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TRANSFORMATION FORMULAE

8.1 INTRODUCTION

In this chapter, we will establish two sets of transformation formulae: One to transform the
products of two sines or two cosines or one sine and one cosine into the sum or difference of two
sines or two cosines and the other to convert the sum or difference of two sines or two cosines in
the product of two sines or two cosines or one sine and one cosine. These two sets of formulae
are of fundamental importance and one should have thorough acquaintance with these
formulae.

8.2 FORMULAE TO TRANSFORM THE PRODUCT INTO SUM OR DIFFERENCE
In the previous chapter we have derived the following formulae:

sin A cos B+ cos A sin B = sin (A + B) (1)
sin A cos B-cos A sin B = sin (A - B) ...(ii)
cos A cos B—sin Asin B = cos (A + B) ...(iii)
cos A cos B+ sin Asin B = cos (A —B) .(iv)

Adding (i) and (ii), we obtain

2 sin A cos B = sin (A + B) + sin (A — B)
Subtracting (ii) from (i), we get

2cos Asin B = sin (A + B) —sin (A - B)
Adding (iii) and (iv), we get

2 cos A cos B = cos (A + B) + cos (A - B)
Subtracting (iii) from (iv), we get

2sin Asin B = cos (A — B) —cos (A + B)
Thus, we obtain the following formulae :
(a) 2sin A cos B = sin (A + B) +sin (A —B) (b) 2cos A sin B = sin (A + B) —sin (4 - B)
(c) 2cos Acos B = cos(A+B)+cos(A—-B) (d) 2sin Asin B = cos (A —B) —cos (A + B)
These four formulae convert the product of two sines or two cosines or one sine and one cosine
into the sum or difference of two sines or two cosines.

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE1 Convert each of the following products into the sum or difference of sines and cosines:

(i) 2 sin 5x cos x (ii) 2 cos 4x cos 3x (iii) 2 sin 3x sin x
; . 5m n 5n 112
(iv) sin — cos — (v) cos — cos —
12 12 12 12

SOLUTION (i) Using 2 sin A cos B =sin (A + B) + sin (A - B), we obtain
2 sin 5x cos x = sin (5x + x) + sin (5x —x) = sin 6x + sin 4x
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(ii) Using 2 sin A sin B =cos (A - B) - cos (A + B), we obtain
2 cos 4x cos 3x =cos (4x + 3x) + cos (4x—3x) = cos7x + cos X
(iii) Using 2 sin A sin B =cos (A — B) — cos (A + B), we obtain
2 sin 3x sin x =cos (3x —x) — cos (3x + x) = cos 2x — cos 4x
. 5n t 1(. . 5= Tt 1] . b = s T
(iv) sm—cos—=—L2sm—cos— = —{sin|—+— |+sin| ——-—
12 [0 80 12 12 2 12 12 123 12
1(. T nJ
= —|sin— +sin —
2 2 3
T 5n 1 51 m (57 S
) €05 — €0S — = —| 2 €08 — €08 — | = — < COS| — + — |+ cos| — ——
12 12: .42 12 12 2 12 12 120 12
b
=—| cos = + cos —
pCiae)
EXAMPLE2 Prove that: 2cosﬁcosg—ﬁ+cosﬁ+c055—n = 0. [NCERT]
13 13 13 13
SOLUTION LHS = 2cos——cosﬁ+ COSB— +c055—TE
13 13 13 13
(9n ‘.’[) [911 T 3n 57
= cos| — +— |+ co5| — —— |+ c0s — + €05 —
13 13 13,13 13 13
10n 8n 3n 5n
= €0S —— + COS — + C0S — + C0S —
i 13 13 13
31rj [ 5n 3x 5n
= cos| T——— |+ cos| m— + COS —— + €08 —
13 13 18 13
=—cosﬁucoss—ru-cos—3—n+cos5—=O:RHS [ cos (m—x) = —cos x]
13 13 13 13

EXAMPLE3 Prove that: cos 20° cos 40° cos 60° cos 80° = 11_6

SOLUTION We have,

LHS = cos 20° cos 40° cos 60° cos 80°= cos 60° (cos 20° cos 40°) cos 80°

< E X = (2 cos 20° cos 40°) cos 80° [ cos = = l}
202 3 2
- % [{cos (40° + 20°) + cos (40° - 20°)} cos 80°:| [: c?)sc?fsié %()}Sfi:os (A- B)}
1 o o) 1 1 o o
Z{(COS 60° + cos 20°) cos 80° } 1 {[5+C08 20 )cos 80 }
11 - o ol 1
=Z {E cos 80° + cos 80° cos 20 } =§ {cos 80° + 2 cos 80° cos 20°}
% [cos 80° + {cos (80° + 20°) + cos (80° - 20°) H [: cgsc?iﬁ (I:S'c))chos (A - B)‘
= & {cos 80°+ c0s 100°+ cos 60°% = - {cos 80° + cos (180° - 80°) + cos 60°}
1 o . 5 .+ cos(180° —x) =—cos x
=5 {cos 80° — cos 80° + cos 60°} I: cos (180° - 80°) = - cos 80°
= 1{cosSO“’—c':)sSO"Jrl} = l><l =k RHS
8 2 8 2 16
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EXAMPLE4  Prove that: sin 10° sin 30° sin 50° sin 70° =

i
16

SOLUTION LHS = sin 30°(sin 10° sin 50°) sin 70°= %(sin 50° sin 10°) sin 70°

ALITER

(2 sin 50° sin 10°) sin 70° =

u:-l»—t

% {(2 sin 50° sin 10°) sin 70°}
{ cos (50°-10°) - cos (50°+10°)} sin 70° " 2sin A sin B
=cos (A — B) —cos (A + B)

(cos 40° — cos 60°) sin 70°] } = % {sin 70° cos 40° — sin 70° cos 60°}

sin 70° cos 40° — % sin 70"} = % {2 sin 70° cos 40° — sin 70°}

. 2sin A cos B

= sin (A + B) + sin (A - B)

sin 110° + sin 30° —sin 70 } ; {sin (180° —70°) + sin 30° - sin 70°}

{sm (70° + 40°) + sin (70° — 40°) — sin 700} [

sin 70° + — —sin 70"} [ sin (180 — x) =sin x .. sin (180°-70°) =sin 70°}

= RHS

X
=

@[ @ | = = R e NI»—-

2 16
sin 10° sin 30° sin 50° sin 70°
sin (90° — 80°) sin (90° — 60°) sin (90° —40°) sin (90° — 20°)
cos 80° cos 60° cos 40° cos 20°

LHS

cos 20° cos 40° cos 60° cos 80° = 11_6 = RHS [See Ex. 3]
3

1l

EXAMPLES Prove that: sin 20° sin 40° sin 60° sin 80° = E

SOLUTION LHS = sin 20°sin 40° sin 60° sin 80°

= sin 60°(sin 20° sin 40°) sin 80°

3 £xl(25m 20° sin 40°) sin 80°

2
Ll o (40° — 20°) — cos (40° + 20°) + sin 80° "+ 2sin Asin B

4 = cos (A — B) —cos (A + B)
% {(cos 20° —cos 60°) sin 80°} = g {[cos 20° —%J sin 80°}
J—f— {2 cos 20° sin 80° —sin 80°}
V3 s 2 S -+ 2sin A cos B
?{sm(SO + 20°) + sin (80°-20°) —sin 80 } [=sin(A+B)+sin (A—B)]

V3 V3

= “JBE {sin 100° + sin 60° —sin 80"} = Y {sin (180° — 80°) + i sin 80°}
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8 2 16
EXAMPLE 6  Prove that: 4 cos 12° cos 48° cos 72° = cos 36°
SOLUTION LHS = 4 cos12°cos 48° cos 72°= 2(2 cos 12° cos 48°) cos 72°
2 (cos 60° + cos 36°) cos 72°= 2 cos 60° cos 72° + 2 cos 36° cos 72°
€0s 72° + cos 108° + cos 36° = cos 72° + cos (180° —-72°) + cos 36°
=08 72°-cos 72° + cos 36°=cos 36°=RHS

E{sin 80°+ JE in 80 } J_ J_ 8 RHS [+ sin (180° - 80°) = sin 809

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE7  Prove that: tan 20° tan 40° tan 80° = tan 60°
sin 20° sin 40° sin 80°
cos 20° cos 40° cos 80°
_ (2 sin 20°sin 40°) sin 80° _ (cos 20° - cos 60°) sin 80°
A (2 cos 20° cos 40°) cos 80° N (cos 60° + cos 20°) cos 80°
_ sin 80° cos 20°—(1/2) sin 80° _ 2 sin 80° cos 20° - sin 80°
- (1/2) cos 80° + cos 80° cos 20° "~ cos 80° + 2 cos 80° cos 20°
sin 100° + sin 60° —sin 80°  sin (180° - 80°) + sin 60° —sin 80°
cos 80° + cos 100° + cos 60°  cos 80° + cos (180° - 80°) + cos 60°
_ sin 80° + sin 60° —sin 80° _ sin 60° - tan 60° = RHS

cos 80° — cos 80° + cos 60° cos 60°

SOLUTION LHS = tan 20° tan 40° tan 80° =

SOLUTION LHS = sinAsin( g—AJs'm(
A

e[ 5-a) ) -l 320

sin {cos( ZA)—chsz—E;t = mA{c052A+%}

I
I
wo
B
b S
(o]
o
w

(2sinAc052A)+isinA

sinAcos2A+lsi.nA= -
4 4

N e Sl L T e

{sin (A+2A)+sin{A—2A)} +%sinA
= L sin 3A +sin (- A) » + o sin A=lsin SA—}-sinA+lsinA =1sin 3A =RHS
4 4 4 4 4 4
EXAMPLEY9 Prove that: cos A cos( §~A)cos( §+ A)— ZCOS 3A.

5
SOLUTION LHS = cosA cos[ E—AJcos( —+ AJ=—-cosA 2COS[ E—A]cos( E+AJ
3 3 2 3 3

jea[o{(3-a}( 5} {(3-4)(5+ 4]

:lcosA{cosg—+ cos (— 2A)}=l OSA{—l+c052A}
2 3 2 2
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1 1 1 1
=—=cosA+— cosA cos2A =—— cosA +— (2cos2A cosA)
4 2 4 4
= —% cosA +% {cos (2A + A) +cos (2A —A)}
1 1 1
= 57 cosA + q (cos 3A + cosA) = cos 3A =RHS.

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 10 Provethat:lisinxsin[gi—x]sin[%+xj=sin 3x.
! o ks ; 2 e T
4smxsm(~+x}sm(—+x]=2smx Zsm[ﬁ+xjsm(—+xJ
3 3 3 3
e {(5F 0 2)-(§ o) oo (o) (54
2sinx |cosd| —+x|—-|—=+x|p—CcOS4| —+X|+|-+X
3 3 3 3

2 sin x{cosg~cos(n+2x)} = 25inx{%+c052x}

SOLUTION LHS

= sin x + 2 sin x cos 2x = sin x + {sin (x + 2x) + sin (x — 2x)}

= sin x + sin 3x + sin (- ) = sin x + sin 3x —sin x = sin 3x = RHS

EXAMPLE 11 Show that: tan [E+ x] tan (E_xj _ 2cos2x+1
3 3 2 cos 2x -1

m(5e)on (5 )
sin| —+Xx|siNn| ——X
__\3 3
Feles
cos| —+ X | COS =X
3 3

SOLUTION LHS

Il
o
1}]
=]
e o
wla
+
=
—
—
[
=3
o
WA
|
=
—

cOos {( +x]+[n—x]}+cos
3 3
5 2n 5 1
s cos x—cos? A cos x+5 " 2cos2x+1 _ 4
F 2n ST " 2cos2x-1 =
cos —§+cos 2x ~§+cos 2x

EXAMPLE12 Ifa+ B = 909 find the maximum and minimum values of sin o sin
SOLUTION Lety = sin a sin B. Then,

J——(2smasm[3)——{cos(a p) —cos (o +P)} = —{cos(u -B) - cos90°}———cos(a )

We know that

-1 1 -1 1
-1 < —B) <l = — <= -B) < —= <si inf<=
cos (o —f) = 5 =5 cos (o —P) =5 5 sin o sin § 5

N =
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Hence, — % and % are respectively the minimum and maximum values of sin « sin f.

EXERCISE 8.1

BASIC

1. Express each of the following as the sum or difference of sines and cosines:
(i) 2 sin 3x cos x (ii) 2cos 3xsin 2x (iii) 2sin 4x sin 3x (iv) 2 cos7x cos 3x
2. Prove that:

@ 2sinTain " = L (i) 2eos Faet =L (i) 2sin OF pog B o ¥EH2
12 12 2 12 12: - 2 12 12 2
3. Show that:
L8 > o

(i) sin 50° cos 85° = 1‘%%35 (ii) sin 25°cos 115° = % (sin 140° — 1)
4. Prove that: 4 cos x cos (g + x) cos [% —x] = cos 3x
5. Prove that :

(i) cos 10° cos 30° cos 50° cos 70° = i% (ii) cos 40° cos 80° cos 160° = — %

(iii) sin 20° sin 40° sin 80° = ? (iv) cos 20° cos 40° cos 80° = %

(v) tan 20° tan 40° tan 60° tan 80° = 3 (vi) tan 20°tan 30° tan 40° tan 80° = 1
(vii) sin 10° sin 50° sin 60° sin 70° = 1£: (viii) sin 20°sin 40° sin 60° sin 80° =%
BASED ON LOTS

6. Show that:
(i) sin A sin (B -C) + sin B sin (C — A) + sin C sin (A —B) =0
(ii) sin (B~C) cos (A —D) + sin (C — A) cos (B —D) + sin (A — B) cos (C -D) =0
BASED ON HOTS
7. Prove that: tan x tan [%—x) tan (g +x] =tan 3x.
8. lfa+p= g, show that the maximum value of cos a cos Bis %
ANSWERS

1. (i) sin 4x + sin 2x (ii) sin 5x —sin x  (iii) cos x —cos 7x  (iv) cos 10x + cos 4x

8.3 FORMULAE TO TRANSFORM THE SUM OR DIFFERENCE INTO PRODUCT
In the previous section, we have used the following formulae:
sin (A + B) + sin (A —=B) = 2 sin A cos B, sin (A + B) —sin (A —B) = 2 cos A sin B
cos (A +B)+cos(A-B) = 2cos Acos B and, cos(A —B) —cos(A + B) =2 sin A sin B.

Let A+B=CandA_B=D.Then,A=C+Dand3=¥.

I

Substituting the values of A, B, C and D in the above formulae, we get

sinC +sinD = ZSin[c;D)cos(C;D} (1)
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sinC -sinD = ZSm(C_D]COb[C+D} (1)
2 2
cosC +cosD = 2COS(C;D)COS[C;DJ (iii)
cosD —cosC = Zsm(c-‘-D)sm(C_DJ
2 2
or, cosC —cosD = —Zsin[C+DJsin(c-D] ..(iv)
2 2
or, cosC —cosD = 2 [C;D]sm[D;CJ

These four formulae are used to convert the sum or difference of two sines or two cosines into
the product of sines and cosines.

ILLUSTRATIVE EXAMPLES
BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Express each of the following as a product:

(i) sin 4x +sin 2x (i) sin 6x —sin 2x  (iii) cos 4x + cos 8x (iv) cos 6x — cos 8x
SOLUTION (i) sin 4x + sin 2x
= 2sin i cos A= n '.'sinC+sinD:2sinC+Dcosﬂ]
2 2, 2 2
= 2sin 3x cos x
(ii) sin 6x —sin 2x
=25in(6x_2x cos Gt 2% sinC—sinD:ZsinC_Dcosc+D
2 2 2 2
= 2 sin 2x cos 4x
(iii) cos 4x + cos 8x
x - dx -D
= 2 cos St 0k cos 2 cosC+c051D=2cosC+JDn:osC
2 2 2 2 ]
= 2 cos 6x cos 2x
(iv) cos 6x — cos 8x
- 25in[6x;8stin(81;6x] |: cos C —cos D =2 sin C;D sin D—;9

= 2sin 7x sin x
EXAMPLE2 Prove that: cos18° —sin 18° = /2 sin 27°
cos 18° — sin 18°= cos 18° —cos 72° [+ sin 18° =sin (90° —72°) = cos 72°]

) o o _. o
2 sin (E%Yi]sm(z%] = 2 sin 45° sin 27° =+/2 sin 27°=RHS

SOLUTION LHS

i

It

EXAMPLE3 Prove that:

@) sinSA-sin34 4 (i) sinA+sin34 _ . o4 [NCERT]
cos 5A + cos 3A cos A + cos 3A
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(i) sin A +sin B = %afi A+ B) @) c?s 7A+ c?s 5A e [NCERT]
cos A + cos B sin7A —sin 5A
5 i (SA - BAJCOS(SA +ﬁ}
- sin 54 —sin 3A 2 2 sin A cos 4A
SOLUTION LHS = =
) cOs5A + cos 34 (5/1 + 3A] s [5A 3/1] 2 cos 44 cos A
=tan A =RHS
[_3_41-{1} [BA A)
(ii) LHS=sm 3A+51nA= =2 it sm;icosﬁ an 2A = RHS
cos BA+cosA 5 ( ZJ cos( J cos 24 cos
2 sin (Aj BJ cos (A——BJ
TR0 L Lo 2 =tan[A+B] RHS
cos A + cos B 2 [A+B] (A—BJ 2
COS| — | cos 2
ZCOS[W - +5A)cos(7A _5AJ
, cos7A + cos5A B 2 2 cos 6A cos A
LHS = = = =cot A =RHS
) Sin7A-sin5A ,_ [7/1-—5.4] (7A+5A] DsinAcos6A
SN | ——— |cos T
EXAMPLE 4 Prove that:
etaimls o SN L N SN —
sin 17 x —sin 3x cos 10x cos 5x + cos 3x
(iii) (sin 3x + sin x) sin x + (cos 3x — cos x) cos x =0 [NCERT]

. [9x+5xj ; [Qx—SxJ
-2 sin sin
cos 9x — cos 5x 2 4 —2sin 7x sin 2x

SOLUTION (i) LHS = = =
® sin 17x — sin 3x Zsm[&_sx]cos(y—x; 3x] 2 sin 7x cos 10x

=M=R}{s
cos 10x
[51+3xJ [5x—3x]
- 2 sin 2 cos 2 ]
(i) LHS = S 5x +sin 3x= - 2sin4x Cosx:tan4x=RHS

cos5x+cos 3x cos(5x+ 39:) cos(sx_sxj 2cosdx cosx

(iii) LHS = (sin 3x + sin x) sin x + (cos 3x — cos x) cos x

. (3x+xJ (Sx—xj ; F [3x+x) . [Sx—x
= < 2sin cos sin x+ { -2 sin sin COS X
{ 2 2 2 2

= 2sin 2x cos x sin x — 2 sin 2x sin x cos x =0 = RHS

EXAMPLES Prove that: cot 4x (sin 5x + sin 3x) = cot x (sin 5x - sin 3x) [NCERT]

SOLUTION LHS = cot 4x (sin 5x + sin 3x) = cot 4x x 2 sin (Sx-; Schos(Sx ; 3xJ

cos 4x : :
= — x 2 sin 4x cos x =2 cos 4x cos x ..(1)
sin 4x
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RHS = cot x (sin 5x —sin 3x) = cot x x 2 sin [Sx ; 3x] cos (51’ ; BxJ
= C?Sxx25in x cos 4x =2 cos 4x cos x ...(ii)
sin x
From (i) and (ii), we obtain: LHS = RHS.
EXAMPLE6 Prove that: sin x + sin 3x + sin 5x + sin 7x =4 cos x cos 2x sin 4x [NCERT]

SOLUTION LHS = sin x + sin 3x + sin 5x + sin 7x
(sin 7x + sin x) + (sin 5x + sin 3x)

C(7x+x 7x—x . (5x+ 3x 5x — 3x
2 sin cos + 2 sin cos
2 2 2 2

2 sin 4x cos 3x + 2 sin 4x cos x = 2 sin 4x (cos 3x + cos X)

2sin 4xx 2 cos(sx;x)cos{sxz_x]

2 sin 4x x 2 cos 2x cos x = 4 cos x cos 2x sin 4x = RHS

]

EXAMPLE 7 Prove that: 1 + cos 2x + cos 4x + cos 6x =4 cos x cos 2x cos 3x

SOLUTION LHS = 1+ cos 2x + cos 4x + cos 6x = (cos 0x + cos 2x) + (cos 4x + cos 6x)
2 cos x cos x + 2 cos 5x cos x = 2 cos x (cos x + cos 5x)

2 cos x (2 cos 3x cos 2x) = 4 cos x cos 2x cos 3x = RHS

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 8 Prove that:
(i) (sin 3A + sin A) sin A + (cos 3A —cos A) cos A =0

(ii) cos 2x cos 325 —cos 3x cos 9_2x =sin 5x sin 5_2x_ [NCERT]
; : 2n ] 4r
(iii) sin o + sin a+-—3~'- + sin a+? =0
SOLUTION (i) LHS = (sin 3A + sin A) sin A + (cos 3A —cos A) cos A

= {Zsm(BA;A)cos[BAz_AJ} sin A +{—2 sin[3A2+A] sin[BAz_AJ} cos A

=2 sin 2A cos A sin A —2 sin 2A sin A cos A =0=RHS

(ii) LHS = cos 2x cos r; —cos 3x cos g?x = % {2 Cos 2X cos g -2 cos 3x cos g_x}

e el Jalmler =l

[Using: 2 cos A cos B = cos (A + B) + cos (A — B)]

1 { 5x 3x 15x Bx} 1 { 5x 15x}
= = {C0S == + COS — — CO0S —— — COS — p = — 4 COS — — COS ——
2 2 2 2 2 2 2 2

5x , 15% 15x  5x
=% 2 sin| -2 22 sin| 22 [‘.’cosC—CQSD=25in

C+D . D—Ci|
sin—
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(iii) LHS = sin a+si.n[u+gj+s'm[a+ﬂj = sin o + fsin(u+ﬁj+sin(a+gj
3 3 ] 3 3

2m 4T 4r 2n
a+ — +o+ o+ ——-
3 3

sin a + { 2 sin cos 3
2 2

Il

sina+25in(a+1r)cosg= sin o + 2 (- sin a)(%) =sina-sina =0=RHS
EXAMPLE 9 Prove that:
(i) (cos o + cos P)? + (sin o + sin B)% = 4 cos? [“T’ﬁ) [NCERT]
(ii) (cos o — cos B)2 + (sin « —sin p)2 = 4 sin? [“T_BJ [NCERT]

(iii) cos o+ cos P+ cosy+cos(a +B+7) = 4cosa;BcosB;7cosY;a

SOLUTION (i) LHS = (cos o + cos [3)2 +(sin  + sin B)2

2
{2cos[a+ﬁ)cos(G_BJ} +{2 sin(a+ﬁjcos[a_BJ}

2 2 2 2

Fo g e Sl

2 2
(5o (5] 58] 52

(sin

(ii) LHS—(coso.—cosB + (sin aksmﬁ)

{ (52 an (450} {2 n (28 (22
(%2 ( )sasnt(29) (229
m( ) e (18 cort (<12 - s (252) - s

(iii) LHS = cos a + cos f+ cos y + cos (o + f + ¥) = (cos a + cos B) +[cos v + cos (o + B + )]

Q+BJ(_‘05( B]‘FZCOS(MJ Cos(ﬂi’u}
2 2 2

2
P cos(a_ﬁ] +2cos[a+BJcos(a+B+zyJ
2 2 2

(

%)

i g s
%)

2

4 cos.;2

1l

Il

Il
[\
(o)
@]
[

Il
]
(o)
o
7]

1]
[}
o)
=]
@

g gen I Py Lolad il A T
2 2 2 2

cos
2 2

I
ro
[#]
@
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- 22 o (=) on( 257

=4cos[a;B)cos(B%J cos[“TaJ = RHS

EXAMPLE10  Proge that: = 4x + cos 3x + cos 2x = St [NCERT]

sin 4x + sin 3x + sin 2x

SOTITION: LHS = cos 4x + cos 3x + cos 2x (cos 4x + cos 2x) + cos 3x

sin 4x + sin 3x + sin 2v (sin 4x + sin 2x) + sin 3x

4x + 2x 4x —2x
2cos[— 5 Jcos[— 2—] + cos 3x

. (4x+ 2x 4x — 2x -
Zsm( 5 Jcos[ 2 )+sm3x

_ 2cos 3xcosx+cos 3x _ cos 3x(2cosx+1) _ cos 3x

= cot 3x = RHS

2 sin 3x cos x + sin 3x sin 3x(2cos x +1) sin 3x

EXAMPLE11  Prove that: sin A +sin 3A +sin5A +sin7A = e

cos A + cos 3A + cos5A + cos7A
(sin 7A + sin A) + (sin 5A + sin 3A)
(cos7A + cos A) + (cos 5A + cos 3A)

. ([7TA+A 7A-A . (5A + 3A 5A - 3A
2 sin cos - |+ 2 sin cos
R 2 2 2 2
7A+ A 7A-A 5A + 3A 5A - 3A
2 cos cos| — [+ 2 cos| — cos
2 2: 2 2

_sin 4A cos 3A +sin 4A cos A sin 4A (cos 3A + cos A)
cos 4A cos 3A + cos 4A cos A cos 4A (cos 3A + cos A)

cos 8A cos 5A — cos 12A cos 9A
sin 8A cos 5A + cos 124 sin 94

2 cos 8A cos5A —2 cos12A cos 9A

2 sin 8A cos5A + 2 cos 12A sin 94
_ f{cos (8A +5A) + cos (8A —5A)} —{cos (12A + 9A) + cos (124 - 9A)}
" |sin (8A +5A) + sin (84 —5A)} + {sin (94 + 12A) + sin (94 —12A4))
_ {cos13A + cos 3A} —{cos 21A + cos 34}
~ [sin 13A + sin 3A] + {sin 21A + sin (-34)}
_ (cos 13A + cos 3A) —(cos 21A + cos 3A)  cos 13A — cos 21A
" (sin 134 + sin 3A) + (sin 214 —sin 34)  sin 13A + sin 21A

2ain (124 214) 5, 214 -134)

2 2 sin 17A sin 44 _

495 (3‘“2“‘] [ZlA—BAJ T I A el e R
2 sin cos

SOLUTION LHS =

tan 4A =RHS

EXAMPLE 12  Prove that: tan 4A

SOLUTION LHS

EXAMPLE13  Prove that: cos 2A cos 3A —cos 2A cos7A + cos A cos 10A < ol B ot

sin 4A sin 3A —sin 2A sin 5A +sin 4A sin 7A
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2 cos 3A cos 2A -2 cos7A cos 2A + 2 cos 10A cos A
2 sin 4A sin 3A —2 sin 5A sin 2A + 2sin 7 A sin 4A
_ (cos5A + cos A) —(cos 9A + cos 5A) + (cos 11A + cos 9A)
(cos A —cos7A) —(cos 3A — cos7A) + (cos 3A —cos 11A)
[11A+A} (11A—A]
2 cos cos -
cos A+ cos11A

cos A —cos11A = (A+11A)Sm[11A2—A]

SOLUTION LHS =

It

_ cos 6A cos5A

sin 6A sin 5A

EXAMPLE 14 Prove that: sin (A-C)+2sin A +sin (A +C) 3 sin A

sin (B-C) + 2 sin B + sin (B + C) sin B
sin(A-C)+sin(A+C)+2sin A
sin (B-C)+sin(B+C)+2sin B

2 4t [A C+A+C] cos[A+C;A+C]+Zs‘mA

2 sin (B_’f@%ﬁ_g}ws (%} 2sin B

_2sinAcosC+2sin A 2sin A(cosC+1) sinA RHS
2sin BecosC+2sin B 2sin B(cosC +1) sin B

= cot 6A cot5A = RHS

SOLUTION LHS =

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 15 Jfsin x =#nsin (x + 2a), prove that tan (x + o) = L tan o.
-n
SOLUTION We have,
sin x = nsin (x + 2a)

: 5 ; :

- L (f‘ +20) 1 _, =l {x+20). LT A Ll [Applying componendo-dividendo]
sin x i sin (x + 2a) —sinx 1-n

2sin(x+o0)cosa  1+n 1+n
= - = = tan(x+a)=——rtan a

2 sin o cos (x + o) 1-n 1-n
EXAMPLE 16  Prove that:

cos A +cosBY (sinA+sinBY s 2cot“(%§J , ifnis even

sin A —sin B cos A —cos B 0 , ifnisodd
A+B _A-BY . A+B __A-BY
2 cos Cos - -Ef— 2 sin cos ——2
SOLUTION LHS = | — A—B 7. 5.3 i = .
2 sin —— -2s —
2
n n
(552 22 - (452 an(252)

n n(A-B , ifniseven
= cot" [—A = ] Laayth = |2 ( 2 )
2 0 , ifnisodd
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sin A —sinC

EXAMPLE17 If three angles A, B and C are in A.P., prove that: cot B = ;
cosC —cos A

o s A=C  A%C
gl —sin Gl 2SN G =g

sin A +sinC 5 o A+C s A~C

SOLUTION RHS =

i m _____
2 2

= cot (%E)= cot B=LHS [~ A,B,Carein AP. .. 2B=A +(]
EXAMPLE18 Ifsin 8+ sin ¢= V3 (cos ¢ — cos 6), prove that sin 36 + sin 3¢=0
SOLUTION We have, sin 0 + sin ¢ = V3 (cos b — cos 0) [NCERT EXEMPLAR]
=5 2SinmCOS‘B—-_—(P=2'\[§Sin8+¢S ¢

2 2 2 2

= {cos «/—sme ¢} [ ;¢J=O

= sin [MJ = 0 or, cos [E_—d)J —+/3 sin (u] =0
2 2 2

= sin[(—);;i)]:*()or, tan(¥J=—j—§—=tanrg

=

Casel When 0 = —¢: In this case, we obtain
sin 30 + sin 3¢ = sin 3 (- ¢) + sin 3¢ = —sin 3o+ sin 3¢p= 0

Casell When 0-¢ = g:lnthis case, we obtain
0-¢ = gsse—sfp = 71=230 = n+3%
sin 30 + sin 3¢ = sin (x+ 3¢) + sin 3¢ = —sin 3¢+ sin 3¢ =0

sin(x+a) 1-m
EXAMPLE19 If ( 18

, prove that tan T _x|tan E—01 =m.
P 4 4

cos (x — o) 1+m

SOLUTION We have,
sin(x+a) 1-m

cos (x —a) T 1+m

L sin (x + a) + cos (¥ — o) EenZ [Using componendo-dividendo]
sin (x + o) = cos (x — o) -2m

sin (x + a) + sin {g—-(x—a)}

sin (x + o) — sin {-;E—(x—a)}



8.14 MATHEMATICS-XI

x+a+E—x+a x+a—E+x—a
2 sin 2 cos 2
2 2
1
== = —-—
T T m
X+o——+x-—-a X+o+—-x+a
2 sin 2 cos
2 2
sin| "+ |cos| -F+x Sin(lt“'a] COS(E_XJ
4 4 1 4 4 1
— =—— = = = —
sin (—E+x] cos(E+a) i cos(E+a) sin (E—x] i
4 4 4 4
(Gl (=
= tan |- +a|cot |——x|=—=>m=cot |—+a | tan | ——x
4 4 m 4 4
= m = tan E—(£+a} tan(E—x = m = tan [E—a] tan (E—xJ
2 4 4 4 4

27

EXAMPLE 20 Ifasin x =b sin [x«z— J=c sin [x+ i;), prove that ab + bc + ca = 0.

SOLUTION We have,
; ; 2n : 4n
asin x =b sin (x +?] =c sin [x +?J=7\(say)

: (05 ) £ = sn(x+ 3

= —=sinx,—=sin|x+—|and — = sin| x + —
a c
A ek .. . [ 2TEJ . ( 4n) . ( 4n) . . [ 211)
—+-+Z=sinx+sin|x+=—|+sin|x+—|={sin|x+—=—|+sinx} +sin| x + —
a b ¢ 3 3 3 )
o B . [ 2n:J 2 ( Zn) ; ( 27:) - [ ZEJ

= —+—+—=2sin|x+="=| cos —+sin|x+—|=-sin|x+=—|+sin|x+—=—|[=0
@ b e 3 3 3 3 3

" [bc+ca+ab

J =0 = ab+bc+ca=0
abc

EXAMPLE 21 If sin (y +z —x), sin (z + x — y), sin (x + y —z) are in A.P., prove that tan x, tan y,

tan z are also in A.P.

SOLUTION  Itis given that sin (y +z — x), sin (z + x —y) and sin (x + y —z) are in A.P.

sin(z+x—y)—sin(y+z-x)=sin(x+y—-z)—sin (z+x-y)

2sin (x —y) cosz = 2 sin (y —z) cos x

sin (x —y) cosz = sin (y —z) cos x

sin x cos y cOsz — COs X Sin iy COSZ = SiN I COS Z COS X — COS I Sin Z oS X

2sin y cos X cOSZ = sin X COS i COS Z + COS X COS i sin z

2tany = tan x + tan z [Dividing throughout by cos x cos y cos z]

tan x, tan y, tan zare in A.P.

tan (x+a) tan (x+B) _ tan (x +7y)
b

sin? B-y) + 2 sin? (y—a) =0
c—a

R R

EXAMPLE22 If , prove that

B I

— b-c

SOLUTION We have,



TRANSFORMATION FORMULAE 8.15

tan (x + ) _ fan (x+P)

a b
a tan (x + o)

= L
b tan (x + )
a+b  tan(x+ a)+ tan (x +f) : P
= o Rl e g [Applying Componendo-dividendo]
- a+b  sin(2x+ o +p) _tanA+tan B sin (A + B)
a-b  sin(a—p) " tan A-tan B sin (A - B)
= ‘”z in? (o —P) = sin (2x + o + P) sin (o —P) = %{um (2x+u+[3)sin(u—B)}
a_
= Bl ribiny oy %{cos(zﬁza) —cos(2x+2a)}
a_

Similarly, we obtain

Fsh‘lz(ﬁ—y) = ;{c05(2x+2~{) —cos(2x+2ﬁ)}
-c

and,

2 sin? (y-—a) = % {cos(2x+2a) —cos(2x+2y)}
c—a

aiﬁs'm (o — B)+Z+

sin® (B—7) + z sin? (y — o)

= ;{cos (2x + 2B) —cos (2x + 2a) + cos (2x + 2y) —cos (2x + 2f) + cos (2x + 2a) —cos (2x + 27)}

=lx0=0
2

cos 6x + 6 cos 4x + 15 cos 2x + 10
EXAMPLE 23 Prove that : = 2 cos X
cos5x +5cos 3x + 10 cos x

SOLUTION cos 6x + 6 cos 4x + 15 cos 2x + 10
= (cos 6x + cos 4x) + (5 cos 4x + 5 cos 2x) + (10 cos 2x + 10)

(cos 6x + cos 4x) +5 (cos 4x + cos 2x) + 10 (cos 2x + cos 0x)
2 cos5x cos x +5x 2 cos 3x cos x + 10 x 2 cos x cos x=2 cos x (cos 5x + 5 cos 3x + 10 cos x)

oS 6x + 6 cos 4x +15 cos 2x +10 2 cos x (cos 5x +5 cos 3x + 10 cos x)

e = c0s 5x + 5 cos 3x + 10 cos x r cos 5x +5 cos 3x + 10 cos x
=2 cos x = RHS
EXERCISE 8.2
BASIC
1. Express each of the following as the product of sines and cosines:
(i) sin 12x + sin 4x (ii) sin 5x —sin x (iii) cos 12x + cos 8x
(iv) cos12x — cos 4x (v) sin 2x + cos 4x

2. Prove that:
(i) sin 38°+ sin 22° = sin 82° (ii) cos 100° + cos20° = cos 40°

(iii) sin 50° + sin 10° = cos20° (iv) sin 23° + sin 37° = cos7°

Il
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(v) sin 105° + cos105° = cos45° (vi) sin 40° + sin 20° = cos10°
3. Prove that:
(i) cos55°+ cos65° + cos175° = 0 (ii) sin 50° —sin 70° + sin 10° = 0
(iii) cos80° + cos40° —cos20° = (iv) cos20° + cos100° + cos140°=0
5t i m 1k
(v) smﬁ—cos——«f_ m— (v1)cosﬁ—sm5=ﬁ
(vii) sin 80° - cos70° = cos50° (viii) sin 51° + cos81° = cos21°
4. Prove that:
(i) cos(%-#x} —cos[%—x] —2sin x [NCERT]
(ii) cos (g + x] + cos (Z - x} V2 cos x [NCERT]

5. Prove that:

(i) sin 65° + cos 65° =+/2 cos 20° (ii) sin 47°+ cos 77°=cos 17°
6. Prove that:

(i) cos 3A + cos5A + cos7A + cos 15A = 4 cos 4A cos 5A cos 6A

(ii) cos A + cos 3A + cos5A + cos7A = 4 cos A cos 2A cos 4A

(iii) sin A + sin 2A + sin 4A +sin 5A = 4c05%c05§424—sin 3A

(iv) sin 3A +sin 2A -sin A = 4sinAcos§cos%

(v) cos 20° cos 100° + cos 100° cos 140° — cos 140° cos 200° = - -
(vi) sin 2 sm7—x+sm %s' L = sin 2x sin 5x.
G e %-—cos 3% cos 32% AR sz [NCERT EXEMPLAR]
7. Prove that:
@ SinA+Sin3A—c0tA (ii) sin 9A -sin 7 A i T——
cos A —cos 3A cos7A —cos 9A
.... Sin A —sin B A-B . . sin A+sin B A+B A-B
(iii) = tan (iv) ——— = tan cot| ——
cos A + cos B 2 sin A —sin B 2
cos A + cos B A+ B A-B
(V) ———— = cot| —— |cot| ——
cos B—cos A 2 2
BASED ON LOTS
8. Prove that:
sin A + sin 3A + sin 5A cos 3A +2 cos5A +cos7A _ cos5A

= tan 34  (ii) =
cos A + cos 3A + cos 5A cos A + 2 cos 3A + cos5A cos 3A
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iy SomAAt oos Bl HEOB A i [NCERT]
sin 4A + sin 3A + sin 2A
sin 5A cos 2A —sin 6A cos A

sin A sin 24 —cos 2A cos 34
sin 114 sin A +sin 7A sin 3A _
cos11A sin A + cos 7A sin 34

sin 3A cos 4A —sin A cos 2A
sin 4A sin A + cos 6A cos A

(iv) tan A

(v) tan 84

(vi) tan 2A

... sin A sin 2A + sin 3A sin 6A
(vii) — - =tan 5A
sin A cos 2A + sin 3A cos 6A

sin A+ 2sin 34 +sin5A  sin 3A
sin 3A +2sin5A + sin7A  sin 5A
sin (0 + ¢) —2sin 0+ sin (0 —-¢)
cos(9+¢)—2cosﬁ+cos(9—¢)_
sin 3A + sin 5A +sin 7A + sin 9A _
cos 3A + cos5A + cos7A + cos 9A

(viii)

(ix) tan 0

() tan 6A

sin 5A —sin 7A + sin 84 —sin 44

=cot 6A
cos 4A + cos7A —cos 5A —cos 8A

(xi)

9. Prove that:

(i) sina+sinP+siny-sin(a+p+y) = 4sm(“;‘3)sm(ﬁ;7)sm[7;“}

(ii) cos (A +B+C)+cos (A ~B+C)+cos(A+B-C)+ cos(—A +B+C) =4cosAcosBcosC

BASED ON HOTS

10. If cos A +cosB=landsin A + sin B=l,provethat: tan 4+ B)=1
2 4 2 2
+

11. If cosec A + sec A = cosec B + sec B, prove that: tan A tan B = cot

tan (A+B) A+1
tan(A-B) A-1

12. Ifsin 2A = sin 2B, prove that:

13. Prove that:
cos(A+B+C)+cos(-A+B+C)+cos(A-B+C)+cos(A+B-C)

= cotC
sin(A+B+C)+sin(-A+B+C)+sin(A-B+C)-sin(A+B-C)

(ii) sin (B —C) cos (A —D) + sin (C — A) cos (B—D)+sin (A—-B)cos(C-D) = 0
cos (A —B) cos(C+D)
cos (A + B) cos(C-D)
15. If cos (o + B) sin (y + 8) = cos (a0 —P) sin (y - 3), prove that cot « cot p cot y =cot 8

16. If y sin ¢ =x sin (26 + ¢), prove that (x + y) cot (0 + ¢) =(y — x) cot 0

17. If cos(A + B)sin(C —D) = cos(A - B) sin (C + D), prove that tan A tan B tanC + tan D =0

14. If

=0, prove that tan A tan Btan C tan D =~1
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18. IfxcosO=y cos(e+2—;] =z cos(9+4—3n] , prove that xy +yz +zx = 0.

[NCERT EXEMPLAR]
19. Ifm sin 6 =nsin (0 + 2a), prove that tan (6 + a) cota = ::i: [NCERT EXEMPLAR]
ANSWERS

1. (i) 2 sin 8x cos 4x (ii) 2 sin 2x cos 3x (iii) 2 cos 10x cos 2x

(iv) —2 sin 8x sin 4x (v) 2 cos [g + x) cos(g - 3x)

B HINTS TO SELECTED PROBLEMS

18. LetxcosB=y c05(6+?—'3£J=z cos[eﬁ-%ﬁ]:h

=5 &=c059,&=cos[9+EJand&=cos(B+E]
% Y 3 z 3
zL-+&+&=cosE}-s~cos[B+EJ+cos(B+ﬂ]
X Yy z 3 3

= A l+1+l =COS9+{C08(9+-2—-RJ+COS[9+EJ]
X ¥ z 3 3 f

= N —1—+1+1 =C059+2COS(9+TC)COSE=COSG—2X1COSG=0
X ¥ z 3 2
(R E Xy +yz+zx
= —4+—+-=0= X" =0 = xy+yz+zx=0.
e | D xyz

19. We have, msin 6 =n sin (60 + 2a)
sin (0 + 2a) _m

sin 0 n
sin (0+2a) +sin 0 m+n

= = Applying componendo and dividendo
sin (B+2a)—sin 0  m—-n [Applying P !

= 251'n (0+a) coso_mn tan(9+0.)=m+n =5 (o) ot g et
2sinacos(O+w) m-n tan o m-n m-n

FILL IN THE BLANKS TYPE QUESTIONS (FBQ@s)

sin70°+ cos40° i

1. Thevaluveof ——8 ——
cos70°+sin 40°

IS

Iftan (A + B) =p, tan (A - B) = g, then the value of tan 2A in terms of p and gis........cccccoune. :

If1+cos2x+cosdx+cosbx =kcosxcos2xcos3x, then k =...eninnssssinssisssenns :

The value of sin50°—siN70°+SINT10%1S cvvecereerereessesssnsnsnssnssnasnas :

5. The value 0f2cos£cos%+cosﬁ+cosiﬁis ...................................... ;
13 13 13 13

ANSWERS

1. V3 P il 3. 4 4.0 5 0
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VERY SHORT ANSWER QUESTIONS (VSAQs)

Answer each of the following questions in one word or one sentence or as per exact requirement of the

question:
D g AN 2(a—f i
1. If(cos a + cos )~ + (sin @ + sin B)° = A cos (T), write the value of L
2. Write the value of sin o sin 5—“ ;
12 12
. : g A+ B
3. Ifsin A+sin B = aand cos A + cos B = B,thenwrlteti'levalueoftan( 5 J
4. If cos A = m cos B, then write the value of cot 4:+5 cot A—;-E
L. s 0 af o
5. Write the value of the expression Lol il Pl :
2 sin 10°
6. fA+B = %and cos A + cos B = 1, then find the value of cos
X . m . 4m . 3nm
7. Write the value of sin — sin — sin —.
15 15 10
] . . A+1
8. Ifsin 2A = A sin 2B, then write the value of T
9. Write the value of M ;
cos A + cos 3A
10. If cos (A + B) sin (C —D) = cos (A — B) sin (C + D), then write the value tan A tan B tan C.
ANSWERS
1. 4 o) g g 2™ 5 g 5 o
4 B 1=m NE) 8
g en (A ) 9. tan 2A 10. —tan D
tan (A — B)

MULTIPLE CHOICE QUESTIONS (MCQs)

Mark the correct alternative in each of the following:

i

cos 40° + cos 80° + cos 160° + cos 240° =

(a) 0 (b) 1 (c) 1/2 (d) -1/2

sin 163° cos 347° + sin 73° sin 167° =

(a) 0 (b) 1/2 (€)1 (d) none of these
. Ifsin268+sin2¢ = %andcos29+c052¢ = %,thencosz(e—d)):

(a) 3/8 (b) 5/8 (c) 3/4 (d) 5/4

The value of cos 52° + cos 68° + cos 172°is

(a) O (b) 1 (c) 2 (d) 3/2

. The value of sin 78° — sin 66° —sin 42° + sin 6°is

(a) 1/2 (b) -1/2 (c) -1 (d) none of these
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o-p

6. If sin o + sin B=aand cos o — cos f =0, then tan o

(a) n—g (b) 2 (c) a% + b2 (d) none of these
a
7. cos 35° + cos 85° + cos 155° =
1 ¥
a) 0 — c) — d) cos 275°
(a) (b) 73 (©) 7 (d)
8. The value of sin 50° — sin 70° + sin 10°is equal to
(@1 (b) 0 (c) 1/2 (d) 2
[NCERT EXEMPLAR]
9. sin 47° + sin 61° —sin 11° — sin 25°is equal to
(a) sin 36° (b) cos 36° (c) sin7° (d) cos7°
10. If cos A =m cos B, then cot At cot ¥ =
k. 1 i @ 2 (d) none of these
m+1 m-—2 m-—1

11. If A, B, C are in A.P., *hen smA_—smE =
cosC —cos A

(a) tan B (b) cotB (c) tan 2 B (d) none of these
12. Ifsin (B+C - A), sin (C + A —B), sin (A + B—C)arein A.P., thencot A, cot B, cot C arein
(a) GP (b) HP (c) AP (d) none of these

13. If sin x + sin y =+/3 (cos ¥ — cos x), then sin 3x + sin 3y =
(a) 2sin 3x (b) O (c) 1 (d) none of these

14. The value of sin - + sin — + sinE + sinS—n is given by
18 9 9 18

(a) Sin%-&-siné; (b) 1 (c) cosg+cos%E (d) cosg+s'1nE

ANSWERS

1.(d) 2.(b) 3.() 4 () 5. (b) 6:(b) 7. (a) 1 Bi(b)
9. (d) 10. (¢) 1. (b) 12.(b) 13.(b) 14.(a)

SUMMARY
1. (i) 2sin A cos B = sin (A + B) +sin (A — B) (ii) 2 cos A sin B =sin (A + B) —sin (A — B)
(iii) 2 cos A cos B=cos(A + B) + cos (A-B) (iv) 2sin A sin B =cos (A —B)—cos (A + B)

2. (i) si.nC+sinD=25'1nwcosC;D (ii) sinC—sinD=25'mC—:_zgcosC;D
(iii) cos C +cosD =2 cos CAD s Cl] (iv) cos C —cos D = -2 sin CarBy el

2 2 2



