CHAPTER IS

VALUES OF TRIGONOMETRIC
FUNCTIONS AT MULTIPLES
AND SUBMULTIPLES OF AN ANGLE

9.1 INTRODUCTION

In this chapter, we will introduce the formulae expressing the values of trigonometric functions
at multiples of xi.e. 2x, 3x, 4x...etc in terms of the values at x. We shall also develop formulae
expressing the values of trigonometric functions at x in terms of the values at sub multiples of x
x XX

ie. =, —, —..
2 3 4

.etc.
9.2 VALUES OF TRIGONOMETRIC FUNCTIONS AT 2x IN TERMS OF VALUES AT x

THEOREM 1 For the values of angle x for which the two sides are meaningful prove that:
2 2

(i) sin 2x = 2sin x cos x (ii) cos2x = cos”“x —sin“x
(iii) cos2x = 2 cos?x -1 or, 1+cos2x = 2 cos? x
(iv) cos2x=1-2 sin®x or, 1-cos 2x =2 sin%x
2
2 tan x aret 2 tan x e 1—-tan“x
(v) tan 2x = Tl S (vi) sin 2x = —nz (vii) cos2x = %
1-tan“x 1+tan“x 1+ tan“x

PROOF (i) We know that: sin (x +y) = sin x cos i + cos x sin y

sin 2x = sin x cos x + cos x sin x [Replacing y by x]
= sin 2x = 2 sin x cos x
(ii) We know that: cos (x +y) = cos x cos y —sin x sin y

€os 2x = €OS X €os X —sin x sin x [Replacing y by x]

2 2

= Ccos 2x = cos“x—sin“x

(iii) We know that:

cos2x = cos>

2 2

X = cos2x = c052x—(1—c052x):> cos 2x = 2cos"x -1

Again, cos2x = 2cosix-1 = 1+cos2x = 2cos?x

(iv) We know that:
cos 2x = cos

x —sin

2 Z 2

) ; : ;
x—sin“x = cos 2x = (l—smzx)—sm X = cos2x =1-2sin“x

Again, cos2x = 1-2sin?x = 1-cos2x = 2sin?x

(v) We know that: tan (x + ) = SRR GA ALY
1—tan x tan y

tan 2x = Ao ey, [Replacing y by x]
1-tan x tan x
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2 tan x
= tan 2x = ———
1-tan“x
(vi) We know that: sin 2x =2 sin x cos x
; 2sin x cosx ; 2 sin x cos x ;
sin2x=————— = sin 2x = e T [ sm2x+c052x=l]
1 sin” x + cos” x

2 sin x cos x

2 P Dividing Numerator and
= sin 2x = 505 X 5 ,x#(2n+1) = ,nel. [D 'g b 2
sin“ x + cos~ x 2 enominator by cos” x
cos? x
2sinx
: . 2 tan x
= sin2x = 4.5_% = gin 2x = Ty =
sin“x cos“x 1+tan“x
g
€O~ %. oSS x
(vii)) We know that: cos 2x = cos?x —sin®x
2 s 2 2 2=
cos“x—sin“x cos“x—sin” x . ;
cos2x = = [Replacing 1 by cos®x + sin2x]
1 cos? x + sinZx
cos? x —sin?x
2 el en
cos” x T Dividing Numerator and
= c052x=-—2—2——,x¢(2n+1)—,nez. |:D g )
cosZx +sin?x ) enominator by cos” x
cos? x
c032 %, sin2 X :
o L 2 1-tan“x
= goR2 s R X_COS_X = cos2x = ————
COSTX » SIN"X 1+ tan“x
ot D

cos“x cos“x
REMARK  In the above formulae it should be noted that the angle on the RHS is half of the angle on LHS.

2z n T 2n 2T 2T T 2““‘%
sin — =2 sin — cos — , €0Ss — = €08~ — —sin“—, tan —=————etc.

3 3 3 3 3 3 3 1—tanZE

6

9.2.1 VALUES OF TRIGONOMETRIC FUNCTIONS AT x IN TERMS OF THE VALUES AT %

The relations in section 9.2 are true for all values of the variable x for which the two sides are
meaningful. Replacing x by x/2 in the above relations, we obtain the following relations:

(i) sin x = 2 sin X cos X (ii) cos x =cos® > —sin? =
2 2 2 2
(iii) cos x =2c052%—1 or, 1+cosx = 2c052§
(iv) cos x =1—25inz§ or, 1—cosx=2sinz%
2tan X 2tan * 1-tan2?
(v) tan x = —2x (vi) sin x = 2x (vii) cos x = ch
1-tan? 1+ tan? > 1+tan? 2
2 2 2
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9.2.2 VALUES OF TRIGONOMETRIC FUNCTIONS AT ;— IN TERMS OF cos x

We have,
x 54 X 1+ cos x
cos x =2 cos> E_l =3 2c0525 =1 cosx => cos-z— = i‘,T

The sign on the right hand side depends upon the quadrant in which angle o lies.

Also,
. 1=
= l—Zsian: 2sin2i =1l-cosx = sinE = iJ——(E—Si
2 2 2 2

cosx =

The sign on the right hand side depends upon the quadrant in which angle = lies

1-cosx

Now, tan— = =4+ —=__ =%
2 cob 1+cos;x 1+ cosx
2 2

The sign on right hand side depends upon the quadrant in which angle = lies

REMARK  These relations are very useful to find the trigonometric ratios of the angles 5’ il E etc.

ILLUSTRATIVE EXAMPLES
BASIC

Type I ON FINDING THE VALUES OF sin 2x, cos 2x, tan 2x ETC WHEN VALUES OF sin x OR cos x OR

tan x ARE GIVEN
! 3 T '
EXAMPLE1 Ifsin x=—, where 0 <x < o find the values of sin 2x, cos 2x, tan 2x and sin 4x

SOLUTION We have, sin x = g , where 0 <x < ~

. cos?x = 1-sin?x = cosx=+1}1—sin2 =1‘1——293=§ [ cosx>0for0<x<g}

S = sin x =§
COs X 4
Thus, we obtain
2
si.an=251nxcosx=2><éxé=%,c052x=1~25in2x=1—2><(§) =
5. b 25 5 25
2>(3 6
A A r
tan 2x = 2tan;c = 42= 4 o 2 L tanx=§}
1-tan“x 1_[:}_ 1_2 7 &
4 16
24 7 336 sm2x—_andc052x—£}

and, sin 4x = 2sin 2x cos2x = 2x —x — =
25 25 625

Prove that a. + 2 = g where 0 < a <:Eam;l{)-<ﬁ<E

1
EXAMPLE2 Iftana = —,sinf = —.
f 7 P V10
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SOLUTION Inorderto prove thato + 2B = g, itis sufficient to prove that tan (o + 2f) = tan Z—: =1,

1 bid
We have, sin B=——, where 0 <f<—.
e have, sin B Nty B 5

il
i
cos \/ —sin? f and tan B = =X = —
B P cosB 3 3
J10
In order to find the value of tan (o + 2f), we require the values of tan a and tan 2. The value
of tan a is given. So, let us find tan 2.
9% 1 2
a Y 2x9
Now, tan2[3=—g-w5?—n—f—:>tan2[3= - P L _é
1-tan“ B P= 1 8 3x8 4
9 9
Thus, we have tan o = ; and tan 2B = —
1 . 3
" HeTTR
tan (o #2R) = an o + tan 28 P 4+21 s e el
1 -tan o tan 2 1—lx§ 28 -3
7 4
Typ(? II ON PROVING RESULTS AND IDENTITIES BASED UPON THE FOLLOWING FORMULAE:
sin 2x=2sinxcosXx, 1 +cos2x=2 cos” 2. 1 —cos2x=2 sin”x
sin x =2 sin - cos = , 1+ cosx=2¢c08" 27X ,1—-cosx=2 sin” &
2 2 o 2
EXAMPLE3 Prove that :
sin 2x s sin 2x
—_—— = tan x (ii) —————— = cotx
1+ cos 2x 1 —cos 2x
... 1+ sin 2x + cos 2x .. l+sinx-cosx X
(iii) - = cot x (iv) ————— = tan =~
1 + sin 2x — cos 2x 1+ sin x + cos x 2
2
(v) —COS_ A tan (E —x) (vi) mcos‘x = tan (E—E)
1 + sin 2x 4 1+ sin x 4 2
SOLUTION (i) We have, sin2x =2sinx cosx and 1+ cos2x = 2cos? x.
LHS = sin 2x =2smxcosx - tan x = RHS
1+ cos 2x 2 (_‘052 x
(i) LHS = sin 2x =25mxcosx=cotx=RHS
2 1-cos 2x 2 sin? 1
(iii) LHS =1 + si'n 2x + cos 2x =(1 + cos 2x) + s.in 2%
1 +sin 2x —cos 2x (1 —cos 2x) + sin 2x
2 cos? i 2 i
_2cos X+ 2 sin Xcosx _ closx(cosx+ Sl.n x) =Césx=cotx=RHS
2sinx+2sin xcosx 2sin x(cos x +sin x) sinx
(iv) LHS = 1+sinx-cosx (1-cosx)+sinx

1+sinx+cosx (1+cosx)+sinx
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AR S e e & 25in§(sin§+cosfj p
= % % 925 = = 2 2) _ anZ - RHS
2cos? 2 4+2sinZcos>  2cos— | sin + cos > 2
2 2 2 2 2
cos 2x iy [E i ZIJ \
) LHS = - = 2 [ cos X = sin (E—x],sinx=cos(5—xj
1+sin 2x 1+cos(n—2x] 2 2 -

[ sinx=2 si.n5 cos 2 and 1+ cosx =2-:i:|s2£
2. 2 2

tan (g —x) =RHS

1+ sin x 1+cos[£—x} 2c052[-1-t—£)
2 4 2
EXAMPLE 4  Show that: \/2+J2+,/2+2c058x = 2cosx,0<x<§

SOLUTION LHS = \/2 + \/2 + 42 (1 + cos 8x)

= \/2 + JZ + JZ (2 cos? 4x) [ 1+ cos 8x =2 cos> 8?1 =2 c0524x]

o sin[f—xj 2sin[E—EJcos[E—£)
(vi)  LHS = - 2 - 4 2 4 2 =tan(£~£]=RHS

% \[2+J2+J(4cosz4x) = 2+ 2+ 2cosdx = |2+ J2(1 + cos &%)

= \/2 +4/2(2 cos? 2x) [ 1+cosdx=2 cos? 2x]
= J2+2cos2x = 2(1+cos2x) = y2(2cos’x) = 2 cos x=RHS

EXAMPLES Prove that: cos 4x = 1—8 sin? x cos® x. [NCERT]

SOLUTION LHS =cos 4x = cos 2(2x) =1 — 2 sin® 2x = 1 — 2 (sin 2x)% =1-2 (2 sin x cos x)?

=1-8sin? x cos? x = RHS
X+
EXAMPLE 6 Prove that: (cos x + cos y)2 + (sin x —sin y)2 = 4 cos? [%J

SOLUTION LHS = (cos x + cos y)2 + (sin x —sin y)2

2.1:+coszy+2cosxcosyr)+(sir12x+sinzy—ZSir\xe;iny)

2

= (cos

(c:os2 x + sin? Y) + (cos x + sin? y) + 2 (cos x cos I - sin x sin ¥)

]

1+1+2cos(x+y) =2+2cos(x+y)= 2{1+cos(x+y)}

2 x 2 cos? [“TyJ = 4 cos? (HTy] = RHS. [ 1+ cos x =2 cos? %]
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S Brovais 2E0noL . ey [NCERT EXEMPLAR]
sec4x -1 tan 2x
_—1 —
- —cos 8 4
SO THE = sec 8x —1 _ cos 8x - 1 —cos 8x " cos 4x
sec4x-1 1 1 cos8x  1-cosdx
cos 4x

. 2 sinZ4x g cos 4x
cos 8x 2 sinz 2x

[ 1-cos 8x =2 sin? 4x and, 1 — cos 4x =2 sin? 2x }

_ (2 sin 4x cos 4x) = sin4x [ 2sin 4x cos 4x ) 2 sin 2x cos 2x "
cos 8x 2 sin? 2x cos 8x 2 sin? 2x
(s i .
o sin 2 (4x) - cos 2x E sin 8x 1 cos 2x =tan8xcot21=f—an8x=RHS
cos 8x sin 2x cos 8x sin 2x tan 2x
b 3n 1
EXAMPLES Prove that: [1 + Ccos g)[l + Ccos —4)[1 + COS —]( J %
SOLUTION We observe that [NCERT EXEMPLAR]
7n ( n] 13 ( ] 3r
cos— = cos| m—— |=—cos— and, cos—= —COS —
8 8 8 8
LHS = [1 +cos£)(l + cosfj[l + cosiJ[l + c057—)
8 8 8 8

(o) 21 ) - cn)
= ({(Hm%@_m.@} ((re)r-=))

1—!::05ZE [1—c052 ﬂ) = s'mzzr—sin2 E
8 8 8 8

EXAMPLE9 Prove that:

@) cos? = 4+ cos? E-:rcos4 E+ cos? il =§ (ii) sin? X 4 sin? E+sin4 E1r5+ sin* 7_7r=§
8 8 BEED 8 8 8 8 2
[NCERT EXEMPLAR]
SOLUTION (i) We know that: cos (n—x) =—cos x and 7_81! = rz—g, % = 1:——3;3—“.

cos7—“=—cos£andcos5—ﬂ=—cc»sijE = ms“ﬁ—c:osli—::u'tdc_'054E-)—ﬂ:—cos4 1

8 8 8 8 8 8 8
4T 4 3m 4 51 477 4T 4 3w 4 3n 4T
Now, LHS = cos® —+ cos® —+¢c0s® —+cC0S —= C0S —+ COS  ——+C0S~ ——+COoS -
8 8 8 8 8 8 8 8

2 4T 4 31I ( 2 EJZ [ 2 31‘6‘2
= 2cos” —+ 2 cos = 24| cos” = | +| cos -—]
8 8 8 8
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2 2
1+cosE 1-&-cos?’--1t 1 2
A DI ) NS T oy SRR
2 2 2
_2 [lmszji(lmsaf _2 (1+1f+(1_1f
4 4 4 4 2 V2
2 2
1 1 1 1 1 1 3
=—q|l+—=| +|1-—F= =—3|1+=++2 |+ 1+——«ﬁJ =—=RHS
2{[ ﬁ)(ﬁJ}z{[z ][2 }2
(ii) We know that sin (m—x) =sin x
sin47—7t =sin4(1t—5]=sin‘iE and, sin? —sm‘}(n—%J: 4ﬁ
8 8 8 8 8
Now, LHS= sin43+sir14ﬂ+sm4§£+sm4——— = sin? +sin4§+sm4 +sm'§‘fE
8 8 8 8 8
2 2
= 2{s;m4ﬂ+sm‘l 311}- 2 (sin2 EJ +(sm2 3“]
8 8
2 2
1-cos— 1 -cos -
_9 L . 1-cos2x _ ng|
2 ) 2
2 2
=E (l—cosE) +(1—COSEJ
4 4 4
1 1) 1 1E a Liss 1, 7)) .3
=—Jll-—| +|1+—=| ;==4|1+==~2 |+|1+=++2 |} ===RHS
Z(JEJ[JE) 2{(2](2)}2
_ 2
EXAMPLE 10 Prove that: tan 4x = 4tanx(; en :) : [NCERT]
l-6tan“ x+tan™ x
SOLUTION LHS = tan 4x = tan [2 (2x)J= ﬂn—zzx—
1 -tan“ 2x
2 tan x
2 gy 2 2
1—tan® x 4 tan x (1 - tan” x) 4 tan x (1 — tan” x)
3 o= Z .2 . 2 g, =~ RHS
. D i % (1-tan” x)" —4tan“x l-6tan“x+ tan"x
l—tanzx

BASED ON LOWER ORDER THINKING SKILLS (LOTS)
EXAMPLE 11 Prove that:

(i) cos® x + cos® [x + 2—3“) + cos? (x - 2—;] =§- (ii) cos? x + cos? [x + %J + cos? [x - g) =

N w

SOLUTION (i) LHS = cos? x + cos? [x + 2—;J + cos? (x - 2—;]
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2 cos? x + 2 cos? [x+E]+2cosz [xug)}
3 3
1+c052x+{1+c052(x+2—;]} +{1+c052(x—2§]}:l

1+cos2x+1 +cos(2x+4—;}+1 +cos[2x—4—;ﬂ

3 +cos2x + {cos[zx + 4—;] + Cos (Zx —%JH

3 + cos 2x + 2 cos 2x cos 4—;} [+ cos(x +y) + cos (x —y) =2 cos x cos y]

%[3+cos 2x+2(cos2x)(—%]]=%(3 + COS 2x—cost)=%=RHS

(ii) LHS = cos? x + cos® (x+§)+ cos? [x—%]

L {2 cos? x + 2 cos? [r+ %)+ 2 cos? [x—%)}

2

= ] (1+c052x)+1+cos(2x+E}+l+cos[2x——23)
2 3 3

=l 3+ cos 2x + cos(Zx-}-E]-kcos[Zx—%EJ
2 3 3
1 2n

=E 3+c052x+2cos2xcos§— ['r cos (x + y) + cos (x —y) =2 cos x cos y]
1 1 1 3

=5 3 + cos 2x + 2 (cos 2x) x e {3+c032x—cost}=E=RHS

EXAMPLE 12 Prove that:
() SOt ASOKE SN . N ) D e R
cos 5x — cos x sin2 x —cos? x

tan 5x + tan 3x

(iii)

(iv) sin 2x + 2 sin 4x + sin 6x =4 cos

SOLUTION

tan 5x — tan 3x

=4cos2x cos 4x

2 y sin 4x [NCERT]

sin 5x —2 sin 3x +sin x _ (sin 5x + sin x) —2 sin 3x

(i) LHS =
€os 5x — cos x cos 5x —cos x
2 sin [5&:—}] cos(-s—x—_j] —2sin 3x
2 2 _ 2sin 3x cos 2x —2 sin 3x
i [5x+x} . (5x—x) i — 2 sin 3x sin 2x
—2sin — {sin | — o

: = X .2
_2sin 3x(1-cos2x) 1-cos2x  2sin”x i e RS

—2 sin 3x sin 2x sin 2x 2 sin cos x

(ii) We have,
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. (T— x] [:c+3x)
. . 251n 2 2 . .
LHS = sin x —sin 3x _ _25m(—x)c052.7c= -2 sin x cos 2x

sin? x —cos? x ~(cos® x —sin? x) —cos 2x - cos 2x
=2sin x =RHS
(iii) We have,

sin5x ! sin 3x
Lg fan5x+tan3x _ cosSx cos3x  sin5x cos3x +cos5xsin 3x _ sin (5x+ 3%)
tan 5x —tan 3x Sin5x sin3x  sin5x cos 3x —cos5xsin 3x  sin (5x - 3x)
cos5x cos3x
_sin 8x  2sin4xcos4x _ 2x(2sin 2xcos2x) cos4x
Tsin2x  osin2x sin 2x

=4cos2xcosdx = RHS

(iv) LHS = sin 2x + 2 sin 4x + sin 6x= (sin 6x + sin 2x) + 2 sin 4x
zsm[éxz?,x)ms(f)x;ZxJ + 2 sin 4x= 2 sin 4x cos 2x + 2 sin 4x

i

2 sin 4x (cos 2x + 1) = 2 sin 4x x 2 cos® x =4 cos” x sin 4x = RHS

EXAMPLE 13 Show that:25in2[3+ 4cos (o +P)sin aesin P+ cos2 (o + ) = cos2a

[NCERT EXEMPLAR]
SOLUTION LHS =2sin?B+ 4 cos (o + ) sin asin f+ cos2 (. +f)

=25in213+2c05 (o +P) (2sin asin B) + cos 2 (o + )

=25'1112[3+ 2cos (a +P) {cos (o —B)—cos (o +B)} + cos 2 (o + )
=2sin2p+2cos (o +PB) cos (o —B) =2 cos? (o +B) + cos 2 (a+P)
= 2sin2p + 2 (cos? a —sin2p) —2cos?(at +P) + 2cos>(a +B) -1

=2s'1r|26+2cos2 -2 L-‘.ir12[3—2cos2 (c;n+{3)+2c:c\s2 (o +pB)-1= 2cos® o -1

=cos2a =RHS
EXAMPLE 14 Show that : /3 cosec 20° —sec 20°= 4. [NCERT EXEMPLAR]
SOLUTION LHS = /3 cosec 20° - sec 20°

V3 1 /3 cos20°-sin 20°
T sin20° cos20°  sin 20° cos 20°
2 {ﬁ cos 20° . sin 20"}
2 2 _ 2(sin 60° cos 20° — cos 60° sin 20°)
o sin 20° cos 20° 5 sin 20° cos 20°
_ 2sin(60°-20°)  2sin 40° 4 sin 40° _ 4 sin 40°

= = = =4 =RHS
sin 20° cos 20°  sin 20° cos 20° 2 sin 20° cos 20°  sin 40°

Type ITT ON FINDING THE VALUES OF sin—;‘ cos; AND tan; WHEN VALUES OF sinx OR cosx OR

tanx ARE GIVEN

EXAMPLE 15 If0 <x £ 2n, find sin % , COS % ,and tan % when:

(i) tan x = —% ,x lies in quadrantII (i) cos x =— 13, x lies in quadrant III
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(iif) sin x = —-;— , X lies in quadrant IV.

SOLUTION (i) It is given that x lies in the second quadrant in which cos x is negative.
1

1 3
cosx=-— = - =-=
\/1+tan2x Jl.(..& 5
9
Again x lies in the second quadrant.
ie. Zex<ns ZEISEX hesmﬁrstquadrant:smi,cosx andumfarepositive
2 4 2 2 2 2 2
cos X ot ’1+cosx = cosX _\/1+cosx_ J1—3/5 _1
2 2 2 2 2 N
X 1-cosx . X \/l—cosx J1+3/5 2
sin— = % = SIn — = = =
2 2 2 2 2 V5
and, L 1-cosx = tan ¥ = 1—cosx= 1+3/5 =2
2 1+cosx 2 \l+cosx 1-3/5
(ii) Itis given that x lies in the third quadrant.
ie. n<x<ﬂ=> E<£<%=> = lies in IInd quadrant = cos 2 <0,sin 2 >0and tan <0
2 2 2 4 2 2 2 2
cos® =+ ’1+cosx
2 2
x \/1+cosx \/1—1/3 1 [ X, 1]
= oS = = — = - = -— + cos—is—veandcos x=-—
2 2 2 V3 2 3
and’ Smf_i l-cﬂ
: 2 2
.X 1-cosx 1+1/3 2 . X 1
= sin = = = = _[= *+ sin ->0andcos x=~—
2 2 2 3 2 3

2 cos x/ 2 V3"
(iii) It is given that x lies in the fourth quadrant in which cos x is positive.

sinx=—% = cosx=,f1—sin2x="l—%=§

Again, x lies in the fourth quadrant

i.e.§13<x<2n= ﬂ<£<u=>fliesinllndquadrant::»cosf<0,sin£>0andmn£<0
2 4 2 2 2 2 2

x {1+cosx
COSE =% [——

= cosX = 1/1+cosx J1+‘/_/2 ‘/2+J_ [ cos§<0andcosx=g

N

sin® =3 ’1 cos X
2 2
= sin ¥ = ’l—cosx = 1—‘/3/2=‘/2_‘/§ sin£>0andcosx=§
2 2 2 2 2 2
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x _ sin(x/2) 2-43 -5 23

and, tan —

2 cos(x/2) 2 x\/2+ﬁ=_ 2+43

EXAMPLE16 If tan x =§ ,M<x< %’E , find the values of sin % , COS g and tan % [NCERT]

&

SOLUTION ltis given that tan x =-ii and, m<x< %

1 1 4 { 3n ; . }
cosx= — == =—-= “ ML X <— ..COS X is negative
\/1 +tan? x \/1 e 2 5 2
16
Agam,n:<x<§2~:> §<§<3—:> cos x <0 and sin x >0
cos g 1+ cos x_ il sm 1-cosx _ '
V V 2 J“ - V
i ¥
x S, 3/410
B == s =
2 sX -1/410
2
X 1 x_ 3 x
Hence, cos = =———,sin —=— and tan = =-3
2 410 2 Y10 2
Type IV ON FINDING THE VALUES TRIGONOMETRICAL FUNCTIONS FOR -2"54. 1"6 T;
N+cosx . «x 1 —cos x x 1 —cosx
Formulae: cos—=t |———,sin—=%x/[———, tan — = & | —
2 \ 2 2 \ 2 2 \I 1+ cos x

EXAMPLE 17  Find the values of
(i) r:os—;E (ii) sin g (iii) tan — [NCERT EXEMPLAR] (iv) sin ﬂ (v) cos i

24
x l + COS X R b4
SOLUTION (i) We know that cos > = = Putting x = i we get

,1+cosn/4 J1+1/J_ V2 +1 : [ T, - }

cos— "+ cos — is positive
242 8

(ii) We have, sm% =z J% Putting x—:,weget

- 1 —cos /4 \/1—1/\/5 ‘jﬁ~1 [ . T, L :|
sin— = = = “+ sin — is positive
8 2 3 242 8
L=
(iii) We have, tan A La fomsEd .Puttingx:E, we get
2 1+ cosx 4

=2 -1

8 \1l+cosmn/4
(iv) We obscrve that

oo B_ [L-cosw/ _ 1-1/42  (J2-1 GIE =1
=142 12+ 162+DER=1)

T (n rr] m R e R |
COs — = €08| ——— | = cos — cos — + sin — sin —=—=
12 4 6 4 6 1- 6 %p
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Putting x="in sin > =+ l_cﬂ, we get
12 2 2
1 n J3+1
-cos— [1-
- 12 242 \/245—@—1 \/4—«/@-«!5 J4-V6 -2
sSmm — = = = = =
24 2 2 42 8 242

h T, X 1+ cosx
v) Puttingx=— in cos ==+ .| ——— , we get
@) T 2\ 2 8
n o
el & : +COSE " C0S - = cos 7£ is positive
24 ) 24 2

1 N3 +1
= e T JZJ_+J§+1 \}4+\/§+\/§_\/‘1+£+ﬁ
. ? 42 8 TR g

EXAMPLE 18 Prove that:

(i) cot— V2 +3+/5+46 (ii) tan—=1/4+2\/_ W2 +1)
(iii) tan1423=2+«/§—\/§—\/3

SOLUTION (i) LHS = cot %

cos = 2 cos 1.3 cos B 2 cos? .8 1+ cos L
24 24 24 24 2
R AR T .. = T . =
sin — 2sin — cos — 2 sin — cos — sin —
24 24 24 24 24 12

1 . 0 V3 +1
HOS[*I 6J Ao 2B +B4+1 2V BAalE +1)

) sm(n n) S f8-1 0 JE3-1 0 (B-DEE+D
A% 2z
2J6 422+ 3+3+4/3+1  2V6+2J2+2J3+4
3-1 2
=V2+3+2+6 = V2+3+V4+6 = RHS
sini sini 2sin—n— Zsirl21 1-cos &
" it 16 16 16 16 8
(ii) LHS = tan — = = X =
6 I i . T B sl
COS —  COS — 2sm— Zsm—cos—-— sin —
16 16 16 16 16 8
1+cosE =
1- 4 N2 -1+ cos—
) \} 4 - 1+cosx . X 1—cosx
= = " Cos—= and sin ==
[ 2 2 2 2 }

l—s:osE Jl—coszr—
4 4
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«/_— 1+ 241
_ g \f2~[_ 1,[
\/1_1 V2 -1 \/«/_ 1
2 “AZ

_ V2221 V241 V2V2 V241 -2 1)
2-1 2+l J<J5+1)(Ji~1)
w/2\F(«F+1 (J‘+1

41+242 ~(2+1) =

(i) THS = ma 142l —wnl| 1800— 7L |ewngrl algn 2P
2 2 2 24
sins—n 25in2E 1-—cos§—JE l—cos(E+E)
24 24 12 4 6
= 5m B, oW F s B |
cos-ﬂ 2sm-2~£cos£ smﬁ sin (_z_+g]
1- Ct)s~TEc:c;sE—sinEsinE 1—‘[3'T o
. 4 6 4 6. 22 =_(2«/§—«E+1J
sinEcosEH:osEsinE V3 +1 V3 +1
46 46 272
(242- f+1) (+3-1)_ [(V2-V3+1)(3-1)
WB+1) | NB=i a=1
__{2&(&—1)—(&—1)2}_ {M‘(J‘ SijAeds 2J‘)}
o 2 N 7)

—{ﬁ(ﬁ—l) —(2-J§)}= 2++2-3-.6 = RHS

BASED ON LOWER ORDER THINKING SKILLS (LOTS)
sin 2" A
2" gin A

EXAMPLE19 Prove that: cos A cos 24 cos 22 Acos23 A...cos2" 1 A=

SOLUTION LHS = cos A cos 2A cos 22 Acos2% A...cos2" "1 A

=% 1 A{(ZsinAcosA) cos 24 cos 2° AcosZSA...coszn'lA}
sin
T A{sin 24 cos 24 cos 2% Ac0523A...c052"“1A}
sin
—1 i 2 3 n-1
=3 A{(.?SmZAcosZA)cosZ Acos2” A...cos?2 A}
2° sin
= > . 5 {sin 2(24) cos 22 Acos23 A... cos 2"1A}
27 sin
St - {(?.sin 22 A cos 22 A) cos 2% A ... cos 2""1/1}
27 sin A
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ok

sin (2% 2% A cosiZSA...cosIZ"_lA}
3 sin A

)
= {sm23Ac0523Ac0324A...cos2"_1A}
in A
T

;{2 sin 271 A cos 271 A}

== — { sin 2"~ 1 A cos 2~ 1A}
2" sin A

2 lgin A

" - 1 i
———sin(2x2""14) = ———sin 2" A4 = RHS
2" sin A 2"sin A
NOTE The result proved in the above example may be used as a standard formula.
Type V. PROBLEMS BASED ON THE FORMULA

sin 2" A
2% gin A

cos A cos 2A cos 22A cos 23 A..eo82"1 4o

EXAMPLE 20 Prove that: cos 20° cos 40° cos 60° cos 80° =

SOLUTION LHS = cos 20° cos 40° cos 60° cos 80° = % (cos 20° cos 40° cos 80°)

—;—(cos A cos 2A cos 22 AJ, where A =20°

1{sin23AJ _ 1 sin84

2\ 23sinA| 2% sinA
1 sin160° 1 sin (180°-20°) 1 sin20° 1 1
= — ” = — E = — = = ——= — = RI—IS
24 sin 20° 74 sin 20° 24 sin20° 24 16
EXAMPLE 21 Prove that Cos E Ccos E Ccos ﬂ = —l.
7 7 7 8

SOLUTION LHS=cosgcos%cos%=cosAcos 2A cos 22A,whereA=;
o 8% s T 55000k
i 23A SIT) = am[n+—] sin —
- Sl; = 7 The 9 o b ppm
27sin A ggin® 8sin~ 851'11; 8

EXAMPLE22 If 6 :HL , prove that: 2" cos @ cos 20 cos 229...cos 2" 1o=1
2741

SOLUTION We have, (—)=2n 1:>2”9+8=n:>2”9=n—9
+

sin 270 _sin (1—6)

- - =1 [+ 2"0=n—-0]
sin 0 sin 0

e ot
4 .'chos6c~:>s.7.6cos220...c052"“18=2"l’-i‘m2 4
| 2"sin®

2 i
EXAMPLE 23  Prove that: cos ; COS — COS E =—

Z 8

p
SOLUTION LHS = cos ki cos E cos E = cosEcos-z—ncos Ln—ﬁ)
7 7 7 7 7 7

=—(C0S — cosy-cos % {ulJ = 3 =RHS [See Example 21]
7 7 7 8) 8
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EXAMPLE 24 Prove that: cos 2— cos E cos S Cos L = L3
15 15 15 15 16

SOLUTION LHS = cos E cos E COoS Sn cos (1‘: - EJ

15 15 15 15
= (cosgcosﬂcos ETj](—cos 1] [+ cos(n—8) =~cos 6]
15 15 15 15

1 2n 4n 811:
= —(0S — €05 — C0S — C
15 15 15 15

= —cos A cos 2A cos 2% A cos 23 A, where A =

- 15
. 16=n by n-&-i T
sin2* A sin164 sin = 15) 0os 1
Tl g e T T T nzlsRHS
2°sinA 2°sin A 16sin 16sin-—  16sin—
15 15 15
EXAMPLE 25 Prove that: sm—smﬂsin@sin?—n-sin In inllns' 137r l
14 Al SR T 14 14 64
SOLUTION We know that A+ B=n = sin A =sin (n— B) =sin B
&, Br_o3c ln o 5n 9% _
14 14 "4 14 (rofafs 14
e, AIE . 13=m .31: T L SRS .91:
= sin — = sin ——, sin = sin —, sin — = sin
14 14 14 14 14 14

Now, LHS = :3111-—511'1§EsinS—Ttsin7—ﬂsi11%sin—lﬁsin13—1t
14 14 14 14 14 14 14

T ot BT o O ae ST BTt o T

SIn — SIn — sin — sin
14 14 14 14 14 14

1]
5
|
E
|

{_n.Sn.Sn}z . 7n {.n.3n.5n}2
= {sin — sin — sin —} xsin — = {sin —sin — sin — x1
14 14 14 14 14 14 14
[n nJ (11: Sn] [n 5::J . { 6n _ 4n 27:}2
= ———|cos| ——— |cos| = —— = { COS — €OS — COS —
2 14 2 14 2 14 14 14 14
2
= {cos cosE cosﬂ} ﬁ(l] o [See Example 23]
7 7 7 8 64
EXAMPLE 26  Find the value of sin L sin ox sin 71:
18 18 18
SOLUTION sm—sm5—Tt sin7—ﬂ= cos (E—i)cos[f—f’—ﬂ:} Ccos {E—EJ
18 18 18 2. 18 2 18 2 18
; 8 : T ., T
sin (23 XEJ sin — sm [K——J sin —
= co:)sE cosE conls = n9 = 91[ = ng = 91{ -1
9 9 23 sin * 8sin*  8sin®  8sint 8
9 9 9 9

EXAMPLE 27 Prove that: cos — cos E cos L cos = cos 3 cos 55 cos i = Ity
5 15 15 15 15 15 15 128

3n 4r 5n 6w 7

SOLUTION LHS=cos— cos 3— COS — CO0S — COS — CO0S — CO0S —
15 15 15 15 15 15 15

2n 4n 7n { 3n 61':} 51
oS coS— cos—= cos——\ § cos 2L cos—2 | cos L
15 15 15 15 15
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1 { T 2n 47 '711} { 31 67‘[} [ 5n o 1]
=— COS — COS — COS — C0S5 — COS — COS — ' COS — =C0S —
2 158 “o41B:, 1150 < <15 15 15 15 3 3
1 { T 2n 47 87:} { 3n } 7 ( ] 8n
=——4¢ C0S — COS — CO0S — CO0S — COS — C0S — COS—— = CO0S - | =—CO08——
2 15 15 15 15 15 15 15 15 15
4
sin 2T sii [22:-( g;r) 16m sin 127
_ 1 15 |, 15/ __1 151} . 15
2 |p4gin ™ 52 ity o 2. 1gain® [ Aidsin =F
15 15 15 15
sin (n+—) sin [n—ﬁj sin—E smﬂ
1 i 15 1 15 |, 15
e doth o™ 2 9pain = | | dem 2"
1 15 15 15

1 el 1 i 1. "1

2 16 4 128

EXAMPLE 28 Prove that: (1 + sec 2x)(1 + sec 4x) (1 + sec 8%)...(1 +sec2"x) =tan 2"x cot x,n e N.
SOLUTION LHS = (1 + sec 2x) (1 + sec 4x) (1 + sec 8x) ... (1 + sec 2"x)

(1 + cos 2x) (1 + cos 4x) (1 + cos 8x).... (1 + cos 2"x)

- cos 2x cos 4x cos 8x... cos 2" x

(2 cos? x) (2 cos? 2x) (2 cos? 2%x) ... (2 cos? 2" 1x)

1 cos 2x cos 22 x cos 23 x... cos 2"x

2" cos x J 2" cos x | sin 2" x
- { €08 x cos 2x cos 22 x..cos2" 1x}= - —
cos 2" x cos2'x |2"sinx

= tan 2" x cot x = RHS

Type VI MISCELLANEOUS PROBLEMS BASED UPON FOLLOWING FORMULAE

. . . 9
sin 2x =2 sin x cos X, cos 2x = cos? x — sin? x, cos2x=2cos"x -1,

2
. . 2 2 tan x ) ol 61y e R 2 tan x
cos2x=1-2sin“x, tan 2x=——" ——, COS 2X = —— = = SN ?%

1-tan“x 1+tan“x 1+tan“x

EXAMPLE29 If tan?x =2 tan? ¢+ 1, prove that cos 2x + sin? ¢=0.

N. 2
SOLUTION Using cos 2x = }_tan—zx’we obtain
1+ tan“x
2
! 1-t o 1-(2t +1
c052x+sm2¢=wfiz_"+sm2 w sm2¢['.- tan2x=2tan2¢+1]
1+tan”x 1+(2tan o+1)
—2 tan? —t 2 . :
. 4) sin ¢ = _______ar; ¢+5m2¢ = —sm2 ¢+sm2¢=0
T gan tan? ¢ sec” ¢
EXAMPLE 30 Prove that:
1+ cos 4x 1 ... COsb5x + cos 4x
—— =—5in 4x (i) ——— =—cos 2x —cos X
cotx—tanx 2 1-2cos 3x

7x —
(l_ll) w =¢cos 2x —cos 3x
1+2cosb5x
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SOLUTION (i) We have,

1 + cos 4x _2c0522xx cosxs.inxﬁ2¢:os2 2xx 2 sin x cos x

LHS = =
cot x —tan x cos? x —sin? x 2 cos 2x

]

= cos 2x sin 2x = —1?:(25in 2x cos 2x) = %sin 4x =RHS

(ii) We have,
cos5x + cos4x  sin 3x (cos 5x + cos 4x)

LHS = = Multiplying and dividing by sin 3x
1-2cos 3x sin 3x (1 -2 cos 3x) [ Plying 8oy ]
2 sin 2% cos 22| 2 cos 2% cos & 3r  3x 9% x
Sin - Cos - €O €551 4sin == cos - cos - cos =
= = 2 2 2 2
sin 3x — 2 sin 3x cos 3x sin 3x —sin 6x
. 3x 3x 9x «x . 3x 3x 9x x
4 sin — c0Ss— COS— COS— 4 sin — ¢0s — COS — €O0S —
= 2 2 2 2 - 2 2 2 2
. [3x-6x 3x + 6x . 3x 9x
2 sin cos 2 sin| —— [cos —
2 2 2 2

. 3x 3x 9x X
4sm7cos—cos——cos—

= 2 2 —2c052cos£ = —(cos 2x + cos x) = RHS
2 si 3x 9x 2 2
- SmTCOS—E' .

(iii) We have,
_ cos7x —cos 8x
1+ 2 cos5x

. 5x
2 sin == (cos 7x — cos 8x) 5y
25 [Multiplying numerator and denominator by 2 sin —]
. 9X 2
2 sin —2-(1 + 2 cos 5x)

2 sin 57x cos7x —2sin 5% cos 8x 25in5?xcos7x—25in§2{cos8x

2sin5—x+4sins—xc055x 2{sin5—’5+25in-55c035x
2 2 2 2
( . 19x . Qx) ( o 21x . llx)
sin — -sin — |—{ sin —— -sin —
2 2 2 2
{ . 5x . 15x Sx}
2 ¢ sin — + sin — —sin —
v 2 2 2
( . 19x . llx) ( . 9x . 21x)
sin === + sin === | -| sin = + sin —
2 2 2 2
Zsinls—x
2
3 1r) (19 1z 9r 21x) (9x_2x
2 si 2 2 | ¢ 2 2 | _osi 2 2 c 2 2
sin = 0S Era— sin 5 0S 5
i} 15z

2 sin
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Zsinl%xcos2x—2 sin lszﬁcos(—iix)

23ix11~5E

= cos 2x —cos 3x = RHS

EXAMPLE31 Iftan a = P where o = 6B, o being an acute angle, prove that :
q

%{p coseCZB—qseCZB} = p2 +q2.

P . P q
SOLUTION Wehave, tan o = ~.Therefore, sin @« = —-—— and, coso = ———t_
q fPZ + £’12 ’,’02 4 q2
Now,
2 2
P+
EHS: = i {p cosec 2 — g sec 2[3}= e P cosec 23 — sec 23
2 2 Jpz % qz ,'

2 2 sin 2B cos 2B

=\/p2+q2 {sinacos2[3—coso.sin2ﬁ}= p2+q2{ sin (o - 2p) }

J2 2 {2 2 o
=p—+q{sinacosec2|3—cosasec ZB} [l | {smcx _cosu}

2 sin 2f cos 23 2 sin 28 cos 2
= JE {L (6 23’} P2 +¢* = RHS. [+ o =6p]
sin 4B

EXAMPLE 32 Prove that: tan o + 2 tan 2o + 4 tan 4o + 8 cot 8. = cot a
SOLUTION We find that

v 2 - 2
cotx—tan x = 1 —tan x = s = 2{1 fan x}: : 22 =2cot 2x...(1)
x

tan x tan x 2 tan x an

LHS=tan a + 2 tan 2a + 4 tan 4o + 8 cot 8a.
=coto —cot o + tan o+ 2 tan 2a + 4 tan 40 + 8cot 8a
=cot a —{cot o —tan o -2 tan 2a - 4 tan 4o.—8cotBa}
= cot a - {(coto —tan &) 2 tan 2« -4 tan 4o —8cotBa}
= cot a —{2cot20 —2tan 20 — 4 tan 4o —8cot8a}
= coto—{2(cot 20. — tan 2a) — 4tan 40 -8 cot 8u} [Using (i)]
= cota—{2x2 cot 2(2a) - 4tan 4 —8cot 8o} [Using (i)]
= cota - {4 (cot 4o — tan 4a) - 8 cot 8o} [Using (i)]
= cota—{4x2cot 2 (4a) -8 cot 8a}= coto —(8 cot 8 — 8 cot 8ur) = cot o = RHS

sin 2o + sin 2y

t
EXAMPLE33 If tanf = M, prove that sin 23 = - -
1+tan o tan y 1 + sin 2a sin 2y
tan o + tan y

SOLUTION  Itis given that tan =
1+ tan o tan y
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sina  siny
E0% + _—

cosa cosy _sinacosy+cosasiny sin (o +y)

=5 tanp = ..(i)

4SO siny cosacosy+sinasiny cos(o—y)
COs o COS Y

2 sin (o + )
2tanp _ cos(a-y)

sin 23 i
1+tan” B

5 [Using ()]
sin“ (o +7)
1+
cos? (o —7)

2sin (o +y) cos (o —y) 2 (sin 20 + sin 2y)

i cos? (CL_‘}')-*-SinZ (a+y)_ 2 cos? (a—y)+25inz(a+y)

2 (sin 2o + sin 2y) ol 2(sin 2a + sin 2y)
1+ cos (2a —2y) + 1 —cos (2a + 27) " 2+cos (200 —2y) —cos (2o + 2y)
2(sin 20 + sin 2y) _ sin 20 + sin 2y

T 2+42sin2asin2y 1+ sin2asin 2y

EXAMPLE 34 Ifsin(+ ) = aand sin(0+p)=b, prove that cos 2(a — B) —4ab cos(a -p=1 ~242-2b2.

[NCERT EXEMPLAR]
SOLUTION We have, sin(0+a) =aand sin (0+p) =b

cos (0+ ) =1 -sin?(0+a) =V1—-a® and, cos (0 +B) =+/1-sin? (8+) —1-p2

Now,
cos (ot —P) = cos {(0+ ) —(0+B)} = cos (0+ &) cos (0 +P) +sin (0 + ) sin (0+f)

=41 —a* 1 b2 +ab =ab +\11—a2 —b2 +a%b?

cos 2 (. —P) —4ab cos (o —) =2 cosz(a—ﬁ) —~1—4abcos (o —f)
2
=7 {ab +V1-a2 b2 +a2b2} —1-4ab {ab + 41 —a®—b* +a2b2}
=2 {azbz +2abV1 —a% —b2 +a%? +1-a® -b? +a2b2}-1 —4a%? —4ab 1 -a® -b% +a?b?

=2-24% —2p2 -1 =1-24% 22,
3sin o + sin3 o

1+35in2(1

EXAMPLE35 If tan (E + —EJ =tan> [% + %J, prove that sin x =

SOLUTION We have,

tan(E+£J = tan> (E+E)
4 2 4 2

X al? XX o .o 3
1+ tan = 1+ tan - cos — + sin — cos — + sin —
= 2 2 = 2 2 2
oy o T (o RN 7
1—tan — 1-tan — cos — —sin — cos — —sin —
2 2 2 2 2
3
X i, 2 o o 2
cos — + sin = cos — + sin —
= 2 21 = 2 2 [On squaring both sides]
X X e £ A0
COS — —SIn — COS — —SsIn —
2 2 2 2
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3
. % .o o
1+2sm5c035 1+25m5c055 T (1+sina]3
= = = . i .
1-2sin > cos > 1-2sin 2 cos & 1-sin x 1-sin
2 2 2
- (1+sinx)-(1-sinx)  (1+sin @)% (1 - sin a)® Applying componendo -
(I+sinx)+(1-sinx)  (1+sino)®+(1-sin o) dividendo
2sinx  6sino+2sin’ a . 3sin o+ sin> o
= = ) = Sinx = _—“‘—"'—2—
2 2+ 6sin” o 1+3sin”a
6 fl—e ) cos 0 —e
EXAMPLE 36 If tan —= [—— tan <, prove that cos $=——M— .
f 2 Yl+e 2 P ¢ 1-ecoc0
SOLUTION We have,
1-tan2 $
cos ¢ = i
1+tan? 2
2
1_1+€tan2E
= cos¢=%——3 { tang= 1;etani = tan2= 1jt.'mEJ
1o 1te, 20 2 1+e 2 2 "Y1l
1-e 2
1 1+¢) tan?
= _A-g-(+gan_ g _n29/2) (1 +tan? 6/2)
(1-9+@+etan? 2 (+tan®6/2)(1-tan’ 0/2)
1-tan? 6/2
Zo2 ¢ 0
=p cos ¢ = L+an 5 [Dividing numerator and denominator byl+tan2 —]
1eg 1-tan”“ 0/2 2
1+tan? 0/2
0
cos 6 —e 1-tan 2
= cos ¢ = —————— “ cos 0=
1-ecos® 1ot 2
2

EXAMPLE 37 Prove that:

2cos2x+1

= (2 cos x—1) (2 cos 2x-1) (2cos22x —1) ...(2 cos 2"~ 1 x - 1)
2cosx+1

SOLUTION RHS = (2 cos x —1) (2 cos 2x ~1) (2 cos 22x —1) .... (2 cos 2"~ 1 x = 1)
~ 1
(2cosx+1)
- 1
(2 cosx+1)

i
N (2cosx+1)

{(4 cos® x — 1) (2 cos 2x —1) (2 cos 22 x -1)...(2 cos o1 x—l)}

{{2(1 + cos 2x) —1} (2 cos 2x —1) (2 cos 22 x =1) ...(2eos 272 x—l)}

{(2 cos x +1) (2 cos x —1) (2 cos 2x ~1) (2 cos 22 & —=1) ...(2 cos pit=1 x—l}
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T (21—1){(2 cos 2x +1) (2 cos 2x —1) (2 cos 22x —1) ... (2 cos 2" x—l)}
cos x +

2(_2_1—”‘){(4 cos? 2x ~1) (2 cos 2% ~1) (2 cos2°x ~1).... (2 cos 2! x—-l)}
Ccos x

= (_2_1+T){{2(cos4x+1) - 1} (2 cos 22 x —1) (2 cos 23 x —1) ...(2 cos 2" x—l)}
cos x

:(21—1){(2 COos 22x+1) (2 cOs 22x_1) (2 CoS 231_1)”““(2‘:05 2?!—1 x—l)}
cos X +

= @—171){(4 cos? 22x -1) (2 cos 23x - 1) ..... (2 cos 2~ 1 x_1)}
cosx

= (_21—+1){{2(1 + cos2°%) _1}(2@523 x=1)...(2 cos 2" -1 1_1)}
cos x

= ul—m{(zcos 23 x+l)(2 cos 23 )»“"1)(2 CoS 2)1—1 x_l)}
cos x

= a—-l——ﬁ-ﬁ(2 c052n_1x+1)(2c032"'lx—1)
cos X +

1 2 Aan—-1 3 oreal]
= —— (4 cos” 2 x-1)=——19(cos2.2 x+1) -1
(2 cos x +1) Qeosx+1)
n
= ;(2c052nx+2—1) _ 2c0s2 x+1 LHS
(2cos x+1) 2cosx+1

Type VII ON CONDITIONAL IDENTITIES

0 a-b [0} acos¢+b

EXAMPLE38 If tan — = |—— tan =, prove that cos 6 = :
2 a+b 2 a+bcos ¢
l—tanzﬁ
. 0 a-b . 2 :
SOLUTION Putting tan — = |—— tan —incos 0 = —e,we obtain
2 a+b 2 1 Rhe
2
1 2=l o b G-t a2l
a+b 2 2
= cos 0 = ik b = =
1+ " tan?? (a+b)+(a-b)tan*’
a+b 2 2
a[l—tanzg) +b(1+tan2-¢~]
2 2
= cos O =

a(l+tan2 §J+b[1 tan2 g]
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1 - tan? L
a 7% +b
1+tan? 2
= cos O = 2 I:Dividing numerator and denominator by 1 + tan? i’}
1-tan? i 2
a+b - i
1+ tan?-
2
- Cose_acosrb+b
a+bcos ¢
EXAMPLE39 Ifcos © = cos o cos B, prove that tan i t B—Toc = tan? [—;
SOLUTION We have,
cos 0 = cos o cos B
= cosf = BORAP
cos o
2B
_ 1-tan 5 _ cos®
L4 tan2 p cos o
2
,[1 —tan? g] +(1 + tan? g]
0
=5 sl [Applying componendo - dividendo]
(l—tanzgj—[1+tan2 E) cos 0 —cos a
2 2
0+a 0-a
2 2 cos ——cos ——
_— = 92 e2
—2tanZE —2sin qﬂlsin;ut
2 2
= 1 1
i wk 0+ a 0—-a

¢ tan ©_ ¢
2% an9+a 0-a

t s W

2
cos o — cos [

= tan

p

EXAMPLE40 Ifcos® = , prove that tan g = + tan %cot 5"

1—cos a cosf

SOLUTION We have,
cos a — cos

cos O =
1—cos acosP
2 0
oy 1 =ian 2 cos o — cos f§
1+tan29 1—-cosacosp
2
1—tan29 + 1+tanz—9
o= D 2) _ (cos o —cos )+ (1 —cos a cosf)
(1—tan2 9)—(1+tan2 9) (cos o —cos B) — (1 — cos a. cos B)
2 2
s 2 1+ cosa ~cosp-cosacosf

—Ztanzg "~ —{1—cos a + cos B - cos a cos B
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= 1 _ (1 +cosa)(l-cosP)
tan2 @ (1-cosa)(l+cosP)
2
1 21:052 x25m2B
= =
tanzg 2sin? ¢ x 2 cos? B
2 2 2
= tanzg = tan? t:()t2 B = tan = itangcotE
2 ) 2 2 2
cos o cos B 0 L g
EXAMPLE41 If cos @ = ———————, prove that one value of tan — = .
1-sin o sin B 2 1—tan2tanﬁ
2 2
SOLUTION We have, cos 0 = M
1-sin a sin B
] 2 1+cos®
_ cos o cosp
- tan29= 1-sin asin B =1—sino:sinB—cosacosl3
2 4, CosacosP 1 —sin o sin B + cos o cos B
1 -sin a sin B
. 2(a-P
2 i e
N tanze _1—(cosacosP+sinoasinP) 1-cos(a-f) _ Pk [ o) ]
2 1+ (cosacosp—-sinasinff) 1+ cos(a+f) ZCOSZ(C“*‘B)
2
’ O
0 sm[ ZBJ sinEcosE—cosOL P
= fan — = =+ = =% 2 - - 2
2] a+p o B o B
cos Cos — Cos = —sin — sin =
2 2 2 2 2
0 tang—‘ramE o B
= tan — = 2 2[3 [Dividing numerator and denominator by cos — cos E}

- o
1 -tan — tan
2
EXAMPLE42 Ifsin o +sin B = aand cos o + cos B = b, prove that

5 g9 E =5
(i) cos(a—p) = % 0 et 0’.2l3= im

SOLUTION (i) We have,
sina+sinf =g and cosa +cosP =b

= (SiIl(I+SiI‘lB)2+(COS(I+COSB)2 = a* + b2
= (coszot+sin2 a)+(coszB+si.t12[3)+2(coso.cos[3+sinasin|3) = g% + b2
T
b= -2
= 2+2cos (o —P) = a° +b> :cos(a—)=%

(ii) Now, tanzg Todnen
2 1+cosB
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a—-p 1 —cos (o =) :
= tan Replacing 0 by (o -
[ 2 J 1 + cos (o —B) [ g 0by (a-P)]
12 248 o -
2 (a—P B 2 ac+b<-2
=5 tan = o ocos(a—P)=——-—
ik - estep= g
+7
2
- a2 PR - e e )
= tamz[ot B)=4a b::»tan[a—ﬁJ=i -
2 a% +b? 2 4% b
EXAMPLE 43 If o and P are distinct roots of a cos x + b sin x = ¢, prove that sin (o + ) = L
' a? +b?
SOLUTION It is given that o and P are distinct roots of acos x + bsin x = ¢
acosa+bsino =c¢ and acosP+bsinf = ¢
= (ac05a+bsi.nU.)-—(acos|3+bsin[3) =c-c
= a(cos o —cosP)+(bsin o —sin f) =
= —Zasina—HSsmOl B+2bsm -B a—+|3=0
2 2
= 2HSiIla—-|.BSina—_B=2bSina—_[3COSu—+B
2 2 2 2
= o BB B ['-‘aiﬁ.'.sh“la—_ﬂi()]
2 a 2
Fitan (I;B 2 2ab
sin(a+p) = ———=— = sin{a+p) = —&= =
1+tan2 (1+F3 1 bZ ﬂ2+b2
2 i
ALITER We have,
acos x+bsinx=c¢ 1)
1-tan2? 2tan © 5
=5 a % +b Zx =c::>a(1 ~tan? )+2btan—=c[1+tan2—)
1+tan? > 14 tatis = - - “
2 2
2X % o
= (c+a4) tan E—than5+(c—a)=0 ...(ii)

p

It is given that o and B are roots of the equation (i). Therefore, tan% and tanE are roots of

equation (ii).

tang+ta\nE=2—band,t.‘:mgtanﬁ=ﬂ ....(iii)
2 c+a 2 2 c+a
a B
tan —+ tan —
Now, tan(a+ﬁ] —2 :tan(a+6]=2b/c+a=g [Using (iii)]
2 B 2 ) {.c7 a

1—tan--—’can
2 c+a
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2 tan (%B) 211

2ab
sin (a.+p) = - a2= S
1+ta_nz(a—wJ 1+§77 a“+b
2 e
= = Bl ____EXERCISE 9.1
BASIC

Prove the following identities: (1- 25)

1-cos2x sin 2x
1. [—— = tanx 2. ——— = cotx
1+ cos 2x 1 -cos 2x

S.L?'x:tanx e.\/2+,f2+2c054x =2cosx,0<x<§

=

1+ cos 2x

1 —cos 2x + sin 2x : sin x + sin 2x
5! 2 = tan x 6. = tan x

1+ cos 2x + sin 2x 1+ cos x + cos 2x

2

7 & = tan(E—xJ 8. —ﬂ=tan(£+£]

1+ sin 2x 4 1-sinx 4 2

. . o DT

coszE+cosz£+c0525—n-+coszﬁ=2 10. sm25+sm2175+sm25—n+sm2—n=2

9. 8 8 8 8 8 8 8

11. (cos o + cos |3)2 +(sin o + sin B)2 =4 cos? [QT_BJ

12, sin2[3+£}—sin2{2—ij=Lsinx 13. 1+ cos? 2x = 2(cos4x+sin4x)
8 2 8 2/ 2

6 6

14. cos® 2x + 3 cos 2x = 4 (cos” x —sin” x)
15. (sin 3x +sin x) sin x +(cos 3x —cos x) cos x =0

16. cos® (g—x)—sinz (g—x] = sin 2x 17. cosdx = 1-8 cos?x + 8 cos*x

3 x_4cosxsin’x [NCERT EXEMPLAR]

18. sin 4x = 4 sin x cos
BASED ON LOTS
19. 3(sin x —cos x)4 + 6 (sin x + cos ;vc)2 +4 (sin6 x + cos® x) =13

6

20. 2(si:16:c+cos )—3(sin4x+cos4x)+1 =0

21. cos®x —sin®x = cos 2x (1 —% sin? 2x}
22. tan (g+xj+ tan[g—xj =2sec 2x

23 c:ot2 x—tan? x = 4 cot 2x cosec 2x

24. cos 4x —cos 4a. = 8 (cosx — cos o) (cos x + cos o) (cos x —sin o) (cos x + sin a)
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26.

27.

28.

29.

30.

37

38.

39.

40.

. Prove that: cos7° cos 14° cos 28° cos 56° =

MATHEMATICS-XI

5. sin 3x + sin 2x —sin x =4 sinxcos%cos% [NCERT]

Provethat:tanS?.% = (V3+V2)(V2+1) = V2+/3+J2+6
Prove that : cotg =2+1

(i) If cosx= —; and x lies in the Illrd quadrant, find the values of cos %, sin % and,

sin 2x.

(ii) Ifcos x = ~§ and x lies in IInd quadrant, find the values of sin 2x and sin %

If sin x = g and x lies in IInd quadrant, find the values of cos g , sin % and tan %

(i) If 0<x<mand x lies in the IInd quadrant such that sin x =§. Find the values of

cosi, sin iandtan 5.
(ii) If cos x = % and x is acute, find tan 2x

(iii) Ifsinx=§and0<x<g,ﬁnd the value of sin 4x.

L f.ftanx=é, thenfindthevalueome-!-‘/ﬂ. [NCERT]
a a-b a+b

: IftanA:%andtan B=%, show that cos 2A =sin 4B.

sin 68°
16 cos 83°

BASED ON HOTS
4n 8n 5 lén 1

2n
. Prove that: cos E COS — COS — CO!

15 15 15 16
2n 4n 8n -1

I
. Prove that: cos —5— cos ? COS — CO5 —

5 5 16

T 2 4 8n léx 32n
. Prove that: cos — cos — cos — c0S — €0S — COS—— = —
65 65 65 65 65 65 64
If 2 tan « = 3 tan B, prove that tan (o - ) =L2B.
5 —cos 23

If sin o + sin p=a and cos o + cos f =b, prove that

2ab o
(i) sin (o +f) = (ii) cos(aa —p) = —
; a* +b? 2
If2tang=tanE, prove that cosa:w.
2 2 5+ 3cosp

cos o + cos f
1+ cos a cos

p

Ifcosx = , prove that tan % == tan % tan =
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41. If sec(x + a) + sec (x — a) =2 sec x, prove that cos x =+ 72 cos %

42. If cos a + n:os[.%:l and sin o +sinB=1,provethatcos frsp =+ —5—
J 4 24
L 4 5 a—-f 8
43. If sin oo =— and cos B =— , prove that cos =—
5 P=15P J65

44. Tfa cos 2x +b sin 2x = chas a.and  asitsroots, then prove that

(i) tan o+ tan p=—2— [NCERT EXEMPLAR] (ii) tan o tanp=""2
a+c c+a

(i) tan (o +B) =

2 [NCERT EXEMPLAR]
a

45, If cos o +cos B =0 =sin « + sin B, then prove that cos 2o + cos 28 = -2 cos (o + ).
[NCERT EXEMPLAR]

ANSWERS
1% 04 24 3 15+ 5
T TS e s R R s ) o, e, | B
O-FFs Y 53F 7' Vs
« |d=+15 \/4+J15 L TR 2cosx
30. , ,4+4/15 = s 31.
(1)\/ 8 8 * @ 2 W) -2 By

HINTS TO SELECTED PROBLEMS

25. LHS = sin 3x + sin 2x —sin x = (sin 3x —sin x) + sin 2x
= 2 sin x cos 2x + sin 2x = 2 sin x cos 2x + 2 sin X cos x
=Zsinx(c052x+cosx)=ZSmx(Zcos%cosg)=4sinxcos§cosil~=RHS
2
- tan 2B 2tan B
32. Use: cos 24 =M sin 4B——%—~an—, where tan 2B = a5

l1+tanZ A’ " 1+tan2 2B 1-tan2 B
33. Let A =7° Then, cos7° cos14°cos28°cos56°
sin2* A sin16 A _sin112°  sin 68°

= cos A cos2A cos 22 A cos 234 = = . s =
74 gin A 16sin A 2sin7° 2 cos 83°

34 TetA == Then,
15

LHS= cos% cosgcosgE c:osllﬁ—;E =cos A cos 2A cos 22 A cos 234

15 15
32n sin (21‘t+ f—ﬁj sin 2%

_sin24A_sin16A_Sin i5 af 15 —l—RHS
e A 168 fp B e I8 o qg g AT 16
15 15 15
44, We have,
acos2x+bsin 2x =c¢ ... (i)
-5 2
- 22 tanzx £y thanzx =c = (c+a) tan®x—2b tan x +(c—a) =0 o ()
l+tan“x ) 1+tan“x

It is given that a, B are roots of equation (i). Therefore, tan o, tan B are roots of equation (ii).
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2b =
tan o +tan f =—— and, tan o¢tann§3=u
c+a c+a

tana+tanp 2b/c+a b

Hence, tan (o +p) =

1—tanatan[3— P Ta
c+a
45. We have, cos .+ cos =0and sin o +sin =0
(cos o + cos B)2 —(sin o+ Si1‘1[3)2 =02 —02
= (cosza—sinza)+(c052]3—si.nzﬁ)+2 (cos o cos B—sin a sinf) =0
= cos 2a+cos2B+2 cos (ot +f3) =0 = cos 2o + cos 2B =-2 cos (a +f3)

9.3 VALUES OF TRIGONOMETRIC FUNCTIONS AT 3x IN TERMS VALUES AT x

THEOREM  For the values of angle x, for which the two sides are meaningful prove that:

3 3

(i) sin 3x = 3sinx—-4sin” x (ii) cos 3x = 4 cos”x — 3 cos x

3tanx—tan3x

(iii) tan 3x 5
1-3tan“x

PROOF (i) Replacing y by 2xinsin (x + y) = sin x cos i + cos x sin ¥, we obtain
sin (x + 2x) = sin x cos 2x + cos x sin 2x

= sin 3x=sinx(l—ZSinzx)+cosx(Zsinxcosx)

[* cos2x=1 -2sin?x & sin 2x =2 sin x cos x]

3 2

= sin 3x = sin x —2sin“x+ 2sin x (1 —sin

=5 sin 3x = 3sin x—4sin’x

Hence, sin 3x = 3sin x—4sin’x

X)

(ii) Replacingy by 2xin cos(x+y) = cos x cos iy —sin x sin y, we obtain

cos (x+2x) = cos x cos 2x —sin x sin 2x [Replacing y by 2x]
= cos 3x =cos x cos 2x —sin x (2 sin x cosx) [+ sin 2x =2 sin x cos x]]
— cos 3x =cos x (2 cos? x — 1)-2cosx(1—- cos? x) [ cos2x=2 cos? x -1]
= cos 3x = 4cos®x—3cos x
3

Hence, cos 3x = 4cos”x—3 cos x

tan x + tan y

(iii) Replacing y by 2xintan (x+y) = ————, we obtain
1-tan x tan y
2 tan x
tan x + '_'___—2__"
tan x + tan 2x 1-tan“x 2 tan x
tan (x +2x) = = votan 2x = ———
l-tanxtan2x ,_, . 2fnx 1—tan’x
1-tan?x
tanx(l—tanzx)+2tanx 3tan x —tan > x
= tan 3x = 5 5 = 5
1-tan“x-2tan“x 1-3tan“x
3
t —tan
Hence, tan 3x = L?_x
1-3tan“x

Q.E.D.
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NOTE It should be noted the angle on the RHS of these formulae is one third of the angle on LHS.
sin E=355.n E---451:13 E, sin E=.'_’.:'-,:in L — 4 sin° i,cosgﬁ=4c053%7—r-— E}cosE etc.
9 6 18 8 3 9 2]

9.4 VALUES OF TRIGONOMETRIC FUNCTIONS AT x IN TERMS OF VALUES AT ;

Replacing x by x/3 in the formulas in the previous section, we obtain the following formulae:

x x % 2 3 tan ~—tan3l
(i) sinx=3sin =~ -4 sin® = (ii) cosx =4 cos® = — 3 cos = (iii) tan x = = 3
3 3 3 3 1-3tan =
3
ILLUSTRATIVE EXAMPLES
BASIC
EXAMPLE 1 Prove that : 8 cos®

E—6(:05E =
9 9

SOLUTION LHS = 2(4(:05 a—Bcosg] 2cos(3x§}=2cos%=l=RH8

EXAMPLE2 Prove that: 108 sin i% ~144 sin 3 i% =18

SOLUTION LHS =108 sin % —144sin3 L

18
T i 1
= 36(35m——4sm —J 36sin (Bx—] = 36sin— = 36x — =18 = RHS
18 18 18 6 2
EXAMPLE 3 Prove that: lSsm5—+15cos—53—205 abn 2T _20cos? 5_1: =0
12 12 12 12

SOELIMION THS =158in 2% + 15008 2" ~208in 32% ~ 20 cos 325
12 12 12

(1551115 -20 m35n] [ZOcos 5 15c055nj
12 12 12

12
=5(35mfﬂ—4sm35—“]—5 (4::0535—— 3co sfﬂ)
12 12 12 12

=55in(3x5—J -5¢ os(Bxgﬁ) =5 ms—n—Scoss—n=—-55inE+5cosE=O
12 12 4 4 4 4

BASED ON LOTS

EXAMPLE 4 Prove that: cos 6x = 32 cose’x —48 cos* x + 18 cos? x -1
SOLUTION LHS = cos 6x = 2 cos® 3x -1 [« cos2x =2 cos®x —1]

2(4(:0531—3(:053:)2 -1= 2(16 cos®x + 9 cos?x - 24 cos4x) -1

= 32 cos® x — 48 cos* x + 18 cos? x =1 = RHS

EXAMPLE5 Prove that: cos x cos(—g—x) cos (g + xJ =i cos 3x

SOLUTION LHS = cos x cos (g— - x) Cos (% + xj
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cos x[cos2 g— sinzx) [ cos(A + B) cos (A —B) = cos? A —sin? B]

Cos A(l -si_nsz =COos X {l -(1 — cos? x)¥ =Cos x(—i + coszx]
4 4 J 4

iccnsx(—’;’»—t—f&lccns2 Xl = %(4c053x—3cosx) = icos 3x = RHS

EXAMPLE6  Prove that: sin x sin (g —xJ sin (g 4 x) =% sin 3x

SOLUTION LHS = sin x sin (Sﬁxj sin [g+x]

= sin x[sinz —sin? x] [ sin (A + B) sin (A — B) =sin” A —sin? B]

il
3
= sin x[%—sinz xj:%sin x(3—4sh12x) =%(35mx—45in3x)=isin3x=‘RHS

NOTE  Reader is advised to learn the results derived in the above two examples as standard results. The

following example is an application of the above results.

EXAMPLE 7  Prove that: sin 20° sin 40° sin 60° sin 80° = —3—

SOLUTION LHS = ?/?g{sm 20° sin (60° — 20°) sin (60 + 200)}
T
= *{(sm xsm[a ] ( +IJ}, where x =20°
ﬁ><151113‘c———><sinE £ Ez£=RHS
2 4 8 38 20 16

EXAMPLE 8 Prove that:

(i) tan x + tan (~§+x]—tan (g—xJ=3tan 3x

(ii) cotx + cot[%+x)—c0t [-g—r} 3 cot 3x
V3 +tan x _ V3 —tan x
1-/3tanx 1++/3tanx

(\f_+tanx)(1+«/_tanx) (+/3 —tanx) (1-+/3 tan x)
(1- «/_tanx)1+«/_tanx)

8 tan x _9tanx—3tan x_3 3tan x —tan > x

1-3tan’x

SOLUTION (i) LHS =tan x + tan [g+ x] - tan [g—xj= tan x +

tan

tan x + J=3tan3x=RHS

1—3tan2x_ 1-3tan?x
(i) LHS = cotx+cot[g+x]—c0t[g-x]

1 1 1 1 1-+/3tanx 1++/3tanx

= + =
tan x tan(§+x) tan(g—x] tanx +3+tanx /3 -tanx

1 (T —v3tanx) (v3 —tanx) —(1 +/3 tan x) (+/3 + tan x)
tanx (+/3 +tan x) (V3 —tan x)
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- 2 " 2
__1 8tanx _ 3 9 tan J; " 1-3tan x3 s N6 — 3 cot 3x = RHS
tan ¥ 3 -tan’x 3tanx-tan’x 3tan x —tan”x ) tan 3x
BASED ON HOTS
EXAMPLE9 Ifcos o + cos f + cos y = 0, then prove that
cos 3o + cos 3p + cos 3y = 12 cos o cos 3 cos ¥.
SOLUTION cos 3a + cos 3B + cos 3y
=(4cos3a—3cosa)+(4cos3B—3cosﬁ)+(4cos3y—3cosy)
= 4(cos3 0.+c053]3+ cos® ¥) — 3 (cos o + cos B + cos )
= 4(c053 o + cos® B+ cos> Y-3x0 [+ cosa+ cosP+ cosy=0]

4x 3cosacosPcosy = 12cosacosPeosy [ a+b+c=0= 2% +b3 + ¢3 = 3abc]
3 3

EXAMPLE 10 Prove that: sin 3x sin X o= cos3 2x
SOLUTION ~ We know that ) |
3 3 3 sin x —sin 3x

sin 3x=3sinx—4sin”x = sin“x=

X + cos 3x cos

4
Similarly, cos3x =4 cos3 x—3 cosx = cos> x =M
LHS = sin 3x sin>x + cos 3x cos® x
- LI—IS=sin3x{ssmx—smsx}+c053x {c053x+3cosx}
-4 4
= LHS = % {3 (cos x cos 3x + sin x sin 3x) + (cos2 3x —sin? 3x)}
= LHS = 1{3 cos (3x —x) + cos 2 ( 3x) i 3 cos 2x + cos 3(2x)}

= i{3c052x+ (4cos 2x—3c052x}—cos 2x = RHS
3

21 3
EXAMPLE 11 Prove that: cos® x + cos> (? + x] + Cos [?4- x] =1 cos 3x

SOLUTION We know that cos3x =4 cos>x -3 cos x. Therefore, cos®x = (cos 3x + 3cosx).

W= | =

Using this, we obtain
LHS = i {cos 3x+ 3 cosx} + % {cos (27+ 3x) + 3 cos (2—;+ xJ}

+%{cos (4n+ 3x)+ 3 cos(4—;+ x]}

=l cos 3x +3 cos x +l cos 3x+3cos[gf+xj +~1- cos 3x+3cos[ﬂ+x)}
4 4 3 4 3

3 3 (211 ) (41: J
—C0Ss 3X+ —<4CO0SX+COS| —+X |+ cCcos| —+x
4 4{ 3 3

écos 3x+§{cosx+2cos(rc+x) cosi}
+ 4 3

écoas. 3x+§{cosx—2cosx>< l} = Eco:)s 3x = RHS
4 4 2 4
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2n An
ALITER ¢€OS X + cOos (—5— + x) + Cos (? + x}

ax 2 4n 27
e o St x— T —x
3 3]

= cos x + 2 cos SATE B Cos
2 2

T 1
=cos X+ 2¢os (1n+x) cos§=cosx—2(cosx)x5= cosx—cosx = 0

COS3 X+ COS3 (2—;-5-.?(] + C053 [4—;+xj

I

3cosxcos(2—;+chos[i;+xj [-a+b+c=0=> a® + b3 +c3=3abc]

L b
3 cos xcos(nu§+x] COS[TL’—F §+ xJ

3 cos xcos{n—[%—x}} cos {n+(%+x]}
(%osx){—cos(—g——x]} {—cos[%+x]}

= 3c05xcos{£—x}cos[£+xj o 3xlcos 2x = Ecos 3x
3 3 4 4

t
EXAMPLE 12 Prove that an 88 never lies between a and 3.
tan x 3
SOLUTION Let y =22 2 Thei
tan x
3tan x —tan > 3 —tan? =
= s Zx = =;n2x:>(3y—1)tan2x=y—3:>tan2x=y
tan x (1 - 3 tan“ x) 1-3tan” x 3y -1
But, tan? x >0 for all x + = +
3 - 1/3 3 0

— Fig. 9.1 Signs of £=2 for different values of

3y -1 ig.9.1 Signs o et or different values of y
= ¥ <l3 or, y=3
= y does not lie between 1/3 and 3.
Hence, b0 never lies between % and 3.

EXAMPLE 13 Prove that: cos 5x =16 cos’ x — 20 cos

tan x

5 3x+5':c:)s.x

SOLUTION cos5x = cos(3x + 2x) = cos 3x cos 2x — sin 3x sin 2x

R R

3
3

cos5x = (4 cos”x— 3 cosx) (2c052x—1)—(3 smx—4si113x)(2 sin x cos x)

cos5x = (4 cos”x -3 cos x) (2 coszx—l)—(3—4sinzx) (2sm2xcosx)

cos5x =(4 cos3x~3cosx)(2 coszxwl) -{3-4(1 —coszx)}2(1 - cos? X) cos x

cos5x = (8 cos® x —10 cos® x + 3 cos x)*Zcosx(l—coszx) (4c052x—1)

3 2

cos5x = (8c035x—10cos x + 3 cos x) —2 cos x (5 cos x—4cos4x—1)

cos5x = 16 cos® x —20 cos> x + 5 cosx
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EXERCISE 9.2

BASIC
Prove that:

3 5

1. sin5x = 5sin x—20sin” x + 16 sin” x
2. 4 (cos® 10° + sin ® 20°) = 3 (cos 10° + sin 20°)

. : 3
3. cos3 X sin 3x+sm3x cos 3x=z sin 4x

BASED ON LOTS

4, tanxtan[x+£]+tanxtan[x—£)+tan[x+EJtan (xREJ=ﬁ3
3 3 3 3

5. tan x + tan (gh‘cj—tan [g—x) = 3 tan 3x

6. cotx+c0t(—§ J—cot[g—xj = 3 cot 3x

~

cot x + cot(§+xj+cot(2—;+x) = 3 cot 3x

BASED ON HOTS

8. sin5x = 5cos?x sin x —10 cos®x sin > x + sin’ x

9. sin3x+sin3(2—;+x)+sm3{4—;+x]=—%sm 3x.

10. | sin x sin (E -—x] sin (£+ xJ l for all values of x.
3 3 T4

11. | cos x cos (E—x] cos (E+x] < lfor all values of x.
3 3 4

9.5 VALUES OF TRIGONOMETRICAL FUNCTIONS AT SOME IMPORTANT POINTS

By using the formulae introduced in the previous sections we can now find the values of

trigonometrical functions at some important points fike = AL o etc

105710
THEOREM 1 Prove that: sin % = %

PROOF Letx = % Then,

5x=g:> 2x + 3x=g:> 2x=§—3x:> sin 2x =sin (g—?rx]::; sin 2x =cos 3x

= . 2sinxcosx = 4cos’ x -3 cos x = cosx(25inx—4coszx+ 3=
= 2sinx—4cos? x+3=0 [ cosx=cos£;é01|
= 2sinx-4(1-sin®x)+3=0= 4sin®x+2sinx-1=0

—o AGNE —14E

= sin x = =
8 4
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= sin x = =t Z 5 = \/54_ 1 [+ x lies in Ist quadrant .. sin x > 0]
Hence, sin — = E
SRy - ' a Q.ED.

10+ 2.5

THEOREM 2 Prove that: cos — =
10 4

PROOF Putting x =— m Cos x = 1 —sin?x, we get

{ ’ 5 1 16 (5+1-25) J10+2J‘
COS—— .

Q.E.D.
REMARK  The complement of —is ?
/10 + 245 -
g singﬁzsin [n—ij—coslzo;\/_and,cos% =cos(n—1] s'ml=E
5 2 10 10 4 5 2 10 10 4

The values of the remaining trigonometrical functions at % may be obtained from the above values.

T V5 +1

THEOREM 2 Prove that: cos g = r

PROOF Wehave, cos2x =1-2 sin? x. Putting x = % , we obtain

2
cosE =1-2sin? = =1-2 5 -1 =1-2 625 =1- 3-45 =J§+1
5 10 S 16 4 4
W3 0.E.I)
410 —2+/5
THEOREM 4 Prove that: sin ;_r = T
PROOF Puttmgx——msmx_ 1 - cos® x, we obtain
’ —coszE f+1 6+2\/_ \110—21/5
4
Q.E.D.
REMARK  The complement af = is i’—g
. 3n . [rc 1:] n_ B+l 3n (rc n) . m_10-25
sin —=sin| ———|=cos —= and, cos —=cos| ——— |=sin —=————
10 2.5 5 4 10 2 5B 5 4

The other trigonometrical ratios of g may be obtained from the above values.

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE1 Prove that:

228 . 2

i} el ?_sm V5 -1 2 4m oo B | A5 +1

T ”
= (ii) cos® — — =
3 8 15 15 8

w
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. W 1371 1 . oo T BT 1
(iii) sin — + sin — = —— (iv) sin — sin — =——
10 10 2 10 10 4
) sin? 24° —sin2 6° = %
SOLUTION (i) LHS = sin? i sin? L= cos? X —sin?2 X { sin — = cos —E]
5 3 3 10
J0+25|" (J3F 10425 3 _ 25-2_5-1__..
4 2 16 4 - g 8
(ii) LHS = COSZ4—1E—S]-.I'12£
15 15
= cos(ﬂJr—R—)cos(ﬂ--i) Lo cos? A—sin? B= eos {4+ B)icos (4 —B)]
15 15 15 15
= cos = cos & = lx£+1 = 541 = RHS
2 3 8
T R 1 - R R
10 10
5—
= Sm.ﬁ.'.sin(ﬂ_gj - smi_cos.-ﬁ:\s—l_ﬁ—*l =—E=R}{S
10 2. 5 10 5 -4 4 2
i) IHS — s =sin£sin(3£-33)
10 10 10 2. b
= —gin - cpg = = _£_1x£+1 :—(S_IJz_lzRﬂs
10 5 4 4 16 !
v) LHS = sin? 24° —sin? 6°
= sin (24°+ 6°) sin (24° - 6°) [ sin (A + B) sin (A — B) =sin® A —sin? B]
& =
_ sin 30°sin 18°=sin Tsin Tl YW1 V51 pp
6 100 2 - 8
BASED ON LOWER ORDER THINKING SKILLS (LOTS)
EXAMPLE2 Prove that: s;inEsin%Esinﬂsinﬁl—1t =3
5 5 5 5 16
SOLUTION Ifx+y=mthenx=n-y = sin x=sin (1 -y) = sin x =sin y
T 4n o B Ly AT 2r  3nm 2 T i SOTE
—+-— =7 = sin— =sin— and —+ —=71 = sin — =sin —
Sal b 5 5 ] 5 5 5
Using these values, we obtain
LHS = sin % sin=Esin o gin =F
b 5 5 5
Doap s ML o [ 3n 2n . 4n ]
= sin — sin — sin ~—— sin — sin — =sin — , sin— =sin—
5 5 5 5 5 5 5 5J

2 2 2
o G o 2T o M (9 W T T
sin—sin— | = {sin—sin|——— = {sin — cos —
( 5 5} { 5 [2 10]} { 9 10}
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=RHS

2
_[410-245 \10+25|" _10-2V5 10+25_100-20 80 _5
4 4 16 16 256 256 16

EXAMPLE 3 Prove that: 16 cos 2— cos 4— cos §E cos &E =
15 15 15
SOLUTION LHS = 16 cos 25 cos il cos @ cos M—Tc = 4 (2 cos =1 cos ﬁ] [2 cos E cos 14_11:)
15 15 15 15 15 15 15 15

= 4(cosg§+cos %E][cos %+cosz—;J= 4[—sin g-ksin %J(—cos-g—sin 165]
1 5-1) B+1 1) ,(¥5-3)(-¥5-3) ,(3-5)(3++5
BEaEr S S el o

[9 SJ 1=RHS
4

EXAMPLE4 Prove that: sin — sin i’E sin o = l
5 15 10 8
SOLUTION LHS = = (2smﬂs‘m njsm3_1t
2 15 15 10
= l(COSE—COSE)COSE [+ 2sin A sin B=cos (A - B) - cos (A + B)]
2 5 3 5
_1(B+1 _1)(¥B+1) _ _JE—_lJSHzl:RHS
2 4 2 4 2 4 4 8
EXAMPLES5 Prove that: (1 + Cos ij(l + COs §EJ[1 + Cos 7_31)(1 + cos ?—EJ =l.
10 10 10 10) 16
SOLUTION If A + B=m, then cos A =cos (n—B) =—cos B
T 9n 9n T 3n 7n 7T 3n
— 4+ — =1 = c0S—=-c05— and, —+— = T = COS— =—COS —
10 10 10 10 10 10 10 10

Using these values, we obtain

LHS = (1 + cos i)[l + cos ﬂ)[1 —cos EE][l —cos 1)
10 10 10 10
(1 - cos? ij(i ~ cos? E_Tf)= sin? - sinzéfz- sin? = sin? (R—E)
10 10 10 10 10 2 10

2 3 2 2
sin? ™ cos? f; (s' in cos nJ =(J§—1x£+1J =[lj =i=RHS

10 10 5 i 4 -1 16

EXAMPLE 6 Prove that: tan 6° tan 42° tan 66° tan 78° = 1.

sin 6°sin 42°sin 66°sin 78° (2 sin 66° sin 6°) (2 sin 78° sin 42°)

cos 6° cos 42° cos 66° cos 78° . (2 cos 66° cos 6°) (2 cos 78° cos 42°)
(cos 60° — cos 72°) (cos 36° — cos 120°)

- (cos 60° + cos 72°) (cos 36° + cos 120°)

_ (cos 60° —sin 18°) (cos 36° + sin 30°)

- (cos 60° + sin 18°) (cos 36° —sin 30°)

SOLUTION LHS =
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(l_ﬂf_l Bl 1
A2 4 4 2 _(3—J§)(3+J§)_9—5_1_RHS
B [1+J§—_1][J§+_1_1] T WB+nGE-)  5-1

2 4

4 2

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE7 Prove that : 4 sin 27° =\/(5 +/5) - \/(3 -45).

SOLUTION 16 sin? 27°=8(2 sin%27°) =s(1 — cos %J = 8(1 —sin g]

= 8[1——"10;2‘5} =2{4-,/10—2J§} =8-9.010 35
G ++5) +(3-+5) -2 /5 +5) (3-+5)

2 2
& {szg} +{,/3-J§} -2 (5 +5) (3 -+5)

= {\/5+«/§ —JS—Jg}z

Taking square roots of both sides, we obtain

4sin27° = 5+5 -|[3-5 [ sin 27° s positive]
EXAMPLE 8  Find the value of tan 9°- tan 27 °~tan 63° + tan 81°. [NCERT EXEMPLAR]
SOLUTION tan 9°-tan 27°—tan 63° + tan 81°=(tan 9° + tan 81°) —(tan 27° + tan 63°)

|: tan 81°= tan (90°-9°) = cot 9°, :l

= o oy _ o o
=(tan 9° + cot 9°) —(tan 27 °+cot 27°) tan 63° = tan (90°—27°) = cot 27°

1 1 1
= i votan x+cotx =—-———
sin 9° cos 9° sin 27° cos 27° sin x cos x
_2_2_2_2_8_8_8x2_4
sin 18° sin54° sin18° cos 36° +5-1 5+1 5-1
EXERCISE 9.3
BASIC
Prove that:
%o ing ot S5-1 2. sin? 24° —sin? 6° = 35 =1
5 3 8 8
3. sin? 42°—cos? 78° = J§8+ !
BASED ON LOTS
4. cos 78° cos 42° cos 36° = l 5. cos I cos E cos ﬂ cos 7—“ = L
8 15 15 15 15 16
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1

6. cos 6° cos 42° cos 66° cos 78° = E 7. sin 6° sin 42° sin 66° sin 78° =
8. cos 36° cos 42° cos 60° cos 78° = flg

BASED ON HOTS

m 2n 3t . 4n 5
9. sin — sin — sin — sin — =—
5 5 5 16

2n 3n 4r 5n (Y4 o o O |
10. €08 — €O0S — CO0S — COS — COS — CO0S — COS — = ——

15 15 15 15 15 15 15 128

FILL IN THE BLANKS TYPE QUESTIONS (FBQs)

1 —tanz( —x)
B N e Mhen et et .
1+ tanz{zwx)

. 1
If cos x cos 2x cos 22 x..........cos 2 1y = ?LSH}?' l,then D 2 R i ;
sin x

N

The value of cmf—5 cos AR cos i (:0516—TI L Y :

15 15 15

(98]

_1-cosy
smy

4, Iftanx Ahen tan D= i ;

5. If k =sin X sin I:_Esm o , then the numerical value of kiS ....ccccevvecverecvicvenenns .

18 18 18’

6. Inatriangle ABC with £C = ,Z, the equation whose rootsaretan Aand tan B is ......cceuevveeene. "

7. The value of 052 48°=8iN212°18 .roueerrereerrreeeeresseeenes .
8. The least value of 2 SN2 0+ 3082 008 vevvrrrrmssrssnsssroirssinens ;

9, Ifcos®x+sin®x+ksinZ2x =1, then k =.ccoeervvveesreereeren )

10. The value of(l + ¢cos 8)[1 + cos%} (1 T+ cos%n] [1 + cos%ﬁ] ST P oS v M

cotx—tanx .

11. The value of ——————— 15 ...cccvrernnrernnssosnrsssnenes o
cot2x
12. Iftan @ =¢, then tan 20+ 5ec20 =......ccovvveveverereceennens A
13. If tan9=£, then asin 20 +bcos20 is equal t0 ..o, .
) 1 1 :
14. Iftanx—; tany=§and cos2xissimky, then ks i G .
15. The value of cos— cosEcosﬁcos 811: ............................... .
5 5 5 5
16. The value of sin % T8 s sibestenis :

17. The value of €082 6°=C082 24%8 ..uuureevrererressrenmnsane ;
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18. IfE<x <, then ’l—ci?_x T R S O LA
2 1+ cos2x
19. Ifg <x< g, then 1}2+ 24 208 X Siiisiiesniisisssisinasios s

20. The value of 108 sing—létlsin?’g ISLEL e e ;

ANSWERS
1. 2 g i @t wmay owd 6. x2——2 _x41=0
o 16 8 sin 24
L P 9.3 101 112 1221 130 14 4
8 4 8 1-t
15. ‘ilg 16. ‘/§4+117. WL g 19, 2sinx 20. 18V3

VERY SHORT ANSWER QUESTIONS (VSAQs)

Answer each of the following questions in one word or one sentence or as per exact requirement of the
question:

1. Ifcos 4x = 1+ k sin? x cos? x, then write the value of k.

1
X m , .

2 IftanE = —, then write the value of m sin x + n cos x.
n

8 Ifg-:xnc%, thenwritethevalueof,’#.

4, Ifg < x <, then write the value of \f 2 + /2 + 2 cos 2x in the simplest form.

5. If z < x < i, then write the value of ﬂ L
2 1+ cos 2x
6. fr<x< % , then write the value of ﬂ .
2 1+ cos 2x

7. Inaright angled triangle ABC, write the value of sin? A + sin? B+ sin? C.

8. Write the value of cos® 76° + cos2 16° — cos 76° cos 16°.

9. Ifg <x <g, then write the value of ,/1 —sin 2x .

10. Write the value of cos ; cos L cos % .
11. Iftan A= 1@;@%2’ then find the value of tan 2A.
sin

12. If sin x + cos x =4, find the value of sin® x + cos® x.

13. Ifsin x + cos x =a, find the value of |sin x—cos x|.
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ANSWERS
o X 3
1. -8 2.n 3. —-cosx 4.251115 5. —tanx 6. tanx 7, 2 8.1
9.sinx-cosx  10. —% 11. tan B 12. %{4—3(::2 Cy2) - ARSI

MULTIPLE CHOICE QUESTIONS (MCQs)

Mark the correct alternative in each of the following:

... X X X x .
I 8sm-—cos—cos—cosg is equal to

(a) 8 cosx (b) cosx (c) 8sin x (d) sin x
2 Mis equal to
" sec4A -1 E
) 2 oy 20BA @) 2584 (d) none of these
tan 8A tan 2A cot2 A
L 27 4n 8m 16 n 32,
3, The value of cos — cos — €0S —— COS — COS —— COS is
65 65 65 65 65
1 L 1
= = s d) none of these
(a) 3 (b) T (c) 2 (d)
4, If cos 2x + 2 cos x =1 then, (2 - cos? x) sin? x is equal to
(@) 1 (b) -1 (©) -5 @ 5
5. For all real values of x, cot x — 2 cot 2x is equal to
(a) tan 2x (b) tan x (c) —cot 3x (d) none of these
6. The value of 2 tan I 4 3sec~ —4cos ~is
10 10 10
(@) 0 (b) V5 ()il (d) none of these
7. Ifina A ABC, tan A + tan B+ tan C =0, then cot A cot BecotC =
(a) 6 (b) 1 (c) % (d) none of these
8. If cos x =l(a + 1J,and cos 3x =7{a3 +—1—),then)\. =
2 a (13
1 1
(a) 1 (b) 5 (c) 1 (d) none of these
9. If 2 tan o = 3 tan B, then tan (a. —ff) =
() SEHEED _E092R () Lt (d) none of these
5-cos2f 5-cos2p 5+cos2f
10. If tan a = l—‘c—os[.’i’ then
sin
(a) tan 3o =tan 2 (b) tan 2 oo =tan B (c) tan 2B =tan o (d) none of these

o-B

11. Ifsina+sinB:aandcosa—cosB:b,thentan——2— =

@) -g (b) -% () +Ja® +b? (d) none of these
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. N2
12. The value of(cot%— tan %J (1-2tan x cot 2 x) is

(@1 (b) 2 () 3 (d) 4
13. The value of tan x sin []—; + x] cos [g - x} is

(@) 1 (b) -1 © }i iy 2 (d) none of these
14. The value of sin? (E] +sin? (E) + sin? {7—15} +sin? [ﬂ]is

18 9 18 9

(a) 1 (b) 2 (c) 4 (d) none of these
15. If5sin o = 3 sin (o + 2 f) # 0, then tan (o + p) is equal to

(a) 2 tan (b) 3tan B (c) 4tan B (d) 6tan
16. The value of 2 cos x — cos 3% — cos 5% — 16 cos® x sin? x is

(@) 2 (b) 1 (c) O (d) -1
17. If A =2 sin®x — cos 2%, then A lies in the interval

(@) [-1, 3] (b) [1, 2] (©) [-2,4] (d) none of these
18. The value of — — i g equal to

2cos2x -1

(a) cos x (b) sinx (¢) tan x (d) none of these
19. If tan (n/4 + x) + tan (/4 — x) = A sec 2x, then

(@) 3 (b) 4 (©1 (d) 2

20. The value of cos? [g + x] — sin? (g = x)is

1 1 1
— cos 2x b) 0 ¢) —— cos 2: d) =
(a) > (b) (c) 5 X (d) 5
gy o S088 is equal to
1+ 2 cos 2x
(a) cosx (b) sinx (c) —cos x (d) sin x
22. The value of 2 sin? B + 4 cos (A + B) sin A sin B + cos 2 (A + B) is
(a) 0 (b) cos 3 A (c) cos 2A (d) none of these
; 2 L=
23. The value of : (su.1 L i _l) is
cosx —sin x —cos 3x +sin 3 x
(a) cos x (b) secx (c) cosec x (d) sin x
24. 2(1-2sin?7x) sin 3xis equal to
(a) sin 17x —sin 11x (b) sin 11x —sin 17x
(c) cos17x —cos 11x (d) cos17x + cos 11x
2p-1
25. If o and P are acute angles satisfying cos 2 o = ZE ARl , then tan a =
3-cos2p
(a) v2 tan B (b) % tan p (c) V2 cot B (d) % cot B
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26. Iftarli = l;e tan E,thencosa=
2 l+e 2
e OO L[ (b)1+ecosx (C)l—ecosx @ Ccos X —¢
cosx—e cosx—e 1-ecosx
27. If (2" +1) x =, then 2" cos x cos 2 x cos 2%x...cos 2" 1 x =
(a) -1 (b) 1 (c) 1/2 (d) none of these
28. If tan x =t then tan 2x + sec 2x is equal to
1+t 1-t¢ 2t 2t
a) — e c) — d) —
()1~f (b)1+t ()l—t ()1+t
29. The value of cos? x + sin® x — 6 cos? x sin?x is
(a) cos 2x (b) sin 2x (c) cos 4x (d) none of these
30. The value of cos (36° - A) cos (36° + A) + cos (54° — A) cos (54° + A) is
(a) cos 2A (b) sin 2A (c) cos A (d) 0
31. The value of tan x tan (g—x) tan (%+I) is
(a) cot 3x (b) 2 cot 3x (c) tan 3x (d) 3tan 3x
32. The value of tan x + tan (§+ xj + tan (2—;+ x] is
(a) 3 tan 3x (b) tan 3x (c) 3 cot 3x (d) cot 3x
33. The value of S is
cosba+2cosda+cos3a
(a) cota/2 (b) cota (c) tan /2 (d) none of these
Sl 0% is equal to
34. ST q
(a) 16 cos x —12 cos? x +1 (b) 16 cos*x +12 cos?x +1
(c) 16 cos? x ~12 cos? x -1 (d) 16 cos* x +12 cos® x -1
35. Ifn=1,2,3,.. thencosa cos2 e cos4d a ...cos 2"~ L ais equal to
sin 2n a sin 2" o sin 4" laq sin 2" o
(8) e (b) R T | (c) T (d) TR
2n sin o 2"sin 2"t 4"~ " sin o 2" sin
36. If tan x = g, thenb cos 2x + a sin 2x is equal to
b
(@) a (b) b () + (d) =
b a
[NCERT EXEMPLAR]
37. Iftan a = %, tan f =1§, then cos 2a is equal to
(a) sin 2 (b) sin 4P (c) sin 3B (d) cos 2
[NCERT EXEMPLAR]
38. The value of cos? 48° — sin212°is
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V5 +1 V5 -1 V5 +1 V5 +1
DA d
(a) 3 (b) 3 () 5 ()245
[NCERT EXEMPLAR]
21g0
39. The value of};t% is
1+ tan“15°
V3
(a) 1 (b) V3 (©) % (d) 2
[NCERT EXEMPLAR]
40. The value of tan75°—cot75°is
(a) 243 (b) 2++/3 (©) 2-+/3 @ 1
[NCERT EXEMPLAR]
41. c0s20 cos2¢+ sin?(0— ) —sin (0 + ¢) is equal to
(a) sin 2(6+¢) (b) cos2 (0+¢) (c) sin 2(B—-¢) (d) cos2(8-¢)
[NCERT EXEMPLAR]
. IftanA:-%,tanB=}g,thentan(2A+B)isequal
(@1 (b) 2 () 3 (d) 4
[NCERT EXEMPLAR]
43. If sin 8+ cos 0 =1, then the value of sin 20 is equal to
1
(@1 (b) 5 (© 0 (d) -1
[NCERT EXEMPLAR]
44. The value of sin 1sinll?)—(;rris
1 1 1
— b) —= - d) 1
(a) 5 (b) 5 (©) 2 (d)
[NCERT EXEMPLAR]
45. Ifsin@® = —é and 0 lies in third quadrant, then the value of cosg is
1 1 1 1
= ia e A==
(a) z (b) 70 (c) N (d) 7%
[NCERT EXEMPLAR]
46. The value of cos12°+cos 84°+cos156°+cos132°is
1 1 1
= 1 = d) -=
(a) 2 (b) 1 (c) 5 (d) 3
- ANSWERS
L.(d 20 3@ 4@ 5@ 6. (@ 7.(d) 8 (b)
9. a) 10. (b) 1. (b) 12.(d) 13.(d) 14 () 15 () 16. (¢
17. (@) 18. (@) 19.(d) 20.(a) 2L (b) 22.(c) 23.(c) 24.(a)
25. (@) 26. (d) 27. () 28. () 29. (c) 30. (@) 31. () 32 (a)
33.(c) 34.(a 35 (d 36 (b) 37.(b) 38 (a) 39 () 40. (a)
41. (b) 42. (¢) 43.(c) 44. () 45 (c) 46. ()
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SUMMARY
1. (i) sin 2x = 2sin x cos x (ii) cos 2x = cos?x - sin®x
iii) cos 2x = 2 cos“ x-1 or, 1+ cos2x = 2cos“x
(iii) cos 2x = 2 cos? x-1 or, 1 2x = 2 cos?
(iv) cos 2x = 1-2sin? x or, 1 —cos2x = 2sin?x
2 tan 1-tan?
W) tan2x = 220X (i) sinox = 220X (i) cos2x = £t
1-tan“x 1+tan“x 1+ tan” x
2. (i) sin 3x = 3sin x—4sin> x (i) cos 3x = 4 cos® x -3 cos x
3
3tan x —tan” x
(iii) tan 3x = ——M——
1-3tan?x
1- : 1=
BT . T e oo ST SR =l
2 2 2 2 2 1+ cos x
s all
4. (i) cos x cos 2x cos 22 xcos2%x...cos 2" 1x = By
2" gin x
(ii) sinxsm[ﬁ—x)sin(£+x] = Esin 3x
3 3 4
(iii) cosxcos(ﬁ—x} cos(E-i«xJ = lcos 3x
3 3 4
o2 e =1 5 5+1
5. (i) sm£=\[5_— (i) cosE=J_
10 4 5 4
\/104-2 5 {10 =245
(iii) cosi% = ﬁ_i (iv) sing = ——4—f



