identical to the definition given in this book.

which are exactly

We have seen that % or, ﬁ (f (x)) is the derivative or differentiation of y = f (x). Also, ?
X

d . oAt
or, = (f(x)) measures the rate of change of y with respect to x. So, we can say that the derivative of a

function y = f (x) is same as the rate of change of f (x) with respect to x. Consequently, phrases such as
“differentiation of a function f (x)" and “differentiation of a function f (x) with respect to x” convey the same
meaning and are used invariably.

9.3 DIFFERENTIATION FROM FIRST PRINCIPLES
In the previous sections, we have learnt that the derivative of a function f (x) is given by

FUlR) = Tin f(x+h)-f(x)

h—0 h

The process of finding the derivative of a function by using the above definition is called the

differentiation from first principles or by ab-initio method or, by delta method.

In this section, we will find the derivatives of some standard functions viz. 1", e*, a*,

log x, sin x, cos x, tan x, cot x, cosec x and sec x by first principles. Following results will be very
helpful in finding the same.

(i) sin (A £ B) =sin A cos B+ cosA sin B (ii) cos (A £ B) =cos A cosB +sin A sin B

tan A+ tan B ; +
(iii) tan (A £ B) = — — = o) tan gNar B 2RAA £ B)
1+ tan A tan B cos A cos B

(v) tan A —tan B = tan (A -B) {1 + tan A tan B}

(vi) sinC +sin D = 2smC;DmsC%D

(vii) sinC =sin D = ZsinC_D cusC;D
(viii) cosC +cos D = 2c:nsC+D chC;D

(ix) cosC —cos D = —Zsi:nCJrDsin% = 25mC;D5m¥

(x) 2sin A cosB=sin(A+B)+sin (A-B) (xi) 2cosA sin B =sin (A + B) —sin (A —B)
(xii) 2cos A cosB =cos (A + B) + cos (A —B) (xiii) 2sin A sin B = cos (A — B) —cos (A —B)
X' —q"

sin x sin (x —a)

(xiv) lim = na' "} (xv) lim =1, lim 1
x—=a X-—da xr—0 X x—=>a X-a
G ann . RNX . = * -
(xvi) lim =1, lim ol =1 (xvii) lim o log, a,a>0,a#1
x—->0 X x—>a X-—4a r—=0 X
X
i), ‘T E % =9 R kY
x—=0 X x—=0 X

w1 Iff(x)=x", wheren e R, then, the differentiation of X" with respect to x is nx" ~ L.

i.e. i(x”) = nx" 1 [NCERT]
dx
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PROOF Let f (x) =x". Then, f(x +h) =(x + h)"
4 (f(a) = tim LB

h—0 h
d (1+h)"—1‘" (I+h} -x"
— —(f(x)) =
dI{f( ) }:—}{} h k—.‘rﬂ (x+h) —x
I.—
=3 i{f(.w::)) = Limzr lﬂ,wherez=x+hand2—>xash—}0
dx z—3x Z—X
d -1 . . =l -1
— = nx" Using : lim =na
= d.‘r(f(x)} 2 [ Vil x—a X—4
Hence, i(:c”} = 1 Q.E.D.
dx
ILLUSTRATION  Using the above formula, we obtain
il BB =1 4 a @t 3 _31-3
(1) E(l ) =5x""1=5x (ii) —{l—EJ E( )=—3x = F
i @ RV I V| 1-1 0
i) —(v/x) =—(x =—X v—x-—x =] x@I=1lxx" =1
{)a'x{)dx( }2 2\,—() (x) (£ =
ally & -3 = &t ﬁ'[lj TR T D e 1, B R -?
—| = = e =l i = (XM = x =——x
V) dx(x] d:u:(l ) e 2 W) dx\ Jx dx{ ) 2 2
THEOREM 2 The differentiation of e* with respect to x is e”. i.e.d;i (e*) = ¢*
PROOF Let f(x)=e®. Then, f(x + h)=e** "
s x+h _ x £ o 2 h_
—(f(x})—lunfx-l-h] f{x]=limf £ ot Bl e 2] 2 1
h—0 h h—0 h h—0 h h—0
h h
d o Wiy o 5 S 8 4 T e
il = lim =e"xl=¢ -+ Hm =1
T dx{f(r)l i h—+ﬂ[ h J : [ h—n:-[ h
Hence, i(e ) =¢&* Q.E.D.
dx

THEOREM 3 The differentiation of a* (a > 0, a # 1) with respect to x is a* log, a.

: & ok i
i.e r {a ) = a" log, a
PROOF Let f(x) =a*.Then, f(x + h) =a** "
_ £l x+h __x X.h_ %

dx h—0 h h—0 h h—0 h

d . a" -1 Y Ll
=2 —(f(x)) = a© lim =a" log, a = Hm =log, a

dx (f{ ) h—0 [ h ] Be x—=0 X Be
Hence, ;;i (") = 2" log. a Q.E.D.

X

ILLUSTRATION LUlsing the above formula, we obtain
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o B ey ¥ wive il y %
(1) —(©7)=5" log,> (ii) — (10%) =10" log, 10.
dx dr
(i) d% (™) =% ((e%)*) =(e®)" log e = -2 log ¢ =2¢**

THEOREM 4 The differentiation of log, x , x > 0 is Lie di (log, x) =
X x

PROOE  Let f(x) = log, x.Then, f(x + h) =log, (x + h)

d : x+ h) - f(x
h—=0 h
) —(ﬂx)) _ lngg(fﬂ':}—]ugf e log, (1 +h/x) o log, (1+h/x) 1
h—:ﬂ h h—0 h h—0 h/x X
. log, (1+x)
—y — Y} = — " hm & =1
dx (f( )) x |: x—0 X }
Hence, .4 (log, x) - Q.E.D.
dx = 7" X
THEOREMS  The differentiation of log, x (a > 0, a # 1) with respect to x is
x log, a
. d 1
L. — {1 =
e dx(ﬂgﬂ ) x log, a
PROOF Letf{x) =log, x.Then, f(x + h) =log, (x + h)
flx +h) = f(x)
—(f(x)) = 1
& e s
b [ x + h J
: A
. i{f{x}}= - log, (x + h) —log, x A %
h h—0 h
i i(f{:r}} - Tind log, 1+h/x) _ lm log, (1 +h/x) 3 l=lngg A
dx h—0 h h—-0 (log,a)-h 0g, a
i h
lﬂg( 1+— )
= (O, 00D 1 ' it x ) 4
dx logoa h—>0  x(h/x) xlog, a h—0 h
- I -
Hence, i(lﬂgﬂ X) = 2 Q.E.D.
dx xlog, a
ILLUSTRATION W Jave,
w B 1 v 0 1 d
i) —(logs x) = ii = — (logs x) =
2 dx( 83 %) x log, 3 ( )a':c{ IDgISJ dx( 85 %) x log, 5

THEOREMS  The differentiation of sin x with respect to x is cos x.i.e. -éi— (sin x) = cos x [NCERT]
X

PROOF Letf(:t) =sin x. Then, f(x + h) =sin (x + h)
d 1 f(x+h)—~f(x)
3 V) ;,“i"n :
sin (x + h) —sin x

h—}ﬂ h

= —(f{A)) =
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it b 2x+h
Zsm(z)cns( 5 ) C-D C+D
— —(f{:c)} = lim [ sin C —sin D =2 sin cos }
h—0 h 2
=5 = {f(*t)) - (2 it L L = lim cos [:-: + = )x im oo (h/3)
—a-ﬂ 2(h/2) h—0 2 h—->0 (h/2)
d . EmitlEd 2)
— (f(x)) = x)x1= =]
= = (f(x)) = (cos x)x1=cosx { hhinu /2 ]
d
H — (si =
ence, T (sin x) = cos x Q.E.D.

] £ = L * . - d -
THEOREM 7 The differentiation of cos x with respect to x is — sin x. i.e. d—{cnsx) ==sin X [NCERT]
x

pPROOF Let f(x) = cos x. Then, f(x + h) = cos (x + h)
i {‘f(x}) = llI'I"l f{I + h) —f(.l'}
-0 h
cos (x + h) — cos x

=% — (f(x)) = lim
(f( ) = i ;
~25m{2x”‘Jsm (’—’)
2 P . C+D . C-D|
= — = .+ cos C —cos D =-2 sin—— sin
(f{ID .Tr—}l] h [ 4 ¥ 2 Gyl
| W\ .. sin(h/2) | sin (h/2) . |
= —(f(x)) == lim sin| x+— |- lim =(-sin x) x 1 .+ lim =
d:-:(f{ ) h—0 ( ZJ h—>0 (h/2) { ) x { h—>0 (h/2)
= ;;(f(x}} = —sin x
Hence, di (cos x) =—sin x Q.E.D.
X
THEOREM 8 Thedifferentiation of tan x with respect to x is sec” x.i.e.% (tan x) = sec? x [NCERT]
PROOF Letf{x) tan x. Then, f(x + h) =tan (x + h)
2 (f) = tim LEDSE
h—0 h
sin(x+h) _sinx
= d (f"(l’)} E tan (x + h) —tan x o i SO8 (x+h) cosx
II—H] h h—0 h
1 —(f{x}} _ lim sin (x + ) cos x —cos (x + h) sin x
dx h—0 h cos x cos (x + h)
d sin h 1
—(f(x)) = lim - sin A B - Asin B=sin (A - B
i (f( ) h—0 h + cos X cos (x + h) [ BENEER R Bin )]
sin h 1
o = lim im
= (ﬂﬂ) J: -0 h ? h—0 cos x cos(x+ h)
d 1 2 . sinh
—— ) =1 — . =1
- dx )=l COS X COS X cdd { I I-TD h ]
d 2

Hence, = (tan x) =sec” x Q.E.D.
X
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2 2

. e
x. i.e.— (cot x) =—cosec” x

THEOREM9 Thedifferentiation of cot x with respect to x is — cosec r
X

prOOF Let f(x) =cot x. Then, f(x + h) =cot(x + h)

d f(x+h) = f(x)
—(f(x)) = lim
dxff( ) h—0 h
cos (x + h) _cosx
- —(f(l']} cnt{x+h)—cut:r:= lim sin (x+h) sinx
h%ﬂ h h—0 h
= —(f(:r}} 3 lim smxcc:s{x.+11)'—cnsxsin (x + h)
h—0 h sin x sin (x + h)
= u(f{x)) B T e ) [+ sin A cos B—cos A sin B =sin (A - B)]
h—0 hsin x sin (x + h)
sin h 1
=% x)) =— lim lim "+ sin (= h) = - si
(f( ) FI-&-U h xh—}ﬂ sin x sin (x+h) £ sm (g Rl
= i(f(x)) = Gl i [ lim 25 jrlr=1]
dx sin x sin x h—-0 h
d 2
H , — (cot x) =-
ence F (cot x) cosec” x Q.E.D.

THEOREM 10 Thedifferentiation of sec x with respect to x is sec x tan x.i.e. -;— (sec x) = secx tan x
e

pROOF Let f(x) =sec x. Then, f(x + h) =sec (x + h)

d _ ae fEERISHNY
dx (f(x)) = hh-TD h

1 1
o i(f{x}) = uL sec(x + h) —sec x L R cus(:c+ h) COS X
dx h—0 h h—0 h
: (:c+x+h] _ (x+h—x]
2sin| —— |sin
= d (f(-'f}) COS X — r.:ns(:::+h) 2 2
h—;nhcnsxms(x+h) h—0 h cos x cos (x + h)
[ cosC —cos D :ZSM(CﬂD ]sm(E)]
2 2
wo | e o R T e
d i Bara i i S sin (h/2)
= —(f (x)) = lim = lim % lim
dx h— 0 h cos x cos (x + h) h—s0cosxcos(x+h) h—-0 (h/2)
= £ (f (x)) = Y x1=tanxsecx. i g /2) =1
dx COS X COS X h—0 (h/2)
Hence, di{sec x) = sec x tan x. Q.E.D.
X

THEOREM 11 Thedifferentiation of cosec x with respect to x is — cosec x cot x.

: d
T = (cosec x) = — cosec x cot x
X



Fiy pEmoE i .
UEHMIVAILIVED

Let f(x) = cosec x. Then, f(x + h) = cosec (x + h)

f(x +h) - f(x)

—(f{x)) = Iim
{ﬂ ) h—0 h
1 - — ..1
L —{f(x}- cosec (x + h) — cosec x s sm(:r:+h} sin x
h—0 h h—0 h
- - x—h X+x+h
sin x —3in (x + h) Zsm[—-z )CDS( 2 ]
- -—{f{l’)) = lim e
h—rﬂhsmxsm(:&%h) h—0 hsin x sin (x + h)
2sin(—h/2)cos(x+h/2
= (= tim 2D ED LI

h—0 hsin x sin (x + h)

sin (1/2) lim S (x + h/2) [ sin( _h ]

> ()= -
ax

h—>0 h/2  h—0 sinx sin (x+h) 2
= 4 @) =(-1)x —=% _ _ _cot x cosec x.
dx sin x sin X

d
Hence, = (cosec x) =— cosec x cot x.
X

The above results can be summarized as under:

(i) —( N=nx"" = (ii) E (e*) =e* (iii) & (@*) = a* log, a.
dx dx
; 1 d 1 Cof - o
(iv) ;i; (log, x) . (v) iy (log, x) = m (vi) - (sin X) =cos x
L d . ein; O y) o Ao )
(vii) — (cos x) =—sin x (viil) — (tan x) =sec” x (ix) — (cot x) =—cosec” x
dx dx dx
d o,
(x) — (secx)=secxtan x (xi) — (cosec x) =— cosec x cot x
dx dx
ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)
Find the derivatives of the following functions from first principles:
(i) 23 -27 (i) (x-1) (x -2) (iii) lz [N
X
SOLUTION (i) Letf(x) = x> —27.Then, f (x+h) = (x+h)> -
d . fx+h)-f(x)
— x)) = lim
dx (f ) h—0 h
< .
3 i (f (%)) = llm {(x + h) 27} —(x~ —27)
dx h
{x +3x% h+ 3xh* + h> = 27) = (x° -27) _ 3x2h + 3xh?

= lim

29.11

+Ir3

d
— s
dx (f () = h-+[} h h—0 h



20.12 MATHEMATICS-XI

=3 ; (f(x))—IIunﬂ [3x + 3xh + h? ) = 3x% +3xx0+0 = 3x?
(ii) Letf(x) (x-1) (x—2). Then, f (x + h) = (x+h=1)(x + h =2)
f{x+h) —f (x)

d (f (x) = Jam 2

d = (J:+.11 D(x+h-2)-(x-1)(x-2)
14 dx () l-r-D h
- d (f(lj} 1! Ihm (x-1)+ Hh {{I—Z}: h—(x-1)(x-2)

1 — 0 i
= —(f{:r:}} (x—l}(I—Z)+h(:f-1)+h(.r—2}+h2—(x—1)(x-2)
h—H} h
= _._q ) Ty 2SR D4H (x-1) +(x-2)} + h=2x =3
h—0 h h—0
(i1i) Let f (x) = %.Then,f{x+h} = .
X (x + h)
d _ fx+h)-f(x)
(f(":) Irl—}[.‘l h
1

i I F (Jt:+h}2 x?

=% (f{:-:)} = l:urnﬂL 7
x? —{:r+h} Lo 0 -2x-h  -2%-0 -2
— — = l = lim = -
(f(x)) ;;_;.n hx* (x + h)* Irl—rarnu ha? (x+h) h—0 x [.r+h} xx?  x3
EXAMPLEZ  Differentiate the following functions with respect to x from first principles:
(i) Vx (i) Jax+0 (iif) % (i) e s.-«
ax +

SOLUTION (i) Letf(x) = vx.Then, f(x+h) = Jx+h

d B fx+h)-f(x)
N g 7

Jx+h +~EH1/:¢+}:+~EJ
= -—(f(:r) = lim "I+h_\/_ hm(
h—0 h h—=0 h[ ” +«f—}
\ +

h 1 1 1

=% —(f(I)) ;,.m j[m_l_ﬂthﬁinn x+h+x & Jx +Jx =m

d 1
2o YR = o e
(ii) LEtf(I} = Jax+b.Then, f(x +h) = .\/H{I+h)+b = \/{ﬂx+b)+ﬁh

f (x+h) —f(x)
{f (x)) = h & n I
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i J(ax +b) + ah — \Jax +b

d
B ‘d_‘i: (f(l)) h—=0 h

” d () = lim J(ax +b) +ah — Jax +b J(m +b) + ah + Jax + b
R X —
dx h—0 h J[n1+b}+ﬂh + . fax +Db

- i {f ) (ax + b) + ah — (ax + b) _ ,limﬂ ah
h—n} {,j{nx+b) +ah + 1p'nx+b} =t h {J{ﬂr +b) + ah + 4.|'|£'|‘I+b}
= —-Uuﬂ -

.':—}01{'(nx+b)+ﬂh +,,,‘r.-:c+ ,/ax+b + \Jax +b
Hence, - {Jﬂx+ M
1/:11+b

AL _ 1
(iii) Let f (x) = I.Then,f(;r+h) g
d ) -f @
relt Rl
11
d - x+h x . x—(x+h) : -1 _ A
= d_(fx)) _h-—ﬂ} h k>0 hx (x + h) -.h—}UI{x+h) 2
Hence, i ]
(iv) Let f (x) = . Then, f (x +h) = ! 5 .
+I:l a(x+h)+b  (ax+Db)+ah
f(x+h)-f(x
— = ki
U(ID I:-—Tﬂ h
1 1
d (ar+b]+ah ax+b__ . ax + b} = {(ax + b) + ahj
& dx ARG I:h.-Tn h B hhfl{] h(ax + b) [(ax + b) + ah
d —ah _ -a Y a
- dx VAS h—a-ﬂh(nr+b){(nx+b)+ah] hhinﬂ (ax +b) {(ax + b) + ahl - {gx-t—b]z
d —Q

Hence, ( J
ax+b)  (ax+b)?

- BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 2 Differentiate the following functions with respect to x from first principles:

(i) J2x+ 3 (ii) /4 -x (iii) ax? + fi- (iv) g’i : i (v) x~ /2

SOLUTION (i) Let f(x) =./2x + 3. Then, f (x + h) = /2 (x + h) + 3

A e _ e fEER) = £
L~

_ —(f(x)) m \/Z{x+h)+3—1r‘2x+

Ir
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{JZ(J:+I:}+3—J2::+ }{,.,2(:+h)+3+.,f2x 3}'

=> — (f(x))

50 h{JZ(x+h)+3+1f2x+3}
- ——(f{x)) _ (2x+ 2h+ 3 -2x - 3} 1
h_*u " {Jz:r+2h+3+.,}2x+3}

= (@) = lim 2 fim L

h—>0 h h-0
” - {J21+2h+3+1f2x+3}

d _ 1 2 1
= i V) = 2 2x+3+.,2x+3  2(f2x+3) . J2x+3
(i) Let f(x)=,4-x.Then, f(x+h) = J4—(x+Hh)

i - L SR -f(%)
(ﬂx]) hh—Tﬂ h

d—(x+h) - Ja-
= —(f(x))-*h_m‘[ k.
{\[4-(x+h)—,,‘4-x} {J4-(x+h)+.,}4—x}
= —[f(l')) = h'_} -
h{\[4—(x+h)+ﬂ/4—x}
. —(f(x)) _ 4-(x+M)-(4-2) _ . ~h -1
h—:-l] h—0 2J4-x
J4—(:c+h)+1/4-:c hiva-x-h+Ja-x
() Letf(x):axzi.rhen,f(nh) 3 n(x+h)2+xih
"-'—(f(I)) == hhf‘n f(l"i'h; _f(x}
{a{x+h)2+ bh}—{axz+g}
= _(f(x)} ol I+h :
{uwﬁ-ﬁ}w{ﬁ—%} u(2hx+h2}+b{i( :ﬂ
. X
= _(ﬂx)) s P Nl h
d ahx+h%)  b(-h) | _ b
. (f(x}}_h—pu{ h +hx(x+h)} h—rﬂ{ﬂ(zx+h)_x(x+h]}
= —(f(:r:)) = 2:11:-%
2x+ 3 _2(x+h)+3 2x+3+2h
W) Lt f) = g e S O+l = o vz ~are2e 3
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flx + ) — f(2)
I - lim y
(f{I}} h—0 h
2.'t:+ 3+2h & 2x + 3

3x+2+ 3h 3x+2

=+ _{f(x}) h—:-[l h
s —(ﬂl‘)) (2_1+ 34+42h)(3x+2)—-(2x+ 3)(3x+ 2+ 3h)
h—}u h(3x+2)(3x+ 2+ 3h)
(2*-:+ N(Bx+2)+2h(3x+2)-(2x+ 3)(3x+ 2) - 3h(2x + 3)
B —(ﬂll)
I:—a- h(3x+2)(3x+2+ 3h)
N h(bx+4-6x-9) . -5 = 5
& E(f{l?)} = h—:.{}h(3x+2}{3x+2+3h}_hhin{}{3x+2}(3x+2+3h) (3x+2)%

(v) Let f(x)=x" 32 Then, f(x+h)=(x+h) 32

d f(x + h) = f(x)

—(f(x)) = lim

dx () h—0 h

812 .~812 n-3/2 _ ,-3/2

e i(f{-?'f)} = iy E 2D £ « fim T x

dx h—0 h h—0 (x + h) —x

p ,-3/2 _ ,-3/2
— —(f(x)) = lim , wherez=x+handz—>xash -0

dx ZX zZ-X

d % T (. L 3 Huirs . . X' =d n-1

—(f(x))=| —— |x =——: U 4. =na
= U™ ( 2)1 2" e

EXAMPLE4 Differentiate the following functions with respect to x from first principles:
(i) sin2x (ii) sin 2x (iii) sinx* (iv) sin (x* +1)
SOLUTION (i) Let f(x) =sin 2x. Then, f (x + h) =sin 2 (x + h)
d : X+ h) — f(x
2 (fa) = tim FELD S

h
si;n 2(x+ h) —sin 2x
=% —(f(x
(f() n-}u ”
= —(f(.l) 25111 st Ll '.'sinC—sinD=25in[C ADJEUS(C-FDJ]
I:—HJ h 2 2
= —(f{*r:}) fing 288 o B eon (B ) = Dilcos 2 (1) =2 cos D
h—}ﬂ h h—0
i{sin 2x) =2 cos 2x
dx

(ii) Let f(:r}=5inz x. Then, f (x + h) =sin® (x + h)
f{x+h) f(x)

_{ﬂx)) X F:—}D h
smz(x+f1}-sinz:r
= _(ﬂx}) = Fr—a-ﬂ h
& —u(f{x))* iy S0 (x+h+x)sin (x+h—x) - sin2A —sin 2B = sin (A + B) sin (A—B)]

h—0 h
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smhx lim sin (2x+ h) = 1(sin 2x) = sin 2x
h-+ﬂ h h—0

= — (f(x))

i(smz x) = sin 2x
dx

(iii) Letf(x] =sin x2. Then, f (x + h) =sin (x + h)?

. d _ f(x+ h) - f(x)
g = Jim 2

2x2 +2hx+h2]

[ 2hx+h?
e h)z o2 2 sin > CoS 5
SIN (X + -
=:>— ¥)) = lim = lim
() h-—rﬂ h h—>0 h

_ [2hx+h2]
2 sin 5

h_;u h(zxm‘
2

2.‘:;:::+hz‘1

sin

2 2 2

‘_Urx))'* X Zx lim (2x+ h)x lim cos = ¥ bl
h—0 [th+hz] h—0 h—0 2

= < (f(x) =

(2x+h) [2::'2+2hx+h2]
2 o 2

2

= — — ﬁm 1 =
dx(f(x)} Jam o xh_}“(2x+h)xhhﬂlums , where 0

= %(f(x)} = (l}x(ZI]Enﬁxz = 2x cos x°

d o Sin [2x2+2h:r+h2J 2% x+ h2

d 2
. —(sin x°) = 2 X
( ) X COs

(iv) Let f(x) =sin (x? +1). Then, f (x + k) =sin {(x + h)? +1)

Ay oy SR —f(2)
& V@) = lim 22220

sm {(:c+h) +1) —sin {x2+1)
h—0 h

. [2::;:4-;:2} {(x+h}2+1+x2+1}
2 sin = coSs

2

= —wm-

2

= ""U(I)) - h

-0 h

: [2hx+h2J
2 sin
U'(J-')) 2 . 2h x + h? o (x+h)2+1+12+1
by h[zmmz] 2 2
s
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. {2!11‘”12]
= Te 2 2
d a
=9 —(f (x)) = lim x (2x + h) x cos i) vk Bl
dx h—>0 [ 2hx + h? 2
=
. 2 2
= —(f{-q,)) smE}x lim (2x+ h)x lim cos R TN '
E—}ﬂ 0 h—0 h—0 2
Z
where 0 = 2 I; L .Clearly 6 - 0,as h — 0.
= di-(f{:r:)} = 1x(2x) xcos (x% +1) = 21'1:-35(:4:2 +1)
X

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 5 Differentiate xe™ from first principles.
SOLUTION Let f (x) =xe®. Then, f (x + h) = (x + h) e*F 1)

L (@) = tim LE2D SO

h—0 h
= i (f(x) = lim (x+h) et —xe* . (R 2y e+ "
dx h—0 h Ih— 0 h
h .h
= - {f(JJ} lim {IE'T{E 1]+e“h}=xex lim {E 1]+ lim e**"
h—0 h h—0 h h—0
- di(f{x}) - xf e (xa])el
X

EXAMPLE 6 Differentiate the following functions with respect to x from first principles:
(i) tan vx (ii) cot vx (ifi) |/sin x (iv) sinv/x

SOLUTION (i) Let  f(x) =tan vx. Then, f(x + h) = tan \/x + I

@ e 2 R ()
2 (%) pmlimy

h—0 h

tan /x+ h —tan Jx
h

5'111[Jx+h —«.E}
n-»nh ccrs,,’r+h cos Vx

Em[‘jmﬂf}]
Lt = li
= {f(x)) h>0 (x + 1 — x) cos Vx cos Jx+h

sm{m-ﬁ]
**-*“{\/IT f][\/m+ﬁ-}m T cos JT+

d X
g dx () = hlinn

= —{f("»}) =

+ tan A —-tan B= sin (A - B)
cos A cos B

= (f(:r)) =
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[,fx+h--u‘§]
. im 1
h‘m [Jr+h-«f£) hqﬂ[ﬁfx+h+~/ﬂcus x + h cos/x

. sm[ﬁ—«&}

= —(f(x)} =

d 1 1 __1 2 " =
= E(ﬂx}) =1 2Jx cos x cos Vx ZJESEC Ve " h>0 [m_&] :
(ii) Let f(x} = cot vx. Then, f(x + h) =cot Jx + h

d f(x + h) - f(x)

e = i

d cot x+h —cotx

= a(ﬂx)) = h_}ﬂ h

—5in[1fx+h—1EJ A-B

_ —sin (A -
= —(f{x)) #h-ﬂ) hsin Jx + h sin vVx [ Wk ket smdsinB]
‘ -sin[Jx+h--\E}
= —U{I))
h—m{(x+k) - x} sin ,[x + h sin Vx
sin(,}x-i-h-«ﬁ}
= U(I)) h 3 '
- [,{x+ J_][1}x+h+v'§]sin x + h sin J/x

sm[1}x+h—~EJ ;

= -—(f(x)i i Je+h-Jx g

[J:Hh +~.E)sin x + h sin/x

- 'd—(f(-"-'}} __ 1 _ — cosec? Vx
dx 2/x sin V/x sin Vx 2Jx
(iii) Let f(x] =+/sinx. Then, f(x + h) =,fsin (x + h)
d f(x + h) - f(x)
= e = Jon, O

" *-(f( %) = h Jsm(x+h) — /sin x

=0 h

{Js:in (x + h) + Jsin x} {.Jsin (x + h) + [sin xl
G h{\fsin(x+h)+,(sin x}

= -—-{f(x)) = Hhn
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sin (x + h) —sin x

= —U(I)] _h .
4 {Jsin(x+h)+,/sinx}
.| h 2x + h
Zsm{—}cns{ } _ C+D
% (f(x))—Fl £ Z [ sinc—sin.r.::zsm%ms ; ]
'y {Jsin(x+k]+1}sinx}
d (sin hfZ) : cos(x + h/2)
= (ﬂ U TR e _
Jsin (x + k) + [sin x
d Cos X Cos X
— (f(x)) = =
= dx(fx ﬁfsmxhjsinx 2./sin x
(iv) Let f(x) =sin v/x. Then, f (x + k) = sin /x + h.
d o far k) - f)
dx(f(x)) = lim n
lim sin Jx + h —sin +/x
= —-(f(x}} - h—;u h
. Xx+h-+Jx X+h+4x
W ¥
2 2
= (f(x)) - h—}ﬂ h
Jx+h J_] (
1/.1:+ J_][.,/::wh +J§]
= —(f(:r)) = lim [ X cus[dx'l'z'{.ﬁ]

gl

[,f:c+h—~E]

2 v B _ ,,":r+h+\(;

= (f(-’-')) hhﬁ‘ﬂ {JI__,_;;_J;] hh:rnﬂ(\/x+h+-/_)h ﬂh'T“m[ 2 J
2

[Jﬂ+&)h

= —(f( X)) = hmsm& lim x lim cos "x+h+& ’
80 0O h—;ﬂ.,fx+h+ﬁ h—0 2
whereB=1fx+h-J;

2

d _ _ cosVx
= EU(I))—].K ETK{CQE‘J_) 'J;

COS vX

24x

d 3 -
E(Slﬂ. *JE) =
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EXAMPLE 7 Differentiate x? cos x from first principles.

SOLUTION Let f ( Jr)-.r2 cos x. Then, f (x + h) = {:r+h)2 cos (x + h)
f(‘c+h) - f (x)

_U(r}}" h—0 h
2

— _(f(l))— {I-I-}I} cos (x + h) —x° cos x

h—0 h

2

— —U(I})~ (x + 2hx + h?) cos (x + h) — x% cos x

h—0 h

{xzcns(x+h}—x2 CDSI}+2hICD5{I+h)+h2E{}5(x+h)

= —(f(x))-hlunﬂ :

cos (x + h) — cos x

=5 _G(I))_h-;u[z{ 2 }+2x:ns(x+h)+hmﬁ(r+h}]

, ( h) _ h
Sl X+ — | SN —
2 2

= —U’(x} —2x? + lim 2xcos(x+ h)+ lim hcos(x+ h)
Ir -0 h h—0 h—0
[ F:J h
X =+ E sin 'i
bl - - , ”
=> (f (x)) x? hh-—rfln 72 + hh_lflﬂ 2x cos (x + h) + h].l_l}'ln h cos (x + h)
=% %U{x})=-xzsmx+2xcﬂsx+0xcﬂsx=—x25inx+2xcnax,
EXAMPLE 8 Using first principles, prove that i [f{lx}} =— {‘; (r;x})z.
1 1
SOLUTION Let ¢(Y} = }—,{—I—}- Then, ¢i {I + }I} = f {I ¥ h}
e 0 S
-’ _ px+h)-¢x) _ . fx+h) fx) _ . fX)-flx+h
i {¢ {I)} h -0 h hhi}nﬂ h hhihnﬂ hf(x) f(x+h)
d fl)<flx+h) 1 fEHD-f@) 1
= {¢(x}} hh_rfln h hhgln f(x) f(x+ h) hb—Tﬂ h i f(x) f(x+h)
d , f'(x) |+ f(x)is differentiable
— = — ) X = — J
= e 10 (2)} f'(x) @ F [f(-’f)}z v f(x) is continuous = IIJJE[} f(x + h) = f(x)

EXAMPLE 9 Find the derivative of J/sin x from first principles.
SOLUTION Let f(x) = 3sin x. Then, f(x + h) = Jsin (x + h)

fisia f(x+h)—f(x)
h—=0 h

< —(f{r)} - \/sm (x + h) — 3sin x

r—}-D h

L4 ey =
-dx(f(l)}—
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3

s

, 3
%/sin (x + h}} —{3,;'5'111 x}
= = (f (9) = lim

h—0 h[smMB (x+ h) +sin /3 (x + h) sin '/ x + sin

2/3 x]

r:3 -b3
l.-l- ﬂ_b= 2 2
[ a~ +ab+b ]

= {f{:a:)) sin(x+h)—5in:::x 1
h—} h 5m233{x+h)+sin”3{x+Fr)5m1f3x+sin2”3.r
. h [ h)
2sin —cos| x + —
=’_U{I}} . 2 x 2/3 1/3 1 173 2/3
r—rﬂ h sin2/ {x+.’1]+si:1” (x+h)sin™” " x+sin” “x
" i Y
sSin E COS I+E 1
= “(f(x)) = lim x lim
(f h—0 h h—0 5m2£3{x+h}+5mua(r+h)sm /3 +sin?3x
2
- d (f (2)) = cos x X 1 & COS X
dx sin?/ 3 x +sin?/3 x +sin/ 3 xsin!/3x  3sin?3x

EXAMPLE 10  Differentiate log sin x from first principles.
SOLUTION Let f (x) = log sin x. Then, f(x+h) = log sin (x + h)

L ()= tim LEED T

h—0 h

food SO
lugsm(r+h) log sin x lim & sin x

::~— 1) = =
() = h—}ﬂ h h—0 h
log 11 + 5]_1} {I'?Lh), 1} lug{la— P +*h)—s1n I}
= "‘(f(x})— sin x - sin x
h—0 h h—0 h
lug{l-i-sm (x +lh)~—51n x} e Ly o
sin x sin (x + h) —sin x
= — (f(l'}) : , X e
I:-+D i sin (x + h) —sin x sin x
sin X
lng11+sm{x+_h)_smx ; ;
T (f(r))— ! sin x xsm{.r+h)—5mxx 1
h— 0 Jsin{x+h)-sinx h sin x
| sin x
lﬂgal-!-sm(l’q.,h)*sm I} 25mf—£cns{x+§) .
- = (f{:r))— i % lim X

h—=0 rEiI'l(I-l—h:}—EiﬂI h—0 h sin x
sSin x
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sin (x + h) — sin x . (h h
log 41+ T sin| > jcos| 2+ 3
in :
= — x)) = x lim X
(f( )= J:—:.D sm{x+h)_—_sE:_ h—0 h sin x
sin x 2

d
= — (f(x)) = 1xcos xx — = cotx

dx sin x
EXAMPLE 11 Differentiate " i from first principles.

SOLUTION Letf(x) = eV " .Then, f(x+Hh) = e
—(f(-'f}} s i Jilg A n)=F(x)

Jtan (x+ h)

=
h—0 h
Jtan{::+ h) tan x i 1I_JI"I'-EIJ:IL{:I:+ h) _ Jtan x i
= —(f(:r:}} B = limne' N (€ 3!
h—ar{} h h—0 h
s i(f(x)) o ENE o | Jtan(.r+h}_ 3 =l Jtan (x + h) — Jtan x|
dx h—0 .,ftan (:c+ h) —/tan h
d = _ EJtan{1'+ h) — Jtan x 1 ‘/tan (x + ) - e
— —..(f{;;])zg"‘ x lim -+ » x  lim
dx h—0 Jtan (x + h) — Jtan x h—0 h
d Jtanx . t:an(:t+h}-tanx
=5 —(f(x)) = e x1x lim
d:r(f{ ) h—0 h ,H {x+h}+,£
d ,)'tan:r sin h
= —(f(x)) = e
dx(f{ ) h—-}{} hcns(x+h)cnsr 1( (x+h + .[tan
= i(f(ﬂ:)) e ) — e = - o sec” x
dx .['_'052 xr 2 Jtan x 2 ﬂ‘tan X
EXERCISE 29.2
BASIC
1. Differentiate each of the following from first principles:
(1) £ (ii) 2 (iii) 3 (iv) fi [NCERT]
X \‘{_ _1*3 X
&
) =1 (vi) =~ il oty T2 (viii) k 2"
3x+5
(ix) \,,3_1._. (x) x> +x+3 (xi) (x+2}3 (xii) 2% +4x% + 3x+2
- X
e g , 2 2x+ 3
(xiii) (x*= +1) (x =5) (xiv) 42x° +1 (xv)
I’—
BASED ON LOTS
2. Differentiate each of the following from first principles:
(i) e~ * (ii) 3% (iii) ™+ ?
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(iv) x e* (V) —x [NCERT] (vi) (-x)~ [NCERT!]

(vii) sin (x +1) INCERT] (viii) cos (I — g] [INCERT] (ix) xsin x

(Xx) x cos x (xi) sin (2x — 3)
BASED ON HOTS
Differentiate each of the following from first principles:
: - a BINX o, COSX X N
3. (i) ./sin 2x (ii) (iii) (iv) x° sin x
x X
2
(v) {fsin (3x+1) (vi) sin x + cos x (vii) x% e* (viii) e¥ * 1
2
(ix) eV2* (x) eV +b (xi) aV* (xii) 3%
4, (i) tan® x (i) tan (2x +1) (iii) tan 2x (iv) ftan x
5. (i) sin v2x (ii) cos Vx (i) tan vx (iv) tan x?
ANSWERS
1. (i) -2x2 () —~x 32 (i) - 324 (iv) 1_12.
2 X
1 . 1 . -1 =5
(V) 1+— (vi) (vii) (viii) nkx
x* (x +2)2 (3x +5)*
(ix) : () 2x+1 (xi) 3 (x+2)2 (xii) 3x% + 8x + 3
2(3-x)%
(i) 852 =<10%% 1. (iv) 6o ——9 5
-.1“2::2 +1 fx = 2)
2. (i) = * (i) 3e3* (iii) @ ™+ Y (iv) (x +1) e
(v) -1 (vi) lz’ (vii) cos(x +1) (viii) — sin (1‘ - E]
X 8
(ix) sin x+xcosx (x) cosx—xsin x (xi) 2 cos(2x - 3)
3. (i) cﬂfs 2x (i) X COS X —sin X (i) —xsin x —cos x (iv) o g el e
JJsin 2x x2 y2
2
) %‘;% oy B x—sinx (i) (2 +20e*  (vill) 2xe *1
J2x ax+ b 1 2
(ix) Eﬁ (x) ;E — (xi) e a’E log, a (xii) 2x 3* log 3
4, (i) 2tan x sec? x (i) 2 sec” (2x +1) (iii) 2 sec? 2x (iv) sec” x
‘ 2 Jtan x
.. COs+/2x ’ sin +/x secz-.E A 9 9
: i) — — 2
5. (i) o (ii) Ny (iii) N (iv) 2x sec” x
HINTS TO SELECTED PROBLEMS
X2 +1 1

1. (iv) Letf (x)=

=x+l. Then, f(x+h)=(x+h) +
X x+h
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o= Tim f(x+h)-f(x)

h—0 h
(x + h) + 4 —{x+1—} (x+h)—x flac o2
ks Fitd= B X+ h i R x+h x
 h—>0 h h—0 h
x—-x-nh h
h + (x+h) h - _{—I_} . :
x(x+h x(x+h
I = lim = ] = him - A
- f h—0 h I:inn h h—>0 x(x+h) 2
2. (v) Let f(x) = —x.Then, f (x+ h) ==(x+ h)
Fr(= m f(x+h)-f{:c)= lim ~(x+h+x o iz_L
h—0 h h =0 h h—0 h
1 1
i) Let f(x)=——.Then, f(x+ h) =-
(vi) f (%) i fu( ) Thh
, . flx+h) - f(x)
=
f(x} IIT{] h
e b o4
= = T x+h I=1irn —x+(x+h)=ljm h - Yo 1 =1
h—0 h h—>0 x(x+Mh ho0hx(x+h) hosox(x+h) 2

(vii) Let f(x)=sin (x+1). Then, f(x+h)=sin (x+h+1) = sin {x+1) + h}
P i f(x + h) = f(x)

h—0 h
h h
2sin| — 1) + —
\ sin (X404 ) -sin@+1) . Sm[z)m{(““.’a}
=5 f'(x)= lim = lim
h—0 h h—=0 ]

Bl 1 h
sin (EJ COS {(x +1) + E}
ki f'(xlznﬁfn (hJ
2

(viii) Wehave,f(x}=cns[x—g] — f(:::+h}=cus(:c+h—%chus{(l‘—g}rh}

cus{[x—ﬂ]-rh}—cns[x—ﬁl
2 fi@) = tim LEXDS@ 2 8

h—0 h h—0 h

=cos(x+1)

S - sm{(r—g}g}siﬂ[g]=m o Eil‘l{(x—f}rh} Em(g} Eism(xmgj

h—=0 h h—0 8) 2

29.4 FUNDAMENTAL RULES FOR DIFFERENTIATION

In the previous section, we have used the definition of derivative to find derivatives. This
section is mainly devoted to develop several rules that allow us to find derivatives without
using definition directly.
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. o ¥ . &
THEOREM 1 Differentiation of a constant function is zero 1.e., 5 (c) =0.
X

PROOF  Let f (x) = c be a constant function. Then,

h—0 h h—0 h

Hence, di (¢) =0, where c is a constant.
™
REMARK  Geometrically the graph of a constant function is a straight line parallel is x-axis. So, tangent

N . d
at every point is parallel to x-axis. Consequently, the slope of the tangent at every point is zero, 1.e. ﬁ =0.

THEOREM 2 Let f(x) be a differentiable function and let ¢ be a constant. Then, ¢ f (x) is also
d d
di tiable such that — {c = ¢ — (f (x)).
ifferentiable such th dx{ fx) =c = (f (x))

i.e. the derivative of a constant times a function is the constant times the derivative of the function.

PROOF  Since f (x) is differentiable. Therefore,

lim 2l e exists finitely and is equal to .4 (f (x)).
h—=0 h dx
_ d f(x+h)—f(x) -
i.e. {f{'\.‘)} £ I:l—} A ; sk e

Let ¢ (x)=c f (x). Then,

d

= —(g(®)= lim g+l -g®) _ . cfx+i)—cf(x)

=0 h h—0 I}
= L - c tim we BT e @) [Using ()]

Hence, ¢ (x) = ¢ f (x) is differentiable such that -;; (cf(x))=c % (f (x)).

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)
EXAMPLE 1 Differentiate the following functions with respect to x:
(i) log, x (i) e3108% (iii) 21982% (iv) 5(23182%) (v)5¢" (vi) 9 (3%)

SOLUTION (i) We know that log, x =1.

d d
— (1 x) = —(1) = 0.
dx(ﬂgxt} dx()

(ii) We know that ¢!%8 % =F.

d 3log x d 105;1'3 d 3 2
—(e”787) = — =—(x") = 3x
rik g = S )

(iii) We know that a'°84" =n

d logn x d
—(2'9827%) = —(x) = 1.
dl_( ) dx(x)
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3
(iv) 2 (5. 231082 %) _ 5.9 (23loga 7y _ 52 (glog2 ) L T
dx dx dx dx

LT N P N
(v) - Be) =5 () =5e

(vi) i(g.sf) = 95(3-") = 9(3* log, 3).

THEOREM 3 If f(x) and g(x) are differentiable functions, then show that f(x) + g(x) are also
dyfferentmbfe such that

d d
E{f(x}ig(x)} = &E{f{‘ﬂ} + E{s(x)}

.e. the derivative of the sum or difference of two functions is the sum or difference of their derivatives.
PROOF  Since f (x) and g (x) both are differentiable functions. Therefore,

—(f{x))— ligh 4 (”h) o'l ./} d—(g(:r))— oy SN o exist. )
h—0 h—0 h
Now,
Hﬂx}+g{x}}= i et h) 2 g (x+ ) —{f () £ g (x)
X h—0 h
= T Uf (x+h)—f (2 +{g(x+ h) - g(x))
h—0 h
~ lim {I(I+h}*f(x) }i lim {S(Ii"h)—giff}}
h—0 h h—0 h
o {f (:r)}+£- {g(x)} [Using (i)]
dx ¥ dx
Hence, f (x)+ g(x)is differentiable andé{f x) £ g(x)} = —{f{x)}+ {g )}-

REMARK  The above result can be extended to a finite number of differentiable functions. Thus, we have

d d d 4
DL+t fi@} = (A} {h (@) }£.. £ - {f ()

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE1 Differentiate the following functions with respect to x.

. : 1 .. ax® +bx+c i
(1) ,Tz + SIn X + ;i_ (I.l} E {]]_1} (-\,”E + 7_;]

SOLUTION (i) Clearly,

d : 1 d . B
— x2+smx+—}= u——(:rz+s1:n:c+x 2)

dx 12 dx
= i(xﬁ) +i(sin x)+i(x‘"2)=2x+cnsx+(-2) x ™ = .’2:v:+na:-::rs:uf-i
dx dx dx x°

(ii) Clearly,
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(iii) We have,

d

ax- E:rx C

dx

d
dx

EXAMPLE 2

Gl ]
e )
d 1 d R T -2 1
- —4+2 = —(X)+—(Ex )+—=1+=Dx"+0 =1-—
dx{x+x+ } dx{x) dx'{ ) dx{) (=1) 2
2 3
Ify=1+x+x §= +..,shawthﬂt@=y.

ax® +bhx + ¢ d
Jx

3
Ex”z +b(%x‘”2)+c(—-l

i f J_} di{ﬂx3ﬂ+bx”2+cf”2}

d ﬂ.-:lfz d

3/2| , 4 P

L+ —4 bxl/2
dx dx

ax
dx

’ +bd{x1ﬂ - +E.£i._.¢

dx dx
2 _ 3 15 b qpn ¢

= —x'“+—x -
5 ] 2 2 2

x-.?u" 2
2

NS THE dx

SOLUTION We have,

5 B ;ur2 .1:
y=1+ ' ' s
3
Etyf=—(1 L (hcd +d 2 + ...
dx dx| 1! 2' dx| 3!
dy d Y | 1 d 44
) B e SN e TR il — — SV
R ST e 2!5!::( )+ )
dy (B
f ~ =0+1+—(2x)4+ —(3x°) +...
M zz('ﬂ Thal
2
or, Ey—=1+:::+f—+
dx
dy
or, —L =1,
dx Y
ALITER We have,
x d}»" d , x X
—, _— = — = £ o=
y=e =}d.1' dx(E} J
2 3 1 d 1
b X y
EXAMPLE3 Ify= 1+1! 2!+3!+ +;|' shawthnta--ynt-;—l-{]
SOLUTION We have
x  x2 :r:3 ::;'th x"_l x"
y =1 —
11 21 31 &l T @1l nl
dy X d | &
—-=— —| — +ond—] —
dx (1) a' 1 [ ] [ } n‘:c[n!}
dy 1 d 1 4 1 d 1 d
—=— — — “e S + =t
= = e Wk g W s i

29.27

-1/2
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=4 iy: == U+-1—~+l{2x}+l(3x2}+...+-1-(nr”'1}
dx 1l 21 3! n!
2 1—1
= ay = st x :
dx 11 21 (n-1)!
dy x  x? -1 i
= -~ =s14+—+—+.. .+ +—_ =
dx Lk 24 (n-1)! n! n!
dy_ IH
=, dx-—y n!
dy
— —~ —Yy+— =
dx s n!

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 4 {fy:\ﬁ“ msix, xe(ﬂ ,—E)u(gfn),menﬁnd -33
+ COS 2X X

SOLUTION We have,

L
¥y = \/1 cop s \{251112.1’ =-,||'tan2:c: | tan I|,wherexe(0,g}u[g,n)

1+c052x_

2cos” x
[ { \ [ '
fan'x X € D,E seczx, if x e {],E]
\ 2 ) dy Y 2
— y —J = — =
) i dx 2 . (7
—-tanx , x| <% n -sec“x , ifxe ‘—,R)
h AW, [ \ 2
EXAMPLE5 Differentiate the following functions with respect to x:
3
: h 1
(i) (:r:2 -3x+2)(x+2) (ii) [:.-:2 - _ZJ
x

SOLUTION (i) Clearly,

i{(IE—SI-i—Z)(I-i-Z)}

dx

ol (3 20 _ 4.3 _4d.2 d d
_d:r(x x5 =4 x+4) dx(x) dx(x} a‘xmx}-l-dx@)

= i“'-(IB) L -4.—‘1-(;:) + & D Bt P k0 SN
dx dx dx dx
(ii) Clearly,

(3]

i{xﬁ+312+ >+ 1}‘ L 18+ L3+ L (352 + L (26
X X dx

dx x%2  xF dx d d
d 6 @& ;.9 B ;=9 d . -&
= — +3_ 3__ el 5
d.r(x) dx{x)+ d:r:{x )+d:r:(I )
=61'5+6x+3(—2)r‘3+{—6)x'?=5x5+{,;._-_ 6. .6
3 7

X X
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f'@)
5
SOLUTION Wehave, f(x) = o x". Differentiating both sides with respect to x, we obtain

EXAMPLE6 If f(x) = o x", prove that o =

d _i 1 ' . i 1 ’ _ -1
E(f(x}) = dx(u:c’}ﬁf (x) ﬂ.dx(x’)::rf (x) = anx

Putting x = 1 on both sides, we get
f'@)

n
EXAMPLE7 If f(x) =x" and if f ' (1) =10, find the value of n.

f')=an= a =

SOLUTION We have, f(x) =2x". Differentiating both sides with respect to x, we get

Fr(x) =nx""1,
Putting x =1, we get

f'MD=n= 10 =n [ £'(1) =10]
EXAMPLES If f(x) =mx + cand f(0) = f '(0) = 1. What is f(2)?
SOLUTION We have, f(x) =mx +¢ i)
Differentiating with respect to x, we get

f'f(x)=m-1+0= f'(x)=m ..(ii)
Putting x =0 in (i) and (ii), we get

f(0)y=cand f'(0)=m=1 =c¢c and 1 = m [ f(0)=f"(0)=1]
Putting the values of m and cin f(x) =mx + ¢, we get f(x) =x+1.

f(2)=2+1=3. [Putting x =2 in f(x) =x+1]

EXAMPLEY9 Find ﬂ, when y =3 tan x +5 log, x + Jx-3e* + l

dx X
SOLUTION We have,

y = 31:an:.:+51|::1g,:,:na:+~./_-3ea=""f41-l

X
=> Yy = 3tanx+5105,,.t+x1":2—-391+x"1
dy d d d o, /5. d X & oo i
—~ = —(3tan x) +— (51 — -—(3e")+ —(x
== dx dx( y d:r( Rl x)+d:r: S a'x{ ) dx( )
dy d d d  1/2 d x4 -1
—= = 3 —(t +5— (1 — -3 — + -
. dx dx{anx} dx(ﬂgﬁx)+dx(x ) dx(e) dx(x )
— fiji = 3 sec® x + 2 +lx'1”2—3ex+{—1}x_2.
dx x log, a

EXAMPLE 10  Differentiate the following functions with respect to x:
sin (x + a)
oS X

(i) sin (x + a) [NCERT] (ii) [NCERT]

SOLUTION (i) Clearly,

g 1
T {sin (x + a))

; ; d ;. d :
— [sin x cos a + cos x sin 4 = — (sin x cos @) + — (cos x sin a)
dx dx dx
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" . d
= €0S @ — (sin x) + sin 2 — (cos x)
dx ax

MATHEMATICS-XI

= C0S @ COS X + sin 4 (—sin x) = cos x cos @ —sin x sin a= cos (x + a)

(ii) Clearly,
i sin (x + a)
dx COS X

d {sin ICDSH+E{}SIS‘]HH][ d

Il

dx COs X dx

= L (tan :ccnsa)+£ (sin a)
dx dx

{tan x cos a + sin a}

= cnsai(tan x}+£(5in @)= cos ax sec” x + 0= sec® X cosa
dx dx
EXERCISE 29.3
BASIC
Differentiate the following functions with respect to x: (1-18)
3
1. x* -2 sin x + 3 cos x % Foxya0 3.%—2JE+%—
X
4, ¢¥10B 0 palogx 4 paloga 5 (942 1 1) (3x+2) 6. logy x + 3log, x + 2 tan x
3 2
1 1 1 2x“+3x+4
7. | 4= JE+_—J 8. (JLL_J 9,
( IJ( Vx Vx x
3 A
1) (x —
gy =g fpadifos s +0 I PPAY 99 5 secxt Jicotz—Stm x

y2 sin x

13. Hﬂf'+ﬂ1f!_l+ﬂzﬁtﬂ“2+ ..+|‘I"_1I+ﬂn.

(x +5) (2x% =1)
X

17. cos (x + a) 18.

cos (x — 2)
sin x

BASED ON LOTS

p 2
sm£+cﬂ5£) ,ﬁnddyatx—m
2 2 6

19. Ify =
4 dx

\
r2—3::(}5::
., sSInx

20. Ify =
Y dx

, find yatx——
4

21. Find the slope of the tangent to the curve f (x)

22, Hy=\[£+ﬁ,prﬂvemat ny_‘_fﬁ=(£_f.J
a X dx \a x

14,

_1 T s =
sin x log, 3

16. lng(j_)+5x — 3a* +\/_+6J_

=2x% + x* _1atx =1

23. Find the rate at which the function f (x) = 2 —2x3 + 3x2 4 x 45 changes with respect to x.

—x,ﬁndd—yatx=1.
dx

25. Iffurf(x}=lxz+px+12,f’(4)=153ndf'(2)

=11, then find L and . .
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100 99 2

26. For the function f(x) = —— + =—+...+-—+ x + 1. Prove that f ' (1) =100 f ' (0). [NCERT]
100 99 2
ANSWERS
1. 4x>-2cosx-3sinx. 2. 3%log 3+ 3x? 3, 22 -x V2 40
4. a*loga+ax""! 5. 18 x% + 8 x + 3 6 — - 4240008y
xlog 3 «x
w 3372 .1 4 1. -5/2 3 -5/2 g 3,072 3 .-5/2,3 ,-1/2 _38 31
2 2 2 2 2 2 2 2
g o=t T e
2 X
11. —acosec” x —c cosecx cot x. 12. 2 sec x tan x — 3 cosec” x —4 sec” x
13. nag X" l+(m-1ay X2 +...+a,_qy 14 —cosecx cot x+2%* % log 2 +
x log 3
15. 4x+10+~5— 16. —L+5ﬂx”*1—SHIlugnﬁ-gx'”?’rgf?“
;:;2 2x 3 Z
17. —sin (x + a) 18, — cosec> X cos 2 19. {E
20. 6-2+2 21. 16 23, 4x% —6x% + 6x +1
24, 18 25. A=1,p=7

29.4.1 PRODUCT RULE FOR DIFFERENTIATION

THEOREM 1  Iff (x) and g (x) are two differentiable functions, show that f(x) g(x) is also differentiable
such that

d d
2L [£() 8 (9] = () - 5] + 8() == ()

i.e. Derivative of the product of two functions
= [(First function) x (Derivative of 2nd function) + (Second function) x (Derivative of first function)]
PROQF Si.m:e f (x) and g (x) are differentiable functions. Therefore,

d pn SEEWf@) d s gl =g () |
(f(x)) & h—r{} h ddx (8 () hh—ITn h -

et §42d =) 2 s T
2 (400) = tim 21 =60

an h
P éwix)} : hhinuf{x+h}g(x+hh}—f(:f)g(x}
= —{¢(x}) -h—}Df(I+'h)g{I+ h) "f(-‘-’+h)3;I1+f(l'+h}§{l'}-f(1)3(f)
[Adding and subtracting f (x + h) g (x) in numerator]
= _(¢(x)} _ i LD+ -g () +g () [f (x + h) - f ()

h—0 h
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lim f(x+h)[g(x+h}-g{x)}+ lim g(Of (x+h) - f (x))

d
— _ —
dx (¢(x) h—=0 h h—=0 h

d e T s Bx+R)—-2(2) e JEHR) =F(2)
- g D) T, e ) i h H8 h

f ()2 (g () + 8 () {f (3]
[ f(x) is differentiable.

d
= E (6(x))

. It is continuous, and hence hlim flx+h)=f(x)
— 0

Hence, ¢ (x) = f (x) g (x) is differentiable and di (f (x)2(x)} = f(x) % g (X)) +g(x) di {f (x)).
X . X

REMARK The above result may also be expressed as

(f8) =f"'g+ fg or, (fg) =(fg) (f? + %]

It can be generalized for the derivative of the product of more than two functions as given below

(fghy’ = (feh) [f a4 "']
F_ &

h

THEOREM 2  (Generalization of the product rule) Let f (x), g (x), h (x) be three differentiable functions.
Then,

% {f (x) g (%) h (%)}

={ L (f () }gtx} h(x}+f(:r}<{ 2 (g ) } h(mf(x)g(x){ d%(h(x))}
PROOF We have,

d d d d
2 VO 8(0) h(} = [1f() () k()] = {f () g (0} —— 1 (1) + I (x) — {f () g ()}
={f (x) g (¥)} % {h(x)} + h(x) [ f (x) % (g (x)} + g (x) % Ur(f)}]

- { di(f(x}}}g{x)h(x)-*f(x){ £ (g (1) } fr<x>+f(x>sfx){ U (ﬂl‘}

X dx dx

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE1 Differentiate the following functions with respect to x:

(i) x sin x iy X_Sin %
COS X
(iii) e* sin x + 2" cosx (iv) e (x + log x)
(v) (x + secx) (x —tan x) [NCERT] (vi) (x + cos x) (x — tan x) [INCERT]
(vii) (x* +1) cos x [NCERT] (viii) (ax? + sin x) (p + q cos x) [NCERT]

< . . : : :
SOLUTION (i) —(xsm:c)=xi(smx)+smxi(x)=xcnsx+smx-1 = X COs X + sin Xx.
dx dx dx
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(i)

(iii)

(iv)

(v)

(vi)

-~ (vil)

(viii)

i x> a1 = i(x?' tan x)
dx CoSs X dx

= xaf-(tan x)+tanxdi(:c3)= x3 sec2x+(tan X) 3x2 = x3 sec® x + 3x% tan .
x X

%(e"' sin x + X' cos x) = &%(EI sin I]+%(Iﬂ Cos X)

P D D a
= e dx(smx)+smxdx(e)+x’ dx{cnsx)+m5xdx(x")

= e* cos x + (sin x)ex+f(—sin I}+CDSI(HI"_'1)

= ¢* cos x + eXsin x— ¥ sin x + n* ! cos x

4 x

Fm {e”* (x + log x)}

= E"‘—fd—(x+lngx)+(x+lugx)i(ex)= e"'{ i(:r:)+—d-(l+r:ng:.|r) }+(:c+logx)ex
dx dx dx dx

= " {1+l}+(x+lugx)ex = e’:(1+%+x+lnng
x

d
= {(x + sec x) (x — tan x)}

= % (x+secx)x(x—mnx)+(x+secx)£- (x - tan x)

N BLAPRA _ LA
_{E(x)+dx(secx)}(x tan x) + (x + sec x) {dx{x) dx(tanx}}

= [l+sec:rtanx)(x—tanx)+(x+secx}[l—sec2 x)

% {{x+cn5x) (x - tan I)}
={x—tanx}%(x+cﬂsx)+(x+ﬁﬂﬁx)'£‘(x“tanx)

=(x —tan x) {%(1}+%(¢u&x}} + (x + cos x) {-;;{x)—%{tan x}}

=(x —tan x) (1 - sin x}+(x+cnsx](1—ﬁefzx)
% {(12+1}cusx}

=cos:c£ (x2+1)+(x2+1)-§- (cos x) = (2x+ﬂ)msx+(x2+1)(—sinx)
dx dx

= 2x cos x + (¥ +1) (- sin ¥) = 2x cos x —(x% + 1) sin x

EEE {(cu:z + sin x) (p + g cos x)}

= (p+ qcasx)di (axz + sin x)+(ax2 + sin x}% (p + g cos x)
x

=(p + g cos x) {fx* (ax?) +Ed;(sin x)} + (ax? + sin x) {%(p) +£(4Eﬂﬂ)}
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=(p + g cos x) {a(zx) +cnsx}+{nx2 + sin x) (0 — g sin x)

=(p + g cos x) (2ax + cos x) -—(mn:2 + sin x) g sin x.

EXAMPLE2  Differentiate the following functions with respect to x:
() x> e¥sinx (i) xsinxlogx (i) 2" log, x *

SOLUTION (i) di{ﬁ e”* sin x)
X

R gl .. 3] d  x : gt & o
_{dx{x )}E sin x + x {dl_(e)}smx+x e {dx{smr}}

F

e cosx = x e” (3 sin x + x sin x 4+ X cos x)

3

= 3x2 ¥ sin x + x> ¥ sin 1 + x

(ii) ;—1 (x sin x log x)

- { d%(x)}smxlﬂgx-kxifﬁm X) 1ﬂgx+xﬁmxiﬂﬂgﬂ

1 (sin x) -log x + x -(cos x)- log x + x -(sin x}1= sin x log x + x cos x - log x + sin x.
X

(

(iii) — | ¥ log, x e*’J

dx |

B

.9 x,.n) d x., An 4 x
kdx[:c’)}(lngﬂx)e +x’{a{lugﬂx)}e + i lngﬂx{dx{e)}

= ny*1 log, xe* + X" [ . ]L’I + x" (log, x) e*
xlog, a
= exx"‘l{ nlog, x + : +xlﬂgﬂx}
log, a

EXAMPLE 3 Using mathematical induction prove that: di (x") = na "1 for alln e N.
X

SOLUTION Let P (n) be the statement given by P (n): di (") = n'™ 1
X

Stepl We have,

i(:«:1) =£(I} =1=1xx1"1 So, P (1) is true.
dx dx
StepIl Let the statement be true forn = m.Then,,f— (™) = mxd" 1 (i)
X
Now, i(xm-i-l) _ i(rxf”}
dx dx
s (%) + x I (x") [Using product rule]
dx dx
= "+ xxm” ] [Using (i)]
= (m+1) X"
P(m+1)is true.

Thus, P (m)istrue= P (m+1)is true.
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Hence, by the principle of mathematical induction P (1) is true for alln e N
ie. di (¥") = nx" " forall neN.
X

EXERCISE 29.4

BASIC

Differentiate the following functions with respect to x: (1-22)

1. x%sinx 2 22t 3. x? ¥ log x

4. ¥ tan x 5. ¥ log, x 6. (x> +x* +1) sin x

7. sin x cos x 8. 2" cotx 9. x* sin x log x

Jx
10. 20 e* + 28 log x 11. (x sin x + cos x) (x cos X — sin Xx)
12. (x sin x + cos x) (¢* + x* log ) 13. (1 -2tan x) (5 + 4 sin %)
14. (1+x%) cos x 15. sin® x 16. log ;
x% cos =
17. &* log Jx tan x 18. x3 e* cos x 19, . 4 INCERT]
sin X

20. x? (5 sin x — 3 cos x) [INCERT] 21. (2x% - 3) sin x
22. ¥ (3-6x"%) 23. x4 (3-4x77) 24, x~ 3 (5 + 3x)
25. (ax +b) (cx + d) 26. (ax +b)" (cx + )™

27. Differentiate in two ways, using product rule and otherwise, the function (1 + 2 tan x)
(5 + 4 cos x). Verify that the answers are the same.

28. Differentiate each of the following functions by the product rule and the other method and
verify that answer from both the methods is the same.

(i) (3;:::2 4 2)2 (i) (x +2)(x+ 3) (iii) (3 sec x —4 cosec x) (— 2 sin x +5 cos x)

§ T _ANSWERS
1. xz{xcnsx+35inx) 2. x> e’ (3+x) 3. xe* (1 + x log x + 2 log x)
4. ¥ 1 (ntan x + x sec? x) E;x"“l[nlngﬂx+ : }
log a

b. (13+x2+1}cnsx+(3x2+2x}sinx 7. cos 2 x

X
8. Z_{IDgz.cﬂtI_mgeczx_mtx} 9. 2:|:sinxlngx+x2cnsx-lugx+xsinx

Jx X
10. x* (5¢* + xe* + x + 6x log ) 11. x {x cos 2x —sin 2 1}

12. x cos x [e* + x* log x} + (x sin x + cos x) (¢* + x + 2 x log x)
13. 4(cosx—2sin x -2 tan x secx -5/2 sec” x)

14. 2x cos x — (1 + x?) sin x 15. sin 2x 16. 0
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17. %ex{lngx.tanx+tﬂnx+lngx.sec2x}
L

2y 2x  x®cotx T

18. x®e” (xcosx+ 3 cos x—xsin x) 19, | — —— cos —
sin X sin x 4
20. 20 x7 sin x +5x% cos x ~12x2 cos x + 3x* sin x
21. 4x sin I+(2I2—3) COS X 22, 15x% +24x™° 23, —12x7% + 362~ 10
24, -15x"*-6x"3  25. 2acx+ad+be
26. (nx+b}”'1(cx+d}'"_1{mc{nx+b)+nn(cx+d}}
HINTS TO SELECTED PROBLEMS
/ \

d Iz CG‘EE 1154 2
19. — — (x X

dx| sinx «/_d aecs)

\ Y,
1 d 2 d 1 2
=—=14qC08eCc X — (Xx°) + x* — (cosec x 2xG X - x cot
ﬁ{ dx( = dx( c }} f( osec X — x“ cosec x cot x)

d | 4 . : - 4 d .
20. —{x" (5 sin x -3 cos x) ¢ =(5 sin x - 3 cos x) — (x*) + x* — (5 sin x — 3 cos x)

dx dx dx

=4x° (5 sin I—3cnsx)+:f4(5cnsx+3sinx)

29.4.2 QUOTIENT RULE FOR DIFFERENTIATION

THEOREM  If f(x) and g(x) are two differentiable functions and g (x) # 0, then show that -~~~ f) ; is also

8(x)
differentiable and
; { £ } ) 4~ (]~ F2) - g2}
8(x) [e(x)]?
OOF  Since f (x) and g (x) are differentiable functinns Therefore,
d lim &0 - f () g(x+h)-g(x) :
A TR S S
Let ¢(x) = @.Thﬁ‘n;
g (x)
d
E(MI})
o )~ ()
h—0 h

flx+h) f(®)
i SGtH) 2@

h—0 h

i L+ $ () ~F (1) g (x4 )
h—0 g(x)g(x+hh
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. flx+hg@-f(x)gx)+f(x)gx)—f(x)g(x+ h)
h—0 hg(x) g(x+h)

[On subtracting and adding f (x) g (x) in numerator]

b S+l - f-f () [g(x+h) -g ()]

I

h—0 hg (x) g(x+h)
il fE+D-f@) _ o e [gEED-g@]] [ 4 |
& uhhinu g{x}{ h } I:hi}nn f ) | h H _h]int} g(x)g(x+h)
op 1o [+ -f @]  fgx+y-g@\] [, 1
) _g W h]inﬂ{ h } f () hhinu i h H § *hhi;nn g(x)g(x+ h}]
i i 1 H'.' ¢ (x) is differentiable.
=| g(x)—{f () - f (x) — (g ()} } X ~. It is continuous, and hence
|:3 dx{f 4 dxlg 8 (9 h'_mg(x+h)=g(x)
d d k
x g (%) 3 {f (x)} —f(x) T (g (x))
g ()]
f (%) i fe)] 8W - (f (2} = f (%) 1] (g (x))
Hence, is differentiable and { } = dx dx
g (%) dx | g () [g ()]’

REMARK It is advisable to remember this result in the following form:
d d
d {Nr }_D" E{_(N"}—‘N" — (D")

= ~where N' = Numerator, D" = Denominator.

dax
dx DT (Di’ }2

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1  Differentiate the following functions with respect to x:

et . X+sin x sin x + cos x sec x —1

(i) _ (i) (iii) — [NCERT] (iv) [NCERT]
1+ sin x X+ Cos X sin X —COS X sec x + 1

SOLUTION (i) Using quotient rule, we obtain

=—

d [ o Jm (1 + sin x}%(ex)mex-j—x{1+sm x)
dx

1+5]III {-l_l_sinx)z

_ (1+sinx)e* —e* (0+cosx) e’ (1+sin x —cos x)

(1 + sin x)* (1 + sin x)?

(ii) Using quotient rule, we have

d [x+sinx} _(:c+ cusx}%(x+5m x) —(x + sin x)%(x+msx}
dx

x+cosx)
~ (x+ cos x) (1 + cos x) —(x + sin x) (1 —sin x)

(x + cos 1)2

(x + cos :r}2

-
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B X + COS X + X COS X + COS> X — X —sin X + x sin x + sin2 x
(x + r.:::us;r}2
_ COSX—SInX+XCcosx+x sinx+cos®x+sin®x  cos x —sin X+ x(cos x+sinx)+1

(x + cos ::::}2 (x + cos .1:}2

(iii) Using quotient rule, we obtain

d [ sin x + cos x
dx| sin x —cos x

; - A . s
(sin x—cusx)d—{ﬁm X 4+ cos x) —(sin x + cos x) d—(sm X — COS X)
X X

(sin x — cos .1:}2

~ (sin x —cos x) (cos x —sin x) —(sin x + cos x) (cos x + sin x)

(sin x — cos x)2

—(sin x — cos I}E —(sin x + cos :t:)2

(sin x — cos :nr)2

|

— {(Sin X —COoS x)z + (sin x + cos :r)z} -2[5&12 t + cos? x]

-2
j (sin I—EUEI)I =5i112x+cnszx—251n Icusx=1~—sin 2%
(iv) Using quotient rule, we obtain
d ( sec v —1 J _ (SECI+1};;(SECI—1}—(SECx~1)%(secx+l}
dx| secx+1 (SEEI+1}2
o (sec x +1) (sec x tan x — 0) — (sec x —1) (sec x tan x + 0)
(secx+1}2
:secz:-:tan:c+secxtanx~sec2xtanx+secxtanx_255cxtanx: 2sin x
(secx+1)2 (secx+1)3 (1 + cos :4':)2

EXAMPLE 2  Differentiate the following functions with respect to x:
2x+ 3 x+3 o 1 AANE ., secx+tan x

0 = (ii) (i) (iv)

-5 2 ¥1 1—-tan x secx —tan x

SOLUTION (i) Using quotient rule, we obtain
2 d d o
d [2::: ; 3] (-8 22+ 3 -(2x+ 8) - (=" -5)

dx| x2 -5 (x* -5)
_ (x*=5)(2) - (2x + 3) (2) _ =2(x* + 3x +5)
(x* -5) (#¥=5%

(ii)

d d
q [1,_'_3] F (:::2+1)£(x+3)—(1‘+3)£{x2+1)

dx| x2 +1 (x% +1)2
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(P +D1-(x+3)(2x)  -x*-6x+1 _1-6x-x°
(x2 +1)2 (x2 +1)? (x% +1)?

—_—
—

d d
(1 -tan x) — (1 + tan x) — (1 + tan x) — (1 — tan x)
(iii) d [1 + tan IJ dy dx

dx\1-tan x (l-tanx}z
_ (1 -tan 1‘)([]+5EC2 x) —(1 + tan .‘l:](U—EE{:Z x)
(1 -tan :::}"11
B 2 sec” x B 2 B 2
(1 -tan I)2 (cos x —sin x)z 1 —sin 2x
1 sin x
o

(iv) We find that: secx+tanx cosx cosx l+sinx
' sec x —tan x 1 sinx ]-sinx

COS X COSX

d(secx+tanx} d [1+5inx]

dx| secx—tan x | dx

1] —-sin x

(1 -sin x)d%(l-l-sin x) —(1 + sin x}%(l—sin X)

(1 —sin x}z
~ (1-sinx)(0+cosx)—(1+sinx)(0-cosx) =~ 2cosx
(1 —sin ::c:)2 (1 —sin x}z
EXERCISE 29.5
BASIC
Differentiate the following functions with respect to x :
. % +1 ; T%—1 A ¥+ et p e’ —tan x
ox+1 T x2 4 * 1+ log x " cotx—2"
2
5 ﬂx;bx” €%~ _(NCERT) e !
px= +gx +r 1+ tan x ax® +bx + ¢
X & . .
8. e 9. € + 8sin X 10. X tan x 11, X Sin Xx
1+ x2 1+ log x sec x + tan x 1+ cos x
) o : . £ _
12, 2" cot x 13, sm‘:r: xcosx . xz x+1 15, Ja +x
Jx X sin X + COs X Y +xr+1 Ja -+/x
: x X x
. 17, 0 19, 1£9 19, —>
1+asin x sin x s g X + tan x
20, 1+ log x 1. 4x +5sin x (NCERT]
1-log x 3x +7 cos x
: 2
9. %  INCERT] 123 St7SNY onORRT] 24, DX TOEHY [NCERT]
1+ tan x ¢+ dcosx ax + b
25, S€*~1 |NCERT] 26 X —cos x [NCERT] 27. X7 °5% [NCERT]

sec x + 1 sin x tan x
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- dx| 1+ tan x

28. _*"" [NCERT] 29. _P+b  [NCERT] 30. - [NCERT]
sin X p.rz+qx+r ax® +bx + ¢
ANSWERS
1. X% +2x -1 5 2{1+x—x2) p xlogx-(1+e%)—e*(1-x)
(x + 1)2 (1+ x2}2 x(1+ log :t:)2
g (cotx—x")(e* ~sec® x) + (¢ - tan x) (cosec? x + nx'" )
(cot x — x™")?
E {ﬂq—bp)xz+2(ﬂf~¢p}x+br—cq 6 1+ tan x — x sec” x
(11:!:#:2 +qx +7)° (1 + tan x)*
, _ —(2ax +b) P! — x)?
(.ﬂ:::2 + bx + »::]2 (1+ :::2)1
g X (1 +log x)(e” + cos x) —(e” + sin x) 10, X sec X (secx - tan x) + tan x
x(1+log x)z (sec x + tan x)
: i {—I cosec? x + x cot x - log 2 —(lJ cot x}
11. (x + sin x) i B
(1 + cos x) /2
13. X 1, _262-D) 15. Ja 16, (L=%) cos x
{xsin:r+cus:r)2 (.1:2+:r.:+1}:’l Jx (Va - /x)? {1+1sr-a+i.nx)2
X
17. 10" cosec x [log 10 — cot x] R S
xy\2
(1-37)
19 3" {(x + tan x) log 3 —(1 + sec” x)} % 2
(x + tan I)z x(1- IDg 1,)2
21 15x cos x + 28 x sin x + 28 cos x —15sin x + 35
(3x +7 cos x)?
; 2 .
22_1+tan.1—xsec x 3. bc cos x + ad sin x + bd
(1 + tan x)° (c + d cos x)*
24, ﬂpxz + 2bpx + bg —ar )5 2SecXtan x
(ax + b)? (secx + 1)2
26 -x° cos x +5x% sin x -1 57 (1 —sin x) tan x — (x + cos x) sec> x
sin? x tan? x
5g. M ¥ 1sin x - 2" cos x 29, —apx* - 2bpx + ar —bg 30, _ —(2ax +b)
sin? x (pxz +gx + r)z (a:rz + bx + c)2
HINTS TO SELECTED PROBLEMS
(1+tanx)i{x)—x£-(1+tanx) 2
6 d[ X J: dx dx _ (1 +tan x) —xsec” x

(1 + tan ::::}2 (1 + tan x}z
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d [4x+5sin x
5
dx

(3x+7 cusx)di(4x+5 sin x) —(4 x + 5 sin x}£(3x+? COS X)
X .
3x+7 cnsx}

(3x +7 cos :::)2

_(3x+7 cosx)(4+5cosx)—(4x+5sin x) (3 -7 sin x)

(3x+7 cos x}z

_15xcusx+28:csin xr+28cosx—-15sin x + 35

B (3 x+7 cos x)

” d[H+bsmx}:(r:+dcusx);I(u+b5mx)—{a+bsinx)i(c+dcnsx}
dx | c+dcosx (¢+dcﬂ5x}2
_(c+dcos x)(0+b cos x)—(a+b sin x) (0 - d sin x)
{s+dcusx)2
_bc cos x + ad sin x + bd
(c+::i’+r:r.:ms:c)2
2 (ax +E:)-‘-'{- (pxz + gx +7) —{;c:-::.::2 +gx +71) a (ax + b)
A4 d|px®+qgx+r . d dx
- dx ax +b {ax+b}2
_(nx+b)(2px+q)+—a(px2+qx+r)_apx2+2bpx+bq—nr
(ax + b}z (ax + b)z
1 e 1 1 4 +1
- 3 Foghenoe: :{sec:c+ }E;(SECI_ ) —(sec x — )E(sec:c )
T dx|secx+1 (sec x +1)2
_(sec x +1)sec x tan x—(sec x —1) (sec x tan x) _ 2sec x fan x
(sec x +1)° (sec x + 1)
3 sin:c—fi{xs-cusx)~(x5—cnsx}i(sh1x}
2% d|x =cosx| _ dx A
dx| sinx (sin x)?
_sinx{Sz-:q+sin:::}—{x5v—msx)cns:r_—x5cusx+5x45inx+1
sin? x sin? x
d d T
g 4 ot e o =tanx-&£{x+cnsx}—(x+msx)§; an x
dx | tan x tan? x
__tan:f{l—sirtx}—{x+msx}5&czx

MHEI
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28,

. - ¢ s
d( X" J_smxa(f)—x’ E(Em‘f)_(smx}(nx"_l)—x"msx
¥, a . 2

dx | sin x (sin x) sin“ x
(,151:::2 +gx +7) if— (ax +b) —(ax + b) i(]t:u:2 +gx+71)
29, d ax + b _ dx dx
dx | px® + gx +r (px* + gx +71)?
=a(px2 +gx+r)—(ax+b)(2px+4q) — apx? — 2 bpx + ar —bq
{sz +gx + ?‘)2 {pxz +gx + Jr')2
q 1 (ﬂx2+bx+ﬂ)£{l)—£{ﬂ1‘2+E1I+r:}}=:1
30. == dx dx
dx | ax® + bx + (ﬂxz+bx+{?)2
=(sz+b:::+c}:-c 0-(2ax+b) ~(2ax+D)
n{.fu:2 + bx + c)2 {ﬂxz + bx + r:):'l
FILL IN THE BLANKS TYPE QUESTIONS (FBQs)
2 3
¥ Ify=1+£+x L . ,thend—y=
I 2t 3l dx
2 3 4
2. If y=1 BT e 3 + e P thE:nﬂ S | 1 § b USRI
11 21, 3¢ 4] § dx
3. Let f(x) =x-[x], x e R.Thenf’[%) —OT——— 4 5 | A

& Iff(x)=x+| x|, then /(1) = .ol .

10.

11.

12,

o I f(x) =x+| 2|, them W (~1) = .iicviisnssiorssdiffadoorsis
o I f(x) =x| x|, then f(—2mciionefl b gl dercorinsi

e

(07 R4 A S——] " ) )

a
dx

. If f(xY= X PE, f(O)8= FL0) =1, then f(2) =....ciciniisssismiisressains

d 1 _

f
i 1 ]_
dx\]ugmx

/
ilur::grﬂ:t‘m)= ................................ :

dx\

ANSWERS
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5. 0 6. 4 7.1 -1 8.

2

% 3

|

11. 1 12. 0

x log, 10

10.

|

VERY SHORT ANSWER QUESTIONS (VSAQs)

Answer each of the following questions in one word or one sentence or as per exact requirement of the
question:

1. Write the value of lim Ia=j (ﬂ).

X—>LC X=—C

. Write the value of lim If{ﬂ)_ﬂf(x).

X =R b sl

2

3. If x <2, then write the value of di (sz —4x + 4).
X

& 165 axionthen Bnd .~ \/1 reos2x
2 dx 2

5. Write the value of f— (x| ).
X
6. Write the value of % {(x + ) |}

7. If f(x) = |o +|x—l|,writetheva1u50fdix(f( ).

8. Write the value of the derivative of f (x) = |x -1 +|x - 3atx = 2.
2

X d
0.If f (x) = —, write—(f (x)).
f(x) i 5 (f (%)
10. Write the value of di (log | 2).
X
11.Iff(1) =1, f' (1) = 2, then write the value of lim f &) _1.
x=1 r =1

12. Write the derivative of f (x) = 3|2+ xatx = - 3.

13. If|y<landy=1+x + x2 + x° +..., then write the value ufﬂ.

dx

14.If f (x) = lngxz x3, write the value of £ {x),
ANSWERS

1.1 2. f(a)—a f'(a) 3.-1 4,sin x

2.x>1
= 2%, x>0 0, x<0 d o4 ) :
- ][—21',17{0 5‘{41’;:&:}0 ?'a {f(I)}-{g:[:]fiJi{l
8.0 Q.i(f{:r))={ 11’x:'g 1[}.i~,:c:t0

ix -1 x< E

11. 2 12.-3 13 3 14.0

(1 -2
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MULTIPLE CHOICE QUESTIONS (MCQs)

Mark the correct alternative in each of the following:

1. Let f(x) =x—[x], x eR, then f’ [%Jls

(a) 3 (b) 1 (© 0 d) -1

rJ

. X f(x)= «f} then f' (1) is

-4
— - d
(a} 3 (b) E (c) 1 (d) 0
2 PG
B HyelisZ e af o i
11 L N 1 dx
(a) y+1 (b) y-1 © y (d) y?
4. If f(x) =1 R d XD e Y 42t then f (1) equals
(a) 150 (b) =50 (c) =150 (d) 50
1+l
2
9. ]_fy = 'ﬁ ¥ thEI"[ I‘i—‘y=
3 s dx
IE
4dx dx 1.0~
a) - = (c) (d)
2} (x2 -1)2 iR x* -1 4x x* -1
6. Ify= -./_+— then dyat:t':lis
iz dx
1 1
1 - — d) 0
(@) (b) > (c) 7 (d)
7. If f(x) =210 . x%0 & x+1, then f'(1) is equal to
(a) 5050 (b) 5049 (c) 5051 (d) 50051

2 100
8. If f(x) =1 +x+'%+.”+:;—m]—, then f'(1) is equal to

— 100 50 d) 0
(a) 1{]0 (b) (c) (d)
9, Ify= sfnx'l'msx,thenﬁat:czﬁis
sin x —cosXx dx

(a) -2 (b) O (c) 1/2 (d) does not exist

10. Ify = 2 {I+9),thend—yatx =0is
COSX dx
(a) cos 9 (b) sin9 (c) 0 (d) 1
l —

11. Iff(:vs:)=JLJ En, then f' (a) is

(a) 1 (b) 0 @1 % doeainotedst
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12. If f(x) = xsinx, then f' (n/2) =
(a) 0 (b) 1 (c) -1 (d) %

ANSWERS

1. (b) 2. (a) 3. (¢ 4. (d) 5. (a) 6. (d) 7. (a) 8. (b)
9,.(@ 10.(a) 11.(d) 12.(b)

SUMMARY

1. A function f (x) is differentiable at x = ciff lim Al exists finitely.

X—cC X =L

This limit is called the derivative or differentiation of f (x) atx = cand is denoted by f ' (c).
2. Geometrically the derivative of a function f (x) at a point x = ¢ is the slope of the tangent to
the curve y = f (x) at the point (¢, f (¢)).

3. If f (x) is a differentiable function, then ;,hmn s h}‘: w fF is called the differentiation of
-3

f (x) or differentiation of f (x) with respect to x.

4. Mechanically, Hj— (f (x)) measures the rate of change of f (x) with respect to x.
x

5. Following are some standard derivatives:

(i) & (" =n""1 (ii) 4, (@) = a*log,a,a>0,a#1
dx dx
wex @ .o x X on G
— (e7) = v) — (I = —
(iii) o (e”) = e (iv) dx(ng" x)
(v) .. (sin x) = cos x (vi) i(+r:r::5 xX) =-sinx
dx dx
B 2 e )
(vii) — (tan x) = sec” x (viii) — (cot x) =—cosec” x
dx dx
(ix) 4 (sec x) = secx tan x (x) L (cosec x) = — cosec x cot x
dx dx
6. Following are the fundamental rules for differentiation:
(i) Differentiation of a constant function is zero i.e., f—- ic) =0
X
(ii) Differentiation of a constant and a function is equal to constant times the differentiation

of the function.
(iii) If f (x) and g (x) are differentiable functions, then

@ - ()28} = 2 (f (xnii(g (%))

(b} — {f{x)xgtx)} .g(:c)x-——(f )+f(x)ﬂ<—{3(1))

o4 {19} g g U )~/ x5 0)
C
8 (%) lg ()
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