
 

 

QCHAPTER

VALUES OF TRIGONOMETRIC

FUNCTIONS AT MULTIPLES

AND SUBMULTIPLES OF AN ANGLE

9.1 INTRODUCTION

In this chapter, we will introduce the formulae expressing the values of trigonometric functions

at multiples of x i.e. 2x, 3x, 4x...etc in terms of the values at x. We shall also develop formulae

expressing the values of trigonometric functions at x in terms of the values at sub multiples of x

...etc.
X X X

I.e. —

2' 3' 4

9.2 VALUES OF TRIGONOMETRIC FUNCTIONS AT 2.V IN TERMS OF VALUES AT .v

THEOREM 1 For the values of angle xfor which the two sides are meaningful prove that:

(ii) cos 2x = cos^x-sin^A:

(iii) cos 2x = 2 cos^ x -1 or, 1 + cos 2x = 2 cos^ x

(iv) cos2x =1 - 2 sin X or, 1 - cos 2x = 2 sin x

(i) sin 2x = 2 sin x cos x

1 ~ tan^x2 tan X 2 tan X
(v) tan 2x = (vi) sin 2x = (vii) cos 2x =

1 - tan ^ X 1 + tan^x 1 + tan^x

PROOF (i) We know that: sin (x + y) = sin x cos \j + cos x sin y
sin 2x = sin x cos x + cos x sin x

sin 2x = 2 sin x cos x

(ii) We know that: cos (x + y) = cos x cos y - sin x sin y
cos 2x = cos X cos X - sin x sin x

cos 2x = cos^x-sin^x

(iii) We know that:
9 9 9 9 9

cos 2x = cos X - sin x ^ cos 2x = cos x - (1 - cos x) cos 2x = 2 cos x -1

Again, cos 2x = 2cos^x-l ^ 1 + cos 2x = 2cos^x

(iv) We know that:

cos 2x = cos^ X - sin ^ X => cos 2x = (1 - sin^.x) - sin^ x ^ cos 2x = l-2sin^x

Again, cos 2x =1-2 sin^ x => 1 - cos 2x = 2 sin^ x
tan X + tan y

1 - tan X tan y

[Replacing y byx]

[Replacing y by x]

(v) We know that: tan (x + y) =

tan X + tan x

[Replacing y by x]tan 2x =
1 - tan X tan x

 

 



 

 

MATHEMATICS-XI9.2

2 tan X
tan lx =

1 - tan^A:

(vi) We know that: sin 2x = 2 sin x cos x
2sin X cosx 2 sin a: cos x 9 0

[v sin a: + cos a: =1]=> sin 2x =sin 2x =
21^21 Sin a: + COS x

2 sin X COS x

'Dividing Numerator and ’
Denominator by cos a:

2 71
cos X

, X ^ {2n + 1) — , n e Z.sin 2a: =
2 2sm X + cos X

2
cos a:

2 sin a:

2 tan a:
cos a:

^^ sin 2a: =sin 2a: =
1 + tan ^ a::_2

sm a: cos x

2 2
COS X cos a:

2 2

(vii) We know that; cos 2a: = cos x - sin x
2 ._22

cos A:-sm a:cos A:-sm a: ry fy

[Replacing 1 by cos x + sin x]cos2x -
:-221 cos X + sm X

cos^ X ● 2
- sm X

2
'Dividing Numerator and '
Denominator by cos^ x

cos X 7t

, X {2n + 1) - , « € Z.cos 2x =
2 '2 ● 2

cos X + sm X

2
cos X

2 .●..2
cos X sm X

1 -tan^x2 2

cos X c^^ ^ cos 2x =cos 2x =

1 + tan^x2
cos X sm X

+
22

COS X cos X

REMARK /«t/ic aboveformulae it should be noted that the angle on the RHS is halfof the angle on LHS.
■K

2 tan
. 2ti n 2n 2^ ■ 2'^ ^

= 2 sm — cos —, cos — = cos sm —, tan — =
3 3 3 ' ■ ‘

— etc.sm

3 3 ^ 1 - tan 23

6

9.2.1 VALUES OF TRIGONOMETRIC FUNCTIONS AT x IN TERMS OF THE VALUES AT ^
The relations in section 9.2 are true for all values of the variable x for which the two sides are

meaningful. Replacing x by x/2 in the above relations, we obtain the following relations:

(ii) cos X = cos
2 X . 2 X
— sm -

XX

(i) sin X = 2 sin — cos —
2 2 2 2

2 ^2
1 + COSX = 2 cos(iii) cos X =2 cos -1 or.

22

2 ^2
(iv) cos X = 1 - 2 sin 1 - cosx = 2 sinor.

22

2 ^2 tan ^2tan - 1 - tan
222

(vii) cos X =(vi) sin X =(v) tan X =
2 ^2 ^2 ^

1 + tan1 + tan1 - tan
222

 

 



 

 

VALUES OFTRIGONOMETRIC FUNCTIONS AT MULTIPLES AND SUBMULTIPLES 9.3

9.2.2 VALUES OF TRIGONOMETRIC FUNCTIONS AT - IN TERMS OF cos .t
2

We have.

1 + cos X-1 2 2 ^ 1 a;
cos x = l cos — 1 => 2 cos - = 1 + cos X => cos — =

2 2 2

The sign on the right hand side depends upon the quadrant in which angle - lies.

Also,

+

2

1 - cos X1 ■ 1 X ^ . 2 .X ^ ^
cos X = 1 - 2 sin — ^ 2 sin — = 1 - cos x => sin —

X
+

2 2 2 2

The sign on the right hand side depends upon the quadrant in which angle — lies.
2

IT^ cos XX
sin -

V 1 - cos XX 22 _Now, tan — ± +

1 + cos X2 X
■y 1 + cos Xcos -

2 V 2

The sign on right hand side depends upon the quadrant in .vhich angle — lies.
2

REMARK These relations are very useful to find the trigonometric ratios of the angles —
71

etc.

ILLUSTRATIVE EXAMPLES

BASIC

Type I ON FINDING THE VALUES OF sin 2.v, cos 2.v, Ian 2x ETC WHEN VALUES OF sin x OR cos x OR

tan X ARE GIVEN

3 71

EXAMPLE 1 If sin x = —, where 0 <x <-,find the values of sin 2x, cos 2x, tan lx and sin 4x.
5 ' 2

3 71

SOLUTION We have, sin x = where 0 <x <—.
5 2

“2“ T 9 4
-sin X = , 1 = —

V 25 5

2 719

COS X = 1 - sin X ^ cos x = + cc«x > 0 for 0 < X < —
2

3sin X

tan X =

4cos X

Thus, we obtain

- z_
5J "25

3 4
sin 2x = 2 sin x cos x = 2 x — x —

5 5

24
cos 2x =1-2 sin^ x = 1 - 2 x

25'
3 6

2x -
2 tan X 24 34 4tan 2x = tan X =

91 - tan ^ X 7 4
1 -

1 -
16

4;
24 7

and, sin 4x = 2 sin 2x cos 2x = 2 x — x —
336 24 7

sin 2x = — and cos 2x = —
25 25 625 25 25

1
Prove that a + 2p - —, where 0 < a < — and 0 < P < —.EXAMPLE 2 //tana = — , sin p =

7' Vio 4' 22

 

 



 

 

MATHEMATICS-XI9.4

SOLUTION In order to prove that a + 2p = -,itissufficienttoprove thattan(a + 2p) = tan =1.4' 4

1 7t

We have, sin P = , where 0 <p < —.
VTo 2

1

sinp _ _ 1.3

P = Jl-sin^P = and, tan p =cos

10 ^/Io 3cos P 3

^/I6

In order to find the value of tan (a + 2P), we require the values of tan a and tan 2p. The value

of tan a is given. So, let us find tan 2p.

2x1 1
3 _ 3. 2x9 _ 3

3x8 “ 4
2 tan p

=i> tan 2p =Now, tan 2p =
1-1 81 - tan ^ P

9 9

1 and tan 2P = 1Thus, we have tan a =
7 4

1 3
— + —

4 + 21tan a + tan 2p n7 4 _
= 1 => a + 2p = -tan (a + 2P) =

31 - tan a tan 2p _ 1 ^ —
7 4

Type II ON PROVING RESULTS AND IDENTITIES BASED UPON THE FOLLOWING FORMULAE:

sin 2.V = 2 sin .Y cos .V, 1 - cos 2.y = 2 cos“ .v, 1 - cos 2.y =2 sin“.v

428-3

2 -V
sin .V = 2 sin — cos — , 1 -r- cos .y = 2 cos^ — /1 - cos .v = 2 sin

2 2 22

EXAMPLE 3 Prove that:

sin 2x sin 2x
(ii)(i) = cot Xtan X

1 - cos 2x1 + cos 2x

1 + sin 2a: + cos 2x 1 + sin X - cos X x

(iv)(iii) = tan -= cot X
1 + sin X + cos X 21 + sin 2y - cos 2x

cos 2x

1 + sin 2x

SOLUTION (i) We have, sin2Y = 2sin y cosy and 1 + cos2y = 2cos y.

2 sin Y cos Y

2 cos^ Y

n Y^COS Yn

(Vi)(v) = tan= tan —Y

4 2)1 + sin Y

sin 2y
tan Y = RHSLHS =

1 + COS 2y

sin 2y 2 sin Y COS Y
= cot Y = RHS(ii) LHS =

2 sin^ Y1 - COS 2y

1 + sin 2y + COS 2y (1 + cos 2y) + sin 2y
(ui) LHS =

(1 - COS 2y) + sin 2y1 + sin 2y - cos 2y

2 cos^ Y + 2 sin Y cos x 2 cos Y (cos Y + sin y) cos x
= cot Y = RHS

2 sin ^ Y + 2 sin Y cos y 2 sin Y (cos Y + sin y) sin Y

(1 - cos y) + sin y1 + sin Y - cos Y
(iv) LHS =

(1 + cos y) + sin Y1 + sin Y + cos Y

 

 



 

 

VALUES OF TRIGONOMETRIC FUNCTIONS AT MULTIPLES AND SUBMULTIPLES 9.5

X f X
2 sin - - sin - + cos —

a:^■ 2 X . .
2 sin + 2 sin — cos -

X

2 2)2 2 2 X

= RHS= tan
02 X X

2 cos - + 2 sin - cos -
X 2X

2 cos sin - + cos -
2l 22 2 2 2)

K
-2xsm

cos 2a: u K

(v) LHS = cos a: = sm — X , sm a: = cos — X

1 + sin 2a: u un

1 + cos -2a:

U

K

2 sin — X cos — X

U U . X
sm a: = 2 sm — cos— and 1 + cosa: = 2cos^ —

2 2■A 2 ')2 cos --.r
2

U

7T

= tan —X = RHS

. fn nK X

4 ~ 2]
2 sin- -Xsm cos

X

- =RHS
' ncos X 4 2

(vi) LHS = = tan
fn1 + sin X U 2J2 ^ ^

4 2
1 + cos X 2 cos

U

EXAMPLE 4 Sbozu that: ^2 + ^2 + ,yj2 + 2 cos 8x = 2 cos x, 0 < x < ^
SOLUTION LHS = .^2 + ^2 + ^2 (1 + cos sj

yj2 (2 cos^ 4x) 1 + cos 8x = 2 cos^ — = 2 cos^ 4x2 + ,2 +
2

^ 4x) = yj2 + yj2 + 2 cos 4x = ^2 + + cos 4x)2 + cos= V

^2 + ^2 {2 cos^ 2x) [●-● 1 + cos 4x = 2 cos^ 2x]

2x = ^2 (1 + cos 2x) = ^2 (2 cos^x)=

EXAMPLE 5 Proue that: cos 4x = 1 - 8 sin^ x cos^ x.

= 2 cos X = RHScos

[NCERT]

SOLUTION LHS = cos 4x = cos 2 (2x) =1-2 sin^ 2x = 1-2 (sin 2x)^ =1 - 2 (2 sin x cos x)^

= 1-8 sin^ X cos^ x = RHS

I 2EXAMPLE 6 Prove that: (cos x + cos y)^ + (sin x - sin y)^ =4 cos

SOLUTION LHS = (cos x + cos y)^ + (sin x - sin y)^
0 0 0 0

= (cos X + cos y + 2 cos x cos y) + (sin"^ x + sin^ y ~2 sin x sin y)

= (cos^ X + sin^ y) + (cos^x + sin^ y) + 2 (cos x cos y - sin x sin y)

2+2 cos (x + y) = 211 + cos {x + y)|= 1 +1 + 2 cos (x + y) =

I 2
1 x + y 2 a:

= 2x2 cos = 4 cos = RHS. *.● 1 + cos X = 2 cos

2 ) 2
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sec 8:j: -1 tan 8;c
[NCERT EXEMPLAR]EXAMPLE? Prove that:

sec 4.V -1 tan 2x

1
-1

cos 4x

cos 8x 1 - cos 4x

1 - cos Sxsec Sx-l cos 8a:
SOLUTION LHS =

1sec 4a: -1 -1
cos 4a:

2 sin^4A: cos 4a:

^ 5—
2 sin 2x

(2 sin 4a: cos 4a:) ^
cos 8x

0 2
●.* 1 - cos 8a: = 2 sin 4a: and, 1 - cos 4a: = 2 sin 2x

cos 8a:

f 2 sin 2a: cos 2a:
2 sin^ 2a:

\,
2 sin 4a: cos 4xsin 4.Y

X

2 sin^ 2x cos Sx
/ V

> /\ f

'sin 2(4.t)'j^^
cos 8y

tan 8ycos 2ycos 2y sin 8y
= RHS= tan8YCOt2x= —X

tan 2ysin 2y cos 8y sin 2x
y V

5tcV 7n\ 137iAr\r71

EXAMPLE 8 Prove that: 1 + cos — 1 + COS — 1 + cos1 + COS
8 88 8 J8 / V/ V

[NCERT EXEMPLAR]SOLUTION We observe that

3ti' 3tc5 717k K K

COS 71 — = - COS — and, cos — = cos n - -COScos —

88 8 J8 88

, 7n\
1 + cos—

5kV(■ \ f 3tcVn

LHS = 1 + cos 1 + cos 1 + cos—
8 88 8y \ / \

\ /3n KK
1 - cos 1 - cos —1 + cos — 1 + cos

88 88 J\/ \ J \

371^^ 3tiK K

1 - cos1 - cos 1 + cos1 + cos —
88 88 y V y V

2 3ti'\r ■ 2 7C . 2 3ti
sin — sin —

2
1 - COS1 - cos

8 88 8 Jy \

\ / 37t'\ /
3k\ 11 f n

[v 2 sin^ Y =1-cos2y]2 2 sin^ 1 - cos1 - cos —2 sin
4J ^ 4 J8 8 44l / V.

1 V 1

Ifl-l4l 2

11
= RHS1 +

^ V2 V2 84 U / \

EXAMPLE 9 Prove that:

4 3k . ± 3k . 4 5ti . 4 7k 3
— — + sm —+ sm — = —

4 Stt 4 7t: _ 3
~S~2

,... . 4 7t
(ii) Sin — + sm(l) COS — + cos + cos + cos

8 2

[NCERT EXEMPLAR]

88 888 8

SOLUTION (i) We know that: cos (tc-y) =-cos y and ^
8 8

3ti7k
K -

88

, 4 5tc 4 37t
and COS — = cos —

47k
=> cos — = cos

5ti 3717tc 4 ^7t

cos — - - cos — and cos — = - cos
8 8 88 88 8 8

4 7C 4 3tI 4 37T
cos — + cos — + cos 	

47ti4 3tc 5ti 4 71
Now, LHS = cos'^ — + cos

4
+ cos — + cos + cos

8 88 8 88 88

2 3ti: ^>24 3ti 2 ^= 2 cos^ - + 2 cos = 2l + coscos

888 8

 

 



 

 

VALUES OF TRIGONOMETRIC FUNCTIONS AT MULTIPLES AND SUBMULTIPLES 9.7

2
K

1 + COS - 1 + cos
1 + cos 2x

i + 4 2
= 2 = cos X

2 2 2

1 ^

4 [I, 71,

l + ~ + ^'] + (l + -—j2

1 f371^^1 22 K
1 + cos — + 1 + cos 1 + + 1-

72J ■4 I 4j 4 j

/ 1 f 1 W1 1 3
- = RHS

2 I 72
+ 1 -

TiJ 2II 2 2 2

(ii) We know that sin (ti-j:) = sin a:

. 4 7n ..if 3ti' . 4 3n● 4 5Jt7t :_4 ●4
and, sinsin sm sm sin sm71 	 K —

8 88 SJ 8 8

. 4 3ti . 4 7t
— — + sm -

. 4 3t: . 4 Stt . a 7n
— — + sm — + sm —

. 4 7C .4 3ti
sm — + sm —LHS = sin^ — + smNow, + sm

88 8 8 8 8 8 8

f \2
_ I . 4 7t . 4 3tt

- 2 < sm — + sm —
. 2 3ti=_.2 7C

= 2 \ + smsm

88 8

2 3tc1 ^TZ

1 - cos — 1 - cos -
1 - cos 2a: :_2i 4= 2 = sm X

22 2

f f
— 1 - cos — + 1 - cos

n2
2 3tcn

4 4^ 4 j

1 f1 f 1 ri,i_v2Vfi.i+v2
2ll 2

4 tan x(l -tan^ x)
1 -6 tan^ x+ tan"^ x

2 tan 2x

1 3
- = RHS1 - + 1 +

2 ^ V2 72 2 2y V

[NCERT]EXAMPLE 10 Prove that: tan 4x =

SOLUTION LHS = tan 4x = tan 2 (2x) =
1 -tan^ 2x

2 tan X

1 - tan ^ X
2

4 tan X (1 - tan^ x)

(1 -tan^ x)^ -4 tan^ x 1-6 tan^x + tan'^x

4 tan X (1 - tan^ x)
= RHS

2 tan X

1 - tan ^ X
1-

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

EXAMPLE 11 Prove that:

(i) cos^x + cos^
2ti'\

X + — + cos
if 2k''

X 	
33 2 2

= — (ii) cos'^ X + cos"^
71K 2

X + — + cos X 	

3J 23J 2

271^
X + — + cos

3)3 J

2ti:^
SOLUTION (i) LHS = COS^ x + cos^

2
X 	

3 J 3 )
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2n 2n
-<2 cos^ a: + 2 cos^ + 2 cos^a: + — X 	

3;j3J2

2n1 , .. L 2ti
— 1 + cos 2a: + O + cos 2 a’ + — + < 1 + cos 2 X	

3 J3;2

1 n+1 + cos 2a	
1 1 1 4n'l
— 1 + cos 2a + 1 + cos 2a + —

3) 3 J2

1 1 f 47C>
- 3 + cos 2a + < cos 2a + — + cos 2a 	

3J3 J2

1 4ti
— 3 + cos 2a + 2 cos 2a cos —

if f
— 3 + cos 2a + 2 (cos 2a) -

[●-● cos (a + y) + cos (a -y) = 2 cos a cos y]
32

n 31
= — (3 + cos 2a - cos 2a) = — = RHS

222 2J

n
2 a-(ii) LHS = cos^ A + cos^ a + — + cos

3) 3)

- 12 cos^A + 2 cos^ { nn

+ 2 cos^A + — A 	

3J 3J2

2n 2n1
(1 + cos 2a) + 1 + cos 1 2a + — +1 + cos 2a	

3 J3 J2

27t^ 2tc^1
3 + cos 2a + cos 2a + — + cos 2a	

3J2 3J

2n1
[●.● cos (a + y) + cos (a - y) = 2 cos a cos y]3 + cos 2a + 2 cos 2a cos —

32

311

+ cos 2 a - cos 2a} = — = RHS3 + cos 2a + 2 (cos 2a) x —
22 2

Prove that:

sin 5a - 2 sin 3a + sin a

EXAMPLE 12

sin A - sin 3a
INCERT]= tanA INCERTJ (ii) ^— = 2 sin A(i) ●_2cos 5a - cos A sm A - cos A

tan 5a + tan 3a
(iii) = 4 cos 2A cos 4a

tan 5a - tan 3a

sin 2a + 2 sin 4a + sin 6a = 4 cos^ a sin 4a

sin 5a - 2 sin 3a + sin a

[NCERT](iv)

(sin 5a + sin a) - 2 sin 3a
SOLUTION (i) LHS =

cos 5 a - cos Acos 5a - cos A

f5A+A'l /'5a-a'\
- 2 sin 3a2 sin cos

2 2 2 sin 3a cos 2a - 2 sin 3a

r5A + A^ fSx-x^ - 2 sin 3a sin 2a
- 2 sin sin

2 ; 2 J

2 sin^ A2 sin 3a (1 - cos 2a) 1 - cos 2a
= tan A = RHS

- 2 sin 3a sin 2a sin 2a 2 sin cos a

(ii) We have.
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r.t+ 3;c'i^ . (x-3x^
2 sin cos

2 ;2 J - 2 sin a: cos 2.y2 sin (- y) cos 2ysin Y “ sin 3y
LHS =

-(cos^ Y-sin^ x)sin ^ Y - cos^ Y - cos 2y- cos 2y

= 2 sin Y = RHS

(iii) We have,
sinSY sin 3y

+

cosSy cos3y sin5Y cos3Y + cos5Ysin 3y sin (5y + 3y)

sinSY cos3Y-cos5Ysin 3y sin (5y-3y)
tan 5y + tan 3y _
tan 5y - tan 3y ~ sinSY sin 3y

cosSy cos 3y

sin 8y 2sin4.vcos4Y 2x(2sin2Ycos2Y) cos4y

L.H.S =

= 4 cos 2y cos 4y = RHS
sin 2ysin2Ysin 2y

(iv) LHS = sin 2y + 2 sin 4y + sin 6x = (sin 6x + sin 2y) + 2 sin 4y
6y-2y^C 6y + 2y

+ 2 sin 4y = 2 sin 4y cos 2y + 2 sin 4y- 2 sin cos

22

= 2 sin 4y (cos 2y +1) = 2 sin 4y x 2 cos y = 4 cos y sin 4y = RHS

EXAMPLE13 Show that2 sin^ p + 4cos (a + p) sin a sin p + cos2 (a + p) = cos 2a

INCCKT EXEMPLAR]

LHS = 2sin^ p+ 4cos (a + P) sin asin p + cos 2 (a + P)

= 2sin^p + 2cos(a + p) (2sin asinp) + cos 2 (a + P)

= 2sin^ p+ 2cos (a + p) {cos (a -p)-cos (a + p)} + cos 2 (a + P)

= 2sin^P+2cos(a + p) cos (a-p)-2 cos^ (a + p) + cos 2 (a + p)

= 2sin^p + 2(cos^a-sin^p)-2cos^(a + p) + 2cos^(a + p)-l

= 2sin^p + 2 cos^ a - 2 sin^ p - 2 cos^ (a + P) + 2 cos^ (a + p) -1 = 2cos^ a -1
= cos 2a = RHS

Show that: -Jz cosec 20° - sec 20° = 4.

SOLUTION

[NCERT EXEMPLAR]EXAMPLE 14

SOLUTION LHS = ^/3 cosec20°-sec20°

V3cos 20°-sin 20°V3 1

sin 20° cos 20°sin 20° cos 20°

i sin 20° ■2 fV3 cos 20° -
2 (sin 60° cos 20° - cos 60° sin 20°)22

sin 20° cos 20°

4 sin 40°

sin 20° cos 20°

2 sin (60° - 20°) _ 4 sin 40°2 sin 40°
=4=RHS

sin 40°2 sin 20° cos 20°sin 20° cos 20°sin 20° cos 20°

^ AND tan - WHEN VALUES OF sinx OR cosx ORType in ON FINDING THE VALUES OF sin*
tanxARE GIVEN

If 0 < Y < 2jt, find sin —
2

4
(i) tan Y =— , Y lies in quadrant II

3

. cos
1 2 2

Y Y

, cos — , and tan —, v^rhen:
2 2

(ii) cos Y = - —, Y lies in quadrant III
3

EXAMPLE 15
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^ , X lies in quadrant IV.
SOLUTION (i) It is given that X lies in the second quadrant in which cos jc is negative.

cos x = -

(iii) sin a: = -

1 1 3

■Jl + tan^ X
,

16 5
1+ —

Again x lies in the second quadrant.

i.e. —<a:<7i=> — <— <— => — hes in first quadrant ^ sm —
4 2 2 2

7C X X

— and tan — are positivecos

2'2 2 2

^-1
1 + cos X 1-3/5 1

2 V5

1-T^^ 2
2 V5

X ,
cos - = ±

X
=> cos —

2 2 2

1 - cos X 1 - cos JC. X
sm — = ±

. X
^ sm- =

2 2 2 2

1 - cos X II + 3/51 - cos AT
tan- = ± => tan — =eind. = 2

2 1 + cos AC 2 1-3/51 + cosx

(ii) It is given that x lies in the third quadrant.
3tc 7c Af 3tc

i.e. 7i<a:<— =>—<—<—

2 2 2 4

X
cos- =

2 V 2

X X X X

— lies in End quadrant cos — < 0, sin - > 0 and tan — < 0
2 2 2 2

'1 + cos X

1 + cos a: 1-1/3 1
- ve and cos ac = - -

X X .
cos — V cos —IS

2 2 V3 2 3

'1 - cos X
and, sin — = ±

2 2

if
1 - COS X 1 + 1/3 ^ n j 1

— > 0 and cos x = —
. X
sm — = V sin

2 2 2 2 3

^ X sin x/2 [2
tan - = — = , — X

2 cos x/2 V 3
-V3=-V2and.

(iii) It is given that x lies in the fourth quadrant in which cos x is positive.
1

sm X = - -
1 V3

sin^x=Jl--=> cos X

2 4 2

Again, x lies in the fourth quadrant
JC JC JC

i.e. — <x<2;t=> --<-<ji=> - lies in End quadrant=> cos - < 0, sin - > 0 and tan - < 0
2 42 2 ^ 2 2 2

cos — =±
1 + cos X

2

(1+73/2 _ 72+V3
V 2 2

V3l1 + cosxX

— < 0 and cos x =cos — *.● cos
2 2 2

1 - cos X● X
sm — = ±

2 2

I1-V3/2 _V2-V3
V 2 2

V3l1 - cos X. X
sm — = sin — > 0 and cosx =

2 V 2 2 2
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sin (x/2) _ -^2 - Vs
cos (x/2)

2-VS-2
tan — =and.

1(2 + V32 2

3 3t:

/int/ the values o/ sin ~, cos ^
— and tan —. [NCERTlEXAMPLE 16 If tan x = - ,K<x <

2 ' 24

Stt3

It is given that tan x = — and, k<x <SOLUTION
24

37141 1
V 7c < X < ^ COS X is negativecos a: =

5 291 + tan^ a: 1 +
16

. . 3tI 7C x 3tc « j ● n
Again, 7c<a:< — => — <—<—=> cos a: < 0 and sin x > 0
* 2 2 2 4

44
1 +1 -

1 - cos x 5 ^ 3
2 VlO

1 + cos X

2 2

1 j ^
F==r and, sin — =

X 5_ _
cos — =

VlO 2 22

X

sm
3/VIO

■ -1/Vio

X 2 _ = -3tan — =
2

cos -

2

^ and tan — = - 3Hence, cos — = —^, sm - = -p=-
2 VIO 2 VIO

X

2

7t 7t n

Type IV ON FINDING THE VALUES TRIGONOMETRICAL FUNCTIONS FOR 24’16’ 8

1 - cos X1 - cos a:1 + cos X XX

Formulae: .cos — += + , tan — == + , sin —
2 V 2 2 1 + cos X2 2

EXAMPLE 17 Fmd the values of

(ii) sin —
7T7C717U

(iv) sin — (v) cos —(iii) tan - [NCERT EXEMPLAR](i) cos
242488 8

1 + cos a:
SOLUTION (i) We know that cos —

7C

. Putting AT = —, we get= +

2 V 2 4

I+I/V2 (V2+I1 + cos 7u/4 7C .

cos — is positive
7t

cos —

^ 2V2 88 2 2

1 - cos X n

(ii) We have, sin — = ± -. Putting

I-I/V2 |V2-1
V 2V2

2 2

1 - cos 7T/4 _
8 V 2 ~ ^ 2

●: sin — is positive
7t

sm
8

1 - cos X nX

(iii) We have, tan — = ± . Putting x= —, we get
4'■y 1 + cos X2

(V2-1)2V2-II-I/V2	
^^8 ^1 + cos7i/4 ^1+1/V2 ^V2+l ^(V2+1)(V2-1)

1 - cos 7c/ 4K
= V2-1

(iv) We obsi.rve that

V3+I71 . 71

COS — cos — + sm — sm — = r-
4 6 4 6 2V2

71 71K K

cos cos

12 4 6
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1 - cos X
Putting ;i:=—in sin—=±

X

, we get
12 2 2

V3+171
1 - COS	 1 -

4-V6-V22V2 2V2-V3-112TC

i 1sin —

4V2 2V224 2 2 8

1 + cosX

(v) Putting X =— in cos — = ± , we get
12 2 2

71

1 + cos

24 V 2

r7t

cos — = cos 7 — is positive7t 12
cos	 24 2

Vs+1 ,	
2V2 I2V2 +Vs+i

1 +
4 + V6 + V2 V4+V^+V2TC

I
cos =

"V4V2 2V224 2 8

EXAMPLE 18 Prove that:

(i) cot — = 72 + Vs + VI + V6 (ii) tan—=74 + 2V2-(V2+1)
1624

(iii) tanl42 —= 2 +V2-V3-V6
2

TC

SOLUTION (i) LHS = cot —
24

7C TC TC 2 TC TC
2 cos - — cos —

24 24
2 cos 1 + cos —cos —

24 24 12

TC TC TC TC TC TC
2 sin 2 sin - - cos —

24 24
sin cos sin -

24 24 24 12

Vs +1

2V2 _ 2V2 + Vs +1 (2V2 + Vs +1) (Vs +1)
Vs-i Vs-i

TC TC

1 + cos
1 +U 6

(Vs-1) (Vs+1)TC TC
sin

2V24 6

2V6 + 2V2 + s + Vs + Vs +1 2V6 + 2V2 + 2V3 + 4

3-1 2

= V2+V3+2 + V6 = V2+V3+V4+V6 = RHS

TC TC TC 2 TC TC
sm — sin — 2 sin 2 sin 1 - cos

16 16 16 16 8TC

(ii) LHS = tan — = X

16 TC TC TC TC TC TC

cos - 2 sin 2 sin - cos - -
16 16

cos sm

16 16 16 8

TC

1 + cos

-Ttr:
71

— V2-JI + COS
1 + cosx '1 -cosx4 X

and sin — =V cos—=

2 2 2 2TC TC

1 - cos - 1 - cos -
4 4

V" 2
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V2+I1
V2-. 1 + V2- V2Vf-V2 2+1V2

V2-1

VV2+I _ V2Vf V^ + l --^(V2+1)2
^{V2+1)(V2-1)

^4 + 2V2 -{V2 +1) = RHS

_ V^--JV2+1
X

72V2(V2+1) -(V2+I)
2-1

0^1°
tan 142 - = tan 37-

5tc1
(iii) LHS = = tan 180°-37- = - tan —

2 2 242

2 5n 5n. 5tc n n

2sin 1 - cos 1 - cos + -sin

24 24 12 4 6

. Sk5;: 5tc 5ti
n Tt

sm - + -

4 6

2 sincos- cos sm

1224 24 24

^ V3-1, n n . n . n
1- cos-cos—sm-sm-

4 6 4 6 2V2-V3+I2V2
VI+ 1 VI + i. 7C 71

sm — cos — + cos—sm —

4 6

Ti: . 71

4 6 2V2

(2V2-V3+1) (VI-1) e(2V2-vi+i)(vi-i)
(VI + 1) " -VI-1

2V2(VI-1)-(VI-1)^'

3-1

’2V2(VI-l)-(3 + l-2VI)'
		> = — <

22

|V2(VI-1) -{2-VI)| = 2 + V2-VI-V6 = RHS

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

sin 2" A
EXAMPLE19 Prove that; COS A cos 2A cos 2^ A cos 2^ A ... cos 2” ^A =

2“ sin A

SOLUTION LHS = cos A cos 2A cos 2^ A cos 2^ A... cos 2” ^ A

(2 sin A cos A) cos 2A cos 2^ A cos 2^ A... cos 2”" ^ A
1

2 sin A

1
sin 2A cos 2A cos 2^ A cos 2 ^ A... cos 2" ^ A

2 sin A

1
(2 sin 2A cos 2A) cos 2^ A cos 2^ A... cos 2«-1a

2^ sin A

1
sin 2 (2A) cos 2^ A cos 2^ A... cos 2 ^An -

2^ sin A

1
(2 sin 2^ A cos 2^ A) cos 2^ A... cos 2

n-1
A

2^ sin A
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1
sin (2 X 2^ A) cos 2^ A... cos 2” ^ A

2^ sin A
(

1
sin 2^ A cos 2^ ^ cos 2^ A... cos 2" ^ A

2^ sin A

1 1H-1 Acos2^-'^a\ = n-1 n-1
A cos 2 Asin 2 2 sin 2

2^1 -1
1 1

sin (2 X 2"“ ^ A) = = sin 2" A = RHS
2” sin A

2” sin Asin A

2” sin A

NOTE The result proved in the above example may be used as a standard formula.

Type V PROBLEMS BASED ON THE FORMULA

cos A cos 2A cos 2^ A cos 2^ A ... cos 2
sin 2" A

^A =>t -

2” sin A

EXAMPLE 20 Pro^e that: cos 20° cos 40° cos 60° cos 80° =—
16

1
(cos 20° cos 40° cos 80°)SOLUTION LHS = cos 20° cos 40° cos 60° cos 80° =

2

1 f 2
— cos A cos 2A cos 2 A , where A =20°
2

1 f sin 2^ A
2^2^ sin A

- 1 sin 160°

2^ sin 20°

EXAMPLE 21 Prove that: cos — cos

1 sin 8A

2^ sin A

1 sin (180° - 20°) sin 20° _ _ 1
? sin 20° ~ ” 16

— = RHS
24 sin 20°

2k 4k 1Tl

cos

7 7 7

2ti 4tin

= cos A cos 2A cos 2 A, where A = —SOLUTION LHS = cos-cos cos

7 7 7 7

. 8tc .
sin — --

7T 71
Sin 7t+ -

sin 2^ A sm

- = RHS
7 7 _

2^ sin A 71 7t K

8 sin 8 sinsm

7 7 7

71

, prove that: 2” cos 0 cos 20 cos 2^ 0... cos 2EXAMPLE 22 1/ 0 = 0 = 1.
2" +1

K
2"0+0=7i=>2"0 = 7i:-0SOLUTION We have, 0 =

2" + l

sin 2” 0 sin (tu - 0)sin2”0
2“cos 0 cos 20 cos 2^0... cos 2” ^0 = 2” = 1 [v 2"0 = 7t-0]

2"sin0 sin 0 sin 0

2tu 1^=1
7 "8

7T

EXAMPLE 23 Prove that: cos — cos — cos
7 7

r2k 3tt: 2k 47T7X 7C
SOLUTION LHS = cos cos — cos cos —cos cos 71	

7 77 7 7 7 J

( 1K 2k 4k
- - cos — cos—cos — = -=RHS [See Example 21]

7 7 7 8 8
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„ , 2ti 4tc 8;t 14ti 1
EXAMPLE 24 Prove that: cos — cos — cos — cos = —

15 15 15 15 16

2k An 8n n

SOLUTION LHS = COS — COS cos — cos n	

15 15 15 15J

( 2tc An 8;cV
cos — cos — cos —- - cos —

15 15 15

n

[v cos (7C-0) =-COS 0]
15/ \

8n2n Ann

= - COS — cos — COS — cos —

15 15 15 15

= - cos A cos 2A cos 2^ A cos 2^ A, where ^ = —
15

. 16k K K
sm K +

sin 2^ A _ sin 16A
2^ sin A 2^ sin A

sin — ,

l^=i-=RHS
Sin

1515 _

16KK K

16sin16 sin 16sin
1515 15

„ , . K . 3k . 5k . 7k . 9k . 11k . 13k 1
EXAMPLE 25 Prove that: sin — sm — sm — sm — sm — sm

14 14 14 14 14 14

SOLUTION We know that A + B = n => sin A = sin (k - B) = sin B
3k 11k

sm

14 64

5k 9k

14 14

. 11k . 5k
—, sm —

14 14

13kK
— + + K7T,

14 1414 14

9k. 13k . 3k

U' 14

, . K . 3k . 5k . 7k . 9k . 11k . 13k
LHS = sm — sm — sm — sm — sm — sin

14 14 14 14 14 14

K
sm sm smsm — = sm

1414

Now, sm

14

K . 3k . 5k . 7k . 3k .
sm — sm — sm

5k1^

K

sm —sm — sm

14 1414 14 14 14

K . 3k . 5k1 ^ .
sm — sm — sm — > x 1

K . 3k .
sm — sm — sm —

14 14 14

. 7k
X sm

14 14 1414

2k123k' 6k 4k
cos — cos — cos 	

14 14 14,

K KK K
COS cosCOS

2 142 14 2 14;

3k1" rif j_
8; 64

2kK

[See Example 23]cos— cos— cos —

7 7 7

I /■' K 5k . 7k
EXAMPLE 26 Find the value of sm — sm — sm —.

^ 18 18 18

f n K ^ K 5k

U“l8J
. 8k
sm —

7n'\

U 18

n . 5n . 7n
SOLUTION sm — sm — sm — = cos

18 18 18

K

COS cos

U 18
KK

sin 2?
K

sm K	X — sm -

9 _ 14k 2k
cos — cos — cos —

9jli -K 9 _

8KK K9 9 9 2^ sm - 8 sin8 sin8 sin
99 9 9

„ . K 2k 3k 4k 5k 6k 7k 1
EXAMPLE 27 Prove that: cos — cos — cos — cos — cos — cos — cos — = —-

15 15 15 15 15 15 15 128

K 2k 3k 4k 5k 6k 7k
SOLUTION LHS = COS — COS COS COS — cos — cos — cos —

15 15 15 15 15 15 15

7k2k 3k 6k 5k4kK
cos cos cos—cos— cos— cos— cos	

15 15 15 15 15 1515

 

 



 

 

9.16 MATHEMATICS-XI

5n1 2k 4tt 7k
cos — cos — cos — cos —

15 15 15 15

?>K 6k
cos — cos —

K 1
cos — = cos — = —

3 2

TC

2 15 15 15

Sk']7k 8tc1 2k 4k 8ti
cos — cos — cos — cos 	

15 15 15 15

. 2^ K
sm

3n 6k
cos — cos 	

71

●.* cos = cos 71 - = -cos

2 15 15 15 15 15

-2 3ti
sin 2 X —

. 1671 1 . 1271]
sin sin

1 15 15 15
X ● X

3713ti2 2
2 sm —

71

2^ sin 16sin 4 sin
15 15 15 15 j

3ti'1
sm 71	

3n71 71
sm 71 + -sm sm

1 1ILL 15; 15 15
● X . X

3ti 3712 271 71

16sin 4 sin 16 sin 4 sin
15 15 15 15

1 1 1

2 ^ 16 "" 4 " 128

EXAMPLE 28 Prove that: (1 + sec 2a:)(1 + sec 4x) (1 + sec 8x)...(l + sec2”x) = tan 2”x cot x,n sN.

— = RHS

SOLUTION LHS = (1 + sec 2a:) (1 + sec 4.t) (1 + sec 8a) ... (1 + sec 2”a)

_ (1 + cos 2a) (1 + cos 4a) (1 + cos 8a) ... (1 + cos 2”.r)
cos 2a cos 4a cos 8a ... cos 2” a

(2 cos^ a) (2 cos^ 2a) (2 cos^ 2^a) ... (2 cos^ 2” ^a)
cos 2a cos 2^ A cos 2^ a... cos 2”a

2" cos A 2” cos A sin 2” A
cos A cos 2a cos 2^ A... cos 2” ^ x \ =

cos 2" A cos 2” A 2” sin A

= tan 2” A cot A = RHS

Type VI MISCELLANEOUS PROBLEMS BASED UPON FOLLOWING FORMULAE

sm 2a = 2 sin A cos A , cos 2.V - cos A-sin a, cos 2.r = 2 cos .y-1,

- tan^ A

1 + tan^A'

^ 1
, cos 2.V =

2 tan A

1 -- lan^.Y

EXAMPLE29 If tan'^X = 2 tau'^ ^ +1, pwvc that cos 2a + sin^ ({) = 0.

1 - tan ^ A

1 + tan^A

2 tan A

1 ^ tan^A
cos 2.Y = J - 2 sin^.Y , tan 2a = , sin 2a =

SOLUTION Using cos 2a - , we obtain

l-(2tan^4)+l)1 -tan^ A
cos2A + sin (}) = + sin^(|) = + sin^(|)[v tan^A = 2tan^ 4> + l]

1 + tan^A 1 + (2 tan^ ^+1)

- 2 tan ^ (j) - tan^ ({)
+ sin 4* =

2 9 2

+ sin (j) = -sin (}>+sin (})=0
2 + 2 tan^ 4> sec^ 4>

EXAMPLE 30 Prove that:

1 + cos 4a cos 5a + cos 4a1 ^- sm 4a(i) (ii) = - cos 2a - cos A
cot A - tan A 2 1-2 cos 3a

cos7a-cos 8a
(iii) = cos 2a - cos 3a

1 + 2 cos 5a
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SOLUTION (i) We have,

1 + cos 4x 2 cos^ 2a: X 2 sin a: cos x2 cos^ 2x X cos a: sin a:
LHS =

:-22 2 cos 2a:cot X - tan X cos X - sm X

- (2 sin 2a: cos 2a:) = ^ sin 4a: = RHS= cos 2a: sin 2a: =
22

(ii) We have,

LHS =
sin 3a: (cos 5a: + cos 4x)cos 5a: + cos 4a:

[Multiplying and dividing by sin 3a:]
sin 3a: (1 - 2 cos 3a:)1 - 2 cos 3a:

2 cos — cosH
9x3x3x . . 3x 3x 9x X

4 sm — cos — cos — cos —
2 2

2 sin cos

222 2 2

sin 3a: - sin 6a:

^ . 3a: 3a: 9x x
4 sm — cos — cos — cos —

sin 3a: - 2 sin 3a: cos 3a:

. . 3a: 3a: 9x x
4sm—cos—cos—cos-

2 222222 2
3jc>

(-
9xf3x + 6a:f3x-6x\ 2 sin — cos —

2 J 2
2 sin cos

22 \

9x3x3x X

4 sin cos — cos —cos
3a:

cos — = - (cos 2x + cos x) = RHS
2 2

2 2 _22 2 cos
« . 3a: 9x

- 2 sm — cos —
22

(iii) We have.
cos 7 a:-cos 8x

LHS =
1 + 2 cos 5a:

5a:
2 sin — (cos 7x - cos 8a:) 5a:1

2 Multiplying numerator and denominator by 2 sin —
5a:

2 sin — (1 + 2 cos 5a:)
2

5x5x5x5x
cos 8a: 2sin—cos7A:-2sin—cos8a:2 sin — cos 7a:-2 sin

2222

2< sin —+ 2sin^cos5A:
1 2

5a:5a:5jc5a:
2 sin — + 4 sin — cos 5a:

222

r . 19a: . 9a:^ f . 21x . 11a:^
-sm — -smsmsm

222J2

]
. 15x . 5x

sm —
5x

2 sin — + sin
222

f . 9x . 21x^
sm — + sm

r . 19a: . llAC^
+ sm 	sm

222 ;2

15x
2 sin

2

9x 21x>i9x 21a: >
— +	

//

fl9x Ha:"!
\

ri9:c 11a:
2 22 22 22 2 -2 sin2 sin coscos

2222

15a:
2 sin

2
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15x 15x
2 sin cos 2a: - 2 sin — cos (- 3x)

2
= cos 2x - cos 3a: = RHS

15a:
2 sin

2

—, where a = 6p, a being an acute angle, prove that:EXAMPLE 31 7/tan a =

2p|=t/p
1 2 2

+ ^ ●— I p cosec 2^-q sec
SOLUTION We have, tan a - —. Therefore, sin a = P

and, cos a =
*7

Now,

1 p
== cosec 2p - ^ sec 2B ●

. -2LHS “ 2 j ^ cosec 2^ - q sec 2p |-=
^jp^ + q

2

1 sin a cos a

sin a cosec 2p - cos a sec 2p
2 2 sin 2p cos 2p

^|p^ + sin g cos 2p - cos a sin 2p sin (g - 2p) |
2 sin 2p cos 2p2 sin 2p cos 2P

sin (6p - 2P)
■ ■ = ^p^ = RHS. [v a=6p]

sin 4p

EXAMPLE 32 Prove that: tan a + 2 tan 2a + 4 tan 4a + 8 cot 8a = cot a

SOLUTION We find that

1 - tan^ X _ [l-tan^A:
= z < ^

2 tan X

1

— = 2cot 2x...{i)cot X - tan X - - tan X =
tan X tan X tan 2x

LHS = tan a + 2 tan 2a + 4 tan 4a + 8 cot 8a

= cot a - cot a + tan a + 2 tan 2a + 4 tan 4a + 8cot 8a

= cot a - {cot a - tan a - 2 tan 2a - 4 tan 4a -8 cotSa}

= cot a - {(cota-tan a) - 2 tan 2a -4 tan 4a-8cot8a}
= cot a -{2cot2a -2 tan 2a-4tan 4a-8cot8a}

= cot a-{2 (cot 2a - tan 2a) -4 tan 4a-8 cot 8a}

= cot a - {2 X 2 cot 2(2a) -4 tan 4a-Scot 8a}

= cot a - {4 (cot 4a - tan 4a) - 8 cot 8a}

[Using (i)]

[Using (i)]

[Using (i)]

= cota-{4x2cot2(4a)-8cot8a}= cot a-(8 cot 8a - 8 cot 8a) = cot a = RHS

tan a + tan y

1 + tan a tan y ^
sin 2a + sin 2y

EXAMPLE 33 If tan p = prove that sin 2p =
1 + sin 2a sin 2y

tan a + tan y
SOLUTION It is given that tan p =

1 + tan a tan y
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Sin a sin y

cos a cos y sin (a + y)sin a cos y + cos a sin y
tanp =

cos (a - y)sin a sin y
X

cos a cos y

cos a cos y + sin a sin y
1 +

2 sin (a + y)

cos (a - y)2 tan P [Using (i)]sin 2p =

1 +
1 + tan^ P

cos (a-y)

2 (sin 2a + sin 2y)2 sin (a + y) cos (a - y) 	
cos^ (ct - y) + sin^ (ct + y) 2 cos^ (a -y) + 2 sin^ (a + y)

2(sin2a + sin 2y)2 (sin 2a + sin 2y)

1 + cos (2a - 2y) +1 - cos (2a + 2y) 2 + cos (2a - 2y) - cos (2a + 2y)

sin 2a + sin 2y2 (sin 2a + sin 2y)

2 + 2 sin 2a sin 2y 1 + sin 2a sin 2y

2 2

EXAMPLE34 If sm{Q +a) = aands'm{Q+^)=b,prove that cos2{(x-^)-Aab cos{a-^)=l-2a -2h .
[NCERT EXEMPLAR!

VVehave, sin(0+a) =fland sin (6 + P)

(0 + a) = ^l-sin^(8 + a) = and,cos(0 + P) = -^/l-sin^ (0 + P) =

SOLUTION

cos

Now,

cos (a -p) = cos {(0 + a) -(0 + p)) = cos (0+ a) cos (0 + P) + sin (0 + a) sin (0 + P)

= Vl-a^ Vl +ab =ab + Vl

cos 2(a-p)-4flb cos(a-p) = 2 cos^(a-p)-l-4rtiJCOs(a-p)

I -1-4fli> jflfc +2 |nb + Vl-(P'-b'^ +a^b^ -b^ + ah^

-iab ■^1-a^-b'^ + ah2|flV + 2flWl-fl^ l-4flV-b^ + ah'^ +1-0^ -b^ +

= 2-2a^ -2b^-l=l-2a^-2b^.

(
EXAMPLE 35 //tan “ + — =

3
3 sin a + sin

1 + 3 sin^ a

a
3 7C
— H— , prove that sin x =
4 2 J ^

SOLUTION We have.

X1 s
tan — + — = tan

4 2

n aIt

4 2

33
aaXaX

1 + tan - 1 + tan COS — + sincos - + sm
222 2 _22 = J
aaX Xa

1-tan- 1 - tan cos sin -smcos ■
222222

3
22

aaX X
cos - - + smcos — + sm —

2222 [On squaring both sides]
aaX X

cos - sm -cos — sm -

222o
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3

1 + 2 sin - cos
X a a

1 + 2 sin -- cos —
2 2

. \3
1 + sm a1 + sin X2 2

X a a 1 - sin a; 1 - sin a1 - 2 sin - cos -
2 2

1 - 2 sin — cos -
2 2

(1 + sin a)^ -(1 - sin a)^(1 + sin a:) - (1 - sin x) 'Applying componendo-’
dividendo(1 + sin a) ^ + (1 - sin a) ^(1 + sin a:) + (1 - sin a:)

Q

6 sin a + 2 sin"^
<3

3 sin a + sin"^2 sin X a a
=> sin a:

2
2 + 6 sin a 1 + 3 sin^ a2

0 cos 0 - e
EXAMPLE 36 1/ tan - = tan , prove that cos (j> =

2 ^1 + e 1 - e coi 0

SOLUTION We have,

1 - tan
2

2
cos (j) =

2 4>
1 + tan

2

1 + e 2 0
1 - tan

1 -e 2 0 l-e «1> 1 + e 0
cos (j) = tan — = tan — => tan — = tan —

l-e 2
1 + e 2 0 2 1 + e 2 21 + tan

l-e 2

(1 e) (l+e)tan^^ (1 - tan^ 0/2) - e (1 + tan^ 0/2)
(1 - e) + (1 + e) tan^ - {1 + tan^ 0/2) -e (1 - tan^ 0/2)

cos ij) =

2

1 -tan^ 0/2

1 + tan^ 0/2
-e

9 01
Dividing numerator and denominator by 1 + tan"^ —cos (|) =

l-tan2 0/2
l-e

1 + tan^ 0/2

2 0
1 - tancos 0 - e

2cos 4> = cos 0 =
2 0l-e cos 0

1 + tan
2

EXAMPLES? Prove that:

2 cos 2"a: + 1
= (2 cos AT-1) (2 cos 2x-l) (2cos2^x-l) ....(2 cos 2" ^a:-1)

SOLUTION RHS = (2 cos a: -1) (2 cos 2a: -1) (2 cos 2^a: -1).... (2 cos 2

2 cos .r +1

^:^-l)

(2 cos a: + 1) (2 cos a: -1) (2 cos 2a: -1) (2 cos 2^ a: -1) .... (2 cos 2

n -

1
n-1

x-1
(2 cos a: + 1)

1

(4 cos^ a: -1) (2 cos 2a: -1) (2 cos 2^ a: -1)... (2 cos 2""^ a- -1)
(2 cos .T +1)

|{2(l + cos 2a:)-1}(2
1

cos 2a:-1) (2 cos 2^ a:-1) ...(2 cos 2” ^ a:-1)
(2 cos a: +1)
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1
(2 cos 2x +1) (2 cos 2a: -1) (2 cos 2^x -1)... (2 cos 2

H-1
x-1)

(2 cos a: +1)

1
(4 cos^ 2x -1) (2 cos2^a: -1) (2 cos2^a: -1)... (2 cos 2

«-l
^-1)

(2 cos a: +1)

I|2(cos4a; + 1) - l| (2 cos 2^ a: -1) (2 cos 2^ a: -1) ...(2 cos 2
1 «-l

x-1)
(2 cos a: +1)

1
(2 cos 2^a: + 1) (2 cos 2^a: -1) (2 cos 2^a: -1) (2 cos 2"”^ a:-1)

(2 cos a: +1)

1
(4 cos^ 2^a: -1) (2 cos 2^a: -1) x-1)(2 cos 2

(2 cosa: +1)

1
2(1 + cos2^at) -1 l(2cos2^ a:-1)... (2 cos 2” ^ x-1) ●

(2 cos X + 1) [

1 H-1
(2 cos 2^ X +1) (2 cos 2^ X -1)... (2 cos 2 x-1)

(2 cos X +1)

1 n-1n-1
X-1)(2 cos 2 X +1) (2 cos 2

(2 cos X +1)

1 1
(4 cos^ 2” ^ X -1) =

n-1
x + l)-l2 (cos 2.2

(2 cos X +1)(2 cos X +1)

2 cos 2" X +11
(2cos2"x + 2-l) = = LHS

(2 cos X +1) 2 cos X +1

Tt/pe VII ON CONDITIONAL IDENTITIES

,, 6 la-b
EXAMPLE 38 If tan - =		

^ 2 p-hb
a cos (j) + &

tan ^, prove that cos 6 = a + b cos (t)

2 0
1 - tan

2a-be
, we obtaintan — in cos 0 =

SOLUTION Putting tan - = ^ 2 0a + b 2
1 + tan

2

^ (fl +&) -(fl -b) tan^ ^
^ (fl + b) + (fl -i)) tan^ -
2 2

a -b 2 4>
1 - tan

a + b
cos 6 -

a -&
1 + tan

a+b

+ b 1 + tana \ - tan
22)

cos 0 =

2 2
+ b 1 - tana 1 + tan

2) 2)
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1 - tan
2 + ba

2 (j)
1 4- tan

0 (t)
Dividing numerator and denominator byl + tan"^ —

2Jcos 9 =

2 ^ 2
1 - tan

2a + b
2 <t>

1 + tan
2J

a cos <^ + b
cos 6 =

a + b cos 4)

0 + a e-a 2P
EXAMPLE 39 If COS 9 = COS a cos P, prove that tan tan = tan

2 2 2

SOLUTION We have.

cos 6 = cos a COS p
cos 0

cos p -
cos a

2P
1 - tan

cos 02 _

2P cos a
1 + tan

2

2 P'2 P
1 - tan + 1 + tan

2) 2) cos 0 + cos a
[Applying componendo - dividendo]\ /

2 P 2 P cos 0 - cos a
1 - tan 1 + tan

2) 2)
0 + a 0-a

cos 	2 cos
2 21 2

2P 0+ a . 0-a
2 tan - 2 sin sm

2 2 2

1 1

2 P 0 + a 0-a
tan tan tan --

2 2 2

0 + a 0-a
tan^ — = tan tan

2 2 2

cos a - cos p

1 - cos a cos P

0 Pa

EXAMPLE 40 If COS Q = prove that tan — = ± tan — cot —.
2 2 2

SOLUTION We have,

cos 0 -
cos a - cos p

1 - cos a cos P

2 6
1 - tan

cos a - cos p2 _

2 6 1 - cos a cos p1 + tan
2

( 2 61 - tan^ + 1 + tan
(cos a - cos p) + (1 - cos a cos P)2J ^ 2

2 2 0 (cos a - cos P) - (1 - cos a cos P)1 - tan - 1 + tan

2j 2J

1 + cos a - cos p - cos a cos p2

2 0 - {1 - cos a + cos P cos a cos p}- 2 tan
2
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(1 + cos a) (1 - cos P)1

2 ® (1 “ cos a) (1 + cos p)tan
2

2P2 Ct
2 cos — X 2 sin

1 2 2

2 P2 e 2 a
2 sin X 2 costan

2 2 2

2 3 - -
cot — => tan — = ± tan — cot —

2 2

e 32 0 a2 a
tan = tan

22 2 2

3a
- tantan

cos a cos P

1 - sin a sin P'

0 2 2
prove that one value of tan —EXAMPLE 41 If cos 0 = 3'a

1 - tan tan

2 2

cos a cos 3
SOLUTION We have, cos 0 =

1 - sin a sin P

1 - cos 02 0
Now, tan

2 1 + cos 0

cos a cos p
1 -

1 - sin a sin P 1 - sin a sin p - cos a cos P2 0
tan

cos a cos 3 1 - sin a sin p + cos a cos P2
1 +

1 - sin a sin P

if a-3
2 sin

1 - (cos a cos p + sin a sin P) _ 1 - cos (a -p)
2 1 + (cos a cos p - sin a sin P) 1 + cos (a + p)

2 0 2 )
tan

if a + 3
2 cos

2 J

■ fct “3' a . p
sin — cos ^— cos — sm '●

2 2 2 2

3a
sm

0 2
+tan — = ±

3 . a . p
cos - cos - - sm — sm -

2 2 2 2

a + p2 a

cos

2 J

3a

tan -tan
30 Ct P

Dividing numerator and denominator by cos — cos ^
2 2

tan = ±
32 a

1 - tan — tan —
2 2

EXAMPLE 42 /fsina + smP = fl and cos a + cos P = &, prove that

+b'^ -2 4 -b^a-p
(i) cos (a-p) = (ii) tan —

2
±

2

SOLUTION (i) We have.

sin a + sin p = a and cos a + cos P =

(sin a + sin P)^ + (cos a + cos p)^ = +b^

(cos"^ a + sin a) + (cos P + sin P) + 2 (cos a cos p + sin a sin P) = +b

a^+b^-2
2 + 2 cos (a - P) = + &^ => cos (a - P) -

2

20 1 - COS 0
(ii) Now, tan — =

2 1 + cos 0
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2fa-p 1 - cos (a -p)

1 + cos (a -P)

1 _ 2

[Replacing 0 by (a -P)]tan=>

2 ]

a^ + b^~2a ~ptan^ 2
V cos(a-p) =

a^+b^-2K 2 2
1 +

2

-b^ 4-a^-b'^

y a'^+b^
'a. ~p"a -ptan^ tan = ±

(7^ +b^ I 2

2ab
EXAMPLE 43 //"a flwrf p Are fristmct roots o/77 COS X + b sin :c = c, prove that sin {a+^) =

SOLUTION It is given that a and P are distinct roots of a cos x + b sin x = c

a cos a + b sin a = c and a cos p + b sin p = c

{a cos a + b sin a) - (a cos P + bsinP) = c-c

a (cos a - cos P) + (b sin a - sin p) = 0

a + P . a-p a-p a + p
- 2fl sin + 2b sin = 0sin cos

2 2 2 2

a + p . a ~p a-p a + p
= 2b sin2a sin sm cos

2 2 2 2

a + p b ct-p
a P sin 0tan

2 2a

a + P 2b
2 tan

2ab2 a
sin (a + P) = =i> sin (a + P) =

2 a +P b^ fl^+b^1 + tan

1 + -22
a

ALITEK We have,

Acos x + bsinx = c

2X 2 tan ^1 - tan

2-l + 2b tan- 2X2 2+ b = c ^ a 1 - tan = c 1 + tanA

2X 2 X 2J 2 2J1 + tan 1 + tan
2j 2j

(c + a) tan^—-2btan—+ (c-a) =0 ...(ii)
2 2

Pa

It is given that a and P are roots of the equation (i). Therefore, roots of

equation (ii).

. - . P 2b
tan — + tan — = P _ C -A

2 2 c + A

a a

and, tan ...(iii)tan
2 2 c + a

Pa
tan — + tan —

2b/c + a bM .. ct P
Now, tan —+ —

2 2)
g +P2 2 tan [Using (hi)]

Pa I 2 J 1-"-
a a

1 - tan - tan --
2 2 c + a
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a + P b
2 tan 2

lab2 J a_sin (a + P) =
2( a + P'' b^ aKb^1 + tan

1 + --2
a

EXERCISE 9.1

BASIC

Prove the following identities: (1- 25)

sin lx1 - cos lx
1. 2. = cot Xtan X

1 + cos lx 1 - cos 2x

sin 2x

4. .Jl + .y/lT 2 cos 4a:
K

= 2 cos X, 0 < a: < —3. = tan X
41 + cos 2x

sin X + sin 2x1 - cos 2x + sin 2x
= tan X= tan X 6.5.

1 + cos X + cos 2x1 + cos 2x + sin 2x

cos 2x cos a: L ^ ^
= tan — + —

4 2

7T

tan — x 8.7.
1 + sin 2x 1 -sinA:

● 2
+ sm — = 2

2 57t i7Tt ^ .2^ . 2 . 25jt
+ cos — + cos — = 2 10. sin —+ sm — + sin —

22 71
cos — + cos

9. 8 88 8 88 8

2f'ct-P11. (cos a + cos P)^ + (sin a + sin P)^ = 4 cos
2 )

12

8 2

14. cos ^ 2a: + 3 cos 2x = 4 (cos^x - sin^ a:)

15. (sin 3x + sin x) sin x + (cos 3a: - cos x) cos x = 0

iti 2f7C ^ ■ if16. cos —X -sin —X

2 f 71 X

8 "2
13. 1 + cos^ 2x = 2 (cos^x +sin^x)12. sin sin X- sin

V2

17. cos 4x =1-8 cos^ X + 8 cos^ x- sin 2x

18. sin 4x = 4 sin x cos x - 4 cos x sin [NCERT EXEMPLARIX

BASED ON LOTS

19. 3 (sin X - cos x)"^ + 6 (sin x + cos x)^ + 4 (sin^ x + cos^ x) = 13

20. 2 (sin^ X + cos^ a:) - 3 (sin^ x + cos'^ x) +1 = 0

21. cos^x-sin^x =cos 2xfl-—sin^ 2x
4

K K
22. tan — + x + tan — x =2 sec 2x

u

23. cot^x-tan^x = 4 cot 2x cosec 2x

24. cos 4x - cos 4a = 8 (cosx - cos a) (cos x + cos a) (cos x - sin a) (cos x + sin a)

 

 



 

 

MATHEMATICS-XI9.26

3xX

25. sin 3a: + sin 2a: - sin x=4 sin x cos —

1°
26. Prove that: tan 82 —

2

27. Prove that: cot — = V2 +1
8

3 a:

(i) If cos x =— and x lies in the Illrd quadrant, find the values of cos —
5 —

sin 2x.

3
(u) If cos a: = - — and a: lies in Ilnd quadrant, find the values of sin 2x and sin

X

and X lies in Ilnd quadrant, find the values of cos — , sin

30. (i) If 0 < a: < 71 and x lies in the Ilnd quadrant such that sin a: = ^. Find the values of
X X

in — and tan —.

[NCERTlcos

22

= (VI + V2)(V2+1) = V2 + VI + V4 + V6

in — and.28.
2' 2

X

V5
— and tan —.29. If sin a: =
2 23

X

cos —

2 ' 2 2

4
(ii) If cos a: = — and a: is acute, find tan 2a:

5

4 71

(iii) If sin a: = — and 0 < a: < —, find the value of sin 4a:.
5 2

b a + b a-b

a-b ^a+b
31. If tan X = - , then find the value of [NCERTl

a

32. If tan A = — and tan B = - show that cos 2A = sin 4B.
3 '7

sin 68°
33. Prove that: cos 7° cos 14° cos 28° cos 56° =

16 cos 83°

BASED ON HOTS

^ 2n 4tt Stc 167t 1
34. Prove that: cos — cos — cos — cos = —

15 15 15 15 16

_ ... K 2n 471 8tc -1
3a. Prove that: cos — cos — cos — cos — =—

5 5 5 5 16

„ Li. ^ ^ 2k 4k 8k 16k 32k 1
36. Prove that: cos — cos — cos — cos — cos cos = —

65 65 65 65 65 65 64

sin 2p
37. If 2 tan a = 3 tan P, prove that tan (a - P) =

5 - cos 2p

38. If sin a + sin p = aand cos a + cos P =£>, prove that
+b^ -22ab

(i) sin (a + p) = (ii) cos(a-P) =
2

3 + 5 cos pPa
39. If 2 tan — - tan — prove that cos a =

2'2 5+3 cos P

cos a + cos P

1 + cos a cos P '
prove that tan — = ± tan — tan —
^ 2 2 2

40. If cos X =
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a

41. If sec (.T + a) + sec (.t - a) = 2 sec -t, prove that cos x = ± V2 cos —

1 1
42. If cos a + cos P = — and sin ct + sin p = —, prove that cos

a -P _ 8
2

44. If a cos 2x + b sin 2x = c has a and p as its roots, then prove that

(i) tan a + tan P =

a -P 5

243

4 5
43. If sin a = — and cos p = prove that cos

13 '5

2b Q

(ii) tan a tan p = -
-a

[NCERT EXEMPLAR]
c + a

b
[NCERT EXEMPLAR](iii) tan (a + P) =-

a

45. If cos a + cos p = 0 = sin a + sin p, then prove that cos 2a + cos 2p = -2 cos (a + P).
[NCERT EXEMPLAR]

ANSWERS

25' ^/5

1J_ M
y/5' S' 25

,S(ii) -28. (i) - 29.

V6 6

4-VI5 4 +Vis 2cosx
, 4 + Vl5 (ii) — (iii) -

336
30. (i) 31.

V cos 2^6258 8 7

HINTS TO SELECTED PROBLEMS

25. LHS = sin 3x + sin 2x - sin x = (sin 3x - sin x) + sin 2x
= 2 sin X cos 2x + sin 2x = 2 sin x cos 2x + 2 sin x cos x

/

= 2 sin X (cos 2x + cos x) = 2 sin x 2 cos — cos —
2 2)

X X
- = 4 sin X cos -

3x3x
cos —= RHS

2 2

1 -tan^ A 2 tan B2 tan 2B
, where tan 26 =32. Use: cos 2A = , sin 46 =

1 -tan^ 61 + tan^ 26

33. Let A-7°. Then, cos7° cosl4°cos28°cos56°

sin 2^ A _ sin 16 A _ sin 112° _ sin 68°
2^ sin A 16 sin A 2 sin 7° 2 cos 83°

1 + tan^ A

= cos A cos 2A cos 2^A cos 2^ A =

2tu
34. Let A = —. Then,

15

2tt: Ak Sti 16;t
LHb = cos—cos—cos— cos	

15 15 15 15
= cos A cos 2A cos 2^ A cos 2^ A

sm 2ti + —
. 32 7u . 2tu

sm

sin 2^ A_ sin 16 A
2* sin A 16 sin A

sm

15_= 1
2tc 16

1515 - _ — = RHS
2;t27C

16 sin16 sin — 16 sin
15 1515

44. We have.

...(i)a cos 2x + b sin 2x - c

1-tan^x
7 7

1 + tan xj 1 + tan X

It is given that a, P are roots of equation (i). Therefore, tan a, tan p are roots of equation (ii).

7b tan x
= c => (c + a) tan^x-2b tan x + {c-a) =0 ●●●(ii)a
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2b
and, tan a tan (3 = -

-a

tan a + tan p -
c + a

tan a + tan ^ _2b / c + a b

1 - tan a tan p ^ _£

c + a

Hence, tan (a + P) =
-a a

c + a

45. We have, cos a + cos P = 0 and sin a + sin p = 0

(cos a + cos p)^ -(sin a + sinp)^ =0^-0^

(cos^a-sin^a) + (cos^P-sin^p) + 2 (cos a cos P-sin a sinP) = 0

cos 2a + cos2p + 2 cos (a + p) = 0 => cos 2a + cos 2P = -2 cos(a + P)

9.3 VALUES OF TRIGONOMETRIC FUNCTIONS AT 3a: IN TERMS VALUES AT .v

THEOREM For the values of angle x,for which the two sides are meaningful prove that:

(ii) cos 3a: = 4 cos^ a: - 3 cos a:(i) sin 3a: = 3 sin a: - 4 sin a:

3 tan a: - tan ^ x
(iii) tan 3a: =

1 - 3 tan ^ a:

PROOF (i) Replacing y by 2a: in sin (a: + y) = siii a: cos y + cos x sin y, we obtain

sin (a: + 2a:) = sin a cos 2a + cos a sin 2a

sin 3a = sin A (1 - 2 sin^ a) + cos a (2 sin a cos a)

[●.● cos 2a = 1 - 2 sin^ A & sin 2a = 2 sin a cos a]

sin 3a = sin A - 2 sin^A + 2 sin a(1 -sin^ a)
q

sin 3a = 3 sin a - 4 sin a

Hence, sin 3a = 3 sin a - 4 sin ^ a

(ii) Replacing y by 2a in cos (a + y) = cos a cos y - sin a sin y, we obtain

cos (a + 2a) = cos A cos 2a

=> cos 3a = cos A cos 2a - sin a (2 sin a cosa)

=> cos 3a = cos A (2 cos^ A - 1) - 2 cos A (1 - cos^ a)

q
^ cos 3a = 4 cos A - 3 cos a

q

Hence, cos 3a = 4 cos a - 3 cos a

=>

[Replacing y by 2a]

[●.' sin 2a = 2 sin A cos a]]
e\

[v cos 2a = 2 cos A-1]

sin A sin 2a

tan A 4- tan y
(iii) Replacing y by 2a in tan (a + y) = , we obtain

1 - tan A tan y

2 tan A

1 - tan ^ A
tan A + —

tan A + tan 2a 2 tan A
tan (a + 2a) = tan 2a -

2 tan A 1 -tan^A1 - tan A tan 2a
1 - tan A X

1 - tan^ A

tan A (1 - tan^ a) + 2 tan a
q

3 tan A - tan a
tan 3a =

1 - tan^ A -2 tan^ A 1-3 tan^ A

q
3 tan A - tan a

Hence, tan 3a =
1-3 tan^ A

Q.E.D.
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NOTE It should be noted the angle on the RHS of theseformulae is one third of the angle on LHS.

sin — = 3 sm 4 sin^ —, cos — ~4 cos
18 3

2713 27171 K 3 ^
3 cos — etc.sin— = 3 sin—4 sin

9' 6 9 93 9 18

.V

9.4 VALUES OF TRIGONOMETRIC FUNCTIONS AT x IN TERMS OF VALUES AT
3

Replacing x by x/3 in the formulas in the previous section, we obtain the following fonnulae:

3 tan - - tan ^ —
= 3sm —4 sm —

X X

(ii) cos X = 4 cos — 3 cos —
33

(hi) tan x =i) smx
2 ^3 33 3

1 - 3 tan
3

ILLUSTRATIVE EXAMPLES

BASIC

EXAMPLE 1 Prove that: 8cos^—-6cos— = 1
71

9 9

7C 7t3 7t

- 3 cos — =2 cos 3 X — =2 cc« — = 1 = RHSSOLUTION LHS = 2 4 cos
9 9) 9) 3

EXAMPLE2 Prove that: 108 sin —-144 sin =18
7t

1818

37U

SOLUTION LHS = 108sin 144sin
1818

= 36xi=18=RHSK71 3 71
= 36sin 3x— =36sin —= 36 3sin 4sin

6 218 18 18

-20sin^ —-20cos^—= 0
Stt 5ti

EXAMPLES Prove that: 15sin — + 15cos
12 12 12 12

5ti 35h sSrt5ti
SOLUTION LHS =15 sin + 15cos -20 sin 20 cos

12 12 12 12

Sti'= 15sin —-20sin^—l-f20cos^ —-15cos5 71

12 1212 12 y \

. . 3 5ti') _ .
=5 3sm 4sm — -5 4cos

35ti 5ti
3 cos —

1212 12 12

_.5tC- 57T
= 5sm 3x— -5 cos 3x— =5sm 5cos— =-5sm —+ 5cos—=0

5 71

44 4 412 12

BASED ON LOTS

EXAMPLE 4 Prove that: cos 6x = 32 cos^ x - 48 cos*^ x + 18 cos^ x -1

SOLUTION LHS = cos 6x = 2 cos^ 3x -1

= 2 (4 cos^x - 3 cosx)^ -1 = 2 (16 cos^x + 9 cos^x - 24 cos^x) -1
= 32 cos^ X - 48 cos^ x +18 cos^ x -1 = RHS

cos 2x = 2 cos X -1]

— cos 3x
1Z 7t

EXAMPLE 5 Prove that: cos x cos x cos — + x
3 ; 4

7C 71

SOLUTION LHS = COS x cos -X cos —+ x

3 3
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2 TU .2
cos X cos sm X [■.● cos (A + B) cos (A - B) = cos^ A - sin^ B]

3

ri

|^-{1 -cos^ :t)j
f 3 2

= cos X h cos X

[ 4
COS X — Sin X = cos x

U

1 ●> 1 ^ 1
— cos a: (- 3 + 4 cos a:) = — (4 cos a: - 3 cos x) = — cos 3a: = RHS
4 44

^ 1K Tl

EXAMPLE 6 Prove that: sin X sin x sin — + x
[3 ) 4

sin 3x

^3

7T 7C
SOLUTION LHS - sin X sin x sin + a:

1.3

● 2 71 .2
sm X sm sm '● [●-● sin (A + B) sin (A - B) = sin^ A - sin^ B]

1 2 1
= —sin a: (3 - 4 sin a:) =—(3sinA:-4sin x) =

3

3 . 2
sm X sm X

1
sin 3a: =?RHS

4 4U 4

NOTE Reader is advised to learn the results derived in the above two examples as standard results. The

following example is an application of the above results.

EXAMPLE 7 Prove that: sin 20° sin 40° sin 60° sin 80° = —

16

V3
SOLUTION LHS = sin 20° sin (60° - 20°) sin (60 + 20°)

2

VI f n ■K

(sin a: sin —x sin — + x ■, where a: = 20°
2 3 3

VI 1 \ 3 VI VI^_3
2 "l6

7t

X — sin 3a: = = RHSX sm — =

2 4 3 8

EXAMPLE 8 Prove that:

n n

(i) tan a: + tan — + a: - tan —x =3 tan 3a:
^3 ^3

7t 71

(ii) cot a: + cot — + x -cot —x =3 cot 3a:
V3^3

VI + tan a:

1 - VI tan X 1 + VI tan a:

VI - tan a:7t 7C

SOLUTION (i) LHS = tan x + tan — + x - tan x = tan x +
3 ^3

(VI+ tan a:) (1 + VItan a:) -(VI-tan a:) (1-VItan a:)
= tan X +

(1 - VI tan x) (1 + VI tan x)

3 tan X - tan x9 tan X - 3 tan ^ X8 tan X
= 3 = 3 tan 3x = RHStan X +

1-3 tan^x 1-3 tan^x 1-3 tan^x

7C 71

(ii) LHS = cotx +cot —+ x -cot —x
^3

1 1 - VI tan X 1 + VI tan x

VI + tan X VI - tan x

1 1 1

tan X 7t tan X7U

tan — + X tan —X

^3 13

(1 -VI tanx) (VI-tan x) -(1 + Vltanx) (VI + tanx)1

(VI + tan x) (VI - tan x)tanx
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3-9 tan^ x 1-3 tan^x8 tan X 31
- 3 cot 3x = RHS= 3

3 tan a: - tan ^ a: 3 tan a: - tan ^ x3 - tan^A: tan 3a:tan X

BASED ON HOTS

EXAMPLE 9 1/cos a + COS p + COS y = 0, then prove that

cos 3a + cos 3p + cos 3y = 12 cos a cos P cos y.
SOLUTION cos 3a + cos 3p + cos 3y

= (4 cos a - 3 cos a) + (4 cos P - 3 cos P) + (4 cos y - 3 cos y)
o ^ ^

= 4 (cos a + cos p + cos y) - 3 (cos a + cos p + cos y)

= 4 (cos^ a + cos^ P + cos^ y) - 3 x 0

= 4x3 cos a cos p cos y = 12 cos a cos p cos y fl + b + c = 0=:>fl‘’ + b'^ + c'’ = 3abc]

EXAMPLE 10 Prove that: sin 3x sin^x + cos 3a: cos^x = cos^ 2x

SOLUTION We know that

sin 3x = 3 sin x - 4 sin x ^ sin x =

[v cosa + cosP+cosy = 0]

3 sin X - sin 3x

4

cos 3x + 3 cosx
Similarly, cos 3x = 4 cos'^ x - 3 cosx ^ cos'^ x =

4

LHS = sin 3x sin x + cos 3x cos x

3 sin X sin 3x cos 3x + 3 cos X
+ cos 3x

LHS = “ 13 (cos X cos 3x + sin X sin 3x) + (cos^ 3x - sin^ 3x)

LHS = I 3 cos (3x -x) + cos 2 (3x)| = '^ | 3 cos 2x 4- cos 3 (2x)

= ^ ■ 3 cos 2x + (4 cos ^ 2x - 3 cos 2x)| = cos^ 2x = RHS
o o / 2tc

EXAMPLE 11 Prove that: COS X + COS — + x + cos
V 3 J 3 J 4:

SOLUTION We know that cos3x = 4 cos^x-3 cos x. Therefore, cos^x =—(cos3x+3cosx).

Using this, we obtain

LHS = — i cos 3x + 3 cosx I + — i cos (27t+ 3x) + 3 cos

LHS = sin 3x
44

1

3 f 4n ^ -
— + X = — cos 3x

3

(2n
— + x

4 4 I 3

f 4ti
cos (4tu+ 3x) + 3 cos — + x

1
+ —

k 34

4tc1 cos 3x + 3 cos XI + — 271 + —i cos 3x + 3 coscos 3x + 3 cos — + X — + x

4 I 34 4 V 3

r47T3 3 2tu
- — cos 3x + — cos X + cos + X + cos + x

k 3 34 4

3 3 7t

cos 3x + — ●{ cos X + 2 cos (tc + x) cos —

cos X - 2 cos XX —

4 4

3 3 3
= — cos 3x = RHS= — cos 3x + —

4 4 2 4
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2ti 4:11
ALITER COS X + COS + X + COS — + x

3 3

f 4tc
■ - + x X

4n 2k 2k
+ a:+ - + X

31 3 3
= cos X + 2 cos cos

2 2

1K

= cos x + 2cos(ti+:c) cos — =cosa:-2(cos.i:)x — = cosa:-cos:\: = 0

sf 4:K

2

3 (2k3
cos X + cos — + x + cos — + x

3 3

'2k 4k
[v a + h + c = 0=> +b^ + = 3abc]- 3 cos a: cos + a: cos — + x

K 3 ^ 3

jt K
= 3 cos X cos — + x cos tt + — + x

3 3

TC K

= 3 cos X cos K+ — + X7C-I X COS

3 >.3

TC 71

- (3 COS x) - COS -cos — + X-X

u ^3

a 1 ^ 3= 3 X — cos 3x =
Tt K

- 3 cos X cos X cos — cos 3x+ x

4'.3 3 4

tan 3x 1
EXAMPLE 12 Prove that never lies between — and 3.

3tan X

tan 3x
. Then,SOLUTION Let y =

tan X

3 tan X - tan x 3 -tan^ X y-3
=> (3y -1) tan^ x = y- 3=> tan^y = => y = X =

tan X (1 - 3 tan^ x)

But, tan^ X > 0 for all x

1-3 tan^ X 3y-l

++

<- >

1/3 3 00— 00

y-3
>0 y-3

Fig. 9,1 Signs of for different values of y3y-i 3y-i
1

y<- or, y>3

y does not lie between 1/3 and 3.
tan 3x

tan X

EXAMPLE 13 Prove that: cos 5x = 16 cos^ x - 20 cos ^ x + 5 cos x

SOLUTION cos 5x = cos (3x + 2x) = cos 3x cos 2x - sin 3x sin 2x

cosSx = (4 cos^x-3 cosx) (2 cos^x-1)-(3 sinx -4 sin^x) (2 sin X cos x)

cos5x = (4 cos^x - 3 cos x) (2 cos^x -1) -(3-4 sin^x) (2 sin^x cosx)

cosSx =(4cos^x-3cosx)(2cos^x-l)-{3-4(l-cos^x)}2(l-cos^x)cosx

cos 5x = (8 cos^ X -10 cos ^ X + 3 cos x) - 2 cos x (1 - cos^ x) (4 cos^ x -1)

cos 5x = (8 cos^ X -10 cos ^ x + 3 cos x) - 2 cos x (5 cos^ x - 4 cos^ x -1)
C *3

cosSx = 16 cos X-20 cos x+5cosx

=>

never lies between — and 3.Hence,
3
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EXERCISE 9.2

BASIC

Prove that:

1. sin 5x = 5 sin :c - 20 sin a: +16 sin^ x

2. 4 {cos^ 10° + sin ^ 20°) = 3 (cos 10° + sin 20°)

3. cos a: sin 3a: + sin a: cos 3a: = — sin 4a:
4

BASED ON LOTS

7t 71 7C 71
4. tan a: tan x + — + tan x tan x — + tan x + — tan x — = - 3

3J 3J 3J 3J

n K
5. tan X + tan — -t- x - tan —x = 3 tan 3x

k3

rK TC

- 3 cot 3x6. cot X + cot — + X - cot -X

u

2t:n

+ X =3 cot 3x7. cot X + cot — + X + cot

13 I 3

BASED ON HOTS

8. sin 5x = 5 cos'* x sin x -10 cos^ x sin ^ x + sin^ x

● 3 r^TcflK
— + X 4- sin

3
9. sin^ X + sin^ — sin 3x.— + X

^ 3 ^ 3 4

< — for all values of x.
4

< - for all values of x.

71 7T

10. sinxsin —X sin —+ x

13 L3

71 7t

11. COS X cos X cos —+ x

l3 J {3 4

9.5 VALUES OF TRIGONOMETRICAL FUNCTIONS AT SOME IMPORTANT POINTS

By using the formulae introduced in the previous sections we can now find the values of
7Z 3?!

trigonometrical functions at some important points like ^
etc.

Vs-171

THEOREM 1 Prove that: sin — =
10 4

71

PROOF Let X = —. Then,
10

7t rc n TC

5x = — => 2x + 3x = — ^ 2x =— 3x ^ sin 2x - sin — 3x ^ sin 2x = cos 3x
2 2 2 U j

. 2 sin X cos x = 4 cos x - 3 cos x ^ cos x (2 sin x - 4 cos x + 3) = 0

2 sin X - 4 cos^ x + 3 = 0

2 sin X - 4(1 -sin^ x) + 3 = 0 => 4 sin^ x + 2 sin x -1 =0

2±y4 + 16 _-l±V5

=>

71

cos X = cos — 0
10

sm X

8 4
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-1 + V5 a/5-1
[●.● X lies in 1st quadrant sin a: > 0]sm X

4 4

a/5-1n

Hence, sin — =
Q.E.D.10 4

^10 + 2a/57T

THEOREM 2 Prove that: cos —=
410

PROOF Putting x = — in cos a: = ^1 -sin^x, we get
10

i6-(5 + l-2^_7l0 + 2A/5a/5-1K 1 ● 2 ^1 - sin
10

cos — =

416410

Q.E.D.

REMARK The complement of—is
10 5

_ -^10 + 2V5 a/5-12712ti
sm — = sm

K K nnK n

and, cos — = cos = sm — == cos — =

2 10 10 4510 45 2 10

t:

may be obtained from the above values.The values of the remaining trigonometrical functions at
10

V5 +171

THEOREM 3 Prove that: cos - =
5 4

TZ

PROOF We have, cos 2a: = l-2sin^A:. Putting a: = we obtain
10 '

^2 r 3-a/5 a/5+1r 6-2a/5a/5-1^ *1 ^ ● 2 ^ 1 o
cos — = 1 - 2 sm — =1-2 = 1 -= 1-2

444 165 10

Q.E.D.

^10 - 2a/57t

THEOREM 4 Proi?e f/iflf: sin - =
5 4

PROOF PuttingA: = —insin a: = -J1-cos a:, we obtain
5		

^10-2a/516-(6 + 2a/5)a/5+171 2 71
1 - COS '1-sm —

4165 45

Q.E.D.
Ti: . 3ti

REMARK The complement of — is
5 10

VlO-2A/fa/5+1 3tc3ti 7T 71

2~5

T/ie trigonometrical ratios of— may be obtainedfrom the above values.

%K 7C 7C

and, cos — = COS = sm — =sm - sm = cos — =

5 410U 5 5 410

5

ILLUSTRATIVE EXAMPLES

BASED ON BASIC CONCEPTS (BASIC)

EXAMPLE 1 Prove that:

... . 2 2tc
(i) sm sm"

f5+la/5-1 2 4ti . 2 7t
(ii) cos sm

.■^2 n

15 8153 85
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. 1371 1 . 1371 17t 71

(iii) sin (iv) sin — sin+ sm

10 10 2 10 10 4

^/5-l
(v) sin^ 24°-sin^ 6° =

8

. 2 2ti 2 ^ . 1 Tt
sin —

7t K

SOLUTION (i) LHS = sin sin cos sm - = cos

5 3 10 3 5 10

2

^+2^/5|
n2

IO + 2V5 3 2V5-2 ^/5-lV3
= RHS

4 2 16 4 16 8

2 4tC . 1 Tl
sm —(ii) LHS = cos

15 15

4ti k
cos — + —

15 15

47t 7C

15 ”15

1 -Js +1 -Jb +1

[●●● cos^ A - sin^ B = cos {A + B) cos (4 - B)]cos

7C K

= RHScos — cos — = — X 	

3 5 2 4

. 137U

8

7t

(iii) LHS = sin — + sin
10 10

^/5-l ^/5^-l 1. f 3kK K K K

- = RHSsm — + sm sm - cos — =

10 2 5 10 5 4 4 2

. f 3kK . 13tc 71 71

(iv) LHS = sin sm = sm — sm

10 V 2 5

^/5-l V5+1 rs-n

10 10

1K K

- = RHS- sm — cos — =

10 5 164 4 4

LHS = sin^ 24°-sin^ 6°(V)

['.● sin (A 4- B) sin {A ~B)= sin^ - sin^ B]= sin (24°+6°) sin (24°-6°)

1 ^/5-l y/5-1
= sin 30° sin 18° = sin - sin — = - x -—

6 10 2 4
= RHS

8

BASED ON LOWER ORDER THINKING SKILLS (LOTS)

„ . 71 . 271 . 3tc . 4ti
EXAMPLE 2 Prove that: sm — sm — sm — sm —

5 5 5

5

5 16

SOLUTION If X + y -7c, thenx = k-\/ ^ sin x = sin (71 -y) ^ sin x = sin y
. 4tc j 2ti 3k

K ^ sm — = sm — and — +
5 5

K 4t:
- + —

5 5

Using these values, we obtain

TTTf’ . 71 . 2ti . 3ti . 47t
LHS = sm — sm — sm — sm —

. 2ti . 3tc
= K ■=> sm — = sm —

K

5 5 5 5

5 5 5 5

. 37T .271.471 . Til
sm — = sm —, sm — = sm —

. 7C . 2t: . 2tc . K
sm - sm — sm — sm —

5 5 5 5 5 5 5 5

V2. 27t^^ 2
71 . 7C .

sm — sin
K K K K

sm — sm sm — cos —

5 5 J 5 2 10 5 10
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2

V10+2V5
< X >

10-2>/5 10 + 2v/5 100 - 20 _ 80 _ 5
256 "256 " 16

— = RHSX

164 4 16

„ , , ,, 2k 4k 8k 14k .
EXAMPLE 3 Prove that: 16 cos — cos — cos — cos = 1

15 15 15 15

SOLUTION LHS = 16 cos — cos — cos — cos
15 15 15 15

2kV 6k 2k^		
— cos — + cos — = 4 - sm — + sm —

4k^ r 4k 14k14k 2k
= 42 cos — cos —

15 15
2 cos cos

15 15/ V

2k K KK K

= 4 cos cos — sm+ COS

5 6.6 105 A 5 3 J3 j \

3-^/5 Y 3 +Vsl^/5-3Y-^y5-3
\ r

1 V5-1 V5+1 1
= 4= 4= 4 -- +

4 4 44 4 2j 42
y \ y \

f9-5^
= 1=RHS

4 J

EXAMPLE 4 Prow sin — sin — sin — = —
15 15 10 8

T 1 A ● 4k . 71 ^ . 3k
SOLUTION LHS = - 2 sm — sm — sm —

21, 15 15 j 10

If K K K

[●.' 2 sin A sin B = cos {A - B) - cos {A + P)]- cos — cos — cos —

2I 5 B) 5

irV5-lVV5 + YlY^/5+llifVs+i
- = RHS

4 4 84 2 4 22
y Vy \

\c

loJ~16
3k'

loj'.
SOLUTION If A + B = K, then cos A = cos (k - B) = - cos B

3k 7k

To "^10

7kK

EXAMPLE 5 Prooe that: 1 + cos — 1 + cos — 1 + cos1 + cos
1010 A y \

7k 3kK 9k 9k 7C j
— + — = K =5^ COS — = - cos — and,
10 10 10 10

Using these values, we obtain

K => cos = -cos

10 10

\ /\ / 3k KK

LHS = 1 + cos — 1 + cos 1 - cos - cos —

10 1010 10 J\y \y \

\ / 2k'2 3k ● 2 7c .2 3k
sm — sm —

. 2 7C .2 7C
sm —sm —

2 71
1 - cos 1 - cos

10 10 2 1010 10 10y V

V5-1 V5+lf (1n2 ^2
— = RHS

2 2k

10 To’ 10 5J
■ 2
sm —cos

K K
sm — cos —

4 4J 164

EXAMPLE 6 Prove that: tan 6® tan 42° tan 66° tan 78° = 1.

sin 6° sin 42° sin 66° sin 78° (2 sin 66° sin 6°) (2 sin 78° sin 42°)
SOLUTION LHS =

(2 cos 66° cos 6°) (2 cos 78° cos 42°)cos 6° cos 42° cos 66° cos 78°

(cos 60° - cos 72°) (cos 36° - cos 120°)

(cos 60° + cos 72°) (cos 36° + cos 120°)

(cos 60° - sin 18°) (cos 36° + sin 30°)

(cos 60° + sin 18°) (cos 36° - sin 30°)
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_^^-lVV5+l
4 ,, 	 	

l.V5-lV^/5+l l"l (V5+1)(V5-1) 5-1
2 4

1
+

(3-V5)(3 +V5)4 2 9-5
= 1 = RHS

- +

4 2
/ V

BASED ON HIGHER ORDER THINKING SKILLS (HOTS)

EXAMPLE 7 Prove that: 4 sin 27° = ^(5 + VS) - ^(3-VS).

SOLUTION 16 sin^ 27° = 8 (2 sin^ 27°) = 8 fl -
\

^10 - 2^5

3ti
= 81- sin —cos

10 5)

2 I 4-.JlO -~2vf I =8-2JkT^2~^= sn-
4

= {5 + ^/5)+{3-^/5)-2

VS + VS I +|73-%/5 I -27(5 + V5)(3-V5)

|^5 + V5
Taking square roots of both sides, we obtain

4sin 27° = -^3^^

EXAMPLES Find the value of tan 9°-tan 27°-tan63° + tan 81°.

SOLUTION tan 9°-tan 27°-tan63° + tan 81° = (tan9° + tan 81°)-(tan 27°+ tan 63°)

V tan81°=tan(90°-9°)=cot9°, '
tan 63° = tan (90°-27°) = cot 27°

[●.● sin 27° is positive]

[NCERT EXEMPLAR]

= (tan 9° + cot 9°) -(tan 27 °+ cot 27 °)

1 1 1
tan a: + cot X =

sin 9° cos 9° sin 27° cos 27° sm X cos X

8 8 _8x2
sin 18° sin 54° sin 18° cos 36° VS-l S + l 5-1

2 2 2 2
= 4

EXERCISE 9.3

BASIC

Prove that:

v^-1 V5-1. . 2 2tc . 2 ^
1. sin sin — 2. sin^ 24°-sin^ 6° =

5 3 8 8

%/5 +1
3. sin^ 42°-cos^78° =

8

BASED ON LOTS

_ 71 27t 4tc 7n 1
5. cos — cos — cos — cos — = —

15 15 15 15 16

1
4. cos 78° cos 42° cos 36° =

8
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7. sin 6° sin 42® sin 66° sin 78° = i1
6. cos 6° cos 42° cos 66° cos 78° =

1616

1
8. cos 36° cos 42° cos 60° cos 78° =

16

BASED ON HOTS

571 . 2;t . 3ti . 4ti
sin — sin — =9. sin sm

5 5 5 5 16

2k 3k 4tc St: 6t: 7jt 1
10. cos — cos — cos — cos — cos — cos — cos =	

15 15 15 15 15 15 15 128

71

FILL IN THE BLANKS TYPE QUESTIONS (FBQs)

1 -tan^ ( ~~x
1. If = sinbr, then k =

1 + tan^ --X
U

sin2”Xfy

2. If cos cos 2x cos 2 x. ,cos2” '^x = ‘k ,then X =
sin a:

, 1 r 2k 4ti Sti 16tc .
3. The value of cos—cos — cos — cos is

15 15 15 15

l*-cosy

siny

5. If /c = sin — sin — sin —, then the numerical value of k is
18 18 18

4. If tan a: = — , then tan 2a: =

Tt

6. In a triangle ABC with ZC = — the equation whose roots are tan A and tan B is
2

7. The valueof cos^48°-sin^l2°is 	

8. The least value of 2sin^ 0+ 3cos^ 0 is ...

9. If cos^a: + sin^a: +/csin^2a: =l,then

37tV 7k\.5tcVn

10. The value of 1 + cos— 1 + cos 1 + cos— 1 + cos is

88 8 87 'v / V 7 \

cotA:-tanA:.
n. The value of is

cot 2 a:

12. If tan 0 then tan20 +sec20 =

a

13. If tan 0 = -, then flsin 20 + 17 cos20 is equal to
b'

1 1
14. If tan X = —, tan y = — and cos2x = sin cfy, then k =

7' 3

2tc 47t 8t: .
—cos—cos—

5 5 5

K

15. The value of cos—cos IS

5

3ti .
16. The value of sin IS

10

17. The valueof cos^6°-cos^24°is
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1 -cos2xK

18. If — < X < 71, then
1 +cos 2 a:

19. U^<x <^, then

2

20. The value of 108 sin —-144sin^ —is
71

9 9

ANSWERS

6.
sin 2A

1 1 1

4. tany 5. -1. 2 a: + 1 =02. — 3. —

2” 16 8

7. 9 3 1 1+f
13. b 14. 48. 2 11. 210. 12.

4 8 1-f

V5+l_ >/5-l1
20. 18V319. 2sinA:15. - 16. 17. 18. -tanx

16 4 8

VERY SHORT ANSWER QUESTIONS (VSAQs)

Anszver each of the following questions in one word or one sentence or as per exact requirement of the

question:

1. If cos 4a: = 1 + cf sin^ x cos x, then write the value of k.

X ttx

2. If tan — = — , then write the value of m sin x + n cos x.
2 n

T + cos lx3tc7U

3. If-<A:<
2

4. If ^ < a: < 71, then write the value of .J 2 + ^ + 2 cos 2:r in the simplest form.
1 - cos 2a:

^ 1 + cos 2a:
1 - cos 2a:

y 1 + cos 2a:

7. In a right angled triangle ABC, write the value of sin^ A + sin^ B + sin^ C.

8. Write the value of cos^ 76° + cos^ 16° - cos 76° cos 16°.

then write the value of - sin 2a: .

, then write the value of
2 2

K

5. If — < a: < 7T, then write the value of
2

3te
6. If TC < X < — , then write the value of

2

71 7t

9. If-<A:<-
2 '4

10. Write the value of cos — cos — cos —.
7 7 7

1 - cos B
11. If tan A = , then find the value of tan 2A.

sin B

12. If sin X + cos x= a, find the value of sin^ a: + cos^ x.

13. If sin a: + cos x = a, find the value of | sin a: - cos x\.
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ANSWERS

3X

3. - cos X 4. 2 sin — 5. - tan AT 6. tan 7. 21.-8 8. -2. n
42

4
13.

1
11. tan B9. sin - cos a: 12.10. -

8

MULTIPLE CHOICE QUESTIONS (MCQs)

Mark the correct alternative in each of the following:
X X X X

1. 8 sin - cos — cos - cos - is equal to
8 2 4 8 ^

(b) cos X (c) 8 sin a: (d) sin X(a) 8 cos a:

sec 8^4 -1 . ,
2. IS equal to

sec 4A -1

tan 2A cot BAtan 8A
(c) (d) none of these(a) (b)

tan 8/1 cot2 A

2n 4 k 8tc 16 k 32 tc.
— cos — cos — cos cos 	

65 65 65 65 65

tan 2A

K

3. The value of cos — cos IS

65

11 1
(d) none of these(a) - Cb) (c) —

16 328

4. If cos 2a: + 2 cos a: =1 then, (2 - cos^ a:) sin^ a: is equal to

(c)-^/5 (d) V5(a) 1 (b) -1

5. For all real values of x, cot a: - 2 cot 2x is equal to

(a) tan 2a: (d) none of these(b) tan X (c) - cot 3a:
71 7C 4 ^ ●

- 4 COS — IS6. The value of 2 tan + 3 sec
10 10 10

(b) -J5

7. If in a A ABC, tan A + tan B + tan C = 0, then cot A cot B cot C =

j . r 3 1
, and cos 3a: = A a +-^

(b)i

(d) none of these(c) 1(a) 0

(d) none of these(a) 6 (b) 1

n1
8. If cos a: = — a + - , then X =

2'. aj a~ j

1
(d) none of these(c) 1

9. If 2 tan a = 3 tan p, then tan (a - P) =
sin 2 p sin 2 pcos 2 p

(d) none of these(a) (b) (c)
5 - cos 2 p 5 - cos 2 p 5 + cos 2 p

1 - cos P
10. If tan a = , then

sin p

(a) tan 3 a = tan 2 p (b) tan 2 a = tan p (c) tan 2 P = tan a (d) none of these

11. If sin a + sin p = d and cos a - cos P = &, then tan ^ --

(b) (c) -Ja^ +b^
a

(d) none of these(a)-j a
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( X
12. The value of cot — tan — (1 - 2 tan .r cot 2 a:) is

I 2 2j '

(d) 4(c) 3(b) 2(a) 1

nK

13' The value of tan a: sin — + x cos x is
2 2

(c) — sin 2a:
2

(d) none of these(b) -1(a) 1

● 2 rcY14. The value of sin^f— :_2 ^
+ sin IS+ sin+ sm

91818 9)

(d) none of these(c) 4(b) 2(a) 1

15. IfS sin a = 3 sin (a + 2 p) 0, then tan (a + p) is equal to

(c) 4 tan P

16. The value of 2 cos a: - cos 3a: - cos 5x -16 cos^ x sin^ a is

(d) 6 tan P(b) 3 tan p(a) 2 tan p

(d) -1(c) 0(b) 1(a) 2

17. If A = 2 sin ^ A - cos 2 a, then A lies in the interval

(d) none of these(c)[-2, 4](b) lY 2](a) [-1,31

cos 3a
18. The value of is equal to

2 cos 2a -1

(d) none of these(c) tan A(b) sin A(a) cos A

19. If tan (n/4 + a) + tan (7t/4 - a) = ^ sec 2a, then
(d) 2(c)l(b) 4(a) 3

:_2 71
20. The value of cos — + a - sin A IS

^66

11

(a) - cos 2a
2 (d)^(c) — COS 2a

2
(b) 0

sin 3 a
21. is equal to

1 + 2 COS 2a

(d) sin A(c) - cos A

22. The value of 2 sin^ B + 4 cos (A + B) sin A sin B + cos 2 (/I + B) is

(b) sin A(a) cosA

(d) none of these(c) cos 2A(b) cos 3 A

2 (sin 2a + 2 cos^ a -1)

(a) 0

23. Tlie value of is

cosA - sin A - cos 3a + sin 3 a

(b) sec A (d) sin A(c) cosec A(a) cos A

24. 2 (1 - 2 sin ^ 7 a) sin 3a is equal to

(a) sin 17a - sin 11a

(c) cos 17a-cos 11a

(b) sin 11a - sin 17a

(d) cos 17a + cos 11a

3 cos 2 p -1
, then tan a =25. If a and p are acute angles satisfying cos 2 a =

3 - cos 2 p

(d) cot p(b) tan p (c) V2 cot p(a) V2 tan P V2V2
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1 -e
26. If tan - = tan —, then cos a

22 1 + e

I + e cos X 1 - e cos a: cos X - e

(a) 1 - e cos (cos x + e) (b) (c) (d)-
cos x-e cos x-e - e cos X

27. If (2” +1) a: = Tc, then 2” cos a: cos 2 a: cos 2^a: ... cos 2" ^ a:

(a) -1 (b) 1 (c) 1/2 (d) none of these

28. If tan a: = f then tan 2a: + sec 2a: is equal to
1 +t 1 -t It It

(a) (b) (c) (d)
1 -t 1+f 1 -t 1+f

29. The value of cos'^ x + sin^ a: - 6 cos^ x sin^ a: is

(a) cos 2a: (b) sin 2a:

30. The value of cos (36“ - A) cos (36° + A) + cos (54° - di) cos (54° + yl) is

(b) sin lA

(c) cos 4a: (d) none of these

(a) cos 2A (c) cos A (d) 0

71 7t

31. The value of tan a: tan —x tan —+ a: is
3

(a) cot 3a: (b) 2 cot 3a: (c) tan 3x (d) 3 tan 3a:

( 2nn

32. The value of tan a: + tan — + x + tan — + x is
3 V 3

(a) 3 tan 3 a: (b) tan 3x

sin 5 a - sin 3 a

(c) 3 cot 3a: (d) cot 3a:

33. The value of is

cos 5 a + 2 cos 4 a + cos 3 a

(a) cot a/2

sin 5a:

sin a:

(a) 16 cos^ a: -12 cos^ a: +1

(c) 16 cos^ a: -12 cos^ a: -1

(b) cot a (c) tan a/2 (d) none of these

is equal to34.

(b) 16 cos^ a: +12 cos^ x + 1

(d) 16 cos^ a: +12 cos^ a: ~ 1

^ a is equal to
n -

35. If « = 1, 2, 3,..., then cos a cos 2 a cos 4 a... cos 2

n- 1
sin 2” a sin 2” asin 2n a sin 4 a

(a) (b) (c) (d)
2" sin 2""^ 4«-l..2n sin a 2" sin aa sm a

^, then b cos 2a: + a sin 2a: is equal to
b

36. If tan .t -

(d)^(a) a (b) h
a

[NCERT EXEMPLARl

1
—, then cos 2a is equal to
3

(b) sin 4p

37. If tan a = —, tan S =
7 ^

(a) sin 2p (c) sin 3p (d) cos 2p

[NCERT EXEMPLARl

38. The value of cos^ 48° - sin^l2°is
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V5+1^/5+l V5-1
id)(a) (b)

2V28 8

[NCERT EXEMPLAR]

l-tan^l5° .

l + tan^lS”
39. The value of IS

^/3
(b) V3 (c)^ (d) 2(a) 1

[NCERT EXEMPLAR]

40. Thevalueof tan75°-cot75°is

(c) 2-V3(a) 2V3 (b) 2 + V3 (d) 1

[NCERT EXEMPLAR]

41. cos20 cos2(]>+ sin^(0-(t)) -sin^{0+ ([») is equal to

(b) cos2 (0+i|>)

42. If tan ^ ^^ ~^ ^ equal
(b) 2

(d) cos2(0-4>)

[NCERT EXEMPLAR]

(c) sin 2 (0-([))(a) sin 2(0 + i[))

(d) 4(c)3(a) 1

[NCERT EXEMPLAR]

43. If sin 0 +cos 0 =1, then the value of sin 20 is equal to

(b)i (c) 0 (d) -1(a) 1

[NCERT EXEMPLAR]

. ISx.K

44. The value of sin —sin IS

10 10

.)-i

4 0
— and 0 lies in third quadrant, then the value of cos — is

(d)4

11
(c) ~ (d) 1(a) 5 4

[NCERT EXEMPLAR]

45. If sin 0 =

11 1
(c) -(b) -

V5 Vio>/To

[NCERT EXEMPLAR]

46. The value of cosl2°+cos84°+cosl56®+cosl32° is

(d) 4(c)-i
1

(a)- (b) 1
8

ANSWERS

7. (d)

15. (c)

23. (c)

31. (c)

39. (C)

8. (b)

16. (c)

24. (a)

32. (a)

40. (a)

6. (a)

14. (b)

22. (c)

30. (a)

38. (a)

46. (c)

4. (a)

12. (d)

20. (a)

28. (a)

36. (b)

44. (c)

5. (b)

13. (d)

21. (b)

29. (c)

37. (b)

45. (c)

1. (d)

9. (a)

17. (a)

25. (a)

33. (c)

41. (b)

2. (b)

10. (b)

18. (a)

26. (d)

34. (a)

42. (c)

3. (d)

11. (b)

19. (d)

27. Cb)

35. (d)

43. (c)

 

 



 

 

9.44 MATHEMATICS-XI

SUMMARY

(ii) cos 2a: = cos^A:-sin^A:(i) sin 2a: - 2 sin a: cos x

(iii) cos 2a: = 2cos a:-1 or, 1 + cos 2x = 2 cos a:

(iv) cos 2a: = l-2sin^x or, 1-cos2a: = 2sin^A:
2 tan X

1 - tan ^ x

1.

1 -tan^ X2 tan X
(v) tan 2x = (vi) sin 2x = (vii) cos 2x =

1 + tan^x 1 + tan^ X

2. (i) sin 3x = 3 sin x - 4 sin ^ x
3 tan X - tan ^ X

1 - 3 tan ^ X

1 -cosx

2 V 2

4. (i) cos X cos 2x cos 2^ x cos 2^ x.

(ii) cos 3x = 4 cos x - 3 cos x

(iii) tan 3x =

1 - cos X1 + cos X
(i) sin —

X

(iii) tan — =(ii) cos - =3.
2 2 2 y 1 + cos X

sin 2"x
.. cos 2” ^ X =

2" sin X

1TC

(ii) sinxsin —x sin —+ x sin 3x
4

1n 7t

(iii) cosx cos —x cos —+ x = — cos3x
U )
Vs-1

'.3 4

Vs + i7t n

5. (i) sin — = (ii) cos — =
10 4 5 4

_ ^10 + 2%/S .J1O-2V5n n

(iii) cos — = (iv) sin — =
10 4 5 4 

 


