
 

 

3CHAPTER

FUNCTIONS

3.1 INTRODUCTION

In this chapter, we shall study about one of the most important concepts in mathematics known
as a function. Functions form one of the most important building blocks of Mathematics. The
word "Function" is derived from a Latin word meaning operation and the words mapping and
map are synonimus to it. Functions play a very important role in differential and integral
calculus. In this chapter, we shall introduce the concept of a function as a correspondence
between two sets. We shall also study function as a relation from one set to the other set.

3.2 FUNCTION AS A SPECIAL KIND OF RELATION

DEFINITION Let A and B be two non-empty sets. A relation ffrom A to B, i.e., a subset ofAxB, is
called a function (or a mapping or a map) fro?n A to B, if

(i) for each aeA there exists b eB such that (a, cf) e /

(ii) (a, b) ef and (a, c) ef => b = c.

Thus, a non-void subset/of /I x B is a fimction from A to B if each element of A appears in some
ordered pair in/and no two ordered pairs in/have the same first element.

If (a, b) e/, then b is called the image of a under/.

ILLUSTRATION i Let A = (1,2,3), B = {2,3,4 }andfyf2 andf^ be three subsets of Ax B as given
below:

/l ={(1, 2), (2, 3), (3, 4)}, /2 = 1 (1, 2), (1, 3), (2, 3), (3, 4)} ,f^ = {(1, 3), (2, 4)).

Then.-f^ is a functionfrom AtoB but f2 aiidf^ are notfunctions from A to B./2 is not a functionfrom A to
B, because 1 e A has two images 2 and 3 in B and f^ is not a function from AtoB because 3 e A has no
image in B.

If a function /is expressed as the set of ordered pairs, the domain of /is the set of all first
components of members of/and the range of/is the set of second components of members off
i.e. Domain off=[a: (a, t) e /}, and Range of f = [b \ (a, b) s /}

ILI.USIR.\TiON2 If AT, 1/ e {1,2,3,4),then whichof the following are functions in the given set ?
(a) -fi={{x,y):y = x + l\

(c) /3 = {(y,y):y<x]

Also, in case of a function give its range.

SOLUTION If we express f\, fi/ /$ arid f^ as sets of ordered pairs, then we have

/l = {(1,2), (2, 3), (3, 4)1,

/2 = {(1,4), (4,1), (2, 3), (3, 2), (2, 4), (4, 2), (3, 4), (4, 3)1,

/3 = {(2,1), (3,1), (4,1), (3, 2), (4, 2), (4, 3)) and /4 = {(1, 4), (2, 3), (3, 2), (4,1)).

(a) We have, /j = {(1, 2), (2, 3), (3, 4)). We observe that an element 4 of the given set has not
appeared in first place of any ordered pair of/j. So,/j is not a function from the given set to itself,

(b) We have, /2 = {(1, 4), (4,1), (2, 3), (3, 2), (2, 4), (4, 2), (3, 4), (4, 3)}. We observe that 2, 3, 4

(h) f2={{x,y)-.x + y>4]

(d)/4={(^/ i/):.t + y=5)

 

 



 

 

MATHEMATICS-XI3.2

have appeared more than once as first components of the ordered pairs in /2- So, /2 is not a
function.

(c) We have, /3 = {(2,1), (3,1), (4,1), (3, 2), (4, 2), (4, 3)}. We observe that 3 and 4 have
appeared more than once as first components of the ordered pairs in So,f^ is not a function,
(d) We have, ={(1,4), (2, 3), (3, 2), (4,1)). We observe that each element of the given set has
appeared as first components in one and only one ordered pair of So, /4 is a function in the
given set. In this case. Range of / = {1, 2, 3, 4}.

Let f be a relation on the set N of natural numbers definedby f -\{n, 3n) :n eN)./sILLUSTRATION 3

/ a function from N to N. If so, find the range of f.
SOLUTION We find that for each neN, there exists a unique 3neN such that (n, 3n) e/.
Therefore, / is a function from N to N. Clearly, Range of / = {/ (n); n e h/J = {3«:« e N\.

Let fbea subset of ZxZ defined by f = {{ab, (a + b)):a,b e Z}. Is f a function
[NCERT]

ILLUSTRATION 4

from Z into Z. Justify your answers.

SOLUTION We observe that: 1x6 = 6 and 2x3 = 6

(1 X 6,1 + 6) e/and(2x 3, 2 + 3) e/ => (6,7) e/ and (6,5) g/

Thus, (6,7) e/and (6,5) g fhutSitJ. Hence, / is not a function fromZ to Z.

3.3 FUNCTION AS A CORRESPONDENCE

DEFINITION

method or correspondence which associates elements of set A to elements of set B such that:
(i) all elements of set A are associated to demerits in set B.

(ii) an element of set A is associated to a unique element in set B.

In other words, a function ffrom a set A to a set B associates each element of set A to a unique element of
set B.

Terms such as "map" (or "mapping"), "correspondence" are used as synonyms for "function".
If/is a function from a set A to a set B, then we write f: A Bor A B, which is read as/is a
function from AtoB or f maps A to B.
If an element a eAis associated to an element b eB, then b is called ‘thef-image of a' or 'image of a

under f or 'the value of the function f at a'. Also, a is called the pre-image of b under the function/.
We write it as: b = f{a)

ILLUSTRATION I^l A = (1, 2, 3, 4) and B — {a, b, c, d, e\ be two sets and let fy f^, /3 and ,f^ be rules
associating elements of set A to elements of set B as shown in figures 3.1 - 3.4.

Let A and B be two non-empty sets. Then a function ' f from set A to set B is a rule or

We observe that/i is not a function from set A to set B, because there is an element 3 e A which is
not associated to any element of B.

 

 



 

 

FUNCTIONS 3.3

Also, /2 is not a function from A to B because an element 4 e A is associated to two elements c
and einB. But,/3 and are functions from A to B, because under/3 and/4 ^ach element in A is
associated to a unique element in B.

3.3.1 DESCRIPTION OF A FUNCTION

Let/: A B be a function such that the set A consists of a finite number of elements. Then, / (:r)
can be described by listing the values which it attains at different points of its domain. For
example, if A = {-1, 1, 2, 3} and B is the set of real numbers, then a fimction /: A ^ B can be
described as/ (-1) = 3,/ (1) = 0,/(2) = 3/2 and/(3) =0. In case, A is an infinite set, then/cannot
be described by listing the images at points in its domain. In such cases functions are generally
described by a formula. For example, f :Z Z given by f{x) =x^+lor/:K->R given by
/ (x) = etc.

3.3.2 DOMAIN, CO-DOMAIN AND RANGE OF A FUNCTION

Let f :A -> B. Then, the set A is known as the domain of / and the set B is known as the

co-domain of/. The set of all /-images of elements of A is known as the range of/or image set of A
under/and is denoted by / (A).

Thus, /(A) = [/(x):j:gA1 = Range of/. Clearly, / (A) c B.

ILLUSTRATION 1 Let A = {-2, -2, 0,1,2 / and B = { 0,1,2, 3,4, 5, 6 }. Consider a rule/(x) = x^.

Under this rule, we obtain f{-2) =(-2)^ =4, /(-I) =(-l)^ =1, /(O) =0^ =0, /(1) =1^ =1 a}^d

/ (2) = 2=4. We observe that each element of A is associated to a unique element o/B.So,f:A~^B

given bnff{x) = x^ isafunction. Clearly, domain(f) = A = {-2,-1,0,1,2 } and range (f ) = { 0,1,4 ).

ILLUSTRATION 2 Consider a rule / (x) = 2x - 3 associating elements ofN (set of natural numbers) to

elements ofN. This ride does not define a functionfrom N to itself, becausef (1) = 2x1-3 = -IgN i.e.
1 G N (domain) is not associated to any element ofN (co-domain). Thus, every rule relating elements of
one set to elements of another set need not be a function.

ILLUSTRATION 3 Let A = (-2, -1,0,1,2} and f:A~^Zbe given byf(x) = x^ - 2x - 3. Find:
(i) the range off (ii) pre-images of 6,-3 and 5.

SOLUTION (i) We have,/{x) = x^-2x-3.

/(-2)=(-2)2-2(-2)-3=5 /{-l)=(-l)2_2(-l)-3 = 0,/(0)=-3,

/(l)=l^-2xl-3=-4and/(2)=2^-2x2-3=-3.

So, range (f) = {/(-2), /(-I), /(O), /(I), /(2)} ={0,5, - 3, - 4)

(ii) Let X be a pre-image of 6. Then,

/(x)=6=> x^-2x-3=6=> x^-2x-9=0=> x=l± Vio

Since x = 1 ± Vio g A. So, there is no pre-image of 6.

Let X be a pre-image of - 3. Then,

/ (x) = - 3 => x^ - 2x - 3 = - 3 => x^ - 2x = 0 => x = 0, 2.

Clearly, 0, 2 g A. So, 0 and 2 are pre-images of - 3.

Let X be a pre-image of 5. Then,

/(x) =5 => x^ - 2x - 3 =5 => x^ - 2x - 8 = 0 => (x -4) (x + 2) =0 => x =4, - 2.

Since, - 2 g A but 4 g A. So, -2 is a pre-image of 5.
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3.4 EQUAL FUNCTIONS

DEFINITION Two functions f and g are said to be equal iff

(i) domain off= domain of g (ii) co-domain off = co-domain of g,

and (iii) f {x)=g (a:) for every x belonging to their common domain.

If two functions / and g are equal, then we write f=g-

Let A = (1, 2 }, B = {3, 6] and f:A^B given by f{x)=x^ +2 and g:A-^ BILLUSTRATION 1

given by ^(a:) = 3x. Then, we observe that f and g have the same domain and co-domain. Also we have,
/ (1) = 3 = g(l) and / (2) = 6 = ^(2). Hence, f=g.

- 4

Y (o^d g:R -> R be defined byILLUSTRATION 2 Let f: R-\2] ^ R be defined by f (x) =

g{x) = x + 2. Find whether f =gor not.

2-4
—-,x:>^2.

X

SOLUTION Wehave,/(x) =
x-2

(x-2)(x + 2)
= X + 2 for all x 2. => /(x) = g{x) for all x^2.f(x) =

x-2

Thus,/(x) =^(x) for allx e R -{2}. But,/ (x) andg (x)have different domains. Infact, domain
of / = R - (2) and domain of ^ = R. Therefore, f * g-

Let f:Z-^Z andg:Z -> Z be functions defined by / = l(n, n^):ne Z) and.ILLUSTRATION 3

g = {{n, I «|2) :n 6 Z). Show that: f =g-

SOLUTION Clearly, Domain off = Domain of ^ = Z and. Co-domain of / = Co-domain of ^ = Z.

Wehave, /(«) =?r andg(n) =]n| =■ n [●●● |nP = -1^1

/ («) =g («) for all « E Z.

Hence, f =g-

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

Express the following functions as sets of ordered pairs and determine their ranges

(i) f: A R, f (x) = x^ + I, where A ={-l, 0, 2, 4).
(ii) g:A^N,g{x) =2x, where A = (x;x eN, x <10}.

SOLUTION (i) We have, /(x) = x^ +1.

/(-1)=(-1)2 +1=2,/(0)=q2 +1=1,/(2) =22+1 =5and/(4) =42 +1=17

EXAMPLE 1

/ = {(x, / (x)) :xeA]= {(-1, 2), (0,1), (2,5), (4,17)). Hence, Range of {/) = {2,1,5,17)

10). Therefore,

So,

(ii) Wehave,g(x) =2x and A = {1, 2, 3,

g(l)=2xl=2, ^(2) =2x2 = 4, g(3)=2x 3=6, g(4) = 2x 4 = 8,g(5) =2 x 5 =10,

g(6) =2x6=12, g{7) = 2 X 7 = 14, ^(8) =2x8=16, g(9) =2x9=18 and, g(10) = 2 x 10 = 20.

.■.^ = l(x,g(x):xE7l} = {(1,2), (2, 4), (3, 6) (10,20)).

Hence, Range of ^ = ^(/l) ={g(x) :x e A) ={2, 4, 6, 8,10,12,14,16,18, 20).

Find the domain for which the functions f (x) = 2x2 _ = 1 - 3x are equal.

[NCERT EXEMPLAR]

EXAMPLE 2

SOLUTION The values of x for which /(x) and g(x) are equal are given by
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f{x)=g{x) => 2x^~l=l-3x => 2x‘^ + 3x~2=0 (.t + 2)(2.y-1) =0 => x = -2,1/2.

Thus,/(x) and g(x) are equal on the set {- 2,1/2}.
EXAMPLES Is g = {(1,1), (2, 3), (3,5), (4,7)) a function? If this is described by the formula,
^(at) = ca' + p, then what valuesshouldbeassigned to aand^?

SOLUTION Since no two ordered pairs in g have the same first component. So, ^ is a function
such that ^(1) = 1, g(2) = 3, g{ 3) =5 and ^(4) = 7.

It is given that g(x) = ocr + p.

^(1) =1 and g{2) = 3^ a+p = l and 2a+p=3^ a=2,p = -l.

EXAMPLE4 Given A = hi, 0, 2, 5, 6, 111, B = 1-2, -1, 0, 18, 28, 108} and f (x) =x^-x-2. Is
f{A) = B? Find f (A).

SOLUTION We have, f(x)=x^-x~2.

/(-I) =(-1)2-(-1)-2 = 0, /(0)=o2-0-2= -2, /(2)=22-2-2 = 0,

/(5)=52-5-2=18, /(6)=62-6-2 = 2S and /(11) =ll2-11 -2 =108.

Hence, f {A)=\f (x):x eA] = \f (-1), / (0), / (2), f (5), / (6), / (11)1 = 10, - 2,18, 28,108)

We observe that -1 e B, but -1 g / (.A). So, / (A) ^ B.

EXAMPLES Let f:R ^ Rbegivenbijf {x)=x^ + 3. Find : (i) {.v:/(x)=28) (ii) the pre-images of
39 and 2 under .f

SOLUTION (i) We have, f(x) = x^ + 3

f (a-) =28 x-2 + 3=28 =0 x2 =25 => x=±5
Hence, lx:/(x) =28) ={-5,5|.

(ii) Let X be a pre-image of 39. Then, the image of x under / is 39.

f {x) = 39 => x2 + 3 = 39 => x2 = 36 => x = ± 6

So, pre-images of 39 are - 6 and 6.

Let X be a pre-image of 2. Then, the image of x under / is 2.

/(x)=2=> x2 + 3= 2=> x2=-1

We find that no real value of x satisfies the equation x2 = -1. Therefore, 2 does not have any
pre-image under/.

EXAMPLE 6 Let f-.R ^ Rbeafunction given by f(x) = + 1. Find:

(iii)/“Ml0, 37}

SOLUTION Recall that if /: A -> B is a function and y e B. Then, / “ ^ (y) = {x e A :/(x) =y). In
other words, / ~ ^ (y) is the set of pre-images of y.

(i) Let / ^ (- 5) = X. Then, / (x) = - 5 => x2 +1 = - 5 ^ x2 = - 6. Clearly, this equation is not
solvable in R. Tlxerefore, there is no pre-image of -5. So, / “ ^{-5}=(|).

(ii) Let/

5. i.e./~M26}={-5,5).

(hi) Let/

10 are -3 and 3. i.e./“^ (10) = {-3, 3).

[NCERTEXEMPLARI

i.e.

i.e.

(i)/"L-Sl (ii) /"M261

- 1

(26) = X. Then, / (x) = 26 => x2 + 1 = 26 ^ x = ± 5. So, pre-images of 26 are -5 and

-1
(10) = .X. Then, / (x) = 10 => x2 +1 = 10 x2 = 9 => x = ± 3. So, pre-images of

 

 



 

 

MATHEMATICS-XI3.6

Let/ ^37) = .\:.Then, f{x) = 37 => +1 = 37 =5> = 36 => .t = ± 6. So, pre-images of 37 are-6

and 6. Hence, /“’ {10, 37} ={3,-3, 6,-6|.

Let / = {(1,1), (2, 3), (0,-1), (-1,-3)} be a function described by the formula
[NCERT]

SOLUTIOM Clearly, / (1) = 1, / (2) = 3, / (0) = -1 and / (-1) = - 3. It is given that / (x) =ax + b.
/(I) = 1 and/(2) = 3 fl + b=l and2fl + & = 3 =>fl = 2,b=-l.

Substituting the values of a and b in /(x) = ax + b, we get: / (x) = 2x -1.
Clearly,/(O) = -l and / (-1) = - 3 are true.

Hence, a-2ar\db =-l.

tXAMPLET

/ (x) =ax + b for some integers a, b. Determinea,b.

1, ifxeQ

-1, ifxgQ.
If f :R ^ R be defined as f (x) =EXAMPLES

Find (i) /(l/2},/(7c),/(V2) (ii) Range off
SOLUTION (i) It is evident from the definition of / that at every rational point the function
attains value 1 and at every irrational point attains value -1.

= 1, x gQ => /(tt) =-l and V2 gQ => / (V2) =-l.

(Hi) pre-images of 1 and-1.

1

ieQ => / -
2 ^[2)

(ii) We find that / (x) attains values 1 or -1 according as x is rational or irrational and a real
number is either rational or irrational. Thus, all rational numbers have image 1 and all irrational

numbers have image -1. Hence, Range of / = |1, -1}.

(iii) Since/ (x) = 1 for all x e Q. Therefore, pre-images of 1 are rational numbers i.e/ “ ^ (1) = Q.
Also, -1 is the image of every real number which is not rational. Therefore,
/ ■ ^ (-1) = R - Q = Set of irrational numbers.

Letf:R^Rbe such tlwt f (x) = 2^. Determine:EXAMPLE 9

(ii) (x: / (x) = 1} (iii) whether f{x + y)=f (x) / (y) holds.

SOLUTION (i) Since 2'^ is positive for every x e R. So, / (x) = 2^ is a positive real number for
(i) Range off

every x e R. Moreover, for every positive real number x, there exist log2 x e R such that
2‘°S2* = [●,● = x]/(logjj;) =

Hence, the range of/is the set of all positive real numbers,

(ii) /(x)=l=> 2'^ =1 => 2^=2^^ ^ X = 0. Therefore, |x :/(x) =1| ={0}.
(iii) We have, /(x)=2^.

/(x + y)=2^^y=2^x2J^=/(x)/(y)

Hence, / (x + y) =/ (x) /(y) holds for all x, y € R.

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

Let A be the set of two positive integers. Let f:A^Z^ (set of positive integers) beEXAMPLE 10

defined by f (n) = p, where pis the highest prime factor ofm If range off = |3}. Find set A. Is A uniquely
determined?

SOLUTION It is given that the set A consists of two positive integers. So, let A ={«, m}. Since
range of / = |3}.

/ (n) = 3 and / (/m) = 3

Highest prime factors of n and m both are equal to 3.
(« = 3 andm = 6) or (« = 3 and w = 9) or(w = 3 andm=12) or (n = 6 and m =12) etc.
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Either ={3, h\, or A ={3, 9], or A =[3,12], or A ={6,12} etc.

Clearly, A is not uniquely determined.

EXAMPLE 11 LetA^N and f: A ^ Abe defined by: f (n) = the highest prime factor ofn. If range off
is A, determine A. Is A uniquely determined?

SOLUTION For any neA, we have

/ (n) = Highest prime factor of n

=> f{n) takes prime values only => Range of / consists of prime numbers only

But, it is given that range of / is A. Therefore, set A consists of prime numbers only.

Hence, A = Set of some prime numbers. Clearly, A is not uniquely determined.

EXERCISE 3.1

BASIC

1. Define a function as a set of ordered pairs.
2. Define a function as a correspondence between two sets.

3. What is the fundamental difference between a relation and a function ? Is every relation a
function ?

4. Lety4 = {-2, -1, 0,1, 2) and f :A Zhe a function defined by / (x) = - 2x - 3. Find:

(i) rangeof/i.e./(/I) (ii) pre-images of 6, -3 and 5.
3a: - 2 , X < 0

5. If afunction/: R ^ Rbe defined by/(x) 1 , x = 0.Find:/(l),/(-l),/(0),/{2).
4x + 1 , X > 0

6. A function /: R -> R is defined by / (x) = x^. Determine
(i) range of/

7. Let/: R"^ ^ R, where R"*" is the set of all positive real numbers be such that / (x) = log^ x.
Determine: (i) the image set of tlie domain of / (ii) {x:/ (x) = - 2} (iii) whether
/ ixy) =f (x) + / (y) holds.

8. Write the following relations as sets of ordered pairs and find which of them are functions:

(i) l(x, y): y = 3x, X e |1, 2, 3}, y g {3, 6, 9,12}}.

(ii) {{x,y):y >x + l,x=l, 2andy = 2, 4, 6} (iii) |(x, y): x + y = 3, x, y e (0,1, 2, 3}}

9. Let/: R R and g:C C be two functions defined as/ (x) = x^ and g (x) = x^. Are they
equal functions?

10. If/ g, h are three functions defined from R to R as follows:

(iii) h{x)=x^ +1

(ii) {x:/(x)=4} (iii) {y:/(y)=-l}.

(i)/W=^^ (ii) g (x) = sin X

Find the range of each function.

11. Let X = {1, 2, 3, 4) and Y =|1,5, 9,11,15,16}. Determine which of the following sets
functions from X to V

are

(i) /i= {(1,1), (2,11), (3,1), (4,15)1

(iii) /3 = 1(1,5), (2, 9) (3,1), (4,5), (2,11)).
(ii)/2=l(l,l),(2,7),(3,5)}

[NCERT]

12. Let A = [12, 13, 14, 15, 16, 17) and f:A~^Z be a function given by/(x) = highest
prime factor of x. Find range of/.

13. If /: R -> R be defined by / (x) = x^ + 1, then find /“^ {17} and /“^ {- 3).
14. Let A = [p, q, r, s} and B = {1, 2, 3}. Which of the following relations from A to B is not a

function?
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(ii) R2={{pAhiqA)ArAUSrl)](i) R^={{p,lUq,2UrA)As,2)\

(iii) R3={(p,l),(^,2),(p,2),(s, 3)1 (iv) K4=K;?,2),((/, 3),(r,2),(s,2)l.
15. LeiA = {9,10,ll,12,13}andlet/:>l->Nbedefinedby/(«) = the highest prime factor

[NCERTlof n. Find the range off.

,0<x<3

3x, 3<a:<10
. The relation g is defined by16. The function / is defined by f{x)=-

x^ ,0<x <2

3a-, 2 <A<10

[NCERTlShow that/is a function and g is not a function.g{x) = \

/qi)-/(i)
17. If/(a) = A^, find [NCERT]

(1.1)-1

18. Express the function / :X->R given by /(a)=a^+1 as set of ordered pairs, where
[NCERT EXEMPLAR!X= 1-1,0, 3, 9,7}.

ANSWERS

4. (i) /(A) ={-4,-3, 0,5} (ii)(|),i0,2),-2. 5. / (1) =5, / (-1) =-5, / (0) =1, / (2) = 9
(ii) 1-2, 2) (iii) (j)6. (i) R^ (set of all real numbers greater than or equal to zero)

(ii) l^”^}

8. (i) 1(1, 3), (2, 6), (3, 9)1; Function

(iii) 1(0, 3), (1, 2), (2,1), (3, 0)1; Function.

9. No, Since domain of / ^ domain of g.

10. (i) R-^ ={AeR| A>0} (ii) {AeR:-l<A<l| (hi) |a e R : a > 1|.

13. (17) = 1-4,4),/-' (-3)=4>
17. 2.1

(iii) Yes

(ii) 1(1, 4), (1, 6), (2,4), (2, 6)}; Not a funcrion

7. (i) ^

12. {3,13,7,5,2,17}11. (i)

14. (iii) 15. Range(/) =|3,5,11,13}.

18. / = |(-1, 0), (0,1), (3, 28), (9, 730), (7, 344)}

HINTS TO SELECTED PROBLEMS

function because (2, 9) and11. (iii)/3 = {(1,5), (2,9), (3,1), (4,5), (2,11)} is not
(2,11) e/3, which means that 2 is related to two elements in y.

12. Clearly, / (12) = highest prime factor of 12 = 3. Similarly, / (13) =13, / (14) =7, / (15) =5,
/ (16) =2 and /(17) =17. Hence, range (/) ={3,13, 7,5, 2,17}.

15. A ={9,10,11,12,13} and /: A N is defined by / (n) = the highest prime factor of n.

a

/(9) = 3,/(10)=5,/(ll)=ll,/(12) = 3and/(13)=13

Hence, range (/) = {/(9), /(lO), /(ll), /(12), /(13)| = {3,5,11,13}
, 0<a<3

3a, 3<a<10

and no number in [0,10] is associated to two or more numbers. Hence,/ is a function. But, g
is not a function because 2 is associated to two distinct elements viz. 4 and 6.

.2

16. We observe that/ (a) = associates all numbers in [0,10] to numbers in R

17. We have,/(a) = x^

/(1.1)-/(1) _ (1.1)^-1^ (1.1+1) (1.1-1)
= 2.1

(1.1-1)(1.1)-1(1.1)-1
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3.5 REAL FUNCTIONS

In this section, we will discuss functions having domain and co-domain both as subsets of the
set R of all real numbers. Such functions are called real functions or real valued functions of the

real variable as defined below.

REAL VALUED FUNCTION A function f :A Bis called a real valued function, ifB is a subset ofR
(set of all real numbers).

If A and B both are subsets of R, then / is called a real function.

In section 3.3.1, we have discussed the description of a function. Generally, domain and
co-domain both are infinite subsets of R in case of real functions of real variable. Therefore, a real

function is generally described by some general formula. In other words, images of various
elements in the domain of a real function are provided by some general formula. For example,

f :R R given by f (x) =x^ + a: + 1 or, /: A —> B given by / (a:) =
^ -1

etc. In practice, real
x^ -4

functions are described by giving the general expressions or formulae describing them without
mentioning their domains and co-domains. Following are some examples of real functions.

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Iff{x) = 3x^ + 9,fmd f(x-l).

SOLUTION We have, / (x) = 3x‘^ + 9. Replacing xby (x-l), we obtain

f(x-l) = 3(x-l)^-5(x-l)^ + 9 = -12x^ +13x^-2x + 7

EXAMPLE 2 If fix) = x + - , prove that = f(x^) + 3f - .
X \Xj

SOLUTION We have.

1

and/ — = — + x.f{x)=x + -^ f(x^)=x^ + \>\fix)]^-

=’ + 4'l+3fi- + il^ =f{x^) + 3f(x)
x^J V xj

1 f ^ 2x + l 3
, X ^ — , then show that f f (x) = , provided that x*	

2 . , 2x “1“ 3 2

x + -

X X) \XJ X

X + —

X)

EXAMPLE 3 Iff (x) = —		
2x + l

SOLUTION We have, / (x) = ——
2x +1

2x +1 2x +11 1 1
/(/W)=/ 22x +1 2 + 2x +1 2x + 3

+ 12 + 1
2x + l2x + l

3
is real for 2x +3^ Oi.e.f {f (x)) is defined for 2x-t- 3 ^ Oi.e. x .

3
provided that ^ ^

X * ~1, then show that f (/ (x)) = - —, provided that x 0.

2x + l

Clearly,/(/(x)) =
2x+ 3

2x + l

Hence, / (/ (x)) =
2x + 3 '

x-1

EXAMPLE 4 ///(x) =
X + 1 ' X
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x-1

SOLUTION We have, / (x) = , a: 56 -1.
AT + 1

x-1

x + 1
1

x-1x-1
in the formula for / (at)Replacing x by/(/W)=/ a:-1 a: + 1a: + 1

+ 1
a: + 1

AT-l-X-1 -2 1

a: -1 + AT + 1

— is meaningful for a: 0. Hence, / (/ (a:)) = - —, provided that x ^0.
X X

x^-16

2x X

We find that

, a: -4
EXAMPLE 5 Let f be defined byf{x)=x-4 and g be defined by ^(x) = a:+ 4

,x = -4

Find X such that f{x)=g {x)for all x.

SOLUTION We have,

/ (a:) = ^ (x) for all a: e R
/(-4) = g(-4)=> -4-4 = >.=> X = -8.

EXAMPLE 6 Iff is a real function defined by f (a:) =

[v f(x)=x-4 .■./(-4)-4 = -8]

3/(x) + l

/W + 3 ■

a:-1
then prove that: f (2x) =

a: + 1 '

.v-1

SOLUTION We have, / (a:) =
x + 1

a: + 1

.Y - 1 + AT + 1

[Applying componendo and dividendo]=>

/W-1 Y-1 -Y-11

fix) + lfjx) + l
= -Y => Y

1-/Wfix)-l
x-1

Again, f{x) =
x+1

I1-/WJ
-1

2y-1
[Using (i)]f{2x) =

2y + 1
2 mil

^ 2f{x) + 2-l+f{x) _ 3/(y) + 1
2/(y) + 2 + 1-/(y) /(y) + 3

+ 1

EXERCISE 3.2

BASIC

1. If/(y) = y^ - 3y + 4, then find the values of x satisfying the equation f{x) =f{2x +1).

2. If fix) ={x-a)^ (x -&)1 iindfia+b).
ax -b

bx-a'

show that / \f 1/(y)|] = y.

[NCERT EXEMPLAR!show that Y = fiy).3. Ify=/(Y) =

1
4. If/(Y) =

1 -y'
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x + l

5. If fix) = show that / [f (x)] = x.
x-1 '

X , when x < 0

6. If /(x) = I X, when 0 ^ x < 1 [NCERT]

1
— , when X > 1
X

Find: (i)/(1/2) (ii)/(-2) (iii)/(I) (iv)/(V3) and

7. If/(x)=x3-J-,showthat/(x)+/^-
x’^

8. If fix) = - , show that /(tan 0) = sin 20.
1 +x"^

x-1

= 0.

f 1 1
9. If/(X) = , then show that: (i) / — = -fix) (ii) / —

V xjx + l m

BASED ON HOTS

1/n
10. If/(x)=(fl-x")

M \ I
11. If for non-zero X, fl/(x) + b / — =— 5, where « then find/(x).

,a>0 and « e N, then prove that /(/(x)) - x for all x.

\xj X

ANSWERS

2.1. x = -l,2/3

1 1 1 5a

6- (i) ^ (ii) 4. (iii) 1 (iv) (v) does not exist --bx11.
V3 + b

HINTS TO SELECTED PROBLEMS

x^ , when x < 0

6. We have, / (x) = x , when 0 < x < 1. Therefore,

- , when X > 1
X

/I N 1

«ii] = ^
(iv) /(V3) = /

11. We have.

(iii)/(l) = 7(ii)/(-2) = (-2)2 = 4

(iv)/(-V3) = (-73)2 ^ 3

= 1
1

V3

/I 1
a fix) + b f — = —5 ... (i)

\xj X

1\
Replacing x by —=> a f — +b fix) = X - 5 ... (ii)

X

Adding (i) and (ii), we get
1

(fl + b) = x + --10
X
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1 1
...(iii)=> /w+/ - X + --10

a + b X\XJ

Subtracting (ii) from (i), we get
1

m-f - =
1

... (iv)X

a - b [x\xj

Add (iii) and (iv) to obtain/(a:).

3.6 DOMAIN AND RANGE OF A REAL A FUNCTION

Mathematically to define a function one has to provide its domain, co-domain and the images of
elements in its domain either by giving a general formula or by listing them one by one. As the
domain and co-domain of real functions are subsets of R. Therefore, conventionally, real

functions are described by providing the general formula for finding the images of elements in
its domain. In such cases, the domain of the real function/ (x) is the set of all those real numbers

for which the expression for / (at) or the formula for / (a:) assumes real values only. In
otherwords, the domain off (a:) is the set of all those real numbers for which/ (x) is meaningful.

3a: - 2

For example, a real function / (a:) described by the general formula f{x)-—=
x^

3x-2

assumes real
-1

becomes zero for a: = ± 1.values for all a: e i? except for A‘ = ± 1, because denominator of
x̂^

So, domain of / (a:) is the set of all real numbers other than -1 and 1 i.e. domain (/) = R - (-1,1}.

Following examples will illustrate the procedure for finding the domain of a real function of a
real variable.

-1

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Find the domain of each of the following real valued functions:
x-1

(ii) fix) =
at-3

x^ -I- 3at + 52.Y-3
[NCERT](iv)/(Y) =(iii) fix) =

-5y + 4Y^ - 3y + 2

—^.Clearly, / (y) assumes real values for all real values of y
except for the values of y satisfying y + 2 = 0 i.e. y = - 2. Hence, Domain (/) = R -[-2).

. We observe that/ (y) is a rational function of y as /

expression. Clearly, / (y) assumes real values for all y except for the values of x for which
Y - 3 = 0 i.e. Y = 3. Hence, Domain{f)-R- {3}.

2y - 3
(iii) We have, / (y) = . Clearly, / (y) is a rational function of y as —^

Y^ - 3y + 2 y'^

rational expression. We observe that / (y) assumes real values for all y except for all those values
of Y for which Y^ - 3y-I-2 = 0i.e.Y=l,2. Hence, Domain (/)= K-|1, 2}.

SOLUTION (i) We have, / (y) =

Y-1Y-1
is a rational(ii) We have,/(y) =

-3y-3

2y - 3
is a

- 3y + 2
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+ 3x + 5

—z . Clearly, / (.t) is a rational function of x as —
x^-5x + 4

+ 3x + 5 .
(iv) We have, / (x) = IS a

-5x + 4

rational expression in x. We observe that / (x) assumes real values for all x except for all those
values of xfor whichx ~5x + 4 = 0 i.e. x = l,4. Hence, Domain (/) = K~{1,4).

Find the domain of each of the folloioing functions:

(ii) / (x) = , ^
fl-x

SOLUTION (i) We have, /(x) =/x-2. Clearly, / (x) assumes real values for all x satisfying
X - 2 > 0 => X > 2 => X e [2, oo). Hence, Domain (/) = [2, oo).

-j==^. Clearly, / (x) assumes real values for all x satisfying
l-x>0^1>x=^x<l=^xe(-oo, 1). Hence, Domain (/) =(- oo, 1).

(iii) We have, / (x) = -J^-x^. Clearly, / (x) assumes real values for all x satisfying

4-x^>0=> -(x^-4)>0 x^-4<0 => (x-2)(x + 2)<0 => xe[-2,2].

Hence, Domain (/) = [-2,2].

Find the domain of the function /(x) defined by f (x) = /4 -x +

EXAMPLE 2

(iii)/W =(i)/w = 41^

(ii) We have, / (x) =

1
EXAMPLE 3

SOLUTION Clearly, / (x) is defined for all x satisfying
4 - X > 0 and x^ -1 > 0

=> X “4 <0 and (x -1) (x +1) > 0 => x <4 and (x < -1 or x>l) => x e(-oo, -1) u(l, 4].

Hence, Domain(/) = (-co,-1) u(l, 4].

3.6.1 RANGE OF REAL FUNCTIONS

The range of a real function of a real variable is the set of all real values taken by / (x) at points in

its domain. In order to find the range of a real function / (x), we may use the following
algorithm.

ALGORITHM

Step I

Step II

Step III

Puty=f{x).

Solve the equation y =f (x)forxin terms ofy. Let x = <[>(y).

Find the values ofy for which the values ofx, obtainedfrom x = ^ (y), are real and in the domain
off

The set of values ofy obtained in step 111 is the range off.Step IV

Following examples will illustrate the above algorithm.

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

X-2
EXAMPLE 1 Find the domain and range of the function f (x) given by f (x) =

3-x

x-2

SOLUTION We have,/(x) =
3-x

Domain off: Clearly, / (x) is defined for all x satisfying 3 - x 9^ 0 i.e. x 3. Hence, Domain
if)=R-{3}.
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Range off: Lety = /(x). Then,
3y + 2x-2

=> 3y-xy = x-2=> x{y+ l) = 3y+ 2 => x =y =
y + i3-x

Clearly, x assumes real values for all y except y + 1 = 0 i.e. y = -1. Hence,Range (/) = K - Ij.

EXAMPLE 2 Find the range of each of the followingfunctions:

(ii) fix) = -JieT? (iii) fix) = —^ (iv) f {x) = —^
1 + x'^ 2-x

^ Clearly, / (x) takes real values for all x satisfying
fx-5

1

(i) fix) =
■Jx-S

SOLUTION (i) We have, / (x) =

x-5>0 => x>5 => X e (5, oo). Therefore, Domain (/) - (5,co).

For any x > 5, we have

X -5 > 0 ^ fx - 5 > 0 ^
1

> 0 => / (x) > 0.
fx-5

Thus, / (x) takes aU real values greater than zero. Hence, Range (/) =(0, co).

(ii) We have, / (x) = flS-x^. We observe that / (x) is defined for all x satisfying

16 - x^ ^ 0 ^ x^ -16 < 0 ^ (x - 4) (x + 4) < 0 => - 4 < x < 4 => x e [-4,4]

Domain if) = [-4,4].

Lety =/(x). Then,

y = -Jl6 -x^ => y^ = 16 - x^ => x^ = 16 - y^ ^ X

Clearly, x will take real values, if

16 - y^ > 0 => y^ -16 < 0 => (y - 4) (y + 4) < 0 => - 4 < y < 4 => y e [- 4, 4]

^16 -x^ > 0 foraUxe[-4, 4]. Therefore, ye [0,4] for all x e [-4, 4].

Hence, Range/) = [0,4].

(iii) We have, / (x) =

Also, y =

—2 ● observe that /(x) takes real values for all x e R. Hence,
1 + x-

domain(/)=R. Let y=/(x).Then,

1 ±
X 2 n

=> x y-x + y - 0=> X =
1 + x^

Clearly, x will assume real values, if

1 ~ 4y^ > 0 and y ^ 0 => 4y^ -1 < 0 and y?i0=> y^--^£0 and y ^ 0

l.y.
2 ^ _ _

2'2.'

For/(x) to be real, we must have 2-x^ 0 => x ^ ±-j2.

Domain (/) = R-|-V2, V2}.Let/(x) =y.Then,

^ 2y - x^ y = 3 => x^ y
2-x

We observe that x will take real values other than - V2 and V2, if

y=f(x)=> y =
2y

1 1IV i')
~ and y 0 => y e - T -{0}V + — ^0 and y 0 => -

^ 2J ^

y = 0 for X = 0. Hence, Range (/) = -

^-2 2' 2
y V

1 1
Also,

(iv) We have, / (x) =
2-x

2y-3
= 2y-3=>x=±y = /(x)=>y =

V y
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2y-3
[See Fig. 3.5]> 0 => 1/ e {- CO ,0) u [3/2, oo)

y
+ +

<■

3- os 0 os

2

Fig. 3.5 Signs of

Hence, range (/) = (-co,0)u [3/2, oo).
X

EXAMPLE 3 Find the domain and range of the function f (x) = —
2-9

x-3

2 -9
SOLUTION We have, f{x)=-

X - 3

Domain off: Clearly, / (x) is not defined for x - 3 = Oi.e. x = 3.Therefore, Domain (f) =R - {3}.
v2 _Q

Range off: Let/(.t) =1/. Then,/(.r) =y => = i/ =>x+3=y [v xj^3]
A — 3

It follows from the above relation that y takes all real values except 6 when x takes values in the

set R - {3}. Therefore, Range (/) = R-{6).

EXAMPLE 4 Find the domain and range of the real valued function f (x) given by f (x) =

4-x

4-x

x-4

SOLUTION Wehave,/(x) =
x-4

Domain of f: We observe that / (x) is defined for all x except at x = 4. At x = 4, / (x) takes the

indeterminate form — . Therefore, Domain (/) = R-{4).

Range off: For any x e Domain (/) i.e. for any x 4, we have

= -l.Therefore, Range (/) ={-!}.
4-x

fix) =
x-4 x-4

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

2 ^
X

EXAMPLES Letf=\ x, :x €R[ be a functionfrom R into R. Determine the range off.
1 + x2

[NCERT]

x2
SOLUTION We have, / (x) =

x2 +1

Domainoff Clearly,/(x)isdefinedforallx e Rasx^ + 1 ?£ Oforany x e R. So,Domain(/) = R.

Range off: Let/(x) = y.Then,

fix) = y
2

X - -± y= y ^ x2 = x2 y + y => x2 (1 -y) = y => x2 ±^ X

x2+l

Clearly, x will take real values, if

p-y1-.V

++

<■

^>0 0 1— 00 00

1-y
Fig. 3.6 Signs of
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L? <0=>0<y<l=>ye[0,l)
y-1

Hence, range (/) = [0,1).

[See Fig. 3.6]

1

EXAMPLE 6 Find the domain and range of the function f =< x: ■.xe.R,x¥‘±l>.
l-x^

SOLUTION We have, / (jr) = ^
l-x‘^

Domain off: Clearly, /(x) is defined for all xsR except for which x^-1^0 i.e. x=±l.
Therefore, Domain of/ = R-{-l,l).

Range off: Let / (x) = y. Then,

2 ^ i_y-i
y y

y-l1 , 2 1
= y=> l-x =-=5> X/(x)=y => => x = ±

l-x2

Clearly, x will take real values, if

y-l

y-O

y < 0 or y>l=> y €(-oo, 0) u [1, oo)

Hence, range (/)=(- oo, 0) u [1, co).

Find the domain and range of the function f (x) =

l|y-oy

++

<
1 00

0— oo

>0

Fig. 3.7 Signs

[See Fig. 3.7]

1
EXAMPLE?

2 - sin 3x

1

SOLUTION We have, / (x) =
2-sin 3x

Domain off: We know that

-1 < sin 3x < 1 for all X € R

-1 <-sin 3x <1 forallx eR

1 < 2 - sin 3x ^ 3 for all x e R [Adding 2 throughout]
1

is defined for all x e R2 - sin 3x ^ 0 for any x e R => / (x) =
2 - sin 3x

Hence, domain (/) = R.

Range off: As discussed above

1 < 2 - sin 3x S 3 for all x eR

3 2-sin 3x
-</(x)<l forallxeR => /(x)e -, 1
3 .3

< 1 for all X € R =>

Hence, range (/)=—,!
3

EXERCISE 3.3

BASIC

1. Find the domain of each of the following real valued functions of real variable:
2x + l3x-2

(i)/W = - (u) f{x)= — (iv)/(i)=
X̂

(iii) / W =
x + 1x-7 -9X
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+ 2.Y + 1

x^-Sx + 12

2- Find the domain of each of the following real valued functions of real variable:

[NCERT](V) fix) =

x-21

(iii) f{x)=^9-x'^ (iv) f (x) =(i) / (x) = ^x-2 (ii) / (x) =

BASED ON LOTS

■y3-x

3- Find the domain and range of each of the following real valued functions:
ax ~bax + b

(ii) fix) =(i) fix) =
cx -dbx-a

(iv) fix) =

(Vi) fix) = |x-l|

(viii) f{x)=^9-x^

(x) fix)=-Jx^-ie

(iii) /ix) = p-l

(V) fix) =

[NCERT]

x^2
[NCERT]

2-x

[NCERT][NCERT](vii)/(x)=-M

(ix) fix) =
1

Vl6-x^
ANSWERS

1- Domain 2- Domain

(i) [2,<»)

(ii) (- CO, -1) u (1, co) (- CO, -1] u (0, x)

(iii) [-3,3]

(iv) [2, 3)

Range

[0, x)(i) R~{0]

(ii) R-{7\

(ui) R-1-1]

(iv) R-i-3,3)

(v) R-(2,6]

[0, 3]

[0, x)

3- Domain RangeRange Domain

(ii) K-J-
aa

R -R-
b cc

[0, x)(iv) [3, x)

(vi) R

(viii) [- 3, 3]

(iii) [1, x)

(v) R-(2}

(vii) R

[0, x)

[0, X)1-1}

[0, 3](-X, 0]

1
(x) (-X,-4]u[4, x) [0, x)(ix) (-4, 4) X

HINTS TO SELECTED PROBLEMS

jx +1)^
- 8x + 12 ix - 6) (x - 2)

(x - 6) (x - 2) 0 i..e. x 2, 6. Therefore, Domain (/) = R - {2, 6}

3- (iii) f (x) = -fx-l is defined for ail x satisfying x -1 > 0 i.e. x ^ 1. So, domain if) = [1, x).

Let y = ^x -1. Clearly, y > 0 for all x e [1, x). So, range if) = [0, x).

(vi) fix) = I X -11. Clearly, / (x) is defined for all x € R. So, domain if) = R.

x^ + 2x + l
1. is defined for all x satisfying(v) /(x) =
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Also,/(a:) = | X -11 > Oforalla: gK.So, range(/) =[0, oo).

(vii) f {x)=- \ a:|. We observe that/ (a:) is defined for all x &R. So, domain (/) =R.

Also,! a:[ > 0 for allx e R => -| x| < 0 for all x e R =>/(x) < 0 for all x e R.

So, range (/) = (- oo, 0].

(viii) We have, / (x) = ^9 -x^ . Clearly,/(x) takes real values if

9-x^ >0 => x^-9<0 => (x-3)(x+3) <0 => xg[-3,3]

Domain (/)=[-3, 3]

Also, / (x) = -^9^-^^ > 0 for all x e [- 3, 3],

Let y=^9-x^. Then, = 9 -x^ => x^ + = 9 => x = -^9

Clearly, x e R, if y e [- 3, 3]. But, y > 0. Therefore, y e 10, 3]. Hence, range (/) = [0, 3]

3.7 SOME STANDARD REAL FUNCTIONS AND THEIR GRAPHS

In this section, we shall discuss some standard real functions which frequently occur in the
study of calculus.

CONSTANT FUNCTION If k is a fixed real number, then a function f (x) given by
f (x) =k for all X e R is called a constant function.
Sometimes we also call it the constant function k.

We observe that the domain of the constant function / (x) =kis the set R of all real numbers and
range of / is the singleton set {k}.

The graph of a constant function/ (x) =kisa straight line parallel to x-axis (See Fig. 3.8) which is
above or below x-axis according as k is positive or negative. If cf = 0, then the straight line is
coincident to x-axis.

y A

<■

k

>
OX' X

y'v

Fig. 3.8 Constant function

IDENTITY FUNCTION The function that associates each real number to itself is called the identity
function and is usually denoted by I.

Thus, the function I :R ^ R defined by I {x)=x for all x eR is called the identity function.

Clearly, the domain and range of the identity function are both equal to R.

The graph of the identity function is a straight line passing through the origin and inclined at an
angle of 45® with X-axis.

Fig. 3.9 Identity function
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MODULUS FUNCTION The function f{x) defined by f{x) =| a:| = j
X , when x > 0

- X , when x < 0
is called the

modulus function.

It is also called the absolute value function.

We observe that the domain of the modulus function is the set R of all

real numbers and the range is the set of all non-negative real numbers

i.e. = {x eR :x>0}.

Va

■f-

>
XX' o

The graph of the modulus function is as shown in Fig. 3.10. for

X > 0, the graph coincides with the graph of the identity function i.e.

the line y = x and for x < 0, it is coincident to the line y = - x.

PROPERTIES OF MODULUS FUNCTION The modulus function has the following properties:

(a) For any real number x,

y-'i'

Fig. 3.10 Modulus function

X .

7T
0<x<-COS X ,

For example, -^/cos^ = | cos x | = ■ 2
7t

— <X<K- cos X ,
2

(b) If a, b are positive real numbers, then

(i) x^ <0^ o |x|<fl -a<x<a

(iii) x^ <

(v) a^<x^<b^ o a<\x\<b o x e[-b,-a]^[a,b]

(vi) a <x <b o a<\x\<b <=> x €{-b,-a)(j(a,b)

(ii) x >a o |x|>fl x<-flor, x>fl

(iv) x >a o Ix| > X <-or, X ><7o x <fl <=> ~a<x<a

(c) For real numbers x and y, we have
(i) ix + y| = |x|+|y| o (x>0 and y ^ 0) or, (x < 0 and y < 0)

(ii) |x-y| =|x|-|y| <=> (x>0,y>0 and | x | > | y |) or, (x < 0 , y < 0 and | x | > | y |)
(iii) |x±y|<[x| + |y|

(iv) |x±y|> |x| -ly|

GREATEST INTEGER FUNCTION (FLOOR FUNCTION) For any real number x, we use the symbol
[x] or, [x J to denote the greatest integer less than or equal to x.

For example, [275] = 2, [3] = 3, [0.74] = 0,[-7.45] = - 8

Y-^

etc. 3

2

The function /: R —> R defined by f {x) = [x] for all x sR is

called the greatest integer function or the floor function.

It is also called a step function.

Clearly, domain of the greatest integer function is the set R of
all real numbers and the range is the set Z of all integers as it

attains only integer values.

The graph of the greatest integer function is shown in
Fig 3.11.

PROPERTIES OF GREATEST INTEGER FUNCTION Ifnisan integer and x is a real number between n
and n + \, then

1
o

■><■
-3-2-1 1 2 3

X' X-1

-2

-3

yV

Fig. 3.11 Greatest integer function

(i) [-n] = (ii) [x + cf] = [x] + k for any integer k.
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(iv) M + [-*] = I
ifx^Z
if X eZ

-1 ,
(ui) [-X] =-[x]-l

0 ,

2[x] + 1 , iix^^Z
/ if X eZ

(v) = (vi) [x]>k^ x>k, where /c e Z2[x]

(vii) [a:] <k ^ x <k + 1, where/c eZ (viii) [.y] >k ^ x>k + 1, werek sZ

(ix) [.t] <k X < k, where cf e Z (x) [.Y + 1/] = [x] + [y + X- [y]] for all y, y g K

n-12
(xi) [y] + Y + - = [ky] , ?i e N.+ Y + — + ... + Y +

n n

SMALLEST INTEGER FUNCTION (CEILING FUNCTION) For any real number y, we use the

symbol [y] to denote the smallest integer greater than or

equal to x.

For example, f4.7~| =5, [-7.21 =-7, [0751 =1 etc.

The function / :K deifned l?y f{x)=[x~\for nllxeR is
called the smallest integer function or the ceiling function.

It is also a step function.

We observe that the domain of the smallest integer function

is the set R of all real numbers and its range is the set Z of all

integers. The graph of the smallest integer function is as

shown in Fig. 3.12.

V A

<■
oX' X

r V

Fig. 3.12 Smallest integer function

PROPERTIES OF SMALLEST INTEGER FUNCTION Following are some properties of smallest

integer function:

(i) [-«1 = -[«1, whereneZ

(iii) [y + w1 = [y1 + «, where x e R - Z and e Z

p -1 fl, ifYsZ

(IV) M + r-A:l= jo ; HxeZ

(ii) [-y1=-[y1 + 1, whereYgR-Z

2[y1-1, ifYsZ
2[y1 , ifYgZ

FRACTIONAL PART FUNCTION For any real number x, we use the symbol {y} to denote the
fractional part or decimal part of x.

For example, [3.45] = 0.45, [- 2.75] = 0.25, 055] = 0.45,

[3] = 0,[-7] = 0 etc.

(v) M-[-*! =

y A

Thefunction f :R -> R defined h\j f (y) = for all x eRis

called the fractional part function.

We observe that the domain of the fractional part function is <

the set R of all real numbers and the range is the set [0,1).

It is evident from the definition that / (y) = {y} = y - [y]
for all Y g J?

The graph of the fractional part function is as shown in

Fig. 3.13.

(0,1)

0 1 2 3-2 -1
XX'

r V

Fig. 3.13 Fractional part function
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a:| x>0

or, / (i) = -| 0 , X = 0
' a:<0

1 ,

SIGNUM FUNCTION The function/deifned by f{x)=- X

0 , :r = 0

is called the signumfinction.

The domain of the signum function is the set R of all real numbers and the range is the set
{-1,0,1}. The graph of the signum function is as shown in Fig. 3.14.

YAya

y = a^,a>l

(0,1)
<■ (0,1)

<■ >
0<■

o X' X
X' X

4 (0,-1)

^Y'4,y-

Fig. 3.15 Exponential function/(j:) = «■*' for a > 1

EXPONENTIAL FUNCTION If a is a positive real number other than unity, then a function that associates
each X toa^ is called the exponential function.

In other words, a function f :R -> R defined by / (x) = a^, where > 0 and n 1 is called the

exponential function.

We observe that the domain of an exponential function is R the set of all real numbers and the
range is the set (0, a>) as it attains only positive values.
As > 0 and a^l. So, we have the following cases:

Case I When a>l: We observe that the values of y =/ (x) =a^ increase as the values of x
increase.

Fig, 3.14 Signum function

<1 for X < 0

Also, / (x) = a^ =1 for x = 0
>1 for X > 0 .

Thus, the graph of / (x) - a'^ for a > 1 as shown in Fig. 3.15.

We also observe that:

2^<3^<4^<...for allx>l

2^ = 3^=4^=...=lforx=0

2.V > 3^ forallx<l

YA
y = 3^
jfy = 2*

3/ = 2V

y = ‘

(0.1)
So, the graphs off (x) = 2^’, / (x) = 3^, / (x) = 4^ etc. are as

shown in Fig. 3.16.
Case II When 0 < < 1: In this case, the values of

y =/ (x) = a^ decrease witli the increase in x and y > 0 for
allx gR.

Also,

<-

OX' X

r > 1 for X < 0

y = f (x) = J = 1 for X = 0
<1 for X > 0

Fig. 3.16 Graphs of exponential functions
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Thus, the graph of / (x) = for 0 < a < 1 is as shown in Fig. 3.17.

A Y

y =<?*, 0<fl<l

(0,1)

■>
<■

o XX' X

o XX'

^ V'

Fig. 3.17 Graph of exponential function

/(x) = tor 0 < (i< 1

The graphs of / (x) = 0 < a < 1 for different values of a are shown in Fig. 3.18.

We have, 2<e <3. Therefore, graph off (x) = is identical to that off (x) = for a > 1

and the graph of /(x) =e~^ is identical to that of f{x) =a^ for 0 <a <1.

LOGARITHMIC FUNCTION If a>0 and a^l, then the function defined by f (x) = log^ x, x > 0 is
called the logarithmic function.

We have learnt that the logarithmic function and the exponential function are inverse functions
i.e. logfl X = y <=> X = A^.

ir

Fig. 3.18 Exponential functions

REMARK I

We observe that the domain of the logarithmic function is the set of all non-negative real
numbers i.e. (0, oo) and the range is the set R of all real numbers.

As A > 0 and a^l. So, we have the following cases.
< 0 for0<x<l

Case I When a > 1: In this case, we have y = log^ x ● = 0 for x = 1
>0 for x>l

Also, the values of y increase with the increase in x. So, the graph of y = log^ x is as shown in
Fig.3.19.

YAYA

f(X) = [OggX
fl > 1 »

(1,0)
<■<■ O

(1,0) X' Xo XX'

f{x)=\og^
y> V 0<a<l

Fig. 3.20 Logarithmic function / (x) = log„ x for 0<«<1

f > 0 for 0 < X < 1

Case II When 0 < A < 1; In this case, we have y = log^ x = 0 for x = 1
<0 for X > 1

Fig.3.19 Logarithmicfunction/(x) = log^xfora >1
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Also, the values of y decrease with the increase in x. So, the graph of y = log„ x is as shown in
Fig. 3.20.

PROPERTIES OF LOGARITHMIC FUNCTION Following are some useful properties of
logarithmic function:

log„ 1 = 0, where > 0, 9^ 1

logrt = 1, where a >0, a¥^l

(iii) logfl (.vy) = log^ I ^I + loga \ y\> where a>0, and xy > 0

(i)

(ii)

- log„ I a: I - logfl I y I, where fl > 0, fl 1 and - > 0(iv) log,
yj y

(v) log„(x") =

(vi) log^, -a

X^°Sa y

n log„ I A' I, where a>0, a* \ and x” > 0

— log,, X, where a>0, and x > 0
n

, where x>0, y>0, fl>0,

If (7 > 1, then the values of / (x) = log^ x increase with the increase in x.

[ < 0 for 0 < X < 1
i.e x<y log„x<logfly. Also, log^ x =0 forx = l

>0 forx>l.

(vii)

(viii)

= y

(ix) If 0 < < 1, then the values of / (x) = log^ x decrease with the increase in x.

[ > 0 for 0 < X < 1
i.e x<y o log^ x >log„ y. Also, log^ x - = 0 forx=l

<0 for X > 1

1
(X) logfl X = for (7 > 0, 1 and x > 0, x 1.

logx'^

Functions f {x) =loga x andg(x) =a^ are inverse of each other. So, their graphs are mirror

images of each other in the line mirror y = x.

REMARK 2

RECIPROCAL FUNCTION The function that associates a real number x to its reciprocal 1/x is

called the reciprocal function. Since 1/x is not defined for x = 0. So, we define the reciprocal
function as follows:

DEFINITION Thefunction f: R - [0] R defined by f{x) = — is called
X

1

the reciprocal function.

Clearly, domain of the reciprocal function is K - {0} and its range is ^
also R - {0}.

We observe that the sign of — is same as that of x and — decreases
X X

with the increase in x. So, the graph of /(x) = — is as shown in
Fig. 3.21.

X'

%
o

X

'W'r

Fig. 3.21 Reciprocal function

X

SQUARE ROOT FUNCTION The function that associates a real number x fo + Vx is called the

square root function. Since Vx is real for x > 0. So, we defined the square root function as follows;

DEFINITION The function f :R'*' R defined byf(x)=+fx is called the square root function.

Clearly, domain of the square root function is R'^ i.e. [0, oo) and its range is also [0, oo).

 

 



 

 

MATHEMATICS-XI3.24

We observe that the values oi f {x)=-\-4x increase with the increase in x. So, the graph of

f {x)-+ 4x is as shown in Fig. 3.22.

y A

y = ii^

<■
o Xo X'XX'

Y'Vrv

Fig. 3.23 Square functionFig. 3.22 Square root function

SQUARE FUNCTION The function that associates a real number x to its square i.e. is called

the square function. Since is defined for all x e K. So, we define the square function as follows:

DEFINITION The function f:R^R defined by f (x) = x^ is called the square function.

Clearly, domain of the square function is R and its range is the set of all non-negative real
numbers i.e. [0, oo). The graph of / (x) = x^ is parabola as shown in Fig. 3.23.

CUBE FUNCTION The function that associate a real number x to its cube is called the cube

function. We observe that x^ is meaningful for all x e R. So, we define the cube fimction as

follows:

DEFINITION The function f:R^R defined by f (x) = x^ is called the cube function.

We observe that the sign of x^ is same as that of x and the values of x^ increase with the increase
in X. So, the graph of/(x) =x^ is as shown in Fig. 3.24. Clearly, the graph is symmetrical in

opposite quadrants.

><■
OO XXX'

Y'ir

Fig. 3.25 Cube root function

CUBE ROOT FUNCTION The function that associates a real number x to its cube root x

called the cube root function. Clearly, x^^ ^ is defined for all x e R. So, we define the cube root
function as follows:

Fig. 3.24 Cube function

1/3 i
IS

The function f-.R-^R defined by f (x) = x^'^ ^ is called the cube root function.

Clearly, domain and range of the cube root function are both equal to R.

DEFINITION
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that of X and ^ increase with the increase in x. So, the graph of1/3 ;
Also, the sign of X IS same as

is as shown in Fig. 3.25.
1/3

f(x) = x

A function f-.R^Ris said to be a polynomial function if f (:c) is a polynomial in x. For
example, f (x) = x'^ - x + 4^,g{x) = x^ + 3x^ + yfl x-1 etc are polynomial functions,

where p (x) and q (.t) are polynomials and q (x) ^ 0, is

REMARK 3

REMARK 4 A function of the form f (:r) =
q{x)

fix)
is the set of all real numbers,called a rational function. The domain of a rational function f (;r) =

except points where q (a:) = 0.

3.8 OPERATIONS ON REAL FUNCTIONS

In this section, we shall introduce various operations, namely addition, subtraction,
multiplication, division etc. on real functions.

ADDITION Letf:Di~>R and g:D2^Rbe two real functions. Then, their sum f + gis deifned as
thatfmctionfrom nD2toR which associates eachxeDi nD2 to the number f {x) +g(Ar).

In other words, if /: Dj ^ R and g: D2 ^ R are two real functions, then their sum / + g is a
function fromDi nD2 to R such that

if + g) (x) =f{x) + g ix) for all a: g Dj n D2.

PRODUCT Let f :Di R and g:D2 -> R be two real functions. Then, their product (or pointwise
multiplication) f gis a function from Dj n D2 fo R and is defined as

if g){x) = fix)gix) forallx^D^nDj

DIFFERENCE (SUBTRACTION) Let f :DiR and g:D2 ^ R be two real functions. Then the
difference of gfrom f is denoted by f -g and is defined as

if-g)ix) =fix)-g(x) forallxeDir^D2

QUOTIENT Letf-.D-^ Randg:D2 -> Rbetworealfunctions.Then the quotient off by gisdenoted

by — and it is a function from D| n D2 - |a: : g (a:) = 0} fo R defined by

qix)

g

fix)f
for all x eDin,D2~{x'.g (a:) = 0}^ (x) =

gix)

MULTIPLICATION OF A FUNCTION BY A SCALAR Letf:D R ba a real function and a be a scalar

(real number). Then the product a / is a function from D toR and is defined as
iaf)(x) = af(x) forallxeD.

RECIPROCAL OF A FUNCTION J//:D ^ R is a real function, then its reciprocal function ^ iIS a

f

f 1 1
function from D ~{x:f (x) =0} to R and is defined as 7 = 7T v

I) j ix)

The sum, difference product and quotient are definedfor realfunctions only on their commonREMARK1

domain. These operations do not make any sense for general functions even if their domains are same,
because the sum, difference, product and quotient may or may not be meaningful for the elements in their
common domain.
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For any real function f \D n R andn eN,zve defineREMARK 2

{fff....f){x)=f{x)f{x)...f(x) = (/W)" forallxeD
ii-times »?-times

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Find the sum and difference of the identityfunction and the modulusfunction. [NCERT]
SOLUTION We know that /: R R defined by f{x) = x is the identity function and g: R R
defined by g(x)=[x| is the modulus function. Clearly, fandg have the same domain.
Therefore, f + g-.R ^R and f -g:R ^ R such that

ifx>0 _
if X < 0 "

if a:>0

T-(-x) , ifx<0

if x>0

0 , ifa:<0
2x ,_ I X + X ,

1 X-A- ,
if + g)(x) = f{x)+g{x) = x + \x\

if -g) (x) = / (x) (a) = A -| A I = j
0 , ifA>0

2a , if A < 0
A - A ,and.

Thus, f + g- R -> R and f -g:R ^ R are defined as
if A>0

0 / if A < 0
0 , if X > 0

2a / if A < 0

2a ,
(/ + ^)(x) = and, if-g)(x) =

EXAMPLE 2 What are the sum and difference of the identityfunction and the reciprocalfunction ?
[NCERT]

SOLUTION Let / and g denote respectively the identity function and the reciprocal function.

Then, /: K R andg:R - \0\ ^ R such that /(a) = a for all a e R and, g(a) = — for all
A

A € R -{0). The domains of / and g are R and R - {0} respectively. Also, we haveR n R - [0}
= R - {0).Therefore, / + ^: R - {0} ->■ R and f - g: R - {0} ^ R are given by

if + g){x) = fix)+g{x) = A + - and, if-g){x) = fix)-g{x) = x--
X X

EXAMPLE 3 Let /: [2, oo) ^ R and g :[-2, co) ^ R be two real functions defined by f ix)- fx-2
and g (a) = fx + 2. Find f + g and f -g.

SOLUTION Let Dj = [2, oo) and D2 = [- 2, 00). Then, n D2 = [2, 00). Thus, / + g; [2, 00) -> R

and / - g: [2, 00) -> R are given by

(/ + g) (x) =/(x) + g(A) = ^a-2 + ^x + 2 for aU a e [2, x)

(/ - g) (x) =/ (x) - g (a) = ^a-2 - fx + 2 for all a e [2, x).

Find the product of the identity function and the modulus function.

and,

EXAMPLE 4

SOLUTION Let / and g denote respectively the identity function and modulus function. Then,
f:R-^R such that /(.a) = x for all a and, g:R^R such that g (x) = | a ( for all a. Clearly,
/ and g have the same domain. Therefore, the product / g is a function from R to itself and is
given by

A^ , if X > 0
' if A < 0

EXAMPLE 5 Find the quotient of the identity function by the modulus fimction.

SOLUTION Let / and g denote respectively the identity function and the modulus function.

Then, f :R R is defined as/ (a) = a and, g: R ^ R is defined as g (a) = | a |. Clearly, / and g
have the same domain.

if g)ix) = /(x)g(A) = x| a| =
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g(A:)=0 => |:cl=0 x = 0.

Therefore, the quotient of / ^ i.e. — is a function from R - (01 ^ R and is defined as

And,

g

x>0

L (x) =IS^ = ±
g{x) 1 ^

X

X
kS = -1 , .r < 0

-X

EXAMPLE 6 Find the product of the identity function and the reciprocal function.

SOLUTION Let / and g denote respectively the identity function and the reciprocal function.

Then,/: R -> R is defined as f {x)=x for all x e R and,^: R - {0) -> R is defined asg (x) = - for

all a: G R - |0j. We find that Domain (/) n Domain (g) = R n R -10) = R -10}. Therefore, the
product ^ is a function from R - {0} to R and is defined as

ifs) (^) =/ {^) 5 (^) = ^ ^ - = 1 all X G R - {01
X

Thus,/g: R - {0} ^ R is given by (/^) (x) =1 for allx e R -{0}.
EXAMPLE 7 Find the quotient of the identity function by the reciprocal function.

SOLUTION Let / and g denote respectively the identity function and the reciprocal function.

Then,/: R R is defined as/(x) =x for all x g R and,^: R -{0} - R is defined as^(x) =— for

allx gR -{0}. Wefind that Domain (/) n Domain (g-) = R n R -10| = R - (Oj.And,^ (x) ^ Ofor
anyxGR -{0}.

Lis a function from R-{0}R and is given by — (x) =
K.gJ

f(x)_ X

g{x) 1/X

/ = x2
g

ff. (x)=x^ for all X G R -jO}.Hence, — :R -{0) ^ R is given by

X

EXAMPLE 8 Let cbe a non-zero real number and f:R->R be a function defined by / (x) = -

for all X G R. Find (i) cf (ii) c^f (iii) - /.
\cj

SOLUTION Clearly, cf, c^f and - / are functions from R to itself such that

X

{cf) (x) = c/(x) = c X — = X for all X G R
c

(c^/) (x) = c^/(x) = X ~ = cx for all X G R

-X —=-^ for allx 6 R.
c

EXAMPLE 9 Let f and g be two real functions defined byf{x) =

g

(i)

(ii)
c

i / (x)= i /(x) =(iii)
KCJ c

1
andg{x)={x + i)^.

X + 4

/ 1 1

(ii) f-g (iii) / g (iv) — (v) 2/ (vi) — (vii) —Find the following: (i) f + g
f gg

1
is defined for all x # - 4. So, domain (/) = R - 4}.SOLUTION We observe that /(x) =

X + 4

Clearly, ^(x) =(x + 4)^ is defined for all x g R.So, domain (^) =R. We find that
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Domain (/) n Domain {^) = J? - {- 4}. Therefore,

(i) / + g; R - (- 41 R is given by (/ + g) (x) =f(x)-\-g (;t) =
1 . ..3 {.t+4)‘^+l
— + (;c + 4)'’				

a: + 4

1 -(a:+ 4)^

a: + 4

1
-(a:+ 4)^ =(ii) / -g: R - {- 4} ^ R is defined as (f~g) {x) =/ (at) -g (a:) =

a: + 4

(hi) fg:R- {-4} -> R is given by (fg) (x) = f{x) g(A:) = —^ x (at + 4) ^ = (a: 4- 4)^
a:+ 4

a: + 4

(iv) ^(:r)=0 (a: + 4)^=0 => a: = -4.

/
Domain - =Domain (/) n Domain (g) ~{A::g(A:) = 0} = R-{-4). Therefore,

f]f. fix) 1
-:R-{-41 ->R is given by - (at) =

R(a:) (a:+ 4)^

(v) 2/: R -{-4| R is given by (2/) (a:) = 2 (/ (a:)) = ^ for all a: e R - {- 4].
x+ 4

g

1
(vi) We observe that f{x)^0 for any a: e R - 4}. Therefore, —: R - (- 4} R is given by

'/
1 1 1
T (X)- = (A- + 4)
/ fix) l/ix + 4)

~ 1
(vii) We observe that g (.r) = (a: + 4) = 0 for a: = - 4. Therefore, -: R - {- 4} ^ R is given by

g

1 1 1
- (A) =

r(a) (;c + 4)^

EXAMPLE 10 Let f and g be real functions defined by f (a:) = fx + 2 and g (a:) = Then, find
each of the followingfunctions:

(i)/ + R (ii)/“g (iii)/g (iv) — (v) Jf (vi) gg
g

SOLUTION We have, / (a) =^x + 2 and g (x) = -^4-a:^. Clearly, f (x) is defined for all x

satisfying

x + 2>0=> x^-2=> Are[-2, 00), Therefore, Domain (/)=[- 2, x)

We observe that g (.r) is defined for all x satisfying
4 - a:^ > 0 => AT^ ~ 4 < 0 => (a: - 2) (at + 2) £ 0 => a: e [- 2, 2]. Therefore, Domain (g) = [- 2, 2].
We find that: Domain (/) n Domain (g) = [- 2, x) n [- 2, 2] = [- 2, 2]. Therefore,

/ + g: [- 2, 2] R is given by (/ + g) (x) = / (x) + g (x) = ^x + 2 + ^4-x^

/-g:[-2,2]-4Risgivenby(/-g)(x) =f(x)~g(x) = ^x + 2-^4-x^
^ 2, 2] -» R is given by

(fg) (a) = fix) g (X) = fx + 2 X ^4-x^ = ■Jix+2)^ (2-x) = (x + 2) ^~x

(iv) We have, g (x) = ^4-x^. Therefore, g (x) = 0 => 4 - x^

(i)

(ii)

(iii)

= 0 =5> X = ± 2. Therefore,

Domain = [-2,2]-{-2,2) = (-2,2)
g
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fix) ^ ^ 	

gix) ^4-x^
(f/. 1

—: (- 2, 2) -> R is given by — (3:) =Thus,
Ug

(v) Since domain (/) = [-2, co). Therefore,

(ff)(x)=f(x)f(x) =\f(x)f = Qx + 2)'^ = 3: + 2 for all X e [-2, co)

(vi) Since domain (g) = [-2, 2). Therefore,

igg) (^) = g(^) g{x) = \g (-v)]^ = 4 - for all X e [- 2, 2]

EXAMPLE 11 Let f be the exponential function and g be the logarithmic function. Find:

(iv) (5g){l)(ii) (/g)(l) (iii) (3/)(l)(i)(/ + g) (1)

SOLUTION Wehave,/;R ^R givenby/{x) and, giR'*’ -> R given by g(a) = logg a.

= R'". Therefore, / + g: R"" ^ R is+

(i) We find that: Domain (/) n Domain (g) = R n R

given by
+

if + g)ix) = fix) +g{x) = e^ + loge a for all a e R

if + g) (1) = e'^ + loge 1 = e + 0 = e.

(ii) Domain (/) n Domain (g) = R nR'*' = R~^. Therefore, fg-R^ ^ R is given by

ifg)ix) = fix) gix) = eWo^^ X => (/g)(l) = loge 1 = ex 0=0

(iii) Clearly, (3/)(a) = 3(/(a)) = 3e^. Therefore, (3/)(l) = 3e^ = 3e
(iv) Clearly, (5g) (.r) = 5 (g (a)) = 5 log^ a. Therefore, (5 g) (1) = 5 log^ 1 =5x0 = 0.

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EX.AMPLE 12 Find the domain of each of the followingfunctions given by

(i) fix) = , [NCERTEXEMPLAR! (u) / (a) = ^
7a-| a|

(iv) fix) =

[NCERT EXEMPLAR!

fx+\x\
11

(iii) fix) =
fx + [a]

, ^, . We know that | a | = \
^]x-\x\ [

if A > 0

if A<0

^lx-[x]
if A>0

if A < 0

a: ,
SOLUTION (i) We have, / (a) =

-X ,

A-A =0 ,

A + A = 2a ,
A -| a| =

a-Ia|<0 for all a
1

does not take real values for any a e R => / (a) is not defined for any a e R.
yl^\x\

Hence, Domain (/) = (^
if A^O

if A < 0

1 A

.We know that I a(ii) We have,/(a) =
yjx+\x\ -X ,

2a , if A ^ O

0 , if A <0

if A > O

if A < 0

A + A,

A - A ,
A +1 AA + l a| =

assumes real values, if a +1 a | > 0 => a > 0 => a e (0, co). [Using (i)]Thus, /(a) =
+ X

Hence, Domain (/) = (0,00).
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1
(iii) We have, / (a:) = . We know that 0 < a: - [a:] < 1 for all x eR. Also, x - [x] = 0

1

forxeZ. Thus,/(x) = is defined, if

x-[x]>0=> X & R-Z [●.' X - [x] = 0 for X s Z and 0 < x - [x] < 1 for x e K - Z ]
Hence, Domain(J) =R -Z.

(iv) We have, / (x) = ^ . We know that

X + [x] > 0 for all X > 0

X + [x] = 0 for X = 0

X + [x] < 0 for all X < 0

is defined for all x satisfying x + [x] > 0. Therefore, from (i), we findClearly,/(x) =
yjx + [X]

that. Domain (/) = (0, co).

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 13 Find the domain of definition of the function f (x) given by

/(x) = log4 ] logs log3{18x-x^-77 ●

SOLUTION We have, (x) = log4 ■ log5 log3 (18x-x^-77) ●. Since log„ x is defined for all

X > 0. Therefore, / (x) is defined if

logs 11°S3 (18x-x^ -77)1 >0 andl8x-x^ -77 >0

=> log3(18x-x^-77)>5° and x^-18x+77<0

=> logs (18x-x^-77) (x-11) (x-7) <0

=> 18x-x^ -77 > 3^ and 7 <x<ll

=> 18x - x^ - 80 > 0 and 7 < x < 11

=> x^ -18x + 80 <0 and 7 <x <11

=> (x -10) (x - 8) < 0 and 7<x<ll^ 8<x<10 and 7 <x < 11 => 8 < x <10 ^ x e{8, 10).

Hence, the domain of / (x) is (8,10).

EXAMPLE 14 Find the domain of definition of the function f{x)givenbyf{x) =
1

log 10 (1-x)

1 1

J7+2. Let g(x) = and h (x) =^x + 2.SOLUTION We have, /(x) = +

logic -^)

Then, f {x)=g (x) + h (x). Therefore, Domain (/) = Domain (g) n Domain (h).

log 10 (1-x)

1
Now, six) = is defined for all x for which logio (1 - x) is defined and

logio (1 -X)

log 10 (l-x)7t0^ l-x>0 and l-x^*! ^ x<l and x 0 =^> x e(-co , 0) u (0,1)

Domain (^) = (- oo, 0) u (0,1).
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h(x) = is defined for all a: satisfying a: + 2>0=> x>-2 => xg[-2,<x>).

Domain (h) = [- 2, co).

And,

Hence, Domain (J) = Domain (^) n domain (h) = (- oo, 0) u (0,1) n [- 2, co) = [- 2, 0) u (0,1)

EXAMPLE 15 Find the range of each of the followingfmictions:

(i) /(a:)=|.r-3| INCERT EXEMPLAR] (ii) / (x) =1-j x - 2 j [NCERT EXEMPLAR!
x-4

[NCERT EXEMPLAR](iii) fix) =
x-4

SOLUTION (i) We have, (x) = |x-3|. Clearly, /(x) is defined for all xeR. Therefore,
Domain (/) = R. We find that

I X - 31 > 0 for all x e R

=> 0 < I X - 31 < 00 for all X e R => 0 < /(x) <<x> for all x e R => / (x) e [0, oo) for all x e R

Hence, Range (/) = [0, oo).

(ii) We have, /(x) = 1 - | x - 2|. We observe that /(x) is defined for all x eR. Therefore,
Domain (/) = R.

Now, 0 < I X - 21 < X for all X e R

-x<-|x-2|<0 forallxeR

-X <1 - j X - 2] <1 for all X e R ^ -X </(x) <1 for all x e R => /(x) e(-x, 1]

Hence, Range (/)=(-'»,!]
x-4

=>

(iii) We have, / (x) = . Clearly, /(x) is defined for all x e R except at x = 4. Therefore,
x-4

Domain (/) = R - {4|. We find that
x-4

, if X > 4= 1

lx-4| x-4
fix) = -]-ix-4)x-4 if X <4

x-4

Thus,/(.v) takes only two values -1 and 1. Hence, Range (/) ={-l, 1).

EXAMPLE 16 Find the domain and range of each of the following functions given by
1

(i) fix) = (ii) fix) = 1 -j x-3|

1

SOLUTION (i) We have, / (x) = -j=
^jx-[x]

Domain off: We know that 0 < x - [x] < 1 for all x € R and, x - [x] = 0 for x € Z.
1

0 < X - [x] < 1 for all X e R - Z => / (x) = exists for all x € R - Z.

Hence, Domain (/) = R-Z.

Range off: As discussed above

0 < X - [x] < 1 for all X e R - Z

=> 0 < fx - [x] < 1 for all X e R - Z

< 00 for all X € R - Z ^ 1 < /(x) < oo for all x e R - Z => Range (/) = (1, co).
1

=> 1 <

yjx - [X]
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(ii) Wehave,/(x) = 1-| x - 3|.Clearly,/(.r)isdefinedforallA: eR.Therefore,Domain(/) = R.

Range off: For any x eR,we find that

|x-3|>0=>-|x-3|<0^1-|:r-3|<l=>/(:r)<l=> f {x) e(-oo, 1]

Hence, Range (/) = (-co, 1].

1 -| x\
EXAMPLE 17 pifjd f/jg domain of the real function f (x) defined by f (x) =

p-\x\
I X I
-—We observe that f{x) is defined for all x satisfying

1 -

SOLUTION We have, / (x) =
2-|x

-i--
1 -

^>0. -00 0 1 2 + =0

2- X
1-|AT|

for different values of \xFig. 3.26 Signs of
2-|x|

l-\x\
> 0 => ——- >0=>|3:|<1 or, |x[>2

I x| - 2
[●.● See Fig. 3.26]Now,

2-Ul

a: e[-l, 1] or, x e(- oo, - 2) u (2, oo) => a: e(-oo , -2) u(2, oo) u[-l, 1]

Hence, domain (/) = (- co , - 2) u (2, oo) u [-1,1].

EXA.MPLE 18 find the domain of the function f given by f{x) =
1

[NCERT EXEMPALR]

V[.vp-M-6
1

SOLUTION We have, f{x) =

Clearly, f{x) is defined for all x satisfying

[x]^ -[xj-6 > 0

-●t<■

3-2 CO— oo

Fig. 3.27 Signs of [x]^ -[x] -6 for different values of x
{[x]-3){[x] + 2)>0

[x] < -2 or [.r] > 3

X e (-0C, - 2) or x e [4, oo) => x e (-x, - 2) u [4, x)

Hence, domain (/) = (-x, - 2) la [4, x).

EXERCISE 3.4

BASIC

/1

Find/ + g, f-g, cf{ceR,c^0), fg, — and — in each of the following:
'/ 8

(i) /(x) = x^ +1 and ^(x) = x + 1

2- Let /(x)=2x + 5 and g{x)~x^ + x. Describe (i)/ + ^ (ii) f-g (iii)/g (iv) f/g. Find the
domain in each case.

3- If/(x) be defined on [- 2,2] and is given by /(x) = |
and g{x) =/{ 1 XI) + I /(x) |. Find g(x).		

Let /, g be two real functions defined by / (x) = fx +1 and g {x) = p - x^. Then, describe
each of the following functions:

(i) / + g

(v)

(ii) / (x) = fx -1 and g (x) = fx + 1.

1 , -2<x<0
0<x<2x-1 ,

(hi) / g

(vii)/2+7/

(iv) f/g

(viii) ^
(ii) 8-f

(vi) 2f-Sg
f
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5. If / (:c) = loge (1 - x) and g (.t) = [x], then determine each of the following functions:

(iii) L(ii) fg (iv) %(i)/ + g
/g

Also, find (/ + g)(-l),(/g)(0), L if - .

BASED ON LOTS

I 1 2
6 If // g, h are real functions defined by f (x) Jx +1, g (x) = — and h (x) = 2x

^ X

the values of{2f + g~ h) (1) and (2 f + g -h) (0).
fl -X , <0

7. The function/is defined by/(a:) =<^ 1 , a: = 0. Draw the graph of/(a:),
a: + 1 , a: > 0

- 3, then find

[NCERT]

/
8. Let/, be defined, respectively by/(a) = a: + l,g(A:) =2Ar-3.Fmd/+g,/-^and

g

[NCERT]

g:R->R be defined by f{x)=Jx andg(A:)=A:.

[NCERT]

9. Let /: [0, co) ^ R and

Find/ + g,/-^,/^ and
g

10. Let / (x) = X and g (a:) = 2a: +1 be two real functions. Find (/ + g) (a:), (/ -g) (a:), (Jg) (a:)

(f^
and — (a:). [NCERT]

g

ANSWERS

1. (i) f + g-R-^R given by{f + g){x) = x^ + x + 2

f-g:R^R given by (f -g)(x) = x^

cf :R -> R given by (cf) (a;) = c (a:^ + 1)

fg:R^R given by (fg) (a;) =(x + 1)^ (a:^ - a: +1)
r 11

:R-{-!}-> R given by - (x) =

- X

1 1

+1

f ( f')
-:R -{-!)-> R given by i (x)=x^+x + l
g J

(ii) / ± g: [1, co) ^ R defined by (/ + g) (x) = fx-1 ± ^x + 1
cf: [1, co) -> R defined by (cf) (x) = c ^x -1

fg: [1, co) -> R defined by (fg) (x) = yjx'^ -1
1 fl ^ 1
-:(l,co)^R defined by — (x) = .
^ yjx-1

ZEI
]jx + l

2. (i) (f + g) (^) = + 3x + 5; dom (f + g)=R (ii) (f-g)(x) =5 + x - x^; dom (f-g)=R

f f

f f

f. f
:[l,oo)->R defined by (x) =

g g
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(iv) ^ (.t)=^ , dom - = R - {0,1}
2x^5

(iii) {fg){x) = 2;c^ + + 5a:; dom {fg) = R
X + X

-2<x<0

0, 0<x<l
2{x-l), l<x<2

-I- (i) / + ^:[-l, 3]^-R defined by (/ +g) (a:) = Ja: + 1 +yj9-x^

(ii) 3]^R defined by (g-f) (x) =^9 - x^ - ^x + 1

(iii) ^:[-l, 3]-^R defined by (^) (a:) = ^9 + 9a: -a:^ -x^

f (f)
(iv) [-1, 3] ^ R defined by — (a:) =

-a:,

3. ^(a:)=-

a: + 1

^9-x^gg

9-x^g

(v) — :(-1, 3] ^ R defined by ^ (a^) =f \f)

(vi) 2/ -^/5 ^1, 3] ^ R defined by (2/ g){x) = 2 ^x + 1 --^45 -5a:^

(vii) + 7 /: [-1, oo) ^ R defined hy {f^ +7f) (x) =x + I+7 ^x + 1

5 f s'] 5
Z: (_ 3^ 3) R defined by - {x)=-j=^—●

p-X^

x + 1

(viu)

5. (i) f + g-(- CO, 1) ^ R defined by (f + g) (x) = log,, (1 - x) + [x]

(ii) /^:(-CO, 1)->R defined by (/g)(x) = [x] log^ (1 - x)

logg (1 - x)' f''
(iii) —: (- CO, 0) R defined by — (x) =

/.
Mgjg

(iv) —: (- 00, 0) u (0,1) -)■ R defined by § (x) =
[x]

/. loge (1 - x)

/Vi

g Jv2;

/

is n
— does not exist = 0(/ + g)(-l) = loge2-l and, (/^) (0) = 0,

l/J^2

6. 2 (-\/2+1), 0, does not exist.

8. / + g: R -> R defined by (/ + g) (x) = 3x - 2; / - g-: R -> R defined by (/ - ^) (x) = - x + 4

x + 17/.
-> R defined in/ (x) =:R -

2x-3g g

9. / + ^: [0, oo) R defined by (/ + g)(x) =^/x + x; /-g: [0,oo) -> defined by (/-g)(x)=Vx-x
f r f'

^: [0, oo) ^ R defined by {fg) (x) = x^^^; —: (0, oo) R defined by —
1

(x) =
gg

/ r

10. (/ + g)(x)=(x + l)2,(/-g)(x)=x^-2x-l,(/g)(x)=2x3+x2, L (x) =
x"

2x + lg
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HINTS TO SELECTED PROBLEMS

l-x, a: < 0

x = 0 .

X >0

A

7. We have, / (at) = I, Y

X + 1,
\

l-X, x<0

a: = 0

a: >0

■f-

Let / (a:) = y. Then, y - ● 1,
(0,1)

X + 1, ><r

o (1,0) XX- (-1,0)

The graph of / (a:) is as shown in Fig. 3.28.

\rr

Fig. 3.28

8. f: R R and g:R ^ R are given hy f{x) = a: +1 and g (x) = 2x - 3. Clearly, D (f)=R and

D (g)=R. Therefore,

(i) D(J + g)=D{f)nD{g) = R and, {/+ g) (x) =f {x) + g{x) = x+ l+ 2x - 3 = 3x-2

(ii) D(J-g)=D(f)nD{g)=R and. {f - g) {x) =f (x) - g{x) =x + \-2x + 3 =-x + 4

(iii) D{fg)=D(J)n,Dig)=R and, ifg)ix)=fix)g{x)={x + l)(2x-3) =2x^-x-3

(iv) d[=(1 = D(/)nD(g)-{Ar:sW = 0} = R-{|| and,■.S J ^

9. It is given that/:[0,oo)-»R and ^: R K are such that/(x) = Vx and r (x) =x. We find

7 fix) x + 1
(X) =

g{x) 2x-3g

that

^ (f g) = [0, oo) n R = [0, oo). Therefore,

/ + R: [0, co) ^ R is given hy (J + g) (x) = f{x)+g(x) = Vx + x

D {f -g) = D (f) r\D{g) = [0,co)nR = [0, oo). Therefore,

/-R:[0,'»)"> Misgiven by (/-g)(x) =f(x)-g(x) =Vx-x

^ifg) = ^ if) ig) = [0, a))nR = [0, oo).Therefore,

/g: [0, oo)-> R is given by (/r) (x) =/(x) ^ (x) = Vx x = x^^^

D — = D (/) n D (g) - {x: ^ (x) = 0} = (0, oo). Therefore,
g

7'
— : (0, co) -> R is given by — (x) =

/w V? 1
X Vx

10. We have, / (x) = x^ and g (x) = 2x +1. Clearly, D (J) =R and D (g) = R.

.-. D(/±g) = D(/)nD(g) = RnR = R

Difg) = D(/)nD(g) = RnR = R

= D(/)nD(g)-{x:gM = 0} = RnR-|-i|
Thus, / + g: R-> R is givenby(/+ g) (x) = /(x)+g{x) =x“ + 2x + l

/-g:R ^R is given by(/-g)(x) =/(x)-g(x) =x^-2x-l

/.

gix)g S)

(f 1
D = R -

2g
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(/g): K->R is given by (/^)(a:) = f{x)g{x) = x{2x-\-\)

11 (f)
— ^ R is given by — (x) =

fix) X
:R-

g(x) 2x + lg

FILL IN THE BLANKS TYPE QUESTIONS (FBQs)

1. Let A and B be any two sets such that n{A) =p and n{B) =q, then the total number of

functions from /I to B is equal to	

2.
1

= then f{xj) =
:r-l V

ax + b
3. liy=f(x) =

4. The domain of the function/(x) =-7=

then/(y) =
cx-d

is

-X

S. The range of the function/(a:) =[A:]-A:is
x + 2 .

6. The range of the function f{x) = IS

x + 2

The range of the function /(x) = log^j x, > 0 is	

8. Let / and g be two functions given by / = {(2, 4), (5, 6), (8,-1), (10, - 3)1 and

g = 1(2, 5), (7,1) (8, 4), (10,13), (11, -5)1-Then, domain of/ + gis	

9. Let / and g be two real functions given by / = {(10,1), (2, 0), (3, -4), (4, 2), (5,1)} and

g =1(1, 0), (2, 2), (3, -1), (4, 4), (5, 3)1- Then the domain^ is given by	

10. The domain for which the functions/(x) = 3x^ -landg(x) = 3 + x are equal is	

x^i-l .
; The domain of the function/(x) = IS

x^-3x + 2

/l^
then / — +/(x) is equal to

x-1
12. If/(x) =

x+r ^x

y 1\
then /(x) / — is equal to

V xj

x-1

13. If/(x) =
x+r

! 1. If/(x) =[x]^ -5 Ix] + 6, then the set of values of x satisfying/(x) = 0is

15, The domain of the function /(x) = V9 - x +
1

is equal to
Vx^ -16
2-x

respectively.T The domain and range of the function/(x) = .and.are

x-2

1

17. The domain of the function/(x) = is

-j[xf-3[x] + 2
x-4| .

IS. The range of the function/(x) = IS

x-4

19. The domain of the function /(x) = x + [x] is

20. The range of the function /(x) = Vl -x^ is ,
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10
1

21. The domain of the function /(.r) = ^
11=1

IS

\2x-n

UI-2.
22. The domain of the function f{x) =

23. If f{2x+ 3) =4a:^ + 12j: + 15, then the value of/(3^; + 2) is	

24. The number of elements of an identity function defined on a set containing four elements

IS

UI-3

IS

ANSWERS

6. i-l,l|1. f 4, (-CO, 0) 5. (-1, 0]2.1-x 3. :r

11. R-{1,2) 12.07. R 8. (2, 8,10) 9. 12,3,4,5) 10.

13. -1

17. (-00,1) u [3, oo)

2 2

14. [2,4) 15. (-oo,-4)u(4,9]

18. 1-1,1}

16. R-12), 1-1)

20. [0,1]

23. 9x^-12x+24 24.4

19. R

-'I21. R- 22. R-1-3,3}

VERY SHORT ANSWER QUESTIONS (VSAQs)

Answer each of the folloiving questions in one word or one sentence or as per exact requirement of the

question:

1. Write the range of the real function f{x) = | |.

a real function satisfying f\x +
1 ●y 1

^ for all x eR -10), tlien write the
x^

2. If / is
xj

expression hrf{x).

3. Write the range of the function / (x) = sin [:r], where —

●y 9

4. If f (x) = cos [tc ] X + cos [ - 71 ] X, where [x] denotes the greatest integer less than or equal

to X, then write the value of / (ti).

5. Write the range of the function/ (x) = cos [x], where <x <—.

6. Write the range of the function / (x) = x e R.

,x^~l. Then write the value of a satisfying / (/ (x)) = x for all x^-1.

1 f f\X\
8. If / (x) =1 —, then write the value of / / —

- n t:

<x<-.
4

7C

ca*

7. Let/(x) =
x + 1

X ^ \X J

x-2

9. Write the domain and range of the function /(x) =
2-x

10. If / (x) = 4x -x^, X e R, then write the value of / {a + 1) -/ {a -1).
●y

11. If /, g, h are real functions given by / (x) = x^, g (x) = tan x and, h (.x) = logg x, then
f r“^

K

ViJ-write the value of (hogof)
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12. Write the domain and range of function / (:c) given by / (x) = . ^
■^x — |xj

13. Write the domain and range of / (:r) = -yjx - [a:].
14. Write the domain and range of function/(x) given by/(:c) =^{x] -x.
15. Let A and B be two sets such that«(/i) =pandn(B) = write the number of functions from A

to B.

16. Let / and ^ be two functions given by

/ = {(2, 4), (5, 6), (8, -1), (10, - 3)1 and^ = {(2,5), (7,1), (8, 4), (10,13), (11, -5)j.

Find the domain of / +g.

17. Find the set of values of x for which the functions f{x) = 3x -1 and g(x) = 3 + a: are equal.

18. Let / and g be two real functions given by

/ = {(0,1),{2, 0), (3,-4), (4, 2), (5,1)1 andg = ((1,0), (2, 2), (3,-1), (4, 4), (5, 3)1.

Find the domain of fg.

ANSWERS

2- / {^) = -2, where | a:| > 2

5. [1, cos 1, cos 2} 6. [1, e)

9. D(/)=R-12),R(/)={-ll

3. {-sin 1, 01

7. a=-l

10. 4(2-a)

1. [0,co)

4. 0

X
8.

x-1

13. D(f)=R,R(f)=[0A)

16. {2,8,10}

12. D(/) = 4) = K(/)

15. qP

11. 0

14. D(/)=2,R(/)=(01

17. {-1,4/3} 18. {2, 3, 4,5}

MULTIPLE CHOICE QUESTIONS (MCQs)

Mark the correct alternative in each of the following:

1. Let A ={1, 2, 3},B ={2, 3, ■^, then which of the following is a function from A to B?

(a) {(1,2), (1,3), (2, 3), (3,3)1

(c) {(1,3), (2,2), (3,3)1

2. If/:Q ->Q is defined as/ (x) =x^, then/ (9) is equal to

(b) {(1,3), (2,4)1

(d) {(1,2), (2,3), (3,2), (3,4)}.

(d) 4(c) {-3,31(a) 3 (b) -3

3. Which one of the following is not a function?

(a) {(x,y):x,i/eR,x^=}fi (b) {(x,y):2,yeR,y^=4

(d) {{x,y):x,yeR,y = x^\(c) \(x,y):x,yeR,x = y^]
1 r 2^

4. If/(2) =cos(log a:), then/(A:^)/(y^) / ^ +/(2^ y^) ● has the value
U J

(c) 1/2

fx']
5. If/(x) = cos (log 2), then/(a:)/(y) — <f — +/(Ary) ( has the value

^ I \VJ

(c) -2

(d) none of these(a) -2 (b) -1

1

(d) none of these(b) 1/2(a) -1

6. Let f (x) =\ X -11. Then,
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(a) f{xh=[fix)f- (h)f{x + y)=f{x)f{]/)

(c) f{\x\)=\f(x)\
7. The range of / (x) = cos [x], for-7t/2<A:<Tt/2 is

(b) jcosl, cos 2,1} (c) {cos 1, - cos 1,1) (d) [-1,1]

(d) none of these

(a) {-1,1,0}

8. Which of the following are functions?

(a) {{x, y):\p- = .r, j:, y e R|

(c) {{x,y):x^+ = l,.i:,y eRj

(b) {{x,y):\/=\x],x,ysR]

(d) \{x,y)-.x^ y^=l, x,yeK}
3a: + x^

l + 3x^'

1 + x

9. If/(a:) = log then / (g(A:)) is equal toand g (x) =
1-x

(b) \f{x)}^(a)/(3x) (c) 3f(x) (d) -fix)

10. If i4 ={1, 2, 3}, 6 ={a:, y|, then the number of functions that can be defined from A into B is
(a) 12 (b) 8 (c) 6 (d) 3

1 +A- 2a:

11. If/(x)=log|^-
(a) tf(.v))2

12. If / (.v) = cos (log a:/then value of / (a:) / (4) --^ |/ ^ +/(4A:)|i
(b) -1

, then/ is equal to
l + :r2-a:

(b) {/(.t)l 3 (c) 2/(x) (d) 3f{x)

IS

(a) 1 (c) 0 (d) ±1

2^ + 2"^
, then / (a: + y) / (a: - y) is equals to

(b)i{f(2.v)-/(2y)}

(d) i{/(2^)-/(2y)}

13. If/(.i:) =

(a) |{/^(2i)+/(2y)}
(c)~{f(2x)+f{2y)}

14. If 2/ (.t) - 3 / — = (x ^ 0), then / (2) is equal to

-4

15. Let /: K -> R be defined by / (x) = 2 a: +1 a: j. Then / (2 a:) + / (- a:) - / (a:) =
(d) -2|x|

(c) -1 (d) none of these

(a) 2 a: (b) 2U (c) -2x
.2

16. The range of the function f(x) =-^

(a) R

17. If a: 1 and / (a:) =

-a: .
IS

a:^ + 2a:

(c) K - {-1/2,1} (d) none of these

is a real function, then / (/ {/ (2)) is

(b) R-{1}
x + 1 .

x-1

(a) 1 (b) 2 (c) 3 (d) 4

/fil-18. If /(a:) = cos (logf a:), then / —
va:^

1 I a: i

2 [ ly;
● is equal to

(b) log (cos (a:-y)) (c) 1

19. Let/(x)=x, g(x) =-and h (x) =/(x) g (x). Then, h(x) =1 for

(a) cos(A:-y) (d) cos (a: + y)
1

X

(a) X eR (b) xgQ (c) xeR - Q (d) X e R, X 0
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●4 2
Sin X + cos ,

— for X eR, then /(2002) =20. lff{x) = ;_2
sm -v + cos X

(d) 4

21. The function f :R ^ Ris defined by / (x) = cos^ x + sin^ x. Then, / (R) =

(c) [3/4,1]

= - 4<3t<4} and f :A -> R be defined by f (x) = —

(a) 1 (b) 2 (c) 3

(d) (3/4,1)(a) [3/4,1)
22. Let A

(b) (3/4,1]
for X e A.

Then A is

(d) 1;c:-4<a:<0)(c) (11

23. Uf:R->R and g:R ^R are defined by / (;c) = 2.t + 3 and g (:c) =x^ + 7, then the values
(b) -U:0<x<4}(a) {1,-1}

of X such that g (/ (x)) = 8 are
(b) -1,2

24. If / : [- 2, 2] —> R is defined by f (x) = |
(d) 1,-2(c)-l,-2

-l,for-2<A:<0
x-1 ,for0<x<2

(a) 1,2

, then

{:c E [- 2, 2]: a: < 0 and/ (| |) = a:} =
(b) 101

X e {-10,10) and f {x)=k f

(c) {-1/2}
200 X

100 + x^

(d) <1)(a) (-1}

10+ x
25. = , then k =

10-x'

(d) 0.8

and a, 6 are roots of 3x + —
x^ ^

(c) 0.7(b) 0.6(a) 0.5
a

26. If / is a real valued function given by/(x) =27x + = 12.

Then,

(d) none of these(c)/(P) = -10

- 3. Then,

(b) / (a) = 10
1 1 1

27. If f (x) = 64.V^ + and a, B are the roots of 4x + —
x^ ^

(a)/(a)^/(P)

(b)/(cc) =/(P) = 63(a)/(a)=/(p)=-9

(c)/(a);^/(P) (d) none of these
I

28. If3/(x)+5/ — =— 3 for all non-zero X, then/ (x) =
l^x/ X

1/3
(a) _ - + 5x - 6

14 IX
3 c ^
— + 5x-6

1
(b)

14 X

3 ^
- + 5x + 6(c) ^ (d) none of these

14 X

4X
for allx 6 R. Tlien,29. If /: R -> R be given by /(x) =

4^ + 2

(b)/(Ar)+/(l-x) = 0

(d)/(x) + /(x-l) = 1
(a)/(x) =/(l-x)

(c) /(x)+/(l-x) = 1

30. If / (x) = sin [71^] X + sin [-x, where [x] denotes the greatest integer less than or equal to

X, then

(a) f{n/2) = 1

The domain of the function / (x) = ^2 - 2x - x^ is
(a) [-V3, V3]
(c) [-2,2]

(c)/(tc/4) = -1 (d) none of these(b) /(K) = 2

31.

(b) [-1-V3,-l4■^/3]
(d) [-2-^^, -2 +VI]
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32. The domain of definition of / (:c) = IS

{2~x){x-5)

(a) (-oo,-3]u(2,5)

(c) (- CO, - 3] u [2,5]

(b) (-co,-3)u(2,5)

(d) none of these

\{x + l) {x-3)
33. The domain of the function / (x) =

1 x-2

(a) [-1,2)^[3,«>)

(c) [-l,2]u[3,oo)

(b) (-1,2)0 [3, CO)

(d) none of these

34. The domain of definition of the function / (.x) = ^x-1 + ^
Cb) (-X, 3)

-X IS

[1, 3]

1 -a: .

(a) [1, oo) (c) (1, 3)
x-2

35. The domain of definition of the function / (x) = + IS

yx + 2 yl + x

(a) (- CO, - 2] u [2, co) (b) [-1,1]

(c) ^ (d) none of these

36. The domain of definition of the function /(x) = log | x | is
(a) R (b) (- co, 0) (c) (0, CO) (d) R-IOl

37. The domain of definition of / (x) = ^4x - x^ i
(a) R-[0,4]

38. The domain of definition of / (x) = ^x-3 - 2^x - 4 - ^
(c) (4, co)

(b) R-(0,4) (c) (0, 4) (d) [0, 4]

3 + 2 yjx-4 isX -

(b) (- CO, 4]

The domain of the function/(,r) = -Js | x| - x^ - 6 is

(a) (-3,-2)u(2, 3)

(c) [-3,-2]u[2, 3]

(a) [4, 00) (d) (-^,4)

39.

(b) I- 3,-2)u[2, 3)

(d) none of these
X

40. The range of the function f (x)= — is

(a) R-{0} (b) R-i-1,1} (c) {-1,1} (d) none of these
x + 2

41. The range of the function/(x) = , X - 2 is
x + 2

(b) {-1,0,1}

42. The range of the function / (x) = | x -1 | is

(a) (-co,0)^	
43. Let/(x)=V? +1. Then, which of the following is correct?

(a) {-1,1} (c) {1} (d) (0, cc)

(b) [0, cc) (C) (0, CO) (d) R

(a) /(a:i/) =/(x)/(y) (b) /(xy) >/(x)/(y) (c) /(xy) </(x)/(y) (d) none of these
[NCERT EXEMPLAR!

44. If[x] -5 [x]+ 6 == 0, where [{denotes the greatest integer function, then

(c) X e [2, 3](a) X€[3,4] (b) X€(2, 3] (d) xe[2,4)

[NCERT EXEMPLAR]
1

45. The range of/(x) =

(a) [1/3,1]

(c) (-CO,-l)u[l/3,co)

46. The domain of the function/(x) = -V4-x +

is

1 -2cosx

(b) [-1,1/3]

(d) [-1/3,1] [NCERT EXEMPLAR]
1

is equal to
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(a) {-CO,-l)u(l,4)

(c) (-co,-l)u[l,4]	
47. Domain of f{x) = , rt > 0 is

(b) [-a, a]

(b) (-00, -1] u(l, 4]

(d) (-<»,-l)u[l,4) [NCERT EXEMPLAR!

(a) {-a, a) (c) [0, a] (d) {~a, 0]

(NCERT EXEMPLAR]

48. If f{x) =ax + b, where rt and b are integers,/(-I) =-5 and f{x) = 3, thenfl and b are equal

(c) (7 = 0,b = 2(a) a = -3,b =~1 (b) a = 2,b= -3 (d) a = 2,b = 3

[NCERT EXEMPLAR]

4-.-C

49. The domain and range of the real function of defined by f{x) ~ is given by
x-4

(a) Domain = R, Range = {-1,1}

(c) Domain = R-{4}, Range = {-1}

(b) Domain = R - {!}, Range = R

(d) Domain = R-|-4}, Range = {-1,1}

[NCERT EXEMPLAR]

50. The domain and range of real function/defined by f{x) = -Jx-1 is given by

(b) Domain = [l,oo). Range - (0, oo)

(d) Domain = [1, oo). Range = [0, oo)

(a) Domain = (l,oo), Range = (0, oo)

(c) Domain = [1, x). Range = [0, x)

[NCERT EXEMPLAR]

x^+2x + l
51. The domain of the function/given by f{x) =

2-X-6X

(c) R -[-2, 3] (d) R -(-2, 3)

[NCERT EXEMPLAR]

(a) R-l-2, 3} (b) R-j-3,2}

52. The domain and range of the function/given hy f{x) =2 -|a:-5|, is

(a) Domain =R"^, Range = (-X, 1]

(c) Domain = R, Range =(- x, 2)

(b) Domain = R, Range = (- x, 2]

(d) Domain = R"*", Range = (- x, 2]

[NCERT EXEMPLAR]

1 /l^
-5-, then/(a:)+/ — is equal to

\xj

54. The domain of the function/defined by f{x) ~ ■■,

53. lff{x)=x^

(a) 2a;3

X

(d) 1 [NCERT EXEMPLAR](c) 0

IS

X

(d) none of these(a) Ro (b) R (c) R-

[NCERT EXEMPLAR]

ANSWERS

4. (d)

12. (c)

20. (a)

28. (b)

36. (d)

5. (d)

13. (a)

21- (c)

29. (c)

37. (d)

6. (d)

14. (a)

22. (a)

30. (a)

38. (a)

7. (b)

15. (b)

23. (c)

31. (b)

39. (c)

8. (b)

16. (c)

24. (c)

32. (a)

40. (c)

1. (c)

9. (c)

17. (c)

25. (a)

33. (a)

2. (c)

10. (b)

18. (d)

26. (d)

34. (d)

3. (b)

11. (c)

19. (d)

27. (a)

35. (c)
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41. (a)

49. (c)

42. (b)

50. (c)

44. (d)

52. (b)

45. (c)

53. (c)

46. (a) 47. (b) 48. (b)

54. (d)

43. (c)

51. (a)

SUMMARY

Let A and B be two non-empty sets. Then a relation / from to B is a function, if

(i) for each a e A there exists b eB such that (a, b) ef

(ii) e/and (fl, c) e/ b=c.

In other words,/ is a function from to B if each element of A appears in some ordered pair

in / and no two ordered pairs in / have the same first element.

If (n, b) e f, then b is called the image of a under/.

A function / from a set A to a set B is a rule associating elements of set A to elements of set B

such that every element in set A is associated to a unique elements in set B.

The set A is called the domain of / and the set B is called its co-domain.

The range of a function / is the set of images of elements in the domain.

A real function has the domain and co-domain both as subsets of set R.

If /; Dj R and g:D2 -> R are two real functions and c 6 R, then

(i) / ± ^ n D2 ^ R is defined as (/ ± g) (a') =/ (x) ± g (x)

(ii) /g: Dj n D2 ^ R is defined as (/g) (x) =/ (x) g (x)

1.

2

3.

4.

5.

/. / fix)
(iii) Dj n D2-{x :g (x) =0}-> R is defined as — (x) =

Six)8 8

(iv) c/: Dj n D2 R is defined as (cf) (.x) = c / (x).

 

 


