CriapTE R A

VALUES OF TRIGONOMETRIC
FUNCTIONS AT SUM OR
DIFFERENCE OF ANGLES

7.1 INTRODUCTION

In this chapter, we shall derive formulae which will express the values of trigonometric
functions at the sum or difference of two real numbers (or angles) in terms of the values of
trigonometric functions at individual numbers (or anlages).

7.2 VALUES OF TRIGONOMETRIC FUNCTIONS AT THE SUM OR DIFFERENCE
7.2.1 COSINE OF THE DIFFERENCE AND SUM OF TWO NUMBERS
THEOREM  For all values of A and B, prove that
(i) cos(A—-B) = cos A cos B+ sin A sin B (ii) cos (A + B) = cos A cos B —sin A sin B
PROOF (i) Let X’OX and YOY' be the coordinate axes. Consider a unit circle with O as the
centre.
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Let P, P, and P; be three points on the circles such that ZXOP;=A, £XOP, =B and
£ XOP; = A - B (see Fig. 7.1, 7.2). As we have seen in Section 5.2 that the terminal side of any
angle intersects the circle with centre at O and unit radius at a point whose coordinates are
respectively the cosine and sine of the angle. Therefore, coordinates of P, P, and Py are
(cos A, sin A), (cos B, sin B) and (cos (A - B), sin (A — B)) respectively.

We know that equal chords of a circle make equal angles at its centre and chords Fy Pz and P; P,
subtend equal angles at O. Therefore,

Chord PO P3 = Chord Pl P2

= J[cos (A-B)-1)* +{sin(A-B)-0)* = J(cos B — cos A)? + (sin B —sin A)?

= {cos (A — B) —1}2 + sin? (A —B) =(cos B—cos A)? + (sin B —sin A)?
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= cosz(A—B)—Zcos(A—B)+1+ sinz(A—B) =cos? B+ cos? A —2cos A cos B

+sin? B+sin® A —2sin A sin B
= 2-2cos(A-B) =2-2cosAcosB-2sin Asin B
= cos (A —B) =cos A cos B + sin A sin B

Hence, cos (A —B) =cos A cos B + sin A sin B

(ii) Clearly, cos (A + B) = cos (A — (- B))

— cos (A + B) =cos A cos (- B) + sin A sin (- B) [Using (1]
= cos (A + B) =cos A cos B + sin A sin B [ cos (- B) =cos B, sin (- B) =—sin B]

Hence, cos (A + B) =cos A cos B —sin A sin B
DEED.

REMARK  This method of proof of the above formulae is true for all values of A and B whether positive,
zero or negative.

7.2.2 SINE OF THE DIFFERENCE AND SUM OF TWO NUMBERS
THEOREM  For all values of A and B, prove that

(i) sin (A — B) =sin A cos B—cos A sin B (ii) sin (A + B) =sin A cos B + cos A sin B

PROOF (i) sin(A—B)=cos{g—(A—B)} [ cos(g—x]=sinx:|

= sin(A—B)=cos{(§—AJ+B}

. B T . (= . + cos (A + B)
= sm(A—B)—cos(E—A]cosB—sm(—i—A)smB [:cosAcosB—smAsmB]
= sin (A — B) =sin A cos B —cos A sin B
(ii) sin (A + B) =sin (A — (- B))
= sin (A + B) =sin A cos (- B) — cos A sin (- B) [Using (i)]
= sin (A + B) =sin A cos B + cos A sin B [ sin (- B) =—sin B
Q.E.D.
7.2.3 TANGENT OF THE DIFFERENCE AND SUM OF TWO NUMBERS
THEOREM  For those values of A and B for which both sides are defined, prove that
@ tan(A+B)=tanA+tanB (ii) tan(A_B)ztaniﬂtanB
1—tan A tan B 1+ tan A tan B
PROOF (i) tan (A + B) = shndd. o f)
cos (A + B)
g ta.n(A-t—B):smACOSB-‘-Cf)SAanB
cos A cos B —sin A sin B
_tan A+tan B On dividing the numerator and denominator
= tan (A + B) 9t Atan B |:by cos A cos B }
(ii) tan (A —B)=tan (A + (- B))
3 . AR L [Using (i)

1-tan A tan (- B)
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tan A —tan B

= tan(A-B)=—————
1+ tan A tan B

Similarly, it can be proved that
cot(A+B)=C0tACOtB_1 . cot(A—B):COtACOtB+1
cot B + cot A cot B—cot A

7.3 MORE USEFUL RESULTS
THEOREM Prove that:
(i) sin (A + B)sin (A-B) = sin? A -sin? B = cos” B -cos” A

(ii) cos(A + B)cos(A-B) = cos? A —sin? B = cos® B-sin?® A

7.3

Q.E.D.

(iii) sin(A+B +C) =sin A cos B cos C + cos A sin B cos C+cos A cos B sinC —sin A sin BsinC

(iv) cos(A+B+C)=cos A cos B cos C —cos A sin B sin C —sin A cos Bsin C —sin A sin BeosC

tan A + tan B+ tan C —tan A tan B tan C
1-tan A tan B—tan Btan C —tan C tan A

(v) tan(A+ B+C) =

PROOF (i) sin (A + B) sin (A — B) = (sin A cos B + cos A sin B) (sin A cos B — cos A sin B)

= sin? A cos? B -cos? A sin? B
= sin? A (1 - sin? B) —(1 - sin? A) sin?B

= sin?2 A —sin? A sin? B-sin? B+ sin? A sin? B

=sin?A-sin?B =(1 —coszA) -1 - cos? B) =cos?B-

(ii) cos (A + B) cos(A — B) = (cos A cos B —sin A sin B) (cos A cos B + sin A sin B)
= cos? A cos® B -sin® A sin® B

= cos? A(1-sin? B) —(1 - cos? A) sin® B
= cos? A —sin? B

(1 -sin?® A) —(1 - cos® B) = cos® B-sin” A

(iii) sin (A + B+C)

sin ((A + B) +C)

sin (A + B) cos C + cos (A + B) sin C

(sin A cos B + cos A sin B) cos C + (cos A cos B —sin A sin B) sin C

(iv) cos(A+B+C)
= cos ((A + B) +C)
=cos (A + B) cos C —sin (A + B) sin C
= (cos A cos B —sin A sin B) cos C —(sin A cos B + cos A sin B) sin C

= cos A cos BcosC —sin A sin B cos C —sin A cos B sin C —cos A sin B sin C

tan (A + B) + tan C
1-tan (A + B) tan C

(v) tan (A + B+C) = tan {(A + B) + C)}=

sin A cos B cos C + cos A sin B cos C + cos A cos B sin C —sin A sin B sin C

cosZ A
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tan A + tan B
—~ +tan C
. 1-tan A tan B

1_{tanﬁ+tar13}anc

1 -tan A tan B

_ tan A + tan B + tan C —tan A tan B tan C
1—-tan A tan B—tan Btan C —tan C tan A

Q.E.D.

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

Typel ONFINDING THE VALUES OF sin (A + B), cos (A + B) AND tan (A = B) WHEN VALUES OF
ONE OF THE TRIGONOMETRIC FUNCTIONS AT A AND B ARE GIVEN

EXAMPLE1 [f sin A =~5§and cos B= % ,0<A <g ,0<B< g , find the values of the following:
(i) sin (A - B) (ii) sin (A +B) (iii) cos (A - B) (iv) cos(A + B)

0
SOLUTION We have, smA—éand cosB:E where 0 < A, B<E.
cos A = /1 -sin Aand smB—\fl—cos B
=5 cos A = fl—iziand,sin8=‘/1—iﬂﬂ
25 5 1681 41

(i) sin(A—B)=sinAcosB—cosAsinB__?i i_é 40 _ 133
5 1= 5 41 205
@ B s A B sty e LB
5 41 5 41 205
(iii) cos (A - B) =cosAcosB+s.mAsmB_E 2 E 0 _ ﬁ
5 4175 41 205
(B o oo B e Arepe s g i e e S AU O P
5 4 5 41 205

EXAMPLE2 [fsin A =§ , 0<A <gandcos B =_1—;2 , *<B <7 , find the following:
(i) sin (A - B) (ii) cos (A + B) (iii) tan (A - B)
SOLUTION We have, sin A -_-,E’. , where0 <A < g

cos A = -h/l—sinzA = 1_% 23

: i sin A
In the I quadrant tangent function is positive. Therefore, tan A =

3
cosA 4

It is given that: cosB=-% and n<B<%

sin B = tJl—coszB

g 2
-1-cos? B=- l—(%} :—% [+ Sine is negative in the IIl quadrant]

I

=5 sin B
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In the III quadrant tangent function is positive. Therefore, tan B = il g = 15—2
cos
3 e 12 4 -5 -16

(i) sin (A - B)

sin A cos B —cos A sin B

I

B 13ma B 1B - 65
4 =12 _3 -5 33

il os(A + B S
0 p g 7 OmiE5) 5 48 15 .13 . 65

cos A cos B—sin A sin B

1]
i
X

3 5
il e (A R 4 T 20
1+ tan A tan B 1+-3><7—5— 63
4 12

EXAMPLE3 Jf cos A =~:~ , cos B= % ; % <A, B<2n, find the values of the following:

(i) cos (A + B) (ii) sin (A —B)
SOLUTION We have, cosA =§ and cos B = % , where % <A, B<2n It is given that A and B

both lie in the IV quadrant in which sin A and sin Bare negative. Therefore,

sin A = —\/1—cos A=—Jl~126g=—§ and,sin B=—4/1 - cos2 B—— 1—— -—5~

13

(i) cos (A + B) = cos A cos B—sin Asin B = %x%—[_—sj[_—]

312 4 -5 _ 16

(ii) sin (A — B) = sin A cos B —cos A sin B

5 "985 1B 65
’ 1 5 3n T ;
EXAMPLE4 If cota =5 secf = =3 where T<o < o and 5 <B<mn Find the value of
tan (o + B). State the quadrant in which o + p terminates.
SOLUTION We have, cot o =1§ = tan o =2. Since P lies in the second quadrant. Therefore,

tan B is negative. Consequently,

1+ tan? B—sec B= tanj3~—\/sec p-1 = ,E—

tan o + tan B 2_5

2
tan (o +f3) = = R
l=stanatanf 1 5, "° 11

3

I;
Now, n<a<i—and <Bp<n = E}f<01+|3<—7E
2 2 2 2

We know that tangent function is positive in I and IIl quadrants.

%<a+ﬁ<% andtan(a+ﬁ)—£1>0 = o + [ liesinI quadrant.

Type II ON FINDING THE VALUES TRIGONOMETRIC FUNCTIONS AT MULTIPLES OF ]':

EXAMPLE 5  Find the values of the following:

(i) sm?—; (i) cos% (i) sin 2~ (v) cos =~

SOLUTION (i) Sm5£=sm(n+n) sinEms£+ccosEsinE =—1~x——+—-~x
12 4 6 4 6 .
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(ii) cosE = cos[E+EJ = CoslG0B S —in- g —Lxﬁ—ixl _¥3-1
4 6 i A6 AT 9 JF 25 2
(iii) sin - = sin(E—E) = SinECOSE—COS-TESinE—LXE——l—X—]— = V3 -1
12 4 6 46 476 2 2 22 2
(iv) cos£"~ cos[f—fj = cosEcosE+s'mEsi.nE = L><l'/—§-+ L xl = V3 +1
12 4 6 4 6 47 6 RS T TR )
EXAMPLE 6 Find the values of the following:
Gt INGERT] [ sn=t ¢ (i) tanl® @) an 2F  [NCERT]
12 12 12 12
tanlt»i&anj'—I 1—L J3
SOLUTION (i) tan£=tan(f—3]= 4 - 6n= ‘/15 o Na=l
12 2 5 JatanZwnl 14— V3+1
4 6 V3
T b1 1
tan — + tan — 1+—=
(ii) tangﬁ=tan(E+EJ= 4 6. _ \{j = V3 +1
12 4 6 1-tan ~tan © l1-— V3 -1
4wy B V3
(i) tan .~ = tan[’—‘+1) G L I [Using (i)]
12 212 12 : oo B WB=1
12
: 13x T r  3-1 .
iv tan — =tan| T+ — |= tan — = —— Using (i
(i) 12 ( 12) 12~ Y8+1 [Using (i)]
EXAMPLE 7 Prove that: tan E + cot E =4,
12 12
SOLUTION From Example 6, we obtain: an F = V3+1 L N v3-1
12 3-1 127 .9%  JY8+1
12

Substituting the values of tan f—; and cot %, we obtain

= 2 Ly
LHS=tan%+cmz="/§+1 V3 1_(«/§+1) +(+/3-1)

12 V3-1 Y3+1  (B-D3+1)

iy (4+2J§;i§4_2ﬁ) =g=4=RHS
Type III ON THE APPLICATIONS OF THE FOLLOWING FORMULAE:
(i) sin A cos B+ cos A sin B=sin (A+ B) (ii) cos A cos B * sin A sin B =cos (A F B)
EXAMPLES  Evaluate the following:

o e LT s 7 . 0w SR . 110 T T T
(i) sin — cos — — cos — sin — (ii) sin — cos — + cos — sin —
12 4 12 ! 4 12 4 12
2 By o 200 o
(iii) cos — cos — — sin — sin —
3 4 3 4
SOLUTION (i) smﬁcosi—cosﬁsinf=sin(7—ﬂ-EJ=sinE=ﬁ
12 4 12 £ 12 4 3 2
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(i) sin = cos — + cos T sin -~ =sin [E + i) sin =i =sin & =£
4 12 4 12 4 12 12 S P
2n T 2n T (Zn T[J 1= Ilm
(iii) COS — COS — — 8in — sin — =cos| — + — |=CoS—— = CO0S —
3 4 3 4 3 4 12 12
T s J3+1

=cos|T—— |=—-Ccos — = — See Ex. 5 (iv

[ 12] 12 V2 [ &l

2
EXAMPLE 9 Prove that: COS[E—AJCOS[E—ijsin(E— ] [ ) sin(A+B) [NCERT]
4 4 4
COS[E—A]COS(—"‘B] —sin[E—A] [ ]
4 4 4
cos{(EfA)+[£—BJ} =cos{5—(A+ B)} = sin (A + B) = RHS
4 4 2,

EXAMPLE 10 Prove that: sin (n+1) A sin (n+2) A +cos (n+1) A cos (1+2) A=cos A [NCERT]
SOLUTION LHS = sin(n+1)Asin(n+2)A+cos(n+1) Acos(n+2)A
cos (n+ 2)A cos (n+1)A + sin (n+ 2)A sin (n + 1)A
cos{(n+2)A-(n+1) A} = cosA = RHS
Type IV ON APPLICATIONS OF THE FORMULAE:
(i) sin(A+B) = sin A cos B+cos Asin B (ii) cos (A £ B) = cos A cos BF sin A sin B

tan A £ tan B

l¥tan A tan B

SOLUTION LHS

Il

n

1l

(iii) tan (A + B) =

EXAMPLE 11 Prove that:

(i) cos(§+x)+cos(&——x] V2 cos x [NCERT]
(i) cos[—e;—n+x)—cos(—4——x] —/2 sin x [NCERT]
SOLUTION (i) We have, cos(i«+x]+cos[g—x]
o o W b i B
= | COS — COS X —SINn — SIn X |+ | COS — COS X + SIn — SIn X
(o0 Foins)+(cos foin)
n 1
= 200S— oS X=2X ——X COS X =+/2 COS ¥
4 V2
(ii) We have, cos(ﬂ+xJ~cos(ﬁ—x)
4 4
[ 3n . 3T . ) 3n e ]
= | cos — cos X —sin — Sin X [—| COS — COS X + SIn —— SIn X
4 4 4 4
—(—ul—cosx~isinx]—[—~—}—cosx+i5inx)
V2 V2 V2 V2

=t sin x — : sinx———z—sinx——ﬁsinx
e 2 V2
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in(x+y) tanx+tany [NCERT]

s
EXAMPLE 12 Prove that: — =
sin (x-y) tanx-tany

, =it 5 .
SOLUTION LHS = Sn(¥+y _sin ¥cosy +cosx siny

sin (x —y) sin x cos y - cos x sin i
sin x cos y + cos x sin y

= Sl Dividing the numerator
"~ sin x cos i — cos x sin y and denominator by cos x cos y

COS X COS i
tan x + tan
= 23 Y . iRps
tan x —tan y

sin (B-C) " sin (C - A) y sin (A - B)
cos BcosC  cosCcos A cos A cosB

EXAMPLE13 Prove that:

SOLUTION We have,
sin (B-C) 5 sin (C — A) k. sin (A - B)
cos BcosC cosCcosA cos A cos B

LHS =

sin B cos C —cos Bsin C +sinC cos A —cosC sinA+sinAcosB—cosAsinB

cos BcosC cos C cos A cos A cos B

sin B cos C _cosBsinC+sinCcosA cosC sin A sinAcosB_cosAsinB

cos BcosC cos BeosC cochosA_cochosA cos Acos B cos Acos B

tan B—tanC +tan C —tan A + tan A —tan B= 0 = RHS

EXAMPLE 14 Prove that: [NCERT]

= ((4J) ==

n T n
tan (— £ I] tan — +tan x 1+tan — tan x
LHS = S 4

1-tan x

SOLUTION

tan E—x l—tangtanx tanE—tanx
4 4 4

l+tanx l1+tanx (1+tanx i
= P “—[ ]=RHS

l-tanx l1-tanx |l-tanx
BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 15 If tan A —tan B =x and, cot B - cot A =y, prove that cot (A —B) = l+ l

%Y

[NCERT EXEMPLAR]
SOLUTION We have, tan A —tan B = xand,cot B—cot A = y

Now,
cot B-cotA =y
1 1 tan A —tan B X
= _

=1 e A VP e
tanB tan A tan A tan B tan A tan B

i
y

=y = tan A tan B=
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1+=
Cot(A —B) = 1 =1+tanAtanB= y=x+y=l+l
tan (A - B) tan A —tan B x xy x.
ALITER We have, tanA-tanB=x and, cot B-cot A=y
= LI =x and, cotB—cotA:y:M=xand,cotB—cotA=y
cotA cotB cotA cotB
= —y————=xancilc:otB—cotz‘&-—-y:>cotAcotEB=z and cot B-cot A=y
cotA cot B X
L
cot(A—B):COtACOtB+1=x =l+l
cot B-cot A y i oYY
EXAMPLE16 If tana:—l—, tan = Jx and tan y=\[x“3+x'2+x'1,

x(x2+x+1) 1}x2+x+1

prove that o+ =v.

SOLUTION We have,
tan o + tan

tan (o + = —
(@ +P) 1—-tan o tan
R S
Jx(x2+x+1) “+x+1 (x+1) x(x2+x+1)
= tan (o +B) = | ,
o 3t RN Jx x(x“+x+1)-x
.Jx(x2+x+1) ¥ rx+l
x+1) fx (2 + x+1 x(x®+x+1 2 x+1 = =
= tan(a+)=( );/( )=‘/( : )=\/x(x4 )=x3+x2+x1
x°(x+1) X x
= tan (o + ) = tan vy
= a+p =y
EXAMPLE17 If o and B are acute angles such that tan o = and tan = , prove that
m+1 2m+1
T
a+p=-.
P 4
SOLUTION We have,
el = tan o + tan B
1 —-tan o tan
m 1
gt ) 2
m+1 2m+1 2me+m+m+1 2m*= +2m+1 s
= tan (o +f) = B s == =1 = tan =
_mo ot 2m*+3m+1l-m 2m°+2m+1 4
m+1 2m+1
T
= a+fp ==
B 4

EXAMPLE18 IfA+ B =g , prove that:
(i) (1 +tan A)(1 + tan B) =2 (ii) (cotA-1)(cotB-1)=2

SOLUTION (i) We have, A + B = g
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tan(A+B)=tan£

tan A + tan B

= Beae i Bl o M
1-tan Atan B

=5 tan A+tan B = 1 —-tan Atan B

= tan A+tan B+tan Atan B = 1 =l+tan A+tan B+tan Atan B = 2

= (I+tan A)+tan B(1+tan A) = 2 = (1+tan A) (1 +tan B) = 2

—_

ii) We have, A+ B =g

tan (A + B) =tan E

tan A +tan B
1-tan A tan B

= tan A + tan B=1-tan A tan B
=% tan A+tan B+tan Atan B = 1
= tanA+tanB+tanAtanB= 1
tan A tan B tan A tan B
= cot B+ cot A+1=cotAcotB
== cot AcotB—cotA—cotB =1 =>cotAcotB-cotA—-cotB+1=2
=5 cot A (cot B—1) —(cotB-1) = 2 = (cot A—-1)(cot B—-1)=2

ALITER Wehave,A+B=-;E

cot(A+B) = cotg

= M=l:>cotA+cotB=cotAcotB—l

cot A + cotB
= cot A cot B—cotA-cotB=1 =cotAcotB-cotAcotB+1=1+1
= cot A{cot B=1)—(cot B-1)=2 = (cot A -1) (cot B—-1) =2

71.sin o Cos o

2

EXAMPLE19 If tanf =
1-nsin® a

, show that tan (o —p) = (1 —n) tan .

SOLUTION We have,
tan o —tan B

tan (a0 —B) = ——
1+ tan o tan
sin o #sin o COSs o
0 e
cosa 1 -psin® o nsin o.cos o
=5 tan (o —f) = - - [ tanB=—2——
y p2G L BHHLGC COB O 1-nsin”a
cosa  1-nsin’a
sin o —nsin® o —nsin o cos? o ;
= tan (o —f3) = 5 3 [On taking LCM]
cos o (l—-nsin® o) +nsin” o cos o
sin o —n sin > Ot—ns'm()t(l—s'm2 o)
=" tan (o —P) =

cos o —n sin? o cos o + 1 sinZ o cos o
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sino—-nsina  sin o
= tan (o —p) = =

(1-n) =(1-n)tan o
cos o cos o

EXAMPLE 20 Prove that:
(i) tan 3x tan 2x tan x =tan 3x —tan 2x —tan x
(ii) cot x cot 2x — cot 2x cot 3x —cot 3x cot x =1 [NCERT]
SOLUTION (i) Clearly,
3x = 2x+x
= tan 3x = tan (2x + x)

tan 2x + tan x
= tan 3x =

1 —tan 2x tan x

= tan 3x (1 —tan 2x tan x) = tan 2x + tanx
= tan 3x —tan 3x tan 2x tan x =tan 2x + tan x = tan 3x —tan 2x —tan x =tan 3x tan 2x tanx

(i) Dividing both sides by tan x tan 2x tan 3x, we get
tan 3x tan 2x tan x  tan 3x —tan 2x —tanx

tan 3x tan 2x tan x tan 3x tan 2x tan x

1 1 1
" fan2x tanx tan 3x tanx tan 3x tan2x

=1 =1 =cotx cot2x —cot 3x cotx —cot 3x cot2x

Typ(’ V ON THE APPLICATIONS OF THE FORMULAE:
(i) sin (A + B) sin (A - B) =sin? A —sin? B (ii) cos (A + B) cos (A — B) = cos”> A —sin? B
] .
EXAMPLE 21 Prove that: tan (x + y) SR SO
cot(x-y) cos? x-sin?y

tan (x +y) sin(x+y) sin(x—-y)_sinzx--sinzyr=

SOLUTION LHS= = -
cot(x—y) cos(x+y) cos(x—y) cos?

RHS

x —sin? y
EXAMPLE22  Prove that : sin® 6x — sin® 4x =sin 2x sin 10x [NCERT]
SOLUTION We know that sin® A —sin? B =sin (A + B) sin (A - B)
sin? 6x —sin” 4x = sin (6x + 4x) sin (6x — 4x) = sin 10x sin 2x

EXAMPLE 23 Prove that : cos® 2x —cos? 6x =sin 4x sin 8x [NCERT]
SOLUTION LHS = cos? 2x — cos? 6x -

=(1 -sin? 2x) —(1 - sin? 6x) =sin? 6x —sin® 2x = sin (6x + 2x) sin (6x - 2x)

=sin 8x sin 4x = RHS

cos? 33° - cos? 57°

EXAMPLE 24 =—
Prove that 210 5 69° Np)
sin™ — —s1n
7, 2

cos? 33°—cos257° (1 —sin? 33°) —(1 —sin? 57°)
SOLUTION LHS= = - = 2 .

. 221° . 269 5 21° . 2 69

sin-™ —— —s1n T sin 7—51:1 7

sin? 57° - sin? 33°
sin? 2 _sin? %
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_ sin (57° + 33°) sin (57° - 33°)
e (21° 69°} ) [21° 69°J
sin 2 + SN |———

2 2 2
__sin%0°sin24° _ sin24° 5 oo
sin 45° sin (- 24°) _L{_ sin 24°
~
EXAMPLE 25 Prove that: sin? [-’f 2 )f sin? (E = 5] = - sin
g 2 g L= g

SOLUTION Using sin> A —sin? B = sin (A + B) sin (A - B), we obtain
sz[hzj_siﬂz[ﬁ_z]
g2 B 2
sin [E+£]+[E—£J sin [E+£]—(E—£) =sinEsinx=—1r-sinx=RHS
g8 2) \8 2 g8 2) \8 B 4 2

EXAMPLE 26 Prove that: cos 20 cos 2B + sin? (c —PB) —sin? (o + B) = cos 2 (a + B).

LHS

SOLUTION Using sin® A —sin? B= sin (A + B) sin (A - B), we obtain
LHS = cos 2a cos 2B + sin? (o —B) —sin? (o + B)

= cos 20 cos 2B+ sin (o0 —B+ o + ) sin (e =B — o =)

= cos 2a. cos 2 —sin 2a sin 2P

= cos (2a +2PB) = RHS
EXAMPLE27 Prove that: sin® A = cos> (A-B)+ cos? B-2 cos (A — B) cos A cos B.
cos? (A-B)+ cos® B-2 cos (A —B) cos A cos B
= cos® B + cos® (A—-B)—2cos(A-B)cos AcosB
= cos? B+ cos (A —B) { cos (A —B) — 2 cos A cos B}

= cos? B+ cos (A —B){cos A cos B+ sin A sin B~-2 cos A cos B}

SOLUTION RHS

= coszB+cos(A_B){sinA5inB—cosAcosB}

= c052B—cos(A—B)(cosAcosB—sinAsin B)

= cos? B—cos (A —B)cos(A+ B)

= cos® B —(cos:Z A —sin? B) = cos? B +sin? B—cos? A

=1-cos? A=sin?A = LHS

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 28 Jf 3 tan A tan B =1, prove that 2 cos (A + B) =cos (A - B).
SOLUTION We have,

bt A D = 3 sin A sin B L 1:>Cf)sAcosB N 3
cos A cos B sin A sin B 1
= ool el E GO MR [Applying componendo-dividendo]
cos A cos B —sin A sin B 3-1
- WEAE) oo d id e B = coslA—B)

cos (A + B)
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EXAMPLE29 Ifcos(o —f)+cos(B—v) +cos(y—a)= —g , prove that

cos o +cosP+cosy = sina+sinf+siny =0
SOLUTION We have,

cos(a—P)+cos(B-v) +cos(y—-a) = —g-
=% 2cosccosP+2sin asinff+2cosPcosy+ 2sin Bsin y
+2cosycoso+2sinysinoa=-3
= (2cos o cosP+2cosPcosy+2cosycosa)+(2sinosinB+2sinBsiny
+2sinysin a)+ 3=0
= (2 cos o cosPB+2cosPcosy+2cosycosa)+(2sin o sin B+ 2 sin Bsin y
2 2

+ 2 sin y sin o + (cos” o + sin a)+(c052B+sin2[3)+(coszy+sinzy)=0

2

= (cos a+c052B+c052y+2cosa.cosB+2cosBcosy+2cosycosu)

+(sin? o+ sin? B+ sin? y + 2 sin o sin B+ 2 sin P sin y + 2 sin y sin o) =0
= (coso.-f-c:l:)sB-H:osy)z+(s'm(:¢+s'mﬁ+sin~y)2 =0
= cosa+cosf+cosy =0 and sina+sinf+siny = 0

EXAMPLE 30 Ifsin B=3sin (2A + B), prove that 2 tan A + tan (A + B) =0.

SOLUTION We have,
sin B = 3sin (2A + B)
sin(2A+B) 1

sin B 3
sin {(A + B) + A} !

= o WL R R e o
sin {(A + B) — A} 3

= S_m it B ) +51.n (43 B ) 2t [Using componendo - dividendo]
sin{(A+B)+A}-sin{(A+B) -4 1-3

s {sin (A + B) cos A + cos (A + B) sin A} + {sin (A + B) cos A —cos (A + B)sin A} 1+ 3
{sin (A + B) cos A + cos (A + B) sin A} —{sin (A + B) cos A —cos(A + B)sin A} 1-3
2sin (A + B) cos A

= = -2
2 cos (A + B) sin A

= tan (A+B)cot A=-2 = tan(A+B)=—-2tan A = 2tan A +tan (A + B) =0

EXAMPLE31 If2 tan B + cot B = tan o, prove that cot =2 tan (a —f3).
SOLUTION  Clearly,
tan o —tan }

2tan (o0 —P) =24 ———
fa-f {1+tanatan5

2 tan f + cot B —tan
1+ (2 tan B + cot ) tan B

tan  + cot
2 2
1+2tan“pB+1
an f3 +

2

o 2(tanB+c0tB)= {t tan ﬁ} yal Sk
2+2tan? B 2(1+tan?p)  tanP

Hence, cotf = 2 tan (a —f).

=2 [Using : tan o =2 tan f + cot B
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EXAMPLE 32 Ifcos (o + B) sin (y + 8) = cos (o — ) sin (y — ), prove that cot . cot B cot y = cot 8.
SOLUTION We have,

cos (o + B) sin (y + 8) = cos (a —P) sin (y — d)

cos (a —P) 3 sin (y + 8)

= cos (a +B) = sin (y — §)
= coslo ) +cos (o) = 51'n (0 S.m (y=9) [Using componendo -dividendo]

cos (o —f) —cos (a + ) sin (y + 8) —sin (y — 9)
= 2C?SGC_OSB = 251“70_356 = cotocotP = tan ycot & = cot o cotfcoty = cot

2sinasinpB  2cosysin &
EXAMPLE 33 Prove that: w =cos (0 — ¢) + cot (x + ¢) sin (0 — ¢).

sin (x + @)
SOLUTION LHS = Sin(x+8) _ sin {(x + ¢) + (6 - )}
sin (x + ¢) sin (x + ¢)
_ sin (x + ¢) cos (6 — ) + cos (x + ¢) sin (6 — &)

sin (x + ¢)
= cos (0 — ¢) + cot (x + ¢) sin (8 — ¢) = RHS
EXAMPLE32 If cos(a+[3)=§, sin ((x—B)z% and o, B lie between 0 and g, prove that

56
tan 2o = 33 [NCERT EXEMPLAR]

SOLUTION It is given that a, B lie between 0 and /4. Therefore, —n/4 <o —B<n/4 and
0<a+p<n/2 So, cos(a —p)and sin (a + p) are positive.

Now, sin(a+f) = l—cosz(a+[3) = sin(a+p) = 1—% =§
and, eoalatp) -l (m=p) = cm(a=p) = 1—% . %
tan (e +f) = sin(ortp) = 3/5 = and, tan (o —p) = sin (a —Pp) =Pt
cos (o + B) 4/5 4 cos(a—f) 12
Now,
3+5
I B o tan (o + p) + tan (o —p) _ 4 12 =5_6
tan 20 = tan {(a +p) +(a —P)} = BT 1_§x£ 5

4 12
EXAMPLE 35 Prove that: tan 70° = tan 20° + 2 tan 50°

SOLUTION We have,
tanx—tany

tan (x—y) =
=0 l+tanx tany

= tanx-tan y = tan (x —y) (1 + tan x tan y)

Replacing x by 70° and y by 20°, we get
tan 70° — tan 20° = tan (70° —20°) (1 + tan 70° tan 20°)
= tan 50° (1 + tan 70° cot 70°) = 2 tan 50°
EXAMPLE36 Iftan (o +x) =ntan (o —x), show that: (n+1)sin 2x=(n-1)sin 2 a.
SOLUTION We have,
tan (o + x) = ntan (a0 —x)
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tan (o +x)  n
tan (o —x) 1
tan (o +x) +tan (oo —x) n+1

=> Bl “thla—9) e [Applying componendo-dividendo]

sin (o + x) cos (o —x) + cos (o + ) sin (@ —x)  n+1

sin (o + x) cos (o0 — x) — cos (o + x) sin (o — x) n-1

== 51'n(a+x)+(a—x) = ”+1=:~ 51-n2a = dul. = (n+1)sin 2x = {(n-1) sin 2«
sin (o + x) —(a — x) n-1 sin 2x n-1

EXAMPLE 37 Prove that: cot x cot 2x + cot 2x cot 3x + 2 = cot x (cot x — cot 3x).
SOLUTION  LHS = cot x cot 2x+ cot 2x cot 3x+ 2 = (cot x cot 2x + 1) + (cot 2x cot 3x + 1)
(cosx cos2x J (cost cos 3x J
=l ——t1 [+ ————+1

sin x sin 2x sin 2x sin 3x

[ cos2x cosx +sin 2x sinx i cos 3x cos2x + sin 3xsin 2x
sin x sin 2x sin 2x sin 3x
_ cos(2x —x) 4 cos (3x -2x) _ cosx cos X

sin x sin 2x sin 2xsin 3x  sin xsin 2x  sin 2x sin 3x

1 1 Ccos X sin x sin x
COS x - . + . . = * . - + - -
sin x sin 2x  sin 2x sin 3x sin x | sin xsin 2x  sin 2x sin 3x
sin (2x —x sin (3x — 2x
cot x - ( - ) + — ( - )
sin x sin 2x  sin 2x sin 3x

e sin 2x cosx —cos2x sin x + sin 3x cos2x —cos 3x sin 2x
’ sin x sin 2x sin 2x sin 3x

= cot x {cot x —cot 2x + cot 2x — cot 31 = cot x (cot x — cot 3x) = RHS

T 1
EXAMPLE 38 Iftan (m cos x) = cot (= sin X), prove that cos| x —— |=+ ——.
f tan ( cos x) = cot ( sin ), p ( 4] s

SOLUTION We have,
tan (n cos x) = cot (n sin x)
sin (mcos x)  cos (msin x)

= =
cos (7 cos x) sin (m sin x)
= sin (7 cos x) sin (7 sin x) = cos (n sin x) cos (n cos x)
=% cos (7 cos x) cos (7 sin x) — sin (m cos x) sin (T sin x) =
= cos (mcos x + msin x) =
= Trcos.x-s-wtsin:!c=tE cos(iEJ=0
2 72
. 1
= COS X+ SIn x = J_rE
1 1 ~
= —_COSX+——SINXY = +—— Multiplying both sides by 1/+/2
7 Ho 2JE [ plying y ]
A s ( ] 1
— COsSXcos—+smxsin - =+ ——= -— =t —=
4 4 \ 242

EXAMPLE39 Ifatan a+b tan p=(a+b) tan [ ] where o # B, prove that a cos B =b cos a.
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SOLUTION We have,

atan a+btan P = (a+b) tan (G;B)
= a4 tan a — tan (u.'—ﬁJ =b {tan [a+BJ—tanB
2 2
) a+BJ . (a+[3 J
a sin [a——m—— bsin| —— - ; .
= 0'-2+B = a+?3 { tan A —tan B =w
cosucos[ ] cos(——-- ) cos B poeccos B
2 2
asin (E:_@J b sin [L"[}J
2 2 a-p q
= = = acosP = bcosa [’.'a;tB.'.sin( ]#:0
Cos o cos B 2 ]
EXAMPLE 40 Ifsin o + sin p=aand cos o. + cos p = b, show that
b2 — 42 2ab
(i) cos (o +p)=———+ (i) sin (a +p) = ——
b2 4+ g* a% +b?
SOLUTION (i) We have,
b2+ 42 = (cosa+cosﬁ)2+(sin o + sin B)2
= b2+a? = (C052a+si112 a)+(coszﬁ+sinZB)+2(cosacosB+sinasinﬁ)
= b2 +4? =1+1+2cos(aa—f) = 2+ 2cos(a—p) (1)

and, b? - % = (cos a + cos B)2 —(sin o + sin B)2

= b —a% = cosza+coszﬁ—sinza—sin2[5+2(cosacosj3—sin a sin B)

= b%-4? = (cos2 o —sin? [3)+(c052[3—sin2 a) + 2 cos (o + )

= b2 -g% = cos (o + ) cos (o —f) + cos (B + o) cos (B— ) + 2 cos (o + )

= b% —a® = 2 cos (o +P) cos (o0 —P) + 2 cos (o + B) [ cos (B — o) = cos [~ (o —P)} = cos (a —P)]

= b2 -g? cos (o + B) {2 cos (o —B) + 2}

= b% 4% = cos (o +B) (b?' + az) [ Using (i)]

2_ 2 2 b -a*
Thus, b°-a" = (b"+a)cos(a+P) = cos(a+p) = T3

b= +a
(i) sin (o +P) = 4/1 —cos? (o + P)
. 4ap?
= sin(a+p) = = = =
b2 + a2 (a2 +05° B4t
EXAMPLE41 If a and B are the solutions of the equation atan x +b sec x =¢, then show that
tan (o +p) = 22“ 7 [NCERT EXEMPLAR]
a“-c

SOLUTION We have,
atan x+bsecx=c )
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= c—atan x = bsecx
=5 (c —atan x)z = b2 sec® x
= %+ a®tan? x—2ac tan x =b2(l + tanzx):> tan? x (a2—~b2) —2ac tanx+(cz— bz) =0 ...(ii)

It is given that a and P are the solutions of equation (i). Therefore, tan o and tan p are roots of
equation (ii).

2 2
c“=b
tan o + tan B = 22“2 and, tan o tan f§ = 5
a“-b a“-b
2ac
tan o + tan B (a2 —bz) 2ac
Hence, tan (o +f) = = =
1-tan o tan B c2 —p? a® —c*
gre
EXAMPLE42 If o and Pare the solutions of a cos x + b sin x =c, then show that
2 2 2 2 2
- 2c° —(a“ +Db :
(i) cos(a +P) = ﬂz bz (]]) cos (a _ﬁ) = %_)_ [NCERT EXEMPLAR]
a~+b a“+b
SOLUTION We have,
acosx+bsinx = ¢ (1)
= acosx = c—bsinx
= a* cos® x = (c —b sin Jc)2
= a2(1 ~sin? x) = c?- 2bc sin x + b2 sin? x= (a2+ bz) sin? x - 2bc sin x +(c2~ az) =0 (i)
Since o, Pare roots of equation (i). Therefore, sin o and sin p are roots of equation (ii).
> =gt
sin o sin ﬁ = T ...(iii)
a+b
Again, acosx+bsinx=c
= bsin x=c—acosx
= b2 sin2x=(c—a cos Jc)2
= b2 (1 — cos? x) =(c —a cos x)2 = (c.r2 + bz) cos® x —2ac cos x + ¢2 -b* =0 (iv)
It is given thata, Pare the roots of equation (i). So, cos «, cos Bare the roots of equation (iv).
2 2
c“=b
Cos @ cosff = —— (V)
a® +b?

Using (iii) and (v), we obtain
% N . L I
a* +b> _a2+b2 2%+ b2
gl p2 ftang? ol 202 —(a2 +b2)
a2+b2+az+b2_ a* +b?

cos(a +f) = cosocosP-sinasinff =

and, cos (a0 —P) = cosa cosPf+sinasinf =

- oun ; _—
EXAMPLE 43 Prove that: ———~ 4 511 3% e 1 (tan 27 x — tan Xx).
cos 3x cos9x cos27 x 2

SOLUTION We have,
sin x : sin 3x  sin 9x

+
cos 3x cos9x cos27x
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2 sin xcosx+ 2 sin 3x cos 3x y 2 sin 9x cos 9x
coSs 3x cos x cos 9x cos 3x cos 27 x cos 9x

P =

sin (x + x) sin (3x + 3x) sin (9x + 9x)
cos 3xcosx cos 9x cos 3x  cos 27x cos 9x

P | =

J
sin 2x sin 6x 4 sin 18x
cos 3x cos x cos 9x cos 3x  cos 27x cos 9x
sin (3x — 1) sin (9x — 3x) + sin (27 x — 9x)
cos 3x cos X cos 9x cos 3x cos 27x cos 9x

{sm 3xcosx —cos 3xsinx " sin 9x cos 3x —cos9xsin 3x " sin 27 xcos9x —cos27 xsin 9x}

2 cos 3x cos x cos 9x cos 3x cos 27 x cos 9x

1{sin3xcosx c053xsi_nx+sir19xc053x c059x3m3x+sin27xcos9x c0527x5'1n9x}
2 lcos3xcosx cos3xcosx cos9xcos3x cos9xcos3x  cos27xcos9x  cos27xcos9x

= % {(tan 3x - tan x) + (tan 9x — tan 3x) + (tan 27x — tan 9x)} = %(tan 27 x —tan x)

EXERCISE 7.1

BASIC

1. Ifsin A =§ and cos B =% , where0 <A, B <g , find the values of the following:

(i) sin (A + B) (ii) cos(A+B) (iii) sin (A - B) (iv) cos (A -B)
2. (a) Ifsin A :%and sin B =§ P whereg <A<mand 0 < B(E,ﬁnd the following:

(i) sin (A + B) (ii) cos(A + B)

(b) Ifsin A = :— ,co8 B=— % , where A and B both lie in second quadrant, find the value

of sin (A + B). [NCERT]
3. Ifcos A = —%and cos B_g where 1< A <% and 5 " <B<2n, find the following:
(i) sin (A + B) (ii) cos(A + B)
4. Iftan A =E, cosB=i,wheren<A <ET—rand0<B<E,find tan (A + B).
4 41 2 2
. 1 12 T 3n .
5 Ifsin A==, cos B=-=,where—= <A <n and = < B <2, find tan (A - B).
2 13 2 2
6. Ifsin A :%, cosB:‘JZE,,whereg<A <m and0<B<£25,ﬁndthefolIowing:
(i) tan (A + B) (ii) tan (A -B)
7. Evaluate the following:
(i) sin 78° cos 18° — cos 78° sin18° (ii) cos 47°cos13° —sin 47°sin 13°
(iii) sin 36° cos 9° + cos 36° sin 9° (iv) cos 80° cos 20° + sin 80° sin 20°

8. If cos A= —% and cot B =37§, where A lies in the second quadrant and B in the third

quadrant, find the values of the following :
(i) sin (A+B) (i) cos(A + B) (iii) tan (A + B)



VALUES OF TRIGONOMETRIC FUNCTIONS AT SUM OR DIFFERENCE OF ANGLES 7.19

7n 5
9. Prove that: cos—+cos£ = sin —E—sm b

12 12 12

10. Prove that: fon A ubingi = 2 (A + B)

tan A —tan B sin (A - B)
11. Prove that:
) cos 11°+sin 11° ... €0s 9°+sin 9° cos 8°-sin 8°

- =tan 56° (iij) ————— =tan 54° (iii) ——— =tan 37°
cos 11°-sin 11° cos 9°-sin 9° cos 8°+sin 8°

12. Prove that:

o)
sy s 2
i) sin (25 cos( 2 +5J+cos( 5 )sin (245

tan 69° + tan 66°
1 —tan 69° tan 66°

I

1

13. Prove that:

BASED ON LOTS
14, (i) Iftan A =% and tan B =11—1 , prove that A + B:g

(ii) Iftan A =—" and tan B= , then prove that A —B="
m-1 2m -1 4
15. Prove that:
(i) cos? E —sin? % =g (i) sin? (n+1) A —sin? nA =sin (2n+1) A sin A

16. Prove that:

Q) s'm(A+B)+sin(A—B)=tanA
cos (A + B) + cos (A — B)
sin (A — B) i sin (B-C) " sin (C.— A) 4
cos Acos B cos BcosC cosC cos A
sin (A - B) " sin (B-C) 2 sin (C — A) 8
sin Asin B sin BsinC sin C sin A

(ii)

(iii)

(iv) sin® B=sin® A + sin? (A — B) - 2 sin A cos B sin (A — B)
(v) cos? A + cos? B—2 cos A cos B cos (A + B) =sin2 (A+ B)
tan (A +B) _tan” A —tan? B
ot (A-B) 1-tan? A tan? B
17. Prove that:

(i) tan 8x —tan 6x — tan 2x = tan 8x tan 6x tan 2x

(vi)

(ii) tan B T WAL L |
12 6

(iii) tan 36° + tan 9°+ tan 36°tan 9°=1
(iv) tan 13x — tan 9x — tan 4x =tan 13x tan 9x tan 4x
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tanZ 2x — tan 2 x

18. Prove that: 3 g tan 3x tan x
1-tan® 2x tan“ x
g e R [NCERT]
sin(x-y) a-b tan y b

(ii) If cos (0 + §) =m cos (6 — @), then prove that tan 0 = 1 ;'" cot ¢. [NCERT EXEMPLAR]
m

m(A—B)=x—1
in(A+B) x+1

21. Iftan (A + B)=x and tan (A - B) =y, find the values of tan 24 and tan 2B.

[NCERT EXEMPLAR]

22. If cos A + sin B=mand sin A + cos B =n, prove that 2 sin (A + B) = m? +n® -2,

23. Iftan A + tan B=aand cot A + cot B =b, prove that: cot (A + B) el —%.
a

S
20. If tan A =x tan B, prove that
s

BASED ON HOTS

24, If x lies in the first quadrant and cos x = % , then prove that

P
cong+xJ+ COoS E—x]-&cos[%—x] 23[J— = LJ [NCERT EXEMPLAR]

\ 17| 2 V2
)
25. If tan x + tan(x+£)+ tan[ —ﬂ 3, then prove that f’mx—t?JC:l.
8 3 1=3tan” x

26. If sin(a +f)=1 and sin (o —-p)==, where 0<a, [35125, then find the values of

1

)
tan (o + 2f) and tan (2a + B).

. If a, B are two different values of x lying between 0 and 27 which satisfy the equation
6 cos x + 8 sin x =9, find the value of sin (o + f).

28. If sin o + sin B=a and cos o + cos B =b, show that

2 2
()i fe Bt R A e

[
~1

% + b2 b2 +a?
29. Prove that :
(i) 1 _ cot (x —a) —cot (x —b)
sin (x —a) sin (x —b) sin (a —b)
N _cot (x —a) + tan (x - b)
(i) sin (x —a) cos (x —b) N cos (a—b)
1 _ tan (x —-b) — tan (x —a)
(ili) cos(x—a) cos(x—b) sin (2 —b)

30. If sin o sin f—cos o cos f+1 =0, prove thatl + cot a tan p=0.
31. ftana=x+1, tanB=x—1,showthat2c0t(a—B)=x2.

32. Ifangle 8 is divided into two parts such that the tangent of one part is A times the tangent of

other, and ¢is their difference, then show thatsin 6 = ;t-*-; sin ¢. [NCERT EXEMPLAR]

sin o —cosa
33. Iftan x=——— " then show that sin « + cos o =+/2 cos x. [NCERT EXEMPLAR]
sin o+ cos o
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34. If o and P are two solutions of the equation atan x +bsecx =¢, then find the values of
sin (o +B) and cos (o + f).

ANSWERS
.. 56 . o =186 ML o
ti = i = L
(i) o (i) %5 (iii) = (iv) =
. 16 .. 63 -56
2, — = e
(a) (@) = (ii) = (b) o
53 -12
8 b Gy =2 a, (2287 5 5V3-12
5 5 84 5+124/3
6. (@) O (i) -3
7. () iz_?i (ii) % (iif) % (iv) %
» —36 . 028 36 X+y x-y
8 — == - 18, —=, —~
D 5 W 32 W) =53 1w T+xy
1 24 2ac c2—a2
26.—«/3,———— 27. — 34, sin (o +f) =- ,cos(a+p) =———
V3 25 n (o+) a® + c? o+ c? +a?
HINTS TO SELECTED PROBLEMS
9. LHS=cos(E+l]+ cos[E—£J=—sin I 4sin iTE: RHS
219 5 19 12 12
cos 11°+_sir]_11°
4, M= 2=t & glatanllby tm B atn Tl o s 179 = SSRGS
cos11°-sin11° 1 _tan 11° 1-tan 45° tan 11°
cos11°
19. (i) s%n (x+y):a+b
sin (x-y) a-b

sin (x+y) +sin (x-y) (a+b)+(a-b)
sin (x+y) —sin (x—-y) (a+b) —(a—b)

[Applying componendo and dividendo]

2sinxcosy 2a tan x

a
2cosxsiny 2b tan y b

(i) cos (0+¢)=m cos (0-9)
cos(B6-¢) 1

cos(0+d¢) m
cos (0 —¢) + cos (0 + ) =1+m

= Applyin, doand dividendo
cos (B—0)—cos (0+¢)  1-m [Applylngeomponendo ]
= 2c?sec?s¢=1+nx c0t¢=1+m:> tan9=l—mcot¢
2sinOsin ¢ 1-m tan® 1-m +m

29. (i) We have,

1 B 1 sin (a —b)
sin (x —a) sin (x —b)  sin (a—b) | sin (x —a) sin (x —b)
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1 [sin (x—b)—(x—a)i]

sin (a —b) | sin (x —a) sin (x —b)

1 [sin (x —b) cos (x —a) — cos (x —b) sin (x—a):l

sin (a —b) sin (x —a) sin (x - b)
s 1 [s'%n(x—b) c?s(x—a)_c?s(x—b) s:m(x—a):|= : ot Ge=ay sttt
sin (a-b) | sin (x —a) sin (x-b) sin (x—a) sin (x-b) | sin (a-b)

Similarly, we can prove other two parts.

32. Let o and P be two parts of angle 6. Then, a+B=6. It is given that a -f=¢ and
tan o = A tan B.

Now, tan a = A tan B

tana A
= ==
tanf 1
t t s i ls
= At b Jeel [Applying componendo and dividendo]
tan oo —tanff A-1
sin a+sin[3
o coso cosf A+l = sin . cosB+cosasin B A+1
sina sinf  A-1  sinocosB-cosasinP A-1
cosa cosf
o s%n(a+13)=l+1:b sm9=l+1 = sine=l+1sin¢-.
sin (a-p) A-1 sing A-1 A-1
sin o —cosx
33, fan p=— DO TERT  _coSq [Dividing numerator and denominator by cos a]
sin oo +cosq S a+cosa
cos o
tana -1 ( 11:) T T
= tanx=— = tanx=tan|o-— [ x=0-——= o =X+—
tana +1 4 4

; ; T b RIS 1 ’
. sin o + cos a =sin x+Z + cos x+Z =ﬁ(smx+cosx)+—(cosx—smx)=\ffcosx

V2

- sin o —cos o
ALITER tanx=———
sin o + cos o

sin o + cos o

. 2
sin a —cos a
= sec x = 1+tan2x=\{1+(—)

= 1 [(sin a+cos (1)2+(sin o —COoS (1)2 i g 2
cos X (sin @ + cos 01)2 cos X (sin o + cos a)2
1 2 .
= = V2 = sin o +cos a =+/2 cos X

COS X Sin o+ cos o
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7.4 MAXIMUM AND MINIMUM VALUES OF TRIGONOMETRICAL EXPRESSIONS

We have learnt that for those values of x for which trigonometrical functions are defined, we
have

—-l1<sinx<1,-i<cosx<1l,-w<tan x <w cosecx =1 or cosec x <—1,secx>1orsecx <-1
and, — < cotx <

In this section, we will find the maximum and minimum values of trigonometrical expressions
of the form a cos x + b sin x for varying values of x.

Let f(x) = acos x +b sin x Further, let 4 = rsin @ and b = rcos a. This assumption is

construct a right angled triangle with a and b as two sides and r =va” +b? as hypotenuse.

; a rsinao
Then, @ +b% =12 sin? o + 2 cos? o and, — =
b rcosa
; a a
= 2% + b2 =2 (sm2 o + cos> o) and, Eztan = =\,‘a2 + b2 and, tan o =E

Substituting the values of 2 and b in f (x), we obtain
f(x) = rsin o cos x +r cos asin x= r(sin o cos x + cos & sin x) = r sin (& + x)
We know that
-1<sin (a+x) <1 forallx
= -r<rsin(a+x)<r forallx [Multiplying throughout by r]

=5 —Jaz +b? <f(x) swlaz +b? forall x
=% —1}az+b2Sacosx+bsinx:§1/a2+b2 for all x

; gk . [ [ 2
Hence, maximum and minimum values of @ cos x +b sin x are +/a> +b> and —+/a® +b>
respectively.

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Find the maximum and minimum values of 7 cos x + 24 sin x.

SOLUTION  We know that the maximum and minimum values of a cos x + b sin x are \/a* + b*
and — a% +b? respectively. Hence, the maximum and minimum values of 7 cos x + 24 sin x
are \/72 +24% =25and — 7% +24% =- 25 respectively.

EXAMPLE 2 Find the maximum and minimum values of the following expressions:

(i)3cosx+55'm[x—-§] (i) 4sinx—3cosx+7

SOLUTION (i) Let f (x) = 3 cos x +5 sin [x - EJ Then,

5V3

h n ks . 5
3cosx+5 smxcosg—cosxsm—é = 3cosx+Tsmx—5cosx

1 53

—CcosX+——sin x

2

f&)

I

= f (=)
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2 2
l +%_§ —cosx+——sm 1’% +5J_ for all x.

2
1 i < i) <.~ _— gl
2 o) 2

= l 7— 3cosx+551n( —EJ 1’—ﬂh—fc;rall.x
4 4 6

= —JﬁsScosx+55in(x—4J< 19 forall x

Hence, —+/19 and 19 are respectively the minimum and the maximum values of
3cosx+55in(x—£).

(ii) Letf(x) = 4sinx—3cosx+7

We know that
-~\//J:2+(—3)2 < 4sin x — 3 cos x sw/42+(—3)2 for all x
= —-5<4sinx—-3cosx <5 forallx
= -5+7<4sinx-3cosx+7 £5+7 forallx
=5 2< f(x) <12 forallx

Hence, minimum and maximum values of 4 sin x — 3 cos x +7 are 2 and 12 respectively.
BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 3 Prove that 5 cos x + 3 cos [x + g) + 3 lies between — 4 and 10.
SOLUTION Let f(x) = 5 cos x + 3 cos [x + —g) + 3.Then,

f(x) =5cos x+ 3(cosxcosg—sinxsin g)+3 =5cosx+§cos x—S—f sin x+ 3

= flx)= Ecosx——3£5m x+3 -.(i)
2 2
2 2
(13]2 3v3) _13 3E (13)2 3V3
-fl=| +] —| £—cosx- sin x <= +| —
2 2 2 2 2
= —-7S~1§cosx—$ sinx <7 forallx
= —7+3£%cosx—¥sinx+3 <7+ 3 forall x
=5 —4<5cosx+ 3cos(x+gJ+3510 for all x [Using (i)]

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)
EXAMPLE 4 Find a and b such that the following inequality holds good for all x :

aSScosx-rSsin[x—g](b

Also, find the greatest and least values of a and b respectively.
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SOLUTION Let f(x) =23 cosx +5 sin [x - EJ Then,

f(x)=3cosx+5[sinxcosg~cosxsin g)= 3cosx+5{‘/2§ sin:r—%cosx)

= f(x)= -cosxq-ﬂsmx

1’ i % + = sm 5—\2/5 for all x

= —x/_<3cosr+55m(x——J < V19 forall x
Hence,a <-+/19 and b > /19.The greatest value of a is —+/19 and the least value of b is/19.

7.5 TO EXPRESS 1 cos x + b sin x IN THE FORM 7 sin (x + o) OR 7 cos (x + o)

Sometimes we need to express trigonometrical expressions of the form a cos x + b sin xin terms
of sine or cosine of single term. We may use the following algorithm to do so.

ALGORITHM
Step1 Multiply and divide f (x) =a cos x + b sin x by \/a* +b* to get

b ,
f(x)=\}a2+b2 \/ﬂz—asz— Wsmx

l : [ P— ,
StepIl Inorder to express f (x) in terms of sine of some term, replaceﬁ i.e. coefficient of cos x by
a“+b

sin o and :/_b.”— i.e. coefficient of sin x by cos a. This gives the following :

COs X +

a“+b

f(x)=1}a2 +b? {sin o cos x + cos a sin x} = 1{:12 +b? sin (x + o)
To express f (x) in terms of cosine of some term, replace coefficient of cos x i.e.

a
1fa2 + b2 A

cos a and coefficient of sin x i.e. % by sin o. This gives the following:
a“+b

Fia) = a® +b? (cos @ cos x + sin @ sin x) = \/a2+b2 cos (x — a).

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)
EXAMPLE1 Reduce +/3 sin x + cos x as a single term consisting (i) sine only (ii) cosine only.

SOLUTION Let f (x) = +/3 sin x + cos x. Then,
f(x) = /3 sin x + cos x

= f(x) =2 {g sin x + % cos x} [Multiplying and dividing by+/(v3)? + 12 i.e.by 2:|
= f(x) =2 sin x cos = + cos x sin E} =Zsin(x+EJ ﬁ=cos£andl = gin =
6 6 6 2 6 2 6
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Again,
flx) =2 Esin:c+lcosx = 2{5in£sinx+c05£cosx}
2) 2 3 3
= filx) =2 {cosxcos£+s'mxsin E} = 2cos(x—£].
' 3 ] 3

EXAMPLE2  Express 3 cos x — 4 sin x as sines and cosines of a single expression.
SOLUTION Let f (x) = 3 cos x —4 sin x. Multiplying and dividing by + 32 i-AZie. by 5, we

get

f(®) = 32 +(-9)?

cos x —

3 4 .
——mm—————— —_ SN X
432 + (- 9?2 432 £ (02

= f(x) =5 [%cosx—gsin x)

= f(x) = 5(sin a cos x —cos a sin x) , where sin a. = gandcosa = %
= f(x) = 5sin (o —x), where tan o = :::-
Again,
3 4 .
X) =5 |=cosx—=sinx
7 =5 (2 cosx—sinx)
= f(x) = 5(cos a cos x —sin « sin x), where cos . = gands'm o = %
= f(x) = 5cos(a+x), wheretan a = %
EXAMPLE 3 Find the sign of the expression sin 100° + cos 100°.

SOLUTION sin 100° + cos 100°

1 1
=J§[— sin 100° + —— cos 100°J=J§ cos 45° sin 100° + sin 45° cos 100°

72 72 ‘ )
=+/2 sin (100° + 45°) =+/2 sin 145°, which is a positive real number. [.© sin 145° is positive]

EXERCISE 7.2

BASIC

1. Find the maximum and minimum values of each of the following trigonometrical

expressions:
(i) 12 sin x -5 cos x (i) 12cosx+5sinx+4
(iii)5cosx+351n(g—x)+4 (iv) sinx-cosx+1

2

. Reduce each of the following expressions to the sine and cosine of a single
expression:

(i) V3 sin x —cos x (ii) cos x —sin x (iii) 24 cos x +7 sin x
BASED ON HOTS

. Show that sin 100° — sin 10°is positive.
4. Prove that (2 V3 + 3) sin x + 2/3 cos x lies between —(2+/3 + V15) and (243 + 15).

(5]
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ANSWERS
1. Minimum Maximum Minimum Maximum
(i) -13 13 (ii) -9 1%
(iii) -3 11 (iv) 3 ] 1++2
2. (i) 2sin (x—gj, —2cos(335+ x) (ii) +/2 sin (g—xj, chos(g+xj

(iii) 25 sin (o +x) , where tan o =% , 25 cos (x — ), where tan « =:’27E

HINTS TO SELECTED PROBLEMS

4. (243 + 3) sin x + 23 cosx =(2+/3 sin x + /3 cos x) + (+/3 cos x + 3 sin 1)

Now, —+/15 <2+/3 sin x + v/3 cos x £+/15 and, —/12 < /3 cos x + 3 sin x <412
Adding the two inequalities, we obtain

—15 =12 £24/3 sin x + /3 cos x + /3 cos x + 3 sin x <15 + V12

=  —(2V3++15) £(243 + 3) sin x + 24/3 cos x < (243 + +/15)

FILL IN THE BLANKS TYPE QUESTIONS (FBQs)

10.

11.

12,

13.

The maximum value of 3coSx +4SIN X +51S .ivivcriiiveiiirecrriseresesinns ;
The minimum value of 4cosx = 3SIN X +7 IS oovveeerereeeereseecnsresrenneeans ;

If sin B+ cosB =1, then the value of SIN 2015 ...ccooieiiiiiiiiciceceens .

FA-B="
4

IfA+B=L
4

»then (1 +tanA) (1 =tan B) =..caunaiissiiig :
,then (1+tan A) (1+tan B) =...ccoiveereveeieerninrereeninen ;
Ifcos(A—B)=§and tan A tan B=2, then sin A Sin B =...ccoceoeeiiiveeevvcieinenens d

TRt Y = 2 Sthen X+ Y4z = .

cos 6 cos[B—EJ cos(9+ %ﬂj
3 3

The value of cot(%+x] cot(g—x]is ...................................... .

If sinxcosy =i and 3 tan x =4 tan y, then sin (x — ) is equal t0 ....ccovvvvvrvrerrierreeeens
Ifcosz(g+xj—sin2(g—x)=k €08 28 then k= winussmssisssssiiisssisss :

Iftanx=%andtany=%,thenthevalueofx+yis ...................................... ;

The value of tan5xtan 3xtan 2x —tan5x + tan 3x 4+ tan 24 1S covvveeeeiicecereeiseeee s d

The value of COS— — SIN ~ I8 vvvvvoeeerrrrroeeessosesssmsesee .
e va 12 2
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ANSWERS

2
3. ‘0 4.2 5,2 6.§ 7.0 8. 1

—
=N

: Fir 10. 1h I8

12. 0 i
13 72

VERY SHORT ANSWER QUESTIONS (VSAQs)

Answer each of the following questions in one word or one sentence or as per exact requirement of the
question:

= A

1. fa+p-y=m and sin? o +sin? [3—-sin2 y = A sin a sin B cos y, then write the value of A

. Ifxcos® = ycos(6+EJ = zcos(9+E),thenwritethevalueofl+l+1.
3 3 b S

[

3. Write the maximum and minimum values of 3 cos x + 4 sin x + 5.

4. Write the maximum value of 12 sin x — 9 sin? x.

5. If12 sin x — 9 sin? x attains its maximum value at x = o, then write the value of sin o.
6. Write the interval in which the values of 5 cos x + 3 cos (x + g) + 3 lie.

7. Iftan (A + B) = pand tan (A — B) = g, then write the value of tan 2B.
Ssol) o T , then write the value of tan x tan y.
cos (x + y) n

8. If
2z 4r i
9, Ifa = b cos _3— = ¢ cos 3 then write the value of ab + bc + ca.

10. If A+ B = C, then write the value of tan A tan B tan C.
11. Ifsin o —sin B = aand cos o + cos B = b, then write the value of cos (o + f3).

1 1
12. If tan o = and tan § = ————, then write the value of a +f lying in the
1+2°% 140%+1 ymg
interval (0, ©t/2).
ANSWERS
1.2 2.0 3. Maximum = 10, Minimum =0 4, 4 5. %
6. [-4,10] 7. L1 g " g.0 10. tan C — tan A — tan B
1+pg m+n
a2 +b% -2 T
13 ——— 12, —
2 4

MULTIPLE CHOICE QUESTIONS (MCQs)

Mark the correct alternative in each of the following:

1. The value of sin? “in - sin2 = is
12 12
(@) 1/2 (b) V3/2 (€)1 (d) 0

2. If A + B+ C =m, then sec A (cos B cos C —sin B sin C) is equal to
(@) 0 (b) -1 (c) 1 (d) none of these
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3.

10.

11.

12.

13.

14.

15.

16.

tan 20° + tan 40° + +/3 tan 20° tan 40°is equal to

@ (B} — (c) V3 (d 1
Iftan A=—" _andtan B = L , then the value of A + Bis

a+1 2a+1

T T T

(@) 0 (b) 5 (0 3 (d) 1
If3sin x+4cosx=5,then4dsinx-3cosx =
(@) 0 (b) 5 ()1 (d) none of these
Ifina A ABC, tan A + tan B + tan C =6, then cot A cot B cotC =
(a) 6 b) 1 (c) 1/6 (d) none of these
tan 3A — tan 2A —tan A is equal to
(a) tan3 Atan2 A tan A (b) —tan3 Atan2 A tan A
(c) tanAtan2 A-tan2 Atan3 A-tan3 Atan A (d) none of these

tan A + tan B+ tan C

. If A+ B+C =mn, then is equal to

tan A tan B tanC
(a) tanAtanBtanC (b) 0 ()1 (d) none of these

Ifcos P = % and cos Q = 3 ,where P and Q both are acute angles. Then, the value of P-Q is

i3 s s S5n
@ = ® 3 © 7 @
If cot (o + B) =G, then sin (o + 2 p) is equal to
(a) sin a (b) cos 2 (c) cos o (d) sin 2 o

cos 10° + sin 10°
cos 10° —sin 10°
(a) tan 55° (b) cot55° (c) —tan 35° (d) —cot 35°

The value of cos? [g + x] —sin? [g - x)is

is equal to

1 1 1
(a) F cos 2x (b) O (c) - 5 cos 2x (d) 5
If tan 6 tan 6, =k, then %;—gz—; =

1+k 1-k k+1 k-1
& e o S @
If sin (7 cos x) = cos (7 sin x), then sin 2x =
(@) % % (b) + % (it % (d) none of these
Iftan 0 =% and tan¢=13, then the value of 8+ ¢ is
(@) 2 ® = © 0 @ 7

[NCERT EXEMPLAR]

The value of cos (36° — A) cos (36° + A) + cos (54° + A) cos (54° — A) is
(a) sin 2A (b) cos 2A (c) cos 3A (d) sin 3A
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17. If tan (n/4 + x) + tan (n/4 — x) =a, then tan? (n/4 + %) + tan? (n/4 —x) =

(a) a® +1 (b) a2 +2 (c) gt =g (d) none of these
18. If tan (A -B) =1, sec(A + B) = J%’ then the smallest positive value of Bis
257 19x 13 = 11w
fraickid =2 =0k Ay ==k
(a) o (b) = (c) 2 (d) 2

19. If A-B=n/4,then (1 + tan A) (1 - tan B)is equal to
(a) 2 (b) 1 (c) 0 (d) 3

20. The maximum value of sin? [gg + xJ +sin? (2—; —x) is

(a) 1/2 (b) 3/2 (c) 1/4 (d) 3/4
21, Ifcos(A—B):SEandtanAtan B =2, then

(a) cos A cos B =% (b) cos A cos B =—é

(©) sin Asin B=— (@ sin Asin B = -1

22. Iftan 69° + tan 66° — tan 69° tan 66° = 2k, then k =
(a) -1 (b) 1/2 (c) -1/2 (d) none of these

235, Ifa+B= g, then the value of (1 + tan ) (1 + tanp) is
(a) 1 (b) 2 (c) -2 (d) not defined
[NCERT EXEMPLAR]
24, The value of sin [g + OJ—cos [g - BJ is

(a) 2cos6 (b) 2sin® (01 (d) 0
[NCERT EXEMPLAR]
25. The minimum value of 3cosx +4sinx + 8 is
(a) 5 (b) 9 () 7 (d) 3
[NCERT EXEMPLAR]

ANSWERS

L 2 @ 4@ 5@ 6. (c) %@ 8 (@
9. () 10. (@ 1L (@) 12 (@) 13. (@ 14. (@) 15 (d) 16. (b)
17. (c) 18. (b)) 19.(a) 20. (b) 21.(a) 22 (c) 23 (b) 24 (d)
25. (d)

SUMMARY

1. (i) sin (A + B)
(ii) sin (A —B)
(iii) cos (A + B)
(iv) cos(A —B)

I

sin A cos B+ cos A sin B
sin A cos B —cos A sin B

cos A cos B —sin A sin B

cos A cos B +sin A sin B
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& ERA+B= tan A + tan B
1-tan A tan B

tan A —tan B

i) tan(A-B) = —MM—
G, ey ) 1+tan A tan B

(vii) sin (A + B)sin (A - B) = sin?> A —sin® B

cos® A —sin” B

(viii) cos (A + B) cos (A — B)

2. (i) sin(A + B+C) =sin A cos BcosC + cos Asin BcosC + cos A cos B sinC —sin A sin BsinC
(ii) cos(A+B+C)=cosA cosB cosC —cosA sin BsinC —sin A cos B sinC —sin A sin B cosC
tan A + tan B+ tan C —tan A tan B tan C

(iii) tan(A+B+C) =
1-tan Atan B—tan Btan C —tan C tan A

3. 1) If A+B = m, thensin A = sin B,cosA = —cos B and tan A = —tan B
(ii) f A+B = 2x, thensin A = —sin B,cos A = cos B and tan A = —tan B



