TRIGONOMETRIC FUNCTIONS

5.1 INTRODUCTION

In earlier classes, we have studied trigonometric ratios for acute angles as the ratio of the sides of
a right angled triangle. In this chapter, we will extend the definitions of trigonometric ratios to
any angle in terms of radian measure and study them as trigonometric functions.

5.2 TRIGONOMETRIC FUNCTIONS OF A REAL NUMBER

In the previous chapter, we have learnt that the radian measures of angles and real numbers can
be considered as one and the same. In other words, every real number can be considered as the
radian measure of an angle and radian measures of angles are real numbers. In fact, we have
learnt that corresponding to every point P, representing a real number x, on the real line there is
a point P’ on the unit circle centred at the origin such that the radian measure of ZAOP' is x (see
Fig. 4.13) and the radian measure of every angle determines a point on the real line representing
a real number on the real line. So, let x be a real number
represented by a point on the real line. Then there is a point P
on the unit circle with centre at the origin of the coordinate
axes such that the radian measure of ZAOP is x and so arc
AP =x.

Let the coordinates of point P be(a, b). Then, we define cosine
and sine functions of radian measure (or real number) x as
follows :

cosx=a and sin x =b

Thus, if x is any real number then the consine of x i.e. cosx is

the x-coordinate of the point P on the unit circle such that arc AP = x.Similarly, sine of xi.e. sin x
is the y-coordinate of point P.

REMARK 1 In Fig. 5.1, x is the length of arc AP of the unit circle. Therefore, cos x and sin x are also
known as circular functions of the real variable x.

REMARK 2 InFig. 5.1, AOMP is aright triangle right angled at M. The trigonometric ratios ZMOP are

s amon=L 18 _. o spop-LM Y _,
op '1 orP 1
= cos ZAOP =a and sin ZAOP =b [+ ZMOP = ZAOP]
= cos ZAOP =cos x and sin ZAOP =sinx

Thus, the trigonometric ratios sine and cosine of an acute angle of radian measure x are same as the
corresponding trigonometric function of a real number x.

REMARK 3 From the above definition it follows that if P is a point on the unit circle such that length of

arc AP = x or equivalently P is a point where the terminal side of the angle with radian measure x meets the
unit circle, then the coordinates of the point P are (cosx, sin x).
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5.2.1 VALUES OF SINE AND COSINE FUNCTIONS

Consider a unit circle with centre at the origin of the coordinate axes. Suppose the circle cuts the
coordinate axes at A, B, C and D. The coordinates of these

YA
points are A (1,0), B(0,1), C(-1,0) and D(0, -1). Clearly, B(0,1)
4AOB=1—2t, LAOC=nand4AOD=%. P
G * x

We shall now find the values of sine and cosine functions at & LA D

n _ 3m C(-1,0) X A(1,0)
0,—, n,—and 2m.

2 2
Values of sine and cosine functionsat x=0: When x =0, point D (0,-1)
P coincides with A and the terminal side OP coincides with ;1;5 .

OA. The coordinates of A are (1, 0).
cos 0=1 and sin 0=0
Values of sine and cosine functions at x =g : We observe that ZAOB = g and the coordinates of B
are (0,1).
cosg=0 and sin g=1.
Values of sine and cosine functions at x=n: Clearly, ZAOC = and the coordinates of C are

(-1, 0).
y cosnt=-1 andsin n=0

Values of sine and cosine functions at x=?’2—7r : The coordinates of point D are (0, -1) and

ZAOC = E
2

c052=0 and sin —3—n=—1
2 2

Values of sine and cosine functions at x =2n: The coordinates of point A are (1, 0) and one
complete revolution subtends an angle of measure 2n at the centre O.

cos 2n=1 and sin 2n=0
If the terminal side OP of ZAOP takes one complete revolution from the position OP, it again
comes back to the same position.

cos (2n+x) =cosx and sin (2n+x) =sinxforallx e R
We also observe that if the terminal side OP of ZAOP takes any number of complete revolutions
in anticlockwise or clockwise directions, it again comes back to the same position.
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cos (2nm+x) =cosx and sin (2nn+x) =sinxforallxeRandn e Z.
It is evident from Fig. 5.2 that

sin0=0,sinnt=0,sin2n=0, sin 3n=0.........
Also, sin(-m) =0, sin (-2xn) =0, sin (=37 =0.........
y sinnn=0for allne Z

and, cosgzﬂ, cos%=0, cos— =0..enun.

cos(2n+l)g=0, forallneZ.
Thus, sinx=0 = x=nn,neZ and, cosx=0 = x=(2n+1)g,neZ

5.2.2 OTHER TRIGONOMETRIC FUNCTIONS

In the previous subsections, we have defined sine and cosine functions. In this section, we shall
define other four trigonometric functions in terms of these two functions.

We define

1
cosecx =—— , wherex#nm,neZ ;secx =

T
,wherex #(2n+1) =, ne 2
sin x cosXx 2

sin x T CcosX
tan x = ,wherex¢(2n+1)5,nez; cotx = ,Wherexznn,neZ

cos X sin x

5.3 VALUES OF TRIGONOMETRIC FUNCTIONS

In this section, we will find the values of trigonometric functions for 0,
521, we have learnt that sin0=0, cos0=1, sing =1, cos—=

sin% =-1,sin2x=0and cos2n =1.

We have also learnt that cosec x = , where n # nn, n € Z. Therefore, cosec 0, cosec © and

Sin X
cosec 2 are not defined.

cosec & = : =1 and cosec—3~7£= ] =-1
2 . T 0 .. Om
sin — sin —
2 2
Similarly, sec x = implies that
0S X
1 s 3n ’
sec (0 = =1, secn= =-1,sec2n= =1 and, sec — = sec — are not defined.
cos CcOS T cos 21 2 2
tan 0 = 22X implies that
cosx
tan0 = sm =0, tanw= E 2 0 tan2m= sin2o =0 and tanE, tangEare undefined.
cos0 COST cos2m 2 2

cosx ;
cotx =—— implies that
sin x
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cos— 3p €08 o
cot — = =0, cot —= 32E =0 and cot0, cotw, cot 2n are not defined.
sin 5 2 sin =

Let us now find the values of all trigonometric functions at g, g and "TSE

Values of trigonometric functions at E : Consider a unit circle with centre at the origin of the
coordinate axes. Let P be a point on the circle such that ZXOP = g.Draw PM perpendicular from

P on OX.In right triangle OMP, we have ZPOM = E Therefore, ZOPM = g Thus, we obtain

T YA
ZPOM = £OPM = Ty OM =PM
|
P
Applying Pythagoras theorem in AOMP, we obtain ‘.
< /4 S
OoM? + PM? =OP? A o Mja %
= 20M? =1 [-OM = PM and OP =1]
1 1 iD
= OM=—=0M=PM=— v
‘E "5 Fig.5.4

1 sl Gl | i,
So, the coordinates of P are[—, —] Hence, cos— =— and sin — =—.
V22 4 2 4 2
Now,
4 1 1 i 1
cosecx=——— = cosec—=——=+2; secx= = sec— = n=ﬁ
sin x & g T cos X 4 el
4
T T
sin x xS cosx e oy
tan x = - = tan —= ‘i:l;cotx= - = cot—= i=1
COS X 4  se : sin x e -

Values of trigonometric functions at g :  Consider a unit circle with centre at the origin of the

coordinate axes. Let P be a point on the circle such that ZXOP = g Join PA.In AOAP, we have

Y/\
OA =OP =1 Unit. Therefore, ZOPA = ZOAP. But, ZAOP =~

3 TE_p
Using angle sum property in AOAP, we obtain / %:
L7 5
o M

AOAP+AOPA+AAOP=n:>g+2 LOPA=n=> LOPA== ¢

wla

Thus, in AOAP, we obtain: ZOAP = ZOPA = ZAOP =% |

So, AOAP is an equilateral triangle and hence perpendicular PM Fig.5.5
drawn from vertex P to the opposite side OA bisects it.

OM=AM=%unit
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Applying Pythagoras theorem in AOMP, we obtain

2
0P =OM? + MP? = 12 =G) +MP? = PM :_‘/25
So, the coordinates of P are [%, —?] . But, ZAOP = g .So, the coordinates of P are(cosg, sin g)
w1 . m WB
cos —=—and sin —=—
3 2 2
Now, cosecx=— - = cosec =~ = 1n=J_,secx= = sec—= A =2
sin x 3 il 3 COSX s
sin i Cos—
tanx =1t = tan£=—i=\/§;cotx=cf)5xz> cot = = g:%
cos X 3 C05'3 sinx 3 sing 3

Values of trigonometric functions at g : Consider a unit circle with centre at the origin of the

coordinate axes. Let P be a point on the circle such that ZXOP = g Draw PM perpendicular
from P on OX.
In right triangle OMP right angled at M, we have ZPOM = g

Y
Therefore, ZOPM = By, %
3 '\0‘\\ \ id
P /6!
X

In Fig. 5.6, we have seen that in a right triangle if the measures of ]

Vs

angles other than the right angle are T and L, then the sides
3 6

opposite to them are of length ﬁ and L respectively. Thus, in Y
2 2 Fig. 5.6
AOMP, we obtain: OM = ifi and PM %
So, the coordinates of P are (ng,;} But, the coordinates of P are (cosg, sin-g}
cost=>2 and sin’ =}—
6 2
Now,
1 1 2
cosec X = — = cosec — = =2; secx= = sec—= =T
sin x giri cos X 6 G 3
sin L COS —
tanx:smx = tan —= i:%;cot.‘c= - = t—= 6=«/§
Cos X e : 3 sin x L
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In the above discussion, we have obtained the values of various trigonometric functions for

B i T and 27 These values are listed below for ready reference.
6 4 3 2 2
~ | | ] | |
~ \Angle | ; }
i Tl Er] & % i | o 5
' Trigonome- 6 4 3 2 & 2 ‘ T
tric Function
_ | 1 1 J3 :
[ sin 0 D] JE | *2— 1 0 -1 0
3l 1| 1 |
cos 1 - NG 5 0 -1 0 1
L not not
i O Y TR e M0 L ptneds]. ®
not i | not | _ not
o dgefined| 2 | 2| 73 1 defined defined
2 not | not
s 4 75| 2| 2 |defined| ! | defined
: | |
not _1_ 1 not not
o defined| | 1 | T3 0 | defined | defined

5.4 TRIGONOMETRIC IDENTITIES

IDENTITY An equation involving trigonometric functions which is true for all these values of the
variable for which the functions are defined is called a trigonometric identity.

2 2 2

For example, sin“x =1-cos” x, sec®x -1 = tan? x are trigonometric identities as they hold for

all values of variable x except those values for which secx and tanx are not defined. But,
sin x = cos x is a trigonometric equation not a trigonometric identity because it does not hold for
all values of x.

5.4.1 FUNDAMENTAL TRIGONOMETRIC IDENTITIES
In this section, we shall state and prove three fundamental trigonometric identities as a theorem.
THEOREM Prove that:

(i) c052x+sir12x=1forallxeR
(ii) 1+tan2x=sec2xforallxeR—{(fln—l)g:neZ}
(iii) 1+cot2x=cosec2xforallxeR—{nn:neZ}

PROOF (i) Consider a unit circle with centre at the origin O of coordinates axes. Let P(a, b)bea
point on the circle such that arc AP = x. Then, ZAOP = x. Using YA
the definition of trigonometric functions cosx and sinx, we B(0,1)

obtain: a =cosx and b =sin x p(:’ B
Now, 1 ¥
X s \ X
OoP =1 < : N

C(-1,0) o A(l,O)/
= J@-0)?+@b-07? =1

2 2

= a® +b% =1=> cos

x+sin“x=1 D (0,-1)
v
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(ii) If x = (2n-1) g , then cos x # 0. So, dividing the identity cos?x+sin?x =1 throughout by

cos? x, we obtain
2 2 D
cos“ x+sin“x 1 |
5 =3 forall x#(2n-1) =
cos“x cos“ x 2
c052 s sin2 b 1 T
= IR AR D PR l+tan’x=sec’x forall 3:#(2;1—1)E

COs X COs x COs X

(iii) If x # n7, then sin x # 0. So, dividing both sides of the identity cos® x + sinZx =1 by sinx,
we obtain
2 2
cos“x+sin“x 1
5 it forall x #nn
sin“x sin“x

cos’x sin’x 1 2 2 2 2
= ——5 t——5 =—— = cot x+1=cosec” x = 1+ cot”x =cosec” x for all x =nn

sin“x sin“x sin“x

Q.E.D

REMARK 1 The identity 1 + tan? x = sec? x is also written in the following forms :

sec?x-1=tan?x and sec’x—tan®x =1
REMARK 2 The identity 1+ cot? x = cosec?x is also written in the following forms :

cosec?x —1 = cot? x and, cosec?x —cot?x =1
REMARK 3  We have, sec?x—tanZx =1

1 1
= (secx +tanx) (secx —tanx) =1= secx—tanx =—————and, secx + tanx = ————
secx +tanx secxy —tanx
i.e. sec x + tan x and sec x —tan x are reciprocal of each other.
REMARK 4 We have, cosec’x —cot? x =1
= (cosec x —cotx) (cosec x + cot x) =1
1 1
= cosecx —cotx=———— and cosecx+cotx=— —
cosec X + cot x cosec x —cot x

i.e. cosec x + cot x and cosec x - cot x are reciprocal of each other.

We shall now discuss more identities involving trigonometric functions in the following
examples.

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Prove the following identities:

(i) sin®x —cos®x = (sinzx — cos? x(1-2 sin? x coszx)
(ii) cot4 X+ u:cnt2 X = cosec4x = coseczx
(iii) 2 Sec:2 X~ sec4 x—-2 COSECz X+ COSEC4 X = cot4 X— taln4 X

2

(iv) (sin x + cosec x)2 + (cos x + sec Jc)2 = tan? x + cot®> x +7

SOLUTION (i) LHS = (sin8 x —cos® x) = (s'm4 x)2 —(cos4 x)2

4 ¥ —cos? x) (sin4 x + cos? x)

2 2

(sin

4

= (sin?' X —cos” x) (sin” x + cos? X) (sin4 X+ cos” X)
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5.8
= (sin2 x - cos? x) (sm x + cos? x)
=(sm x — cos? (sm X + cos x+25'1n2xc032x—2sin2xc052x)
(sm x — cos? X) {(sm X + Cos 3.)2 -2 sin? x cos? x}
= (sm X — cos? x) (1 - 2 sin? x cos? x} = RHS
(ii) LHS = cot x + cot? x = (cot2 :c)2 +cot? x
= (cosec2 x —1)2 4 (oz:osec:2 x-1) [ 1 + cot? x = cosec? x]
= cosec4 x —2 cosec® x +1+ cosec? x —1 = cosec? x —cosec? x = RHS
(i) LHS =2 sec? x —sec* x - 2 cosec? x + cosec? x
= 2sec’ x —(sec2 x)2 —2 cosec? x + (cosec2 x)2
= 2(1+tan? x) —(1 + tan? 1) =2 (1 + cot? %) + (cot? x + 1)?
= 2+2tan? x-(1 +tan? x + 2 tan? x)—2—2cot2x+(cot4x+2c0t2x+1)
= cot? x —tan? x = RHS
(iv) LHS = (sin x + cosec :c)2 + (cos x + sec .‘c)2
= sin? x + cosec? x + 2 sin x cosec x + cos? x + sec” x + 2 COS X Sec X
= (sin2 X + cos? X) + (cosec2 x + sec? X)+2+2
=1+(1 + cot? x)+(1+ tan? X)+4 = tan? x + cot®> x +7 = RHS
EXAMPLE 2 Prove the following identities:
(i) (1+cot x—cosecx) (1+tanx+secx) =2 (ii) R B eee Rl = Ll it
tan x—secx +1 cos x

[NCERT EXEMPLAR]

SOLUTION (i) LHS =(1 + cot x — cosec x) (1 + tan x + sec x)

Cos x 1 sin x 1 (sin x + cos x —1) (sin x+cos x+1)
=1+ ——-— 1+ + = -
sin x sin x COSX COSX sin x COoS X
_(sinx+cosx)2—1_sm2x+c052x+25inxcosx—1
sin x cos x sin x cos x
2 sin X oS X
=——=2=RHS
sin x cos x
5 tan x + secx—1  (tan x + sec x) — (sec” x — tan? ¥
(ll) IHS = —— ( ) ( ) [ SEC2 x—tanz x:]_]

tan x —secx +1
(sec x + tan x) {1

—(sec x — tan x)} 4

tan x —secx +1
(sec x + tan x) (tan x —sec x + 1)

tan x —secx +1

1 sin x
+

tan x —secx + 1

_ 1+sinx — RHS

secx+ tan x =

COs X

COos x

COs X

EXAMPLE3 Iftan x + sin x =mand tan x — sin x =n, show that m* —n> =4+/mn.

[NCERT EXEMPLAR]

SOLUTION We have, tanx +sinx =m and tan x —sin x =n.

2 2

m-—-n

= (tan x + sin x)2 —(tan x —

()

sin x)2=4tanxsinx
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and, 4+/mn = 4 [(tan x + sin x) (tan x —sin x) = 4 tan® x —sin® x

sin?x 2 sin? x —sin? x cos® x sin? x(1 - cos? X)
=4 7 —sin“x = 4 3 =4 5

cos” x cos” x cos” x

o )

sin x sin“ x . -
=4 =T 4 = 4 tan x sin x ..(i)

cos x CcOos X

From (i) and (ii), we obtain: m? —n? = 4~/mn.

EXAMPLE4 Ifcosx +sin x = V2 cos X, prove that cos x —sin x = V2 sin x.
SOLUTION We have,
Cos X + sin x =+/2 cos x

=, (cos x + sin x)% = (V2 cos x)% => cos? x + sin? x + 2 sin x cos x =2 cos? x
= c052x—si_nzx=2sinxcosx:(cosx+sinx)(cosx—sinx)=2sinxcosx
. 2 sin x cos x . 2 sin x cos x ;
= osx—-sinx="—"""= cosx—sinx=——="—"" [+ cos x + sin x =2 cos %]
Cos X + sin x V2 cos x
= COS X —sin x =+/2 sin x

ALITER We know that
(cos x + sin x)2 +(cos x—sinx)2 =2

= (V2 cos x)2 +((:05x—sinx)2 =2 [ cos x+sin x =+/2 cos x]
= (cos x —sin x)2 =2-2 coszx:>(cos X —sin x)2 =2sin?x= cos x-sin x =+/2 sin x.
EXAMPLE5 Ifacos x +b sin x =mand a sin x —b cos x =n, prove that a® +b% =m? +n?.

[NCERT EXEMPLAR]
SOLUTION Wehave, m=acos x+b sin x and n=asin x-b cos x.

m? +n* =(a cos x + b sin x)2 +(asin x —b cos 1)2

2 2 2 2

X + 2ab sinxcosx)+(a2 sin? x + b? cos? x - 2ab sin x cos x)

2

=(a2 cos® x +b?sin

= a* (<:osz:c+s'm2 J.’)+b2 (sin x + cos? x) = a% +b?

EXAMPLE6 Ifa cos x —b sin x =c, show that asin x +b cos x =+ \/az W,

SOLUTION Clearly,
(a cos x —b sin x)2 + (asin x + b cos x)2

= X) +b? (sin2 x + cos? x) —2ab sin x cos x + 2ab sin x cos x=a%+b2

)2

= a* (coszx+sin
(asinx+bcosx)2 = a2+b2—(acosx—bsinx

=% (asinx+bcosx)2 = a2 +b% —¢2 [ acosx—bsin x=c]

= asinx+bcosx=i\}a2+b2—c2

EXAMPLE?7 Ifsec x + tan x = p, obtain the values of sec x, tan x and sin x in terms of p.
SOLUTION ~ We know that: sec x + tan x and sec x — tan x are reciprocal of each other.

1
secx+tanx = p = secx—tanx = —

P

= (sec x + tan x) + (sec x —tan x) =p+l and, (sec x -+ tan x) —(sec x —tan x) =p—l
P
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2 2
+1 -
= 2secx:p+1and,2tanx=p—l:> secx =2 and,tanxzp L
2p 2p
; tan x ; p2—1
sinx = = sinx=
secx p? +1
2 4 2 1—tan8x

EXAMPLES8  Prove that: 2 sec” x —sec” x —2 cosec” x + cosec:4 X = 7y ;
tan™ x

2 4

SOLUTION 2 sec? x —sec” x — 2 cosec? x + cosect x
2(1+ tan? x) -1+ tan? x)2 -2(1+ cot? x)+(1+ cot? x)2

2(1 +tan? x —1 — cot? x)+(1 +2cot? x + cot? x) —(1+2tan2 x + tan? x)

= 2(tan2 x — cot? x) +(2 cot? x -2 tan? X) + cot x —tan? x

8
1 1—-tan”x
= c0t4x—tan4x= I —tan4:c= e

tan™ x tan” x

BASED ON LOWER ORDER THINKING SKILLS (LOTS)
EXAMPLEY  Prove that: 3 (sin x — cos x)4 + 6 (sin x + cos x)2 + 4 (si.n6 x + cos® x)-13=0.

SOLUTION We have,
3 (sin x — cos x)4 + 6 (sin x + cos x)2 - 4(sin6 x + cos® x)-13

2
=3 {(sin x—cosx)z} + 6 (sin x+cosx)2

2

+4 {(siﬂ2 x + cos? x)3 - 3sin? x cos? x(sin2 X+ coszx)} -13

=3(1—Zsinxcosx)2+6(1+25inxcosx)+4(1—3sin2xc052x)—13
=3(1—4sinxcosx+4sinzxcoszx)+6(1+25'1nxcosx)+4(1-35inzxcoszx)—13
=3+6+4-13=0

EXAMPLE 10 Given that: (1 + cos o) (1 + cos ) (1 + cos ) =(1 — cos ) (1 - cos B) (1 — cos ).
Show that one of the values of each member of this equality is sin o sin  sin y.

SOLUTION We have,
(1+cosa)(l+cosP)(1+cosy) = (1—-cosa)(l-cosp)(l—-cosy)
. Multiplying both sides by (1 + cos o) (1 + cos B) (1 + cos y), we get
(1 + cos a)2 (1 + cos ﬁ)z (1 + cos y)2 = (1 -cos a) (1l —cosp)(l—-cosy)

(1 + cos a) (1 + cos ) (1 + cos )

=% (1 + cos 0‘.)2 (1+ cos [3)2 (1+ cos y)z =(Q1- cos? a)(l- cos? B)(@a- cos? 1)
=% (1+cosa)2(1+cosB)2(1+cosy)2 = sinzasinzﬁsinzy
= (1+cosa)(l+cosP)(l+cosy) = £sin a sin fsiny

Hence, one of the values of (1 + cos ) (1 + cos f) (1 + cos y) is sin a sin B sin 7v.

Similarly, by muitiplying both sides by (1 — cos a)(1 = cos B) (1 - cos y), we find that one of the
values of (1 — cos @) (1 — cos ) (1 — cos y) is also sin « sin B sin 7.
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BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 11  Prove that: sec? x + cosec> x = 4.

SOLUTION sec? x + cosec? x = (1+ tan > xX)+1+ (cot2 x) = 2+ tan

2

2Jc+c:0t2x

2+ tan?x + cot? x — 2 tan x cot x + 2 tan x cot x

2+(tanx—cotx)2+2

4+ (tan x —cotx)> > 4 [+ (tan x - cot x)* 2 0]

EXAMPLE 12 If 10 sin* o + 15 cos* o = 6, find the value of 27 cosec® a + 8 sec® .

SOLUTION  We have,

4 4

10sin® a+15cos™ o = 6
= 10sin* & +15 cos? o = 6 (sin2 o + cos? (1)2
= 10tan® o +15 = 6 (tan2 o+ 1)2 [Dividing boths sides by cos? o]
= (2tan2a—3)210:>tan2u=§

27 cosec® a + 8 sec® o = 27 (1+ cot? a)3 +8(1+ tan? a)3

3 8
=27[1+3] +8[1+§) m DT B T2 . )
3 2 7 8

Ll =p and oo —all find tan A and tan B.
sin B cos B
SOLUTION We have,
sin A cos A sinA cosB _p
- rad S E
sin B cos B sin B cos A q

= = —— = A(say) = tan A = pA and tan B = g1 ..(i)

tan A P tan A tan B
q P q

Now, sin A = psin B
tan A & tan B

= =P
\/1 +tan? A \/1 +tan’ B
el 2 2.2 2 2 2.2
= =S pA+g°X) =p g Q+p°X)
T m
2 2
S e T R S e NSNPRTY B ;
q° (1 -p%) qg\1-p
2 2_
tnd = 5 IT ;a“df tn B =+ |7 i_ [Using ()]
7V1-p 1-p

EXAMPLE14 If tan? x=1—a? prove that secx + tan> x cosec x =(2 —a%)3/2. Also, find the
values of a for which the above result holds true.
SOLUTION  We have,
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secx

41 +tanZx {1 +tan2x x cotx}

(1+ tan? x)3/2= (1+1 —a2)3/2= (2#‘12)3/2 [ tan? x =1—a2]

cosec x
secx+tan3xcosecx= sec x {1+tan3x }

Now,
tan2 x>0forallx = 1-42>20 = a*>-1<0= —-1<a<1 sa(1)

Since LHS of sec x + tan > x cosec x =(2 — az) 3/2 js real for all x € R. So, RHS must also be real.

2-0%2 20 = 0a*-2<0= -2 < a<42 -..(ii)
From (i) and (ii), we find that the given relation holds true for all a e[-1, 1].
EXAMPLE15 Ifa cos> x + 3a cos x sin? x =m and a sin > x + 3a cos® x sin x =, then prove that:

(m+n)2/3 B (m—n)zf3 =24%/3,

SOLUTION We have,

acosdx+ 3acosxsin2x =m and asin® x+ 3acos® xsinx = n
= acos3x+3acosxsi:12x+asm3x+3ac052xsinx =m+n
and, acos® x+ 3acos ~sin® x—asin® x - 3a cos? xsinx = m—n
= a(cosx+sinx)3 =m+n and, a(c:osx—sinx)3 =m-n

. m+n\V3 . m-n\V3
= cos x + sin x = and, cosx —sin x =
a a
; 2 : 2 m+n¥3 (m-n 2/3
= (cos x + sin x)° + (cos x —sin x)° = +
a a
2 2/3
=5 2(c052x+sin2 x) = (1) i it 1) :
- a2/3 a2/3
= (m+n)2/3+(m—n)2/3 = 24%/3

EXAMPLE16 If 2 tan? o tan?2 Btan2 ¥+ tan? o tan? B+ tan? B tan? Y+ tan? ¥ tan? o =1,

2 oz+sinz|3+s‘mzy=1.

prove that sin
SOLUTION We have,

2

2 tan? o tan” ﬁtan2 v+ tan? o tan213+ tan? [.’:tan2 Y+ tan? y’ran2 a=1

Dividing throughout by tan? o tan? B tan? vy, we get

= 2 + cot? Y+ cot? o + cot? B = cot? o cot? B cot? ¥
= 2 + cosec? y—1+ cosec? o —1 + cosec? B-1= (cosecza —1)(cosec2B —1)(cosec27 -1)
= cosec? o + cosec? B+ cosec? v-1= cosec? o cosec” B cosec? Y- cosec? o cosec? B

~ cosec? B cosec” ¥ - cosec? Y cosec? o, + cosec” o + cosec> B+ cosec? y-1

= cosec? o cosec? ﬁc:osec2 Y = cosec® o cosec? B+ cosec” |3cosec2 Y+ cosec” Y cosec? o
= 1 = sin?y+sin? a +sin’ B [Multiplying throughout by sina sin? Bsin? y]
= sinzcx+sinz[3+sinzy=1
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EXAMPLE17 If —=+ _by_ —Zop g DO, prove  that
cos 6 sin @ cos> @  sin’ @
(HI)2/3 + (by)2/3 =(a2 _bZ)Z/ 3.
SOLUTION We have,
ared P 3
ax sin 6 _byc059=0 2 ax5m39—byc0536=0 _, sin 6 _ cos”8
2 v D) )
cos“0  sin“0 by ax
2/3 2/3
= sin’ 0 X cos® — sin” 0 " cos 0
by ax (by)2/3 (HI)2/3
= sin” 0 = cos? = sin® 0 + cos” 8 [Using ratio and proportions]
> @ 3+ @02
. sin? 0 _ cos’ 1
2/3 2/3
= sinZ @ = 2%’) 373 and, c0s? 0 = %
(ax)*"~ + (by) (ax)=" 7 + (by)~
1/3 11/3
= sin 0 = (by) and, cos O = i)
\/(ax)?_/s 2 (by)z/s \/(ax)z/s i (by)2/3
Substituting these values in ... bi =q* - bz, we get
cos O sin O
(a2 3 \/(M)z/s L (by)z/s o (by)2/3 \](ax)’-” N (by)2/3 e 2 a2
N {\/(ﬂx)z/s +(by)2/3} {(ax)z/s +(by)2/3} At3 i
3/2
= {(ax)2/3 +(by)2/3} = a2 -p? = (a3 + Y3 = (a® -p2)Y/3
EXAMPLE 18 ijm2 +n'? + 2mm' cos x=1,n* +n'2 + 2nn’ cos x =1, and
mn+m'n' + (mn' +m' n) cos x =0, prove that (i) m? +n? =cosec® x (ii) m'2+n? = cosec? x.
SOLUTION (i) We have,
m? +m'2 +2mm' cosx =1 and n®+n'2+2nn cosx = 1
= m'% + 2 mm'’ cos x + m> cos® x —m>cos>x +m> =1
and, n'?+2nn cos x +n® cos? x —n> cos? x +n* =1
= (m' +m cos 2 +m? (1- cos? x)=1 and, (n" +ncos x)2 +n? (1- cos? ) =1
= (m' +m cos :r)2 =1-m?sin? x ..(i) and, (n'+ncos x)2 =1-n?sin? x ..(i)

Now, (m' +mcosx)(n +ncosx)=mn + (mn' +m n)cosx+mn cos? x

sides]

= (m' +mcos x) (W' +ncos x) = —mn+mn cos? x [ mn+m n' + (mn' +m' n) cos x =0]
= ' +mcosx)(n +ncosx) = —mn(l- cos? x)

=% (m' +m cos x) (' +ncos x) = —mn sin? x

= (m' +m cos x)2 (' +n cos x)?' =m? n? sin* x [On squaring both

= (1 —m? sin? x) (1 —n? sin? x) = m* n? sin® x [Using (i) and (ii)]
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= 1—(n12+n2) sin? x + m? n? sin x = m? n? sin* x
= 1 = (m2 +:12) sin? x = m® +n?® = cosec® x
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(ii) As the given relations do not alter by replacing m by m’ and n by '. Therefore, on replacing

mby ' and nby ' in m? +n* = cosec® x, we getm' +1n'* = cosec” x.

eN

EXAMPLE19 If sin4x+ cos’x zo ] , prove that
a b a+b
() sin:x+cos:x ol ' (i) si;14i’x+cos4_"x 5 =0

a b (a+b) i L R

SOLUTION We have,
sin4x+cos4x an 1

a b a+b

= (a+b) {Sm% +C°Z4x] =1

4 4

sin®x cos”x ;

= (n+b)[—+T] = (stx-kcos2 x)2
a

4 4 4 2 2

S 4o b
= SIN" X+ COos™ X + — sin
a

a . y
x+l_:COS4x= sin“x+cos*x +2sin“x cos“x

= E:sin4x+gco«s‘q‘x—zsinzxa:oszx= 0
a
b . b .2
= \/:sinzx—\/Ecoszx = (= \/:sinzx:‘/gcoszx:: tan? x Pk A
a b a b cos?x b
sin?x cos? x
= =
a b
. sin” x _ cos’x sin?x + cos? x
a b a+b
P %
= Sl et 1 ::>s'1n2x= L ,c032x=— -(1)
a b a+b a+ a+b
.8 8
(i) sm3x+c053x= % (si.nzx)il-kl?’(coszx)4
a b a b
4 4
1 a 1 b
=S| PR e — Using (i
a3 (ﬂ+bJ B3 (a+b] [ g W]
N a e b _a+b 1
(a+b)* (@+b)*  (@+b)*  (a+b)?
i ; 2 2
(i) sm4"x+cos4"x _(smzx)z” (coszx)Z"_ 1 2 Yo o
= 21 -1 T -1 p2n-1 21| g4b ik

a b a+b 1

" G B -

T @+bh)?  (@+h)@ 1
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cos4 o sin4 o

+ ——— = 1, prove that
cos? B sin? B

EXAMPLE20 If

4 2

4 4
Ccos s
B, sin'p

cos? o sin?a

(i) sin* a+sin*p = 2sin? a sin? p (ii) =1

SOLUTION We have,

3)54 o sinta "

cos? sinzB .
= cos? o sin? B+ sin® o cos? B = cos? B sin? B
= cos? (1- cos? p) + cos? B@- cos? u)2 = cos? B(- cos? B)
= cos? o - cos? o cos? B+ cos? p-2 cos? & cos> B+ cos* a cos? = cos? B- cos* B
= cos4a—2coszacoszﬁ+cos4[3=0 ‘
= (c052 o — cos? [5)2 = 0 = cos® o —cos® B= 0= cos? a = cos? B (i)
= 1-sin?a =1-sin?p = sin’a =sin?p ... (ii)
(i) sin* o + sin* B =(sin? o - sin? p)? + 2 sin? o sin? B =2 sin? o sin? B [+ sin? o =sin? ]
(i) cos;1 B o s'in;4 B 3 coszﬁsoszﬁ o sinz'stinzB

cos“ o sin“ o cos“ o sin“a
_ cos’P ;052 o 5“‘2? ;"‘2 % = cos?B+sin® B [Using (i)and (i)
cos” a sin® a

; : 1
EXAMPLE 21 If ais any non-zero real number, show that cos x and sin x can never be equal to a + —.
a

SOLUTION We have following cases:
Casel When a > 0:In this case, we have

a+%=((a)2+[:}?f—2xﬁx%+2xﬁx%=[\/§—%f+zzz { (Ja-%fzo]

Casell When x <0: Leta =-b. Then,b >0

a+l = —b—l = —(b+l]
a b

But,b+;—22 :—[b+%}s-2:> a+ls—2 [From Case I]
a

a+122fora>0 and, a+l:§—2 for a<0.But,-1<sin x<1 and -1 <cosx <1 forall x.
a a

; 1
Hence, sin x and cos x cannot be equal to a + — for any non-zero a.
a

2

EXAMPLE22 IfA =cos“x+ sintx, prove that% < A £1 for all values of x.

SOLUTION We have, A = cos? x +sin® x = cos? x + (sin z x)2

Now, -1<sin x<1 forallx

2 y<1forall x

= (sin® x)? <sin? x [For0<x<1,x" <xforallne N —{1}]

= cosZx + (sin2 x)2 < cos?

= 0 <sin

x +sin? x for all x



5.16 MATHEMATICS-XI

= A<1 forallx (1)
Again,

2
A=cos®x+sintx =1-—sinzx+(sinzx)2=l—i+ {%—sinzxﬂs'mzx)z} =§+(%—sm2x)
2 2
Now, (l—sinzx] >0 forallx = E+[1—sinsz zéfor allix = Aagforallx = (1i)
2 4 \2 4 4
Brom(i):and (i), we obtai ggA <1 forailx.

EXERCISE 5.1

BASIC
Prove the following identities (1-16)
4 L 4 2 .6 6o % s AL 2
1. secx —sec“x = tan“x + tan“x 2.sin"x+cos° x =1-3sin” xcos” x
3. (cosec x —sin x) (sec x —cos x) (tan x + cotx) =1
4. cosec x (secx—1)—cotx(1 —cos x) = tan x —sin x
1 —sin x cos x sin? x - cos? x '
b, . 3 3 = sinx
cos x (sec x —cosec ¥) sin® x + cos® x
tan x cot x sin3x+cos®x sin’x—cosx
6. + = (secxcosecx+1) 7. — + — =2
1-cotx 1-tan x sin x + cosx sin x — cosx

8. (secxse<:y'+t::mJf:tar\y)z—(secxtanyr+I:an:'cs.czo:y)2 =1

9 cosx  1+cosx+sinx
"1-sinx 1+ cosx—sin x
BASED ON LOTS
10 tanax cot3x o 1-2sin%x cos?x
1+tan?x 1+cot’x sin x cos x
22 2
sin“x cos” x .
11. 1 - - = sin x cos x
l4+cotx 1+tan x
35 2
1 1 . 1-sin“xcos” x
12 5 5 + 5 5 smzxcoszx o
sec” x —cos” x cosec” x —sin“x 2 +sin” x cos“ x
13. (1 + tan « tan ]3)2+(tanc1—tan [5)2 = seczaseczﬁ
1+ cot x + tan x) (sin x — cos x :
14. ( 3 ) ( 3 ) = szxcoszx
sec” X —cosec™ x
2 sin x cos x — cOS X
15. = cotx

1 —sin x+si112x—c032x

16. cosx(tan x +2)(2tan x+1) = 2secx +5sin x

2 si 1= i
17. fa= L, then prove that Lisloclils LG

- is also equal to a.
1+cos x +sin x

1+sin x
[NCERT EXEMPLAR]
a% —b2

18, Ifsin x = ;
P

find the values of tan x, sec x and cosec x
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19, Totan < L e findihevalueds : Hﬁg i 1/5% [NCERT EXEMPLAR]
a a— a+

asin;::—bcosxﬁaz—b2

20. If tan x = ﬂ, show that — = :
b asinx+bcosx g2 4p2
BASED ON HOTS

3

21. If cosec x —sin x =a~, secx—cosx=b3, then prove that a” b2 (a2+b2)=1.

22. If cot x (1 + sin x) =4 mand cot x (1 —sin x) =4 n, prove that (m2 —nz)2

6 4-3(m?-1)2

=mn.

23, If sin x + cos x =m, then prove that sin(’ X+cos  x = W where m? <2
24, If a=sec x—tan x and b = cosec x + cot x, then show thatab+a-b+1=0.
[NCERT EXEMPLAR]
= T8
25. Prove that: - an & +an | ,where = <x <n
1+sinx 1-sin x COs X

26. If T, =sin" x + cos" x, prove that

(i) I-T =T"'5_T7

(2T BT 1 =0 (i) 5Ty 15Tt 10 Tp~1=0
T T3

ANSWERS

2 2 2 2 2 2
a“ -b a“+b a“+b 2 cos x
18, tanx = ——, secx = , cosecx = 19

2ab 2ab a® b2 e nin

HINTS TO SELECTED PROBLEMS

17. We have,
2sinx B 2sin x (1 —cosx + sin x)

a= =
1+cosx+sinx (1+cosx+sinx)(l—cosx+sinx)
| 2sinx (1-cosx+sinx)  2sinx(1-cosx+sinx)

(1+sinx)2—coszx 1+ 2sinx+sin®x —cos? x

o 2sinx (1 -cosx+sinx) 1-cosx+sinx
=5 2

2sinx+sinZ x +sin2 x 1+sinx

19. We have, tan x =E

’a+b Hn—b
+ =
a-b a+b

_ [1+tanx Jl—tanx _Jcosx+sinx+\;cosx—sinx
1+tanx

1-tanx cosx—sinx Ccosx +sin x
_COSX+sinx+cosx—sinx 2cosx
'\/coszx—sinzx \/coszstinzx

3

21. We have, cosec x —sin x =a ,secx—cosx=b3

siiD 2 2 s
1-sin“x 1-cos“x cos” x sin“ x
=a3 =b3 — =ﬂ3 *—-zbs

R ’ 3 ’
sSmx COos x smx COsX
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5.18
sin®x  cos?x b3 5. bP b 5 b a
— +— —=——=tan x=Tﬁtmx=—2smx=ﬁmdcosx=—
cosx sinx g3 a a YT T
cos> x 3
Substituting these values of sin x and cos xin — =qa~, we obtain
sinx
2
A P aV?ib =1 = a2b2(472+b2)=1
b \(a® +b?)
22. We have, cotx (1 + sinx)=4m and cot x (1 —sin x) =4n
= cotx +cosx =4m and cotx — cos x =4n
= (cotx + cos x)2 —(cotx —cos x)2 =16m? —16n* and (cotx + cosx) (cotx —cosx) =16 mn
i 2 2 2 ke
=% 4cot x cos x =16 (m” —n”) and cot”x —cos“x =16 mn
cos? x 2 2 cos* x
= ——=4(m" -n") and =16 mn
sin x sin?x
cos® x 2 22 . costx 222 222
= —T=16(m -n“)“ and 5 =16mn = 16 (n° —n“)* =16 mn = (m°-n")" =mn
sin“x sin” x
1-sin x 1+cosx
24, Wehave, a=secx—tan xandb =cosecx+cotx = a=——— and b=———
Cos X sin x
l-sinx)(l+cosx) 1-sinx 1+cosx
ab+a-b+1=( - ) )+ - +1
sin x cos x Cos X sin x
_1-sin x+cos x—sin x cos x + sin x—sin? x — cos x —cos? x + sin x cos X
sin x cos x
_1—(coszx+sinzx)_ 1-1 —0
sin x cos x sin x cos x

5.5 SIGNS OF TRIGONOMETRIC FUNCTIONS
Consider a unit circle with centre at the origin O of the coordinate axes. Clearly, this circle meets

the coordinates axes at A (1, 0), B(0,1), C (-1, 0) and D(0, -1). Yk
Let P(a, b) be a point on the circle such that length of arc AP = x B (0, 1)
or equivalently, let P(a, b) be the point where the terminal side /'/Nr‘. Pla, b)
of the angle ZAOP with radian measure x meets the unit circle. % /’ : \“{ 3
Then, —F— i o >
A C(—l,oﬂ o /A@,0)
(i) cosx=a forallxeR N v,
(ii) sinx=b forallxeR \r\‘_[{lf}
sinx b s v o
iii) tanx = =—forallx=(2n+1)=,neZ :
(i) cosx a ( ) 2 & Fig.5.8
(iv) cotx = C(_)SI =2 forall x = nm,neZ
sinx

(v) secx=1 for all x (2n+1)—;—,nez (vi) cosecx=% forallx #nm,neZ
a
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We observe that as the point P(a, b) moves on the unit circle, point M moves between C and A
and N moves between D and B. Consequently, OM = a varies between —1 and 1 and ON = PM =b
also varies between -1 and 1 i.e. -1<a<1 and -1 <b <1. Therefore, -1 <cos x <1 and
—1<sin x <1 forall x.

Also,
a>0,b>0 inlquadrant ; a<0,b>0 inII quadrant
a<0,b<0 inlll quadrant; a>0,b<0 inIV quadrant.
Thus, the signs of trigonometric functions in various quadrants are as discussed below :

In the first quadrant : We have, a>0 and b >0

cosx=a>0, sinx=b>0,tanx=é>0, cotx=§>0,secx=1>0and cosecx=%>0
a a

Consequently, all the six trigonometric functions are positive in the first quadrant.
In the second quadrant :  We have, a<0 and b>0

cosx=a<0,sinx=b>0, tanx:g-c:O, cotx=£<0, secx:l«:()and cosecx=%>0
a a

Consequently, in the second quadrant sinx and cosec x both are positive and all other
trigonometric functions are negative.
In the third quadrant : We have,a <0 and b <0.

cosx=a<0,sinx=b <0, tanx=k>0, cotx:§>0, secx=1<0and cosecx=%<0
a a

Thus, in the third quadrant tan x and cot x are positive and all other trigonometric functions
are negative.
In the fourth quadrant : We have,a>0 and b <0.

’ b a 1
cosx=a>0,sinx=b <0, tanx=—<0,cotx=g<O,secx=1>0and cosecx=g<0
a a

Thus, in the fourth quadrant cos x and secx both are positive and all other trigonometric
functions are negative.
The signs of trigonometric functions in different quadrants can be summarised as under :

Y
I
(+) sin x and cosec x I
(=) cos x, tan x, cot x, (+) All
sec x
X' X
< >
(o]
(+) tan x and cot x (+) cos x and sec x
(=) sin x, cos x, sec x, | (=) sin x, tan x, cot x,
cosec x cosec x
i v
Y'N
Fig. 5.9 Signs of trigonometric functions

SIMPLE RULE TO REMEMBER A crude aid to memorise the signs of trigonometrical ratios in different
quadrants is the four-word phrase “ALL SCHOOL TO COLLEGE". The first letter of the first word in
this phrase is ‘A’. This may be faken to indicate that all trigonometric ratios are positive in the first
quadrant. The first letter of the second word is °S’. This indicates that sine and its reciprocal are positive in
the second quadrant. The first letter of third word is “T". This may be taken as to indicate that tangent and
its reciprocal are positive in the third quadrant. The first letter of the fourth word in the phraseis 'C" which
may be taken as to indicate that only cosine and its reciprocal are positive in the fourth quadrant.
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5.6 VARIATIONS IN VALUES OF TRIGONOMETRIC FUNCTIONS IN DIFFERENT
QUADRANTS

Consider a unit circle centred at the origin O of the coordinate axes. The circle cuts the
coordinates axes at A(1, 0), B(0, 1), C(-1, 0) and D(0, -1). Let P(a, b) be a point on the circle
whose equation is a2 4 yz =1such that arc AP = x or equivalently radian measure of ZAOP is x.
Then,a =cosx and b =sin x.

It is evident from Fig. 5.10 that

—1<a<land-1<b<1 = -1<cosx<land-1<sin x <1 for all x.

. s ; T0 il
Further, we observe that in the first quadrant, as x increases from 0 to - b increases from 0 to 1

and as x increases from g to m, b decreases from 1 to 0. But, b = sin x. Thus, in the first quadrant

sinx increases from 0 to 1 and in the second quadrant it & B(0,1)
decreases from 1 to 0. In the third quadrant as x increases from P(a,b)
nto % the values of b decrease from 0 to -1 and in the fourth , X
- >
. 3n : C-1,0) 0 A1)
quadrant as x increases from == to 2n the values b of increase
from —1to 0. Thus, in the third quadrant as x increases from D 0,-1)
1% '
to %, sin x decreases from 0 to -1 and finally in the fourth FigTIS.‘IO

. 3n . o
quadrant as x increases from - to 27, sin x increases from -1
to 0.

Similarly, we can observe the variations in the values of other trigonometric functions. The
following table exhibits the same.

Trigonometric
& ; I quadrant II quadrant I quadrant IV quadrant
function
: increase from | decreases from decreases from increases from
sine
Otol 1to0 0to-1 -1to0
] decreases decreases from increases from increases from
cosine
=t from1to0 Oto-1 -1to0 Oto1l
[ increases increases from increases from increases from
[ tangent
[ from 0 to w0 —-wto0 0tow —-wtol
decreases decreases from decreases from decreases from
cotangent
fromeo to 0 Oto—o o0 to 0 Oto—
increases increases from decreases from decreases from
secant
from 1 to 0 —ooto-1 -lto- wtol
decreases increases from 1 increases from decreases from
cosecant
from e to 1 to o —oto-1 —-lto-o
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5.21
ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE1 Find sin x and tan x, if cos x =— % and x lies in the third quadrant.

SOLUTION We know that: cos? x + sin? x =1 = sin x =+ /1 - cos? x
In third quadrant sin x is negative.

2
sin x =—\ﬂ1—c052x:> sinx = — 1—[ 12] 5

13 13
sin x 5 13 5
and, tan x = = tanx = ——X—— = —
COs X 13 -12 12

: 2 3 3n
EXAMPLE2 Find the values of cos x and tan x, if sin x =——and n<x <—.

SOLUTION We know that: cos? x +sinx =1 = cosx=21-sinx
In the third quadrant cos x is negative and tan x is positive.

cosx = —J1-sin?x = cosx=- 1—i=——‘ﬂ1£
25 B

and, tanx=smx = tanx:——x—§=§—
COS X 4 4

: ; e 26
EXAMPLE 3 Find all other trigonometrical ratios, if sin x =—

and x lies in quadrant III.

SOLUTION We know that: cos? x + sinZ x=1 = cosx==+ A1 - sin2 X
In the third quadrant cos x is negative.

cosx = — 1-sin®x = cosx=- 1—% = —l
25
In the third quadrant tan x is positive.
26
tanx:smx:> tanx:——J_x—§=2Jg
COS X 4] 1
1 5
Now, cosecx = = Cosecxy = ———; secx = = secx= -5
sin x 2.6 Ccos X
and cotx = = cotax= L
i tan x 26

EXAMPLE4 [fcos x = _% and n<x < 32n,ﬁnd the value of 4 tan? x — 3 cosec? x.

SOLUTION It is given that x lies in the third quadrant. Therefore, sin x is negative and tan x is
positive. Thus,

sinx=:|:\}1—coszx = sinx=- 1—1 = V3

—=—— = cosecx=
4

-2
2 V3
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And, tanx = EEVY = _ﬁm:ﬁ.
cos X -1/2

Hence, 4tan? x — 3 cosec? x =4 x 3—3><%=8.

1 + tan x + cosec x
1+ cot x — cosec x

EXAMPLES Ifsec x =+/2 and T <x < 2m, find the value of

SOLUTION We have, sec x =+/2. Therefore, cosx = = C0SX = —
secx J2

Itis given that x lies in the fourth quadrant in which sin x is negative.

,‘ 1 1
sin x = 1 -cos? x 1—— = ——, cosecx= = cosecx=—-+/2
J2 sin x
and, tanx=smx = tanx:—ix£=—l = ¢otx = —1
COos X 2 i

1+ tan x + cosec x £t 1=1=+p .
1+ cot x — cosec x (B e

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

o i T
secx—tanx ,if-—<x<-—

1-sinx
EXAMPLE 6 Prove that : |———— = 3.2
1+sin x —secx + tan x, T gl
2 2
SOLUTION We have,
1-sin x TR
l1-sinx _ |(l-sinx)? 1-sinx 1-sinx | cosx ' 2 2
1+ sin x 1—gin2 x \/coszx | cos x| m,iffmmﬂ
- Cos X
= A T
secx—tanx ,if—-—<x<—
it 2 2
3r

-secx+tanx,1f <xX<—
2 2

f1+cosx cosecx+cotx LifO0<x<n
EXAMPLE 7 Prove that : ms—x ={—cosecx—cotx,ifrr<x<27t

SOLUTION We have,

l+cosx .
5 —— ,if0<x<n
1+ cos x (1+cosx)” 1+cosx 1+cosx sin x
S =11+
{1 -cos x 1—cosx \/sinzx | sin x| _—-—?osx,ifn<x<2n
—sin x
_ [cosecx+cotx ,ifO<x<nm
T ]-cosecx—cotx,ifn<x<2n
2 . m
1-sin x 1+ sin x ,1f0£x<5
- sin
EXAMPLES Prove that : \/ : J — =% L ‘
1+ sin x 1 -sin x = Jif—<x<n
cos x 2
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SOLUTION We have,

1-sinx 1+sin x 1-si +(1 +sin x
: o sTn =( sin x) + ( sm)= 2 _ 2! s ’x2=|x[]
1+sin x 1-sin x Jl—sinzx JCOSZx | cos x|
= ,if05x<E
_ Jcosx 2
M2 Jf=<x<m
cos X
I e e mTE TR . EXERCISE 5.2
BASIC
1. Find the values of the other five trigonometric functions in each of the following:
(i) cotx= % , X in quadrant III (ii) cos x = —% , X in quadrant IT
(iii) tan x =% , xin quadrant III (iv) sin x =§ , xin quadrantI

2. Ifsinx= % and x lies in the second quadrant, find the value of sec x + tan x.

3: Ifsinx:%, tany:%and g<x<n<y<%, find the value of 8 tan x —+/5 sec y.

BASED ON LOTS
4. If sin x + cos x =0and x lies in the fourth quadrant, find sin x and cos x.
5. If cos x=-2 and n<x <£, find the values of other five trigonometric functions and
: cosec x + c':;?t x

hence evaluate :
sec x —tan x

Y S e ANSWERS
13

T 5 12 5 13
I. (i) sinx=—-—, cosx=——, tanx=—, cOSECX=——, SeCX=——
13 3 12 5 12

(ii} sinxz%, tan x=—+/3, cosecx=—J%, cotx=ﬁ, secx=-2

e Cat 3 4 5 5
(iii) sin x=——, cosx=——, cosecx=——, secx=——, cotx =
5 5 3 4

W | =

(iv) cosx=é, tanx:ig—, secx=2, cotx=4, cosecx=§
5 4 4 3

3
2015 g 17 g o 5. (L

2 v2' V2 6
e e _____HINTS TO SELECTED PROBLEM

4. Wehave,sin x+cosx=0 = sinx=-cosx = tanx=-1

2 2

wseccx=1+tan“ x = sec2x=1+(—1)2=2:> secx=+2 = cosx=

i

5.7 VALUES OF TRIGONOMETRIC FUNCTIONS AT ALLIED ANGLES

Two angles are said to be allied when their sum or difference is either zero or a multiple of g

The angles allied to x are —x, -;E = o B s % + x, 2 + x etc. In this section, we will express the

values of trigonometric functions at allied angles of an angle x in terms of the values at x.
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5.7.1 VALUES OF TRIGONOMETRIC FUNCTIONS AT — x

Consider a circle of unit radius centred at the origin of o

¥
coordinate axes which cuts the coordinates axes at A(1, 0), R
a,
B(0,1), C(-1, 0) and D(0, -1). Let P(a, b) be a point on the /

circle such that arc AP = x so that the measure of £ AOPisx. ¥ x ’.,f
Then, a=cosx andb =sin x . Let Q be the image of P in ¢-10 O /A0
x-axis. Then, £ AOQ =-x and the coordinates of Q are Q (s, -b)
(a, =b). D (0,-1)
YV
ﬂ=COS(—'X) and —b =sin (— x) FIQ 5.11
= cosx =cos (—x) and - sinx=sin (- x)
[ a=cosx, b =sinx]
= cos (—x) =cosx and sin (- x) =~sin x
in(-x) -sinx cos (—x
tan (—x) = B ) = =—tanx, cot(-x)=— (=x) = colsx =- c?sx =—cotx
cos(-x)  cosx sin (-x) -—sinx sinx
1 1
sec (—x) = 1 =——=secx and, cosec (—x)=— L =—— =—Cosec X
cos (—x) cosx sin (- x) sin x

5.7.2 VALUES OF TRIGONOMETRIC FUNCTIONS AT (g— - .t‘\J

Consider a unit circle centred at the origin of coordinates axes which cuts the coordinate axes at
A(1,0), B(0, 1), C(-1, 0) and D(0, —1). Let P(a, b) be a point on the circle such that are AP = x
consequently ZAOP = x and hence a2 = cosx and b = sin x. Let Q be a point on the circle such that

arc AQ = g —xand so ZAOQ = g—x. Consequently, measure of ZBOQ) is x.

Draw perpendiculars PM and QN from P and Q respectively on OX. In triangle ONQ, we have
ZQON = g -x, ZONQ = g Therefore, by using angle sum property, we obtain ZOQN = x.

Y

In triangles OMP and ONQ, we have B(0,1)
ZOMP = ZONQ, ZPOM = ZOQN and, OP =0Q ;Q Pa,b)
LA
So, by using RHS criterion of congruence, we obtain _C(-1,0) 7 : 32!—1 &

AOMP = AQNO X O N MA@LO) ¥
= OM =QN and ON =PM

= QN =a and ON =b y PO
So, the coordinates of Q are (b, 4). Since ZQON == —x F): 12
b =cos (g —x) and a=sin (g —x)
= sinx=cos(%—x] and cos x =sin (g—x) [ a=cosx and b =sin x]

T 1 : . (m
= cos(—~x =sinx and sin (——x]=c05x
25 2
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sin (E—xj £ cos [E—xj :
tan (E—x]= 2 C?S' =cotx, cot [E-—xj= 2 =302
9 ms(g_x] sin x 2 ;

(n J 1 1 [n ] 1 1
cosec| ——x |= = =secx, sec|—-x|= =-—— =Cosec ¥
2 Sm[g_xj cosx

5.7.3 VALUES OF TRIGONOMETRIC FUNCTIONS AT (n - x)

Consider a unit circle with centre at the origin O of the coordinate axes and cutting the
coordinate axes at A(1, 0), B(0, 1), C(-1, 0) and D (0, —1). Let P(a, b) be a point on the circle such
that arc AP =x consequently, the measure of ZAOP is x. Further, let Q be a point on the unit
circle such that ZAOQ = n—x and so measure of arc AQ =n—-ux.

arcQC=n—(n-x)=x = £QOC =x [ arc AC =]
In triangles OMP and ONQ, we have
ZPOM = ZQON, OP =0Q =1 unit and ZOMP = ZONQ YA
So, AOMP = AONQ B(0,1)
= OM =0ON and PM :‘-QN P (a,b)
=> ON=a and QN =b 1,0 = i
So, the coordinates of Q are (—a, b). Since, ZQOM = (n—x). «— 1 5 >

: N v
—a=cos(n—x) and b =sin (n—Xx) X @ Al
= cos (t—x) =—cosx and sin (n —x) =sin x

[v a=cosx, b =sinx]

D(0,-1)
Thus, we obtain v
cos (t—x) =—cosx and sin (m—x)=sin x Fig.5.13
sin (m—x sin x sin x
tan (n—-x) = ( ) = =— =—tanx,

cos(m—x) —cosx T cosx
cos(m—x) —cosx _ cosx

cot (n—x) =— - —— =—cot x.
sin (m—x) sinx sinx
1 1 1 1
cosec (m—x) = — =-—— =cosec X, sec (n—x) = = =—secx
sin (t—x) sinx cos (m—x) —cosx

5.7.4 VALUES OF TRIGONOMETRIC FUNCTIONS AT [g + x}

Consider a unit circle centred at the origin of the coordinate axes which cuts the coordinate axes
at A(1,0), B(0,1),C(-1,0) and (0, -1). Let P(a,b) a point on the circle such that ZAOP =x

equivalently arc AP =x. Let Q be a point on the circle such that
1'{

ZAOQ = % + x equivalently arc AQ = - + X,

T T T
C=n—|=+x|==-x. = ZQON =—-x.
arcQC =n (2+x] 5 = 20 5 x

In triangles OMP and OQN, we have

ZPOM = ZOQN
ZOMP = ZONQ and, OP =0Q
APOM = AOQN

= OM =QN and PM =ON
= a=0QN and b=0ON = ON=b and QN =a
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So, the coordinates of Q are (-b, a). Since ZQOM =[g - x}
-b =cos(£+x) and a=sin [E+ x)
2 2

T . ook fOr .
= cos(E-i-x] =—sinx and sin (E-i-x]:cosx [-a=cosx,b=sinx]

cos(£+x) —B sin[
2

(n ) 1 1 [ﬂ.’ J 1 1|
cosec| —+x |= = =secx, sec| —+x |= =——— =-Cosec x

0
sin (E + x) S

5.7.5 VALUES OF TRIGONOMETRIC FUNCTIONS AT (x + x)

sin(fﬂc] = cos(E+x] .
tan[E+x) 2 = 00 =—cot x, cot[g+x)= 2 J= =—tan x

Consider a unit circle centred at the origin of the coordinate axes cutting the coordinate axes at
A(1, 0), B(0, 1), C(-1, 0) and D(0, —1). Let P(a, b) a point on the circle such that arc AP =x
consequently ZAOP =x.

a=cosx and b =sin x.
Let Q be a point on the circle such that ZAOQ =n+ x or
equivalently, arc AQ =7 + x.

ArcCQ=x and ZCOQ =x
Clearly, AOMP = AONQ
= OM =0ON and PM=0QN = a=0N and b=0QN
= ON =a and QN =b
So, the coordinates of Q are (—a, —b). Since ZQOM =(n+ x).
: —a=cos(n+x) and —b =sin (n+x) =
cos(r:-t— X)=-cosx and sin (n+x) =-sinx

sin (m+x) -—sinx cos (m+Xx) —cosx
tan (n+x) = = =tanx, cot(m+x)=— =———=cotx
cos(m+x) —cosx sin (m+x) —sinx
1 1 i 1l
cosec (m+x) = — =———=-—cosecx, sec(m+x)= = =—secx
sin (t+x) -—-sinx cos(m+x) —cosx

5.7.6 VALUES OF TRIGONOMETRIC FUNCTIONS AT (27 -x)
Consider a unit circle centred at the origin of the coordinate axes. Suppose the circle cuts the
coordinate axes at A(1, 0), B(0, 1), C(-1, 0) and D(0, —1). Let P(a, b) a point on the unit circle

such that ZAOP =x. Then,a =cosx and b =sin x. B 0,1)
Let Q be a point on the unit circle such that ZAOQ =2n—x. Pla b)
Then, the measure of ZAOQ = x. Consequently, Q is image of | e ”
P(a, b) in the line mirror along OX. So, the coordinates of Q are < Zn"xw o >
(a, =b). c- LD)K Maa,0

a=cos(2n—-x) and —b =sin (2n—-x) prsy

: s D{0,-1 Ly

= €0s x =cos (2n—x) and -sin x =sin (27+ x) Fig. 5.16

[ a=cosx, b=sinx]
= cos (2n—x) =cosx and sin (2n—x) =-sinx
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in (27— | ok o ]
tan (2n—x) = B Gra) s =—tanx, cot(2n—x) = c?s(Zn <) = CO_Sl =—cotx
cos(2m—-x) cosx sin (2n—-x) -—sinx

1 1 1

cosec (2n—x) = = cosec X, sec(2n—x) =

=5ecx

sin (2 —x) 3 sin x cos (2m—x) L cos X

5.7.7 VALUES OF TRIGONOMETRIC FUNCTIONS AT (2n + x)

Consider a unit circle centred at the origin of the coordinates axes. The circle cuts the coordinate
axes at A(1, 0), B(0, 1), C(-1, 0) and D(0, —1). Let P be a point on the circle such that arc AP or
equivalently ZAOP = x. Therefore, a =cos x and b =sin x.

The circumference of the unit circle is 2. Therefore, if we begin from P and travel distance 2n

along the circle, we return to the same point P. Vil
a=cos (2n+x) and b=sin (2% + x) 200
=5 cos x =cos (2n+ x) and sin x =sin (27w + x) el
X %
= cos (2n+x) =cosx and sin (27 + x) < = —>
in(n+7) s C¢-1,0) 2 A(1,0)
tan(2n+x)=sm 4 =smx=tanx,
cos(2n+x) cosx
D (0,-1)
9 Y v
COS (2m+ x cosXx ig. 5.
cot (2m+ x) =— ( ) =—— =cotx FigsEa
sin (2n+x) sinx
1 1 1 1
cosec (2n+x) = =cosec X, sec(2m+x) = =secx

sin (27 + x) ~ sinx cos (2m+x) cosx

5.8 PERIODIC FUNCTIONS

A function f(x) is said to be a periodic function, if there exits a positive real number T such that
flx+T) = f(x) for all x.

If T is the smallest positive real number such that f(x+T) = f(x) for all x, then T is called the
fundamental period of f(x).

We observe that if f(x) is periodic with period T, then

fx+2T) = f((x+T)+T) = f(x + T)=f(x), f(x+ 3T)=f((x+2’1") + T]=f(x+2T)=f(x) and so on.
In general, f(x+nT)=f(x)forallxandn e N.

5.8.1 PERIODICITY OF TRIGONOMETRIC FUNCTIONS
Consider a unit circle centred at the origin of the coordinate axes. The circle cuts the coordinate
axes at A(1, 0), B(0,1),C(-1, 0) and D(0, —1). Let P(a, b) be a point on the circle such that arc
AP = x or equivalently ZAOP =x.
; a=cosx andb =sin x.
Now, if we take one complete revolution from the point P along the circumference of the circle,
we again come back to the same point P. In other words, if x increases or decreases by 2x, we
return to the same point.

a=cos (2n+x) and b =sin (27 + x)

=5 cos x =cos (2n+ x) and sin x =sin (27 + x)
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Also, a=cos(-2n+x) and b =sin (-2n+ x)
. cos(—27m+ x) =cos x and sin (—271 + x) =sinx

We also observe that if x increases or decreases by any
integral multiple of 27, we come back to the same point P. <

. cos (2nm+x) =cosx and sin (2nm+ x) =sinx,neZ
Thus, cosine and sine functions are periodic functions.

It is evident from the above discussion that 27 is the
smallest positive number such that

cos (2n+x) =cosx and sin (2% + x) = sin x for all x
Hence, cosine and sine functions are periodic functions with period 2m.
In sub-sections 5.7.5 and 5.7.7, we have learnt that

tan (n+x)=x and tan (2n+x)=xforallx eR

= tan (nm+x)=x forallxeR andneZ
Also, nis the smallest positive real number such that tan (n+ x) = tanx for allx € R. So, tangent
function is also periodic with period .
Using the definition of cotangent, cosecants and secant functions, we obtain

cot (m+x) = - = L =cotx for all x (# nn) e R
tan (t+x) tanx
cosec (2m+x) =— L =-—— =cosec x for all x (#nm) eR
sin (2n+x) sinx
1

sec (2m+x) = =sec x for allx(# (2n+1) gJeR
Fa

cos (27 + x) ~ cosx

Thus, consecant and secant functions are periodic with period 2rand cotangent is periodic with
period .

5.9 EVEN AND ODD FUNCTIONS
EVEN FUNCTION A function f(x) is said to be an even function, if f(—x) = f(x) for all x in its domain.
ODD FUNCTION A function f(x) is said to be an odd function, if f(—x) = —f(x) for all x in its domain.
ILLUSTRATION 1 Determine whether the following functions are even or odd or neither :
() f)=x3+x (i) g(x)=3x2+1 (iii) h(x)=x%+x+4

SOLUTION (i) We have, f(x)= x3+x

Fx) =(-0)3 + (=) =% —x=—(x® + 1) =— f(x) for all x e R.
So, f(x) is an odd function.
(ii) Wehave, g(x) = 3x% +1

g(-x)=3 (—x)2 +1=3x2+1 =g(x)forallx e R
So, g(x) is an even function.
(ili) We have, h(x) =x2 +x+4

h(—x) =(—.7c)2 +(—x) +4 =x*-x+4
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Clearly, h(—x) is neither equal to h(x) nor to —h(x). So, h(x) is neither even nor odd function.
We have learnt that

sin (—x) = —sin x, tan (- x) = — tan x, cosec (- x) =— cosec x and cot (- x) =~ cot x
So, sine, tangent, cosecant and cotangent functions are odd functions.

We have also learnt that cos (—x) = cos x and sec (- x) = sec x. So, cosine and secant functions
are even functions.

The values of trigonometric functions at —x, g tx,ntx, %ﬂ— + xand 2+ xare given in terms of

values at x in the following tabular form for ready reference.

Trigonometric
Function sin cos tan cot cosec sec
Point /Angle
-X —sinx cosx —tanx —cotx - cosec x secx

T

) -Xx cosx sinx cotx tanx secx cosec X
T .

E +Xx cosXx —-sinx —cotx —tanx sec x - cosec x

T—X sin x —-Ccos X —tan x —-cotx cosec X —-secx
n+Xx —-sinx —Cos X tan x cot x —cosec X —-secx
3n .
—2“ -X - COs X —-sinx cot x tan x -secx - cosecx
3n .
? +Xx —CosXx sin x -cotx —tan x —-secx cosec x
2n—-x —sinx cosx —tanx —cotx —cosec x sec x
2n+x sin x cos X tan x cotx cosec X sec x

From the above table we observe that the values of sine function at gi x=1x g +x and

3y x=3x E + xare cosx or — cosx depending upon the quadrant in which the terminating ray

of the angle lies. Also, sine function is periodic with period 2z So, the values of sine functlon at
2n1r+§i x and 2n1t+—2—i' x are cosx or -—cosx. But, 2mt+— =(4n+ 1) = and
2nm+ ﬂ =(4n+ 3) Tareodd multiples of E.Therefore, the value of sine funcuon at(2n —1) E +x

is cosxor — cosx dependmg upon the posxtlon of the terrmnatmg ray of the angle We also note
from the table that the values of sine functionatn+ x =2 x 5 T+ xand2nt x=4x —2- * xaresinor

—sin x depending upon the position of the terminating ray of the angle The periodicity of the
sine function gives that the values of sine function at nmt x =2nx E t x are sin x or —sinx

depending upon the quadrant in which the terminating ray of the angle lies.
We also note that at point expressible in the form (2n-1) 1251 x the values of cosine, tangent,

cotangent, secant and cosecant functions are + sin x, + cot x, + tan x, £ cosec x and * sec x
respectively. At a point expressible in the form Zn(z)i x the values of cosine, tangent,
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cotangent, secant and cosecant functions are * cos x, + tan x, £ cot x, £ sec x and # cosec x
respectively.

The above discussion suggests us the following algorithm to find the value of a trigonometric
function at a point.

ALGORITHM
Step 1 Obtain the point x at which the value of a trigonometric function is to be determined.

Step I Check whether x is positive or negative. If x is negative, say x = —y, then write f(x) = —f(y), if f
is an odd function. Otherwise, write f(x) = f(y). Here, f is the given trigonometric function.

Step Il Express the positive value of x in step 11, in the form x = % £ o, where o e(O,gJ ;

Step IV Determine the quadrant in which the terminating ray of the angle x lies and determine the sign
of the trigonometric function in that quadrant.

Step V. If n is step IIl is an odd positive integer, then sinx =+ cos o, cos x =+ sin a,
sec x = cosec @, cosec X = * sec o, where the sign on RHS of these values will be the sign
obtained in step IV.
If n in step Il is an even positive integer, then sinx =+ sin o, cos x =+ cos o,
tan x ==+ tan o, cotx == cot o, cosec x =+ cosec a, sec x =+ sec a, where the sign on
RHS of these values will be the sign obtained in step IV.

Following examples will illustrate the above algorithm.

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Evaluate the following :
(i) sin % (ii) cos 7—: (iii) cos [——85] (iv) sin (— %J

SOLUTION (i) Clearly, sin % =sin [3 % g+ g) Since 3x g +£~ lies in the IVth quadrant in

which sine function is negative and 3 is an odd integer.

e ( T er T 1
sin—=sin|3x—=+—| = -cos —= ——
4 2

4 4 V2

(ii) Clearly, cos %n =cos [ZX g + g) Since %ﬂ is in the III quadrant in which cosine function is

negative. Also the multiple of g is even.

77 ( n nJ T V3
COS — =¢0S| 2X—+— |=—cC05 — =— —
6 2506 6 2
(iii) We know that cosine is an even function. Therefore, cos (— %T—[J = cos 8—; 3

Also,i; =5x g + g .So; 8—; is in the II quadrant in which cosine function is negative. Also, the
multiple of g is odd.

8n T T ’ 1 8
cos — = cos|5x—+—|=-sin —=-— Hence, cos| — | = cos— = —
%) 2 8 2 3
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(iv) The sine function is an odd function. Therefore, sin (—2—‘5;] =-— sin-zs—rt :

4
25n (I o : o i Y
Now, ik 12x 5 + 7 = =0 lies in the I quadrant and multiple of 5 this expression is even.
ol 217, A i Tom T : 25n aA2DT 1
sin — =sin | 12x —+ — | =sin — =—. Hence, sin| - — |=—sin — = ——.
4 4 2 4 4 2
EXAMPLE 2 Evaluate the following :
(i) cosec 390° (ii) cot570° (iii) tan 480° (iv) cos 270°
(v) tan HTTE (vi) sin [— HTKJ (vii) cot [— IST“]

SOLUTION (i) We have, 390° = B?ﬂ =4x ~12E+ -g This shows that B?n is in I quadrant in which

I, s : .
cosecant function is positive and the multiple of S is even.

cosec 390° = cosec EE = cosec [4x L E] = cosec Lep,
6 2 6 6

(i) We have, 57{)"=19—7t =6x =+ It shows that e is in the IlIrd quadrant in which
6 276 6 1

cotangent function is positive and the multiple of g is even.

cot 570° = cot%=cot(6x2+ﬁ]=cotf=\/§
6 D5 6

(iii) We have, 480°=8—3Tc =5x §+g. Clearly, 8—; is in the IInd quadrant in which tangent

function is negative and the multiple of g is odd.

tan 480° = tan E=tan[5>< E+E] = —cotZ = -3

3 2 6 6

(iv) Wehave, 270° = %71 = ( 3x g + 0]. Clearly, 270°is in the negative direction of y-axis i.e. on
the boundary line of II and III quadrant. Also, the multiple of g is an odd integer.

cos 270° = cos[3x~3+0]=i sin 0 = 0

E T z 3n

ALITER  We know that cos (2n-1) o 0. Therefore, cos? =0.
(v) We have, 19?11 = (12 X g + gj . Clearly, this angle lies in I quadrant in which tangent

function is positive and the multiple of g is even.

t:.mlg—Tt = tan(12x3+—15)=tanﬁ=«/—?;
3 2 3 3
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(vi) We have, IlTn: =i g+g . This angle lies in the IV quadrant in which sine function is

negative and the multiple of g- is odd.

O e A now n_ 3 ST il . 1ix V3) V3
. 8in — =sin|7x—x— |=—-cos— =-~—, Hence,sin| -— | =—sin —=—| —— |=—
3 2. 16 6 2 3 3 2 2

(vil) We have, li (7xg+~z). This means that l%_n is in the IVth quadrant in which
cotangent function is negative and the multiple of g is odd.

cot}—s— cot(7:v<E E)——tan LIRE ) Hence, cot(—ﬁ—n]=—cot(-1—5£] =—(-1)=1.
4 2 4 4 4 4
EXAMPLE 3 Prove that: cos 510° cos 330° + sin 390° cos 120° =—

SOLUTION LHS = cos 510° cos 330° + sin 390° cos 120°= cos 17?“ cosll?flT + sml%ﬂ: cosE

3
cos(5x3+i)cos(3xﬁ+£)+sin[4x£+£)cos(lx£+£)
2.8 23 2 6 2 6

(an)fom 53] o3

)3

EXAMPLE 4 Prove that : sin (—420°) (cos 390°) + cos (— 660°) (sin 330°) = -
SOLUTION We know that sin (—x) =—sinx and cos (- x) = cos x

LHS = sin (- 420°) (cos 390°) + cos (- 660°) (sin 330°)

—sin 420° cos 390° + cos 660° sin 330°= - sin %I cosla—s-n + cos ll—ﬂ sinll—Tt

—s'm(flxE+EJcos(«ixE+£]+cos(7x£+£]sm(3xﬁ+3)
2 3 2 6 2 6 24043
3

=-singcosg+[sing)[—cos€n]= {2— \/2_ (2](—EJ =25 2 A AR

il

I

1

BASED ON LOWER ORDER THINKING SKILLS (LOTS)
EXAMPLE 5 Prove that:

(i) sin? g + cos? %—h’m2 E = ~% (ii) 2 sin? : T+ cosec? 76 cos? 73: = %
(iii) cot? T 4 cosec 2F L +3tan®< = 6 (iv) 2 sin? i +2c0s2 Z 4262 F — 10
6 6 6 4 4 3

SOLUTION (i) LHS = sin? g+ cos? X Sotanty

2 2 2
(ii) LHS = 2 sin? = + cosec? 78 cos? L= Z[Sin EJ + (cosec 7_1|:) [cos E)
6 6 3 6 6
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2] +{omelor ) (o3

% ks n
2 smg + —cosecg [cos 5] [ cosec(n+x) = —cosecx]

2 2
2 (1] +(—2)2x(lJ Shan = S prE
2 2) T2 2

. 2 2
(iii) LHS = cot? £ 4 cosec o +3tan? T =(cot E} + cosec ['J’L’ —E) + 3(tan EJ
6 6 6 6 6 6

2 2 2
T | | 2 1
=|cot—=| + —+3|tan—| =(+/3 +2+3(——J =3+2+1=6=RHS
(co 6J cosec6 (an 6] (+3) L]
2 3w 2T 2T 372 n\2 )
(iv) LHS = 2sin“ — + 2 cos“ — + 2sec” —= 2[sin——) +2(cos—) +2(sec—]
4 4 3 + 4 3

(. n)z [ n)z ( njz L R [ n) o
2|sin—| +2|cos—| +2|sec— wosin — = sin|n——| = sin —
4 4 3 4 4 4

2[71_5)2 +2(%]2+2(2)2 —1+1+8=10=RHS

cc:)s.[E - xj sec (— x) tan (n—x)

I

EXAMPLE 6 Prove that:

=-1.
sec (2w — x) sin (7 + x) cot[g—xj

SOLUTION We have,

T
cos[7+x) sec-0tan (19 (o y) (sec ) (- tan 3) _

LHS = - -1=RHS
sec (2n — x) sin (7 + x) cot(g—x] (sec x) (- sin x) (tan x)
EXAMPLE?7 Prove that :
Q) cos (T + x) cos (— x) - ot
sin (7 — x) cos(g + xj
(ii) cos (% + xj cos (21 + x) {cot (% - xJ + cot (2m + x)} =1
L e fi= 2
SOLUMION. (kg — o8 (= picos(7x)  [~cosnjx(coax) = X _ cot? x =RHS
sin (7 - x) cos(E+x] (ein x)(-smx)  —sinx
2

(i) We know that

cos(%+xj=sin X, cos (2m+ x) =cos x, cot(%—xj= tan x and cot (21 + x) = cot x

. LHS = cos (% + x) cos (21 + x) {cot(% —x)+ cot (2m + x)}

= (sin x) (cos x) (tan x + cot x) = sinxcosx{ -
cosx sin x

sinx cosx
+
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sir12 X+ cos2 x

sin X cos X

= sin x cos x -
sin x cos x

} . 1

= sin x cos xx —— =1

ExampLEs If A, B, C, D are angles of a cycic quadrilateral, prove that
cos A + cos B+ cosC + cos D =0.

SOLUTION We know that the opposite angles of a cyclic quadrilateral are supplementary i.e.
A+C=mnand B +D == Therefore, A = n—-C and B = n—-D.

cos A = cos(n—-C) = —cosC and, cos B = cos(n—D) = —cosD
Hence, cos A + cos B+ cosC +cosD = —cosC —cosD +cosC +cosD = 0
EXAMPLEY  In any quadrilateral ABCD, prove that

(i) sin (A+ B)+sin(C - D)=0 (ii) cos(A + B) =cos (C + D)

SOLUTION (i) A+B+C+D=2n
=% A+B=2n-(C+D)
= sin (A + B) =sin (2n—(C + D)}
== sin(A+B) = —sin (C+D) = sin (A + B) +sin (C+D) = 0 [. sin (2n—x) =—sin x]
(ii) A+B+C+D = 2n
=X A+B =2n—(C +D)
= cos(A+B) = cos2n—(C +D)}=>cos (A +B) = cos(C +D) [ cos(2m—x)=cos x]

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 10 Find the value of the expression

. (ks 71 . 4 R L Sl b oot bl S

3 1 sin —Z—hx +sin™ (3m+x) ; —2< sin E+x +sin® (5n—x)} [NCERT EXEMPLAR]
SOLUTION The given expression is
3{5in4[%~xJ+sin4(3n+x)} —Z{Sine(g+x)+sin6 (Sn—x)}
=3 {(—cos :c)4 +(—sin x)4} -2 {(cos :c)6 +(sin x)r’]g =3 (cos4x+ si114x)—2(cos6x+si116x)
J

2

= 3{(c052x+ sirlzx)2 ~2sin?x cos? x} -2 {(coszx+sinzx)3 —3cos?xsin®x (cc>52:c+s.in2 x)}

=3(1—25in2xc052x)—2(1—3coszxsinzx)=3—6si.n2xcoszx—2+6sinzxcoszx=l.
eyt bk k. i e U EXERCISE 5.3
BASIC
1. Find the values of the following trigonometric ratios:
5n 117 : { 25n
i) sin — ii) sin 17 iii) tan — iv) cos| ——
(@) sin (i) sin17n (i) tan ¢ () cos(-2F)
7 2 Ly - 197 oLl 11x
v) tan — vi) sin — vii) cos — viii) sin|-—
) tan (vi) sin 2 (vi) cos > (it sin (-7
1 20n 13n : 197 = L AT
ix) cosec| —— x) tan | - —— xi) cos — —
(9 cosec(- 28] tan (-2F) ) cos S (ci) sin %
(xiii) n:os%%E (xiv) sin 1_5‘612

2. Prove that:
(i) tan 225° cot 405° + tan 765° cot 675° = 0
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werl Lo T 231 13 ., 35m 1

(ii) sin — cos —— + cos — sin —— = —
3 6 6 2

(iii) cos 24° + cos 55° + cos 125° + cos 204° + cos 300° = ]

(iv) tan (—225°) cot (—405°) —tan (-765°) cot (675°) = 0

(v) cos 570° sin 510° + sin (- 330°) cos (— 390°) = 0

(vi) tan EI—E —2sin &r 8 cosec? = + 4 cos? ¥ = 3-4/3
3 6 4 4 6 2

(wii) - 3sin L veo E—Lisin 2" et Nl
§ 3 4

3. Prove that:
Q) cos (27 + x) cosec (2n + x) tan (n/2 + x)

sec (/2 + x) cos x cot (m + x)
cosec (90° + x) + cot (450° + x) + tan (180° + x) + sec (180° —x) _
cosec (90° — x) + tan (180° - x) tan (360° + x) —sec (- x)

(i)

sin (7 + x) cos[;+xjtan(3§—x)cot(2n-x)

(iii) =1

in (27— x) cos (2n+ x) cosec (- x) sin [3—; —xJ

(iv) {1 +cotx—sec(g+xj} {1 +cotx+sec[%+x]} =2 cot x

tan [g —xJ sec (1 —x) sin (—x)

(v) =1

sin (7 + x) cot (2w — x) cosec(g—x]

BASED ON LOTS

: 2 on 70T 411:
4, Provethat:sinZ%+sm2—TE+sm2—+s e

5. Prove that: sec[% —xJ sec{x —STKJ + tan [— + x] (r ——] =-1.

6. Ina A ABC, prove that :
; = A+B
(i) cos(A+B) +cosC=0 (ii) cos

}=si.‘n £ vamipmatBia b
2 2 2
7. If A, B, C, D be the angles of a cyclic quadrilateral, taken in order, prove that :
cos (180° — A) + cos (180° + B) + cos (180° + C) —sin (90°+ D) =0
8. Find x from the following equations :

(i) cosec (E+ B)+ x cos @ cot( + 9) [E+ 9)
2 2 2

(ii) xcot(g+ej+ tan (g+9)sin G+cosec(§+6]z0

9. Prove that:

; e .. bm . 2rn 1 i i AT IRBTT iy Ay S |
(i) tan4n—cos— —sin—cos— =— (ii) sin—sin— +cos—sin— = —
9 6 3 4 3 3 3 6. 2
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(iii) sin om sin 25 + cos iz sin Bt =l (iv) sin m_“cos.lé.’f+cos ﬁsin on =-1
3 3 3 6 2 3 : :

(v) tan5—ncotﬁ+tan17—ncot15—n =0
4 4 4

ANSWERS

1. (i) —— (i) O

; (i) -% (iv) % @1 (i) %
) e il , 2 | e
(vii) g (viii) 5 (ix) “ﬁ x) -1 (xi) 5 (xii) =

(xiii) 1/+2 (xiv) -1/2 8. (i) tan @ (ii) sin O

FILL IN THE BLANKS TYPE QUESTIONS (FBQs)

10.

11.

12.

13.

14.
15

16.
17.

18.

19.

. The values of f(x) =2sinvx

A If—E<x<E,then
2 2

sin 70°
sin110°
cosh0°? ;
cos130°

. The value of

. The value of

2 4 x+1 lie in the INterval ..o eeeeeereeeeseereeseereenee «

Ifsinx+cosx=a, then SiN X —COS X = coveevirerrreeinecrsreraessneensnes .

1-sinx

—— i5ieqUAl HO . iiisansiiinsisicssadinnssions :
1+sinx
. Ifsecx+tan x =+/3, then SECX —tAN X = .eevvevveereereerreerensensensennens :

. If secx—tanx =%,the {713 00 - SRR I

. Jficosect = cob 2=t thEr SIN% & asusmsesmsesrssmssein .

. If cosec x + cot x :g, then the value of tan X 1S ..c.cccevevvieiviecrccrieriiens

L

Ifsinx = % sthendthevalue of tan 1Sk e :

If sin x + cosec x =2, then SIN2 X + COSLCZ X = wermeeeermrresesssesemssssessesns h

The value oftanx+cot(n+:c)+cot[g+x]+cot(2n—x)is ...................................... :

The value of 3 (sin x —cosx)4 +6 (sinx+ nr:osx)2 +4 (sin6 x +cos® S BRSNS S

Givenx > 0, the valueof f(x) =-3 cos V3 + x + %2 liein the Interval ........oooeverveeeeessseennen ;

If sin x + cos x =4, then BIND % 410080 X = sivviirinisssianemusssensinnssasussons

The value of cos1° cos 2°cos 3°.........c08 179715 cevvrrrerrerieevcicnncniicans ;
The value of tan1° tan 2° tan 3°......tan 89°15 ...ccccecvvrevvinersncsesinsrnaens :
1+sinx

1-sinx

1+sinx +J1—sinx
1-sinx 1+sinx

Ifwg<x<1tand =KBECx ANEN KD cosiinivimsinisssnisessstssingisis :

=ksecx: theti K= connisividnmmsnien ’

If g<x<nand\)
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=k COSEC X, theN K =.....ocersreeivseerersassussnsnssnens s

20. Ifr<x<2rand \/1+COSX+J1—CDSX

1-cosx 1+cosx

21. The minimum value of 9tanZ 0+ 4cotZ 018 oovvvvvorrvvreerosseeeee ;

22. If secx =m and tan x =, then l{(m+n)+ L
m+

IsieqUal tecnnnisamsmim
m n} q

23. If cos?x+sinx+1= 0;andi0 <x <2mthen & =i i -

24, Ifsinx =

3 and x lies in the second quadrant, then coSx =.......ccccocvveevreeuerrevirerennns
1+t

1
25, If secx=t+ T then the value of secx + tan X IS cocvvevviviiieiiincrisiesiisien

26. If tanx + cotx =4, then tan? 2+ Cotd X = oo

2. If % <x <n, then 1,‘cosec2 a2 cotudsiequaliton. Lo i e,

ANSWERS
3 1 | 2. -1 3. [-2,2] 4. V2-a? 5.secx—tanx 6. 2 7 7 L
NE) 12
8. 3“ 0. 2 10.-2 1.2 120 1313 14. [- 3, 3]
ol +1 117 7
15 l-3(2-1% 16. 0 171 B0 195 20, <2 .10
4
42
22, 2 23, 3% oy 1 t2| 25.2t 26. 194  27. —-1-cotx
2 1+t

VERY SHORT ANSWER QUESTIONS (VSAQs)

Answer each of the following questions in one word or one sentence or as per exact requirement of the
question:

1. Write the maximum and minimum values of cos (cos x).
2. Write the maximum and minimum values of sin (sin x).
3. Write the maximum value of sin (cos x).
4

. Ifsin x = cos? x, then write the value of cos” x 1+ cos? x).

If sin x + cosec ¥ = 2, then write the value of sin” x + cosec” x.
2 2 10

ul

6

X+ 3cos " x+ 3c058x+cos &

6 X+ COS4 X.

6. Ifsin x + sin® x = 1, then write the value of cos’

2

7. If sin x + sin“ x = 1, then write the value of cos® x + 2 cos

8. Ifsin B + sin 6, +sin 63 = 3, then write the value of cos 8 + cos 0, + cos 05 .
9. Write the value of sin 10° + sin 20° + sin 30° +... + sin 360°.

10. A circular wire of radius 15 cm is cut and bent so as to lie along the circumference of a loop
of radius 120 cm. Write the measure of the angle subtended by it at the centre of the loop.

4Jc+cos4x)+1.

11. Write the value of 2 (sin6 x + cos® x) — 3 (sin
12. Write the value of cos 1° + cos 2° + cos 3° +... + cos 180°.

13. If cot (o + ) = 0, then write the value of sin (o + 2f3).
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14. If tan A + cot A = 4, then write the value of tan* A + cot? A.

15, Write the least value of cos? x + sec’x.

16. If x =sin 145 4 cos?0 x, then write the smallest interval in which the value of x lie.

17. If 3 sinx + 5 cos x =5, then write the value of 5 sin x - 3 cos x.

ANSWERS
1. 1,cos1 2 sinl,-sinl 3 sinl 4,1 5.2 6z ol 7.1 8.0
9.0 10. 45° 11. 0 12.-1 13.sincorcosp  14.194 152 16.(0,1]

17. 3or—-3
MULTIPLE CHOICE QUESTIONS (MCQs)

Mark the correct alternative in each of the following:

1. If tan x=x-— -

» then sec x - tan x is equal to

4x

1 1 i

a) —2x,— -—, 2x 2x d) 2x,—

() o (b) = () (d) o

2. Ifsecx=x+i,thensecx+tanx =

4x

(a)x,l (b) 2:(,L (C)—ZJc,L (d) —l:x

X 2x 2% x

3. If §<x<%,then Pﬁis equal to
|1+ sin x

(a) secx—tanx (b) secx+tanx  (c) tan x —secx (d) none of these
1+cosx,
4. fn<x<2m,then SR equal to
1-cosx
(a) cosecx +cotx (b) cosecx —cotx (c)—cosecx + cotx(d) —cosecx—cotx

1+ sin x

5. If0<x<£,andify+1= ——, then y is equal to
2 1-y {l-sinx
X % ¥ x X x
t = b) tan = c) cot=+tan = (d) cot = —tan —
(a) cot 3 byitang (e)Steosertanic S fal 5
6. If = <x<m then 1-s%nx+ 1+s.1nx is equal to
2 1+ sin x 1-sin x
(a) 2secx (b) —2secx (c) secx (d) —secx
7. If x =r sin B cos ¢, y =7 sin O sin pandz =r cos 6, then a= +y2 +z* is independent of
(a) 0, ¢ (b) r, 0 ©r, o (d) r
8. Iftanx+secx=J§,0<x<n,thenxisequalto
5n 2rn T T
S = 1 Al
@)= (b) 3 (©) z (d) -
9. If tanx=—%andxliesinthe IV quadrant, then the value of cos x is
J5 2 1 1
a) — b) —— c) = d) —
(a) T (b) T ()2 (d) N3
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10.

1 b P

]

16.

18.

IfE<a<rc,then 2cota+ 12 is equal to
4 sin” o

(a) 1 -cota (b) 1+ cota () -1+ cota (d) -1 -cota
sin® A+ cos® A+ 3sin? Acos? A =
(a) 0 (b) 1 (© 2 (d) 3
: Ifcosecx—cotx=-%,O<x<§,thencosxisequalto
5 3 3 5
= L. o dy =
(a) 3 (b) 5 (o) 5 (d) 3
. If cosec x + cot x =%, then tan x =
21 15 44 117
= by — === dy ==
@ 22/ b) 16 © 117 @ 44
14. sec? x = 42y is true if and only if
(x+y)
(@) x+y=#0 (b) x=y,x=0 () x=y (d) x=0,y=0
D D
15. If xis an acute angle and tan x = ! + then the value of ~2>o-_* Seczli
V7 cosec” x + sec” x
(a) 3/4 (b) 1/2 (©) 2 (d) 5/4
The value of sin® 5°+ sin? 10° + sin® 15°+... + sin? 85° + sin> 90°is
(a) 7 (b) 8 (c) 9.5 (d) 10
SR st Sk s ok s
18 9 18 9
(a) 1 (b) 4 (c) 2 (d) 0
If tan A + cot A =4, then tan? A + cot A is equal to
(a) 110 (b) 191 (c) 80 (d) 194

11

20.

tan? 60° cosec 30°

5.39

If x sin 45° cos? 60° = 5% , then x =
sec 45° cot” 30°
(a) 2 (b) 4 (c) 8 (d) 16
If A lies in second quadrant and 3 tan A +4 =0, then the value of 2 cot A -5 cos A +sin A
is equal to
(a) -53/10 (b) 23/10 (c) 37/10 (d) 7/10

[NCERT EXEMPLAR]

{ Ifcosecx+cotx=%,thentan =

(a) 21/22 ®) 15/16 (c) 44/117 () 117/43
. If tan 0 + sec 8 =¥, then cos 0 equals
eXe? 2 e¥ —e ¥ e
LR P Ll el X
& 2 E) et +e” ¥ « 2 e +e ¥
23. Ifsecx +tan x =k, cos x =
k% +1 2k k k
(a) (b) (€ 5—— (d)
2k k2 +1 k2 +1 k% -1
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24, If f(x) = cos? x + sec? x, then
(@) f(x) <1 (b) f(x)=1 (© 1<f(x)<2 (d) f(x)22
[NCERT EXEMPLAR]
25. Which of the following is incorrect?
(a) sin x=-1/5 (b) cosx=1 (c) secx=1/2 (d) tan x =20
26. The value of cos 1° cos 2° cos 3°...cos 179°is
@) 1/42 (b) 0 (© 1 d) -1
[NCERT EXEMPLAR]
27. The value of tan 1° tan 2° tan 3°...tan 89°is
(@) 0 (b) 1 (c) 1/2 (d) not defined
[NCERT EXEMPLAR]
28. Which of the following is correct?
(a) sin1°>sin1 (b) sin1°<sin1 (c) sin1°=sin1 (d) sin 1°=% sin 1
[NCERT EXEMPLAR]
29, Iftan 0 = -%, then sin 0 is equal to
(a) —Ebut not : (b) B or 4 (c) 4 but not - £ (d) none of these
5 5 B Yh 5 ]
[NCERT EXEMPLAR]
30. If sin 6 and cos @ are the roots of the equation ax® —bx+c =0, then a, b and c satisfy the
relation
() a? +b% +2ac =0 (b) a*-b*+2ac=0 (c) a*+c>+2ab=0 (d) a> —b>—-2ac =0
[NCERT EXEMPLAR]
31. If sin @ + cosec 6 =2, then sin? 0+ cosec? is equal to
(a) 1 (b) 4 (c) 2 (d) none of these
32. Which of the following is incorrect?
(@) si.n8=—é B)icosie1 ©) sec9=% (d) tan =20
[NCERT EXEMPLAR]
33. If for real values of x, cos6 =x + l, then
X
(a) 0is an acute angle (b) 0is a right angle
(c) Ois an obtuse angle (d) No value of 0 is possible
ANSWERS
1. (a) 2. (b) 3. (c) 4, (d) 5. (b) 6. (b) 7. (a) 8. (¢)
9.(a) 10.(d) 11.(b) 12.(b) 13.(c) 14. (b) 15. (@)  16. (¢)
17. (c) 18. (d) 19.(c) 20. (b)) 21. (9 22. (b) 23.(b) 24.(d)
25.(c) 26. () 27.(b) 28.(b) 29.(b) 30, (b 31 (e) 32.(c)
33. (d)
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SUMMARY
1. Following are some of the fundamental trigonometric identities:
iy 1
(1) sin x= Or, cosecx = —
cosec x sin x
.. 1 1 1
(ii) cosx = or,secx = (iii) cotx = or, tan x = .
sec x COoS X tan x cot x
: sin x Cos X ;
(iv) tan x = or,cotx = — (v) sin®x+cosZ x =1
cos x sin x
; 9 9 1
(vi) 1+tan“ x = sec® xor,secx—tanx = ———M
sec x + tan x
5 1

(vii) 1+ cot® x = cosec? x or, cosec x —cot x =

cosec x + cot x
2. (i) sin(-x) = —sin xor, cosec(-x) = —cosec x

(ii) cos(—x) = cos xor, sec(—x) = secx

(iif) tan (—x) = —tan xor,cot(-x) = —cotx

’ . (= T . n s
(iv) sin (E—xj = COS X, COS [E—-x] = gin x, tan (E—xj = cot.x, sec(z—x] = COoSec x
cosec[g—x] = secyx, cot[g—x] = tan x

(v) sin (g+xj=cos X, cos(%+x}=—sin x,tan(g+xJ=—cotx, cot [g+x)=-tan X

n T
sec(~+ x) = — cosec x, cosec(—-z-x}-—-secx
2 2
(vi) sin(m—x) = sin x,cos(n—x) = —cosx, tan (t—x) = —tan x,cot(n—%) = —cot x
sec (1: x) = —secx, cosec(n—x) = cosecx

4 3n ;
(vii) s ——x =—CO0S X, COS 7—x =-—sin x,
tan cot x, cot T—x =tan x

[BTE j [B‘rt ]
cosec ?—x = —secx, sec ?—x = —cosec x

1l

3n ;
(viii) s [—+.‘X]=—C05 X, cos[7+x)=sm X,

tan(++x —cot x, cot (%+x)=—tan X

3n 3n
cosec —;+x = —secx, sec —2—+x = Cosec X

(ix) sin (2m—x) =—-sin x, cos (2m—x) =cos x,
tan (27 —x) = — tan x, cosec (2r —x) = — cosec x

sec(2n—x) = secx, cot(2r—x) = —cot x
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(x) Sine and Cosine functions and their reciprocals i.e. Cosecant and Secant functions are
periodic functions with period 2. Tangent and Cotangent functions are periodic with
period T

(xi) Cosine and secant functions are even functions and all other trigonometric functions are
odd functions.



