TRIGONOMETRIC IDENTITIESJ

11.1 INTRODUCTION

In the previous chapter, we have learnt about various trigonometric ratios and relations
between them. In this chapter, we will prove some trigonometric identities, and use
them to prove other useful trigonometric identities.

11.2 TRIGONOMETRIC IDENTITIES
We know that an equation is called an identity if it is true for all values of the variable (s)
nvolved. For example,

(x—-a)(x =1 " Ef". -y (x =) » (x =) (x —a) _
(c-mc=b (a=bla-c) (b-c)(b-a)
are algebraic identities as they are satisfied by every value of the variable x.
In this section, we will discuss some trigonometric identities. We may define the term

X2 -9 =(x-3)(x+3)and

trigonometric identity as follows.

DEFINITION An equation involving trigonometric ratios of an angle O (say) is said to be a
trigonometric identity if it is satisfied for all values of O for which the given trigonontetric
ratios are defined. o

5 1 I : — ,
For ex ample, cos” 0 - —cos 0 = cos 0| cosb - R a trigonometric identity, whereas
N ) : 2

-

cos 0 (cm-, 0 - ]E ) ~ () is an equation.

is a trigonometric identity, because it holds for all values of q except

Also, secB =
cos B
for which cos 0 = 0. For cos 0= 0, sec 0 is not defined.

In this section, we shall establish some fundamental trigonometric identities and use

them (o obtain some more identitics.
THEOREM 1 Prove that sin” 0 + cos’0 =1,
PROOF  The following three cases a rise
CASE | When0=0

In this case, we have

sinB=sin0"=0 and cos0 = cos0® = 1

sin” 0 + cosc0=0+1= |
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CASE I When 0= 90

In this case, we have
sinb) = sin90” = 1 and cos 0 = cos90° = ()
sin’ 0 4 cos> D=1+0=1

CASE I L-Wm.-!l:urmm'uh*mrg.fr

Let XAY =0 be the given acute angle. Let Pbe any pointon P
the terminal side AY other than A. Draw perpendicular PM
from P on the initial side AX.
INnAAMP, we have
e B o
sin () = —N-! and cos O = A M 1
AP AP ;
5 2 Fig. 111
2 3 PM P ] n"u"VI i
=5 (sin ) + {cos 0 =| — | + [—m
AP ) AP
2 5 Ve 2 1 o 2 2
= sin~ 0 4 cos™ () = m; 4 ﬂl’-k [ (sinB)” = sin” 0 and (cos0)* = cos” 0]
AP AP~
: TV 2
= sin” 0+ cos 8 = M
AP+
3 , AP? © A AMP s aright angled triangle |
= sin” B+ COs” l] e 42 ~ = |
AP? s PM= + AM® = AP ]
=5 sin® 0 +cos?0 = 1
Thus, in all the three cases, we have
sin® 0 + cos? 0 = 1
Hence,  sin® 0+ cos® 0 = 1 for all values of variable 0.
RENARK | Note that sin® 0 is the square of the sine of angle 0. Similarly cos? 0 is the square of the
cosie of the angle 6.

RINARK 2 Tt follows from the abope identity that sin® 0 = 1 - cos? @ and cos2 B =1 —sin20

THEOREM 2 Provethat sec® @ = 1 + tan? 0
Proar Inthe right angled triangle AMP (Fig.11.1), we have
AM? + MP? = AP?

[By Pythagoras Theorem]
AM® + MP* - Ap?

= e ividing both sides by AM? |
a AM® AM? |: Dividing both sides by A ]
AM? | MP* AP
= AMT O AMT O am?
A ? AP
o I+tan”0 = sec" 0 ‘.'tanﬂzwandsecEI:‘ —‘
A ("'J.\’! d
Hence, 1+tan"0 = sec”0
y - : - Q.ED.
RENARK L followos from the above identity that:

sec’ - tan” 0 = land, sec* 0 - 1 = tan® 0
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REMARK 2 sec” 0~ tan® 0 = 1 = (secO — tan0) (secO + tan0) = 1

secl + tanh =

THEOREM 3 Prove thal cosec” 0 =1+ cot” 0,

and, secO — tan ) =
secl) — tant

]

sech) + tan 0

mpoOr  Inthe right-angled triangle AMP (Fig. 11.1), we have

AM? + MP? = AP?
AM? + MP* AP?

[Using Pythagoras Theorem]

[Dividing both sides by MP? |

= —_—— = -
MP= MP-
AME. MP* AP®
= 5+ 3T = el
MP=  MP= MP°
( AM ]1 ( AP ]
= 22| =
mMpP MP
[ AM AP
2 = " s cot = — and cosec Bl =
= cot” 0 + 1 = cosec™ 0 L MP MPJ
Hence, 1+ cot®@ = cosec™ 0
Q.E.D.
REMARK 3 It follows from the above identity that:
cosec” B — ::m:: 0 =1and, cosec- 0 -1 = cot® 0
REMARK4 cosec? 0 — cot” 8 = 1 = ( cosec 0 — cot0) ( cosec O + cotd) = 1
1
cosecH + cotl) = and, cosec — cotB = )
cosec 0 — cotl casec ) + cotl
THEOREM 4  For anyacute angle 0, prove the following identitics:
; cos b
(i) tan = sn Y (i) cotB = —
cos 0 sin £
'ROOF  From Fig. 11.1, we have
. PM AM PM AM
5in@ = —,cosh=—,tan B = and cot B =
T LT AM PM
(i) We have,
2
tan 0 = lﬂ
AM
= ——— (PM AP) [ Dividing Numerator and Denominator by x"u”]
(AM,.'AP] :
I . PM 1AM
ﬁ i = — — i
= i B i:m- |: L sin g 2P and cost) = j|
cos b
3 Q.E.D.
(i) Wehave,
cot () = ﬂ
PM

(L]
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- AM )
. PM ., T :
= cot = TPMO [ Dividing Numerator and Denominator by .-wl
- M ; -
= cot ) = <059 [ cos 0 = AM and sin @ = PM
sin 0 AP AP |
T sin 0 cos 0
Hence, tanp = and cot ) = — :
cos 0 sin )
N Q.ED
[he above wdentities and some more identities obtained from the above identities by performing simple

algebraic operations like addi Hon, subtraction are listed below for ready refe

Tence.
(i) sin®0+cos?0=1 (ii) cos™0=1-sin?0
(i) sin®B =1-cos? @ (iv) 1+ tan’0 = sec® 0
V) sec’® - tan?0 = 1 (Vi) sec’®-1=tan®0
(Vi) 1+ cot® 0 = cosec? 0 (vii)) cosec® 0 - cot’0 =1
(iX) cosec® 0 -1 = cot* 0 (x) sech+tan0 = 1

sec — tan®
1

cosec 0 - cot0

(x1) cosec 0+ cotl) =

REMARKS — Wehave proved the above identities for an acuteangle ©. But, these identities are true for
amy angle O for which the trigonometric ratios are meani ngful.

REMARKG  In Hies book, we shall deal mainly with acute angles.

~ ILLUSTRATIVE EXAMPLES

LEVEL-1
EXAMPLE 1 Prove the following trigonometric identitides:
(i) (1-sin"0)sec’0 =1

(ii) cos® 0(1+tan> 0)=1
b ] . ]- 1
(111) cos” 0+ =1 (iv)

TR, T e — 4 —— =2sec’ 0
1+ cot” 0 IT+sin 1-sin®

(V) cosec” 0 + sec® 0 = cosec 0 sec? 0

(vi) Vsec?@ + cosec’ 0 = tan 0 + cot 0
[CBSE 2001)

INCERT EXEMPLAR]

(vi) [sin" 0 - cos* 0+ 1) cosec® 0 =2 [NCERT EXEMPLARI

SOLUTION (1) We have,
LHS = (1 - sin” 0) sec* 0

=5 LHS = cos” Bsec’ 0 [ 1 s mﬁgﬁj
[ — 1, |
= [LHS = cos" 0 — | =1=RHS % gpei s + el e 1
a9 L cos 0 cos™ 0
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11.5
! £ L . - /{ — FS
(i) Wehave, o+ daa U &
LHS = cos” 0(1 + tan> )
= LHS = cos® 0 sec? 0 [ 1+ tan-0 = soc” {J]
LHS = cuslﬂ[ ] } 1= RHS sec 0 L
= =] = - osec b =
= cos’ ) cos B
(iii) We have,
LHS = cos” 0 + 1 .
1+ cot”0
== LHS = cos’ 0 + —}—1— [ 1+ cot® 0 = cosec” l'l:[ |
cosec™ 0
oL —sin®
= LHS = cos® 0 +sin? 0 = 1= RHS T
(iv) We have,
1 1

LHS =

+
1+sinf 1-sinB

_1-sinB+1+sin0

: D [On taking LCM]

(1+sin@) (1 —sinb)
= LHS = __2_2_

1-sin"0

5 - Y

= LHS:._Z_ ['-'l—sin“9=m5~g] ¥

cos™ 0

osec ) = L

= LHS = 2sec® § =RHS o —

(v) We have,
LHS = cosec” 6 + sec” 0

1
= CHS = e

sin° 0 cos” 0

a 1 .
cos” 0 +sin” 0 _ A 1,_, . 11 = coseeiD s8et B = RHS
cos’0sin’B  sin“Ocos’® sin"0 cos™O

= LHS =

(vi) We have,

LHS = Jsec? 0+ cosec” 0

=1+ tan? 0) + (1 + cot” )

= *-”a'nz"’mtzﬂ +2) = Ja“20+fﬂtzﬁ+ 2tan Bcot @ [~ tanfcotd = 1]
= J(tan 6 + cot®)? = tan 0+ cot 0 = RHS 5
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(vil) Wehave,
LHS = (sin 0 - cos? 0 + 1) cosec? 0
= {(sin? 0)* - (cos?0)° + 1) cosec* 0

= | (sin? 0 + cos? 0) (sin® 0 - cos” 0) + 1} cosec” 0

= (sin® 0 - cos® 0 + 1) cosec? 0 [+ sin® @ + cos 0 = 1]
= (sin® 0 + sin® ) cosec? 0 [1 - cos® @ = sin” 6]
= 2sin* 0 - cosec? 0 = 2sin? 0 x - ].,- =2 =RHS
sin” 0
FXAMPLE 2 Prove that following trigonometric identities -
" (i) cot®n - le =1
sin” 0
(D) (1+ tan® 0) (1 + sin 6) (1 - sin0) = 1 INCERT EXEMPLAR]
(i) (1 + cot® 0) (1 - cos 0) (1 + cos 0) = 1 (v) tan0- 1 _ 4
cos’ 0
SOLUTION (i) We have,
LHS = cot*0 - Iz
sin~ 0
2 2 | = q 1 g
= LHS = cot® 0 - cosec® § VS — = cosec B ..——— = cosec
sin sin”
' = LHS = —(cosec? 8 - cot? 0) = -1 = RHS

(i) We have,
LHS = (1 + tan® 6) (1 + sin 8)(1 - sin 0)

- LHS = (1 + tan? ) {(1 +sin6) (1 -sing)}
= LHS = (1+ tan®0) (1 - sin? )
= LHS = sec? 0 cos? 0

[ 1+ tanzﬁ = sec? Band1-sin?0 = cos’ 0

= LHS =
(111) We have,

1133{{:0529:1:[{[15 W SECB=
Cos

cos 0 cos® 0

LHS = (1 + cot® 8) (1 - cos 6)(1 +cos 0)

= LHS = (1+ cot” 6) (1 - cos? )
=5 LHS = cosec’ 0sin’ 0 [ 1+cot?p = cosec®0and 1 - cos? 0 = sin? D]
= LHS = cosec® 0sin? @
;! -
= LHS = ——xsin?0 =1 = RHS ** cosec =1 _ | 2g. 1
sin“ 0 gng ' TORee B_sinﬁ



(iv} We have,

LHS = tan®0 —
cos™ )
2 3 1 1 2
— LHS = tan® 0 —sec 0 iy =secl.. — = sec” 0
cos cos- .
- LHS = —(sec® 0 — tan” 0) = -1 = RHS
EXAMPLE 3 Prove the following trigonometric identities:
) sin 6 T (i) tan + sinb . secO + 1
1 - cosb tan0 - sinf  sect -1
2cos 0 - 1 25in’0 -1
i coth - tanh = —— iv 1 _ o _ &Sm-u—1
(1) <6 cos8 (iv) tan0 — cotO = T

SOLUTION (i) We have,

LHS = _sin®
1 —cost
- LHS sinb " (1+ cost)

B (1 =cosB) (1+cosb)

sinB (1 + cosB)

= LHS =

Multiplying numerator and
_ denominator by (1 + cos )

[ (1 +cos0)(1-cosB) =1- cos? 0]

1-cos* 0
in B (1 + cos0 )
= LHS = ™% {. 3 ;nq } [-+1 - cos” 0 = sin” 0]
sin”
- LHS - L +.cusH
sin b
s B
= LHS = 1 i Cl:“.l"‘
sin®  sinf
1 cos 0
= cosec B and, -
= LHS = cosec 0 + cot 0 = RHS i c"“a}
(i) We have,
LHS = tan b + s'fnﬂ
tanf = sinf
sin® +sinb
= LEE = cos 0
5m_l} ~sin®
cos0
1
smﬂ[ + 1] + 1
= LHG = 3088 2 _ cos® Se"g” - RHS «
sin 0 ]- e 1} 1 sech =
cost) cos

(iii) We have,
LHS = cot 0 — tan 0

“y
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LHS = €osU sing)
= g b e e S L
sin)  cos0
. 08”0 -sin’ 0 ms:(]—(l - cos® 0)
B [Hh:klh " - e =1- 2
> sin U cos B sint) cosl [ sin™@ w0579
3 LHS - os” l.i -1+ cos= 0 < Ex:'u:;'u— I _ RHS
st cos() sinfcos 0
(V) We have,
LHS = tanD - cot )
. st cosd
—1 Iilb -- i
costh sing
LHS sin” 0 - cos® 0 Csint0- (1 - sin” 0)
— TSR " - R
sinthcos( sin 0 cos )
sin® 0 — sin® 2sin’ 0 -1 .
= LHS — sin ” 14 sin~ 0 = b = RHS
sin ) cos sinthcosd
EXAMPLE 4

1 - sin0
(1) ||___~1_n_ = secl) - tan0
I+ sint

SOLUTION (i) Wehave,
I —sin(

- |
14 sinb

- LHS=J1HS!“E‘>€1-SIHH
1+sin 1-sind
. o ’{l—sinfﬁz _ | =sino)?
1-sin-0 cos® 9
[1-sinp _ 1-sint
s - [z . Losne
- Lha \,l cosh cosf)

(11) We have,

LHS - 1 +cosh
1 - cosh
1+cosO 1+ cosh
LHS = _
= 1 -cosf 3 I +cosb
| 2 1 2
" LHS = [t COS) U+ cosE)”
1 -cos 6 sin” 0
(1+cos0 Y ] 5
= LHS = ‘ﬂ ——— | 222088,
sin () sin ()

- ] —_

Prove the following trigonometric identities:

) 1+ cos0
11 r—
\

= cosect + cotd
' 1 - cos

[ Multiplying and dividing by (1 - sin 0)]

sind
cost

=secl - tanbH = RHS
cost

Multiplying and dividing within the |
Square root sign by (1 + cos0)

|

- |

1 CcOs
+0:.[]

SH B m = Cosec 0 + cot 0 = RHS

i b R b B R ¢ -
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EXAMPLE 5 Prove the following identities:
] —sint) = i
iy ———— = (sec — tan0)” o 1—cos@ o n — cot0)
{I} 1+ sin 1) . ] (1) 1 cael = (cosec b - LE!“’T_]
cost) cosl)
iy ————— o ——— = 2sech
(i) 1 -sin® 1+ sin0 y
. osinA+ cos A . sinA —cosA 2 2 2
(iv) sinA —cosA  sinA +cosA sin® A — cos” A - 2sinfA-1 T 1-2cos’ A
[CBSE 2000, 2000C]
(v) (cosec 0 — sin0) (sec — cos0) (tan 0 + cot0) = 1
 sinb—2sin’0
(Vi) 22" = tan® [NCERT, CBSE 2000]
2cos 0 —cosb
SOLUTION (1) We have,
T e L
1+ sint
- HS=1= 5|Ln[] i STHU [Multiplying numerator and denominator by 1 - sin 6]
1+sinh 1-sinB ’
s, g BBl
1-sin” 8
= THS = a- ST__B)— [+1-sin"0 = cos” 0]
cos™ b
=~ LHS 2[ 1 —5|n[-}]
cast)
= LHS =[ - ] - (sec 0 — tan 0)* = RHS
cosB cosb
(ii) We have,
LHS - 1-cosb
1+ cosb
= LHS = 1-cosB 1-¢0os®  \pultiplying numerator and denominator by 1 - cos 6]
1+ cosh 1-cosO
= Z 1 - cosb) .
o T .. B-foe), _ [ 1-cos®0 = sin? 0]
1-cos 0 sin” 0 ~
1—cos8¥ [ 1 cnsﬁ]"_ s 2 >
= e L (P = (cosec ) = cot0)° = q
LS [ sin 0 ] Lsinl} sinf
(ili) We have,
LHS - cost caspi]
1-sin0 1+sind \

w
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3 in0) + cos(1 - sin0)
. LHS:'C“*B(“S”_‘ ) .(
(1-sin0)(1 + sin0)
! : e 30 — cos0sin®
=5 LHS - cuaﬂ+cusﬂmeTc?bB co
1-sin"0
.2
= LHS - 2cos0 [-1—sin“0
cos” 0
= LHS = —2_ - 4ec0 = RHS
i cosf
(iv) We have,
SinA +cosA  sinA - cosA
LHS = +
| sinA - cos A sinA + cos A
" + =y LHS - {sin:ﬁl +|::|:):v.zﬂ1)2 +(sin A - cos A)®
(sin A - cos A) (sin A + cos A)
2 LHS - (sin® A + cos? A + 2sinAcosA) + (sin® A + cos® A - 2 sin Acos A)
i sin® A - cos® A
B, _{1+25iﬂ14¢05A)+(1-25inAc05A] _— .
| - o sinlA_mSZA [ sin® A + cos
2 2
M s e 2
l i~ SinA~cosTA " ST A~ (1—sinT )

2 2 2
; LHS=‘—1———, ="———————~-‘-‘_—————-“RH
| ‘. = 2sin" A - 2{1—-:05211}-1 1-2cos 4 .

(v) We have,

LHS = (cosech - sin@) {sec9-c05EI'}{tanB + cot )

1 . 1 i
= LHs-_-{—_—_—mnﬁJ[——-*-msHJ(-ﬁ-P—E 088
sin cosf cosh ¥ sin
e 2 .
_ LHS=[1 's,m B] 1-cos*p sm23+cnsze
sinf cosf sin B cosp
2 . 2
2 LHS - €08 'Bx sin Bx 1

- T
sinf  cosp SN f cogg E: Siﬂze"l-t‘ﬂsz

=
(‘b‘i] W'Ehﬂve.t
. . 3
_ smﬁa 2sin' p
2cos” f - cosb

LHS - Sin0(1-25in?g)
€050 (2 cos? p - 1
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- j’ a
- LHs - Sin 04} 1. -2(1 - cos® E]}_{- _ sin0 (2c0s?0 - 1) o il
cos 0(2 cos” 0 - 1) cosB(2cos 0 -1) tant =

EXAMPLE 6  Prove the following identities:

" . 2 -

() (sin0 + cosec ) + (cos® + sech)’ = 7 + tan” 0 + cot? 0 [NCERT, CBSE 2000]
(i) (sin0 + secO)® + (cos + cosecO)® = (1 + sec cosec 0)> [CBSE 2000C]
Gil) (comscD = cot) = L0080 [NCERT, CBSE 2000C]

1+ cosB
(iv) sec'®-sec’0 = tan® 0 + tan® 0 INCERT EXEMPLAR]
(v) 2sec’0—sec' 0 —2cosec” 0 + cosec? 0 = cot’ 0 — tan’ 0 [CBSE 2000]
(vi) (sin® - sec 9}3 + {cos B — cosec 0)F = (1 — secB cosec 0)*
SOLUTION (i) Wehave,
[LHS = (sin@ + cosec0)® + (cosB + sech)’
= LHS = (sin2 0 +cosec” 0+ 2 sin 0 cosec 0) + (cos® B +sec” B+ 2cos sec 0)
> L) 2 1
- LHS:(sin“H+ccsec“ b+2sinb ,1 1+(Cnshﬂ+?‘\{'czﬂ+2(}l}ﬁﬂ ]
sin 0 cost.
= LHS = (sin® 0 + cosec? 0 + 2) + (cos” 0 + sect 0+ 2)
= LHS = sin2 0 + cos? 0 + cosec” 0 + sec® 0 + 4
" +cosec” @ = 1+ cot” 0,

=> LHS:H(IH:D*ZE‘H(]H&“ 0) +4 sec’0=1+tan”0
= LHS = 7 + tan® 0 + cot® 8 = RHS

(ii) We have,

LHS = (sin@ + sech)® + (cos@ + cosec0)”

LHS = sin0+ — ]3 +[Cm;ﬂ+ 1 ]
= o L cos0 sinf)
id 1 + 2s5in R 1 N 2cos0
= LHS = sin" 0 + ——-—-cnsz T ; sinZ0  sin®
1 sin@  cos0
= LHS—[Sinlﬂ-Pcnszﬂ}*[' 1": e ]+2('H +L_-]
= cos~ 0 sin®0 cosf  sin0
, , "sin? 0+ cos” 0 I (sin® 0 + cos” 0)
= LHS = (sin” 0 + €OS 8) + sinZ0cos” 0 sin 0 cos B
1 2
—

_ ek e
LHS =1+ inZ 0cos’ 0 sinOcos 0

il

-
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= LHS = 1+—,——l——
sintl cos0

(iil) We have,
LHS = (cosec 0 - cot 0y’

2
sinf  sing
2

" LHS:(1~CUSB]

sinf
- LHS - (1 - cos0)’ A1 - cos 0))?

sin? @ 1-cos®0
. LHS - (1~ cosf)? 1-cost

MATHEM

2
J = (1 + sech cosec 0)* = RHS

[-sin?0=1-

(1-cost)(] +cos) - 1+cos® 5

(iv) We have,
LHS = sec? 0 - sec2g

=5 LHS =sec39(seczﬂ—1}
= Ll-L‘j:(lHanzB}(IHanzB-lJ ['.-SE¢:29=1+1
= LHs=(1+tan‘ﬂ):an’ﬂ=tan=e+mn*g=nns
(v) Wehave,
LHS = Zseczﬂ—sec"ﬁ—lcoseczﬂ-bmsec"ﬂ
= LHS=(mec'e-Zcusec’E)~tsec"a—zsecza)
= LHS=(oosec*B-EcuseczEl+1}-{5e¢"a,zsec29+1)
= LHS = (cosec? 9 - 12 - (sec?f - 1y2
= LHS = (cot? 0)* - (tan? gy?
N ms::m*a-m‘%ms
(vi) Proceed as in (i) part,
EXAMPLE 7 Prove Hrcfm'fowfngJ'Jenﬁf."és:
M sinf L _tanb 0
1-cos®  1+cosp ~ €Y 0sech + crg
sinf 1+ cosh
(ii) ¥t ——— = 2cosech
I+cos®  sing INCER
T Ex
(iiiy 1200 - coto EMPLAR, CBSE 3¢

gt
sinfcosp ¢ 0~ cosecp = g2

b~ cortg
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1
sect — tan 6

secH — tan 0

(iv)

= sech + tano

(v)
OLUTION (i) We have,

LHS = sin 0 . tanod
1-cosO 1+cosp

secH + tan =1-2sech tant + 212111,3{,]'

LHS — sin® (1 + cos 0) tan 6 (1 - cos0)

= 4
(1 +cos0)(1 - cos 8) (1+ cosB) (1-cos0)

_ sin 0 (1 + cos0) i tan 0 (1 - cosB)
1-cos?0 1-cos’ 0

_ sinB (1 + cos0) " tan 0 (1 - cos0) ~ sinB(1 + cosB)

sin 0 (1 - cos 0)
_I_ —

sin® 0 sin® @

i )
costsin~ 0

sin” 0
=1+cn$t’l+ l-cosb _ 1 cusﬂ+ 1 B
sin@ cosOsin® sin®  sin®  cosBsind  cosOsind
- 1 +c059 1

+ -
sinf)  sinB  cosBsinl sinB

(i) We have,

=

LHS =

LHS =

LHS =

LHS =

LHS =

B sin B +1+cosﬂ
1+ cosB sinf

sin? 0 + (1 + cos@)’
sin B (1 + cosB)

sin2 0+ 1+ 2cosf + cos” 0
sin@ (1 + cos0)

(sin® O + cos” 0) + 1 + 2cos
sin 0 (1 + cosB)

141+ 2cos8
sinB (1 + cost)

2+ 2cosB 2(1+ cost) _ 2
sin0(1 + cos@) sin0(1+cosf) sin®

(i) We have,

- 2
sind cos9 Sin"0@-cos’ O

= cotB + sec 0 cosec O = RHS

[ sin® 0 + cos® 0 = 1)

= 2 cosecO = RHS

tan® —cot® _ cos@  sin® _ Sinﬁc?sﬂ
el sin 0 cos0 " sin0cosO cos0sinh
s 2a 2q
sin® B —cos
= LHS = —————
sinz l]c::-os2 0
5in:{} cuslﬂ
a e
N HEE= 5-511291:051[) sinzﬂcmzﬂ

11.13




=

=

LHS = 1-. = 12
cos” 0 sint0
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LHS = sec? 0 - cosec® 0 = (1 + tan> @) — (1 + cot’ 0) = tan? 0 — cot® 0 = RHS
(iv) We have,

]

IHS e
sech) — tan®
- LHS - 1 KSECB+ tan 0
sec - tan®  secO+ tan0
" LHS = segauanP :sec9+tanﬂ
sec” 0 - tan* 6 1
=% LHS = sect + tan0 = RHS
(v) Wehave,
LHS = secl - tanB
sech + tan ©
sec - tan  sech - tan0
LH3 =
= SEcﬂ+tanstecH—tanB
. LHS - lseiﬂ - l:anl‘;:}}z 5 (sec B - tan ﬂ}z
sec™ - tan- 9 1
— LHS = sec? § - 2 sech tan 0 + tan®
— LHS = (1 +tanzﬂj—25ecﬂtan9+tan19
=

LHS =1-2sectan6 + 2tan?p = RHg

EXAMPLE 8 Prove the following identities;

(i) (1+coth - cosec0)(1 + tan@ + sech) =2

(ii) tan19+c0tzﬂ+2= seczﬂcoseczﬂ

(iii) /sec? B + cosec® @ = tan0 + cot
SOLUTION (i) We have,

|__]-[5=|’1+mtﬂ~cosecﬁ){l+tanﬂ+sece]
LHS=[1+C059— 1 J[1+sinﬂ 1 )

. . —
sin0  sing €os®  cosp

LHS =[Sin0+msﬂ—1] cosf + sing 4 1°
sinf "—m‘*J
LHs - (8in0+ cosf)® ~ 12
SR e ik
sinf) cosf

e | 2 s
LHS = sin ﬂ+cos.ﬁ+251nﬂcnsﬂ-]
sin B cosh

[ sec® @ — tan” § = 1]

[ sec’ 0 — tan? 0 = 1]

[ sec®® =1 + tan? 0]

[CBSE 2008]

[INCERT EXEMPLAR]
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=

(i) We have,

ALITER 2

=
—
=
=
ALITER 3
—

=

=

11.15

o B =
LHS - 1+ 2smn l]u:-su___] _ 2sinfcos0

sin0 cos0) sinDcosO 2 = RHS

LHS = tan® 0 + cot?  + 2
LHS = tan® 0 + cot* 0 + 2 tan 0 cot 6 [ tan® - cot0 = 1]
LHS = (tan 0 + cot0)’
LHS - [ sin 0 . cosl ]‘

cosB  sin0

. :ﬂ 2 1
LHS = ( mn‘ + cos” 0
sint cost
Y |

LHS = | — = — — = cosec” Osec’ 0 = RHS

sinfB cosl sin” Ocos™ 0

We have,
LHS = tan?0 + cot® 0+ 2 = (1 + tan? 0) + (1 + cot™ 0)

. = 1 1 sin? 0 + cos” O
= = e s —— =T 3 . 3.
Mg L S gagec cos> 0 sin® 0 cos” Bsin” 0

LHS = —1—-— - cosec’ B sec® 0 = RHS
cos Osin” 0

LHS = tan” 0 + cot® 0 + 2

LHS =1+ tan® 0 + cot? 0 + 1

LHS =1+ tan® 0 + cot® 0 + tan> 0 cot’ 0 [ tan” 0 cot” 0 = ]:[
LHS = (1 + tan’0) + cot? 6 (1 + tan” )

LHS = (1 + tan® 0) (1 + cot’ 0) = sec? 0 cosec’ 0 = RHS

R HS = sec” 0 cosec” 0

RHS = (1 + tan® 0) (1 + cot® 0)

RHS = 1 + tan? 0 + cot®0 + tan® O cot” 0
RHS = 1 + tan20 + cot’ 0+ 1= tan? 0 + cot* 0 + 2 = LHS

(i) We have,

LHS = Jaec® 0 + cosec’ 0
LHS = J(1 + tan20) + (1 + cot’ ) = J2 + tan? 0 + cot’ 0

3 ; tan B coth =
LHS = mh‘"“c‘“” 1 cotd =1]

LHS = 'Il{timﬂ P C:}f-ﬂ‘}: — tan0 + cot® = RHS
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EXAMPLE o Prove the following identitics:

I 1 1 I

S?n f-l- cosec A + cot A

) cosec A - cotAd sinA

(ii) b ¥ I =cosA+sinA
Cl-tan A 1 —cotA
. = TR T 1 N(___:['l
(i) _l.lgfl_._ ; cot A = 1+tanA + cotA = 1 + sec A cosec / |
l-cotA 1-tanA
SOLUTION (i) We have,
LHS = : e
T cosec A — cot A sin A
_ 1 (cosec A + cot A) I
= LHS = — x AN o A
(cosecA - cotA)  (cosecA + cot A)  sin .
= LHS = CO:iL‘EA + Cnt:f‘l s iansai
cosec™ A - cot” A
= LHS = cosec A + cot A - cosec A [ cosec
o LHS = cot A
and, RHS = ! = -—__]_____
sinA  cosecA + cot A
= RHS = L cosec A - cot 4
sinA - (cosec A + cot A) (cosec A — cot A)
= RHS = L __cosec - cot A
SINA - cosec? A - cot? A
- RHS = casec A - (cosec A =cotA)
[ cosec?
= RHS = cat A
From (i) and (ii) we find that LHS = RHS.
ALITER LHS = ——-—-—L_.___ = .__1__
cosec A -cot A gy A
= LHS = (cosec A + cot A) - cosec A [ 1
= l ll"il..q = COseC a'ﬂl + [ff_:lt A - i:t‘jsecf_'ll
= LHS = cosec 4 - (cosec A - cot 4)
=" LHS = cosec A - ————-_._!______H -
COSECA +.cot A * Cosec 4 _ cot A _ _—
CoOsy
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11.17
LHS = 1 1
* _-____'__'———-—______ -
We have,
LHS = _0sA 4 _SinA
I-tanA 1- cotA
LHS - _ C0sA sin A
o + i
j B0 1 Cos4
cos A sinA
_ cosA sin A '
LHS = €0sA —sin A L SinA — cos A
cos A sin A

LHS = cos” A 5 sin” A
cosA -sinA  sinA-cos A

LHS = cos® A _sinA
cosA—-sinA cosA-sinA

)
cos” A —sin® A (cos A —sinA)(cosA +sin A
LHS = = )( ]=cnsA+sinA=RHS

cos A —sin A cos A - sin A
We have,
LHS — tan A P cot A o
l-cotA 1-tanA
- 1
LHS - tan A ,_tan A
B 1 1-tanA
tan A
tan A 1
LHS = tanA -1 v tanA (1 -tan A)
tan A
tan® A 1
LHS = tanA -1 * tan A (1 - tan A)
2 1
tan A
LHS = ___tanA _1 tanf'l (tanA — 1)
tan’ A -1 .
LHS = — 2 T) [Taking LCM)
2 A+1) 0¥ 55
(tan A—1) (tan” A+ tan [ a” =b" = (a - b)(a? 2
LHS = — A1) (a® +ab + b?)]
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tan“ A+ tanA + |

> I HS
tan A
2 4 AR A |
LHS tan _'l . tan A .
tan A tanA  tan A

= LHS - tan A + 1 + cotA = (1 + tan A + cot A)

tin A ot A

—_+— " _ -1 ytanA +cot A
l-cotA 1-tanA

Moy, |+ tan A + cot A

sind cosA
= ity
vosA sinA

) a
sin® A +cos™ A 1
=1+ - =1+ ——-— = 14 cosec A sec A
sin A cos A sin A cos A

From (i) and (i1), we obtain

tan A ot 4
: e =|+I.€1T‘I.“.+Cnt:"l=]+COSECAS£.’CA
I - tan A

l = cot A

EXAMPLE 10 Prove the following identities:

(1) cos' A - cos® A = sin' A - sin? A
(i) cot' A -1 = cosec A - 2cosec” A
() sin® A+ cos’ A = 1 - 25in? A cos? A
(iv) sin® A —cost A = sin® A - cos® A = 2sin A -1=1 - 2cos” A

(V) sin® A+ cos" A = 1 - 3sin? Acos® A
(Vi) sec’ A - sec® A = tan A + an® 4 INCERT EXEMP)
SOLUTION (1) We have,

LHS = cos? A - cos® A

=N LHS = cos® A (cos® 4 - 1)
= LHS = —cos® A (1 - cog? A)
> LHS = - ¢os’ Asin® A = -(1 —!"-inza‘llsin:z‘l = 5in3A P d
. == +sin™ A4
=, LHS = sin* A - sin? 4 = RHS

(n) We have,
LHS = cot* A - |
LHS = (cosec® A - 1§ _ [

L

£y 2 2
THOAET A Cosec* 4 _ cot? A

U

L ] = (cosec? 4 _
LHS = cosec? A 2cosec’ A4 4 1-1=< Cosect 4 1

~ 2cosec? 4 RHS

» EEE——
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(iil) We have,
LHS = sin® A + cos* A
- LHS = (sin® A)* + (cos® A)* + 2sin® A cos® A - 2sin® A cos® A
(Adding and subtracting 2 sin?A cos? A]
- LHS = (sin® A + cos® A)* - 2sin® A cos® A = 1 - 2sin” A cos* A = RHS
(iv) We have,
LHS = sin' A — cos* A

= LHS = (sin® A)* - (cos” A)?

= LHS = (sin® A + cos® A) (sin® A — cos® A)

= LHS = sin* A - cos” A [. sin® A + cos* A = 1]
= LHS = sin® A — (1 -sin® A) = 2sin* A - 1

= LHS = 2(1 - cos* A)—1=1-2cos* A = RHS

(v) Wehave,
LHS = sin® A + cos® A

=2 LHS = (sin? A)* + (cos” A)’

=2 LHS = (sin® A + cos” A) {{sin2 A)? +(cos® A) —sin® A cos® A)} .
[ra®+b =@+b)(a® —ab+ b*))

= LHS = {(sin® A) +(cos® A)’ +2sin” Acos® A-2sin® Acos” A—sin® Acos” A |

= LHS = [(sin® A + cos* A)? - 3sinAcos® A} = 1 - 3sin® A cos® A = RHS

ALITER  LHS = (sin? A) + (cos® A)?

-4 LHS = (sin® A + cos® A) - 3sin® A cos® A (sin® A + cos” A)
It @® + 5% = (a + ) = 3ab(a + b))
= LHS = 1 - 3sin’ Acos’ A = RHS
(vi) We have,
. LHS:sec"‘A—seczﬂ=sec2A(seczf‘l—1)
= LHS = (1 + tan? A)(1+ tan® A =1) = (1 + tan® A)tan® A
= LHS=tan!A+tan"A:=RHS

EXAMPLE 11 Prove H!t”fﬂ”ﬂwf”g identities :

sin?A  cos’ A _ 1 s
cos2 A sin” A sin® Acos™ A

(i)

R A ———
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-
(i) Cos A sin- A S p——
| -tanAd  sinA - cos A

(iii) EJEEEEJWI_gnmi=2(1+sm-u]

MAT

cos” () 1-sin”0
- cosT0 in’ ) &
(1v) —-LEE_{__ 0 S 1+ sinfcos0
I-tan0  sin0 - cosB
U i oo f [C
(v) M +sinBeosh = |
sint) + cosf)
SOLUTION (i) We have,
sin®A cos’ A sin A+ cos’ A [On t
LHS = = T el = o | g
s A sint A sin” Acos™ A
el B - 2 _2
. _ (sin® A) + (cos? A)? + 2sin? Acos® A — 2sin” A cos” A
=3 LHS = = 3
sin“ A cos” A
i (S o (sin® A + cos> :1]'3 - 2‘5inz Acos® A
sin® A cos” A
A .
i LHS - 1- ,25.."1 AL?h A
sSIN” A cos” A
i 2 a3
- uﬁ=fﬁ—L7——2?1Amﬁﬂ=hﬁmlﬂ___2=RHs
SIN“Acos® A sin’ A cos2 A sin” A cos? A
(i1) We have,
. -
LHS = 054 + ___b_ltl_j!.____
I-tanA sinA —cos A
- LHS = —————-—;CH%A + —-—-ll].ll:_‘r_l_____
-S04 “sind - cosd
cos A
- [HS=-—_S884 = w24
CosA —sin A SINA ~ cos A
ct'J,ZA
. ot |
= LHS = S A et
Cos A —sin A sin A - cos A
E
cos™ A sin A
= LHS = =
OSA-SNA  cosA _gna
2 -
= LHS = 95 A - sin® 4
COSA -sin A
= LHS = {084 +5inA) (cos 4 - sin A

)

=C0s A 4 sin A4 - RHS
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(ii) We have,

cos’ 0
= LHS = {1+ 25in0 + sin?0) + (1 - 25in 0 + sin?0)
cos” 0
= Lm=2+is:n19=2(1+5m=3]=2'“5,-,12[; — RHS
cos” 0 1-sin 1-sin°0 )
(iv) We have,
2 5 i3
LHS=_08 98 _ _ sin"d
1-tan® sin0 - cos0
s LHS - cos” 0 B sin' 0
cos0 —sinf  cos0 - sin0
3 3
e LHS = 08 0-sin" 0
cosl) - sin0
~sin ) (cos” 0 + sin” Osin
- LHS:“QSE sinf) (cos™ 0 + sin” 0 + cos 0 sin }=]+sinﬂm§E}=LH5
cost —sin®

(v) We have,

. 3
sin” 0 + cos” 0

LHS = +sinbcos0
s5in 0+ cos 0
. L 2 ;
5 —~ sin 0 cos
- LHS - (sin© + cosB) (sin” 0 + cos” 0 - sin O cos 0) B
sin O + cosh
= LHS = 1 - sin0cos0 + sin@cos0 = 1 = RHS

EXAMPLE 12 Prove the following identities

2 ;2 in?A-sin’B
i 2 2 __cosB-coe-A__Fsmq L
W %'mﬁl B cos* A cos” Acos™ B
cosA +cosB sinA+sinB
SOLUTION We have,

LHS = tan” A - tan” B

cos” A cos” B

sin? A cos® B - cos? Asin® B
cos® A cos” B

- LHS =

e LHS =

[CBSE 2005]

11.21
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(1 - cos® A) cos” h cos” A (1 =cos™ B)
= o cos’ A cos® B
= B
. GOS8 H cos’ ' Acos® B cos® A + cos® A cc
} S cos’ A cos” B
- LHS - cos” B - cos” A
B o c[]i-:: A L‘l._:t_r..: i
s - (=sin® B) - (1 - sin® A) _sin’A-sinB oo
‘ R _ms: A cos’ B cos® A cos- B
() We have,
> LHs - SnA-sinB - cosA - cosB

COsA + cosB  sinA + sin B
He {wm A =sinB) (sin A + sinB) + (cos A + cosB) (cos A - cos B)
8 fcos A + cos B) (sin A + sin B)

LHS - -‘iinl A - ﬁi.n: B+ Cﬂ,‘i: A e [l'j__l.,": B
T (cosA 4 cosB)(sin A + sinB)

o

" LHS - (sin® A + cos? A)-(sin® B + cos’ B)
i S (cos A + cos B) (sin A +sin B)
= LHS - 1'1, — =0.= RHS
(Cos A + cos B) (sin 4 + sin B)
EXAMPLE 13 Prove Hiat: (1 - ging + -:uns[I)2 =2(1 4 cnsﬂ] (1~ sing) [CBS

SOLETION: We know that (@ - b+ o2 — 2, 0 weticagy 2bc + 2a¢

LHS = (1 - sinf + n:nﬁll-lf

= LHS =1 +sinta+ cos? 0 -2 SIN0 + 2cosp 2sin0 cosp
— LHE =2 :5il1l]+2c(mﬂ1‘_sinncnq9
o | HS =21 "\H[’lﬂ:l \uq[}[]_hjnﬂ}=-‘u_qi

EXNAMPLE 14 I Sin0 + sinp - L prove that cos? g + €05V P =

SOLLTION . We have, [CBSE 30{32 C NCERT EXED

sl +sinp =] = smni = q_ sin2

Nuow, cos’ 0+ cos' 0 = cos 0 + (cos? 0)° = COs™ 0 4 SIN" 0 =
= I._. CUS: 0
Type Il ON PROVING RESULTS INVOLVING TH!GDNDMETFIIC RAT)
EXAMPLE 15 JF lant + s = n and tang - I‘mll']{l =N "an?l 1 ! DS"
. et R = e ol
- nirg
ICBsg
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ml;UT]UN W'E ha'v'{"_', m = tan u + Sineﬂﬂd

LHS = m? =52 = (m+ my(m - n)

i = tant - sinf.

= (tan 0 + sin 0 + tan 0 — sin 0) (tan 6 + sin O — tan 0 + sin 0)

= (2tan 0) (2sin 0) = 4tan Bsin 0 = 4,/tan” Osin’ 0

= 4Jtﬂﬂ: 0(1 -cos®0) = 4Jtan1l':] ~ tan’ 0 cos® 0

= 4tan 0 - sin® 0 = 4,[(tan 0 + sin 0) (tan 6 — sin 0) = 4¥mm = RHS

11.23

EXAMPLE 16 [f cos 0 + sin 0 = v2cos , show that cos 0 — sin 0 = V2sin @ [CBSE 2002 C]
SOLUTION  We have,

b U U Ul

ALITER

g v v U

U

==

EXAMPLE 17 If x=a sin@andy=D0t

SOLUTION

cos 0 + sin 0 = V2cos 0

(cos® + sinf)* = 2cos* 0

cos? 0 + sin B + 2cos 0 sin 0 = 2cos> 0
cos® 0 — 2cosB sinB = sin” O

c0s? 0 — 2cos 0 sin + sin” 0 = 2sin” 0
(cos — sin @) = 2sin” 0

cosf - sin® = J2sinf

We have,

cos 0 + sin 0 = V2 cos 0

(cos © + sin 8) = (v2cos 0)°
0s? 0 + sin? 0 + 2sin B cos @ = 2cos” 0
cos? 0 — sin” 0 = 2sin B cos 6

(cos O + sin D) (cos B — sin 6) = 2sin0cosb

25in Bcos O

—sinG=——m">7
cos B 50+ ond

0 2sin Bcos O
— = . = e
cos 0 —sin 5 cos 0

cos 0 — sin 0 = Y2sin 0

We have, x = asin® and v =Dbtan0
£
LHS = — - =7
x* ¥

it
an 8, then prove that . =1
X y'-

[ cos 8 + sin 0 = V2 cos 0]



e by e N SR - A O 5 P
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= L HS =

nl"1 fi'z

- [ x =asin®, y = btan()]
a‘sin® 0 b tan® 0

— 1LHS = - l-.— ]1
sin“ 0 tan~ 0

—, LHS Rfl.?‘:'l.'t‘z l']‘—CL']tI =1=RHS ['.' 1+Cﬂt1 0= EUSEC:! [ C\:‘SL‘C:” —cot=-0=1 :|
EXAMPLE 18 f v =rsin A cosC, y = rsin AsinC and = = reos A, prove that v~ = x* + ];: +22
SOLUTION  We have,

3 3

2 7
X4y I

- i i ] al ] = ol - 3 : 2
resinc Acos"C+rosin” Asin™C + 1 cos” A

r . 2 2By 9o
resin” Afcos  C+sin" Oy + recos™ A

) % i ) | y ] » ] It i
resint A+ recos” A [ cos™C + sin“C = 1]

Il

3 3
re l{sm2 A + cos® A) =t

3 o b4 3
Hence,  7° =a® 4y~ +2°

EXAMPLE 19 If acos0+bsin® = mand asin® — beos® = u, prove that a® + b® = m® + n*.

[CBSE 2001 C]
SOLUTION - Wehave, i = acos0 + bsin® and 11 = asin® — hecosO

RHS = w” + n? +

= (cos0 + bsin E’l}2 +(asin B - bcos0)*
=(a*cos’ 0+ b sin0-2ab cos 0 sin0)+ (asin’0 + b cos20 + 2ab sin® cos )
= g (cos™ 0 + sin® 0) + b* (sin® 0 + cos? 0) = a+ b= LHS

EXAMPLE 20 Jf acos® - bsin® = ¢, prove that @ sin® + b cosh = + g2 + [Ia—

[CBSE 2001 C]
SOLUTION  (acos0 = bsin0)” + (asin0 + beos0)?

=(@°cos™0+7sin"0-2ab sin 0 cos 0) + (a’sin 20+ b2cos20+2 ab sin 0 cos 0)

=" (cos" 0+ sin*0) + b (sin? 0 + cos? ) — 42, 2

¢* + (asin® = beos0) = a* 4 2 [ acos 0~ bsin 0 = ¢]

3 3 i
" (asin0 + bcos0) = g° + b* =
= asin® + beosd = + Va® + b - &2

AVUTER We have,

acost = hsind = ¢

(rcost) !!ﬁml'l',l: = ;': . .
¢ [Squaring both sides]

LT

a*cos™ 0 + b7 sin 0 - 2ab sinb cosh = °
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" a* (1= sin® 0) + b (1 - cos” 0) - 2absin 0 cos 0 = ¢*
— 2% sin® 0 + b cos 0 + 2absin 0 cosO = a” + b* - c*
=5 (asint) 4 beos0) = g 4 b e
— asin0 + becosl) = L\/.-tTJ: b =

Type 111 ON PROVING TRIGONOMETRIC IDENTITIES INVOLVING TRIGONOMETRIC RATIOS OF
COMPLEMENTARY ANGLES

EXAMPLE 21 Prowve the following identities:
sin (90° — 0) sinB

(i) cos0sin (90° — 0) + sin 0 cos(90° - 0) =1 {ii) ——
tan0®

] = —sin:H

sin (90° = 0) cos (907 - 8)
tan ) -
SOLUTION (i) We know that sin (907 - 0) = cosH and cos (90° - ()) = sinB

LHS = cas0 sin (90° — 0) + sin 0 cos (907 - t)

1--:-;in:{-l

(i1i)

cos 0 cosH + sinl)sinb = cos= 0+ sin~ 0 =1

(il) We know that sin (90° = 0) = cost)

sin (90° — 0) sin 0 -
tant

LHS 1

_cosBsin® . 29 1- (1-cos?0)= _sin? 0 = RHS

sin 0/ cos0
(1) We know that sin (907 - 0) = cosD and cos (90° -0) = sinl)

LHS = sin (90° — 0) cos (907 — o) o cos B sint ot =1- «in20 = RHS
tan sin b/ cos

EXAMPLE 22 Prove that

) sin0 cos (90° - 0) cosf  cos0 sin (90° - 0) sin0 _
sin (90° - 0) cos (90° = 0)
(i) cosec? (90° — 0) — tan 0 = cos® (90° — 0) +cos™ 0
SOLUTION (i) We know that sin (90° - 0) = cost and cos (90° —0) = sin0
sin 0 cos (90" — H‘ii:sii y cos( sin (90° — 0) sin0

LHS = \
sin (907 = 1) cos (90° — 8)

sin O sin 0 cos -0s 0 cos0sinl . s
_ Ba 0 5in 0 cosU 4 EM_E-— —sin" 0+ cos”0 =1=RHS
cos sin )

() We have,
LHS = cosec” (90° - 0) — tan™ 0 [+ cosec (90° - 0) = secO]

= :ﬂ:c“ 0 mn: D=1 [ sec 0 —tn~0 =1 |
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and, -
= i °—-0) = s
RHS = cos® (90° - 0) + cos? 0 = sin? 0 + cos? 0 = 1 [+ cos (90
I‘I[‘.‘nfﬂ" LHS = IQHS

EXAMPLE 23 Without nsi ng trigonometric tables, evaluate each of the following:

(i) sin® 20° 4 sin? 700 , Sin(90° — 0) sin0 , €0s(90° — B) cos® [CBSE 2002C
AT
€os® 20° + cos® 70° tan 0 cott
o o 2
() cos (40° + 0) - sin (50° - g) + cos” 40° + cos” 50 [CBSE 200

sin® 40° + sin” 50°
SOLUTION (i) We have, "

; sin? 20° + sin? 70° , 5in (90° — 0) sin @ , €05 (90° — 6) cos®
cos’ 20° + cos? 70° tan( cotf

_ sin® 20° + sin? (90° - 20°) | sin (90° — 0) sin @ , €0s(90° — 0) cos 0

cos® 20° 4 cos? (90° — 2[}") tan 0 cot0
_ sin® 20° 4+ cos? 20°  cos0sin® sinBcos 0 sin (90° — ) = cos O
- 2 . 9 + 3 Fo—— d
cos” 20" + sin~ 20° sint cos0 an )
cos () sin cos (90° — 0) = sin B |
%+c05 0 + sin? 0=1+1=2
(11) We have,

cos (40° + 0) - sin (50° - 9).,.‘:05 40° + cos? 50°
sin’ 40° + sin® 50°

= sin[90° — (40° + 0)) - sin (50° — 0) + COS 40 + cos {9[]*:' - 40°)
sin® 40° + sin (ggn 40°)

2 o = o
= sin (50° - 0) - sin (50° - g) 4 <05_40° + sin® 40
sin® 40° + cos? 40+

=0+-=1

=

EXAMPLE 24 Without using trigonometric tables, evaluate each of the follo wing:

cos- 20°+cos> ?U°
M) Sec?50°—cot?40°

cosec- 53“—2c0t58°tan 32°~4tan13°tan 37°tan 45° tan 53°tan 77°

ICBSE 2006C]
sec 39° 2
if) ————— +—=tan 17° tan 38° tan 60° ° = }
W el B 57 1an 60%tan 52° tan 73° - 3(31n231°+5in259u)
[CBSE 2006¢)

—tan 6 cot (90° - 0) + sec B cosec (90° - p) + gin2 350

g0
+ Sin=- 550
tan 10° tan 20° tan 30° tan 70° tan 80°

(iii)
[CBSE 2005
sec’ 54° - cot? 36°

o dape 2 ey,
cosec 57° - tan® 33° +25in” 36° sec’ 52° - sin 4

(1v)

1 s EE—
L L B BB E L
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rRIGONOMETRIC IDENTITIES

2 e ] 10 2 3
(v) 7 cosec 58 3 cot 58° tan 32° -2

s

an 13° tan 37° tan 45° tan 53° tan 77°
1 "BSE 2009
SOLUTION (i) We have, [CBSE 2009]

cos” 20° +cos? 70° 5 "
;cz 50° —cot® 40° +2cosec” 58°~2cot 58°tan 32° -4 tan 13° tan 37° tan 45° tan 53° tan 77°
3 cos” 20° + cos’ (90° — 20°)

™ sec 50° — cot? (907 _ 507y T 20%eC” 567~ 2cot 58" an (90° - 56°)

—4 tan 13° tan 37° tan 45° tan (90° - 37°) tan (90° - 13°)
B cos® 20° +sin? 20°
sec? 50° — tan? 50°

+2 cosec” 58° — 2 cot? 58° — dtan 13° tan 37° tan 45° cot 37° cot 13°
{

1
1 +2 (cosec” 58°— cot? 587) - 4 (tan 13° cot 13°) (tan 37° cot 37°) tan 45°

=]1+2-4dx1x1x1=3-4=-1

(11) We have,

Sec 39“ 2 - (=] 4] 2 " a 9
———— + —= tan 17° tan 38° tan 60° tan 52° tan 73° -3 (sin* 31° + sin* 59°)
cosec 51° 3

- 9‘:-
= il . tan 17° tan 387 tan 60° tan (90°-38°) tan (90°-17°)
cosec (90°-39°) /-

-3 (sin? 31° + sin? (90° - 319) )

sec 39° i . 3 >
gec s + = tan 17° tan 38° x /3 x cot 38° x cot 17° -3 (sin” 31° + cos™ 31°)
sec39° /3

]

=1+—2--x\.-ﬁ—3x1=]+2—3=ﬂ

\.ﬁ
(iii) We have,

~tan 6 cot (90° — 0) + sec 0 cosec (907 - B) + sin” 35° + sin~ 55°
tan 10° tan 20° tan 30° tan 70° tan 80°

—tan 0 tan @ + sec 0 sec 0 + sin” 35° + sin” (90° — 35°)
tan 10° tan 20° tan 30° tan (90° — 20°) tan (90° - 107)

—tan2 0 + sec2 O + sin” 35° + cos” 35°
tan 10° tan 20° tan 30° cot 207 cot 10

—

(sec? O — tan? 0) + (cos® 35° +sin"35°) 1+ ]_1 = 9%

1 .
(tan 10° cot 10°) (tan 20° cot 207) > A 1x1x /3

N .
(iv) Wehave,

il 5 " : .
sec” 54° — cot” 36° 7 sin? 38° sec” 52° - sin” 45

—_ 4 LD

b ] e ]
cosec” 57° — tan~ 33°

1o 290y ' i
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- 'SL‘L'E 540 ta]"lz 54°

_seclsge cot’ (90° — 54°)
H_-__—-——___

cosec” (90° - 33°) - tan? 33°

sec” 33° — tan? 33°

(v) Wehave,

u

.2

3

=2

3

2 3 2 5

= g{cosec 58° - cot 58°]~§tan 13°tan 37°x 1 x
=£,-2.2.5_

3 3 3 3

Trg!.u’ I ONPROVING TRIGONOMETRIC IDENTITIES
EXAMPLE 25 - Prove the following identities -

(1)

sind
sinf) sin@
(1i1) =24+ —— _
cotl + cosec cot - cosech
A ) 1
) (cosecO - sin0) (secd - cosh) =
il : tanB + coto
SOLUTION (i) Wehave,
tan 0 + secH - |
LS = tan 0 - sec + 1
_ (tanB + sech) - |
: T
s LHS - (s&cﬂa-tanﬂ)-[sec‘[}_hniﬂ)
tan0 - sec0 4+
(sech + tan 0) - (secD + tan 0) (secq _
= LHS =
tan 0 - sec@ + |
- LHS = (sect + tan 0)[1 - (sech — tan 0)]

tand + secO -1 1+sinp
tan) - secO + 1 _‘_C_UEF
cotA +cosecA-1  1+4cosA
cot A —cosecA +1

tan® - sec) «

T PR | -
+ 2 sin” 38° cosec? 38° — sin” 45 =T+2x1 (ﬁ

MATHEMATIC

+ 2sin” 387 sec” (90° - 387) — sin” 9

2 1
1 -
__.] =3 5

%coseczﬁﬁ” - g—cot 58 tan 32° - % tan 13° tan 37° tan 45° tan 53° tan 77

- 5 o
cosec” 587 - gcut 587 tan (90° — 58°) — 3 tan 13° tan 37° tan 45

tan (90° — 37°) tan (90° — 13°)

cosec? 5§ — —§~ cot® 58 - g tan 13° tan37° tan 45° cot 37° cot 13°

1 < 1
tan37° tan 13°

[INCERT EXEMPLAR, CBSE 20(

[CBSE 20¢

INCERT, CBSE 20

[+5ec*0 - tan2g _ .

tan 0)
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= LHS = (secO + tanB) (1 - secO + tan )
(tan® - secp + 1)
= LHs = (5¢c + tan 0) (tan 0 - secd + 1)
(tan 0 - secO + 1)
= LHS=Secﬂ+tanB=————1 L 200 =___1+5inB:RH5
cos  cosf cosl
ALITER  Wehave,
LHS = tan 0 + sec -1
tan 0 — sec 0 + 1
— LHS={5@cEl+tanEl}—] .
tan 0 —secO + 1
U I
s LHS — .sech — tan [: sec + tan0 = N S J
tan 0 — sec 0 + 1 secO — tanB
1_— (sec O — tan )
- LHS — sec —tan B
tan © —secB +1
— LHS:I*SECB-i-taHBx 1
tan® ~secO+1 secH-tan0
= LHS=—1—=SECH+tanB '.';zsecﬂ+tanﬂ
sec 0 —tan O secl—tan O
— LHS = 1 +sin9=1+smB=RHS .
cosf  cosB cosf
(i) We have,
cot A + cosecA -1
cotA —cosecA +1
2 2
(cot A + cosec A) - (cosec” A —cot™ A) )
= LHS = s - ST,
> (cot A - cosec A) + 1 ['+cosec” A~ cot* A =1]
= LHS - (cosec A + cot A) — (cosec A + cot A) (cosec A — cot A)
B cot A —cosecA + 1
- LHS — (CGS&CA + cot ,r"!,} [1 - (CIJSE'CA = Cl’.]tA"
T cot A — cosec A + 1
- o (cosec A + cot A) (cot A — cosec A +1)
- (cot A — cosec A + 1)
A T14cosA
= LHS = cosec A + cotA = _1 +C?5 = — = RHS
sinA  sinA sin A
ALITER  Wehave,
LHS - cot A + cosec A —1
~ cot A - cosec A + 1
e — cot A v cosecA+cotA=s——— '
= LHS = cosec A — €0 [ cosec A - cot A

cot A — cosec A + 1
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I - (cosec A - cot A)

= LHS = ___CosecA - cot A
cot A - cosec A + 1
=5 LHS cot A - - cosec A 4+ ] 1

cutﬂ—cusuczl:,l cosec A —cot A

1
" I .. = cosec A + cot A]
= LHS = = cosec A + cot A .
cosecA-cotA 0 cosec A — cot A
= LHS = .1 +weu‘l = 1 +.c05)'| — RHS
sin A sin A sin A
(i) We have to prove that
0 sinf) o sin 0 sinf sint _ 5
! coth + cosecl) cot0 — cosecd " cot® + cosec  cotd — cosecH
Now, '
LHS - sint - sinB
coth + cosecO  coth — cosech
in 0 ind
| " LHS — sin . sin
cosecl) « coth cusec{}—-mtﬂ
1
LHS =sin£ll + ]
= cosecd + cotf cosecﬂncotﬂ
. LHSIEinB|C{mecﬂ—cotB+ r:osecﬁ-v-cotﬁ} [chsecﬂ
cosec” ) — cot=0
! - LHS = s5in0(2 cosec0) = 2sin 0 = — =2 = RHS
sin 0
AMAITER  LHS = 2ind
cot 00 + cosec 0
: . 1
— LHS = sin 0 (cosec 0 - cot 0) [ c Dot D = cosec O — cot B:]
; . 1 cos () . 1-cosB
= (sinﬂ 5inﬂ] smﬁ[ sin 0 ]
) : = LHS =1-cos®
' Y LHS = 2~ (1 + cos0)
t
- = LH5=2-“+mBH1-msB]
1-cosi
i)
- LHS = 2- (- )
1-cosf
N LHS = 2 - sin” B
l1-cosP
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11.31
LHS-—-Z——__Si_n_E___ sin @ - sin 6
- - e cosec O —cot 0
sin O sinfl  sin B
(iv) Wehave,
LHS = (cosect — sin 0) (sech — cos 0)
1 , 1 -
= LHS =| — —sznﬂ][ —cust’}J
sin B _cosD
gt d e
= LHS = : .51n 6 1-cos’8 .
sin® cos0
33 . 2
- LHS = Cl?b (¢] . sin 0
sin O cosb
-~ LHS - sinflcosf _ .Siqn Ecos[-{ S 1 :
1 sin“ 0+ cos“0 sm‘_ﬂ_-l-ﬂs‘_‘ )
sin B cos 0
= EHS s — .+ = LRHS
) 5_1{1‘8 - CUS‘_H_ ] tanf + cot B
sinBcos® sinBcosB
EXAMPLE 26 Prove the following identities :
(i) 2(sin®0 + cos®0) — 3 (sin* O +cos'H) +1=0
(ii) sin®0 + cos® 0 + 3sin“Bcos’ O =1 ——

(iii) (sin® 6 — cos® 0) = (sin 0 — cos’ 0) (1 - 2sin®  cos” B)
SOLUTION (i) We have,
LHS = 2(sin” 0 + cos” 0) - 3{sin"'ﬁ+cos4ﬁ}+ 1

= LHS = 2{(sin?0)® + (cos*8)* | ~ 3(sin* 0 + cos" 6) + 1
Using 4> + b> = (a + b)* - 3ab(a + b)and a” + b? = (a + b)* - 2ab, we obtain

LHS = 2{(sin”0 + cos 0)® — 3sin®Bcos” O (sin® 0 + cos’ 0) |

-3 {Esin: 0 + cos® 0)* — 2sin®Bcos? 0+ 1 !

= LHS =2(1 - 3sin*0cos*0) - 3(1 - 2sin” 0 cos” 6) + 1
= LHS =2-6sin‘0cos’08-3+ 6sin®Pcos’B+1=0=RHS
(i) We have,

LHS = sin® 0 + cos” 0 + 3sin® 8.cos’ 0
= LHS = (sin? 0)" + (cos> B)" + 35in?0cos’
= LHS = (sin> 08+cos’ 0)’ - 3¢in? 0cos’ O (sin? B+cos” 8) + 3sin” Beos® B

[ a® +b* =(a+b)® -3ab(a + b)]

. |
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= LHS =1-3sin0cos? 0 + 3sin?0cos? 0 = 1 = RHS
(i1i) We have,

s 4
LHS = t_:;in“ A - L'L".IEH 0= [sin'l' []]1 = fr_m" E}]I = {sin" - E054 H) {Smll"l.'II 0 + cos B}
= LHS = (sin® 0 - cos® 0) (sin® 0 + cos 0) (sin* 0 + cos® 0)

LHS = (sin® 0-cos® {l}l (sin” 0)7 +(cos” BF +2sin’ Ocos® 0—-2sin” Ocos” B}

= LHS = (sin® 0 - cos® 0) | sin” 0 + cos? 0)* - 2sin? B cos? 0]

=

LHS = (sin® 0 - cos” 0) (1 - 2sin® 0 cos® 0) = RHS
EXAMPLE 27 Prove the following identities:
| (1) (14 tan A tan B’ + (tan A - tan B)® = sec® A sec® B
- (i) (tan A + cosec B)* - (cotB ~secAf* = 2tan A cot B (cosec A + sec B)
; SOLUTION (i) We have,
| LHS = (1 + tan A tan B)* + (tan A - tan B)*

e —

I =5 LHS=1+2tanAtanB+tanzAtanzB+tan:A+tanzB—2tanAtanB
_ = LHS=1+tan’ Atan’B+tan® A + tan’ B :
‘ = LHS = (1 +tan” A) + (tan® B + tan® A tan’ B)
| ; = LHS =(1+tan® A) + tamEB[l +tan? A)
| = LHS = (1 + tan® A) (1 + tan® B) = sec® A sec? B = RHS
(ii) We have,
I LHS = (tan A + cosec B)* - (cot B - sec A)?

LHS = (tan® A+cosec? B+2tan A cosec B)—(cot® B+sec? A -2 cot B sec A)
= LHS = (tan® A-sec? A)+(cosec? B—col? B)+2tan A cosecB+2cotBsec A
= LHS =-1+1+2tanA cosecB+ 2cotBsec A

= LHS = 2(tan A cosecB + cot Bsec A)

cosec B , SecA [Dividing and multiplying b
cotB  tan A 2 Plymmg by tan A cotB]

= LHS = ZtanAcﬂtE(

1 1
sin B cos A
= LHS = 2tan AcotB Y T o
sin B cos A

1 1
— i tB =
= LHS=2tanAco [cnsB+sin/i]

2tan A cntB[SEcB+casecA} = RHS
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EXAMPLE 28 Prove the following identities:

() (sin A +secA)® + (cos A + cosec A)?

y.
'

= (1 + sec A cosec A)

- A_ P
(ii) cotlA(———:"x , 1J+5|3(:1A[___sm“1_1 -0

SOLUTION (i) We have,

LHS = (sin A + sec A)* + (cos A + cosec A)

LHS = sin* A+sec® A+2 sin A sec A+cos® A+ cosec? A+2cos A cosec A
LHS = (sin® A +cos® A)+(sec? A+ cosec? A)+2sin A sec A+2cos A cosec A

— LH5:1+( 1 . 1 ]+2[5il1ﬂ+cosAJ

cos*A  sin’A cosA  sinA

) ol i 9 2
~ LHS =14+ sin ,A+['O:: A ) sin“ A + cos™ A
- sin” Acos™ A sinA cosA

1 2

= LHS‘ - 1 + 3 ~ 4 -
sin“Acos” A sinAcosA

= LHS =1+ cosec® A sec® A + 2cosec A sec A = (1 + sec A cosec A)* = RHS
(i) We have,

2 ' — 5 =1 _1
Ll‘[S:cgt'A[_.SEEA.__],)+SEL__A[bmA J
1+sinA) 1+ secA
- LHS=cotzf‘i{secﬂ—'[}(secﬂ+Ij+sec2;4{5inA~]}ﬂ+sinA)
(1+ sin A) (1 + sec A)
2 iinl .2 W
= LHs = ot Alsec A.—1)+5ec A(sin® A - 1)
(1 +sin A)(1 + sec A)
2 2 o _ ai?
= LHS= cot= A (sec A-—“"htt Al -sin” A)
(1 + sin A)(1 + secA)
= LHS=cot3Atan1A—sec1Ams:A: . 1=1 P
(1+sinA) (1 + sec A) (1+sinA)(1 +secA)

EXAMPLE 29 Prove the following identities:

cos A sin A sin A cos A

® T sinAd " T-cosA ~ (1-sinA)(1-cosA)

(1+cotA + tanA)(sinA - cos A) = sin A cos” A

(i)

3 3
sec” A — cosec A

o
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SOLUTION (i) We have,

=  LHS = cos A ; sin A
l1-sinA 1-cosA

+1

— cos A (1~ cos A) + sin A (1 -sin A) + (1 — sin A) (1 — cos A)
- LHS = -
(1 -=sinA)(1 - cosA)

c0sA —cos’ A +sinA-sin A+1-sinA —cos A + sin A cos A
= LHS = _
(1-sinA)(1-cosA)

LHS (cos A + sin A) - (cos” A + sin? A)+1-(cos A +sinA) + sin Acos A
— -
“ - sin 4}(] - Cos ,4}

(cos A +sinA) -1+ 1-(cosA +sin A) + sin A cos A
= LHS = -
(1 =sinA)(1 - cos A)

sin A cos A
- =RHS
= (1 =sinA)(1 - cos A)
(i)  Wehave,
[t+?5—‘j+ﬁ%J{sinA—cosﬂ}
-\ sin cos
- v
cos' A sin’ A
cos® A + sin® A A
1+ =222 8 l(sinA - cos A
LHS—[ ! sin A cos A ](wm cosd)
- ' sin’ A - cos’ 4
sin® A cos’ A
1
=t in A - 3 3
- []+5inAcusA](sm cos A)sin” A cos® A4
— =
(sin® A - cos’ A)
LHS - {sinAcosA + 1) (sin A - cos A) sin® A cos? A
- (sin A - cos A)(sin® A + cos? A + sin A cos A)
wepdl) g &
['“ -b ={ﬂ—b)(n2+b“+ab)]
LHS (sin Acos A + 1)sin® A cos? A
— =

LI, S
(1 +sin A cos A) SIN" A cos® A = RHS

pxAMPLE W If
(secA+tanA][secB+lanB){secCHanC]:{secAh

tan A)(sec B tan B
Prove that each of the side is equal to %1 )seeC -

tanC)



sOLUTION  We have,
(secA + tan A) (sec B + tan B) (secC + tan C) = ¢

sec A — tan A) (sec B — tan B) (secC - tan ()
Multiplying both sides by (sec A - tan A) (sec B - tan B) (secC - tanC), we get

(sec A + tan A) (sec B + tan B) (secC + tan C) x(sec A — tan A) (sec B — tan B) (sec C — tan C)
= (sec A - tan .f’.}2 (sec B — tan B}l (secC - tan C)*
= (sec® A - tan® A) (sec” B - tan’ B) (sec’ C — tan> C)
= (sec A — tan A)” (sec B — tan B)? (secC — tan C)*
= 1 =[(secd —tan A)(secB - tanB) ( secC - tanC]]:
= (sec A — tan A) (sec B - tan B) (secC -~ tanC) = + 1
Similarly, multiplying both sides by (sec A + tan A) (sec B + tan B) (secC + tanC) , we get

(sec A + tan A) (secB + tan B) (secC + tanC) = + 1
EXAMPLE 31 If sin 0 + cos 0 = p and sec 0 + cosec 0 = g, show that q (p* = 1) = 2p.
[INCERT EXEMPLAR]
SOLUTION We have, p = sin@ + cos) and q = sect + cosect
LHS =g (p* - 1)

= (sec O + cosec 0) {isin B + cos ﬂ}l2 -1 l

cosB sind

=[ 1 + 1 ]-{sin:£]-+-coslﬂ+Zsinﬂcnsﬂ—i} b

B [ sin@ + cos0

_ (1+2sinBcost—1)
cosBsin0

sind + cosY CU?:J ][ZﬁinﬂcmsU] = 2 (sin 0 + cos B) = 2p = RHS
costsinth

ALITER - We have, sec 8 + cosecl = ¢

sin 0 + cos 0 )
. L % SNB+C0s% g —F —-g=sinbcoso="L
P T sin B cos B sin Bcos B q
2 i " 27
= 2sinBeosf < 2P = 1+2sin0cosB=1+L = (sin@+cosf)’ =1+ —;

il q I
2 3
= ;;3=]+E::,{‘p:—l}-——'—'”—->'HI"‘1):2-”
q q

EXAMPLE 32 [f secO + tan® = p, obtain the values of sec 8, tan 0 and sin 0 in terms of p.
4 INCERT EXEMPLAR]

SOLUTION  We have,

secH + tanl = p

A el

(i)
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Now, sec’ 0 - tan’ 0 = |
= (sec + tan0) (sec O - tanB) = 1

1 ...(11)
— 3 plsecO - tan0) = 1 = secO - tan = —

Adding and subtracting (i) and (i), we get

1
(secO + tan 0) + (sech - tan D) =p+% and, (secO + tan0) — (secO — tan0) = p p

. ZSm'Uzpir-:;and,ZtanB:p—l
sech = 1 p+l. and, tanl}-— p'—l
‘[ 3)
2 2
NUW¢ sint) = —tﬂ{i — bm e ] P = Pz !
sech I 1 P+
2P p
EXAMPLE 33 f secO + tan0 = p, show that p =sin® . ICBSE 2004]

p +'l
SOLUTION  We have,

LHS - 7 =1 (secO + tan 0)* -1
p*+1 (secO + tan®)” 4+ 1

:,eu 20+ tan? 0+ 2secOtan - 1
= LHS =
sec’ 0 + tan’ 0+ 2secOHtand + 1

(sec®0 - 1) + tan® 0 + 2secO tan 0
sec” B + 2secB tan0 + (1 + tan )]

tan® 0 + tan? B+ 2sect tann
= LHS=
sect B+ 2secO tan® + sec? i

LHS = 2tan” 0+ 2 tan 0 sech 2tanB(tanﬂ+secB}
- =
2sec” 0+ 2sech tan 2m6{secﬁ+ tanl-}}

tanB_ Smﬂ
el cosh.secp ~ SN0 =RHS
AL Wehave, secO+tanf=p

..(i)
(sec® — tan0) (secO + tan @) = 1 = (secp =1=secp - tang = 1

= . (i)

—tan0)p
Adding (1) and (11), we obtain

~

2ﬁﬁ=’l+~—:}ﬁ£‘f0=—_t_lamﬂ=‘_?_?—_-
2p p? 41



-

TRIGONOME TR IENTITIES
TRIL IETRIC IDENTITIES 11.37

Subtracting (ii) from (i), we obtain

2tanB = p - &
’f]
= tanP = E-—_]-
2p
sinB ;!2 -1 ino : ’
= T . :-?__1 :;.sjn[-]:P -1
cost 2p 2p 2p p* +1 ‘
.p: +1
92 =1
EXAMPLE 34 If cosec © + cot 0 = p, then prove that cos 0 = "L-, %
P_ +

1

SOLUTION  We know that cosec - cot 0 =
cosec ) + cot O

cosec B + cotB = p ...(1)
— cosec ) — cot B = l . (11)
'[?
Adding (i) and (ii), we obtain
2 +1 . 2p
2;:059-:H=p+1 — cosec® = L = sin0 = ,F .. (iid) i
p 2p g 1
Subtracting (ii) from (i), we obtain
e |
2cntf:}=p—l == ::':th}———'L ..+(iv)
p <4
Now, cos0 = cotf x sinB
= 2p 7 -1
= cnsﬂ:P — ,‘l ='t-. :
2p~ p-+1 p-+1
EXAMPLE 35 If CORE = and C?Su = n show that (m* + n*)cos*p = n".
cos P sin f3
: _ CO5C andn = =]
SOLUTION  We have, m = cosp v sin B
LHS = (n* + ?l)‘)CUEEﬁ
cosia  cos o =22 and y = COBC '
=y cos s}

= LHS = | 952+ 22 |cos™ B
cos’ff  sin"P,
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2 o 2 3 2
cos” I sin” 3

- 2
= LHS= Ctlﬁzu[w]mszﬁ

mszllsinzﬁ
cos’a [cosa)
= LHS = cos? g cos’ fp = 3 =( . ] =n" = RHS
cos® fsin’ sin” 3 sin 3
VAT We have, m = <28¢ andnzﬂ:’m.
cos [} sinf)
1 " 1
= cosfl = —cosa and sinf} = —cosa
m n
- cuszﬂ+slnzﬂ=—1§mslq+—§—mszu
m n
=5 1=cuszu(—1-+-—l—]
m*
g on
= 1= E—;—f—] cos? o
vomTtnT
rml+uz](mﬁa)2
= 1= 3
\ n m
"
= ¥a m -;ll ]‘cmmz [ m=cosu‘_‘ COs a =CDS|3
\ont cosf3 m
= (m® + n®) ms:ﬁ =n?,
FXAMPLE 36 ffcosecﬂ—sh'\3=."nndsecﬁ-case=m,prﬂvet}m'r fznrz{f2+m?+3} 1
SOLUTION Wehave,f:cnsecﬂ-sinﬂandm:secﬁ—cosﬁ o
LHS=|'zrrfz{f2+m2+3}
= —sin 61 2
ey LHS—{CMB Slnﬂ'} {SE'CB-—CDSB) {{coseca_sine)l_'_(maﬁcose)z+3}
= LHS:( : —qinEIIJ:(——-l cmﬂ]z{[ ! R 2
inf B T==gind
Sin cosf sinf ) +(*—cas——e..*—c059) +3}
1-5sin"0 [ 1-cos?p 1 = <in2 a2
LHS = | —— | [ 08 U sin® g =
= [ sin0 ]( cosf ) ( sinﬂ__] +[-l——-c_9._'$__9_ 3
cosB *
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e? BN i)\ - S SRS
5 LHS = [ u?:-, i!J [:-.m l}] I‘[cnszﬂ ) +[ sin“ 0 ‘| g 3‘
sin0 - cosB | sin@ | { cos® | [
L = J
,4 a4 . ‘4 y
o LHS = Clin D x smj 0 Jcm‘.1 0 . sin’ B . 31
sin“0  cos® 0 lsin‘ 0 cos’@ [
b p = 6 2 o}
" LHS = cos? 6 x sin2 6 fcus 0 + sin :J + 3cos” 0 sin lﬂ
L cos” Bsin® 0 f
= LHS = cos® 0+ sin® 0 + 3 cos? 0 sin? 0
= LHS = :(cosz Ei}'j' + {s.in2 H)'j'} +3cos Bsin 0
= LHS = { (cos” 0+ sin’ 0)® -3 cos® Osin” O(cos” 0+ sin” B)ll +3sin® Bcos’ B
[va® + b = (a+ by —3ab(a+Db)]
-, LHS = {] — 3 cos’ O sin’ EJ} +3 cos” Bsin” 6 = RHS [ cos® 0 + sin?0 = 1)
N : . _ ) 4 m* -1
EXAMPLE 37 If tan A = nitan Band sin A = msin B, prove that cos™ A = — e
n* -

SOLUTION We have to find cos? A in terms of m and n. This means that the angle B is to be
eliminated from the given relations.

Now,
1 n
tan A=ntan B= tanB=—tan A = cotB = e
n tan A
i . . 1l .. m
and, sin A = msin B = sin B = —sin A = cosec B = —
m sin A

Substituting the values of cot B and cosec B in cosec” B - cot’ B = 1, we get

2 2
m- H
= . 3 = T 1
sinA tan” A
b | 2 5
= - = A
iy m1 n cozs -1
s5in” A sin“ A
2 2 2
i m-=n cusAzl
- T
sin”- A
.9
= mt — ntcost A =sin” A
z 2 2 .3 2
- m: —n2costA=1-cos” A
2 2
= m? —1=n2cos* A—cos” A
1
= m? —1=(n* -1)cos” A
il
m -1 a
= = cos~ A
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- 0, prove that x> + y* =1.
FXAMPLE 38 If xsin" 0+ ycos® 0=sin 0cos 0 and xsin 0 = ycosO, pro T
SOLUTION  We have,

xsin® 0 + yeos' 0 = sin 0 cos

o (xsin0) sin® 0 + (ycos0) cos’ 0 = sin cos O

2 2 ; s v osi =ycosH
=5 X sin 0 (sin® 0) + (x sin 0) cos? = sin B cos O [xsin® =y J
= X sin 0 (sin® 0 + cos® 0) = sin0 cosh
= ¥ sinf = sinb cosd
= T = cosi
Now,

X sinB = 1y cos0

=5 cos 0sin 0 = y cos 0 [v x = cos8]
= Y = sint

Hence, % +4* = cos?0+sin?9 =1

FXAMPLE 39 If cosecB - sin® = m and sec — cos@ = n, prove that (m*n)*’? + (mn?)*3? =1
SOLUTION  We have,

cmcﬂ~sinﬂ=mandsecﬂ~ms9=n

— —_I—-—sinﬂzmand—l——-cosﬂzn
sint cos ()
1 -sin’0 = m and }=c0s’0 .
- sin® cosf
cos® 0 sin®p
== = =m and =n
sin cos

. 4
sin®®  cos

4 20323 2 . 4223
(m*n3 4 (mn?y?3 = (E‘“_Ex Sin"0 17" (cos®8 _sin'p
sinf  cos?p
= (c0s” 0)*/3 4 (sin? )3

=c0os” 0+ sin?Q = 1
Hence,  (mn)*"? + (mn*)*'? =1

EXAMPLE 40 [f cotﬂ+tanﬂ=xandsecﬂ-msﬁ=y,
SOLUTION Wehave,

cot® + tan @ = xandsecﬂﬁcm;;:y

prove that (_le)m ~(x2y3 o

| X
——t+tanb=xand — _ =
e ‘ranﬂ‘ i cos B oeliay
2 |
1+ tan 9=J: l1 cosEl:y
tanf cosf

o e e



2
= sectd = xand s g =
tan 0 cose Y
= ! = X and sin” 0
e -
C(]Sz O = 511’1—6 cost J
cos 0
1 sin” 0
= At =
= cos0sin® cos® 7
- 2/3
()23 — (g )23 :{ 1 . szﬂ} . 1 sin® 0
’ cos’0sin*0  cosh cosfsin® cos® 0

; = _
cos” O cos” 0 cos’® cos’ O

Hence,  (x’y)*? - (xy?)?/? =1

EXAMPLE 41 If sin® + sin® 0 = 1, find the value of

cos'2 0 +3cos0 +3cos® 0+ cos® 0+ 2cos? 0+ 2cos20 -2
SOLUTION We have,

sin® +sin20=1 = sinf=1-sin"0 = sinf = cos*H
cos’? 0+ 3¢cos'?0+3cos® 0+ cos® 0+ 2cos? @+ 2cos0 -2
= (cos™ B + 3cos" B + 3cos® 0 + cos® 0) + 2(cos* O + cos® 0 - 1)

= (cos* 0 + cos® 0)® + 2(cos® B + cos” 0 — 1)

= =1+2(1-1D=1
EXAMPLE 42 If asecO+btanb+c = 0 and psec® + qtan® + r = 0, prove that

(br — qr}l —{pc - ﬂr}z = (aq - .b;:lj;2
SOLUTION We have,
asecH + btanB+c =0

and, psecO + gtan® +r =0
SUIVing these two equations by the cross-multiplication for sec 8 and tan 6, we get
sec®  tan® _ 1 SECszrFL‘an‘Idtﬂ_nB=rp-ar
br—gc  cp—ar ag-=bp aq — bp ag - bp
sec’0 — tan? 0 = 1
2 2 ) :
= br-cg ) _ EP;_“E] 1 = (br—cqf —(p—arf = (ag - bpy
ag — bp aq — bp

+ nilple =y S

}2!3

11.41

1 2/3 ¢ . 3,723 .3 . .
2[ J _[sm UJ o e B=sec“fi—tan'3=1

= (sin” O + cos> 8)* + 2(5&1‘12 0+ cos” 0 —1) [ cos” 0 = sin@ . cos’0 = sin? El:[
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2,372
SOLUTION  We have,

sec O + tan ' 0 cosec 0)

3 .
Hﬂ{secﬂ+lan BCMB}

S0 0 [Multiplying and dividing by sec 0]

secﬂ{l +tan’ 0. msﬂ}

sinf

:secll|1+ tan“anotO]

=J|+tanza{1+mn=&|

=11+mzn}m={1+{1~n2)]m=(z_ﬂ33w [ tan?@ = 1 - 2%]

FXAMPLE 44 If sin® + sin® 0 + sin®0 = 1, then prove that cos® @ - 4 cos® 0 + 8 cos2 8 = 4
SOLUTION  We have,

sinf + sin” 0 + sin' 0 =]

= sinB + sin’0 = 1 - sin? @

= sin0 (1 + sin 0) = cos? 0

= sin” 0 (1 + sin? 0)" = cos* 0

- (1~ cos®0) {14 (1~ cos?0)]” = cos* o

. {l-cmzﬁjtiwcus:mz:ccs‘ﬁ

= (1 - cos®0) (4 ~ 4cos? 0 + cos* 0) = cos* 0

=5 4-4cnslﬂ+cos‘ﬁn4mszﬂ+4ms“ﬁ—cosﬁﬂchs“a
-

~c0s"0 + 4cos' 0 -8cos2H+ 4= — 08”0 - 4 cos* 0 + 8 cos? g = 4

ENAMPLE 45 If $in 0+ cos 0 = V2, then prove that tan 8 + cot § — 2.

SOLUTION We have, INCERT EXEMPLAR]
sin B + cos O = Ji

= (sin O + cos 0)? = (v2)?

= sin®+ cos’ 0 + 2sin Ocos @ = 2
=5 1+2sinBcosh =2

=5 2sinfcosB =1

= 2sin Bcos 0 = sin” 0 + cos? H

[ 1 =5sin2¢g 4 cos? B]



TRIGONOMETRIC IDENTITIES 11.43

2sinOcos B sin® 0 + cos? 0
sin 0 cos O sin Bcos O

sin® 0 cos?
+

= 2=

" sinBcos®  sinBcos® 2 =tan 0 + cot 8

EXAMPLE 46 If 1+ sin®0 = 3sin 0 cos 8, prove that tan 8 = 10r L

[NCERT EXEMPLA R
SOLUTION We have, 1 + sin” 8 = 3sin 0 cos 6

Dividing both sides by cos* 6, we obtain

1+sin*® 3sin0OcosO
cos” 0 cos” 0

1 sin@  3sin®
7a T - P
cos*B cos” 0 cos B

U

sec 0 + tan’0 = 3tan 0
1+ tan?0 + tan® O = 3tan O ['.'seczﬂ=1+tanzﬁ]
2tan‘ B -3tanB+1=0

2tan?0 - 2tan® - tanB+1=0
2tanO(tan ® — 1) - (tan B -1) = 0
(2tan® — 1) (tan 0 -1) =0

TS TR T A

U

1
2tan 6-1=0 or tan f-1=0=>2tanB=1 or tanﬂ=1:>tanﬂ=5 or tanf=1

——— T EXERCISE '!"l':;f
EL-1 \ A ol A = c.eaec A

Prove the following trigonometric identities:

I. (1-cos® A) cosec” A =1

-y

1+cot? AysinfA=1 \* *0o-Cg=

-

2
3. tan? 0 cos® 0 = 1 - cos” 0 4. cosecOv1-cos 0 =1
1
5. (sec? 0 —1)(cosec’ 0 -1) =1 6. tan® + — = sec 0 cosec 0
i 0058 _ 1 HEND 5. c”ffBE':]'s“;G
1-sin®  cos® 1+sin 5‘;5
2 1 10 i 2A+——-=l
b, cos" A+ =1 . sin 5
1+cot® A 1+tan“ A

1= cos0 1 1-cos®  sinb
1. \,‘m = cosecB — cotd 12. —Gne  1+cosO
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sin B - si |

B T = Cosech + coto e (secO — tan 0)*
= cosh 1+ sin0
1+ cot? o i

15, ({+cot'Otano cotd 16* tan® 0 - sin® 0 = tan” 0 sin® O

sec’ 0
IR (sech + cos0) (sech - cos0) = tan? 0 + sin @
18. (cosec 0 + sin0) (cosec 0 - sinB) = cot? 6 + cos? 0

19. sec A (1 - sin A) (sec A + tan A) = 1

20. (cosec A —sin A) (sec A - cos A) (tan A + cot A) = 1
21 (1 + tan0) (1 - sin0) (1 + sin @) = 1 22, sinAcot’ A+ cos Atan2 A = 1
2 o
23. (i) coth — tang = 265 0~ 1 (i) tan8-cotg =25 01
sinf) cos@ sin Dcos B
... SInA -2sin? A .
i =tan A
( } ECDSJA“CUSA ICB‘SE 2[’].BI
2
24, - ﬂ 8= — —_— = 2
Sinb 0sech + sinh = 0 25. I+5inA+1-—sinA 2sect A

2. 1+sm9+ cost

=25ecOINCERT] 27, (1+5in0)" +(1-sin0) 1+ sin’0

cosf 1+ sinD

28

1+tan” 0 _( 1-tano

2
: = tan? l+secd  sin’p
i oo tB] an” 0 [NCERT] 29.

secd  1-cos
tant coti
30, l_mte+1_tan&=1+tan9+cutﬂ 31. sec"9=tan"e+3tan2asecla+1

2
32. cosec® 8 = cot® 0 + 3cot? 0 cosec? 0+1 33, (1+ tan” 6) cot®

cosec” f =4

1 A 1 = 2
M, — - 35, A _tanA cos’A

sinA 1-cosA SeCA + tan 4 (1 + sin A)?
. 1+cosA  sinA
W TonA | 1-cosA

1 +sinA =

37. (i) 77— =secA+ tanA [NCERT i ‘||—————__m5A .___1+c°_5A

O VT sna @ l+cosA & 1-cos A4 ~ 2CosecA

38. Provethat:

0 secﬂ-l+ secﬂ+1=2m& (i) \/’l_im+ 1-sin®
sech + 1 sec -1 1-sin® ]_“‘-——+$.lne=253cﬁ

[CBSE 2001, 2006C]

F = [CBSE 2001]
(iii) Jl”"s +\/ 5 = 2cosec () Eu:(_iiﬂ_"__ i
1 - cosO 1+ cos sech + 1 1.,.,:059] ICBSE 2001 C]

w i

2cos’ @ 1-sin%0

INCERT]
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1-sinA

7 |
secA-tanA) = 1 —cosA
30w ) 14 GinA 40. | = (cot A — cosec A)?
1 1 cos A sin A
1. — + = 2cose " - =sin A+ cosA
secA-1 secA+1 osec A cot A 42. l1-tanA 1-cotA
cosec A cosec A 2 e
13. Tt = 2sec’ A o =20 A i f‘ =4
cosecA—1 cosecA+1 l+tan" A 1+cot” A
cot A-cos A cosec A -1 14 6550 — it B
45. - o 16, = cotd
cot A+ cos A cosec A+ 1 sin O “ " C[}SB}
INCERT, CBSE 2008]
17. (i) 1+ cosB +sin0 1+ sinf (i) sin 0 — cosB + 1 1
fa = — =Y.
1+ cosB —sinB cosh sinf + cosf -1  secH — tanb
_cos0 —sinB + 1 : [CBSE 2001, NCERT]
(il , = cosec + cot
cosB +sinB -1
(iv) (sin O + cos B) (tan 6 + cot 0) = sec B + cosec 3] [NCERT EXEMPLAR]
@- ! B ST Y ! [CBSE 2005]
secA+tanA cosA cosA secA-tanA
" i s = tan A tan A & 4
49, tan® A + cot” A = sec” A cosec” A -2 . T secd Tl secA | =l
INCERT EXEMPLAR]
2 ; - {)
51, 1+ ﬂ—ﬂ— = cosec O 52, gout = cos = 2tanf
1+ cosec B cosecO +1 cosecO-1
[NCERT EXEMPLAR]
53 (1+ta_nz.4)+[3+ . ]=—-———]———' |CBSE 2006C]
= tan® A ¢in® A —sin* A i

g ; . i 3 Ty |
54. SIHEACUSEB“CUSZASHIEB=SLH A-sin~ B

(ii) M = tan A tan B

(i cotA + tan B
cot A + cot B

cotB+tan A

= cotAtanB

5 = 2 s
56. cot® A cosec® B — cot® B cosec® A = cot” A —cot” B

57. tan® A sec? B - sec? A tan® B = tan® A - tan” B

LEVEL-2

tan 0 + bsecd, provethat x? — y* = a* - b
[CBSE 2001, 2002C}|

Prove the following identities: (58-75)

%, If ¥y = asecO + btan® and y=

59. If 3sin 0 + 5cos 0 = 5, prove that 5sinf — 3cos0 =+ 3.
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If cosec 0 + cot 0 = m and cosec § — cot® = n, prove that mn =1

3 3
tan" 0 i cot” 0

T+t :—m—tz—é = sec b cosec 0 - 2sin 6 cos O

@"Tu = sin" 0+ cos" 0, prove that 215 - 5= T

63.

6.

66,

67.

68.

69,

70,

~d
12

77. Ifcosecﬂ—sin9=ﬂ3,sec9—msﬂ=bs.pmvethatqrzb?

5 (14 cotA + tanA)(sinA — cosA) = ¢4 cosecA

T T

2 2 .
[tan9+——1__.] +| tanp - ; =2 S¥Eae
cos B cos 0 1-sin”*8
' 1-sin?Bcos? 0
2 + sin” Ocos” @

1 2 2
5 * sin“Beos™ 0 =
[5@4:"3 ~cos? 0 coseczﬂ—sinzﬂ)

. l+secO-tan® _1-sin@
1+cos0 (i) 1+sech + tan B cos 0

. 1+sinﬁ—c0592_hl—cusﬂ
( 1+sin®+cos0

INCERT EXEMPLAR]
(secA + tan A — 1) (sec A — tanA +1) = 2tan A

-
*

(l+cotA—cusecA}(1+ianA+secA}=2 -

(cosecﬂ—secB](mtB-—banB)=(cosecB+secB](sechosecB—2J

(sec A - cosec A) (1 + tan A + cot A) = tan A sec A — cot A cosec A

cos A cosec A - sinA sec A
cosA +sinA

=cosecA - sec A

sin A . cos A -1
secA+tanA-1 cosecA+cotA-1

tan A N cot A
(1+tan? A)* (1 +cot® Ay

=sinAcosA

73. sec* A(1-sin* A)-2tan? A = 1 7, O Afseca -1

2 1—sin A
: =sect | ——— 2%
1+sinA (l-t-secA]

cosec® A m =sindtanA - cotAcosA

ICBSE 2008)
If Lcos + Lsin® = 1and ::.-sinEl - cost =

2 3
= o
= b b 1, prove that = 4 ¥

—

a  pr

(ﬂ'1+[)2)=1
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_.1' s * 3 .
75, facos” 0+ 3acosOsin™0 = m, asin’ 0 + 3acos’0sin® = n, prove that

213
(m + )22+ (m=n)*3 = 2423

.N2/3 2/3
70, Ifx = acos’ 0,y = bsin® B, prove that { : ] + [ ;i] = 1.
i 1

]

50. 1f a cos® + bsin® = mand asin® — b cosh = n, provethat a’ +b* = m” +n’

1, prove that sin“ A +sin* A =1

81. If cos A + cos” A

@ If cos @ + cos” @ = 1, prove that
sin'20+ 3sin 0+ 35in®0+5sin®0 + 2sin* 0+ 2sin*0-2=1

Given that: (1 + cosa) (1 + cosp) (1 +cosy) = (1 - cosa) (1 - cosp) (1 -cosy)
Show that one of the values of each member of this equality is sin o sin psin’y

4-3(x2-1°

@” sin + cosf = x, prove that sin® 0 + cos® 0 = ;
v 22
§5. If ¥ = asech cosd, y = b secBsinp and z = ¢ tan B, show that — + {— -= =1
tI" = i

86. If sin 0 + 2cos O = 1 prove that 2sin 0 - cos 0 = 2. INCERT EXEMP'LAR|

11.3 VALUES OF TRIGONOMETRIC RATIOS IN TERMS OF THE VALUE OF ONE OF
THEM

In this section, we will find the remaining trigonometric ratios of an angle when one of the
trlgonﬂml.h"ll.. ratios ﬂ-f thL' S5ame 111g10 15 gl\.ren We will also find the valuesof tngnn{]ﬂ,letrlL

expressions for the given value of one of the trigonometric ratios.

Finding all other trigonometric ratios of angle 0 0 when the value of sinB is groen:

Let sin@ = v, Then,

cos0 = /1 -sin? 0 = cosB = /1 - e

51 ¥ ] Tt
tﬂﬂﬁ=bmH:}tanl}:—-—-T,cmﬂ: =y,

cos0 1- 2 tant X

1 1 1
CGSE?CG:—I—:— and secl = = —
sin x cost 1- 12

H”d"”;_'s‘ all other trigonometric ratios of angle 0 when the value of cos B 1s gioen :

Let cos0 = x. Then,
J 2 : .2
sin@ = 1 —cos* @ => sin0 = 1 -X
sin € 1-% Y
tanf= 308 _NITP  cotg= e
cost X tan B 1-x°

l" TGN ° TV ReeyY - ¥ F-
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1 1 1 1
Cosech - s sl s ——
sink 1= cosll  x
i m.frrr;k' all other trigonometric rilios of an angle when the value of Is given.
Let tan 0 = x. Then,
sech =41 + tan” 0 = sech) = '.,n"l i
| l ] ]
Cot H ,cost —— =
tani sech 1442
_ - e —
— ' 1 X -2
i | e — . ] 1 i1+ X
SIn® = V1 -cos™0 = [1-— ¥2 . 2 and, cosecf= —— = " _
l+x v1+ x* sin 0 X

: If the values of cosec, are given. From the given values we obtain the values of respectively
and then proceed as discussed above.

ILLUSTRATIVE EXAMPLES
LEVEL-1I
| ; 3 _
FXAMPLE 1 If sing = E,ﬁrm’ the values of other trigonometric ratios.
. 3
SOLUTION We have, sin0 = =
I T oA L I_';']_ 'IT.-
costl = \,"I -8IN"0 =cos8 = [1-— = -J—h = -—l-
1 V' 25 Y25 5
5 1 5
cosecl = —— = — sech = =
sinh 3 costh 4
sin@ 3/5 3
tant) = =——=— and cotf = = i
cosp 4/5 4 tan 8 3
: ) 5
ENAMPLE 2 If cot® = —, find the values of cosec® and sec 0,
40 :
; g
SOLUTION We have, cotg = —
J 40
=

[ ]

o | [, 81 _ [1681 41

cosec i .,‘I + mil 0 = cosecH = \Ill + l — | = 1+

9
| — —_—
40 V' 1600 41ﬁ0u 40

A £ = — e 40 [
Again, co — = B i S e
- l 40 coth 9

——

f|+{4n*’ 1681 41

S

secH = /1 + mnJ 0 = sech = 21
b \ 9 P 581 ¥]

2sech

= B _
| EXAMPLE 3 If cos® = —, find the value of ——
Fd 1+ lﬂﬂ t
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SOLUTION  We have, cosf) = l
2
) 1
sech = =2
cos

2secH 2sech 2 2
= i = 1

1+tan’ 0 N sec” 0 - sect - 5 >

3 I - T 4
EXAMPLE 4 If tan0 = _t;_rfm‘:i the value of SC

SOLUTION

Now,

Hence,

EXAMPLE

SOLUTION

Hence,

EXAMPLE & If tan@ =

SOLUTION

& 1-sinB’

We have, tano = 12

sech = V1 + tan? 0 = sech = }14.[%)‘: J%:

cos0 = = cosf = _5..

secl 13

; e o | (5Y _ 144 _12
sin =4y1-cos“B = sinb = /1 [ISJ =1 = 13
12 25

1+sinf l+13'ﬁ_1__1
1-sinf 1_12 1
13 13

=25

5 If sin0 = %, find the value of (tan0 + sech)”.

We have, sinf =

| W

—— T / 3y [ 9 _ 6 _4
cosB = I—sm‘ﬂ::»a:usﬂ:,\l—{E) = I-E_\]%'E

o
sin 0 -—_E_'qu. nd, sech = 1 —, secB
tanf}zmsﬂrbtanﬂ—a-—4a + 8 e
5
2 2
22 (242) <(2) -4
(tan O + sec0) -[1+4 2
3 m g .1 =cost
Ede theow i) 1+ cosf’

= |

We have, tant =

r

= 3y 9
HECU=-,|I|1+tan"H':.‘-SEE9= l+[Z] = 1+1_i;—

13
b

11.49
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d cost = L ::»r:izislil-E
e - sech 5

4
1-cos 5
1+ cosl 1+‘i

5

EXAMPLE 7 If cos@ = .g.rﬁnd the value of cot® + cosec.

SOLUTION We have, cosB =

sin® = 4J1 - cos E:smﬂ-,’— \J e

| W

3/5 3
N ~ 058 _ coth= 1/5 = CosecOd=
an cot0 smE}:} T 51n9
CDtB'l‘COSECB‘—E E=E=2
4 4 4
EXAMPLE § {ftana___ﬁndthevaiueof E:EB sec’ 0
J7 ' cosec” 0 + sec’ 9
SOLUTION We have, tanEI'=—
J7
cotﬂ=—1——ﬁ
tan @
Now,
2 2 2 1\
sec™0 =1+ tan B = sec B=1+(——] =1+l=.8_
N7 7 7
and, cusec19=1+mt29=:rcosec29=1+(ﬁ]2=1+7=3
2 8 g
cosec"O-sec’® °"; 48/7 43 4
2 P e T e
cosec” 0 + sec’ @ 3+g /7 64 34

EXAMPLE 9 If cosec A = J‘ﬁ"ﬂhemm&t#ZSm A+3cnt2A

dtan’ 4 -
SOLUTION ~ We have, cosec A = 3 i

sinA = 1 =bsmd_._l._
cosec A

cos A = J 1-sin A:acosA-J\

MATHI MATICS— X

5
= 0=—
cosec 4
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sin A
cos A

tan A =

= tan A

S= sl

1
=1 and, cot A = :-cotz’:lzi'—']

tan A

2
| <30y )43
4tan’ A-cos*A 1V 1 " 7/2
2 4 - —
4(1) —(— ] 2
(2 + 2sin 0) (1 —sin 0)
(1+cosB)(2—2cosh)

23in2A+3cat2A 2)((
Hence,

EXAMPLE 10 If cotB = %5'-, then evaluate: [CBSE 2009]

SOLUTION  We have,
(2 + 2sin B) (1 —sin 0)
(1+cosB)(2-2cosH)

2 (1 +sin 0) (1 - sin B)
2(1+ cos 0)(1—cosB)

2(1-sin®0) cos’0 [ cos 0

2
= ——= J = (cot §)*
2(1-cos”0) sin®0

sin 0

P 2

15 (2 +2sin8) (1 —sin6) ) [IEJ 25
th = — =(cotb) =| — | =——
COtY = 8= {1+ cos8) (2 — 2cos0) 8 ol

a

EXAMPLE 11 If sin @ = ————
’ ,Jaz + b
a

SOLUTION  We have, sinf = Y —
Jat +b°

2 3
=3 o A LW B
Soe il =iy Lemim H:’CDSHAJ a* + b? JﬂzH‘z m

0 < 0 < 90°, find the values of cos @ and tan 6.

] A
i a/Ja-+b"  a
and, t:-mEl=Emjal = tanf = 5 .2 b
cos 6 b/a” +b°
LEVEL-2

SOLUTION We have,

sin 0 + cos 0 = /2 sin (90° = 6)
= smﬂ+cosﬂ=ﬁcusﬂ
sin 0 = +/2 cos 0 — cos 0
sin0 = {ﬁ— 1) cos O

Y

I
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0
sin® (V2 -1)cos 0 [Dividing throughout by cos
s -
cos 0 cos B
= tan 0 = (v/2 - 1) 1
= — [ coro = t‘-"“o:}
R
= W2+1) V241 5.4

T W2-nEz+1) 2-1

EXAMPLE 13 If tan 0 + cot 0 = 2, find the value of tan® 0 + cot” 0.
SOLUTION We have,

tan 0 + cot B = 2
= (tan O + cot 0)* = 4 [On squaring both sides]
= tan” 0 + cot® 0 + 2 tan 0 cot 0 = 4
= tan’ 0 + cot’ 0+ 2 = 4 [ tan O cot O = 1]
= tan® 0 + cot’ 0 =2

FXAMPLE 14 Prove that tan 0 + tan (90° - 0) = sec 0 sec (90° — 08). INCERT EXEMPLAR
SOLUTION  LHS = tan 0 + tan (90° - 0)

. .2 2
=tanﬁ+mtﬂ=5m0+c?sa=sm B+cusEl= 1

cosB  sin® sin B cos O sin 0 cos O
= sec 0 cosec 0 = sec O sec (90° - 0) = RHS.

cos” (45° + 0) + m53{45° -0)
EXAMPLE 15  Show that -
tan (60° + 0) tan (30° —0) ' INCERT EXEMPLAR

SOLUTION LHS = 295 (45° + ) + cos(45° — )
i - tan (ﬁng + B‘:’ tan (30& = H:I

_ cos® (45° + ) + sin®(90° — (45° - @))
tan (60° + 0) cot (90° — (30° - @))

_ cos’ (45° + 0) + sin®(45° 4 0 1
tan (60° + B) cot (60° + @) 7 ~ 1 = RHS

EXAMPLE 16 Given that @ + B = 90°, show that m__ﬁ
0sec B — cos a sin

= sin a,
SOLUTION  Wehave, a + B = 90°. Therefore, B=90°_ ¢ INCERT EXEMPLAR
Cﬂsecﬁ=C‘°59¢[90°-u]=secuand,sinli=sin (90° — @) = ¢
Now,  cos acosecP - cosasin “

= /COS @ S€C @ ~ COS € Cos o = V1-cos?q = o

2
SIN" @ = gin o

[
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: 1
EXAMPLE 17 If sec@ = v + o prove that : sec 0 + tan 8 = 2x or, zi
Iv

We have,
sec 0 = x + 1
dx

tan20 = sec20 — 1

SOLUTION

: .
tanzﬁ=[.t+L] 1 =x*% !

= 4x 161> 2
tan[l—i[r—l]
= ' 4y
tan(—]—[\‘——]—] or, tan 0 = [.1'—i]
= C 4y ’ ; dx
CAsE 1 When tan{l:-[:«'—d‘iJ: In this case,
X
1 1
secO+tanh=xr+—+x——=2
4x 4x
CASElNl When tan 0 = —( X- :11—] . In this case,
x
cE]+hn{%-[1'+i] [r—-l—]—i
>¢ AT 4 T o 4x ) 4x
1
Hence, secO+tan0 =2x or; o
%
ALITER Let sec® +tanB = A
Then,
= sec? 0 — tan®0 = 1
= (sec O — tan 0) (sec 0 + tan 0) = 1
= A(secB—-tan 0) =1
1
=5 sr:cE}-—tanElz-i
Adding (i) and (ii), we get
25ecﬁz.l.+-1—
A
= 2[.‘c+—1—)=l+l
4y IS
=y l\'+i=?\+l
2x A
1
= A=2x or }»=§;
1
= sec0+tan 0= 2x, —

2x

11.53

[CBSE 2001]
x

-..(i)

[Using (i)]

(i)

[ secO=x+ L (Given]]
4x

[On comparing two sides]

[Using (i)]
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~3J

If tan O = -—1— find the value of

__ EXERCISE 11.2

LEVEL-1

If cos B = %. find all other trigonometric ratios of angle 0

If sin 0 = 71_.; , find all other trigonometric ratios of angle

cosec” 0 — sec” 0

J2 cosec” 0 + cot* 0
4sinb —cos 0 + 1 - -
= 2 CBSE 2018]
[f 41.'3119'—3; E\.aluate "'l-EiIlB'FCOEH-l E
If tan 0 = E, find the value of 1+5fn B
5 1-sin®
~cos* 0

1
If cot® = 71_:;-, find the value of m

| 3
If cosec A = V3, find the value of 250 :l . 3mtz oy
. 4 (tan” A - cos® A)

2 e
{1 t=0

If cotO = ,ﬁ, find the value of cnsecz i z
cosec” B — sec” 0

. 2
If 3cos B = 1, find the value of Gait G+ tin- 0

4cos b
- If /3 tan 0 = 3sin 0, find the value of sin 6 - cos 0 [CBSE 2001]
13 2sinB-3cos 0
. If cosec® = —, find the value of
3 e S Do b [CBSE 2001]
LEVEL-2
If sinB + cosB = V2 cos (90° - 0), find cot,
- 1f 2sin 0 - cos® B = 2, then find the value of 0. INCERT EXEMPLAR]
. If JE tan 8 — 1 = 0, find the value of sin® - l.:|::|52 0. INCERT EXEMPL.‘\R]
. sin8=3/5tan®=3/4,sec 0 =5/4, cosec § = 5/3, c-::t_ah--—_;XS I
1
cnsﬁ=—E,tanB= 1,secB = ﬁ,cnsecﬁzﬁ,mtﬂ =1
3 13 3
Rt 4 — 5. ik
10 0 - 33 & %3 g 2L
8
10 10 3 1. 3 12 Ji_l 13. 9qe
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VERY SHORT ANSWER TYPE QUESTIONS (VSA Qs)
Answer each of the following questions either in one word or one sentence or as per requirement of the
:}lu'.-:h'rms:
1. Define an identity.
5 What is the value of (1 - cos®0) cosec” 07
1 Whatis the value of (1 + cot® 6) sin®0?
1

. What s the value of sin® 0+ ————?
1+ tan" 0

. If secO + tan® = x, write the value of sec — tan 0 interms of x.
6. If cosec B — cot B = o, write the value of cosec 0 + cot .
7. Write the value of m:-wcl(‘;iﬂ“ - B) - tan” 0.

5 Write the value of sin A cos (90° — A) + cos A sin (907 - A).

g, Write the value of cot’ 0 -

sin® B

10. 1f x = asin® and y = b cos 0, whatis the value of bPx? + a*y*?

. 4 , :
11. If sin® = 7, what is the value of cot 8 + cosec 07

12. What is the value of 9cot*0 -9 cosec> 07

» " ¢
13. Whatis the valueof 6tan~ 6 - -;? e
cos™ 0 .

,  tan’0 - sec’ 0
14. What is the value of — ok
cot” 0 — cosec™ 0

15. Whatis the value of (1 + tan® ) (1 — sin0) (1 + sin0)?

16, If cos A = % find the value of tan A + cot A. [CBSE 2008]

17, If sin B = .1: then find the value of 2 cot® 0+ 2. [CBSE 2009]
3 . )

18. If cos O = P, then find the value of 9 tan” 0 + 9.

19. 1f sec? 0 (1 + sin0) (1 —sinB) = k, then find the value of k. |{CBSE 2009]

20. If cosec? 0(1 + cos 8) (1 —cos 0) = A, then find the value of j.

21, If sin? 0 cos® 0 (1 + tan” 8) (14 cot? 0) = &, then find the value of .

5 " (a1 .  —
22. If 5x = sec 0 and = = tan 0, find the value of 5{ X’ = ] [(CBSE 2010]
¢ \ 1
3 'I'f ) I. 3 .
23, If cosec 0 = 2x and cotl = =, find the value of Lfl_ X =g I |CBSE 2010]

b

="
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24. Write "True’ or ‘False” and justify your answer in each of the following;

() The valueof sin 0 is v + —, where x" is a positive real number.
X

"
a* + h?

(n) cosb = ymal where a and bare two distinct numbers such that ab > 0.

(iii) The value of cos® 23 - sin” 67 is positive,
(iv) The value of the expression sin 80° - cos 80° is negative.

(V) The value of sin 0 + cos 0 is always greater than 1.

25. What is the value of cos® 67° - sin® 23°? [CBSE 2018]
= I — —— _-— = ANSWERS
1 1
2 1 3 1 - - =
1.1 5 = 6 2 7. 1 8 1
9 -1 10, *p* 11, 2 12. -9 13. -6 14. 1 15. 1
16 22 17. 18 :
B, 168 : 18. 16 19, 1 20. 1 21. 1 22, '5'
I : i
23. = 24. (1) False (ii) False (iii) False (iv) False (v) False 25. 0

— . MULTIPLE CHOICE QUESTIONS (MCQs)
Mark the correct alternative in each of the following:
1. If sech + tan@ = x, then secO =

251 41 s | ey |
- 3
(a) > (b) e (c) 7y (d) =
2. It sech + tan® = v, then tanB =
¥+ 2 =] o+ >
(a) (b) = g
Y X (€) 2x (d) 2x
1+ sn0
i, - is equal to
1-sin
(a) secH + tan® (b) sech - tan® (€) sec’ 0+ tan?0 (d) sec’ O — tan® 0

/1 +cosh .
N1-=cosH

4. The value of

(a) cot® — cosect (b) cosech + cotn (c) cusf_ncz[;+,;-0g25 (d) (coth + Cnsecﬂlz

'IJI

2 .
sec’ A —sec” A isequal to

(a) tanA-tan' A () tan' A -tan® A () tan* A +tan? A (d)tan? A + tan™ A

. cos' A -sin' Ais equal to

(@) 2cos? A+1 (b) 2cos’ A -1 (€) 2sin*A -1 (d) 2sin2A+1
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Sind is It
M LIE
7. 1 +cosb PSR
) 1+ cos® 1 —cosO 1-cosB
(a sin () cost (c) sin @
sin 0 cos0 sl
"1-cot0 1-tan® E !
(a) O (b) 1 (c) sinb + cos0
9. The value of (1 + cot8 — cosect) (1 + tan @) + sec0) is
(a) 1 (b) 2 (c) 4 (d) 0
tan® i is equal to
10. SecO-1 secO+1 qre
(a) 2tan® (b) 2secl (c) 2cosech
11. (cosec — sin 0) (secH — cos0) (tan 0 + cot D) 1s equal
(a) O (b) 1 {c) -1
12. If x = acosBand y = bsin®, then b2 & oty =
(a) a®b? (b) ab (c) a* b
13, If x = asecOand y = btan0, then b2x? - ¢13y3=
(a) ab (b) a* - b* (c) a* +b°
cotb tan .
14. - is equal to
cot —cot30 tanb - tan30 d
(a) O (b) 1 &) =1
15. 2(sin® 0 + cos® 0) = 3 (sin* 0 + cos® 0) is equal to
(a) 0 (b) 1 () =1
16. 1f acos0 + bsin® = 4 and asin 0 - beos0 = 3, then A+ b=
(a) 7 (b) 12 (c) 25
17. If acot® + bcosecB = p and beot0 + acosect = 4, then p* — q° =
(@) o —p? (b) p* -a° (c) a* +1*
18. The value of sin® 29° + sin” 617 s
(a) 1 (b) 0 (€) 2sin®29°
19. If x = rsinBcos¢, y = rsinb sing and z = rcos, then
(a) x* 4P + 2% =r° (b) 2 +y? -2

]

() -2 +2=r

l:L‘” :2 + y.'l = l‘l

1-sin0

cos D

(d) sin® - cosb

(d) 2tan®sect

(d) none of these

(d) @ +1°

(d) a® b’ i

(d) 2
(d) none of these

(d) none of these

[d) b-a

(d) 2cos®6l

-
: —3 o .

=

= F
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20. If sin® + sin” 0 = 1, then cos” 0 + cos* 0 = 3
(a) -1 (b) 1 (c) 0 {d} none of these
2 . 3.2
S 1facos® + bsin0 = mand asin® - beos0 = n, then a” + b~ =
"} i |
2 _i2 . 2 2 ‘c+n”
(@) m* —n (b) m*n* (c) n* —m (d) m +12
22 lfcosA+cos® A =1, thensin® A + sin® A = _
(a) =1 (b) 0 (c) 1 (d) none of these
_ 2y
23 1t x = asecO cos, y = bsecOsindand z = ctan 6, then — + = =
i~ 1"
2 2 2 I
(a) =% B l-— (¢) =5-1 (@) 24—
C e c- c

M. 1f acosO - bsin® = ¢, then asin 0 + beosh =

(@) £Va® +b° +¢* (B) £a? +b* =2 (©) +vc* —4? - p? (d) none of thes

25 9sec” A -9tan’ A isequal to

(a) 1 (b) 9 (c) 8 (d) 0
INCER
6. (1 + tan B + sec 0) (1 + cot O - cosec 0) =
(a) 0 (b) 1 (c) 1 (d) -1
27. (sec A + tan A)(1 - sin A4) =
(a) sec A (b) sin A () cosec A (d) cos A
INCER
- 1+l'an:ﬁ’-_. Lt
T l+cott A Pl e
(a) sec” A (b) -1 (€) cot? A (d) tan? A
INCER
29. 1f sin 8~ cos 0 = 0, then the value of sin® g cos? 0 i
3
(a) 1 (b) 7 = 1
n (c) 5 (d) =
3. The value of sin (45° + 8) - cos (45° — 0) is equal to
(@) 2cos® (b) O (c) 2sinp (d)
. + = .. ]
i1 It AABC is rightangled at C, then the value of cos (A + By j
$ S
(a) 0 (b) 1 2

o il
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JONOMETRIC IDENTITIES 11.59

2. 1f cos 90 = sin Oand 90 < 90°, then the value of tan 6 0 is

(a) 1143 (b) V3 (c) 1 (d) 0
If cos (e + ) = 0, then sin (o — B) can be reduced to
(a) cosf (b) cos 2p (c) sina (d) sin 2a
_ — ) - = ANSWERS
1. (b) 2. (d) 3. (a) 1. (b) 5. (c) 6. (b)
7. (©) 8. () 9. (b) 10. (o) 11. (b) 12. (a)
13. (d) 14. (b) 15. {c) 16, () 17. (b) 18. (a) ,

19. (a) 20. (b) 2%, ) 22. [©® 23. (d) 24. (b)
(b) 26. (c) 27. (d) 28, (d) 29. (c) 30. (b)
. (a) 32. (b) 33. (h)

]
4

-

SUMMARY

. Anequation is called an identity if it is true for all values of the variable (s) involved.

An equation involving trigonometric ratios of an angle is called a trigonometric identity
if itis true for all values of the angle.

. Following are some trigonometric identities:

(i) sin?@+cos?0@=1 or,1-cos>0=sin’0 or, 1—sin’ 8 = cos” 0

(i) 1+ tan®0 =sec’d or, sec’0—tan 6 = 1

(5%

(iii) 1+ cot® 0 = cosec 0 or, cosec” @ —cot’0 = 1.




