
 

 

5CHAPTER

TRIGONOMETRIC FUNCTIONS

5.1 INTRODUCTION

In earlier classes, we have studied trigonometric ratios for acute angles as the ratio of the sides of
a right angled triangle. In this chapter, we will extend the definitions of trigonometric ratios to
any angle in terms of radian measure and study them as trigonometric functions.

5.2 TRIGONOMETRIC FUNCTIONS OF A REAL NUMBER

In the previous chapter, we have learnt that the radian measures of angles and real numbers can
be considered as one and the same. In other words, every real number can be considered as the
radian measure of an angle and radian measures of angles are real numbers. In fact, we have
learnt that corresponding to every point P, representing a real number x, on the real line there is
a point P' on the unit circle centred at the origin such that the radian measure of ZAOP’ is x (see
Fig. 4.13) and the radian measure of every angle determines a point on the real line representing
a real number on the real line. So, let a: be a real number

represented by a point on the real line. Then there is a point P
on the unit circle with centre at the origin of the coordinate
axes such that the radian measure of 2aOP is x and so arc

AP = X.

Let the coordinates of point P be {a, &).Then, we define cosine
and sine functions of radian measure (or real number) x as

follows:

Y A

B (0,1)

P{a, b)

\
X' X

cosAT = fl and sin x = b

Thus, if a: is any real number then the consine of x i.e. cos a: is

the x-coordinate of the point P on the unit circle such that arc AP = x. Similarly, sine of x i.e. sin a:

is the y-coordinate of point P.

REMARK 1 In Fig. 5.1, x is the length of arc AP of the unit circle. Therefore, cos x and sin x are also
known as circular functions of the real variable x.

R!iMARK2 In Fig. 5.1, AOMP is a right triangle right angled at M. The trigonometric ratios ZMOPare

Fig. 5.1

OM ^ a
OP ”l

cos ZAOP = a and sin ZAOP = b

cos ZAOP = cos X and sin ZAOP - sin x

Thus, the trigonometric ratios sine and cosine of an acute angle of radian measure x are same as the
corresponding trigonometric function of a real number x.

REMARK Froyn the above definition it follows that ifP is a point on the unit circle such that length of
arcAP = X or equivalently P is a point where the terminal side of the angle with radian measure x meets the
unit circle, then the coordinates of the point P are {cosx, sin a:).

PM

OP "l "
cos ZMOP = - = a, sin ZMOP -

[v ZMOP = ZAOP]=>

 

 



 

 

5.2 MATHEMATICS-XI
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Fig. 5.2

5.2.1 VALUES OF SINE AND COSINE FUNCTIONS

Consider a unit circle with centre at the origin of the coordinate axes. Suppose the circle cuts the
coordinate axes at A, B, C and D. The coordinates of these

points are /i (1, 0), B (0,1), C(-1,0) and D(0,-1). Clearly,

ZAOB = -, ZAOC = n and ZAOD =

Va

B (0,1)

3n
p

2' 2 X

XX-
X

We shall now find the values of sine and cosine functions at

0,^
2

Values of sine and cosinefunctions at x = 0: When x = 0, point
P coincides with A and the terminal side OP coincides with

OA. The coordinates of A are (1, 0).

cos 0=1 and sin 0 = 0

Values of sine and cosine functions atx = — : We observe that ZAOB = — and the coordinates of B
2 2

are (0,1).

><■

3ti /i(L0)C(-l,
and 2k., n,

2

r\f

Fig. 5.3

nK
cos —=0 and sin—=1.

2 2

Values of sine and cosine functions at x = k : Clearly, ZAOC = k and the coordinates of C are
(-1, 0).

cos 71 = -1 and sin ti = 0

3k
— : The coordinates of point D are {0, -1) andValues of sine and cosine fiinctions at x-

3k
ZAOC =

2

3tc3k
= 0 and sin = -lcos

2 2

Values of sine and cosine functions at x = 2k: The coordinates of point A are (1, 0) and one

complete revolution subtends an angle of measure 2k at the centre O.
cos 271 = 1 andsin27i = 0

If the terminal side OP of ZAOP takes one complete revolution from the position OP, it again

comes back to the same position,

cos (2ti + x) =cosx and sin (2ti + x) =sinxfor allx e R

We also observe that if the terminal side OP of ZAOP takes any number of complete revolutions

in anticlockwise or clockwise directions, it again comes back to the same position.

 

 



 

 

5.3TRIGONOMETRIC FUNCTIONS

cos (2nTt + .t) = cos:r and sin (2«tc+x) = sinA: for all x e R and n e 2.

It is evident from Fig. 5.2 that

sin 0 = 0, sin 7t = 0, sin 2n - 0, sin Stt = 0	

sin (~n) = 0, sin (~2n) = 0, sin (~3k) = 0	

sinnTi = 0 for all« eZ

cos—= 0, cos

Also,

3n 5n
and. = 0, cos = 0

2 2 2

3n)71

cosi — =0, cos - = 0, cos = 0
2J2 J

7X

= 0, foralhisZ.cos (2n + l)
2

Thus, sinx = 0 => X =nn,ii eZ and, cosx = 0 =^> x =(2« + l) —,?7 6Z
2

5.2.2 OTHER TRIGONOMETRIC FUNCTIONS

In the previous subsections, we have defined sine and cosine functions. In this section, we shall

define other four trigonometric functions in terms of these two functions.

We define

-— , where x ^ nn, neZ ; sec x = —-—
cosx

, wherex (2n + l) « eZ ; cotx=-^

71

, where x ^ (2« + l) ,neZcosec X =

2smx

sm X cosxK

, whereX ^ nn, neZtan X =

2'cosx sm X

5.3 VALUES OF TRIGONOMETRIC FUNCTIONS

In this section, we will find the values of trigonometric functions for 0, ^
n

and —. In section
2

TC 7C

5.2.1, we have learnt that sinO = 0, cosO =1, sin-=1, cos-=0, sin7i = 0, cos7t = -1,
2 2

. 37t
= -l, sin 2ti = 0 and cos27t =1.sm

2

1
We have also learnt that cosec x = , where n ^ nn, neZ. Therefore, cosec 0, cosec n and

sm X

cosec 2tc are not defined.

1 3ti 171

= 1 and cosec = -lcosec — =

. 3ti2 27t
sm sm

2 2

1
Similarly, sec x = implies that

cos X

1 1=1, sec n =
cos 0

1 1 371n
are not defined.sec 0 = = -1, sec 2n = = 1 and, sec — = sec

cos 271 2 2cos n

smx

implies thattanO =
cosx

sin 0 sin27i 3tismTt 71
tanO = = 0 and tan —, tan are undefined.= 0, tan n = = 0, tan 2tc =

cosO

cosx

COs27t 2 2COS7T

implies thatcotx =
smx

 

 



 

 

MATHEMATICS-Xl5.4

Stt71

cos- cos --
3tcTl

— = 0, cot
2

= 0 and cotO, cotTi, cot 2Tt are not defined.cot - =
2 Stt

sm —
2 71

sm

2 2

Let us now find the values of all trigonometric functions at ^ and
: Consider a unit circle with centre at the origin of the

7T

Values of trigonometric functions at
4

7T

coordinate axes. Let P be a point on the circle such that ZXOP = —. Draw PM perpendicular from
4

7171

P on OX.In right triangle OMP, we have ZPOM =-.Therefore, ZOPM = - .Thus, we obtain
44

yA7t

ZPOM = ZOPM = - => OM=PM
4

J>

Applying Pythagoras theorem in AOMP, we obtain

OM^ + PM^ =OP^

20M^ =1

OM =4==>0M =PM =

n/i
<

X' c X

[●.● OM = PM and OP =1]

1
y,y=5-

V2V2
Fig. 5.4

r 1
So, the coordinates of P are —?

Mu
7= . Hence, cos— = -?=

4 V2

1t:

and sin — = -7=.
4 V2V2'V2

Now,

1 ^=V21 ^ = V2;
7t71

^ sec - =; sec X =cosec X = => cosec - =

4 714 71 cos Xsm X
cos -sm

44

7:7t
COS -sm -

cosx 71smx 71
4=1^ = 1; cot X = — ^ cot — =tan X = => tan - =

4 714 71COS X sm X
COS -COS -

44

Vij/ues of trigonometric functions at — : Consider a unit circle with centre at the origin of the
3

coordinate axes. Let P be a point on the circle such that ZXOP = Join PA.In AOAP, we have
3

yA7T

OA=OP =1 Unit.Therefore, ZOPA = ZOAP. But, ZAOP=~.
p3

Using angle sum property in AOAP, we obtain

ZOAP + ZOPA + ZAOP = 71 => - + 2 ZOPA =Tt=i> ZOPA = ^

TC

J03-K <

X3 3

7t

Thus, in AOAP, we obtain: ZOAP - ZOPA ~ ZAOP = —
3

So, AOAP is an equilateral triangle and hence perpendicular PM

drawn from vertex P to the opposite side OA bisects it.

OM = AM =-unit

Fig. 5.5

2

 

 



 

 

5.5TRIGONOMETRIC FUNCTIONS

Applying Pythagoras theorem in AOMP, we obtain

OP^ =OM^ + MP^ => 1^ = if Vs
+ MP^ => PM =

2) 2

1 2/±
[2' 2 ,

n nn

So, the coordinates of P are . But, ZAOP = —. So, the coordinates of P are cos —, sin —
3 Sj3

V31n n

cos — = — and sin
3 2 3 2

1 1 2 1 1;r 7C

Now, cosec X = = 2=> cosec — - ; secA: = ^ sec — =

V33 3 7TKSin X cos a:
COS —sm

3 3

n K

cos —sm -

3 _ 1smAT COS a:7T 71

^ = Vs ; cot a: =tanA: = => tan — = => cot — =

V33 371 7UCOS a: smA:
COS Sin —

3 3

71

Values of trigonometric functions at — : Consider a unit circle with centre at the origin of the
6

K

coordinate axes. Let P be a point on the circle such that ZXOP = —. Draw PM perpendicular
6

from P on OX.

71

In right triangle OMP right angled at M, we have ZPOM = —.
Va

6

Ti:

Therefore, ZOPM = —.

(n/6\

0 M J

3
\

In Fig. 5.6, we have seen that in a right triangle if the measures of

angles other than the right angle are — and —, then the sides
3 6

^ and ^ respectively. Thus, in
and PM = —

<
X'

V3
opposite to them are of length

Fig. 5.6

VI
AOMP, we obtain: OM =

2 2

2^ 1
2 '2

n K

So, the coordinates of P are — . But, the coordinates of P are cos—, sin
6 6

VI , . 71 1
and sm — - —

6 2

71

cos— -—

6 2

Now,
1 1 1 1 2n 71

- 2; sec a: =cosec — - => sec — -cosec a: =

VI6 671 71sm X cos X
sm - cos —

6 6

71 71

sm- cos-

6 _ 1smA: cos AT71 71

^ = VItan a: = tan — = ; cot a: = — => cot - =

VI6 671 71COS X sm a:
smsin -

6 6

 

 



 

 

MATHEMATICS-XI5.6

In the above discussion, we have obtained the values of various trigonometric fimctions for
n n K n

V» / / /

6 4 3 2

3tc
— and 2k. These values are listed below for ready reference.

Angle

3kK K K 71

0 2k71
6 4 3 2 2Trigonome\

trie Function

V311
1 0 -1 00sm

V22 2

1 1
0 -1 0 11cos

V2 22

1 notnot
V3 000 1tan

V3 defined defined

2 not notnot
V2 -12 1cosec

V3 defineddefineddefined

2 notnot
V2 1-121sec

73 defineddefined

1 notnotnot
73 0 01cot

73 defineddefineddefined

5.4 TRIGONOMETRIC IDENTITIES

IDENTITY An equation involving trigonometric functions which is true for all these values of the
variable for which the functions are defined is called a trigonometric identity.

For example, sin^ a: = 1 -cos^x, sec^x-1 =tan^x are trigonometric identities as they hold for

all values of variable x except those values for which seex and tan a; are not defined. But,
sin a: = cos a: is a trigonometric equation not a trigonometric identity because it does not hold for
all values of x.

5.4.1 FUNDAMENTAL TRIGONOMETRIC IDENTITIES

In this section, we shall state and prove three fundamental trigonometric identities as a theorem.
THEOREM Prove that:

(i) cos^x + sin^ X =1 for all x eR

(ii) 1 + tan^ a: = sec^ x for all x & R -|(2n-l) ^: 77 g Z
(iii) 1 + cot^ X = cosec^ xfor all x eR- ^k : n e 2}

rROOF (i) Consider a unit circle with centre at the origin O of coordinates axes. Let P{a, b) be a
point on the circle such that arc AP = x. Then, ZAOP = a:. Using
the definition of trigonometric functions cos a: and sinx, we
obtain: fl = cos X and b=smx

Now,

VA

Sip,l)
mi’)

1
V

X’

OP=l

yl(a-0)^ + (b-0)^ =1
a^ -hb^ -1=> cos^x + sin^x =1

C(-1.0)

Y' 'i'

Fig. 5.7

 

 



 

 

TRIGONOMETRIC FUNCTIONS 5.7

7Z '7 y

(ii) If a: (2« -1) — , then cos a: 9^ 0. So, dividing the identity cos a: + sin a: = 1 throughout by

cos^ AT, we obtain

cos^AT + sin^AT 1
for all X ¥= (2n -1)

=> l + tan^A:=sec^A:

2 2
COS AT COS a:

2 ● 2
cos AT sin X

for all a:^{2ii-1)~
2 2

COS a: cos X COS" a:

7 7 7

(iii) If a: then sin 0. So, dividing both sides of the identity cos a: + sin a: =1 by sin x,
we obtain

2 ● 2
1cos AT + Sin X

for all X ^nn
:-2 ●2

Sin a: sm a:

2 ●2
1cos a: Sin x

cot^ a: +1 = cosec^ a: =s> 1 + cot^ x = cosec^ a: for all xj^uk- +
:..2 :_2 ●2

Sin a: sin a: sin a:

Q.E.D

REMARK 1 The identity 1 + tan x = sec x is also written in the following forms:
7 7 7 7

sec a:-1 = tan AT and sec a: - tana: = 1
7 7

REMARK 2 The identity 1 + cot^ x = cosec a: is also written in the following forms:
7 7 7 7

cosec a:-1 = cot x and, cosec a: - cot a: = 1

REMARKS We have, sec^x~ tan^ a: = 1

^ (secA: + tan a) (secA:-tan a;) =1 ^ sec a: - tan a =
1 1

and, secA+ tan A =
sec A + tan A

i.e. sec a + tan a and sec a - tan a are reciprocal of each other.

REMARK 4 We have, cosec^A - cot^ A = 1
=> (cosec A-cotA) (cosec A + cot a) = 1

secA-tan A

1 1
and cosec a + cot a ==:> cosec a - cot a =

cosec A + cot A

i.e. cosec a + cot a and cosec a - cot a are reciprocal of each other.

We shall now discuss more identities involving trigonometric functions in the following
examples.

cosec A - cot A

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Prove the following identities:

(i) sin® A - cos® A = (sin^ A - cos^ a) (1 - 2 sin^ a cos^ a)

(ii) cot^ A + cot^ A = cosec^A - cosec^A

(Hi) 2 sec^ A - sec"* a - 2 cosec^ a + cosec^ a = cot^ a - tan a

(iy) (sin A + cosec a) + (cos a + sec a)^ = tan'^ a + cot^ a + 7

SOLUTION (i) LHS = (sin® a-cos® a) = (sin^ a)^ - (cos'* a)^

= (sin^ A -cos^ a) (sin^ a + cos^ a)

= (sin^ A -cos^ a) (sin^ a + cos^ a) (sin'* a + cos'* a)

 

 



 

 

5.8 MATHEMATICS-XI

= (sin^ X - cos^ x) (sin'^ x + cos^ x)

= (sin^ X - cos^ a:) (sin^ a: + cos^ a: + 2 sin^ .r cos^ a: - 2 sin^ x cos^ a:)

= (sin^ X - cos^ x) ■ (sin^ x + cos^ x)^ - 2 sin^ x cos^ x ■

= (sin^ X - cos^ x){\-2 sin^ x cos^ x) = RHS

LHS = cot^ x + cot^ a: = (cot^ x)^ + cot^ x
- (cosec^ AT -1)^ + (cosec^ x-1)
= cosec^ a: - 2 cosec^ a: + 1 + cosec^ a: -1 = cosecx - cosec^ x = RHS

LHS = 2 sec^ a: - sec'^ a: - 2 cosec^ a: + cosec'^ x

= 2 sec^ x - (sec^ x)^ - 2 cosec^ a: + (cosec^ x)^

= 2 {1 + tan^ at) - {1 + tan^ x)^ - 2 (1 + cot^ a:) + (cot^ x + 1)^

= 2 + 2 tan^ x -(1 + tan'^ x + 2 tan^ x) -2 -2 cot^ x + (cot^ x + 2 cot^ x +1)
- cot^ x-tan^ X = RHS

LHS = (sin X + cosec x)^ + (cos x + sec x)^
9 9 9 9

= sin X + cosec x + 2 sin x cosec x + cos x + sec x + 2 cos x sec x

= (sin^ X + cos^ x) + (cosec^ x + sec^ x) + 2 + 2

= 1 + (1 + cot^ x) + (1 + tan^ x) + 4 = tan^ x + cot^ x + 7 = RHS

I'XAMPLE 2 Prove the following identities:

(i) (1 + cot X - cosecx) (1 + tan x + sec x) = 2 (ii)

(ii)
9 9

1 + cot X = cosec'^ x]

(iii)

(iv)

tanx + secx-1 1 + sinx

tan x-secx + 1 cos X

[NCERT EXEMPLAR)

SOLUTION (i) LHS = (1 + cot X - cosec x) (1 + tan x + sec x)

1 V 1 1 (sin x + cosx-1) (sin x + cos x + 1)cos X sm X
= 1 + 1 +

sm X

(sin X + cos x)^ -1 sin^x + cos^x + 2 sin x cosx-1

cos X cos X cos Xsm X sm X
/ V

sm X cos X

2 sin X cos x

sm X cos X

= 2 = RHS
sm X cos X

9 9

(tan X + sec x) - (sec x - tan x)tan X + sec X -1
9 9

[●.' sec x-tan x = l](ii) LHS =
tan X - sec x + 1

(sec X + tan x) {1 - (sec x - tan x)}

tan X - sec x + 1

(sec X + tan x) (tan x - sec x + 1)

tan X - sec x + 1 tan X " sec x + 1

1 + sin X1 sm X
= RHS= sec X + tan x = +

cos X cos X cos X

EXAMPLE 3 If tan X + sin x = w and tan x - sin x = n, show that -n^ = Ayfinn.
[NCERT EXEMPLAR]

SOLUTION We have, tan x + sin x = m and tan x - sin x=n

-n^ = (tan x + sin x)^ - (tan x - sin x)^ = 4 tan x sin x ...(i)

 

 



 

 

TRIGONOMETRIC FUNCTIONS 5.9

4 4^ = 4 .^(tairF+'siir^Ttarrx^^siirxy = 4 -\/tan^ ,v -sin^ a:and.

sin^ X

\ cos^ X

,^2 ;_2 2
sin^ a: (1 - cos^ a:)

_4 _

cos X

sin X - sin a: cos x
sin^ a: = 4= 4

2

\cos X

sin^ X;_4
sm X

= 4 ...(iO= 4 = 4 tan X sin X

y cos^ X

From (i) and (ii), we obtain: )i?~ -r?" =4yfmn.

EXAMPLE 4 If cos X + sin X -42 cos x, prove that cos x - sin x = V2 sin x.
SOLUTION We have,

cos x + sin x = 42 cos x

(cos X + sin x)^ = (42 cos x)^ => cos^ x + sin^ x + 2 sin x cos x = 2 cos^ x

cos X

2 2

cos X - sin X = 2 sin X cos X => (cos x + sin x) (cos x - sin x) = 2 sin x cos x

2 sin X cos x 2 sin X cos x
['.● cos X + sin X = VI cos x]cos X “ sin X = cos X - sm X =

42cos X + sm X

cos X - sin X = VI sin X

ALITER We know that

(cos x +sin x)^ +(cos x-sinx)^ =2

(VI cos x)^ +(cosx-sinx)^ = 2

(cos X-sin x)^ =2-2 cos^x=> (cos x-sin x)^ =2 sin^x=> cos x-sin x = VI sin x.

EXAMPLE 5 I/'fl cos X + [j sin X = m and a sin x~b cos x = n, prove that a^ +

cos X

[●.* cos X + sin X = VI cos x]

2 2
= ?« + n .

[NCERT EXEMPLAR]

SOLUTION We have, m = a cos x + b sin x and n = a sin x ~b cos x.

=(a cos x +/i sin x)^ + (fl sin x - & cos .x)^

= (fl^cos^ x + !i^sin^ X + 2ab sin x cos x) + (a‘^ sin^ x + b'^ cos^ x - 2ab sin x cos x)

= (cos^ X + sin^ x) + b^ (sin^ x + cos^ x) = a^ + b^

EXAMPLE6 7/rt cosX-&sin X =c, s/iouj (7sin X + cos X = ± ■Ja^ +b^ -c^.
SOLUTION Clearly,

>y 'y

(a cos X -b sin x) + (a sin x + b cos x)"^

= a (cos X + sin x)+b (sin x + cos x) - 2ab sin x cos x + 2ab sin x cos x = a^ +b^

(a sin X +1; cos x)^ = +b^ - (a cos x-b sin x)^

(a sin X + & cos x)^ = a^ +b'^ -c^

rt sin X + 6 cos X = ±

EXAMPLE 7 If sec X + tan x=p, obtain the values of sec x, tan xand sin x in terms of p.

SOLUTION We know that: sec x + tan x and sec x - tan x are reciprocal of each other,

sec X + tan X = p => sec x - tan x

[●.● a cos X - b sin x -c]

1

P

1 1
(sec X + tan x) + (sec x - tan x) = p + and, (sec x + tan x) -(sec x - tan x) =p —

P V
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+1
= i and, tan a: = —

-111
and, 2 tan x = p —^ sec x

P

+1

EXAMPLE 8 Prove that: 2 sec^ x - sec^ x ~2 cosec^ x + cosec^ a: =

2 sec a: = p +
2p2pP

tan a:
sinx = ^ sin x =

sec a:

8
1 - tan X

4
tan X

2 sec^ a: - sec^ a: - 2 cosec^ x + cosec^ x

= 2 (1 + tan^ a:) - (1 + tan^ x)^ - 2 (1 + cot^ a:) + (1 + cot^ x)^

= 2 (1 + tan^ X -1 - cot^ x) + (1 + 2 cot^ x + cot^ x) - (1 + 2 tan^ x + tan^ x)

= 2 (tan^ X -cot^ x) +(2 cot^ x - 2 tan^ x) + cot^ x- tan^ x
1 - tan^x

tan^ X

SOLUTION

1
- tan ^ X =4 4

= cot X-tan X =

tan*^ X

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 9 Prove that: 3 (sin x - cos x)** + 6 (sin x + cos x)^ + 4 (sin^ x + cos*^ x) -13 = 0.

SOLUTION We have,

3 (sin X - cos x)^ + 6 (sin x + cos x)^ + 4 (sin^ x + cos^ x) -13

+ 6 (sin X + cos x)

2

= 3 j (sin X - cos x)^

+ 4 \ (sin^ X + cos^ x)^ - 3 sin^ x cos^ x(sin^ x + cos^x)[ -13

= 3 (1 - 2 sin X cos x)^ + 6 (1 + 2 sin x cos x) + 4 (1 - 3 sin^ x cos^ x) -13

= 3 (1 - 4 sin X cos X + 4 sin^ x cos^ x) + 6 (1 + 2 sin x cos x) + 4 (1 - 3 sin^ x cos^ x) -13
= 3 + 6 + 4-13=0

EXAMPLE 10 Given

Show that one of the values of each member of this ec\uality is sin a sin p sin y.

SOLUTION We have,

(1 + cos a) (1 + cos P) (1 + cos y) = (1 - cos a) (1 - cos P) (1 - cos y)

Multiplying both sides by (1 + cos a) (1 + cos P) (1 + cos y), we get

(1 + cos a)^ (1 + cos p)^ (1 + cos y)^ = (1 - cos a) (1 - cos P) (1 - cos y)

(1 + cos a) (1 + cos p) (1 + cos y) = (1 - cos a) (1 - cos p) (1 - cos y).that:

(1 + cos a) (1 + cos p) (1 + cos y)

=> (1 + cos a)^ (1 + cos p)^ (1 + cos y)^ = (1 - cos^ a) (1 - cos^ p) (1 - cos^ y)

=> (1 + cos a)^ (1 + cos p)^ (1 + cos y)^ = sin^ a sin^ P sin^ y

=> (1 + cos a) (1 + cos P) (1 + cos y) = ± sin a sin P sin y

Hence, one of the values of (1 + cos a) (1 + cos p) (1 + cos y) is sin a sin p sin y.

Similarly, by multiplying both sides by (1 - cos a) (1 - cos p) (1 - cos y), we find that one of the
values of (1 - cos a) (1 - cos p) (1 - cos y) is also sin a sin p sin y.
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BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 11 Prove that: sec^ x + cosec^ x > 4.

SOLUTION sec^ x + cosec^ a: = (1 + tan^ x) +1 + (cot^ x) = l-¥ tan^ a: + cot^ a:

= 2 + tan ^ AT + cot^ x - 2 tan a: cot a: + 2 tan x cot x

= 2 + (tan X - cot x)^ + 2

= 4 + (tan X - cot x)^ > 4

EXAMPLE 12 If 10 sin*^ a +15 cos'^ a = 6, find the value of 27 cosec^ a + 8 sec^ a,

SOLUTION We have,

10 sin^ a + 15 cos** a = 6

10 sin^ a + 15 cos^ a = 6 (sin^ a + cos^ a)^

10 tan^ a + 15 = 6 (tan^ a + 1)^

(2 tan^ a - 3)^ = 0 => tan^ a = —
2

27 cosec^ a + 8 sec^ a = 27 (1 + cot^ a)^ + 8 (1 + tan^ a)^

[●.● (tan X - cot x)^ > 0]

[Dividing boths sides by cos^ a]

2 3^^ 125 125
=27 1 + - + 8 1 + - = 27 X + 8 X = 250.

3J 2J 27 8

sin A cos A
EXAMPLE 13 // = p and - q, find tan A and tan B.

sin B cos B

SOLUTION We have,

sin A cos A sin A cos B _ p

sin B cos A q
= p and = q

sin B cos B

tan A tan Btan A _ p

tan B q

sin A = p sin B
tan A

= X.(say) => tan A = p X and tan B = qX -(i)
P

Nov^,

tan B
= p

■J]~+ tan^ A .^1 + tan^ B
p X qX

=> (1 + q^ )?) = p^ q^ (1 + p^ )?)= V

-^1 + p^

(17^ -p^ q^) = q^ - I =

l|l-p2

1 q'^-l

qil~P^
^ X = ± —

tan A = ± - I- ]r and, tan B =
qp-P^

EXAMPLE 14 If tan ^ a: = 1 - a^, prove that sec a: + tan ^ a: cosec a: = (2 - Also, find the
values of a for which the above result holds true.

SOLUTION We have.

[Using (i)j+
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cosec X

1 + tan ^ a:
■3

sec X + tan x cosec x = sec x
sec X

= -Jl + tan^x 11 + tan ^ a: X cot a:
= (1 + tan" = (1 + 1 - [v tan^A: = l-fl^]

Now,

tan^ A:>0forallA:=> 1 -a^ >0 => -1 <0 ^ -1 <a<l

Since LHS of sec a- + tan ^ a- cosec a: = (2 - a^) is real for all x&R. So, RHS must also be real.

2-«^>0=>fl^-2^0=>-V2<fl<V2

...(i)

...(ii)

From (i) and (ii), we find that the given relation holds true for all ae[-\, 1].

EXAMPLE 15 If a cos^ X + 3a cos -A sin^ x=m and asm^x+ 3a cos^x sin x=n, then prove that:
(m + n)

2/3 2/32/3
+ {m~n) = 2a

SOLUTION We have,

a cos^ A+ 3a cos x sin^ x = m and <7 sin^ x + 3r? cos^ x sin x = n

^ x + 3a cos X sin^ x + rt sin ^ x + 3fl cos^ x sin x = m + n

^ x + 3aco? '■ sin^ x -fl sin^ x - 3fl cos^ x sin x = m-n

a cos

a cos

a (cos X + sin x) ^ - m + n
nV3

and.

and, a (cos x - sin x) = m-n
n1/3

m-nm + n

and, cos x - sin xcos X + sm X
aa

n2/32/3
m + n ni-n9 9

(cos X + sin x) + (cos x - sin x) +

\ a Ja

2/3 2/3
{m-n){m + n)

2(cos^ X + sin^ x) = 2/32/3
aa

2/3 2/32/3
+ (m -n)

// 2 tan^ a tan^ p tan^ y + tan^ a tan^ p + tan^ p tan^ y + tan^ y tan^ a =1,
prove that sin^ a -i- sin^ P + sin^ y =1.
SOLUTION

(m + n) = 2a

EXAMPLE 16

We have,

2 tan^ a tan^ p tan^ y + tan^ a tan^ p + tan^ p tan^ y + tan^ y tan^ a =1

Dividing throughout by tan^ a tan^ p tan^ y, we get

2 + cot^ y + cot^ a + cot^ p = cot^ a cot^ p cot^ y

2 + cosec^ y -1 + cosec^ a -1 + cosec^ p-1 =(cosec^a -l)(cosec^P -l)(cosec^y -1)

^ a cosec^ p cosec^ y - cosec^ a cosec^ p
9 9 9

cosec a + cosec P + cosec y -1 = cosec
9 9 9 9 9 9 9

- cosec^ P cosec^ y - cosec^ y cosec'^ a + cosec"^ a + cosec P + cosec y -1
9 9 9 9 9 9
a cosec p + cosec p cosec y + cosec y cosec a

9 9 9

[Multiplying throughout by sin a sin Psin y]

cosec^ a cosec^ p cosec^ y = cosec

1 - sin^ y + sin^ a + sin^ p

sin^ a + sin^ p + sin^ y = 1
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(?:c sin 0 by cos 0

cos^ 0 sin^ 0

byax

EXAMPLE 17 If and, prove that= 0,+ = a

cos 0 sin 0

+ (&y)2/3=(fl2^^2j2/32/3
(ax)

SOLUTION We have,

ax sin 0 by cos 0

cos^O sin^O
n2/3

sin ^ 0 cos ^ 0
= 0 => ax sin^ Q - by cos^ 0 = 0 =>

n2/3

hy ax

sin^0 cos^0 sin^0 cos^O
2/3 2/3by {by) (ax)ax

sin^O cos^0 sin^0 + cos^0
[Using ratio and proportions]2/3 2/32/3 2/3

(by) (ax) (by) ■i-iax)

sin^0 cos^O 1

2/3 2/3 2/3 2/3
(by) (ax) (ax) + {by)

2/3 2/3
{by) (ax)sin^0 = and, cos^ 0 =

2/3 2/3 2/3 2/3
(flx) + {by) + {by){ax)

1/3 1/3
{by) {ax)

sin 0 = and, cos 0

^(ax)^^ ^ + (by) ^(axW^~+(by)^^^2/3

byax ●y ●y

-b , we getSubstituting these values in
cos 0 sin 0

+{&y)2/3 + Qjy)V 3

{V(«x)2/3^(^y)2/3|

2/3 2/3 2/3 a^-b^(ax) ^{by)

+ (&y)2/3l =fl2_^22/3
(ax)

3/2

= fl2 _^2 ^ (fl.ic)2/3 +^^yj2/3 ^ ^^2 _j,2^2/3

EXAMPLE 18 + m'^ + 2 mm' cos x = 1, + 2 mi' cos x = 1, nmf

mil + m'm'+ (mu'+ m’?i) cos X = 0, proye (i) m^ + ii^ =cosec^ x (ii) m'^+n’^ = cosec^x.

● (flx)2/^+(by)2/3 .

SOLUTION (i) We have,
m^ + m'^ + 2 mm' cos x = 1 and ?i^ + + 2 mi' cos x =1

m' + 2 mm' cos x + m it?"

and, «'^ + 2 mi' cos x + rP~ cos^
9 9 9 9 9 9

(m' + m cos x) + m (1 - cos x) = 1 and, (n' + n cos x) + n (1 - cos x) = 1

(m'+mcosx)^ = 1-m^ sin^ x ...(i) and, (n'+ ii cos x)^ =l-«^sin^x ...(ii)

Now, (m' + m cos x) (ii' + n cos x) = m' n' + (mu' + m' n) cos x + mn cos^ x

(m' + m cos x) (ii' + n cos x) = - mn + mn cos x [●.● mn + m' n' + (mn' + rri ii) cos x = 0]

(m' + m cos x) (»' + n cos x) = -mn (1 - cos^ x)

(m' + m cos x) (n' + ii cos x) = -mn sin x
9 9 9 9 4

(m' -i- m cos x) (ii' + n cos x) = m n sin x

(1 -m^ sin^ x) (1 -n^ sin^ x) = m^ sin^ x

- m^ cos^ X + m^ = 1

2=1

=> cos X

x-«2 cos^ x + n

[On squaring both sides]

[Using (i) and (ii)]
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9 9 9 9 9 4 2 2-4

1 -(m + n ) sin x + m n sin .v = m n sm .v

1 = sin^ x => 2
cosec X

(ii) As the given relations do not alter by replacing m by m' and n by n'. Therefore, on replacing
mby m' and?iby n' in +n^ =cosec^x, we get w' +«'^ = cosec^x.

4●4
1Sin X cos X

prove thatEXAMPLE 19 If
b a + b 'a

4n● 4h
sm X cos 11 Xsm X cos X

, neN(ii)(i) 2n-l
(a + b)^

2n-l3 b^ (a + b)aa

SOLUTION We have.
. 4
sm X cos X

4
1

+

a + bba

4 ^
cos X

f ■ 4
sm X

=> (a + b) = 1
ba

● 4 4 ^
sm X cos X

= (sin^x + cos^ x)^=> (a + b)
ba

b . 4
- sm X + - cos X =

a

sin^x + cos"^ X + 2 sin^x cos^x● 4 4
sm X + cos X +

4

ba

b . 4
- sin X 4- - cos^x-2 sin^x cos^ x= 0

ba

2
●2

- cos" xi' = 0 => , - sin^x
Vfl

'b . 2
- sm X -

^ 2 . 2 ^
- cos X ^ tan X = -

sm X aa 2

2\b Mb b ba cos X

:-2 2
sm X cos X

ba

● 2 2;-2 2
sm X + cos Xsm X cos X

b a+ba

2:-2 b1sm X cos X :-2 2
=> sm X cos X =

a + b ' a + bb a + ba

.●_8

= ^ (sin^x)^ +-^(cos^x)^
a^ b^

sm X cos X

(i)
3 b^a

b1 1(7

[Using (i)]+ —
3 b^a + b a + ba

a+b

(a + b)^ (a + b)^ (a + b)^

(cos^ x)

b 1a
+

(a + bf

X cos^'x (sin^x)
2n

b f2ti■ 4« 2?i
1 1asm

(ii) + +

^2n-l 2«-l ^2«-l ^2h-1 2n-l a + ba + baa a

a + bb 1a
+

2h-12/r 2}i 2ii
(a + b) (a + b) (a + b) (a + b)
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4 ●4
COS a sm a

EXAMPLE 20 // = 1, prove that
sin^ P

(i) sin^ a + sin^ P = 2 sin^ a sin^ p

cos^ P

cos^ P sin^ P
(ii) = 1

2 ●2
COS a sm a

SOLUTION We have.
4 :-4

cos a sm a
= 1+

cos^ p sin^ P

cos^ a sin' p + sin^ a cos^ p = cos^ p sin^ p

cos^ a (1 - cos^ p) + cos^ P (1 - cos^ a)^ = cos^ P (1 - cos^ P)

cos^ a - cos^ a cos^ P + cos^ p - 2 cos^ a cos^ p + cos^ a cos^ p = cos^ p - cos^ p

cos^ a - 2 cos^ a cos^ P + cos^ p = 0

(cos^ a - cos^ P)^ = 0 => cos^ a - cos^ p = 0 => cos^ a = cos^ p

1-sin^a =1-sin^P sin^a=sm^p

(i) sin^ a + sin'^ p =(sin^ a -sin^ p)^ + 2 sin^ a sin^ p =2 sin^ a sin^ P [v

cos^ p sin'^ p cos^pcos^p sin^psin^p
2 ~T"2

cos a sm a

●●●(i)

...(ii)

= sin ^ P]
● 2
sm a

(ii)
2 ●2

cos a

cos^ P cos^ a

sm a

2 2
sin P sin a

^ P + sin^ P [Using (i)and (ii)]

EXAMPLE 21 If a is any non-zero real number, show that cos x and sin x can never be equal toa + ~.

+ cos
2 ●2

cos a sm a

a

SOLUTION We have following cases:
Case I When fl > 0: In this case, we have

^2 \2 \2{ 1 + 2xy/ax-^=(yfa-^ V fv^-4
1 1

-2x 4ax + 2>2 >0+ - +

.4a

CaseII When x < 0: Let a =-b. Then, b > 0

4a 4a~ 4a~ 4a~a

n1 1
a + - - -b — = - b + -

b b)a

But, b + ->2 => -(b + -
b \ b

- ^2for> 0 and, a + - <-2 for fl <0. But, -1 <sin x < 1 and -1 <cos x < 1 for allx.

< -2=> a + - < -2 [From Case I]
a

a +

a a

1
Hence, sin x and cos x cannot be equal to a + - for any non-zero a.

a

EXAMPLE 22 IfA= cos^ X + sin^ X, prove that —<A<lfor all values ofx.

SOLUTION We have, A =cos^x-i-sin^x =cos^x-i-(sin^x)^
-1 < sin X ^ 1 for all x

0 <sin^ X <1 for all X

(sin xy < sin^ x

cos^x-i-(sin^x)^ <cos^x -f sin^ x for allx

Now,

[For 0 < X < 1, x" < X for ail 77 € N - {1}]
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A <1 for all X

Again,

A = cos^x + sin^A: =1-sin^:t + (sin^ = 1 — + 3 n . 2 f
= —+ --sm .Y

4 U
1 2 2 2
—sin Y + (sin y)

4 4

3 /1 2 3 3
>0 forallY=^~+ —sin'^Y >—for all y => A ^ — for all y

4 U
3

From (i) and (ii), we obtain — < A < 1 for all x.

^21 ●2
...(ii)Now, —sin~Y

4 4

4

EXERCISE 5.1

BASIC

the following identities (1-16)

1. sec^Y-sec^Y = tan^Y + tan^Y
£ ^ 2 2

2. sin Y + cos Y = 1-3 sin y cos x

3. (cosec Y - sin y) (sec y - cos y) (tan y + cot y) = 1

4. cosec Y (sec Y-1) - cot Y (1 - cos y) = tan y-sin y

1 - sin Y cos Y
:_2 2
sm Y - cos Y

5. sm Y
:_3 3COS Y (sec Y - cosec y) sm Y + cos Y

-3 -1

sm"'Y + cos Y sm Y-cos"y
3● 3

cot Ytan Y

= (sec Y cosec y + 1) 7. = 26.
1 - cot Y

2 2

8. (sec Y sec y + tan x tan y) - (sec y tan y + tan x sec y) = 1

1 + cos Y + sin Y

1 - tan Y sm Y + COSY smY-cosY

cos Y

9.
1 - sin Y 1 + cos Y - sin Y

BASED ON LOTS

1-2 sin^Y cos^ Ytan^Y

1 + tan^ Y 1 + cot^ Y

cot^ Y
10.

sm Y cos Y

2:_2
cos Ysm Y

11.1- sm Y cos Y

1 + cot Y 1 + tan Y

1 - sin Y cos'^ Y
2

1 1 .-2 2
12. + sm YCOS Y

2 2
2 + sm Y cos Y

2 2 2 ● 2
cosec Y - sm xysec X- cos x

13. (1 + tan a tan P)^ + (tan a - tan P)^ = sec^ a sec^ P
(1 + cot Y + tan y) (sin y - cos y) ● 2 2

14. sm X cos Y
3 3

sec Y-cosec x

2 sin Y cos Y - cos x
15. = cot Y

1 - sin Y + sin^ y-cos^ y

16. cos Y (tan y + 2) (2 tan y +1) = 2 sec y + 5 sin y

then prove that
2 sin Y 1 - cos X + sin Y

17. lffl = is also equal to a.
1 + cos X + sin Y' 1 +sin Y

[NCERT EXEMPLAR]

18. If sin Y = , find the values of tan y, sec y and cosec x
a + b
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a-b

-b Vrt+b

a^-b^

b a + b
19. If tan X =-, then find the value of [NCERT EXEMPLAR]+

a a

a sin X - b cos xa

20. If tan X =-, show that
b asin X + b cos x

BASED ON HOTS

21. Ifcosecx-sin sec x - cos .v then prove that fl" 6^ +1?^) = 1.

22. If cot X (1 + sin x) = 4 m and cot x (1 - sin x) = 4 n, prove that - n^)

4-3(m^-l)2

= miL

23. If sin X + cos x =m, then prove that sin^ x + cos^ x = , where nP" ^ 2
4

24. If = sec X - tan x and b = cosec x + cot x, then show that ab +a-b+1=0.

[NCERT EXEMPLAR]

1 - sin X 1 + sin X 2 n
25. Prove that: , where — < x < tc+

yl + sinx yl-sinx 2cos X

26. If 7], = sin” x + cos” x, prove that

(i) h-Th_Ts-Ty (ii) 2T6-3T4+1=0 (iii) 6Tio -ISTg +10T6 -1=0

ANSWERS

a^+b^ a^+b^ 2 cos Xa
18. tan X = 19.sec X , cosec X =

2ab ' Vcos^x-sm'xa^-b^lab :_2

HINTS TO SELECTED PROBLEMS

17. We have.

2 sin X (1 - cos X + sin x)2sinx
a =

1 +cosx + sinx (1 + cosx + sinx) (1 -cosx + sinx)

2 sin X (1 - cos x + sin x) 2 sin X (1 - cos x + sin x)
a -

(1 +sinx)^ 2 1 + 2sinx4-sin^x-cos^x- cos X

2sinx (1 -COSX+ sinx) 1 -COSX+ sinx
a =

2sinx + sin^x + sin^x 1 + sinx

b
19. We have, tan x = -

a

b b
1 + 1 1--

a + b a-b 1 + tan X 1 - tan X cos X + sin X cos X-sinxa a.+

\ a-b bb 1 + tanx Vcosx-sinx Vcosx+sinxa + b 1 - tan X

I 11-- 1 + 1
a a

2cosxCOSX+ sinx+ cos X-sinx

47^ :^2 ●2
cos x-sm X cos X-sin X

21. Wehave, cosec x - sin x =fl, sec x-cos x

3 1 - cos^ X1-sin^x 2 . 2
3 sm Xcos X

= b^^ = b^= 0 , = rt /
sinx cos X sinx cosx
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cos^x● 2
b b asm X P . 3 P

=> tan ^ X = —;r=> tan x = and cosx =- => sin X =

+b^acosx smx

2
COS X *5

, we obtainSubstituting these values of sin x and cos x in —; = a

smx

= a^ => ab =1 => =1
2

a

ij ^(a^ + b^)
22. We have, cotx (1 + sin x) = 4m and cot x (1 - sin x) = 4n

cotx + cosx = 4m and cotx - cos x = 4«

(cotx + cosx)"^ -(cotx-cosx) =16m -16ft and (cotx + cosx) (cotx-cosx) = 16 mn

4cot xcos X =16 (m^ -n^) and cot^x - cos^x =16 mn
2 4

cos Xcos X

= 4(m^-«^) and = 16 wfi.=>
1-2sinx sm X

44
cos X ,,, 2 2\2 J

- = 16(m -n ) and
cos X

= 16mn=> 16(m^-n^)^ =16m« => (m^-n^)^ =m«

:_2 1-2
sm X sm X

1 - sin X 1 + cos X
and b =24. We have, <7 = sec x - tan x and b = cosec x + cot x => a =

cos X sm X

(1 - sin x) (1 + cos x) 1 - sin X 1 + cos x
ab + a-b + l = + 1

sm X cos X cos X sm X

2
1-sin x + cos x-sin X cos x + sm x-sm x

2
cosx-cos x + sm xcosx

sm X cos X

l-(cos^x+sin^x) 1-1
= 0

sm X cos X sm X cos X

5.5 SIGNS OF TRIGONOMETRIC FUNCTIONS

Consider a unit circle with centre at the origin O of the coordinate axes. Clearly, this circle meets
the coordinates axes at A (1, 0), B (0,1), C (-1, 0) and D(0, -1).

Let P{a, b) be a point on the circle such that length of arc AP = x

or equivalently, let P{a, b) be the point where the terminal side

of the angle ZAOP with radian measure x meets the unit circle.
Then,

X'

<r

C(-l,

(i) cosx=fl forallxeK

(ii) sinx =6 forallxeK

sinx
D(0,-1)

- for all X 5* (2n +1) —
a ^ 2

(iii) tan X = , n e Z 5.8
cosx

cosx fl f 1, rr
= - for all x^niz,neZ(iv) cotx =

(v) secx = - for all X 56 (2n + l)—,«sZ
a 2

sinx b

1
(vi) cosec X - for all x^nn,neZ

b
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We observe that as the point P{a, b) moves on the unit circle, point M moves between C and A
and N moves between D and B. Consequently, OM = a varies between -1 and 1 and ON = PM = b
also varies between -1 and 1 i.e. -l<a<l and Therefore, -l<cosx<l and
-1 < sin a: < 1 for all x.

Also,

a <0 ,b >0 in II quadrant

a>0 ,b <0 in IV quadrant.

Thus, the signs of trigonometric functions in various quadrants are as discussed below :

> 0 , t > 0 in I quadrant ;

(7 < 0,1? < 0 in III quadrant;

In the first quadrant: We have, « > 0 and b >0

= £7 > 0, sin a: =1? > 0, tan a: = - > 0, coIa: = — > 0 and cosec a: = — > 0- > 0, secAT -
b

cos a:

a a

Consequently, all the six trigonometric functions are positive in the first quadrant.

In the second quadrant: We have, <7 < 0 and b>0

= £7 < 0, sin a: = I) > 0, tan a: = - - < 0 and cosec a: = - > 0
£7

- <0, COtAT = - <0, secAT =
a b

cos a:

ba

Consequently, in the second quadrant sin a: and cosec a: both are positive and all other
trigonometric functions are negative.

In the third quadrant: We have, £7 < 0 and b <0.

= £7 < 0, sinx-b <0, tanx=- - < 0 and cosec a: = — < 0
a

->0, cotA:=->0, secAT =
£7 b

cos a:

ba

Thus, in the third quadrant tan x and cot a: are positive and all other trigonometric functions
are negative.

In the fourth quadrant: We have, £? > 0 and b <0.

= a>0,smx=b <0, tanx=-
1 1
- > 0 and cosec a: = - < 0

a

- <0, cot a: = - <0, sec a: -
a b

Thus, in the fourth quadrant cos a: and sec a: both are positive and all other trigonometric
functions are negative.

The signs of trigonometric functions in different quadrants can be summarised as under :

cos a:

ba

ya

n
1

(+) sin X and cosec x
(-) cos X, tan x, cot x,

secx

(+)A11

X' X

■><●
o

(+) tan X and cot x
(-) sin X, cos X, sec x,

cosec X

(+) cos X and sec x
(-) sin X, tan x, col x,

cosec X

IVIII

Y'^
Fig. 5.9 Signs of trigonometric functions

SIMPLE RULE TO REMEMBER A crude aid to memorise the signs of trigonometrical ratios in different

quadrants is the four-word phrase "ALL SCHOOL TO COLLEGE". The first letter of the first word in

this phrase is 'A'. This may be taken to indicate that all trigonometric ratios are positive in the first

quadrant. Thefirst letter of the second word is 'S'. This indicates that sine and its reciprocal are positive in

the second quadrant. The first letter of third word is'T. This may be taken as to indicate that tangent and

its reciprocal are positive in the third quadrant. The first letter of thefourth word in the phrase is 'C which

may be taken as to indicate that only cosine and its reciprocal are positive in the fourth quadrant.
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5.6 VARIATIONS IN VALUES OF TRIGONOMETRIC FUNCTIONS IN DIFFERENT

QUADRANTS

Consider a unit circle centred at the origin O of the coordinate axes. The circle cuts the

coordinates axes at A(l, 0), B(0,1), C(-l, 0) and D{0, -1). Let P(a, b) be a point on the circle

whose equation is = 1 such that arc AP =xot equivalently radian measure of ZAOP is x.

Then, fl = cos X and b = sinx.

It is evident from Fig. 5.10 that
-1 ^ fl < 1 and - l<b<l ^ -1< cos :c < 1 and-1 < sin x < 1 for all x.

Further, we observe that in the first quadrant, as x increases from 0 to ^& increases from 0 to 1

and as x increases from ^ to t:, decreases from 1 to 0. But, b = sin x. Thus, in the first quadrant
sin 'A increases from 0 to 1 and in the second quadrant it

decreases from 1 to 0. In the third quadrant as x increases from

— the values oib decrease from 0 to -1 and in the fourth y,

2 3„ *
quadrant as x increases from — to 2k the values b of increase

from -1 to 0. Thus, in the third quadrant as a increases from Tt

sin A decreases from 0 to -1 and finally in the fourth

VA

B(0,1)

P (fl, b)

3k
Ttto

X
X

>
C(-l, o ^(1,0)

D(0,-1)
3k

Fig. 5.10
to

2'

3k
to 2;i, sin a increases from -1quadrant as a increases from —

to 0.

Similarly, we can observe the variations in the values of other trigonometric functions. The

following table exhibits the same.

Trigonometric

function
/ quadrant II quadrant III quadrant IV quadrant

decreases from

Oto -1

increases from

-1 toO

increase from

Otol

decreases from

1 toO
sine

decreases

from 1 to 0

decreases from increases from

-1 toO

increases from
cosme

Oto -1 Otol

increases from

- 00 to 0

increases from

0 to 00

increases from

-oo to 0

mcreases

from 0 to 00
tangent

decreases

from 00 to 0

decreases from

0 to - 00

decreases from

00 to 0

decreases from

0 to - CO
cotangent

decreases from

CO to 1

mcreases from

- CO to -1

decreases from

- 1 to - CO

mcreases

from 1 to 00
secant

increases from

- 00 to -1

decreases from

-1 to - CO

decreases

from 00 to 1

increases from 1

to CO
cosecant

 

 



 

 

TRIGONOMETRIC FUNCTIONS 5.21

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

12

Find sin :c and tan x, if cos ^ ^ ^ quadrant.
SOLUTION We know that: cos^ x + sinx=l => sin x = ±

In third quadrant sin x is negative.

EXAMPLE 1

2
- COS X

5

= -^ 2

= -f
- cos X sin Xsm X

13 13

55 13sm X

and, => tan X = Xtan X
13 -12 12cos X

37t3
EXAMPLE 2 Find the values o/cos x and tan x, if sin x= — and n<x <

^ ^ 5 2

SOLUTION We know that: cos^ x + sin^ x = 1 => cos x = ± sin^ x

In the third quadrant cos x is negative and tan x is positive.
9 4● 2

COS X = - , 1	
V 25 5

3 5 3
— X — = —

5 4 4

COS X - sm X

sm X

and, tan x => tan X =

cos X

2 V6
and X lies in quadrant III.EXAMPLE 3 Find all other trigonometrical ratios, ifsin x = -

SOLUTION We know that: cos^ x + sin^ x=l => cos x = ± ^|i - sm“ x
● 2

In the third quadrant cos x is negative.

V 25

1:_2
-sm X ^ cosx = -cos X

5

In the third quadrant tan x is positive.

2 V6 ^ = 2V6sm X

tan X = tan X X —

5 1cos X

151
sec X = - 5Now, cosec X ; sec X^ cosec X

2 V6 ' cos Xsm X

11
and, cot x = cot X =

2 V6’tan X

EXAMPLE 4 If cos X = - —and 7i<x <
^ 2

SOLUTION It is given that x lies in the third quadrant. Therefore, sin x is negative and tan x is
positive. Thus,

sin x = ±

3 71
find the value of^ tan^ x - 3 cosec^ x.

2 '

V3 -2■ li 1
-cos X ^ smx = -Jl — => cosec X =

V34 2
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-V3/2sin X

= V3.And, tan X

-1/2

9 9 4
Hence, 4 tan x ~ 3 cosec x = 4x 3-3x — =8.

cos X

3

3 7t 1 + tan -V + cosec x
EXAMPLE 5 If sec X = V2 and <x <2%find the value of

2 1 + cot X - cosec x

1 1
SOLUTION We have, sec .r = V2. Therefore, cosx = => cos X

" ^/2secx

It is given that x lies in the fourth quadrant in which sin x is negative.
1 1

cosec X = - V2sm X cos X cosec X =

V2 '2 sin X

1 V2

V2 1

sin X

and, tan x = tan X = -l => cotx = -l
cos X

1 -1 -4i1 + tan X + cosec x
= -1

1 -1 + VI1 + cot X - cosec X

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

n 71

, if— <x <-sec X - tan x1 - sin X
2 2EXAMPLE 6 Prove that:

3n7C1 + sin X
-secx + tanx,if — <x<

2 2

SOLUTION We have.

1 - sin X 71

, if — <x < —
(1 - sin x)^

^ 1 -sin^ X
1 - sin X 1 - sin X 1 - sin X 2 2cos X

1 - sin X 3n1 + sin X I cos X , if — <x <cos X

2 2-cos X

7C TC

tan X ,if — <x<-sec X

2 2
3ti7T

- sec X + tan X, if — < X <
2 2

1 + cos X , if 0 < X < 71cosec X + cot X

- cosec X - cot X, if 7i< X < 27t
EXAMPLE 7 Prove that:

^1 - cos X

SOLUTION We have.

1 + cos X

(1 + cos x)^ , if 0 <x < 7c
1 + cos X 1 + cos X 1 + cos X sin X

1 + cos X2

\ 1-"y 1 - cos X sm Xcos X , if 7t<x<27rX

-sm X

, if 0 <x < 7tcosec X + cot X

- cosec X - cot X, if t: < X < 2ti

2 71

, if 0 < X < -
1 - sin X 1 + sin X 2cos X

EXAMPLES Prove that: +
2

■y 1 + sin X
711 - sin X

, if — <X < 7C
2cos X
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SOLUTION We have,

1 - sin X |1 + sin X
■y 1 - sin X

(1 - sin x) + (1 + sin x) 22
[v V? = \x\]+

^COS^ X■Jl-sin ^ X
— ,ifO<x<-

cos X 2

2 rc

cos X 2

I cos X Iy 1 + sin X

<X<71

EXERCISE 5.2

BASIC

Find the values of the other five trigonometric functions in each of the following:
12 1

(i) cot X = — , X in quadrant III (ii) cos x =— , x in quadrant II
5 2
3 3

(iii) tan x = —, x in quadrant IE (iv) sin x = —,
4 5

12
If sin X = — and x lies in the second quadrant, find the value of sec x + tan x.

If sin X = — , tan y = — and
5 ^2

1.

X in quadrant I

2.

3 7171

find the value of 8 tan x - >/5 sec y.— <x < 7t < V <—,
2 ^ 2

BASED ON LOTS

If sin X + cos X = 0 and x lies in the fourth quadrant, find sin x and cos x.
3 3ti

If cos X = - — and tc < x < —, find the values of other five trigonometric functions and
3 2

cosec X + cot X

4.

5.

hence evaluate
sec X - tan x

ANSWERS

131312 , 5
— , tan X = —

... . 5
(i) sinx = --

(ii) sin X =

(iii) sin X = - 4
4' 3

(iv) cos X = — , tan x = —
5

1. secx = -cosec X = -cos X = -

5 '12 '13' 1213

-12
^, cot X =, tan X = - V3 , cosec x - secx= -2
V3 V3'

5 , 4
— , cot X = —
4 3

54
sec X = -cos X = - cosec X = -

3'5 ' 5 '
55 4

cotx = cosec X = —sec X = —

3'4 ' 4 ' 3

5. -4 -L J-
V2'V2

7
2.-5 3.

62

HINTS TO SELECTED PROBLEM

4. We have, sin x + cos x = 0 ^ sin x = - cos x => tan x = -1

sec^ X = 1 + tan^ X => sec^ x = l+ (-l)^ = 2 => sec x = -Jl ^ cosx =
V2

5.7 VALUES OF TRIGONOMETRIC FUNCTIONS AT ALLIED ANGLES

Two angles are said to be allied when their sum or difference is either zero or a multiple of

371
— ± X, 2t: ± X etc. In this section, we will express theThe angles allied to x are - x, — ± x, ti ± x,

2

values of trigonometric functions at allied angles of an angle x in terms of the values at x.

 

 



 

 

5.24 MATHEMATICS-XI

5.7.1 VALUES OF TRIGONOMETRIC FUNCTIONS AT - x

Consider a circle of unit radius centred at the origin of
coordinate axes which cuts the coordinates axes at A{\, 0),

B(0,1), C(-l, 0) and D{0, -1). Let P{a,b) be a point on the
circle such that arc AP = a; so that the measure of Z AOP is x. ^
Then, a = cos a: and & = sin a: . Let Q be the image of P in

ar-axis. Then, Z AOQ = -x and the coordinates of Q are

YA

S(O.l)

P(a. b)

X
X

-X

C(-l,

Q{o,-b)

{a, -b).
rs/

a=cos{~x) and -b=sin{-x) Fig. 5.11

cosa: = cos (-x) and - sin a:= sin (- x)
[●.● = cosa:, & = sina:]

cos (-x) = cosx and sin (- x) = - sin x

sin (-x) _ - sin X
cos(-x) cosx

cos(-x)_ cosx
sin {-x) -sinx

cosx

tan (-x) = = -tanx, cot(-x) = = - cotx
smx

1 1 1 1
sec (-x) = = secx and, cosec (- x) = = - cosec X

cos(-x) cosx sin {-x) sm X

5.7.2 VALUES OF TRIGONOMETRIC FUNCTIONS AT f- -X

u

Consider a unit circle centred at the origin of coordinates axes which cuts the coordinate axes at

A{1, 0), B(0,1), C(-l, 0) and D(0, -1). Let P{a, b) be a point on the circle such that are/IP =x

consequently ZAOP = x and hence a = cosx and b = sin x. Let Q be a point on the circle such that

arc/IQ =-^-xand so Z/iOQ =^-x. Consequently, measure of ZBOQ is x.

Draw perpendiculars PM and QN from P and Q respectively on OX. In triangle ONQ, we have

ZQON = ~ ZOh/Q = Therefore, by using angle sum property, we obtain ZOQN = x.

In triangles OMP and ONQ, we have

ZOMP = ZONQ, ZPOM = ZOQN and, OP = OQ

So, by using RHS criterion of congruence, we obtain

AOMP = AQNO

OM=QN and ON=PM

QN=a and ON =b

So, the coordinates of Q are{b, a). Since ZQON = --x

fn \ \ ^
b=cos —X and A = sin

YA

B(0,1)
Q

P{a,b)
X,

3:1:2 . WC(-l,

X'

D(0,-1)
r V

Fig. 5.12

71
X

V2 2

n K

sin X = cos — X and cos x = sin [●.● a - cosx and t = sin x]-X

V2 U

71 n
cos —X =sinx and sin X =cosx
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f TC71
Sin —X cos — X

smxcos;f71 7C
J. — = tana:tan = cotA:, cot —X

\2
X

U sin a: Itn cos a:
cos —X sm — X

\2 U

11 1 171 71

= S6Ca:, sec —x = cosec a:cosec —a:

f n■ (^
sin —a:

U\2 sin a:cosx
^ cos —a:

\2

5.7.3 VALUES OF TRIGONOMETRIC FUNCTIONS AT{7t-x)

Consider a unit circle with centre at the origin O of the coordinate axes and cutting the
coordinate axes at/l(l, 0), B(0,1), C{-1, 0) andD(0, -1). Let P{a, ii) be a point on the circle such
that arc AP =x consequently, the measure of ZAOP is x. Further, let Q be a point on the unit
circle such that ZAOQ = 7C-A:and so measure of arc AQ = 7t-x

arcQC ~K-(n-x)=x=> ^QOC = x

In triangles OMP and ONQ, we have
^POM = ^CQON, OP =OQ=l unit and ZOMP = ZONQ

[●.* arc AC = ti]

So, AOMP s AONQ

OM=ON and PM=QN

ON = a and QN = b

So, the coordinates of Q are {-a, B). Since, ZQOM =(7t-A:).

-a = cos (ti-a:) and b = sin (ti-x)

cos (ti-x) = - cosx and sin (Ti - x) = sin x

<■
X'

['.■ a =cosx,b =sinx] D(0,-1)

Thus, we obtain
13

cos (tc-x) = -cosx and sin (ti-x) = sin x

sin (ti-x)

cos (tc-x)

cos{7t-x)

smxsmx

tan (ti-x) = = -tanx.
-cosx cosx

-cosx cosx

cot (ti-x) = = - cot X.

sin (tt-x) smx smx

111 1
= cosec X, sec (tx - x) =cosec (ti-x) = = - sec X

cos (tc-x)sin(7T-x) sinx

5.7.4 VALUES OF TRIGONOMETRIC FUNCTIONS AT f^+ x
Consider a unit circle centred at the origin of the coordinate axes which cuts the coordinate axes
at A(l, 0), B(0,1), C(-l, 0) and (0, -1). Let P{a,b) a point on the circle such that ZAOP =x
equivalently arc AP = x. Let Q be a point on the circle such that

ZAOQ = ^ + X equivalently arc AQ
arcQC=7c- —+ x = —-x. => ZQON = —

\2 J 2 2

In triangles OMP and OQN, we have

ZPOM = ZOQN

ZOMP = ZONQ and, OP =OQ

APOM = AOQN

OM=QN and PM=ON

a = QN and b - ON => ON = b and QN = a

-cos X

YA

mi)

P (a, b)
Vw

71
Tl-X.

7t XX'
;x2_j >

C(-l.

D(0,-1)
r V

Fig. 5.14
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7C

So, the coordinates of Q are {-b, a). Since ZQOM = — + x
V 2

Tl7t
-b = cos — + X and = sin - + x

71

[●.● a ~ cosx, b = sin x]= -sinx and sin —+ x =cosx=> cos — + X

K2

7tn
cos - + Xsm - + x

fn U^2 -smxcosx K

tan — + X = - cot X, cot — + X
l2

= -tan X

( ^
sm - + x

2 71 -smx cosx
cos - + X

V2 U

1 1 1 17t 7t

cosec —+ x = sec X, sec — + x = - cosec X

27T 7tcosx -sm X
cos - + X- + xsm

u \2

5.7.5 VALUES OF TRIGONOMETRIC FUNCTIONS AT (n * x)

Consider a unit circle centred at the origin of the coordinate axes cutting the coordinate axes at
A{\, 0), B(0,1), C(-l, 0) and D(0, -1). Let P{a, b) a point on the circle such that arc AP = x

consequently ZAOP = x.
a = cosx and b = sinx.

Let Q be a point on the circle such that ZAOQ = tt + x or

equivalently, arc AQ = ti: + x.

Arc CQ = x and ZCOQ = x

Clearly, AOMP = AONQ

OM=ON and PM=QN=> a=ON and b=QN

ON = a and QN = b

So, the coordinates of Q are {-a, -b). Since ZQOM =(tu+x).

S(0,1)

Fig. 5.15

-fl = cos(7i+x) and = sin (ti +x) =>

cos (tt: + x) =-cosx and sin (ti + x) =-sinx
sin (ti + x) cos (tc + x)-smx - cosx

tan (ti+x) = = tanx, cot (ti+x) = = cotx

cos (ti + x) sin (tu + x)-cosx -smx

1 1 1 1
cosec (tu + x) = cosec X, sec (tt + x) = = -secx

sin (ti + x) cos (ti+x)-smx -cosx

5.7.6 VALUES OF TRIGONOMETRIC FUNCTIONS AT (2k - x)

Consider a unit circle centred at the origin of the coordinate axes. Suppose the circle cuts the

coordinate axes at A(l, 0), S(0,1), C(-l, 0) and D(0, -1). Let P(a, b) a point on the unit circle
such that ZAOP = x. Then, a = cosx and b ~sinx.

Ay

B(0,1)

Let Q be a point on the unit circle such that ZAOQ =2n-x.

Then, the measure of ZAOQ = x. Consequently, Q is image of

P(a, b) in the line mirror along OX. So, the coordinates of Q are <-

P(a. b)

X
X

>
M

C(-l, ^(1,0)
(a, -b).

Q(a.-b)
fl = cos(27c-x) and-& =sin (27T-X)

Fig. 5.16
=> cosx = cos(2tc-x) and -sin x = sin (27i+x)

[●.● a = cosx, b = sin x]

=> cos(27t-x) = cosx and sin (2ti:-x) =-sinx
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sin (2n-x) cos(2;i-a:) cosx-smx

tan(2n-x) = = -tanx, cot(2K-x) = = -cotx

cos(2tc-x) sin {2n-x)cosx -sinx

1
7^— - cosec X, sec (2;i -x) =

1 1
cosec (2ti-x) = = secx

sin(27i-x) sinx cos(2tc-x) cosx

5.7.7 VALUES OF TRIGONOMETRIC FUNCTIONS AT (2n + x)

Consider a unit circle centred at the origin of the coordinates axes. The circle cuts the coordinate

axes at A{1, 0), 6(0,1), C(-l, 0) and D(0, -1). Let P be a point on the circle such that arc AP or

equivalently .ZAOP = x. Therefore, a = cos x and b = sin x.

The circumference of the unit circle is 2rt. Therefore, if we begin from P and travel distance 2k

along the circle, we return to the same point P.

rt = cos(27i+x) and = sin (2tc + x)

cos X = cos (271 + x) and sin x = sin (27t + x)

cos (2tt+x) = cosx and sin(2rc + x)

sin (2ti + x) _ sinx
cos(2tc+x) cosx

YA

B(0,1)

P{a,b)

XX'
X

■><■

C(-l,

tan (271+ x) = - tan X,

D(0,-1)

cos (271+x) cosx Fig. 5.17
cot(2n + x) = = cotx

sin (2tc+ x) smx

111
—= cosec X, sec(27i + x) =cosec (2tc + x) = = secx

cos(2tc + x) cosxsin (271 +x) smx

5.8 PERIODIC FUNCTIONS

A function f{x) is said to be a periodic function, if there exits a positive real number T such that

f{x + T) = f{x)for all x.

If T is the smallest positive real number such that /(x + T) =/(x) for all x, then T is called the

fundamental period of /(x).

We observe that if/(x) is periodic with period T, then
/ \

/(x + 2T) =/((x + T) + T) =/(x + T)=/(x),/(x+3T)=/ (x + 2T) +T =/(x +2T)=/(x)and soon.

In general, f{x + nT) =/(x) for aUx and neN.

5.8.1 PERIODICITY OF TRIGONOMETRIC FUNCTIONS

Consider a unit circle centred at the origin of the coordinate axes. The circle cuts the coordinate
axes at A{1, 0), B (0,1), C(-l, 0) and D(0, -1). Let P{a, b) be a point on the circle such that arc

AP = X or equivalently ./AOP = x.
= cosx and b = sin X.

Now, if we take one complete revolution from the point P along the circumference of the circle,
we again come back to the same point P. In other words, if x increases or decreases by 2ti, we
return to the same point.

<7 = cos (271+x) and =sin (27t+x)

cos X =cos (2ti + x) and sin x =sin (27T + x)
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Ay

Also, <7 = cos (-271+a:) and & = sin (-27t + a:)

cos{-2ti+.v) =cos X and sin {-In + a:) =sinAr

We also observe that if x increases or decreases by any

integral multiple of 2ti, we come back to the same point P. ^

cos (27771+at) = cos a: and sin (277ti + A') = sin a:, Jt e Z

Thus, cosine and sine functions are periodic functions.

It is evident from the above discussion that 2ti is the

smallest positive number such that

cos (271 + a:) = cosa: and sin (2ti + x) = sin a: for all a:

Hence, cosine and sine functions are periodic functions with period 27t.

In sub-sections 5.7.5 and 5.7.7, we have learnt that

tan (t: + a:) = x and tan (2ti + at) = a' for all a € P

tan (?J7t+a) =.r for all a e R and n e Z

(a,b)
(O

X a X

>

C(-l,

Fig.

Also, 71 is the smallest positive real number such that tan (ti + a) = tan a for all a e R. So, tangent

function is also periodic with period tc.

Using the definition of cotangent, cosecants and secant functions, we obtain
1
— = cot A for all A {^ nn) € R

1
cot (tc+ a) =

tan(7i + A) tanA

1
—-— = cosec A for all a {^ nrt) e R

-—= sec A for all A ^{2n + l)^

cosec (271 +a) =
sin(27i+A) sin A

1
sec(27i + A) = eR

cos (271+a) cosa

Thus, consecant and secant functions are periodic with period 27i and cotangent is periodic with

period tl

5.9 EVEN AND ODD FUNCTIONS

EVEN FUNCTION Afunction f{x) is said to be an evenfunction, 7//(-a) =f{x)forallxin its domain.

ODD FUNCTION Afunction f{x) is said to be an odd function, iff{-x) =-f{x)forallxin its domain.

ILLUSTRATION 1 Determine whether the following functions are even or odd or neither:

(i) /(a)=a3+a (ii) g{x) = 3x^ + 1

SOLUTION (i) We have, /(a) = a^ + a

=(-:x)^ +(-a) =-A^ - A =“(a^ + a) =-/(a) for all a eR.

So,/(a) is an odd function,

(ii) We have, g(x) = 3a^ +1

R(-^) = 3 (-a)^ +1 = 3a^ +1 =^(a) for all a e R

So, g(A) is an even function,

(iii) We have, h{x) = a^ + a + 4

/7(-a) =(-a)^+(-a) + 4 =A^-a + 4

(iii) h{x) = A^ + A + 4
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Clearly, h{-x) is neither equal to h{x) nor to -h{x). So, h{x) is neither even nor odd function.
We have learnt that

sin (-:r) =-sinx, tan (-jc) =-tan x, cosec{-x) =-cosecx andcot(-x) =-cota:

So, sine, tangent, cosecant and cotangent functions are odd functions.

We have also learnt that cos {-x) = cos x and sec (- x) = sec x. So, cosine and secant functions
are even functions.

The values of trigonometric functions at-x, x, n ± x, ^ ± x and 2tc ± ac are given in terms of
values at a: in the following tabular form for ready reference.

Trigonometric
sin cottan seccoseccos

Point/An^
-cot a:-sinx -tanx secx- cosec Xcosx-X

TC
cosec Xsinx tanx—X cotx secxcosx

2

n
-sinx - tanx-cotx - cosec Xsec X- + x cosx

2

-tanx -cotxsinx -secxcosec X-cosxn-x

cotx-sinx tanx -secx- cosec X-cosxn+x

3ti
-sinx cotx tanx-X - cosec X-secx-cosx

2

3k
sinx -tanx+ x -cotx-cosx -secx cosec X

2

-cotx2k-x -tanx secx- cosec X-smx cosx

tanx cotx2k+x secxcosec Xcosxsmx

KK

From the above table we observe that the values of sine function at —±x = lx — ±x and
2 2

±x = 3x^±x are cos x or - cos x depending upon the quadrant in which the terminating ray
of the angle lies. Also, sine^function is periodic with period 2k. So, the values of sine function at
2mk+ —±x and 2mk+

2«k+

3k

3k

2nK + ^=(4« + l)|

^ =(4n+ 3) ^are odd multiples of^.Therefore, the value of sine function at(2n-l) x
is cosx or — cosx depending upon the position of the terminating ray of the angle. We also note
from the table that the values of sine function atK±x = 2x^±x and 2k±x = 4x-

2 2

-sinx depending upon the position of the terminating ray of the angle. The periodicity of the
sine function gives that ihe values of sine fimction at «k± x = 2nx ^ ± x are sin x or -sinx
depending upon the quadrant in which the terminating ray of the angle lies.

We also note that at point expressible in the form {2n-l)—± x ithe values of cosine, tangent,

cotangent, secant and cosecant functions are ± sin ± cot x, ± tan x, ± cosec x and ± sec x

respectively. At a point expressible in the form 2n ^ ± x the values of cosine, tangent.

and±x are cosx or -cosx. But,
22

± X are sin or
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cotangent, secant and cosecant functions are ± cos x, ± tan x, ± cot x, ± sec x and ± cosec x
respectively.

The above discussion suggests us the following algorithm to find the value of a trigonometric
function at a point.

ALGORITHM

Step I

Step II

Obtain the point x at which the value of a trigonometric function is to be determined.

Check whether x is positive or negative. Ifx is 7iegative, say x = -y, then write f{x) = -/(y), iff
is an odd function. Otherwise, write f{x) =/(y). Here, f is the given trigonometric function.

/* 71'
Express the positive value of X in step II, in the form x= — ±a., where as 0,— .

2 V 2,

Determine the quadrant in which the terminating ray of the aijgle x lies and determme the sign
of the trigonometric fuiiction in that quadrant.

If n is step III is an odd positive integer, f/ien sinx = ± cos a, cos x = ± sin a,

sec .r = ± cosec a, cosec x = ± sec a, where the sign on RHS of these values will be the sign
obtained in step IV.

If n in step III is an even positive integer, sin a: = ± sin a, cos x = ± cos a,
tan x = ± tan a, cot.t = ± cot a, cosec a: = ± cosec a, sec x=± sec a, where the sign on
RHS of these values will be the sign obtained in step IV.

Following examples will illustrate the above algorithm.

Step III

Step IV

Step V

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Evaluate the following:
,.\ 7n
(i) sm —

4

7tc 8ti^ \ ■ f 25t:'^
(iv) sm 	

I 4
(ii) cos —

6

7ii

SOLUTION (i) Clearly, sin —

which sine fimction is negative and 3 is an odd integer.
. 7n . f. n n
sm — = sm 3 X — + —

2 4

(iii) cos	
V 3

« ^ 7C 71 y-, , »V
= sin 3x—+ — .Since 3x —+

2 4

n n

lies in the IVth quadrant in
2 4

171

“ cos — =

V24 4

7tz 7n71

(ii) Clearly, cos —
6

negative. Also the multiple of ^ is even.

= cos 2 X — +
2 6

. Since —— is in the in quadrant in which cosine function is
6

V37k - n K

cos — - cos 2 X — + — = - cos — =
2 6

n

6 6 2

(iii) We know that cosine is an even function. Therefore, cos - —
I 3

. I 8tT — 7U 71
Also,— = 5 X — + —. So,

3 2 6

multiple of ^ is odd.

St:
= cos —.

3

871

— is in the II quadrant in which cosine function is negative. Also, the
3

87t

. 3

_ 71 71 . 7C 1
COS — = cos 5 X — + — = - sm — = —. Hence, cos

2 6J 6 2

8ti 1
cos—

3 3 2
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(iv) The sine function is an odd function. Therefore, sin
V 4

lies in the I quadrant and multiple of — in this expression is even.

2571^ . 257t_ 1
4 ■ V2‘

= -sm

4

257t
= 12x- + - =>

2 4
Now,—

4

1. 25jt 7Cn n

= sm 12x —+ —
2 A)

EXAMPLE 2 Evaluate the following:

(i) cosec 390° (ii) cot 570°

(v) tan —
3

SOLUTION (i) We have, 390° = —
6

cosecant function is positive and the multiple of ^ is even.

. Hence, sin - = -smsin = sm — =

4 V2 4 J4

(iv) cos 270°(iii) tan 480°
r

(vii) cot - —
^ 4

19jt
(vi) sin -

3;

13711371
= 4 X — + —. This shows that

2 6
— is in I quadrant in which

13tc . 7t 7t _

= cosec 4 X — + — = cosec — = 2.
2 6J

7C

cosec 390° = cosec
66

19t: .1971 TC %

= 6 X — + — . It shows that
2 6

is in the Illrd quadrant in which(u) We have, 570°= —
6

cotangent function is positive and the multiple of ^ is even.
. r,- ^71 nr

~ cot 6 X — + — - cot — = V 3

6

1971
cot 570° = cot

62 66

8tc
. Clearly, — is in the Ilnd quadrant in which tangent

3

Stc ^ 7c t:
=5x —+ —

2 6
(iii) We have, 480° =—

function is negative and the multiple of ^ is odd.
8tc

tan 480° - tan — = tan 5 x — + —
2 6

= -cot^ = -V3
6

7T

3x- + 0 . Clearly,270°isinthenegativedirectionofi/-axisi.e.on

3

3ti

(iv) We have, 270° = ^

the boundary line of II and III quadrant. Also, the multiple of is an odd integer.

2

7t

cos 270° = cos 3x—+ 0 =±sin0=0
I 2 J

ALITER We know that cos (2n -1) — = 0. Therefore, cos—
2 2

(v) We have, —
3

function is positive and tlie multiple of ^ is even.
= tan 12x^ + ^l = tan^=V3

2 3

= 0.

19ti
12x —+— . Clearly, this angle lies in I quadrant in which tangent

2 3 /

19tc
tan

33
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llTT

= 7 X ^ ^ ■ This angle lies in the IV quadrant in which sine function is(vi) We have,
3

7t

negative and the multiple of — is odd.
2

V3V3 f llJt'l. ll;t . llTt- n n n

= sin 7x —X— =-cos- =
2 6)

. Hence, sinsm sm

3 6 2 3; 3 2 2

IStt 15ti
7 X — + — . This means that

2 4

cotangent function is negative and the multiple of — is odd.

(vii) We have, is in the IVth quadrant in which
4 4

2

IStt 15k71 7C K

= cot 7x—+ - =-tan — =-l. Hence, cot - = -(-l)=l.cot = -cot
4 2 4 4 k 4 J 4 J

EXAMPLE 3 Prove that: cos 510® cos 330“ + sin 390* cos 120* = — 1.

17k 11k . 13k 2k
cos— + sm— cos—SOLUTION LHS = COS 510“ COS 330“ + sin 390“ cos 120“= cos

6 6 6 3

K K K K K K - K K
cos 1 X — + —

2 6
= cos 5X — + — cos 3x — + — +sin 4x +

2 3 2 3J 2 6

- sm — sm — + sm —

3yV 3y \ 6yV

K K K K

-sm —

6J

/3 V3

2 2 Uj,

EXAMPLE 4 Prove that: sin (- 420“) (cos 390“) + cos (- 660“) (sin 330°) = -1.

SOLUTION We know that sin (-x) = - sin x and cos (- x) = cos x

LHS = sin (- 420°) (cos 390°) + cos (- 660°) (sin 330°)

= -sin 420“ cos 390°+cos 660“ sin 330° = -sin — cos^^ + cos

n 3 1
1 =RH5

2) 4 4

sm

3 6 3 6

. K K . K K
= -sm 4x — + — cos 4x — +

2 3

r, K n . „ K K
+ cos 7x — + — sm 3x — + —

2 6

K^ Vs VI
3 j 2 2

2 6 2 3

\ f \ f1 1 3 1K K K

= -1 = RHS.= -sm —cos —+ sm — -cos—

3 6 I 6 2j'. 2) 4 4/ V

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 5 Prove that:

1 /●●\ -^-2^ 2 7k 2^ 3
(n) 2 sm — + cosec cos

6

2 3k

.OK

(i) sm — + cos
2 2

- tan
6 3 4 2 6 3 2

/●●●\ i2 ^ 5k - . 2 ^ ^
(m) cot — + cosec — +3 tan - = 6 + 2 cos^ — + 2 sec^ — = 10(iv) 2 sin

6 6 6 4 4 3

SOLUTION (i) LHS = sin^ - + cos 2 ^ 2 ^
-tan

6 3 4

sm — + cos —

/ n2
fl - + i~l=-l

4 4

K K K
tan — +

(>J 3) 4; 2; V2 2

k^2 7k^
+ cosec —

2 7kLHS = 2 sin^ — + cosec 2 - ● ●●
cos — = 2 sm —

K

(ii) cos —

6 6 3 6j 6 y 3;
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2 .\2 n2
7171 7t

= 2 sin — + cosec 71 + — cos —

6J (>J 3J

^2 2/ n2
7t 7C 7t

= 2 sin — [v cosec (71 +a:) = - cosec :t]+ - cosec — cos —

6J 6 3J

1

2J 2

3
+ (-2)2= 2 = - +1 = - = RHSX

2J 2

^25tc
LHS = cot^ — + cosec — + 3 tan 2 71 n 7C

(iii) cot — + cosec Tc — +3 tan —
6 6 6 6J 6J6J

^2 7.^2 r 171 n

= {VI)2 + 2 + 3+ cosec — + 3 tan — =3+2+l=6=RHScot —

V36/ 6 6J

x2 x2 ^22 3tc 3ti2 ^ TC
+ 2 sec — = 2 sin

7T 7t

(iv) LHS = 2 sin + 2 cos + 2 cos — + 2 sec —
4 3 3J4 4 J 4j

n2 2 n2 . 37t71 71 7T 7X 7T

= 2 sin — + 2 cos — + 2 sec — sm sm 7t — sin —

4J 4 3; 4 4J 4

n2 1 f1
+ 2(2)2=1+1 + 8=10=RHS= 2 + 2

V2 V2

71

+ :r sec (-a:) tan (tt-a:)cos

[2EXAMPLE 6 Prove tfiat: = -l.
( 7t

sec (2tc - x) sin (ti + x) cot —x
\2

SOLUTION We have,

(n
+ x sec(-x) tan (ti-x)cos

(- sin a:) (sec x) (- tan x)U
LHS = = -l=RHS

'ti (sec x) (- sin x) (tan x)sec (2tc - x) sin (n + x) cot -X

\2

EXAMPLE? Prove that:

cos(7t + x) cos(-x) =cot2 X(i)
fn

sin (tt - x) cos — + x

3ti 3ti
(ii) cos + X cos (2tc + x) cot -X + cot (271+ x) =1

I 2 I 2

2
cos (tc + x) cos (- x) (- cos x) X (cos x) - cos X

= cot2 X = RHSSOLUTION (i) LHS =
1-2(sin x) (- sin x)7C

- sm X
sin (tt - x) cos — + x

u

(ii) We know that
37C 3tc

+ X = sin X, cos (27c + x) = cos x, cot - X = tan X and cot (2tc + x) = cot xcos

1. 2 ^ 2
\

(Sk3k
LHS = cos + X cos (2tc + x) cot -X +cot(2Ti+x)

2 ^ 2

sm X cos X

= (sin x) (cos x) (tan x + cot x) = sin x cos x ●
cos X sm X
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2
1Sin X + cos X

= 1sm X cos X Xsm X cos X

sm X cos Xsm X cos X

EXAMPLES If A, B, C, D are angles of a cyclic quadrilateral, prove that
cos A + cos B + cos C + cos D = 0.

SOLUTION We know that the opposite angles of a cyclic quadrilateral are supplementary i.e.
A + C = TTand B + D = 7t. Therefore,.A = tc-C and B = k-D.

cos/I = cos(ti-C) = -cosC and, cos B = cos(tc-D) - -cosD

Hence, cos A + cos B + cos C + cos D = - cos C - cos D + cos C + cos D = 0

EXAMPLE 9 In any quadrilateral ABCD, prove that
(i) sin {A + B) + sin {C D) = 0

SOLUTION (i) A + B + C+ D= 2ti

A + B= 2tu-(C+D)

sin (A + B) = sin {27t -(C + D)\

sin (A + B) = - sin (C + D) => sin (A + B) + sin (C + D) = 0 [■.- sin (2tc - x) = - sin x]
A -i- B + C + D = 2k

A + B = 2ti-(C +D)

cos(A + B) = cos {27t-(C+D))=> cos(A + 6) = cos (C + D) [v cos(2ji-x) =cos x]

(ii) cos {A + B) = cos (C + D)

(ii)

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 10 Find the value of the expression

31 sin^ 3k -4,0 V
X +sin (3ji + x)

2 ) ^'■^ + x +sin^ (Stc-x) INCERT EXEMPLARI-2 < sin

SOLUTION The given expression is

31 sin"* j-2jsin^ ^ + ^ +sin^(5K-x)|
3k 1 ● 4 / -●, v

X +sm (iir+x)
2 J

-2 |(cos x)^ +(sin x)^j = 3 (cos^x + sin^x)-2{cos^x + sin^x)
4

= 3 \ (-cos x)^ + (-sin x)
J

= 3|(cos^x + sm^x)^ -2 sin^x cos^ xj -2 j{cos^x+sin^x)^-3 cos^xsin^x(cos^x+sin^ x)
= 3(1-2 sin^x cos^x) -2 (1 -3 cos^x sin^x) = 3-6 sin^x cos^x-2 + 6 sin^x cos^x =1.

EXERCISE 5.3

BASIC

I. Find the values of the following trigonometric ratios:

(ii) sinl7Tc
25Tl^5 71 IIt:

(i) sin —

(v) tan ~
4

, { 2QK^
(ix) cosec 	

V 3

, .... 3971
(xm) cos —^

2. Prove that:

(i) tan 225° cot 405° + tan 765° cot 675° = 0

(iii) tan —
6

(vii) cos —
6

(xi) cos —
4

(iv) cos 	
I 4

llrt^197t17k
(viii) sin -(vi) sin —

6

(x) tan
\

(xiv) sin —
6

6 ,

137t^ 19ti 41ti
(xii) sin —

44 J

151te
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8 Jt 23 7t 13 71 . 35 7t 1
(ii) sin —

3
+ coscos sm

6 3 26

(iii) cos 24° + cos 55° + cos 125° + cos 204° + cos 300° = -
2

(iv) tan (-225°) cot (-405°)-tan (-765°) cot(675°) =0

(v) cos 570° sin 510°+sin (-330°) cos (-390°) = 0

2 17 71 3-4VI11 71 471 3 2 A
— cosec — + 4 cos(vi) tan —'

3

(vii) 3 sin — sec — - 4 sin — cot — = 1
6 3 6 4

3. Prove that:

-2 sin
6 4 4 6 2

5t:Tt 7t

cos (2ti: + x) cosec (2ti + .r) tan {n/2 + x)
(i) = 1

sec {n/2 + x) cos x cot (tt + x)

cosec (90° + x) + cot (450° + x) tan(180° + x) + sec(180°-x) ^
tan (360° + x) - sec (- x)

\

—-X cot (271-x)
2 I V

(ii)
cosec (90° - x) + tan (180° - .x)

^37:(k
sin(7t+x)cos +x tan

l2
(iii) = 1

/^37I
sin (2tt - x) cos {2n + x) cosec (- x) sin -

V 2
-X

Tt Tt

(iv) 1 + cot X - sec - + X 1 + cot X + sec — + X = 2 cot X
2 2

-^-x sec (tt-x) sin (-x)tan

(V) = 1
( ^

sin (Tt + x) cot (27t-x) cosec —x
\ 2

BASED ON LOTS

● 2 7 Tt ● 2 4 Tt ^
+ sm — = 2

'y 7C
4. Prove that: sin — + sm._2 Tt

— + sm

18 9 18 9

5 Tt' '5 Tt3 Tt 3 Tt'
5. Prove that: sec = -l.+ tan + X tan X -- X sec X -

I 2 2 2 2 )

6. In a A ABC, prove that:

(i) cos {A + B) + cos C = 0
M+B') . C A + B

= sm — (ill) tan
2 2

C
(ii) cos = cot —

2 2

7. If A, B, C, D be the angles of a cyclic quadrilateral, taken in order, prove that:

cos (180° -A) + cos (180° +B) + cos (180° + C) - sin (90° + D) = 0

8. Find x from the following equations :
f Tt

(i) cosec — + 0 + X cos 0 cot — + 0 = sin — + 0
\2 J [2 ) [2
( Tt

(ii) X cot - + 0 + tan — + 0 sin 0 + cosec — + 0 =0
\ 2 /

9. Prove that:

... 3Tt . 57t 2Tt 1
(i) tan4Tt-cos sm—cos—= —

2 6 3 4

Tt Tt

Tt Tt

U U

137t . 87t 27t . 5Tt 1
-sm — + cos—sm — - —

3 6 2
(ii) sin —

3 3
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.. . . IOtt 13n 8;r . 5tc
(iv) sin ——cos—7- + cos —sin — = -1

3 6

47t . 13ti 1
+ cos — sm = -

13jc . 2n
(iii) sin sm

3 63 6 23 3

15k9k 17k5k
(v) tan — cot — + tan = 0cot

4 44 4

ANSWERS

V3 (v)-l (vi)i(iii) -4^ (iv) 41- (i) - (ii) 0
V2V3 22

Vs 112
(viii) 1 (xii)(xi) -(ix) - (X) -1(vii) -

V2 V2Vs22

(xiii) I/V2 (xiv) -1/2 8. (i) tan 0 (ii) sin 0

FILL IN THE BLANKS TYPE QUESTIONS (FBQs)

sin 70° .
1. The value of is

sinll0°

cos50° .
2. The value of IS

cosl30°

3. The values of/(:c) = 2sm^jx'^ +x + l lie in the interval

4. If sin ;c + cosa: = a, then sin x - cos x =	

is equal to	

6. If secx + tan x = VS, then secx - tan x =	

1 -sinxK K

5. If— <x < —, then
2'2 1 + sin X

2
7. If secx-tanx = —,the tan X =

3'

8. If cosec X + cot x = a, then sin x =	

11
9. If cosec X + cot X = —, then the value of tan x is

-24
10. Ifsinx = , then the value of tan x is

25

1 1
11. If sin X + cosec X = 2, then sin x +cosec x =

K

12. The value of tan x +cot (k + x) +cot —+ x +cot(2K-x)is		
\ 2 J

13. Thevalueof 3 (sinx-cosx)'^ + 6 (sinx + cosx)^ + 4(sin^x +cos^x)is

14. Given x > 0, the value of/(x) = -3 cos ^ls + x + x^ lie in the interval ...

15. If sin X + cos x = a, then sin^ x + cos^

16. The value of cosl° cos 2° cos 3°

17. The value of tan 1 ° tan 2° tan 3°

X =

....cos 179° is

tan 89° is	

1 + sinxK

18. If — <x < K and = cfsecx,then k =
V1 - sin X2

|1 -sinx
Vl + sinx

1 + sinxK
19. If — < X < K and = cfsecx,then k -

2 1 - sinx
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1 - COS a:

vI + cosa:

The minimum value of 9 tan ^ 0 -i’ 4 cot^ 0 is

If secA: =m and tan x =n, then—j(m + n) +

1 + cos a;
If 7C < a: < 2ti and20. = k cosec X, then k -

1 -cosa:

21.

1
22. is equal to

m m + n

If cos a: + sinX +1 = 0, and 0 <x <2nthenx =	

and X lies in the second quadrant, then cosx =

23.

2f
If sinx =24.

1+t^

1
If secx = t + —, then the value of secx + tan x is25.

4f'

If tanx + cotx =4, then tan^x+ cot'^x =26.

3n 2

x + 2cotx is equal to27. If <x <n, then cosec

4

ANSWERS

[-2, 2] 4. V2-fl2 6. ~

V3

5
1. 1 2. -1 3. 5. secx-tanx 7. —

12

2a 44 24
11. 2 12. 0 13. 13 14. [- 3, 3]8. 9. 10. -

+1

15. i[4-3(fl^-l)^] 16. 0

117 7

17. 1 18. -1 19. -2 20. -2 21. 12
4

l-f^l3n
22. 2 23. 24. 25. 2f 26. 194 27. -1-cotx

1+t^2

VERY SHORT ANSWER QUESTIONS (VSAQs)

Answer each of the following questions in one word or one sentence or as per exact requirement of the
question:

1. Write the maximum and minimum values of cos (cos x).

Write the maximum and minimum values of sin (sin x).

Write the maximum value of sin (cos x).

If sin X = cos^ X, then write the value of cos^ x (1 + cos^ x).

2.

3.

4.

If sin X + cosec x = 2, then write the value of sin” x + cosec” x.

If sin X + sin^ a: = 1, then write the value of cos^^ x + 3 cos^*^ x + 3 cos® x + cos^ x.

If sin X + sin ^ x = 1, then write the value of cos® x + 2 cos^ x + cos^ x.

If sin 0| + .sin 02 + sin 03 = 3, then write the value of cos 0j + cos 02 + cos 03 .
Write the value of sin 10° + sin 20° + sin 30° +... + sin 360°.

A circular wire of radius 15 cm is cut and bent so as to lie along the circumference of a loop
of radius 120 cm. Write the measure of the angle subtended by it at the centre of the loop.

Write the value of 2 (sin^ x + cos^ a:) - 3 (sin^ x + cos^ x) +1.

Write the value of cos 1° + cos 2° + cos 3° + ... + cos 180°.

If cot (a + p) = 0, then write the value of sin (a + 2P).

5.

6.

7.

8.

9.

10.

11.

12.

13.

 

 



 

 

MATHEMATICS-XI5.38

If tan A + cot A = 4, then write the value of tan“^ A + cot^ A.

Write the least value of cos x + sec x.

X + cos^^ X, then write the smallest interval in which the value of x lie.

17. If 3 sinx + 5 cos X =5, then write the value of 5 sin x - 3 cos x.

14.

15.

Ifx = sin^^
16.

ANSWERS

7. 1 8. 0

14.194 15.2 16. (0,1]

5. 2

13. sin a or cos P

6. 13. sin 1 4. 1

12. -1

1. 1, cosl 2. sin 1,-sin 1

9. 0

17. 3 or - 3

10. 45° 11. 0

MULTIPLE CHOICE QUESTIONS (MCQs)

Mark the correct alternative in each of the following:

' then sec x - tan x is equal to
1

1. If tan X = X -

(a) -2x,f
2x

4x

(d)
1

(C) 2x(b) -t^,2x
2x

1
2. If sec X = x + then sec x + tan x =

4x '

(d) ~^,x(c)-2x,±(a) X (b) 2x,±
XX

3k 1 - sin X

3 If — < X <

(a) sec X - tan x

is equal tothen
2 ' ■y 1 + sin X

(b) sec X + tan x

1 + cos X

■y 1 - cos X

(a) cosec x + cot x (b) cosec x - cot x (c) - cosec x + cot x (d) - cosec x - cot x

(d) none of these(c) tan X - sec x

is equal to4. If 7t < X < 2 71, then

y + 1 1 + sin X
5. If 0 < X < , and if

(a) cot —
2

6. If ^<x <n, then

, then V is equal to
1 - sin X1-y

(d) cot — - tan —
2 2

X X

(c) cot — + tan —
^ 2 2

(b) tan —
2

1 - sin X 1 + sin X
is equal to+

yl + sin X

(b) - 2 sec X

y 1 - sin X

(d) - sec X(c) secx
9 9 9

7. If X = r sin 0 cos 4>, y = r sin 0 sin 4> and z = r cos 0, then x + y + z is independent of

(a) 2 sec x

(d) r(b) r,0 (c) f / <t>(a) 0, (|)

8. If tan X + sec X = -Js, 0 < x < ti, then x is equal to
5 TC 2t:

(d)f
9, If tan X = —and x lies in the IV quadrant, then the value of cos x is

/ \ ^
(b)-

V5

^/5 (b)4 (0| (d) 4(a)
V6V6V6
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3tc

—^— is equal to
sin"^ a

10. If <a <n, then l2 cot a +
4

(a) 1 - cot a

11. sin^ A + cos^ A + 3 sin^ A cos^ A =
(b) 1 + cot a (c) -1 + cot a (d) -1 - cot a

(a) 0 (b) 1 (c) 2 (d) 3

12. If cosec X - cot x = —, 0 < x < —, then cos x is equal to
2 2 ^

(b)|
13. If cosec a: + cot ;c = —, then tan x =

(a) I
3

(a)-I(0--

11

2 '
21 15 44 117

(a) ~ (b) (c) (d)
22 16 117 44

4xy14. sec^ x = is true if and only if
(x + yf

(a) x + y^O (b) x=y,x^0

15. If X is an acute angle and tan .r =

(c) x^y (d) X # 0, y 0

cosec" a: - sec^ a: .
2 2

cosec X + sec x

' then the value of is

V7

(a) 3/4

16. The value of sin^ 5°+ sin^ 10° + sin^ 15°+...+ sin^ 85° + sin^ 90° is

(d) 10

(b) 1/2 (d) 5/4(c) 2

Cb) 8
.21^ -21^ .a/it .A^Tl

17. sm — + sm —+ sin — + sm

(a) 7 (c) 9.5

18 9 18 9

(a) 1

18. If tan + cot A - 4, then tan'^ A + cot^ A is equal to

(a) 110

19. If a: sin 45° cos^ 60° =

(b) 4 (c)2 (d) 0

(b) 191

tan^ 60° cosec 30°

sec 45° cot^ 30°

(c) 80 (d) 194

, then a: =

(a) 2 (d) 16

20. If A lies in second quadrant and 3 tan A + 4 = 0,then the value of 2 cot A -5 cos A +sin A

is equal to

(a) -53/10

(b) 4 (c) 8

(b) 23/10 (d) 7/10(c) 37/10

[NCERT EXEMPLAR]

11
21. If cosec a: + cot a: = —, then tan a: =

2 '

(a) 21/22

22. If tan 0 + sec 0 = , then cos 0 equals

(b) 15/16 (c) 44/117 (d) 117/43

(d) ^2

- -X
c + c e^ + c"^

23. If sec a: + tan x-k, cosx -

+1 2k k k
(a) (b) (c) (d)

k^ +1 k^-1k^ +12k
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24. I£/(a:) =cos^:c + sec^A:, then

(c)K/W<2 (d) fix) >2(b) f{x)=l(a) f{x)<l
[NCERT EXEMPLAR]

25. Which of the following is incorrect?

(b) cos a: = 1

26. The value of cos 1 ° cos 2° cos 3° ...cos 179® is

(a) 1/V2

(d) tan a: = 20(c) sec X =1/2(a) sin X =-1/5

(d) -1(b) 0 (c) 1

INCERT EXEMPLAR]

27. The value of tan 1® tan 2° tan 3® ...tan 89®is

(d) not defined

[NCERT EXEMPLAR]

(c) 1/2(a) 0 (b) 1

28. Which of the following is correct?

(b) sin 1® < sin 1
7t

(a) sin 1® > sin 1 (c) sin 1 ° = sin 1 (d) sinl® = sin 1
180

INCERT EXEMPLAR]

4

29. If tan ® 6 is equal to

4 4 4 4

(a) —but not — (b) — or —
5 5^ 55

4 4
(c) - but not —

5 5
(d) none of these

[NCERT EXEMFLARl

30. If sin 0 and cos 0 are the roots of the equation ax -bx + c = 0, then a, b and c satisfy the

relation

(a) +b^ + 2ac =0 (h) -b^ +2ac = 0 (c) +c^ +2ab =0 (d) ~b^ -2ac =0
[NCERT EXEMPLAR]

0 'y

31. If sin 0 + cosec 0 = 2, then sin 0 + cosec 0 is equal to

(a) 1

32. Which of the following is incorrect?

(a) sin 0 = --
5

33. If for real values of x, cos 0 = a: + —, then

(a) 0 is an acute angle

(c) 0 is an obtuse angle

(c) 2 (d) none of these(b) 4

(c) sec0 = —
2

(d) tan 0 = 20(b) cos 0=1

[NCERT EXEMPLAR]

X

(b) 0 is a right angle

(d) No value of 0 is possible

ANSWERS

2. (b)

10. (d)

18. (d)

26. (b)

3. (c)

11. (b)

19. (c)

27. (b)

4. (d) 5. (b)

13. (c)

21. (c)

29. (b)

6. (b) 7. (a)

15. (a)

23. (b)

31. (c)

8. (c)

16. (c)

24. (d)

32. (c)

1. (a)

9. (a)

17. (c)

25. (c)

33. (d)

12. (b)

20. (b)

28. (b)

14. (b)

22. (b)

30. (b)
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SUMMARY

1. Following are some of the fundamental trigonometric identities;

or, cosec x =
1 1

(i) sm X

cosec X sm X

1 1 1 1
(ii) (iii) cot X = or, tan x ~cos X or, sec a: =

tan X

(v) sin cos x = 1

cot a:sec X cos X

sm a: cos X

(iv) tan X = or, cot a: =
cos a: sm a:

12 2
1 + tan a: = sec x or, sec a: - tan a:(Vi)

sec a: + tan a:

12 2
1 + cot X = cosec X or, cosec x - cot x =(vii)

cosec x + cot x

2. (i) sin (-a:) = -sin x or, cosec (-x) = - cosec x

cos(-x) = cos X or, sec (-x) = secx

tan {- x) = - tan x or, cot {- x) = - cot x

(ii)

(iii)

fnn K

(iv) = sin X, tan = cot X, sec — Xsm — X = cos X, cos — X —X cosec X

U k2 U

n n

cosec —X = sec X, cot —X = tan X

1.2

K n Tt n

(V) — + X = cos X, cos — 4- X = - sin X, tan — + x = - cot x, cot - + x = - tan x.sm

2 2 u u

7T n
+ X = - cosec X, cosec — + x = sec xsec

u V2

(Vi) sin(Tt-x) = sin X, cos (n - x) = -cos x, tan (n-x) = -tan x, cot(ji-x) = -cotx

sec(jT-x) = -secx, cosec(ti-x) = cosecx

. (3n
(vii) sm -X - - cos X, cos -X = - sm X,

2 I 2

f3n ' 3tc
tan - X - cot X, cot -X =tanx

I 2 2

(3n3k
cosec -X = - sec X, sec -X cosec X

2 2

. f3n 3ti
(viii) + X = - cos X, cossm + X = sm X,

I 2 2

' 37t ' 3tc
tan + X = - cot X, cot + X = - tan X

1 2 I 2

(3k 3n
+ X = - sec X, seccosec + x cosec X

2 I 2

(ix) sin (2tc-x) = - sin X, cos(2tc-x) = cos x,

tan (27t-x) =- tan x, cosec(27c-x) =-cosec x

sec{2Ti:-x) = secx, cot(2k-x) - -cotx
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(x) Sine and Cosine functions and their reciprocals i.e. Cosecant and Secant functions are
periodic functions with period 2jt. Tangent and Cotangent functions are periodic with
period jl

(xi) Cosine and secant functions are even functions and all other trigonometric functions are
odd functions.

 

 


