FUNCTIONS

3.1 INTRODUCTION

In this chapter, we shall study about one of the most important concepts in mathematics known
as a function. Functions form one of the most important building blocks of Mathematics. The
word “Function” is derived from a Latin word meaning operation and the words mapping and
map are synonimus to it. Functions play a very important role in differential and integral
calculus. In this chapter, we shall introduce the concept of a function as a correspondence
between two sets. We shall also study function as a relation from one set to the other set.

3.2 FUNCTION AS A SPECIAL KIND OF RELATION
DEFINITION  Let A and B be two non-empty sets. A relation f from A to B, i.e., a sub-set of A x B, is
called a function (or a mapping or a map) from A to B, if

(i) foreach a € A there existsb € B such that (a, b) € f

(ii) (a,b)efand(a,c)ef=b=c.
Thus, anon-void subset f of A x Bis a function from A to B if each element of A appears in some
ordered pair in fand no two ordered pairs in f have the same first element.
If(a, b) € f, then b is called the image of 2 under f.
ILLUSTRATIONT LetA={1,2,3},B=(2,3,4and fi, f, and f5 be three subsets of A x Bas given
below:

fl ={(11 2)1 (2f 3): (3r 4’)}/ fz ={ (1.r 2); (]-r 3)r (21 3)1 (31 4)] ;f3 2{(11- 3): (21 4)}'

Then, fy is a function from A to B but f, and f are not functions from A to B. f, is not a function from A to

B, because 1 e A has two images 2 and 3 in B and f is not a function from A to B because 3 € A has no
image in B.

If a function f is expressed as the set of ordered pairs, the domain of f is the set of all first
components of members of f and the range of fis the set of second components of members of f
i.e. Domain of f ={a:(a, b) € f}, and Range of f ={b:(a, D) € f}

ILLUSTREATION 2 Ifx,y €(1,2, 3,4}, then which of the following are functions in the given set ?
@ fA=lx,:y=x+1) (b) fo ={(x, y):x +y >4
@ fa={xy):y<x) (d) fy =l(x, y):x + y =5)

Also, in case of a function give its range.

SOLUTION If we express f1, f,, f3 and fj as sets of ordered pairs, then we have
fo=11,2),(2, 3),(3, 4),
h=10,4),(4,1),(2,3),(3,2),(2,4),(42),(3, 4,4, 3),
fa =1(2,1),(3,1),(4,1),(3,2), (4, 2),(4, 3)) and f; =((1,4),(2, 3),(3, 2), (4,1)}.

(a) We have, f; =((1, 2), (2, 3), (3, 4)]. We observe that an element 4 of the given set has not
appeared in first place of any ordered pair of f;. So, f; is not a function from the given set to itself.

(b) We have, f, ={(1,4),(4,1),(2, 3),(3,2),(2,4),(4,2),(3,4), (4, 3)}. We observe that 2, 3, 4
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have appeared more than once as first components of the ordered pairs in f,. So, f; is not a
function.

(c) We have, f3=1((2,1),(3,1),(4,1),(3,2),(4,2),(4, 3)]. We observe that 3 and 4 have
appeared more than once as first components of the ordered pairsin f3. So, f3 is nota function.
(d) Wehave, f; =((1,4),(2, 3),(3, 2), (4, 1)]. We observe that each element of the given set has
appeared as first components in one and only one ordered pair of fy. So, f; is a function in the
given set. In this case, Range of f ={(1, 2, 3, 4].

ILLUSTRATION 3 Let f bearelation on the set N of natural numbers defined by f ={(n, 3n):neN}.Is
f a function from N to N. If so, find the range of f.

SOLUTION We find that for each neN, there exists a unique 3neN such that (1, 3n) € f.
Therefore, f is a function from N to N. Clearly, Range of f ={f (1) :n e N} ={3n:n e N}.

ILLUSTRATION 4 Let f be a subset of Z x Z defined by f ={(ab, (a + b)):a,b eZ). Is f a function
from Z into Z. Justify your answers. [NCERT]

SOLUTION We observe that: 1x6=6 and 2x 3=6
(1x6,1+6)efand(2x3,2+3)ef = (6,7)ef and (6,5)€f
Thus, (6,7) € fand (6,5)  f but5#7. Hence, f is not a function from Z to Z.

3.3 FUNCTION AS A CORRESPONDENCE
DEFINITION Let A and B be two non-empty sets. Then a function * f' from set A to set B is a rule or
method or correspondence which associates elements of set A to elements of set B such that:

(i) all elements of set A are associated to elements in set B.

(ii) an element of set A is associated to a unique element in set B.
In other words, a function ‘f’ from a set A to a set B associates each element of set A to a unique element of
set B.
Terms such as “map” (or “mapping”), “correspondence” are used as synonyms for “function”.
If fis a function from a set A to a set B, then we write f:A— BorA— B,whichisread asfisa
function from A to B or fmaps A to B.
If an element a € A is associated to an elementb < B, then b is called ‘the f-image of a” or “image of a
under f or ‘the value of the function f at a’. Also, a is called the pre-image of b under the function f.
We writeitas:b = f(a)
ILLUSTRATION Let A={1,2,3,4)and B=1{a,b, c, d, e} be two sets and let f}, f,, f5 and fy be rules
associating elements of set A to elements of set B as shown in figures 3.1 - 3.4.

Fig. 3.3 Fig. 3.4

We observe that f; is not a function from set A to set B, because there is an element 3 € A which is
not associated to any element of B.
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Also, f, is not a function from A to B because an element 4 € A is associated to two elements ¢
and e in B. But, f3 and f; are functions from A to B, because under f5 and f; each elementin A is
associated to a unique element in B.

3.3.1 DESCRIPTION OF A FUNCTION

Let f : A — Bbe a function such that the set A consists of a finite number of elements. Then, f (x)
can be described by listing the values which it attains at different points of its domain. For
example, if A = {-1, 1, 2, 3} and B is the set of real numbers, then a function f: A — B can be
described as f (-1) = 3, f (1) =0, f(2) = 3/2 and f(3) =0. In case, A is an infinite set, then f cannot
be described by listing the images at points in its domain. In such cases functions are generally
described by a formula. For example, f:Z — Z given by f(x) = x?+1or f:R — R given by

Flx)=e¥ete.

3.3.2 DOMAIN, CO-DOMAIN AND RANGE OF A FUNCTION

Let f: A — B. Then, the set A is known as the domain of f and the set B is known as the
co-domain of f. The set of all f-images of elements of A is known as the range of for image set of A
under f and is denoted by f (A).

Thus, f(A) = {f(x):x €A} = Range of f.Clearly, f (A) c B.

ILLUSTRATION1 LetA={-2,-1,0,1,2}and B={0,1,2,3,4,5,6 ). Consider arule f (x) = x*.
Under this rule, we obtain f(-2) =(—2)2 =4, f(-1) =(—1)2 =1, f(0) =02 =0, @ =1% =1 and
f(2)= 2% = 4. We observe that each element of A is associated to a unique element of B. So, f : A — B
given by f (x) =x%isa function. Clearly, domain (f)=A={-2,-1,0,1,2 Jand range(f)=1{ 0,1,4 ).
ILLUSTRATION 2 Consider a rule f (x) = 2x — 3associating elements of N (set of natural numbers) to
elements of N. This rule does not define a function from N to itself, because f (1) =2x1-3= —1 ¢ Ni..

1 & N (domain) is not associated to any element of N (co-domain). Thus, every rule relating elements of
one set to elements of another set need not be a function.

ILLUSTRATION3 Let A={-2,-1,0,1,2}and f: A — Z be given by f (x) = x* - 2x - 3. Find:
(i) therangeof f  (ii) pre-images of 6, -3 and 5.
SOLUTION (i) We have, f(x)=x%-2x-3.
fD=(-2"-2(-9-3=5 f(-1)=(-D?-2(-1)-3=0,f(0)=-3,
f1) =12 -2x1-3=-4and f(2)=22-2x2-3=-3.
So, range (f) ={f(-2), f(-1), f(0), f(1), f(2)} =(0,5, -3, -4}
(ii) Let x be a pre-image of 6. Then,
f(X)=6=x*-2x-3=6= ¥ -2x-9=0= x=1+10
Since x =11 +/10  A. So, there is no pre-image of 6.
Let x be a pre-image of - 3. Then,
flx)=-3 = X2 -2x-3=-3 = ¥ -2x=0= x=0,2.
Clearly, 0, 2 € A. So, 0 and 2 are pre-images of - 3.
Let x be a pre-image of 5. Then,
f()=5=> x?-2x-3=5= 22 -2x-8=0 = (x-4) (x+2)=0 = x=4,-2.

Since, —2 € Abut 4 ¢ A. S0, -2 is a pre-image of 5.
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3.4 EQUAL FUNCTIONS
DEFINITION  Two functions fand g are said to be equal iff
(i) domain of f = domain of g (i) co-domain of f= co-domain of g,
and (iii) f (x) =g (x) for every x belonging to their commaon domain.
If two functions f and g are equal, then we write f = g.

ILLUSTRATION1 LetA={1,2), B={3,6}and f:A—Bgivenby f (x)=x> +2and g: A > B

given by g(x) = 3x. Then, we observe that f and g have the same domain and co-domain. Also we have,
f(1)=3=g(1) and f(2) =6=g(2). Hence, f =g.
2

x
JLLUSTRATION 2 Let f:R —{2} — R be defined by f (x) =

24 and g:R — R be defined by
2 (x) =x + 2. Find whether f = g or not.

XA

SOLUTION We have, f(x) =

= flx)=

Thus, f (x) =g (x) for all x € R —{2}. But, f (x) and g (x) have different domains. Infact, domain
of f=R -{2} and domain of g = R. Therefore, f#g

ILLUSTRATION 3 Let f:Z — Z and g: Z — Z be functions defined by f ={(n, n%):neZ) and,
g =l(n,|n|?):neZ). Show that: f =g.

SOLUTION Clearly, Domain of f = Domainofg = Z and, Co-domain of f = Co-domain of g = Z.

i he ) 2)(;+2) x+2forallx#2 = f(x) =g(x)forallx = 2.

We have, f(n) =n? and g (n) =| n| 2 - [ ;n|2 = nZ]
fm)=g(n forall neZ.
Hence, f =g.
ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)
EXAMPLE1 Express the following functions as sets of ordered pairs and determine their ranges
() fiA>R, f(x)=x*+1,where A={-1,0,2,4).
(i) g:A—> N, g(x)=2x,where A={x:xeN, x <10}
SOLUTION (i) We have, f(x) = 5241
F=1)=(-1)2+1=2,£(0)=02+1=1,f(2) =22 +1=5and f (4) =4* +1=17
So, f={(x, f(x)):x e A} ={(-1, 2), (0, 1), (2, 5), (4, 17)}. Hence, Range of (f) ={2,1,5, 17}
(ii) We have, g(x)=2x and A = {1, 2, 3, ... 10}. Therefore,
gl)=2x1=2, g(2)=2x2=4, g(3)=2x3=6, g(4)=2x4=8,(5)=2x5=10,
g(6) =2x6=12, g(7)=2x7=14,(8)=2x8=16, g(9) =2x 9 =18and, g(10) =2x10=20.
g=I(x, g(x):x e A} = {(1, 2),(2, 9, (3, 6), ..., (10, 20)}.
Hence, Range of g =g(A) ={g(x):x € A} ={2, 4, 6, 8,10, 12, 14, 16, 18, 20}.
EXAMPLE 2 Find the domain for which the functions f (x) =2x% ~1and g(x) =1 — 3x are equal.

[NCERT EXEMPLAR]
SOLUTION The values of x for which f(x) and g(x) are equal are given by
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F()=g() = 202 -1=1-3x = 222 +3x-2=0 = (x+2) (2x -1) =0 = x=-2,1/2.
Thus, f (x) and g(x) are equal on the set {-2,1/2}.

EXAMPLE3 Is ¢={(1,1),(2, 3),(3,5),(4,7)} a function? If this is described by the formula,
8(x) = ox + B, then what values should be assigned to «.and p? [NCERT EXEMPLAR]

SOLUTION Since no two ordered pairs in g have the same first component. So, g is a function
such that g(1) =1, g(2) = 3, g(3) =5and g(4) =7.
It is given that g(x) = ox +B.
g)=1and g(2)=3 = a+f=1and 2a+Pf=3 = a=2p=-1.
EXAMPLE4 Given A = (-1, 0, 2, 5, 6, 11}, B ={-2, -1, 0, 18, 28, 108} and f (x) =x*-x-21Is
f (A) =B? Find f (A).
SOLUTION We have, f(x) =x?-x-2.
f(D)=(-1)2-(-1)-2=0, £(0)=02-0-2=-2, f(=22-2-2=0,
f(B)=52-5-2=18, f(6)=6%>-6-2=28 and f(11)=11%2-11-2=108.
Hence, f(A)={f(x):xeA}=(f(-1), f(0), f(2), f(5), f(6), f (A1)} ={0, -2,18, 28,108}
We observe that —1 € B, but -1 ¢ f (A). So, f (A) # B.
EXAMPLES Let f:R — R be given by f (x) = x? + 3. Find: (i) {x: f(x) =28} (ii) the pre-images of
39 and 2 under f.
SOLUTION (1) We have, f(x)=x+3
f()=28= x2+3=28= x>=25= x=%5
Hence, {x:f (x)=28) ={-5,5}.
(ii) Letx be a pre-image of 39. Then, the image of x under f is 39.
ie. f(0)=39=x2+3=39= x2=36=> x=+6
So, pre-images of 39 are — 6 and 6.
Let x be a pre-image of 2. Then, the image of x under f is 2.
ie. f(M=2=x2+3=2= x2=-1

We find that no real value of x satisfies the equation x% = ~1. Therefore, 2 does not have any

pre-image under f.
EXAMPLE6 Let f: R — R be a function given by f (x) = x> + 1. Find:

@ f (-5l (i) £~ (26} (i) £~ (10, 37}
SOLUTION Recall that if f: A — Bis a function and y € B. Then, f ~ 1 (N =lxeA:f(x)=yl. In
other words, f ~ 1 (1) is the set of pre-images of y.
(i) Let f -5 =x Then, f () =—5 = x? +1=-5 = x?> =—6. Clearly, this equation is not
solvable in R. Therefore, there is no pre-image of -5. So, f ~ Y—5)=¢.
(ii) Letf ~'(26) =x. Then, f(x) =26 = x? +1=26 = x =+5.S0, pre-images of 26 are -5 and
5.ie. f " 1(26) =(-5,5).
(iii) Let f ~1(10) = x. Then, f(0)=10= x> +1=10 = 2*=9 = x== 3. So, pre-images of
10 are -3 and 3.ie. f~! (10) ={-3, 3.
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Letf"1(37) =x.Then, f(x) =37 = x2+1=37 = ¥ = 36 = x =+ 6.50, pre-images of 37 are —6
and 6. Hence, f~1(10, 37) ={3, -3, 6, - 6).
EXAMPLE7 Let f={(1,1),(2,3),(0,-1), (-1,-3)} be a function described by the formula
f (%) =ax + b for some integersa, b. Determinea, b. [NCERT]
SOLUTION Clearly, f (1) =1, f(2) =3, f (0) =-1and f (-1) =- 3. Itis given that f (x) =ax +b.
f) =1andf(2)=3 = a+b=1land2a+b=3 = a=2,b = -1
Substituting the values of aand b in f(x) =ax+b, we get: f (x) =2x - 1.
Clearly, f (0) =—1and f (- 1) =~ 3 are true.
Hence, a=2andb=-1.

XAMP . > be de ned a
l ! “i (E) f (1/2)If(1t)’f ( b 2) (”) }:‘ 'S" fo (f ) J i ges [f ‘1'

SOLUTION (i) It is evident from the definition of f that at every rational point the function
attains value 1 and at every irrational point attains value -1.

%GQ e f{%) 1 neQ = f()=—1andv2eQ = f(¥D=—1,
(ii) We find that f (x) attains values 1 or -1 according as x is rational or irrational and a real
number is either rational or irrational. Thus, all rational numbers have image 1 and all irrational
numbers have image - 1. Hence, Range of f ={1, —1}.

(i) Since f (x) =1forall x € Q. Therefore, pre-images of 1 are rational numbersi.e f ~ 1 (1) =0.
Also, -1 is the image of every real number which is not rational. Therefore,
f- 1 (=1) =R - Q = Set of irrational numbers.
EXAMPLE® Let f: R — R be such that f (x) = 2. Determine:
(i) Rangeof f (i) {x:f(x)=1) (iii) whether f (x + y) = f (x) f (y) holds.

SOLUTION (i) Since 2" is positive for every x € R. So, f (x) = 2% is a positive real number for
every x € R. Moreover, for every positive real number x, there exist log, x € R such that

flogy®) = 2%2% = x [ al%8a¥ = o
Hence, the range of f is the set of all positive real numbers.
(i) f(x)=1=2%=1= 2¥ =20 = x=0. Therefore, {x:f (x) =1} ={0}
(iii) We have, f(x) =2

flaty)=254Y =22 = (0 f )
Hence, f(x+y)=f(x) f(y)holds forall x, y € R.

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 10 Let A be the set of two positive integers. Let f: A — Z* (set of positive integers) be
defined by f (n) = p, where p is the highest prime factor of n. If range of f ={3}. Find set A. Is A uniquely
determined?
SOLUTION It is given that the set A consists of two positive integers. So, let A ={n, m}. Since
range of f ={3}.

f(m=23 and f(m)=3
= Highest prime factors of n and m both are equal to 3.
= (n=3andm=6)or (n=3andm=9) or(n=3 andm=12) or (1=6 andm=12)etc.
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= Either A ={3, 6}, or A={(3,9},0r A=(3,12}, or A =16, 12} etc.
Clearly, A is not uniquely determined.

EXAMPLE11 LetAc Nandf:A — Abedefinedby: f (n) = the highest prime factor of n. If range of f
is A, determine A. Is A uniguely determined?

SOLUTION For anyn € A, we have
f () = Highest prime factor of n
= f(n) takes prime values only = Range of f consists of prime numbers only

But, it is given that range of f is A. Therefore, set A consists of prime numbers only.

Hence, A = Set of some prime numbers. Clearly, A is not uniquely determined.

EXERCISE 3.1

BASIC

1. Define a function as a set of ordered pairs.
2. Define a function as a correspondence between two sets.
3. What is the fundamental difference between a relation and a function ? Is every relation a

function ?
4. LetA={-2,-1,0,1,2 and f: A — Z be a function defined by f (x) = x% - 2x — 3, Find:
(i) range of fie. f (A) (ii) pre-images of 6, -3 and 5.

3x-2, x<0
5. Ifafunctionf:R — Rbe defined by f (x) = 1, x=0.Find: f(1),f (-1),f(0),f (2).
4x+1 , x>0

6. A function f: R — R is defined by f (x) = x*. Determine
(i) range of f (i) fr:f (x) =4} (i) {y:f (y) =—1}

7. Let f:R" — R, where R is the set of all positive real numbers be such that f (x) =log, x.
Determine: (i) the image set of the domain of f (ii) {x:f(x)=-2] (iii) whether
f(xy)=f(x) + f (y) holds.

8. Write the following relations as sets of ordered pairs and find which of them are functions:

(@) (x, y):y=3x,x€efl, 2, 3,y e(3,6,9,12).
(i) {(x, Y:y>x+1,x=1,2and y =2, 4, 6} (iii) {(x, ) :x+y=3,x,y<{0,1,2, 3}

9. Let f:R - R and g:C — C be two functions defined as f (x) = x? and gx)= x2. Are they
equal functions?

10. Iff, g, h are three functions defined from R to R as follows:
(i) f(x)=x2 (i) g (x)=sin x (iii) B (x) =x2 +1
Find the range of each function.
11. LetX={1,2,3,4 and Y =({1,5, 9,11, 15, 16}. Determine which of the following sets are
functions from X to Y
(i) f1=11,1),(2,11),(3,1), (4,15} (i) f =1(1,1),(2,7), (3, 5)
(iii) f5={1,5),(2,9(3,1),(4,5), (2, 11). [NCERT]
12. Let A = {12, 13, 14, 15, 16, 17} and f:A - Z be a function given by f (x) = highest
prime factor of x. Find range of f.
13. If f: R - R be defined by f (x) =x +1, then find ' {17} and £ - 3}.
14. Let A={p, q,r, s} and B={1, 2, 3]. Which of the following relations from A to B is not a
function?
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(i) Ry={p,1),(g,2),(r 1), (s, 2) (i) Ry =l(p, 1), (g, 1), (r, 1), (s, 1)}
(ili) R3={(p,1),(q,2),(p,2),(s, 3} (iv) Ry =M(p,2). (g, 3),(r, 2),(s, 2)}.
15. LetA = {9,10,11,12,13}and let f: A — N be defined by f (1) = the highest prime factor

of n. Find the range of f. [NCERTI
¥ 02228
16. The function f is defined by f(x) = ; . The relation g is defined by
3%, 852510
¥2 A€ s ; ¥ : .
g(x) = Show that f is a function and g is not a function. [NCERT]
3x,2 <x <10
17. T (%) = 2, find%@. [NCERT]

18. Express the function f:X — R given by f(x) =x>+1 as set of ordered pairs, where

X=[-1,0,3,9,7). [NCERT EXEMPLAR]
ANSWERS
4. (i) f(A)=(-4,-3,0,5 @) ¢ {0,2,-2. 5. f(1)=5 f(-1)=-5 f(O=1, f(2)=9
6. (i) R" (set of all real numbers greater than or equal to zero) (ii) -2, 2} (iii) ¢
7 (i) R oo Uil (iii) Yes
8. (1) {(1, 3), (2, 6), (3, 9)}; Function (ii) {(1, 4), (1, 6), (2, 4), (2, 6)}; Not a function

(iii) {(0, 3), (1, 2), (2, 1), (3, 0)}; Function.
9. No, Since domain of f # domain of g.
10. (i) R* ={xeR|x=0} (i) {reR:-1<x<1) (i) {xeR:x21).
WG 153.18,7.5,2,17) 13. fL(17)={-4,4), f 1 (-3) =¢
14. (iii) 15. Range(f)=1{3,5,11,13}. 17. 2.1
18. f ={(-1, 0),(0,1), (3, 28),(9,730), (7, 344)]

HINTS TO SELECTED PROBLEMS

11 (i) f3 = {19, (2,9), (3,1), (45), (2, 11)} is not a function because (2, 9) and
(2,11) € f5, which means that 2 is related to two elements in y.
12. Clearly, f (12) = highest prime factor of 12 = 3. Similarly, f (13) =13, f (14) =7, f (15) =5,
f(16) =2 and f (17) =17. Hence, range (f) ={3,13,7,5, 2, 17}.
15. A={9,10,11,12,13) and f : A — N is defined by f (1) = the highest prime factor of n.
f(9) =3, f(10)=5, f(11) =11, f (12) = 3 and f (13) =13
Hence, range (f) ={f(9), f(10), f(11), f(12), f(13)} =1{3,5,11,13}
x%, 05x<3
3%, B<x<10
and no number in [0, 10] is associated to two or more numbers. Hence, f is a function. But, g
is not a function because 2 is associated to two distinct elements viz. 4 and 6.

17. We have, f (x) = x2

16. We observe that f (x) ={ associates all numbers in [0, 10] to numbers in R

FAn-F@) _ an*-12  @a1+1)@i-1) _ .
-1 = Q-1 = (11-1) i
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3.5 REAL FUNCTIONS

In this section, we will discuss functions having domain and co-domain both as subsets of the
set R of all real numbers. Such functions are called real functions or real valued functions of the
real variable as defined below.

REAL VALUED FUNCTION A function f : A — Bis called a real valued function, if B is a subsef of R
(set of all real numbers).

If A and B both are subsets of R, then f is called a real function.

In section 3.3.1, we have discussed the description of a function. Generally, domain and
co-domain both are infinite subsets of R in case of real functions of real variable. Therefore, a real
function is generally described by some general formula. In other words, images of various

elements in the domain of a real function are provided by some general formula. For example,
x~-1

f:R — R given by f (x) =x® 4 x+1 or, f:A— B given by f (x) =— ” etc. In practice, real
%

functions are described by giving the general expressions or formulae describing them without
mentioning their domains and co-domains. Following are some examples of real functions.

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)
EXAMPLE1 If f(%) = 3x* —5x% + 9, find f (x —1).
SOLUTION We have, f(x) = 3x* -5x% + 9. Replacing x by (x—1), we obtain

flx-1) = 3(x-D*-5x-12+9 = 3x* -12x3 +1322 - 2x +7
EXAMPLE2 Iff(x)=x+ A , prove that {f(x)}3 =f(x%) + S (lj
X X

SOLUTION We have,

1 1 1P 1)1
f(x)=x+;:> f(x3)=x3+x—3,{f(x)}3=(x+;J andf(;}=—+x.

X

(x+l]3 ={x3 +L3J+ 3 [x+%] = {f(x)}3 =f(x3) +3 f(x)

X X

EXAMPLE3 If f (x) = 2x1+ ik % — % , then show Hmtf(f (x)] = i’::; , provided that x # —%.
SOLUTION We have, f(x) = L
2x+1
1 1 it 2x +1 2x +1
= X)) = = = = =
f () f(2x+1] i 2 .1 2+2x+1 2x+3
Bl 2x+1
2x+1 . . ! ’ . 3
Clearly, f (f (x)) = e isreal for2x + 3 # Oi.e. f (f (x))is defined for2x + 3 = 0i.e.x # =
X+
Hence, f(f (x))= ;j:; , provided that x = —%.

EXAMPLE4 If f (x) =

. , x # =1, then show that f (f (x)) =— 1, provided that x # 0.
x+1 x
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SOLUTION We have, f (x) = _1 ,x# -1
Rl
x-1 x+1 ! x-1,
fUf ) =f == Replacing x by —— in the formula for f (x)
x+1) 2l P
x4+l
_x-1-x-1_ -2 1
x-1+x+1 2x x

We find that - L is meaningful for x = 0. Hence, f (f (x)) =— L , provided that x = 0.
x x

2

x° =16
EXAMPLES5 Let f be defined by f (x) =x — 4 and g be defined by g(x) =4 x+4 At

A ,x=—4
Find X such that f (x) = g (x) for all x.
SOLUTION We have,

f(x) = g(x) forallxeR
= f(- 4)—g( 4):—4—4=l:>k~—8 [+ f(x)=x-4 ..f(-4)-4=-8]
EXAMPLE6 Iffis a real function defined by f (x) = m then prove that: f (2x) = 3}{)(;121 :
SOLUTION We have, f(x) = >+
x+1

flx) x-1 f)+1  x-1+x+1 ) P
= = Appl componendo and dividendo
- 1 x+1 " filx-1 x-1-x-1 [Applying P ]

f)+1 _ 5 _f)+1

" " ..()
fln)-1 1-f(x)
: L oox=1
Again, f(x)= =
{i)
2x -1 EL -
= f(2x) = TR {f — 1} [Using (i)]
1-f()
C2f(M+2-1+f(x)  3f(x)+1
T2f(+2+1-f(x) f(®)+3
EXERCISE 3.2
BASIC
1. If f(x) =x* - 3x + 4, then find the values of x satisfying the equation f(x) = f(2x +1).
2 Mflx)=(x —a) (r b , find f(a + b).
3. Ify=f(x) =— b show thatx = f(y). [NCERT EXEMPLAR]
X —a
4. If f(x) = T show that f [f {f(x)}] = x.
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5 TEf(x )_”:l show that f [f ()] = .
x2, when x <0
6. If f(x) = x,when 0<x <1 [NCERT]

— ,when x>1
X

Find: (i) f(1/2) (i) f(-2) (i) A1)  (@v)f(V3) and (v) f(,/-3).

7. If f(x) = x3 e , show thatf(x)+f( ]
x3
8. If f(x) 1 2 , show that f(tan 0) = sin 26.

BASED ON HOTS
10. If f(x) =(a — ¥")Y", a > 0 and 11 € N, then prove that f(f(x)) = x for all x.

11. If for non-zero x, a f(x) + b f(lJ = -5, where a # b, then find f(x)
X

ANSWERS
1. x=-1,2/3 2. a2 b2
| # : 1 : 1 a 5
6. (i) = (i) 4. (i) 1 iv) — v) does notexist i, {——bx} ——
2 (&) J3 @) a? -p? lx a+b

HINTS TO SELECTED PROBLEMS

xz, when x <0

6. Wehave, f(x)={x , when 0<x <1, Therefore,

l, when x>1

x
o f(3)-3 i) f(-2) = (-2 = 4 @) f@) =1 =1
@) f63) = 7= @) f43) = 3P -
11. We have,
a f(x) +bfG) L l—5 ()
= af[lj+bf(x) =x-5 [Replacing x by l} .. (ii)
x
Adding (i) and (ii), we get

{f(x)+f(i)}(a +b)=x+%—10
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- f(x)+f(§) it {x+l_—1o} (i)

a+b x

Subtracting (ii) from (i), we get

s -£(3)=-L {3 -] e (i)

Add (iii) and (iv) to obtain f(x).

3.6 DOMAIN AND RANGE OF A REAL A FUNCTION

Mathematically to define a function one has to provide its domain, co-domain and the images of
elements in its domain either by giving a general formula or by listing them one by one. As the
domain and co-domain of real functions are subsets of R. Therefore, conventionally, real
functions are described by providing the general formula for finding the images of elements in
its domain. Insuch cases, the domain of the real function f (x) is the set of all those real numbers
for which the expression for f(x) or the formula for f(x) assumes real values only. In
otherwords, the domain of f (x) is the set of all those real numbers for which f (x) is meaningful.
3x—~2

5 assumes real
xc =1

For example, a real function f (x) described by the general formula f (x) =

3x-2
xz—l

So, domain of f () is the set of all real numbers other than-1and 1i.e. domain(f) =R - {-1, 1}.

values for all x € R except for x =+ 1, because denominator of becomes zero for x =+ 1.

Following examples will illustrate the procedure for finding the domain of a real function of a
real variable.

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Find the domain of each of the following real valued functions:

: Ll i =l
M F0) = = W) f @) = ==
2x -3 2 +3x+5
_ : s el [NCERT]
() £ (=) X% - 3x+2 ) f @) x2 -5x+4

SOLUTION (i) We have, f (x) = —15 Clearly, f (x) assumes real values for all real values of x
X+

except for the values of x satisfying x + 2 =0i.e. x =—2. Hence, Domain(f) = R —{-2}.

x-1 s |
5 We observe that f (x) is a rational function of x as l

(ii) Wehave, f (x) = is arational
expression. Clearly, f (x) assumes real values for all x except for the values of x for which
x -3 =0i.e. x=3. Hence, Domain (f ) =R —{3}.

2x-3 : 5 ; 2x -3
(iii) We have, f(x) =~42———2. Clearly, f (x) is a rational function of x as

2—isa
x°-3x+ x“=-3x+2

rational expression. We observe that f (x) assumes real values for all x except for all those values
of x for which x> - 3x +2 = Oie x=1, 2. Hence, Domain (f)=R —{1, 2}.
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X%+ 3x+5 24 Bx 45

Clearly, f (x) is a rational function of x as ———isa
X2 -5x+4 el x* -5x+4
rational expression in x, We observe that f (x) assumes real values for all x except for all those
values of x for which x> ~5x +4=0 i.e. x =1, 4. Hence, Domain (f) = R —{1, 4].

(iv) We have, f(x)=

EXAMPLE 2 Find the domain of each of the following functions:
1

@) f(x) = Jx-2 (i) f (x) = e (iii) f (x) = /4 -x?

SOLUTION (i) We have, f(x)=,/x~2.Clearly, f(x) assumes real values for all x satisfying
¥x-220 = x22 = xe[2, ). Hence, Domain(f) = [2, «).

(ii) We have, f (x)=%. Clearly, f(x) assumes real values for all x satisfying
—x

1-x>0=1>x= x<1= xe(-x,1). Hence, Domain (f) =(- o, 1).

(iii) We have, f (x) = \/:i .Clearly, f (x) assumes real values for all x satisfying
4-2220= ~(*-920 = 22-450 > (x-2)(x+2) <0 = xe[-2,2]

Hence, Domain (f) = [-2, 2].

EXAMPLE 3 Find the domain of the function f(x) defined by f(x) =Jﬁ +

x2 _1.
SOLUTION Clearly, f (x) is defined for all x satisfying

4-x20 and ¥*-1>0
= x-4<0 and (x-1)(x+1)>0 = x<4 and (x<-1 or x>1) = xe(-0,-1) U(1, 4].
Hence, Domain (f) = (-, —-1) u(l, 4].
3.6.1 RANGE OF REAL FUNCTIONS

The range of areal function of a real variable is the set of all real values taken by f (x) at points in
its domain. In order to find the range of a real function f (x), we may use the following
algorithm.

ALGORITHM

Step I Puty = f (x).

Step 1 Solve the equation y = f (x) for x in terms of . Let x = ¢ ().

Steplll  Find the values of y for which the values of x, obtained from x = ¢ (y), are real and in the domain

of f
Step IV The set of values of y obtained in step 11l is the range of f.
Following examples will illustrate the above algorithm.

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Find the domain and range of the function f (x) given by f (x) = ; 2 :
=X
x=2
SOLUTION We have, f (x) = s
—-X

Domain of f: Clearly, f (x) is defined for all x satisfying 3 —x = 0 i.e. x # 3. Hence, Domain
(fy=R-{3}
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Range of f: Lety = f(x). Then,

y=;;2:¢ Jy—xy=x-2= x(y+1)=3y+2 = x=——3y+2
=54

y+1
Clearly, x assumes real values for all y except y + 1 =0i.e. y =—1.Hence,Range (f) = R —{-1}.
EXAMPLE 2 Find the range of each of the following functions:

: 1 = X ; 3
WD = = W f@ = 16-2° (i) f&) = —3 () f@) = ——
SOLUTION (i) We have, f(x) = = Clearly, f (x) takes real values for all x satisfying

Jx=5
x-5>0 = x>5 = xe(5, ©). Therefore, Domain (f) = (5, «).
For any x >5, we have

1
x-5>0= [x-5>0=> — > 0= f(x) > 0.
Jx=5

Thus, f (x) takes all real values greater than zero. Hence, Range (f ) =(0, ).
(ii) We have, f (x) =416 — x2. We observe that f (x) is defined for all x satisfying
16-x220= x> -16<0 = (x—-4) (x+4) <0 = —-4<x<4 = ve [-4,4]

] Domain (f) = [-4, 4].
Let y = f (x). Then,

y=\f16—x2 = 3,r2=16ax2 = x2=16-yr2 => x=\}16—y2
Clearly, x will take real values, if

16-4220= y?-16<0= (y-4)(y+49<0= -4<y<d = ye[-4,4]
Also, y=4/16- x%2 >0 for all x e[~ 4, 4]. Therefore, y <0, 4] forallxe[-4,4].
Hence, Range f) = [0, 4].
(iii) We have, f(x) =

We observe that f(x) takes real values for all x € R. Hence,

1+41-4y%
2_—.> xzy—x+y =0= x=—y
1idx 2y

Clearly, x will assume real values, if

1-1-:c2

domain (f) =R. Let y = f (x). Then,

y=fx=>y =

1—4y220 andy#0 = 4y2—150 and y#0 = y2~%50 and y=0

= (y—%)[ywlijso and y=0 = —%Sys% and y#0 = ye[—»%,%}—{O}
Also, y=0 for x =0. Hence, Range (f) =[— %, %}

Forf(x)tobereal,wemusthaveZ—xzatO = x # £42.

(iv) We have, f (x) = 5 E

7
Domain (f) = R —{-+2, ¥2}.Let f (x) =y. Then,
3

y=f(x):>y=232:>2y—x2y=3:>x2y:2y—3:>x=-_€-\j2y_
¥

We observé that x will take real values other than —v/2 and +/2, if
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22850 =5 yelis, ) w[B/2,5 [SesFikz. 3:5]
P + - s <
— o0 0 é =4}
2
Fig. 3.5 Signs of 211'5"_3
Hence, range(f) = (-« ,0) U [3/2, ).
2
EXAMPLE 3 Find the domain and range of the function f (x) = < 39
X -
x2 -9
SOLUTION We have, f(x)= %
x —_

Domain of f: Clearly, f (x)isnotdefined forx — 3 =01i.e. x = 3.Therefore, Domain (f) =R —{3}.

2
Range of f: Let f (x) =y. Then, f (x) =y = J:__: =y = x+3=y [re e 3]

It follows from the above relation that i takes all real values except 6 when x takes values in the
set R — {3}. Therefore, Range(f) = R —{6}.

: . . . 4
EXAMPLE 4 Find the domain and range of the real valued function f(x) given by f(x) = —Z
x—

4-x
x-4

SOLUTION We have, f(x) =

Domain of f: We observe that f (x) is defined for all x except at x =4. At x =4, f (x) takes the
indeterminate form%. Therefore, Domain (f) = R —{4}.

Range of f: For any x € Domain (f ) i.e. for any x # 4, we have

) = d-x —(x—94 _ — 1. Therefore, Range (f) ={-1}.
x-4 x—4

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLES5 Letf=4|x, 5
1+x

] 1x e R} be a function from R into R. Determine the range of f.
[NCERT]

_‘(2

22 +1

Domain of . Clearly, f (x)is defined forall x € R as x® + 1 # O forany x € R. So, Domain(f) = R.

Range of f: Let f (x) = y.Then,

SOLUTION We have, f(x) =

f) =y
2
x 4 2 5 2 Yy y
= =y=>x" =xy+y=>x(1l-y) =y= x° = x =+ |——
2 1 y Iy ¥ Yy Ty Ty
Clearly, x will take real values, if + = +
_l/ 20 _‘w 0 T ;
1-y

Fig. 3.6 Signs of %
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=

5_2 <0= 0<y<1= yel0,1) [See Fig. 3.6]
Hence, range(f) = [0,1).

EXAMPLE 6 Find the domain and range of the function f = {[x ; L ]: xeR, x==+ 1}.
1

1

1-x

SOLUTION We have, f(x) = =

Domain of f: Clearly, f (x) is defined for all x e R except for which x2-1#0ie x==%1.
Therefore, Domain of f = R —{-1,1}.
Range of f: Let f (x) = y. Then,

1 s 1 2 1 y-1 -1
(x)=y = =y=>l-x"=—=x=l-—=—= x==% |[~——
ey 1-%2 y y oy y-0
Clearly, x will take real values, if e - 4
y-1 e e 2
. Fig. 3.7 Signs of ¥=1
=4 y<0 or y21 = ye(-o,0) UL, ©) Y [SeeFig. 3.7
Hence, range (f ) =(-, 0) U[l, ).
1
XAMPLE 7 Find the domain and e of the functio X) = ——.
EXAMPLE ind the domain and range of the fi n f (x) P
SOLUTION We have, f (x) =——]_'—
2 —sin 3x
Domain of f: We know that
—-1<sin 3x <1 forall xeR
= —-1<-sin 3x <1 forallxeR
= 1 £2-sin3x<3 forallxeR [Adding 2 throughout]
= 2-sin 3x#0 foranyxeR = f(x) = 1 is defined for all x e R
2 —sin 3x

Hence, domain(f)=R.

Range of f: As discussed above
1< 2-sin 3x<3 forall xeR
1o b0
3 2-sin 3x

Hence, range (f) = [13 i 1}

<1 forall xeR = %Sf(a:)ﬁl forallxeR = f(x)e[lg, 1}

= EXERCISE 3.3
BASIC
1. Find the domain of each of the following real valued functions of real variable:
1 3x-2 2x +1

() f(x) = % (M f) = — i) f@)= (iv) f ()=

g x+1 ¥2_9
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2
W) fo = S 2L [NCERT]
x*—-8x+12
.

2. Find the domain of each of the following real valued functions of real variable:

@ f(0) = x-2 @) f(x) = ,——21 1 (ifi) £ (1) =y9-x2 (iv) f(¥) = ;:i
5 ;

BASED ON LOTS
3. Find the domain and range of each of the following real valued functions:
Q) £ = X0 i) £ = 20
bx —a cx—d
(i) f(x) = Jx-1 INCERT] (iv) f(x) = Jx-3
W =22 Vi) f(x) = [x-1] (NCERT]
(vii) f(x) =—|o [NCERT] (viii) f(x) =49 - x* [NCERT]
) 1 2
(ix) f(x)= (x) f(x)=+x"-16
V16 -x2
ot __ANSWERS
1. Domain 2. Domain Range
(ii) R -{7) (i) (—o, -1) (L, 2) (-0, -1 (0, )
(iii) R —{-1} (iil) [- 3, 3] [0, 3]
(iv) R-{-3,3 (iv) [2,3) [0, =)
(v) R-{2,6
3. Domain Range Domain Range
; a a i d a
SR s o &-{¢} gt
(iii) [1, =) [0, =) (iv) [3, ) [0, =)
(v) R-{2} =3 (vi) R [0, =)
(vii) R (=0, 0] (viii) [~ 3, 3] [0, 3]
6049 [5 ) (9 (~o0, ~4]0[4,%0) [0, =)
HINTS TO SELECTED PROBLEMS
2 2
Lw) fi= e ieee i ile s I g satisfying

2 -8r+12 (x-6)(x=2)
(x—6) (x —2) = 0i.e. x=2,6.Therefore, Domain (f) = R - {2, 6}
3. (ifi) f (x) =[x -1 is defined for all x satisfying x —120 i.e. x 21. So, domain (f) =[1, ).
Lety = \/ﬁ Clearly, y 20 for all x [1, ). So, range (f) =[0, «).
(vi) f(x)=|x-1| Clearly, f (x)is defined for all x € R. So, domain (fH=R.
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Also, f (x) =| x=1| 20 for all x € R. So, range (f) =[0, «
(vii) f(x) =—| x|.We observe that f (x) is defined for all x € R. So, domain (f) = R.
Also,| x| 20forallxeR = —|x|<0forallxeR= f(x)<0forallxeR.

So, range (f) = (- =, 0].

(viii) We have, f (x) = m . Clearly, f (x) takes real values if
9-x>20=2x%-9<0= (x-3)(x+3)<0 = xe[-3, 3]
Domain (f) =[- 3, 3]

Also, f (x) =4/9 — 22 > 0forall x e[~ 3, 3].

Lety =+/9 — Theny =9- x:>r2+J =9 => x = 9—y2
Clearly, x R, if y €[~ 3, 3]. But, y = 0. Therefore, y €[0, 3]. Hence, range (f) =[0, 3]

3.7 SOME STANDARD REAL FUNCTIONS AND THEIR GRAPHS

In this section, we shall discuss some standard real functions which frequently occur in the
study of calculus.

CONSTANT FUNCTION If k is a fixed real number, then a function f(x) given by
f(x) =k for all x € R is called a constant function.

Sometimes we also call it the constant function k.

We observe that the domain of the constant function f (x) = k is the set R of all real numbers and
range of f is the singleton set {k}.
The graph of a constant function f (x) = k is a straight line parallel to x-axis (See Fig. 3.8) which is

above or below x-axis according as k is positive or negative. If k =0, then the straight line is
coincident to x-axis.

YA
Y A o
)
P N
M=% < >
k X o X
% g X
Y\ Y'v
Fig. 3.8 Constant function Fig. 3.9 Identity function

IDENTITY FUNCTION The function that associates each real number to itself is called the identity
function and is usually denoted by I.

Thus, the function I : R — R defined by 1 (x)=x for all x € R is called the identity function.
Clearly, the domain and range of the identity function are both equal to R.

The graph of the identity function is a straight line passing through the origin and inclined at an
angle of 45° with X-axis.
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MODULUS FUNCTION  The function f(x) defined by f(x) =| x| ={ X, uhenx 20 o iad v

-x , whenx <0

modulus function.

It is also called the absolute value function. Y 4

We observe that the domain of the modulus function is the set R of all o i

real numbers and the range is the set of all non-negative real numbers |

ie. R* ={xeR:x20). ;{ = >X
The graph of the modulus function is as shown in Fig. 3.10. for

x =0, the graph coincides with the graph of the identity function i.e. ¥y

the line iy = x and for x <0, it is coincident to the line y =—x. Fig. 3.10 Modulus function

PROPERTIES OF MODULUS FUNCTION The modulus function has the following properties:

(a) For any real number x, \/:w:ﬁ2 =|=|.

T
3 cosx , 0<sx<—
For example, \/cos” x = |cos x| = o 2
—Cosx, —<x<m
2
(b) If a, b are positive real numbers, then
() x*<a®> o |¥|£a <& —-a<x<a (i) x> 20% & |x|2a < x<-agor,x2a

2

(iii) 2 <a® © |x|<a & -a<x<a (iv) 22 >a®

< |x|>a © x<—aor,x>a
(v) <x?<h? o a<|x|<b o xel-b,—alula,b]
(vi) a* <x? <b* & a<|x|]<b < xe(-b,-a)u(a,b)

(c) For real numbers x and y, we have
(@) |x+y| =|x|+|y] < (x=20and y=20)or, (x <0 and y <0)

() |x-y| =|x|-|y| © (x20,y20and|x|2|y|) or, (x<0,y<0and|x|2|y|)
(i) | x=y] <[ x|+ y]

@) |22yl 2|lx] |y
GREATEST INTEGER FUNCTION (FLOOR FUNCTION) For any real number x, we use the symbol
[x]or, | x |to denote the greatest integer less than or equal to x. v 4
For example, [275] = 2,[3] = 3,[074] = 0,[-745] = -8
etc.
The function f: R — R defined by f (x) = [x] forallxeR is : -
called the greatest integer function or the floor function. y o s
It is also called a step function. O g T S 3
Clearly, domain of the greatest integer function is the set R of _o—c :;’
all real numbers and the range is the set Z of all integers as it
attains only integer values.

v

The graph of the greatest integer function is shown in
Fig 3.11.

PROPERTIES OF GREATEST INTEGER FUNCTION  Ifn s an integer and x is a real number between n
andn +1, then

Fig. 3.11 Greatest integer function

@) [-n] = -] (i) [x+k] = [x]+k for any integer k.
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(iti) [-x] = —[x]-1 (iv) [x]+[-x] = {_(1) : ﬂfﬁ%

2[x] + 1, ifxeZ

(v) [x]-[-x] = {Z[x] fxe? (vi) [x] 2k = x 2k, wherek e Z

(vii) [x] €k = x<k+1, wherekeZ (viii) [x] >k = x>k+1,werekeZ

(ix) [x] <k = x<k, wherekeZ (x) [x+y] = [x]+[y+x-[x]] forallx,yeR

(xi) [x}+[x+}l—1]+[x+%:|+...+[x+n_1} = [nx],neN.

n n

SMALLEST INTEGER FUNCTION (CEILING FUNCTION) For any real number x, we use the
symbol [x7] to denote the smallest integer greater than or Y A
equal to x.

For example, [477=5,[-7.2]=-7,[5]=5,[075] =1 etc.

The function f:R — R defined by f(x)=[x]for allxeR is —
called the smallest integer function or the ceiling function.

»e A

It is also a step function.

We observe that the domain of the smallest integer function
is the set R of all real numbers and its range is the set Z of all

integers. The graph of the smallest integer function is as Y v
shown in Fig. 3.12. Fig. 3.12 Smallest integer function

PROPERTIES OF SMALLEST INTEGER FUNCTION Following are some properties of smallest
integer function:

() [-#]=-[n], whereneZ i) [~x]= ~[x]+1, wherexeR~Z
(iii) [_I+?T-|= |_I.|+n, wherexeR-Zand neZ

i i 2[x]-1, ifxeZ
Y R oL

FRACTIONAL PART FUNCTION For any real number x, we use the symbol {1} to denote the
fractional part or decimal part of x.

For example, [3.45]=045,[-275]=0.25, [-055] =045, Y T
[3]=0,[-7]1=0 etc. 1
\

The function f : R — R defined by f (x) ={x| for all x € Ris
called the fractional part function. / . / /: / /
We observe that the domain of the fractional part functionis < /]

B T (AP REE X
the set R of all real numbers and the range is the set [0, 1).
It is evident from the definition that f(x)={x =x—[x] |
for all x e R v v
The graph of the fractional part function is as shown in Fig. 3.13 Fractional part function

Fig. 3.13.
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m () 1 ’ x>0
SIGNUM FUNCTION  The function fdefined by f(x)={ x ' or, f(x)=4 0, x=0
0 , x=0 -1, x<0

is called the signum function.

The domain of the signum function is the set R of all real numbers and the range is the set
{-1, 0, 1}. The graph of the signum function is as shown in Fig. 3.14.

Y A YA
y=a%a>1
oy /
«—[0,1)
X 0 X X X

 (0,-1) |

|

vY vY )
Fig.3.14 Signum function Fig. 3.15 Exponential function f (x) = a* fora > 1

EXPONENTIAL FUNCTION Ifais apositive real number other than unity, then a function that associates
each x e R to a* is called the exponential function.

In other words, a function f: R — R defined by f (x) =a", wherea>0and a =1 is called the
exponential function.

We observe that the domain of an exponential function is R the set of all real numbers and the
range is the set (0, <) as it attains only positive values.

Asa>0and a # 1. S0, we have the following cases:

Case I When a>1: We observe that the values of y =f (x) =a” increase as the values of x

increase.
<1 forx<0
Also,., f@)i= " {=1 forx=0
>1 forx>0.
Thus, the graph of f (x) =a” for a > 1 as shown in Fig. 3.15.
We also observe that:
2¥ <3* <4¥ <...forallx>1
2¥=3"=4"=, . =1forx=0
2% 8% st s . forally <l
So, the graphs of f (x) =2%, f (x) = 3%, f (x) =4 etc. are as
shown in Fig. 3.16.

Case I When 0<a<1: In this case, the values of
y =f(x) =a* decrease with the increase in x and y > 0 for

all x e R. 1
Also, ¥
[>1 forx<0O i
¥ =fl) =4q° £=1 forx=0 Fig. 3.16 Graphs of exponential functions
<1 forx>0
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Thus, the graph of f (x) =a” for 0 <a <1 is as shown in Fig. 3.17.

y=a*,0<a<l &
o
\ y=(%)xy_(4) AY
1\x
v=(3)
$ -4
X 0 X =2
X X ©, 1)% _(1)x
/y_ 3
=LY
4= (4)
< —>
X o X
vY )
Fig. 3.17 Graph of exponential function £
fx)=a*for0<a<1 Fig. 3.18 Exponential functions

The graphs of f (x) =a*, 0 <a <1 for different values of a are shown in Fig. 3.18.

REMARK 1 We have, 2 <e < 3. Therefore, graph of f (x) =e* is identical to that of f (x) =a* fora>1
and the graph of f(x) =™~ is identical to that of f(x)=a" for 0 <a<1.

LOGARITHMIC FUNCTION If a>0 and a#1, then the function defined by f (x) =log, x, x>0 is
called the logarithmic function.

We have learnt that the logarithmic function and the exponential function are inverse functions
ie log, x=y < x=a".

We observe that the domain of the logarithmic function is the set of all non-negative real
numbers i.e. (0, ») and the range is the set R of all real numbers.

As a>0and a # 1. S0, we have the following cases.

0 forO0O<x<l1
0 forx=1
>0 for x>1

A

Casel When a>1: In this case, we have y =log, x

Also, the values of y increase with the increase in x. So, the graph of y =log, x is as shown in
Fig.3.19.

Y T YA
flx)=log, x
a>1
(1,0
< > o 0
'l ol (L0 X X X
| fslog
Y vV y'v  O<a<l

Fig. 3.19 Logarithmic function f (x) = log,, x fora >1 Fig. 3.20 Logarithmic function f(x) = log,, x for O<a<1

>0 for 0<x<1
Casell When 0 <a<1: In this case, wehave y=log, x {= 0 forx=1
<0 forx>1
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Also, the values of i decrease with the increase in x. So, the graph of y =log, x is as shown in
Fig. 3.20.

PROPERTIES OF LOGARITHMIC FUNCTION Following are some useful properties of
logarithmic function:
(i) log,1 = 0, wherea>0,a=1
(ii) log,a =1, wherea>0,a=1
(iii) log, (xy) = log,| x|+ log,|y|, wherea>0,a=1and xy >0
(iv) log, (f] =log,| x| -log,|y|, wherea>0,a=1 and X >0
y Yy
(v) log, (x") = nlog,| x|, wherea>0,a#1andx" >0
(vi) log , 2" = Zlog, x, wherea>0,2#1and x>0
n

(vii) xl%8ay - yl°8a¥ wherex>0,y>0,a>0, a1

(viii) If @ >1, then the values of f (x) =log, x increase with the increase in x.

<0 forO<x<l1
e x<y <« log,x<log,y. Also, log,x {=0 forx=1
>0 forx >1.

(ix) If 0 <a <1, then the values of f (x) =log, x decrease with the increase in x.

>0 forO<x<1
ie x<y < log, x>log, y. Also, log, x =0 forx=1
<0 forx>1

(x) log, x = fora>0,a#landx>0,x=1.

log, a
REMARK 2 Functions f (x) =log, x and g (x) =™ are inverse of each other. So, their graphs are mirror
images of each other in the line mirror y = x.

RECIPROCAL FUNCTION The function that associates a real number x to its reciprocal 1/x is
called the reciprocal function. Since 1/x is not defined for x = 0. So, we define the reciprocal
function as follows:

DEFINITION The function f:R —{0} — R defined by f(x) = 1 is called
X

the reciprocal function. X

Clearly, domain of the reciprocal function is R — {0} and its range is v

also R - {0}.

We observe that the sign of 1 is same as that of x and 2 decreases v
x X /Y

with the increase in x. So, the graph of f(x) =— is as shown in Flg:: 221 Reciprocal lundtion

Fig. 3.21. &

SQUARE ROOT FUNCTION The function that associates a real number x to + v/x is called the
square root function. Since vx is real for x > 0. So, we defined the square root function as follows:

DEFINITION The function f : RT — R defined by f (x) =+ x is called the square root function.
Y q

Clearly, domain of the square root function is R™ i.e. [0, ) and its range is also [0, ).
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We observe that the values of f (x) =+ +/x increase with the increase in x. So, the graph of
f (x) =+ «x is as shown in Fig. 3.22.

YA Y A
=21
y x y = _1:2
w > <
X 0 X X (o] X
Y V . N
Fig. 3.22 Square root functicn Fig. 3.23 Square function

SQUARE FUNCTION  The function that associates a real number x to its square i.e. x* is called
the square function. Since x2 is defined forall x € R. So, we define the square function as follows:
DEFINITION = The function f : R — R defined by f (x) = x2 is called the square function.

Clearly, domain of the square function is R and its range is the set of all non-negative real
numbers i.e. [0, «). The graph of f (x) = x%is parabola as shown in Fig. 3.23.

CUBE FUNCTION The function that associate a real number x to its cube is called the cube
function. We observe that x® is meaningful for all x € R. So, we define the cube function as
follows:

DEFINITION The function f : R — R defined by f (x) = x3 is called the cube function.

We observe that the sign of x% is same as that of xand the values of x° increase with the increase
in x. So, the graph of f(x) = x3 is as shown in Fig. 3.24. Clearly, the graph is symmetrical in

opposite quadrants.

YA YA
y=2 gl
G >
X o X b'd (e} ¥ 0
|
Y v V' 4
Fig. 3.24 Cube function Fig. 3.25 Cube root function

CUBE ROOT FUNCTION The function that associates a real number x to its cube root xV/ 3 is
called the cube root function. Clearly, x1/3 is defined for all x € R. So, we define the cube root

function as follows:
DEFINITION  The function f : R — R defined by f (x) = xY 3 is called the cube root function.

Clearly, domain and range of the cube root function are both equal to R.
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Also, the sign of x¥3 issame as that of xand xlj 3 increase with the increase in x. So, the graph of
f (x) =x"3 is as shown in Fig. 3.25.

REMARK 3 A function f: R — R is said to be a polynomial function if f (x) is a polynomial in x. For

example, f (x) = x2—x+4,8(0)= x3 + 3x% + V2 x —1 etc are polynomial functions.

REMARK 4 A function of the form f (x) = B%, where p (x) and q (x) are polynomials and q (x) # 0, is
q(x

called a rational function. The domain of a rational function f (x) = % is the set of all real numbers,
q(x

except points where g (x) = 0.

3.8 OPERATIONS ON REAL FUNCTIONS

In this section, we shall introduce various operations, namely addition, subtraction,
multiplication, division etc. on real functions.

ADDITION Let f:Dy — R and g:Dy —> R be two real functions. Then, their sum f + g is defined as
that function from Dy 0\ Dy to R which associates each x € Dy M D; to the number f (x) + g (x).
In other words, if f:D; — R and g:D, — R are two real functions, then their sum f + g is a
function from Dy m D, to R such that

(f+9 () =f(x)+g(x) forallxeDjnD,.
PRODUCT Let f:D; — R and g:Dy — R be two real functions. Then, their product (or pointwise
multiplication) f g is a function from Dy N D, to R and is defined as

(f9)(x) = f(x)g(x) forallxeDy Dy
DIFFERENCE (SUBTRACTION) Let f:Dy — R and g:Dy — R be two real functions. Then the
difference of g from f is denoted by f — g and is defined as

(f-9 () =f(x)-g(x) forallxeDy;nD,
QUOTIENT  Let f : Dy — Rand g: Dy — R be two real functions. Then the quotient of f by g is denoted
by f and it is a function from Dy "Dy —{x: g (x) =0} to R defined by
§
(i (x) =M forallx eDy MDy —{x:g(x) =0}
g g ()
MULTIPLICATION OF A FUNCTION BY A SCALAR  Let f : D — R ba a real function and o be a scalar

(real number). Then the product a. f is a function from D to R and is defined as
(af)(x) = af(x) forallx eD.

RECIPROCAL OF A FUNCTION If f :D — R is a real function, then its reciprocal function jl_r isa

el
flx’

REMARK 1 The sum, difference product and quotient are defined for real functions only on their common
domain. These operations do not make any sense for general functions even if their domains are same,
because the sum, difference, product and quotient may or may not be meaningful for the elements in their

common domain.

function from D —{x: f (x) =0} to R and is defined as [}l—c] (x)=
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REMARK 2  For any real function f :D n R and n € N, we define

(fffore /) (X) = fx) f(X) ... f(x) = (f (X)" forallxeD

n—times n-times
ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Find the sum and difference of the identity function and the modulus function. [NCERT]

SOLUTION We know that f: R — R defined by f(x) = x is the identity function and g: R — R
defined by g(x)=|x| is the modulus function. Clearly, f and ¢ have the same domain.
Therefore, f + g: R — R and f —¢: R — R such that

ifx=0 ifx>0
o = g9 = velxl ={315 0 205 HE20

c— ifx>0 i
and, (f—g)(x)=f(x)—g(x)=x—lx|={x_’(‘_,3j Nk Pl 5

Thus, f+g:R—>Randf-g:R — R aredefined as

2x , ifx>=0 sy el
(f+g)(x)={0' ifx<0 and'(f_g)(x)‘{zx, if x <0

EXAMPLE 2 What are the sum and difference of the identity function and the reciprocal function?
[NCERT]

SOLUTION Let f and g denote respectively the identity function and the reciprocal function.

Then, f:R »Randg:R —{0} - R such that f(x)=x forallxeR and, g(x) =—1— for all
X

x &R —{0). The domains of f and g are R and R - {0} respectively. Also, we haveR AR - {0)
= R —{0}. Therefore, f + ¢: R - {0} = R and f —g: R — {0} - R are given by

(f+8)(x) = f(0) +5g(x) = x+§ and, (f-9) (¥) = f(¥) -g(x) = x—%

EXAMPLE3 Let f:[2,0) - R and g:[-2, ®) — R be two real functions defined by f (x) = /Jx -2
and g (x) =./x+2. Find f + gand f — g.

SOLUTION Let Dj =[2, ) and Dy =[-2, ). Then, D1 "D, = [2, »). Thus, f + g:[2,0) >R
and f - ¢:[2, ) — R are given by

(f+Q@=f(x)+g(x)=Jx-2+ /x+2 forallxe[2, «)
and, (f-g@)=f(x)-g(x)=yJx-2-/x+2 forallxel2, x)

EXAMPLE 4  Find the product of the identity function and the modulus function.
SOLUTION Let f and g denote respectively the identity function and modulus function. Then,
fiR — R such that f(x) =x forallx and, g:R — R such that g(x) =| x| forallx. Clearly,
f and g have the same domain. Therefore, the product f g is a function from R to itself and is
given by

x2, ifx20

9@ =fg= -’flxl={ 2, ifx<0

—_ x ’
EXAMPLE 5 Find the quotient of the identity function by the modulus function.

SOLUTION Let f and g denote respectively the identity function and the modulus function.
Then, f:R — Risdefined as f (x) =x and, g: R — Risdefined as g (x) = | x|.Clearly, f and g
have the same domain.
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And, g(x)=0= |x|=0= x=0
f

Therefore, the quotient of f by gi.e. - is a function from R —{0} — R and is defined as
8

[fJ(x)*M=i=
g(x) |x| L oy
ik

EXAMPLE 6 Find the product of the identity function and the reciprocal function.
SOLUTION Let f and ¢ denote respectively the identity function and the reciprocal functmn
Then, f: R — Risdefined as f (x) =x for all x e Rand, g: R —{0} — R is defined as g (x) =L for

all x e R —{0}. We find that Domain (f) m Domain (g) = R n R {0} =R —{0}. Therefore, the
product fg is a function from R — {0} to R and is defined as

(fg)(x)zf(x)g(x):xx-};:'l for all x € R — {0}

Thus, fg: R —{0} = R is given by (fg) (x) =1 for all x e R —{0}.

EXAMPLE 7 Find the quotient of the identity function by the reciprocal function.

SOLUTION Let f and g denote respectively the identity function and the reciprocal function.
Then, f: R - Risdefined as f (x) =x forallx eR and, g:R - {0} - R is defined as g (x) =§ for

allx € R —{0}. We find that Domain (f ) » Domain (g) =R n R —{0} =R —{0}.And, g (x) # 0 for
any x € R —{0).

i15afuncl-lonfromR—{0]—>Raru:l1sgm=:nby(f]() f® . g,
8 £ g 1i/x

Hence, i :R —{0] = R is given by[i)(x) =x2 forallxeR —{0}.
g 8
EXAMPLES Letcbe a non-zero real number and f:R — R be a function defined by f (x) =
forall x eR. Find (i) of (i) c*f (iii) (—) ¥,
SOLUTION Clearly, cf, c ¢ and( ) f are functions from R to itself such that

) (cf)(x)=cf(x)=cx§=x for all x e R

(i) (czf)(x)=czf(x)=c2x—§=cx for allx eR

(i) [[%Jf] (x) =G)f(x) =%x % =Ci2 for all x € R.

EXAMPLEY Let f and g be two real functions defined by f(x) =

1 7 and g(x) =(x + 4)3.

Find the following: (i) f+g (i) f-g (i) fg (iv) fE v) 2f (vi) 17 (vii) 1;

SOLUTION We observe that f(x) = 1 7 is defined for all x # — 4. So, domain (f ) =R —{-4}.
X+

Clearly, g (x) =(x + 4)3 is defined for all x € R.So, domain (g) = R. We find that
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Domain (f ) m Domain (g) =R —{~ 4}. Therefore,
: . maE 3 (1+4) +1
(i) f+g:R-{-4 > Risgivenby (f +g) (x) = =f(x)+g(x)= +(x+4) T
X
1-(x + 4)*

) fgiR <fil) <> Riis defined us (f——g)(x):f(x)~g(x)=—1'——(x+4)3 -
x+4 x+4

(i) fg:R —(-4) - Ris given by (f2) (x) = f(x) g(x) = 14x(x+4)3=(x+4)2

(iv) (=0 = (x+4%=0= x=-4

Domain (g} =Domain (f ) " Domain (g) —{x:g (x) =0} = R —{-4). Therefore,

A

§3R"{—4! — R is given by (]‘;J(x) PP 1 C. [

g®  (x+4)?
(v) 2f:R—(~4 - Risgivenby (2f)(x) = 2(f (¥)) = 24forallxeR—{—4}.

(vi) We observe that f (x) # 0 for any x € R — {~ 4}, Therefore, % ‘R —[-4 — Ris given by

.
F f(x) U(x+4)

(vii) We observe that g (x) =(x + 4)3 =0 for x = — 4. Therefore, L R —{-4) - Risgivenb
g < g ¥

(lJ(x)ng 1
g g®  (x+4)°

EXAMPLE 10 Let f and g be real functions defined by f (x) =[x + 2 and g (x) =4 - 2, Then, find
each of the following functions:

(i) f+g @) f-g @) fg  (@v) % v) f (vi) g8

SOLUTION We have, f(x)=.,/x+2 and g(x) = \/4 ~x2, Clearly, f (x) is defined for all x
satisfying

x+220 = x2-2 = x e[-2, ®).Therefore, Domain (f ) =[- 2, «)
We observe that g (x) is defined for all x satisfying
4-x220 = 2% -420 = (x-2)(x+2) <0 = xe[-2, 2]. Therefore, Domain (g) =[- 2, 2].
We find that: Domain (f ) m Domain (g) = [-2, ) n[-2, 2] = [-2, 2]. Therefore,

(i) f+8:[-2,21 > Risgivenby (f+8) (x) = f(x)+g(x) = Jx+2+ [ 132

(if) f-g8:[-2,21 > Risgivenby(f -g) (x) = f(x)-g(x) = Jx+2 —y4—x2
(iii) fe:[-2, 2]—>R1s given by

() () = FAgE = T+ 2Zx4-22 = Jx+222-2) = (x+2) 2%

(iv) We have, g(x) = /4 — x2. Therefore, g(x) =0= 4 ~x2 =0= x = +2 Therefore,

Domain(ij =[-2,2]-1-2,2) =(-2,2)
8
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Thus, f—( 2 2)—>Rlsg1venby( J() (I L
g 8

8 (%) \/4—.1'2 y2-x

(v) Since domain (f) =[-2, »). Therefore,

() () = f(0) = [f@OF = (Jx+2)% = x+2forallx e[-2, »)

(vi) Since domain (g) =[-2, 2). Therefore,

2
(g9) (x) = (¥ g(x) = [gP = [,/4_xzj = 4-x*forallx e[-2,2]

EXAMPLE 11  Let f be the exponential function and g be the logarithmic function. Find:

@ (f+8 M (i) (f2)(1) (iii) (3 f) (1) (iv) 58 ()

3.29

SOLUTION We have, f:R — R given by f(x) =e* and, g:R" — R given by g (x) = log, x.

(i) We find that: Domain (f ) » Domain (g) =R "R* = R*.Therefore, f +§:R" = Ris

given by
(f +8)(x) = f(x) +g(x) = e* +log, xforallx eR”
= (f+@M) =cl+log,l=e+0 =

(ii) Domain (f ) » Domain (§) = R R* = R*. Therefore, fg: R* — R is given by

(fR)(x) = f(x)g(x) = e*.log, x = (fg)(1) = el xlog,1 = ex0=0

(iii) Clearly, (3 f) () = 3(f (x)) = 3e*. Therefore, (3f) (1) = 3e! =

(iv) Clearly, (5¢) (x) = 5(g(x)) = 5 log, x. Therefore, (5g)(1) = 5log,1 =5x0

BASED ON LOWER ORDER THINKING SKILLS (LOTS)
EXAMPLE 12 Find the domain of each of the following functions given by

@ f(x) = [NCERT EXEMPLAR] (i) f (x) =
vx -] x| x+| x|
1 : 3 1
(iii) f(x) = ﬁ (iv) f(x) = —x+[x]
SOLUTION (i) We have, f(x) = %.We know that | x| = { i i
x-|x =0,
_[x-x=0 , ifx=0
=[= r+x=2x , ifx<0
= x—|x|<0 forallx
=¥

Jr=Txl

Hence, Domain(f) = &

i 2
(ii) We have, f(x) = x if x>0

- e <0

.We know that | x| = {
+| x|

b e i . L [2an  ifxel
x+|x| = x—-x , ifx<0 = i = 0, ifx<0

Thus, f(x) =ﬁ

Hence, Domain(f) = (0, ).

assumes real values, if x +| x| > 0 = x>0 = x (0, «).

= 0.

[NCERT EXEMPLAR]

does not take real values for any x e R = f (x) is not defined for any x € R.

(i)

[Using (i)]
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(iii) We have, f(x) = 11 T We know that 0 <x-[x]<1 for all xeR. Also, x —[x]=0
x —[x

for x € Z. Thus, f (x) = ——— is defined, if
x —[x]

x-[x]>0= xeR-Z [+ x-[x]=0forxeZandO<x-[x]<lforxeR -Z]

Hence, Domain(f ) =R - Z.

(iv) We have, f (1) = ———.We know that
x + [x]

x+[x] >0 forallx>0
x+[x] =0 forx=0 (D)
x+[x]< 0 forallx<0

Clearly, f (x) = \/ﬁ—[x]-

that, Domain (f ) =(0, ).
BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

is defined for all x satisfying x + [x] > 0. Therefore, from (i), we find

EXAMPLE 13 Find the domain of definition of the function f (x) given by

f(x) = logy {10g5 [108’3 (18x - x* —77J

SOLUTION We have, (x) = log, 110g5 [log3 (18x — x* —7’7)] .Since log, x is defined for all

x > 0. Therefore, f (x) is defined if
logs {log 3 (18x — x? -77))>0and 18x —x2 -77 >0

= logs (18x—x2—77)>50 and x> -18x+77 <0
= logs (18x—x*-77) >1 and (x-11)(x-7) <0
= 18x—x>-77>3! and 7 <x <11
= 18x-x>-80>0 and 7 <x <11

= x*>-18x+80<0 and 7 <x <11
= (x-10)(x—8)<0 and 7 <x<11 = 8<x<10 and 7<x <11 = 8<x <10 = x(8,10).
Hence, the domain of f (x) is (8, 10).

EXAMPLE 14 Find the domain of definition of the function f(x) given by f(x) = 1
og

SOLUTION We have, f (x) e ot M col +./x+2. Let g (%) =———-1——— and h(x) =,/x+ 2.
logw (1 —x)

Then, f (x) = g (x) + 1 (x). Therefore, Domain (f ) = Domain (g) » Domain (k).

Now, g(x) = =t is defined for all x for which logqq (1 - x) is defined and
logyg (1 -x)

log1p(1-x)#0= 1-x>0andl-x#1= x<landx#0 = xe(-,0)w(0,1)

Domain (g) = (-, 0) w(0,1).
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And,: h(x) = m is defined for all x satisfying x+220 = x2-2 = xe[-2, x).
Domain (h) = [-2, ).
Hence, Domain (f) = Domain (g) mdomain (1) = (-, 0) U (0,1) n[-2,%) = [-2,0) v (0,1)
EXAMPLE 15 Find the range of each of the following functions:
(i) f(x)=]x-3| [NCERTEXEMPLAR] (i) f(x)=1-|x-2| [NCERT EXEMPLAR]

(iii) f(x) = |x :l [NCERT EXEMPLAR]

SOLUTION (i) We have, (x) =|x—3]|. Clearly, f(x) is defined for all x € R. Therefore,
Domain (f) = R.We find that

|x-3|>0forallxeR
= 0<|x-3|<wforallxeR = 0<f(x)<w foralxeR = f(x)e [0,o) forallxeR
Hence, Range (f) = [0, ).

(ii) We have, f(x) = 1-|x-2|. We observe that f (x) is defined for all x € R. Therefore,
Domain (f) =R.

Now, 0<|x-2|<w forallxeR

= —w< —|x-2|<0 forallxeR

— —w<l—-|x-2|<1 forallxeR = —w<f(x)<1 forallxeR = f(x)e(-w»,1]

Hence, Range(f)=(-0,1]

(iii) We have, f(x) = @.Cleaﬂy, f(x) is defined for all x € R except at x = 4. Therefore,
x_

Domain (f ) =R —{4}. We find that

B2 aq s
f(x) _lx=4] | x-4
x-4 _('1“44) =-1, ifx<4
x_

Thus, f(x) takes only two values —1 and 1. Hence, Range (f)=(-1, 1}.

EXAMPLE 16 Find the domain and range of each of the following functions given by

0@ = == i) f() = 1-|x-3]

SOLUTION (i) We have, f(x) =

1
x—[x]
Domain of f: We know that0<x —[x]< 1forallx eRand, x —[x]=0 forx e Z.

O<x-[x]<lforallxeR-Z = f(x)= xl[ ]
A X=X

exists forallx e R - Z.

Hence, Domain (f) = R - Z.

Range of f: As discussed above
O<x-[x]<lforallxeR -Z

= 0< Jx-[x]<lforallxeR-Z

= 1<~1—[] < wforallxeR-Z = 1<f(x) <o forallxeR -Z = Range(f) = (1, »).
x-[x
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(i) Wehave, f(x) = 1 —|x - 3|.Clearly, f (x) is defined for all x € R. Therefore, Domain(f) = R.
Range of f: For any x € R, we find that

|x-3|20= —-|x-3|s0=>1-|x-3|<l= f(x) £l = f(x) e(~wo,1]
Hence, Range(f) = (-o,1].

EXAMPLET?7  Find the domain of the real function f (x) defined by f (x) = ;_ll xll.
V2-|x

SOLUTION We have, f(x) = ; _Ii L. || We observe that f (x) is defined for all x satisfying
-|x
;_||x||20. :w 0 1 _2 +;
P, x o
Fig. 3.26 Signs of %% for different values of | x|
1-| x| | x| -1 ’
Now, ——20=  ——20=|x|<1 or,|x|>2 [ See Fig. 3.26]
2—| x| | x| -2
= xe[-1,1]or, x (-0, -2) U(2,0) = xe(-n,-2)U(2, o) v[-1,1]
Hence, domain (f)=(-c,-2)w (2, «)v[-1,1]
EXAMPLE 18 Find the domain of the function f given by f(x) =——— [NCERT EXEMPALR]
< -[x]-6
1
SOLUTION We have, f(x) = ————
VI -6
Clearly, f(x)is defined for all x satisfying < + = oy
@ =0 3 ®
[x]* ~[x]-6 >0 _ . .
Fig. 3.27 Signs of [x]? —[x] -6 for different values of x
— (Ix]-3) ([x]+2)>0
= [x]<-2or[x]>3
=5 xe(-w,-2)or xel4,0) = xe(-w0,-2) U [4, x)

Hence, domain (f) = (-0, = 2) U [4, ).

EXERCISE 3.4

BASIC
1l Findf+g, f-g cf(ceR,c=0), fg, Jl_r and j—rin each of the following:
8
(i) f(x) =x3+1 and g(x)=x+1 (i) f(x)=yx-1and g(x) =,/x+1.
2. Let f(x)=2x+5 and g(x) =x? + x. Describe (i) f + g (ii) f - g (iii) fg (iv) f/g. Find the
domain in each case.
3 | ‘e o = [ 2R g
« If f(x) be defined on [- 2, 2] and is given by f(x) = ) lexz
and g(x) = f(| x|) +| f(x)|. Find g(x).
4 Letf, ¢ be two real functions defined by f (x) =.,/x +1 and g (x) =4/9 —x2. Then, describe
each of the following functions:

0
2

(i) f+g (i) g - f (i) f g (iv) f/g
4 o) 2f —Bg i) f2eTf i)
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2

6.

~1

If f (x) =log, (1 —x) and g (x) =[x], then determine each of the following functions:

. N T AT
£ (iv) &
(i) f+g (ii) fg (iii) p iv 7
; il g1
Also, find -1), 0,l=1l=1.121l=]1.
so, find (f + ) ( )(fg)(){g](zj [f](zj
BASED ON LOTS

If f, g, hare real functions defined by f (x) =, /x +1, g (x) = = and i1 (x) = 2x2 - 3, then find
x

the values of (2 f + g —h) (1) and (2 f + g — h) (O).

1-x,x<0
The function f is defined by f (x) = {1 , x=0. Draw the graph of f (x). [NCERT]
x+1,x>0

Letf, g:R — R be defined, respectively by f (x) =x +1,8(x) =2x-3.Find f +g, f—gand i
g

[INCERT]

9. Let f:[0,w)>R and g:R—>R be defined by f(x)=+vx andg(x)=x
Findf+g,f-g, f¢ and ﬁ [NCERT]

10. Let f(x) =x? and g(x)=2x+1 be two real functions. Find (f + g) (x), (f — ) (%), (fg) (x)
and [ﬁj(x). [NCERT]
ANSWERS

1

-

(i) f+g:R—>Rgivenby(f+g)(x)=x3+x+2
f-8:R—>R givenby(f-g) (x) = x3—x
of :R > R given by (¢f) (x) = ¢ (x> +1)
fg:R >R given by (f2) (x) =(x + )% (x> —x+1)

:R - {-1} - R given by(%](x) =ﬁ

0Q I~ (M

:R—-{-1} = R given by(i](x);rz +x+1
8

() f+g:[1,o) >R definedby(f+g)(x) = Jx-1=% /x+1
cf :[1,0) > R defined by (cf ) (x) =c \Jx -1
fg:[1,0) > R defined by (fg) (x) = /x> -1

L . )

)—f.(l, ) > R defmedby[f}(x) —
L ,0) >R definedby{iJ(x)= i
g g x+1

(i) (f+g)(x)=x2 4+ 3x +5 dom (f +¢)=R (ii) (f—g)(x)=5+x—x2; dom(f -g)=R
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(iil) (fe)(x) = 2x3 +7x2 + 5x;dom (fg) =R (iv) (é}(x) = 2; L , dom ({;] =R -{0,1}

X"+ X

{ —x, —2<x<0

3. g(x)= 0, O<x<l

Ax-1), 1=xs2

i, () f+g:[-1, 31— R defined by (f + ) (¥) =[x +1 + {9 —x2
(i) g—f:[-1, 31> R defined by (g - f) (x) =4/9 - x* - Jx + 1

(iii) fg:[-1, 3] > R defined by (fg) (x) = /9 + 9x —x? — x>

@) Lo, 3]—>Rdefinedby(£](x)= ’x+12

8 8 9—x
(181 R deltredig| 2 | = P=%
e 7 i Y x+1

(vi) 2f =5 g:[=1, 3] > R defined by (2f — /5 ) (x) =2 \x + 1 —/45 —5x?
(vii) f2+7 f:[-1, ®) - R defined by (f> +7f) (x) =x +1+7 Jx +1

5
9 — x2

(v)

[0

(viil) 2:( 3, 3) - R defined by (5] ()=
g g

5. (i) f+g:(-=,1) > R defined by (f + g) (x) = log, (1 -x) +[x]
(i) fg:(-o,1) - Rdefined by (f g) (x) = [x]log, (1 -x)
fJ( )=10ge(l_x)

(iii) f :(= =, 0) > R defined by (m X
g 8 [x]

e B . 8oy [
(iv) J—r.( w,0)uw(0,1) =R defmedby{f](x) ()

(f+8)(-1) = log,2-1 and, (f)(0) =0, (%J(%)doesnotexist [%](;j=0

6, 2 (\/E +1), 0, does not exist.
8. f+g:R >R definedby (f +g)(¥)=3x-2;, f —g:R — R defined by (f - g) (x) =—x + 4

f. _[3 3 i e el
g.R {z}ﬁRdefmedby(g](l)—zx_s

9. f+g:[0, ) - R defined by (f + g)(x) =vx +x; f —g:[0,%0) — defined by (f —9)(¥)=vx —x

. , 32 F s - e L
fg:[0, ) > R defined by (fg) (x) =x ,g.(O, )aRdefmedby{g](x) s

= 2 e - PO e X £ 4 =x2
10, (f+ @) () =(x+1)°, (f -8 (x) =x" —2x -1, (fg) (x) =2x7 +x ,(g]u) Sl
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HINTS TO SELECTED PROBLEMS

1—%. - x<0 A
7. Wehave, f(x) = T x=1. Y
x+1, x>0 v\
o W
1-x, x<0 ’\% Q’o-*
Let f (x) =y.Then, y=4{ 1, x=0 0]
o o1 (R 8- 0 < ol >

X L0 |0 @0 x
The graph of f (x) is as shown in Fig. 3.28. ;
|

vy
Fig. 3.28

8. f:R - Rand g:R — R are given by f(x) =x +1 and g (x) = 2x — 3. Clearly, D (f) =R and
D (g) = R. Therefore,
@ DF+9=D()nD(g=R and, (f+g ()=f(x)+g(x)=x+1+2x-3=3x-2
(i) D(f-g=D(f)nD(g =R and,(f—g)(x) =f(x)-g(x)=x+1-2x+3=-x+4
(iiiy D{fg) =D (f) nD(g)=R and, (fg) (x) =f () g(x)=(x+1) 2x - 3)-21 -x-3
(iv) D(ﬁ} =D()nD(g)—{x:g(x) =0} = R—{%} and, [{;J( x) = gg; 2th+_13

9. Itis given that f:[0, @) » R and g:R — R are such that f (x) =+/x and g (x) =x.We find
that

D(f+g) =1[0,0) "R = [0, ). Therefore,
f+g:[0,0) > Risgivenby (f+g) (x) = f(¥) +8(%) = Jx +x
D(f-8 =D(f)nD(g) =[0,0) "R = [0, »). Therefore,
f-8:10,%) > Ris givenby (f ~) (x) = f(x)~g(x) = Jx-x
D(fg) = D(f)nD(g) = [0, ) "R = [0, »). Therefore,
fg:10, %) - Risgivenby (fg) (x)=f (x) g () =x x=x%2

D (g) =D(f)nD(g) - {x:g(x) =0} = (0, x). Therefore,

i' 0 is i i @ _‘/EHL
8.(0, )—>R15g1venby[ }()_g(x) = i

10. We have, f(x) = x? and g (x) = 2x +1.Clearly,D (f) =R and D (g) =R.
D(f+g) =D()nD(g) = RAR =R
D(f§) =D(f)nD(g) = RNR =R
1 1
D[é‘:] =D(f)nD(g)-{x:g(x)=0} = Rr\R—{—E} = R_{_E}

Thus, f+g:R — Risgivenby (f +) (x) = f(x) +g(x) = x*+2x+1
f-g:R—>Risgivenby(f -g) (x) = f(x) ~g(x) = x* -2x~1
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(fg):R = Risgivenby (fg) (x) = f(x) g(x) = x(2x+1)

P 153 ) Qe f |y oL BL L 3
[gJ.R {Z}ARlsglvenby(g](x) o px4l

FILL IN THE BLANKS TYPE QUESTIONS (FBQs)

1. Let A and B be any two sets such that n(A) =p and 1 (B) =g, then the total number of
functions from A to B is equal to ......ccoooiiricinens

2. Iff(x)= ﬁw} then f(y) =

ax+b

3. Ify=f(x)=

thenf(yr ............................ :
1

Jox|=x
5. The range of the function f(x) =[x]-xi8 .ccoivniniiinnn .

x42
IS iiiiiessasssassarnasesas .
| x +2]

4. The domain of the function f(x) =

6. The range of the function f(x) =

. The range of the function f(x) =log,x, 4> 0is ..ccorveriiennes

8. Let f and g be two functions given by f“[(2 4),(5,6),(8,-1),(10,-3)} and
¢=1{(2,5),(7,1)(8, 4),(10,13), (11, -5)}. Then, domain of f +gis ...

9. Let f and g be two real functions given by f ={(10,1),(2, 0), (3 4), (4 2), (5 1)} and

={(1, 0),(2, 2), (3, -1), (4, 4), (5, 3)}. Then the domain fg is given by ......c.cccecererveennce. ;

10. The domain for which the functions f(x) = 3x*-land g(x) =3+ xareequalis....ccourueunns .

x2+1
I'1. The domain of the function f(x) = AR e e
x“=3x+2

12. If f(x) = i_—l-,then f(%]tf(x) islequaliton... il il i

3. Iff(x)

——] is equal to ..

14. If f(x) = x]2 -5 [x]+ 6, then the set of values of x satisfying f(x) =01is .

15. The domain of the function f(x) =+9—x + WIS equUalte . i

\sz -16

16. The domain and range of the function f(x) 2—_; ALe it andssaiaiis respectively.
x

gl ShEH
\}[x]2 -3 [x]+2
|x-4].
— s

x—4

19. The domain of the function f(x) = x +[X]iS .cooeriviiniiriiiine, ;
20. The range of the function f(x) =1 s s MR el s

17. The domain of the function f(x) =

15. The range of the function f(x) =
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10
21. The domain of the function f(x) = Z 1 TR S L
=1 [2x—n]
. ! |x]-2.
22. The domain of the function f(x) =l =3 IS nfia et
x —

23. If f(2x + 3) =422 +12x + 15, then the value of f(3x +2) iS cumrmrrrrerrersssessssseen 8

24. The number of elements of an identity function defined on a set containing four elements

1S isssssviusssaessmsisvsssranseis B
ANSWERS

Li 4f 2.1-x S 4. (-, 0) 5. (~1,.0] 6. {-1,1)
7. R 8.12,8,10 9. (2,3,4,5) 10. {_1%} 1. R—{1,2] 120
13. -1 14. [2,4) 15. (-0, —4) U(4, 9] 16. R {2}, {-1)
17. (w0, 1) U[3, ) 18. 1,13 1% R 20. [0, 1]

L B W 9 2
2. R—4-,1,—,2,-,3,-,4,=,5 22. R-{-3,3] 23. 9x-12x+24 24. 4

g gl FagE =g

VERY SHORT ANSWER QUESTIONS (VSAQs)

Answer each of the following questions in one word or one sentence or as per exact requirement of the
question:

1. Write the range of the real function f(x) = | x|.

2. If f is a real function satisfying f(x + 1} =x2+ —12— for all x e R —{0}, then write the
x -

%
expression for f (x).

3. Write the range of the function f (x) = sin [x], where _Tn <x< g :

4. If f(x) = cos [TE2] x + cos [ — n%] x, where [x] denotes the greatest integer less than or equal

to x, then write the value of f ().

5. Write the range of the function f (x)

cos [x], where _F el
2 2

x—[x]

6. Write the range of the function f (x) = ¢ ,xeR.

~1

Let f () =i'1 , x # —1. Then write the value of a satisfying f (f () = xforall x# 1.
x+

8. Iff(x) =1 L it e value off(f(lD_
X x

=2
9. Write the domain and range of the function f(x) = ;— :
-x

10. If f (x) =4x —x?%, x € R, then write the value of f(a+1)—f(a-1).

11. If f, g, h are real functions given by f (x) = xz, g(x) = tan x and, h (x) = log, x, then
write the value of (hogof ) (E J :
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12. Write the domain and range of function f (x) given by f (x) = —lm
x -—
13. Write the domain and range of f (x) =,/x —[x].
14. Write the domain and range of function f(x) given by f (x) = /[x] - x.
15. Let A and Bbe two sets such thatn(A) = p and n(B) = g, write the number of functions from A
to B.

16. Let f and g be two functions given by
f=1(2,4),5,6),(8,-1),(10, - 3)} and g ={(2, 5), (7, 1), (8, 4), (10, 13), (11, =5)}.
Find the domain of f +g.
17. Find the set of values of x for which the functions f(x) = 3x%>-1and g(x) = 3+ xare equal.

18. Let f and g be two real functions given by
f=1(0,1),(2,0),(3,-4), (4, 2), (5, 1)) and g ={(1, 0), (2, 2), (3, =1), (4, 4), (5, 3)}.
Find the domain of fg.

= s ___ ANSWERS
1. [0, ») 2. f(x) = x2 -2, where|x| >2 3. |[-sin1, 0}
4. 0 5.{1,cosl,cos2) 6.[1,¢) 7. a=-1
8. xl 9. D(f)=R —{2}, R (f) =|-1) 10. 4(2-0a)
x_
11. 0 12. D(f) = ¢ = R(f) 13. D(f)=R,R(f)=[0,1)
14. D(f)=z, R(f)=1(0) 15. ¢F 16. {2, 8,10}
17. {-1,4/3) 18. {2, 3, 4,5}

MULTIPLE CHOICE QUESTIONS (MCQs)

Mark the correct alternative in each of the following:
1. Let A={l,2, 3},B={2, 3, 4, then which of the following is a function from A to B?

(@) 1(1,2),(1,3),(23),3,3) (b) {(1,3),(2,4)
() {(1,3),(2,2), 3, 3)) (d) {(1,2),(23), 62,649
2. If f:Q — Qis defined as f (x) = x?, then f ~1 (9) is equal to
(a) 3 (b) -3 (c) {~3,3} (d) ¢
3. Which one of the following is not a function?
(a) {(x,y):x,yeR,x2=y} (b) {(x,y):x,yeR,yz-—_xl
© (= p:x yeR, x=y3 (d) (%, y):x,y eR, y =27

4. If f (x) = cos (log x), then f(xz) f(y ) — { f{ J+f } has the value
y

(a) -2 (b) -1 (c)1/2 (d) none of these
5. If f (x) = cos (log x), then £(x) f(y) -% { f (5J+ f(xy)} has the value
y
(a) -1 (b) 1/2 (c) -2 (d) none of these

6. Let f (x) =| x —1|. Then,



3.39

FUNCTIONS
(@) f (%) =If WP ®) flx+y)=f(x)f©
(© f(lx])=|f(x)] (d) none of these
7. Therange of f (x) =cos [x], for—-n/2<x<n/2 is
(a) -1,1, 0} (b) {cosl, cos2,1} (c) {cosl,-cos1,1}(d) [-1,1]
8. Which of the following are functions?
(a) {(:c,y):y'2 = x,x,y€R} (b) (x, :y=|x,x,yeR]}
(c) {(x, y)'t2+12 =1,x,yeR} (d) [(x,y):x2 —y2 =1,x,yeR)
{ j 3x + x°
9. If f (x) =log and g (x) = thenf (x)) is equal to
(a) f(3%) (b) {f ()3 (c) 3f (x) (d) -f(x)
10. 1f A ={1, 2, 3], B =[x, y}, then the number of functions that can be defined from A into B is

11.

12,

13;

14.

15.

16.

1.7.

18.

19.

@) 12 (b) 8 () 6 (d) 3

1ff(x)=1og(1iﬂ ,thenf[lfxz
= .

] is equal to
(@) {f (x))? (b) {f ()} ° (©) 2f (%) (d) 3f(x)
If f (x) = cos (log x), then value of f (x) f (4) - % { f GJ +f (4_1-)} is

@) 1 (b) -1 (©) 0 d) +1
If f(x) = ' l,thenf(x+y)f(x—y)isequals to

@ 1 20+ ) ®) 5 {f 29 - f @2}

A 5 {f 20+ F 20} (@ 5 {f 29~ @)
I 2f (x) - 3 f(%)= %2 (x # 0), then f (2) is equal to

(a) —% (b) % (c) -1 (d) none of these
Let f:R — Rbedefinedby f (x) =2x+|x|.Then f (2x) + f (-x) = f (x) =

(a) 2x (b) 2| x| (c) —-2x (d) -2 x|

ey
The range of the function f (x) = 12 s
x° +2x
(a) R (b) R -{1) () R—{-1/2,1} (d) none of these

Ifx#1land f(x) =

t; is a real function, then f (f (f (2)) is

(a) 1 (b) 2 (c) 3 (d) 4
If f(x) = cos (log, x), thenf(%)f [“ly_rj - % {f (xy) + f [5]} is equal to
(a) cos(x —y) (b) log (cos(x-y)) (c) 1 (d) cos(x+y)

Let f(x) =x, g(x) =1 and i (x) = f (x) g (x). Then, h(x) =1 for
%
(a) xeR (b) xeQ (c) xeR-Q (d) xeR,x=0
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sin x + cos? x

20. Iff(x) = R . for x € R, then f(2002) =
sin“ x + cos” x
(@)1 (b) 2 (c) 3 (d 4
21. The function f : R — R is defined by f (x) =cos? x +sin? x. Then, f (R) =
(a) [3/4.1) (b) (3/4,1] (0) [3/4,1] (d) (3/4,1)
22. Let A = {xeR:x#0,-4<x<4} and f:A — R be defined by f(x)=m for x e A.
x
Then A is '
(a) {1,-1} (b) (x:0<x<4 (c) (1) (d) (x:—4<x<0}

23. If f:R - Rand g: R — R are defined by f (x) =2x + 3and g (x) =x? +7, then the values
of x such that g (f (x)) =8 are
(@) 1,2 ) -1,2 ( -1,-2 (d)1,-2

24. 16f:1-2,2] > Risdefined by f ()= {, 71 /for g 25 25 »then

fxel-2,2]:x<0and f (| x[) =x} =
(a) (-1} (b) {0} (©) {-1/2} (d) ¢

10 +x 200 x
25. Ifef (¥ = ,xe(=10,10) and f (x) =k ,thenk =
10 - f d 100 + x2
(a) 0.5 (b) 0.6 (c) 0.7 (d) 0.8
26. If f is a real valued function given by f (x) = 27x% + % and a, B are roots of 3x + = =12
x X
Then,

(a) f(a)=f(P) (b) f(a) =10 () f(B) =-10 (d) none of these
27. Iff(x) = 64x> + LS and a, P are the roots of 4x + i— = 3.Then,
X

(@ fa)=f(B)=-9 (b) f(o) = f(B) = 63
(€) fla)=f(P) (d) none of these
28. f3f(x)+5f [%J adis 3 for all non-zero x, then f (x) =
X
1(3 .. 1( 3. .
(a)ﬁ[;-r&x—ﬁ] (b)ﬁ(—;v&&t 6]
) (— 2 e 6] ), e s
14\ x
29. If f:R — Rbe givenby f(x) = o for all x € R. Then,
4* +2
@ fx =fQ1-x b)) f(+f(l-x) =0
© fO+f1l-x =1 d f)+f(x-1) =1
30. If f (x) =sin [7?] x + sin [~ n’] x, where [x] denotes the greatest integer less than or equal to
x, then
(@ f(n/2) =1 by f(m) =2 (¢) f(n/4) = -1 (d) none of these
31. The domain of the function f (x) =4/2 - 2x — x2 is
(@) [-+/3,+3] (b) [-1-+3,-1++/3]

(© [-2,2] (d) [2-+3, -2+4/3]
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32.

33,

34.

35,

37:

38.

39.

40.

41.

43.

44,

46.

The domain of definition of f (x) = ‘ﬁ is

(a) (_ ®, — 3]U(2I 5) (b) (_ O = 3) U(zr 5)
(c) (-, -3]uI2,5] (d) none of these
The domain of the function f (x) = W is
x —
(a) [_1: 2) U[3r OO) (b) (_11 2) u [3f UD)
() [-1,2] U3, «) (d) none of these
The domain of definition of the function f (¥) =[x -1+ /3 -x is
(a) [1, «) (b) (-, 3) (@@ 3) (d) [, 3]
The domain of definition of the function f (x) = b + S is
x+2 1+x
(@) (=0, —2]U[2, ») (b) [-1,1]
(©) ¢ (d) none of these
. The domain of definition of the function f(x) =log| x| is
(@) R (b) (-, 0) (©) (0, ») (d) R -{0}
The domain of definition of f (x) =4/4x - x% is
(a) R-[0, 4] (b) R -(0,4) (c) (0, 4) (d) [0, 4]
The domain of definition of f(x) = Jx-3-2/x~4 - [x-3+2 [x-4 s
(a) [4, =) (b) (-, 4] (c) (4, ) (d) (==, 4)
The domain of the function f(x) =4/5| x| - x?—6is
(a) (-3,-2)u(2,3) (b) [-3,-2) U2, 3)
(© [-3,-2]u]2, 3] (d) none of these

The range of the function f (x) = X s

|

(a) R-{0) (b) R -{-1,1} (c) {-1,1} (d) none of these
. X2 eyt

The range of the function f (x) = |—x 2] ,x#—21is

(@) -1, 1) (b) {-1,0,1) (o) (1) (d) (0, =)

. The range of the function f (x) =| x -1 |is

(@) (=,0) (b) [0, =) (c) (0, ) (d) R
Let f(x) = Va? +1. Then, which of the following is correct?
(a) flxy) = FDf) () fxy) = F) f) (©) flxy) <f(x)f(y) (d) none of these
[NCERT EXEMPLAR]
If[x]2 =5 [x]+ 6 =0, where[-]denotes the greatest integer function, then
(a) x e[3, 4] (b) xe(2, 3] (c) x€[2, 3] (d) xe[2,49)
[NCERT EXEMPLARI]

. The range of f(x) = is
1-2cosx
(a) [1/3,1] (b) [-1,1/3]
(€) (=o0, =1) U[1/3, ) (d) [-1/3,1] [NCERT EXEMPLAR]

The domain of the function f(x) =+/4-x +

—L is equal to
Ry |
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47.

48.

49,

50.

51

O3

MATHEMATICS-XI

(@) (-0, -1) (1, 4) (b) (=0, -1]u(1, 4]

(©) (=0, —=1) UL, 4] (d) (—o0, -1) U1, 4) [NCERT EXEMPLAR]
Domain of f(x) = va?-x%,0>0is

(a) (-a, a) (b) [-a, a] (c) [0, a] (d) (-a, 0]

[NCERT EXEMPLAR]
If f(x) =ax+b, where a and b are integers, f(—1) =-5and f(x) = 3, then a and b are equal
(a) a=-3,b=-1 (b) a=2,b=-3 () a=0,b=2 (d) a=2,b=3

[NCERT EXEMPLAR]

The domain and range of the real function of defined by f(x) = 4—5 is given by
X

(a) Domain = R, Range ={-1, 1} (b) Domain = R {1}, Range = R
(c) Domain =R - {4}, Range ={-1} (d) Domain = R —{-4}, Range ={-1, 1}
[NCERT EXEMPLAR]
The domain and range of real function f defined by f(x) =+/x -1 is given by
(a) Domain=(1, %), Range =(0, =) (b) Domain =[1,¢), Range =(0, »)
(c) Domain =[1, ), Range =[0, ) (d) Domain =[1, ), Range =[0, =)

[NCERT EXEMPLAR]
2
The domain of the function f given by f(x) = -E—{%
(@) R-{-2, 3 (b) R-{-3,2 () R-[-2, 3] (d) R-(-2,3)
[NCERT EXEMPLAR]

The domain and range of the function f given by f(x) =2 —|x -5, is
(a) Domain =R™, Range = (-, 1] (b) Domain =R, Range =(— =, 2]

(c) Domain = R, Range =(-, 2) (d) Domain =R ™, Range = (-, 2]
[NCERT EXEMPLAR]
- 1),
53. If f(x) =x 3 then f(x) +f(x]15 equal to
(@) 2x3 b2 (©) 0 (d) 1 [NCERT EXEMPLAR]
i
54. The domain of the function f defined by f(x) = 1| | is
x-|x
(@) Ry (b) RT " () R™ (d) none of these
[NCERT EXEMPLAR]
ANSWERS

L 2( 3@® 4@ 5 (@ 6.(d) 7.(b) 8. (b)
9. () 10. () 1L () 12.(c) 13.(a) 14 (@) 15 (b) 16. (o)

17.
25.
33.

(¢ 18.(d) 19.(d) 20.(a 2L () 22.(@) 23 (0 24 (0
@ 26.(d) 27.(a) 28.(b) 29.(c) 30.(a) 3L (b) 32 ()
(@ 34.(d) 35 () 36.(d) 37.(d) 38.(@ 39 (¢ 40.(c
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41. (a) 42. b) 43.(c) 44.(d) 45 (c) 46.(a) 47. (b) 48. (b)
49. (¢) 50. () 51.(a) 52.(b) 53.(c) 54 (d)

SUMMARY

1. Let A and B be two non-empty sets. Then a relation f from A to B is a function, if
(i) for eacha e A there exists b € Bsuch that(a, b)  f
(ii) (a,b)efand(a,c)ef = b=c
In other words, f is a function from A to Bif each element of A appears in some ordered pair
in f and no two ordered pairs in f have the same first element.
If (a, b) € f, then b is called the image of a under f.
A function f from a set A to a set Bis a rule associating elements of set A to elements of set B

[

such that every element in set A is associated to a unique elements in set B.
The set A is called the domain of f and the set B is called its co-domain.
3. The range of a function f is the set of images of elements in the domain.
4. A real function has the domain and co-domain both as subsets of set R.
5. If f:D; - Rand g:D, — R are two real functions and ¢ € R, then
(i) f+g:DynDy — Risdefined as (f + g) (x) = f (x) £ g (x)
(ii) fg:Dq nDy — Risdefined as (fg) (x) = f (x) g (¥)
(iii) L. D; "D, —{x:g(x) =0} — R is defined as [ij(x) Wi
8 8 8 (%)
(iv) ¢f :Dy nDy — R is defined as (cf) (x) = ¢ f (x).



