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POLYNOMIALS

2.1 INTRODUCTION

n earlier classes, we have learnt about polynomials in one variable, their degrees, factors,
multiples and zeros (or roots). In this chapter, we will study about the geometrical
representation of linear and quadrat p | bic polynomials and geometrical meaning of their

zeros. We will also study about the relationship between the zeros and coefficients of a
polynomial. Let us first recall some useful definitions and results which we have studied in
class IX.

2.2 RECAPITULATION

POLYNOMIAL Let x be a variable, n be a positive integer and as, a,,a, , ..., a, be constants (real

numbers). Then, f(x)=a,x" +a, X" + ... +ax +ay is called a polynomial in variable x.

* F 3 J=1 " -
In the pt}lyﬂﬂmlal f(d\) = ﬂr;:"” T, [:"'i T FHX T, , ﬁHIHJHH—l I” I:n.; hXx and iy are

known as the terms of the polynomialand a,, a,_,, a,_,,..., a, and a, are their coefficients.
Forexample,

(i) p(x)=3x -2 isa polynomial in variable x.

(i) gq(y) = 3};3 - 2y + 4 is a polynomial in variable .

. 1 . & a ;
(i) f(u) = w =3t +2u—4 isa polynomial in variable u.
- : . > 1 5 3
Note that the expressions like 2x~ - 3Jx + 5,#5,& = +4 etc. are not
== 2v+ x

polynomials.

DEGREE OF A POLYNOMIAL The exponent of the highest degree term in a polynomial is known
as its degree.

In other words, the highest power of x in a polynomial f(x) is called the degree of the
polynomial f(x).

Forexample,

(i) f(x)=3x+— isapolynomial of degree 1 in the variable x .

ra | —

(i) o(y) = 2% - 3 y+7isa polynomial of degree 2 in the variable .
ey Vo - 2"
(i) plx) = Syd — 3x% +x— :}? is a polynomial of degree 3 in the variable x.
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(iv) q (1) = 9u” ~ %H" +ut - % is a polynomial of degree 5 in the variable 1.

CONSTANT POLYNOMIAL A polynomial of degree zero is called a constant polynomial.

. 3 i
Forexample, f(¥) =7, g(x) = -=, h(y) =2, p(f) = 1 etcare constant polynomial.
The constant [."-'{‘l]}fl'lm'l‘li':'ll 0or Hﬂ =0 isca lled the zero pr_)l}rﬂﬂmiﬂl. The L'lEgTE'E of the Zero
polynomial is not defined, because
Fix) = 0, g(x) = Ox, h(x) = 032, p(x) = 0x*, gx) = 0x™

etc. are all equal to the zero polynomial.

LINEAR POLYNOMIAL A polynomial of degree 1 is called a linear pm‘ynmuin.’.

2. _ 5 :
For example, p(x) = 4x - 3,q(y) = 3y, fit) = J3t+5and g(u) = ?ﬁr =3 etc are all linear

polynomials.
Polynomials suchas f(x) = 2¢° + 3, g(x) =3~ +* etc are not linear polynomials.

More generally, any linear polynomial in variable x with real coefficients is of the form
f(x) = ax + b, wherea, bare real numbersand a # 0.

REMARK | A linear polynomial may be a monomial or a binomial. Because, linear polynomial
7

. 2 5, . : - A R .
flx) = ;J.' - isa binomial whereas the linear polynonual glx) = El is a monomial.

e

QUADRATIC POLYNOMIAL polynomial of degree 2 is called a quadratic polynomial.
The name ‘quadratic’ has been derived from ‘quadrate’, which means ‘square’.

For example,

¢

B
— ¥ i
=

flx) =2x" + 3x - %,g{y] =2y =3, h(u) =21 +3u, p(v) =307 - %

r:‘ ) = ' . # *
gla) = —a~ + 4a etc. are quadratic polynomials with real coefficients.

More generally, any quadratic polynomial in variable x with real coefficients is of the

form f(x) = ax> + by + ¢, where a, b, ¢ are real numbers and a = 0.

RINARK 2 A quadratic polynonual may be a monomial or a binomial or a trinomial, because
. | : 5 R P— ) ) ) .
f(x) = —x" isa monomial, g(x) = 3x" = 5 isa binomial and h(x) = 3x~ = 2x + 5 isa trinomial.

5
CUBIC POLYNOMIAL A polynomial of degree 3 is called a cubic polynomial.

For example,

() flx)==x"-2x"+

-
{3~1
3| ~3

L : f1 ,
¥-isa cubic polynomial in variable x.

(i) g(y) = 2y" + 5y — 7 isa cubic polynomial in variable y.
/>
(1) plu) = X2 0t 41 is acubic pul}’nnmiﬂl in variable .

The most general form of a cubic polynomial with coefficients as real numbers is

f(x) = ax' +bv" + cv+d, where a=0,b,c,d are real numbers.

BI-QUADRATIC POLYNOMIAL A If'ﬂuri‘h degree ;mf_:,rnmnm.’ 1s called a flhp.'ndmh}_‘ pohﬂmmirﬁ.
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Forexample,

-

_— I - .
(1) .f(-’-'}:E.l'l—Z.r' + —x° - ﬁ.\'+—% is a biquadratic polynomial with real

coefficients in variab

=N | G

ex.
(i) e(y)=2y* + 3 isa biquadratic polynomial in variable i
(i) N(u) = 30 — 542 4 2 isa biquadratic polynomial in variable 1.
The most general form of a biquadratic polynomial with real coefficients in variable x is
f(x) = ot 4+ by? 4 ex® + dy + ¢, where @ # 0,b,¢,d, ¢ are real numbers.
REMARK 3 Throughout this chapter, we shall be studying polynomials with real coefficients,

VALUE OF A POLYNOMIAL If fx) is q polynomial and e is any real number, then the real
mumber obtained by replacing x by a m f(x), is called the valye of fix)at x = aand is denoled by
flex).

The values of the quadratic polynomial ) =2 -3% -2 at ¥=1 and x = -2 are
given by
S =2x(1)> -3x1-2=2-3_2- 3
and, J(=2) = 2% (2P - 3x(-2)-2=8+6-2 = 12
; 5 1
If flx) =2 - 1322 + 17x +12, thenits valueat ¥ = it
’ : 3 2 \
f[—lJ_-zx[__]] - f:%x[ -i] +1?-,\[-l P18 ¥ 12 =0
) 2 2 2 2) 4 4 2

Consider the cubic polynomial f(x) = x7 =62 + 11x — 6. The value of this polynomial at
x = 2 is given by
f2)=2"-6x22 +11x2-6=8-24422_¢ )
Also,  f(1) =1 -6x12+11x1-6=1-6+11-6=0
and, Fl3) = 3 -6x3? & 11x3-6=27 - 54 + 33 -6=0
Thus, we find that the values of f(x) atx=1,2 and 3 are each equal to zero. So, 1, 2 and 3 are
called zeros of the cubic polynomial f(x) = - 6a? 4 11x — 6.
Thus, we may define zeros of a polynomial as follows:
ZERO OF A POLYNOMIAL A real mumber e is a zero of a polynomial f (x), if fla)=0.
Finding a zero of a polynomial f (v) means solving the polynomial equation f(x) = (.
In class IX, we have learnt how to find the zero of a linear polynomial. We have studied
that the linear polynomial f(x) =ax +b, 2 # 0 has only one zero given by
b Constant term
" @ Coefficient of v

We observe that the zero of a linear polynomial is related to its coefficients. In fact, zeros
of any ]_mh-'nﬂmitﬂ are related to its coetficients. We will study this in the susequent
sections. Let us first discuss about the graphs of polynomials of degree 1, 2 and 3.



24 MATHEMATICS - X

2.3 GRAPHS OF POLYNOMIALS .
[nalgebraic or in set theoretic language the graph of a polynomial f() is the collec tmnl {or
set) of all points (x, i), where y = f(x). In geometrical orin graphifﬁﬂ“““g“ag? the graph of
a polynomial f(x) is a smooth free hand curve passing through points (1. 1),
(¥2, ¥2), (X3, ¥3), .. etc, where vy, 5, V5, ... are the values of the polynomial f(x) at Xy, x5,
X3 ... respectively. _

In this section, we will learn about the construction of graphs of linear, quadratic and cubic

pol}rnnmials.
In order to draw the graph of a polynomial f (x), we may follow the following algori thm.

ALGORITHM
STEP L Find the values vy, a,...,Y,,...0f polynomial f(x) at different points x,
X3, ooy Xyoeon it prepare a table that gives values of yor f(x) for various values of x.

x: X X5 o7 x; X1

u = -F[I): -I'{f = f{xl) _l-',.? = f{xl} ey yrr =f[:1_”:| .Ifui-] = f[.*T!H—I) e

STEP 11 Plot the points (xy, ;) (X2, Ya), (X3, V)., (X, Yy)s ... 00 rectangular coordinate

system. In plotting these points you may use different scales on the x and y-axes,
Ster 1l Draw a free hand smooth curve passing through pomnts plotted in step Il to get the
graph of the polynomial f(x).

231 GRAPH OF A LINEAR POLYNOMIAL

Consider a linear polynomial f(x) = ax+b,a# 0. In class IX, we have learnt that the
graph of y =av+b is a straight line. That is why f(x)=ax+0 is called a linear
polynomial. Since two points determine a straight line, so only two points need to be

plotted to draw the line y = ax + b. The line represented by y = ax + b crosses the x-axis

; b
at exactly one point, namely [ _E'GJ'

Fig. 2.1
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ILLUSTRATION 1 D ’

i raw the graph off!w;mn’mmmm.’ f(x) = 2x - 5. Afso, Jind the coordinates of
the point where it crosses x. axis.,
SOLUTION Let y = 2y —5,

The following ¢ i
8 table lists the valyes of Y corresponding to different values of x.

. : m

1€ points A (1, -

line E s ](J-E‘GSI:I} 'ii:d B(;: +3) are plotted on the graph paper on a suitable scale. A
& through these points to obtajn the graph of the given polynomial.,
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Fig.2.2Graphof f(x) =2y -5
2.3.2 GRAPH OF A QUADRATIC POLYNOMIAL
In this section, we will be interested 1o see what the graph of a quadratic polynomial
2 4 by + ¢, a # 0 looks like. We willalso learn the construction of the graph of a quadratic
pnl}rnon‘nal without plotting many points on the graph paper,
N ILUSTRATION 1 Draw the graph of the polynomial i) = < 9 - 8
Let ¥ = v? —dx -8

SOLUTION
The following table gives the values ot yor f (v) for various values of x.
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2.6
! ST=aTZT=aTe Tt (2] 2 [4]5l®
y=+—2¢-8|16]7 |0 |-5|-8|-9|-8[-5]0[7]18
[];"B}r ':lr"g)' (‘?'i_.ﬂ}f

th free hand curve
he graph of the
t P, called a

Let us now plot the points (- 4, 16),(- 3, 7), (- 2, 0), (- L. - 5), (
(3, = 5). (4, 0), (5, 7) and (6, 16) on a graph paper and draw a smoo
passing through these points, The curve thus obtained represents t

l_".l(_'ll}’l'“'lmi.tﬂ f{r] - xz e 8. This is ca”ed a Parah(}]ﬂ. Thf.' IGWES{ Pﬂm
minimum point, is the vertex of the parabola. |
Vertical line passing through P is called the axis of the parabola. Parabola is symmetric
about the axis. So, it is also called the line of symmetry.
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Fig.2.3 Graphof f(x) =" -2y -8
Observations: From the graph of the polynomial f(x) = xt -2y - 8, we make the following

observations:
(i) The coefficient of ¥* in J(x)= -2 -8isl(a positive real number) and so the

parabola opens upwards.
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(i1) The pol iz ) 2
linear fact Poynontal fia)=4" - gy~ 8 = (x—4)(x + 2) is factorizable into two distinct
ctors (v — .
56 Tl (v 4‘J and (x + 2). So, the parabola cuts X-axis at two distinct points (4,0) and
» V) e x-coordinates of these points are zeros of ).

(ii1) The polynomial flx) = 32
Al g =x" = 2% - ; e SR :
parabola cuts S Ojandiz n 8 has two distinct zeros namely 4 and - 2. So, the

SV) i comparing the polynomial x* - 2x — 8 with a2 + by +c, wegeta=1, b=-2
and ¢ = =8. The vertex of th . : ; ’ '
D= — 4 ¢ parabola has coordinates (1,-9) i.e. (~b/2a, — D/4a ), where
(V) D=b? - ggp
b* —dac=4+32-36 0. S0, the parabola cuts X-axis attwo distinct points.

ILLUS : = 4
STRATION 2 Dyaw the g!‘ﬁph ﬂf the q‘t!mfl'ﬂfff }'-'My'”i}.'??fﬂf f{"-) =8P ".'2
SOLUTION  Let ¥ = f(x) or, Y=3-2r— 12 b
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Fig.2.4 Graphof f(x) =3 -2y _ v
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Letuslistafew valuesof iy = 3 - 2 — 1* corresponding to a few values of v as follows:

4
-21

X TSsT4]-a3]=2[a|B[t][2 ] 3

)

p=3-2x—x" —'IZI-—S 0 3 4 [3|0]-5]-12

2.,
Thus, the following points lie on the graph of the polynomial ¥ = 3-~2%-X":
(-5, - 12), (-4, - 5), (=3, 0), (=2, 3), (-1, 4), (0, 3), (1,0), (2, -5), (3,-12) and (4,-21).
Let us plot these points on a graph paper and draw a smooth free hand curve passing

through these points to obtain the graph of y=3-2v - 1*. The curve thus obtained
represents a parabola, as shown in Fig. 2.4, The highest point P (-1, 4),is called a maximum
point, is the vertex of the parabola. Vertical line through P is the axis of the parabola.
Clearly, parabola is symmetric about the axis.

Observations: We make the following observations from the graph of the polynomial
flx) =3 =2y -2

(i) The coefficientof v* in f{x)=3-2x— is—1ie.a negative real number and so the
parabola opens downwards.

(ii) The polynomial f(x)=3-2x - 1% = (1 - x)(x + 3) is factorizable into two distinct
linear factors (1 — ) and (x + 3). So, the parabola cuts X-axis at two distinct points (1, 0) and
(- 3,0). The x-coordinates of these points are zeros of f(x).

(iii) The polynomial f(x) = 3 — 2x — x” has two distinct roots namely - 3 and 1. So, the
parabola y = 3 - 2x - v cuts X-axis at two distinct points. [

(iv) On comparing the polynomial 3 -2x -3* with ax” + bx + ¢, we have a = -1,
b= -2 and ¢ = 3. The vertex of the parabola is at the point (-1, 4) i.e. at ( —b/2a, - D/4a ),
where D = b* — 4ac. !

(v) D =b* —dac = 4 + 12 = 16 > 0. So, the parabola cuts x -axis at bwo distinct points.
ILLUSTRATION 3 Draiw the graph of the polynomial f(x) = Xt =61 +9,

SOLUTION Let ¥ = f(x) or, y =X =63 +9.

The following table gives the values of i or f (x) for various values of x.

v 2] -1]0]1[2[3[4[5|6] 7 | 8

v = v -6x+9 | 25|16 |9 l 411(10(1|4|9]|16]| 25 b

Thus, the graph of Y= v -6y -9 passes through the points (- 2, 25), (- 1, 16), (0, 9),

(1,4),(2,1),(3,0),(4,1),(5,4), (6,9).(7,16) and (8, 25).

Let us plot these points on the graph and draw a free hand smooth curve passing |
through these points. We observe that the vertex of the parabola is at point P (3, 0) as shown

inFig. 2.5.
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Fig.2.5 Graphof f(x) = x* — 6y + 9
Observations: From the graph of the polynomial flx)=x*-6x+9 we make the
following observations:
(i) The coefficient of x* in f(x) = x* ~6x+9 is 1, a positive real number, and so the

parabola opens upwards.
(ii) The polynomial f(x) =" —6x +9 = (x - 3)° is factorizable into two equal factors
2

each equal to (x - 3). So, the parabola y = 1~ ~ 6x + 9 touches X-axis at one point (3,0). In
other words, y = v —6r+9 touches X-axis at one point (3, 0). In other words
Y= v% — 6x + 9 cuts X-axis at coincident points. The v-coordinate of this point gives two

equal roots of the polynomial.
(iii) The polynomial f(x) = x* —6x+9 has two equal roots each equal to 3. So, the

parabola y = x* — 6x + 9 touches X-axis at (3, 0) i.e. it cuts X-axis at coincident points.
. : 2 1
(iv) On comparing the polynomial 3% —6x+9 with oy 4 py 4 €, we get g=1

b = —6and ¢ = 9. The vertex of the parabola is at (3, 0) i.e., at (-b/2a, - D/4a), where

D = []2 o 4“[:-
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(v) D =b*—dac = 36— 36 = 0. So, the parabola touches X-axis.
e vertex

HIUSTRATION 4 Draw the graph of the polynomial f(x) = 4+ L. Al fire !
of this parabola. '

SOLUTION  Let y = f(x) or, iy = —4x* +4x -1

The following table gives the values of y for various values of x.
x “2 [ 3 |-1]-2[0 /2|1 |32]2|52] 3
y=-4r +dx-1|-25|-16 |-9| 4 |10 [-1][4[-9[-16]|-25

Thus, the following points lie on the graph of v = 437 +4x—1: (-2,-25),(-3/2,-16),
[_la 'J"}:',- ( — 112; _‘l' JJ (ﬂ, —1}# [ ]fllzp {} :li' “:_”; (3!21_4 )J‘ {2,—9}, ( 5!!2-*_16 )' (3' '_25} ete.
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Fig. 2.6 Graphof f(x)=—4x +4x -1
Let us plot these points on a graph paper and draw a free hand smooth curve passing
through these points. The shape of the curve is shownin Fig, 2.6, It is a parabola opening

downward hav ing its vertex at (1/2, 0).
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UIJSEJ]'IF{"tjt'”IH'I Frmn the gfﬂph of t-h[_J |.7D|j|.f’l'lﬂl‘l'lii‘ll IF(‘} = ____1_1.3 e 4_\. = 'I‘ we make the follow-

ing observations:

1 1 .2 " i -

(i) The coefficient of x* in f(x) = —d4x? 4 4y -1 is-4,a negative real number and so the
parabola opens downwards.

w e " H . L 2 " " - * = .

(ii) The polynomial f(v) = —4x* + 4x — 1 = —(2x — 1)? is factorizable into two equal factors

each equal to 2xv—1. So, the parabola cuts X-axis at two coincident points having coordinates
(1/2,0).

(iii) The polynomial f(x) = -4x? + 41 — 1 has two equal roots each equal to 1/2. So, the
parabola touches X-axis at one point (1/2, 0) only i.e. it cuts X-axis at coincident points.

(iv) On comparing the polynomial —4x* + 4x —1 with ax® + bx + ¢, we get g =4,
a=-4,b=4 and ¢ = -1. The vertex of the parabola has the coordinates (1/2,0) i.e.
(—=b/2a, — D/4a), where D = b* — dac.

(V) d=b*—4dac=4-4=0.So, the parabola touches X-axis.

ILLUSTRATION 5 Draw the graph of the pelynomial f(x) = 2x° —4x + 5.

SOLUTION Let y = f(x)or, y = 2x* — 4x +5.

The following table gives the values of i for various values of x:

X 3 |2|-1(0]1]2] 3] 4 5
Y = 2x* —4x+5 (35 |21 |11 (5|3 |5|11]|21 (3

wun

Thus, the graph of y = 2x* — 4x + 5 passes through the following points:

(-3, 35), (-2, 21), (-1, 11), (0, 5), (1, 3), {2, 5), (3,11), (4, 21), (5, 35) etc.
Let us plot these points on a graph paper and draw a smooth free hand curve passing
through these points to obtain the graphof y = 23* — 4x + 5 as shown in Fig. 2.7.
Observations: From the graph of the polynomial f(x) = 2x% — 4x + 5, we make following
observations:

(i) The coefficient of x* in f(x) = 2x* —4x + 5 is 2 i.e. a positive real number and so the

parabola opens upwards.
(ii) The Polynumial f(x) = 2¢Y — 4y + 5 is not factorizable into linear factors and so the

parabola y = 2y* — 4x + 5 doesnot cross or touch X-axis.
(iii) The polynomial f(x) = 2x”* — 4xv + 5 does not have any real zero and so the parabola

does not cut X-axis.
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Fig.2.7 Graphof f(x) = 2% A% 45

(iv) On comparing the polynomial f(x)=2x* —4x+5 with 432 4 by + c, we get

@ =2,b=-4 and ¢ = 5 Thevertex ofthe parabolais at (- b/2a, - D/4a) i.e. at (1, 3), where

D= b - 4ac,
(v) Allvalues of f (x) are positive as the parabola remains above X-axis.

(vi) D = b* — 4ac = 16 — 40 < 0. So, the parabola does not cross X-axis.

ILLUSTRATION & Draw the graph of the polynomial f(x) = -3x* + 2y —1,
SOLUTION Let ¥ = f(x) or, y=-3x" +2x -1,
The values of i for various values of x are listed in the following table;

X -4 -3 -2 =110 1 2 | 4

L y=3t+20-1 |57 |34 |17 |6 |1 |20 26 |m1

X
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Thus, the graph of |y = 332 | 2y | passes through the points: (- 4, — 57), (- 3, - 34),
(P 2’ - 1?)' (‘_ ]' = 6)‘ (G‘ i 1), “f = 2): (2: - 9); {31 = Zﬁ)r {4- '"41) etc.

Let us plot these points on a graph paper and draw a smooth free hand curve passing
through these points. The curve thus obtained is shown in Fig. 2.8,
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Fig.2.8 Graphof f(x) = -31% + 2xv — 1
Observations: We make the following observations from the graph of the polynomial

flx) = —ga% 4 2% -1

(i) The coefficientof3*in f(x) = -3x* + 2v -1 is-3i.e.a negative real number and so the
parabola opens downwards.

(ii) The polynomial f(x) = ~3x% + 2y — 1 is not factorizable into real factors and 50 the
parabola does not cross or touch x-axis.
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(iii) The polynomial f(x) = -3x" 4 2y - | does not have any real zero and the F

does not cross or touch v-axis.

(iv) All values of f{x) are negative as the parabola opens downwards and remains below
v-axis.

(v) On comparing the polynomial )= 322 +2r -1 with gat A bR+ O W ge!
a=-3,b=1+2 and ¢ = -1. The vertex of the parabola is at ("WEH':D/;M}’ b

(1/3, = 2/3), where D = b* - 4ac.
It follows from the above discussion on the graph of a quadratic pol_v,,:numiai that the graph of

¥ . 2 -
the quadratic polynomial ax® + by + ¢, a = 0 is a parabola which opens upwards () or
downwards (N) accordingasa >0ora<0.

We also observe that there are following three possibilities:
CAsE 1 When polynomial ax* + by +c is factorizable into two distinct linear factors:

. 2 ] .
In this case, the graph of ax* + bx + ¢ or the curve y = ax® + bx + ¢ cuts y-axis at two

distinct points A and A’. The x-coordinates of these points are the two zeros of the

polynomial ax® + bx + c. The coordinates of the vertex of the parabola y = ax? + bx + ¢
are (-b/2a, - D/4a), where D = b* - 4ac.

1 y }r‘

y = ||‘sz +bhy+c, a=0
(&%)
2a’ 4a

T T a
Li_n y=dax +bhx+cja<
20 4a l )

(i) (ii)
Fig. 2.9
CASE I When polynomial ax® + bx +c is factorizable into two equal factors:

In this case, the graph of the polynomial ax* + bx + ¢ or the curve y=ax? +bx +c

of the polynomial.
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5 |

y=ax +hxdc, a0 y

% o 5 X
(229
y= ax’ + by 4 e a<l
y' ¥
3 i
(i ()

Fig.2.10 Graphof y = ax* + bx + ¢

CASE 1L When the polynomial ax® + bx + ¢ is not factorizable:

In this case, the graph of the polynomial ax® + by + ¢ orthe curve y = ax” + bx + ¢ does not
cut or touch x-axis. The parabola y = ax* + by + ¢ opens upwards and remains completely
above x-axis, if a > 0. The parabola opens downward and remains completely below x-axis, if

a<(.
I|f=4m‘3+ br+cl\n=>0 v
¥
x 0 I '1I b
et
{ = =0 \ 20 4a
l‘- 20 3 daq /
b (8] x
y
yl

: = av + by +¢, a<0
Z (i}
Fig.2.11 Graphof y = ax® + by +¢

2.3.3 GRAPH OF A CUBIC POLYNOMIAL

[n the previous section, we have seen that the graph of a quadra .ﬁc pnl;;'nnmial 1~, alwaysa
parabola either opening upwards or opening -.im".inwm'ds. In this section, we will see that
the graph of a cubic polynomial does not have a fixed standard shape. We hau-.* also seen
atic polynomial may or may not cut or touch x-axis. But, in case of a

that the graph of a quadr | :
always cross v-axis at least once and at most thrice.

cubic polynomial the graph will
. . . 5y .
ILLUSTRATION 1 Drawe the graphof the pnf_lmf:-nmn' f{x) = x7 =4dx,

; A 3
SOLUTION Let y = f(x)or,y=x" - 4x.

The values of y for various values of vare listed in the following table:




’ 5=
MATHEMATIC

X I 3] =210 T
y=x'-4x |48 |-15] 0 [3]0]-3]0]1

_4 —48),(-3,—15), (-2.0).

216

Thus, the curve y= x4y passes through the points (
(-1,3) (0, 0), (1, - 3),(2,0), (3,15), (4,48) etc. J— througt

By plotting these points ona graph paper and draWin.g a free hanrii 5;1;0 S
these points, we obtain the graph of the given polynomial as shown in Fig. =

! if iy R f

LEEL
L ]=24
£y [ il F

s D

o

Fig.2.12 Graph of f(x) = 3 _ 4y

Observations: From the graph of the polynomial f(x) =
observations:
(i) The polynomial f(x) = +* — 4y = x(x* - 4) = 4 (x-2)
three distinct linear factors. The curve ¥ = f(x) also cuts v-a
(i) We have,  f(x) = x(x-2)(x +2)

- gy
Y. we make the following

(x+2) is factorizable into
XI5 at three distinet Ponits,
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Therefore, 0, 2 and — 2 are three zeros of f(x). The curve y = f(x) cuts y-axis at

three poi‘nts O, 0), p (2,0) and Q (- 2, ) whose r-coordinates are the zeros of the
polynomial f (x),

ILLUSTRATION 2 Draw e graph of the cubic polynomial fi)=x" - 242,
SOLUTION  Let' = f(x) or, y=1* - 2:2.

The following table gives values of y for various values of x:

2 [-1Jo[1 23] 4
16 | 30|10 ][9] a

45

Thus, the curve y = 3 _ 5.2 passes through the points (-3, - 45), (-2, - 16), (- 1,-3),
(0,0),(1.-1),(2,0),(3, 9), (4, 32) etc. By plotting these points on a graph paper and drawing a

free hand smooth curve passing through these points, we obtain the graph of the polynomial
as shownin Fig, 2,13, |
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Fig.2.13 Grahpof f(y) = % .2
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Observations: We make the following observations from the graph of the polynomial
f) =22 - 22,

(i) The polynomial f(x) = 3* — 242 _ P(x=2) = (x=0)(x-0)(x —2) is factn:izabif intq
two identical factors each equal to x and 4 linear factor (x—2). Thecurve y =X — 2¥" cuy,
x-axis at two points,
(i) We have,  f(x) = (x - 0) (x - 0) (x - 2)

So, 0 and 2 are two zeros of f (x). The curve cuts x-axis at two points O (0, 0), I (2, g
whose x-coordinates are the zeros of the polynomial f (x).
ILLUSTRATION 3 Draw the graph of the polynomial f(x) = x
SOLUTION Let y = f(x) or, ¥= %3,
The values of y for various values of ¥ are given in the following table:
x 4 [ a=21]JoJ1]2] 3] 4
y=x"| 64| -27 | 8|-1|o0|1]8]27 | 64

Fig.2.14 Graphof f(x) = x*.

.
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Thus, the curve ¥ = 1 passes through the points (-4,—-64),(-3,-27), (-2,-8),(-1,.-1), (0,
0), (1,1), (2, 8}, (3r 2?}; (4, 64) etc,

qutting these P_Uh"lts ona graph paper and drawing a free hand curve passing through these
points, we obtain the graphof the given polynomial as shown in Fig. 2.14.

Observations: We make the following observation from the graph of the polynomial
flx) = x2.

(i) The polynomial f(x) = 3 - (v = 0) (x = 0) (x — 0) has three identical factors. The curve
y= x? cuts v-axis al three comcidentpoints i.e.

(ii) The polynomial f(x) = x* has exactly one zero equal to 0. The curve §= 1 cuts x-axis
atthe point O (0, 0) whose x-coordinate is equal to zero of the polynomial.

From the above discussion we infe
x-axis at one point only
two points. Also, the
In general, gr

at exactly one point.

r that the graph of a linear polynomial crosses
and the graph of a quadratic polynomial crosses x-axis at atmost
graph of a cubic polynomial crosses x-axis at atmost three points.
aph of an nith degree polynomial crosses the y-axis at atmost 1 points.

ILLUSTRATIVE EXAMPLES

LEVEL-1

EXAMPLE 1 If each one of the following graphs is the graph of a polynomial, then identify which
one corresponds to a linear polynomial and which one corresponds to a quadratic polynomial?

Ly by
v =f(x)
5 \ .
X 0\'/ X X - A
v Y
(i W
oy b Y

w=plx)

Fig.2.15
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SOLUTION (i) We observe that the

Therefore, f(x) is a quadratic polvnnmgraph ¥ = f(x) is a parabola opening upwards,

(ii) We find that the graph y - o ( 'alin which coefficient of x* is positive.
€ - LT 2
iii) He — J = &1X) 1s a strai i y, ¢ (x)isa line lynomial.
Em}] Egre, px)is nEItherlinEarn‘)TC]l.ladraticalght line. So, ¢ (x) s a linear polync
) Here, g(x) is a quadrati ;
. atic polynomial in whi e s Boes et faapavice Phe
graphis a parabola Opening dﬂwnwafc;:hmh coefficient of 7 is negative because the

EXAMPLE 2 The graphs of | 2
: < S Y =a8x" + by + ¢ are eiven in Ei e stans of a b
and ¢ in each of the following: C are given in Fig. 2.16. Identify the signs of a, |

W=y + by +0¢

’ © % ® @) X
1 P A
l ‘ V=ax"+by+¢ b -D)
{T} y \ 26" da J
. {ii)
y y=ax +bx+c y
g [ =6 =B )
A " \2a' 4a )
X O * X — 5
(2 " A
2a’ 4a P
1y y=ax +bx+c y
{iii) (iv)
y=n3'1+b1'+c LY
¥
P - .
A X [s) [—{r D »
(—_f’ :E] Za’_:;?)
20" da t
,; e} X P
yl
¥ -
y ¥=ax +bx+¢
(i)

o) Fig.2.16
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SOLUTION (i) We observe that V=ax:+br+c represents a parabola opening down-
wards. Therefore, g < () We also observe that the vertex of the parabola is in first
quadrant,

l
-—-J—>U::-~!?<U:a£1>ﬂ [a<0]
2a

’arabola y = ax? 4 py 4 . cuts y-axis at P. On y-axis, we have v = 0, Putting x = 0 in
¥ =ax® 4 by + Cr wegety=c,

50, the coordinates of p are (0, ). As P lies on the positive direction of y-axis. Therefore,
c>0.Hence, n<0,p >0 and ¢ > ().

(i) We find that y=ar? $ by 4 ¢ represents a parabola opening upwards. Therefore,

a > 0. The vertex of the parabola is in fourth quadrant,
b
. [ a > 0]

Parabola y = ax? 4 by + ¢ cuts y-axis at P and on y-axis. We have x = 0. Therefore, on
putting v =0in ¥ =ax® + by + ¢, weget i = . So, the coordinates of P are (0, ¢). As Plies on
OY". Therefore, ¢ <0, Hence,a>0,b<0and c<0.

(it) Clearly, y = av? 4 py 4 ¢ represents a parabola opening upwards. Therefore, 7> 0. The

vertex of the parabola lies on OX.

—{7

i::ﬁ::-—bpﬂ:&f!{ﬂ [a> 0]
The parabola y = ax® + by + ¢ cuts y-axis at P which lies on QY. Putting x = 0 in
e ax® + by + ¢, we gel y = c. So, the coordinates of P are (0, c). Clear]_\.-', P lies on OV,
Therefore, ¢ - . Hence, a > 0,0 < 0, and ¢ > 0.
(iv) The parabola y =ax® + by + ¢ opens downwards. Therefore, 7 < (0. The vertex

(=b/2a, — D/4a) of the parabola is on OX".

b
— <0 = bh<0 ['va<0]

2a
Parabola y = ax* + bx + ¢ cuts y-axis at P (0, ¢) which lies on OY". Therefore, ¢ < (. Hence,
a<0,b<0andc < 0.
(v) Wenotice that the parabola i = ax? + by + ¢ Opensupwards. Therefore, a > 0. The vertex

(—0/2a, — D/4a) of the parabola lies in the first quadrant.

—h b
—>0=>—<0=b<y e
2“. 2” [- i :‘-"‘UI

As P (0, ¢) lies on OY. Therefore, ¢ > (. Hence, 2 > 0,b<0andc >,

(vi) Clearly,a<0.As (=b/2a, — D/4a) lies in the fourth quadrant,

b b
D= —<(Q=b30 o
= oy [ a <)

As P (0, ) lies on OY". Therefore, ¢ <0. Hence, a < 0,5 and ¢ < (),
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2.4 GEOMETRICAL MEANI

: NG OF THE ZEROS OF A POLYNOMIAL
Inthe previous se

Ep section, we have seen that the graph of a linear polynomial is a straight line
'"“l. I euts v-axis at exactly one point. The graph of a quadratic polynomial is a parabola
which cuts v-axis at atmost two pui-nt\; ".i'e }h;n'c also seen that the graph of a cubic
polynomial cuts v-axis at atmost 3 puintr;. in general, the graphof an rith degree polynomial
CrOSses v-axis at atmosy p points. Also, v-coordinates of these points are the zeros of the
polynomial. Thus, geometrically zeros of a polynomial are the v-coordinates of the points
whereits graph crosses or touches y-axis. .-

It follows from the above discussion that an th degree polynomial can have at most i1 real

zeros. Thatis the number of real zeros of a polynomial is less than or equal to the degree of the
}mlynumml. In higher classes, we will study that the total number of zeros (real or
imaginary) of an nth degree polynomial is exactly .

2.5 RELATIONSHIP BETWEEN THE ZEROS AND COEFFICIENTS OF A POLYNOMIAL
Inclass IX, we have learnt about the factorization of polynomials. In the previous section, we
have studied that a polynomial of degree i has exactly " zeros(realor imaginary). The zeros
of a polynomial are closely connected to its coefficients. In this section, we will find out
relationship between the zeros and coefficients of a polynomial.

Consider the quadratic polynomial f(x) =627 v~ 2 By the method of splitting the
middle term, we obtain

fx)=6xr —v-2=6x" 4y +3x-2= 20(3v-2)+1(3x-2) = (3x - 2) (2x + 1)
f(x) =0

— (Bx-=2) (v +1)=0 = 3x-2=00r, 2x+1=0> y= or, _1-=_l

| b

. 2 1
Hence, the zerosof 63~ -y -2 are a = Eandﬁ e

We observe that

-(-1)  Coefficient of x

Sumofits zeros = a + f§ =

-1
b Coefficient of 1

i | b2

1
o

Pt | =

Product of its zeros

Let us now consider a cubic polynomial p(x) given by

P(I) = (-5._1;1 - 31‘1 -12v+4

= p(x) = (x+ Ex-13x-2 [By using factorization]
i plx) = 0
= (x+2)(2x-1)(3x-2)=0
o, 12
=5 x=-22:3
.of p(x) = 68" + 50" - 12x4 | 2
Hence, the zeros of p(x) = 63" +51" - 12+ Jare ¢ = e Lapava s
3

Also, p(x) is a cubic polynomial. 50, p(x) can have atmost three reql seros
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Now,

Coefficient of x°

Coefficient of x°

Sum of the zeros = ¢ + B+y=-24—=+ % -

5
b

e R

Sum of the products of zeros taken two at a time = aff + iy + yu

-

23 | b

x (-2)

LIS

1
2 :

1
=(-2) x =
ey e o

=—-1-F--1~—i=—'2

3 3
5 [ Coefficient of x

6  Coefficient of x°

. 2 Constant term
Product of all zeros = afiy =(—2jxlx— -_-—E =_i=_ - =L
2 3 B f Coefficient of x

Let us now find a formal relation between zeros and coefficients of a polynomial.

2.5.1 RELATIONSHIP BETWEEN THE ZEROS AND COEFFICIENTS OF A QUADRATIC

POLYNOMIAL
Let a and i be the zeros of a quadratic polynomial f(x) = ax® + bx + ¢. By factor theorem
(¥ = «t) and (x — [}) are the factors of f(x).

fx) = k(x = a)(x =), wherekis aconstant

= ax® +bx+c=k { X7 = (a4 P)x+ ap : b
= ax™ + by +c = kvt — k(o + p) x + kaf
Comparing the coefficients of 1%, x and constant terms on both sides, we get

a=kb=-k{a+p)andc = kafp

, .
— a+p= & and aff = =
i i |
o
Coefficient of x Constant term R
— a+p=- —— —and, aff = ———— — |
Coefficient of v~ Coefficient of x~ \
Hence,
) ) b Coefficient ot x . ¢ Constant term
Sum of the zeros = —— =— — —— ,Ijl'ﬂdllct of the zeros = — = — . —==
i Coefficient ot ¥~ a  Coefficient of x-

RENARK If o aind B are the zeros of a quadratic polynonual fix). Then, the polynomial f(x) 1s
given by

flx) =k (v7 = (o + Py + af
|

or, fixy=k 1' 7 — (Sum of the zeros) v + Product of the zeros |
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12

pol _wrmum.’ o & 7x 12, and verify the relation

ENAMPLE 1 Find the zeros of the quadratic
between the zeros and ifs coefficients.
SOLUTION  We have,

f) =+ 7+ 122 F +ire B+ 12 =80 +4)+3(x+4) =(x+4)(x+3)

The zeros of f (x) are given by f(v)= 0.
Now, flx)=0

= v +7x+12=0

= (x+4)(x+3)=0

= v+d=0or x+3=0
= v=-4or x==3

Thus, the zeros of f(x) = ¥* +7x+12 are @ = dandfp = -3.

Now,
_ 5 Coeffici g
Sum of the zeros = a + i = (<) +(=3) = ~/ and, - ue- IR ‘1., e la =7
Coefficient of x~ 1
Coefficient of X
Sum of the zeros = - —
Coefficient of X~
) C erm
Product of the zeros = af = (<) x(-3) = 12 and, msfant VM 2
Coefficient of x= 1
Constant term
Product of the zeros = — -
Coefficient of x~
PAMPLE 2 Find the zeros of the guadratic polynomial  f(x) = 6x* -3, and verify the

relationsiip between the zcros and its coefficients:
SOLLTION  Wehave,

f(x) = 6x" -3
= i =(6x) - (3 ;
= F[.1J={\El"~.§]h"-f;x* '-.3}
The zeros of f(x) aregivenby f(x)=0.
Now, Ha) =0

= I\fg'l'—x:_"ll"-hl"'wil=ﬂ

=4 vbx - ug =0 or, '\.'E.T + 1.5 =0
SR SR
T=— O, ===
vh vb
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;o 2 1
Hence, the zeros of f(x) = 61~ -3 are: o = E and pj = - :)_E

Now,
) _ 1 1 Coefficientofx 0 _ 0
Sum of the zeros = g + 3 = E + (—E] = (and, - Coefficient of 12 ~ "%
Sum of the zeros = - St o 1
coefficient of x~
Also,

] =] =1 Constant term -3 -1
— % — = —and, - =
V2 2 2 Coefficientof x> 6 2

Constant term

Product of the zeros = af =

Product of the zeros =

Coefficient of +*

EXAMPLE 3 Find the zeros of the polynomial f(u) = du® + 8u, and verify the relationship

between the zeres and its coefficients. INCERT]
SOLUTION We have, .
flu) = 4 + 8u
— flu) = 4u (u+ 2) i
il
The zeros of f(u) are givenby f(1) = 0. v
Now, f)y=0
= 4u(u+2)=0 |
= u=0or u+2=0 I
|
= =0 or, #t ==2 |
|
Hence, the zeros of f (v)are: « = 0 and = -2 ;fj'
'1‘
Now, ,
a+Pf=0+(-2)=-2andaPp=0x-2=10 ‘1
i R Constant term 1
Also, B Coefficient u_f ii; __8_ T LT
Coefficient of 1 4 Coefficient of u 4
sfficient of 1 . ‘onstz X
Sum of the zeros = - Coetficient ¢ — and, Product of the zeros = Constant ttrn11
Coefficient of 1t Coefficient of -

EXAMPLE 4 Find the zeros of the polynomial  f(x) = 431 +5v-2J3, and aerify the
relationship between the zeros and its cocfficients.
SOLUTION  We have,

f(x) = 4327 + 5x - 243
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= x) = 43+ 4 gy - 3x-23 [Splitting the middle term|
— f(x) = 4x (V3x + 2) ~ 3 (3x + 2)
- Fx) = (V3x + 2) (4x - 3)

The zeros of f(x) are givenby f(x) = 0.
Now, flx)=0

= (ﬁx+2}(4x—ﬁ} -0
=2 V3v+2=0 or, 4v-3=0
2 V3
= I = —— or, x = —
3 4
Hence, the zeros of f(x) are: « = —-E*dnd f= E
Now,
2 J3 -8+3 5 2 31
I1+pPl=—— 4 —= = — {d' = — = ——
R T ™ - At et T
Also,
Coetficient of x 5 Constantterm  -23 1

- o= and, — = ==
Coefficientof v~ 443 Coefficientof 1° 43 2

) Coefficientof x : Constant term
Hence, Sum of the roots =— = = and, Prodcutof theroots= : .
Coefficientof v~ Coefficient of x-

EXAMPLE 5 Find  the zeros of the quadratic polynomial f(x) = abx® + (b® - ac) x - be, and
vertfy the relationship betiveen Hhe zeros and its cocfficients.
SOLUTION We have,

flx) = abx” + Hrl —ac)x-Ix

= flx)= abx? + Px = acx - be
= f(x) = bx (ax + b) — ¢ (ax + b)
- flx) = (ax + by (bx - ¢)

The zeros of f(x) aregivenby f(x) = 0.
Now, flx)=0

= (ax + b)(bx —c) =0

=4 ax+b=0or, bx-c=10
b Lk

— .1.':—;:1:',1——T

- b €
Thus, the zeros of f (v)are: @ = = and, = P

Now,
b’ b oc ¢
3 fit — {
il :_.E+i: and, aff = ——x—= =
. a b ab a b a
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Also,
Coefficient of x br—ac) ac-b ’ Constantterm  bc ¢
e = M S . _ and; = —— ==
Coefficient of x* ab il Coefficient of x ab i
Hence,
Coefficient of x Constant term
Sum of the zeros = — = - and, Product of the zeros = TS 3
Coefficient of x~ Coefficient of x~
. . . 5 1 . ]
EXAMI'L | Find the zeros of the polynomial x* + —x - 2, and verify the relation between the

(8
coefficients and zeros of the polynomial, INCERT EXEMPLAR]

; 5 1
SOLUTION Let f(x)=x"+ E.r — 2. Then,
: 1 3 1 2
fly)=—=(6x"+x—12) = —(62° +9x - 8x —12)
’ (5] G

- f(x) = %ua_ﬁ +9x) - (8x + 12)] = %{3.1-{2:: +3)-4(2x +3)) = %(z_r +3)(3x - 4)

&

The zeros of f(x) aregivenby f(x) = 0.

Now, f(x) =0 = %(2.1: +3NBxr-D=0=2vr+3=00r,3x-4=0= _1::?‘ or, _1-=%

i i
Hence, a = —= and p = % are the zeros of the given polynomial. .
- ]
Now, |
. ) AN
c.s+{’::[—§J+i=——and,u|3=(—zni}=—2
2 3 @ 2 3.
The given polynomial is flx) = ¥+ {1_\- - 2.
g
Coetficient of x [ “1/6 J _1 o Constant term - -2 — N
_ — = = — ana, - o piud = RE |
Contficient of 1> 1 6 Coefficient of 2 1 ‘h‘
Clearly, ™~
Coefficient of x Constant term
a+p=-——"— —and, off = ———— —
Coefficient of x° Coetficient of x~

Hence, the relation between the coefficients and zerosis verified.

T'ype 11 ON FINDING THE VALUES OF SYMMETRIC EXPRESSIONS INVOLVING ZEROS OF A
QUADRATIC POLYNOMIAL

pxamrerr 70 If ooand 3are the zeros of the quadratic  polynomial fx) = V2 - Y + 4, then

5 & e L d
find the values of (i) o« +p° () —+ 2
' : a

SOLUTION  Itisgiven that aand [} are the zeroof the polynomial f(x) = v - X + 4.




MATHEMATICS -y

-1
uf[i = -[—f_] =p and, aff = ill =
0 @B = (o +B) - 20p = p? 2y [+a+P=pandup = g
(i ~¢2=O+B_p

“ Boap g

F'ype [I1 ON FINDING A QUADRATIC POLYNOMIAL WHEN THE SUM AND PRODUCT OF
ITS ZEROES ARE GIVEN

EXAMPLE 8 Find a quadratic

polynomial each with the given numbers as the sum and product of
its zeros respectively

1 1
(i) Z:"] INCERT] (ii) Jig INCERT] (i) 0,5 INCERT]

SOLUTION ~ We know that a quadratic polynomial when the sum and product of its zeros
are given by

flx) =k ] X~ (Sum of the zeros) ¥ + Product of the zems} . where k is a constant.

(i) We have, Sum = :11 and, Product = - 1. So, required quadratic polynomial f (x) is
given by

f(x) = .l:[.'r1 ~ l:c AIJ
) 4

(ii) We have, Sum = 2 and, Product = -,11.50, required quadratic polynomial f (x) is
given by h

f(x) =k ( ¥ -Jax+ %J
(iii) We have, Sum = 0 and, Product = 5. So, required quadratic polynomial f (x) is
givenby

f(x) = k(2% = 0x + V5) =k (x* + J5)

EXAMPLE o Find a quadratic polynomial, the sum and product of whose zeroes are 3 and
3 : : W
—= respectively. Also, find its zeroes. INCERT EXEMPLAR]

SOLUTION  Let a, P be the zeros of required polynomial. Itis given that ¢ + p = /2 and
3

afi = _E .

The quadratic polynomialis f(x) = ¥ -(a+B)r+apor, flx)=x* -3y - 3
3

Now,  f(x) = x> - V2x - 2

= fx) = L(2xF - 2J2x - 3)

' 2

= ”1} = lfle -3 \"rf.‘t' - \E-"—' -3)
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= Flx) = %*: M2x (W2x = 3) + ( 2x - 3]}

- (2% - 3)(2x + 1)

o

— f(‘-] =

r

The zeroes of f(x) aregivenby f(x) = 0.
Now, flx)=0

), i : | - _3 R
— sz.x-:n(ﬁu-l):u::Jix-azunr,ﬁwhﬂzp.m—ﬁer,n-- T

1enc ¢ 2L P Al .

EXAMPLE 10 If aand B are the zeros of the quadratic polynomial  f(x) = x> —x-2, finda
polynomial whose zerosare 2a.+ 1 and 20 + 1.
SOLUTION Itis given that  and f are the zeros of the polynomial f(x) = x~™ - x - 2.

o+ )= —[ —ll}=1 and, ufl = —% =-2

Let S and P denote respectively the sum and the product of zeros of the required polynomial.
Then,

S=2a+D+(2p+1)=2Aa+P)+2=2x1+2=4 [- a+p=1]
and, P=QRa+1)2p+1)=4uP+2a+2p+1=4af+2(a +p)+1
=4x-2+2x1+1=-8+2+1=-5 [ a+p=1and apf = -2]

Hence, required polynomial g(x)is

Qx) =k 37 = Sy + P} = k(3" — 43 — 5), where k is any non-zero constant.

LEVEL-2

Type IV ON FINDING THE VALUES OF SYMMETRIC EXPRESSIONS INVOLVING ZEROES OF A
QUADRATIC POLYNOMIAL

EXAMPLE 11 If eand fare the zeros of the quadratic polymonial f(x) = ax? +bx +¢, then
evaluate:

- - i - ]"} R 3 3
(i) a” +p° (i) B i (1) a” + ¥
1 1 a’ P
(i) o7 T W Fta

SOLUTION It is given that « and B are the zeros of the quadratic polynomial

f(x) = ax? + by +c.

o+ = . and aff = -
a i

(i)  We know that
al + B =(a+p) - 20p

R X BN % =20
u“+£‘:‘=[— e 3
im i il

-
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2
i {1 &

o } 2 . p2 : 2 | i3 :
(if) £—5~+[—=i__5_:£“_ﬂ3’_;£ﬁ__k a) |j_,[ b -2ac
“ u[j U'ﬁ € - ac

it

(iii) We know that o + g% = (g + B’ —3ap (o + p)

S

e 3, - ,
al + ﬁj = L _—h] -3 E-[ b ] - :£ " 3_£T£ e Fabc 3abc - {13

i a\v a a = - !_‘,3 a’
3abe - p°
(iv) 1,1 @+ T F s s ‘
a B (ap)? “(‘;'—r . [Using (iij))
:)
2 ¥ 3 b 3 3 C E’
3 e, | e = -
) FI—.;_P_.:U' +B =(a+ﬂ)3_33ﬁfﬂ+ﬁ)_[ IIJ [.ﬂ']( I?J_3ﬂbﬂ:—|!?:
e i

EXAMPLE 12 - = : . 7
o 12 If ocand B are the zeros of the quadratic polynomial f(x) = ax™ +bx +c, the
coaluare:

(i) ot +p* iy &, B
B2 o
SOLUTION It is given that o and P are the zeros of the quadratic polynomial
f(x) = ax® + bx +c.

o+ =-— and, aﬁ:E
i
(1) Wehave,
ﬂ4+ﬁ4z(u2+|32)2—2ﬂ2 2
= ot +B* = {(a+BY -208} ~2(aB)’
bV ¢ : ¢\ b ¢ |
A et

(i) Wehave,

[Using (1)]
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Lype V' ON FINDING AN UNKNOWN WHEN A AELATION BETWEEN ZEROS AND
COEFFICIENTS IS GIVEN
2 _ 5y +k suchthat a = =1,

EXAMPLE 13 Ifcand [ are the zeros of the polynomial f(x) = X
find the value of k.
SOLUTION It is given that «and p are the zeros of the polynomial flx) = 2 —5x +k.
_5 5

o+ P :—(T]:S and, af3 :%:k
Now, a-p=1 [Given]
— (a - ) =1
= (o +P) —dop =1
= 25-4k=1= 4=4k = k=6

Hence, the value of kis 6.
EXAMPLE 14 If aand fare the zeros of the quadratic polynomial f(x) = kx® + 4x + 4 such that

a’ + p? = 24, find the values of k.
SOLUTION It is given that « and B are the zeros of the quadratic polynomial

f(x) = kx* + 4x + 4
a+fl= 2 and, uf} = i
k k

We have,

ot +p? =24
= (ot + B)° - 2ap = 24 ol + B = (a+ B) - 2ap]
= (<) -2xi-m

k k

> g—%=24
= 16 — 8k = 24k*
= 3k* +k-2=0
= 2 +3k-2k-2=0
— 3kk+1)-2(k+1)=0
- (k+1)@k-2)=0= k+1=00r,3k=-2=0 = k=-1or, k:%

I~

Hence, k=-1lor, k= =

EXAMPLE 15 If o, P are the zeros of the polynonal f(x) = x4 Sy + k satisfying the relation

a’ B af = E, then find the valie of k for this to be possible.

SOILUTION  Itis given that a and [} are the zeros of the polynomial f(x) = 2v? + 5y + k.

5
w+f=- i and, aff = i
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| We have,
|
a’ + [52 + G = E
-+
= (u2+f32+2u[3)_q;3=31_
4

= @+pr-ap=2l

25 k21 2 k
= —_——— = s = —— d, =

I E [ o+f 5 and, af3 2}
= .. -1 =% §

5 =2
EXAMPLE 16 Ifsum of the squares of zeros of the quadratic polynomial f(x) = x> ~8x + k is40, find
the value of k.
SOLUTION  Let a, B be the zeros of the polynomial f(x) = x* — 8x + k. Then,
Itis given that

o’ + B? =40
- (a +B)* ~ 208 = 40
- 82 _ 2k = 40 ['.'u+[i=BanduB=k]
= 2k=64-40 = 2k=24= k=12

Type VI ON FINDING A QUADRATIC POLYNOMIAL WHEN THE SUM AND PRODUCT OF ITS

ZEROS ARE GIVEN
EXAMPLE 17 If aand B are the zeros of the quadratic polynomial f(x)=2x* -5x+7, finda

polynomial whose zeros are 2o + 3B and 3o + 2B.
SOLUTION  Itis given that c.and p are the zeros of the quadratic polynomial f(x)=2x2-5y+7.

5 5 7
a+p= ( 2]— 2eunu'.:l,ﬂ.li 5
Let Sand P denote respectively the sum and product of zeros of the required polynomial.
: Then,
5 25

S={2u+3[3)+(3a+2[3)=5{a+B)=5xE=?

and, P =20 +3B)(3a+2p) = 6 (o +B?) +13ap = 602 + 62 + 12 op + ofp

5% .7 75 7
- 2 = = —=—+==41
=6(a+pB) +ap 6){(2) +2 5 T3

Hence, the required polynomial g(x) is given by
25 .
8(x) = k (x* - Sx + P) or, g(x) =k [ X' -Sox 44l J where kis any non-zero real number.
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exaMPLE 18 Ifcand [ are the zeros of the quadralic polynomial  f(x) = 3x° —4x + 1, finda

, T, .
quadratic polynomial whose zeros are — and —.
o

cOLUTION  Itis given that wand [} are the zeros of the polynomial f(x) = 3’ —dx +1.

2
3

t § and P denote respectively thesum and productof the zeros of the polynomial whose
-

o +ji=—[-%)::—:- and, aff =

Le
a2 2
zeros are — and E— Then,
[} ¥l
(4 ]‘ 1 4
) ) 1 3 1 - 3!'( X
oo B +p (erB-3ap@rp) 3 3328
B B 1 ufd afd 1 9
3
2 .!.I
and, P g R afl = L
7] 3

Hence, the required pu]}-'nmniaI:q(.\'] is given by

’ ., 28 1
gfx)y =k (x*—5x+ Py or, 8(x) = »‘i( s ) X+ 3 ]r where kis any non-zero real number.

(e

EXAMPLE 19 Find a quadratic polynomial whose zeros are reciprocals of the zeros of the

polynomial f(x) = ax* +bx+c,a=0,c#0.
SOLUTION Let aand P be the zeros of the polynomial f(x) = ax® + bx + ¢. Then,
! -
o+ P = -2 and afp = e
a

i

Let S and P denote respectively the sum and product of the zeros of a polynomial whose

1
Zeros are and —. Then,
o /3

h
S:l+l=m+ﬁ=—”:—Eﬂrlld."’:ls-:lz—]—:i_zt—I
a wf ¢ c a P af € ¢
i i

Hence, the required polynomial g(v) is given by

, by a _
_-.:{:r]:A:(.'cE —Sx+P)=k { v 4 —+— |, where k is any non-zero constant.
2 [ ’

EXERCISE 2.1

I. Find the zeros of each of the following quadratic polynomials and verify the
relationship between the zeros and their cncfficiuntﬁ:
() flx)=2"-2v-8 INCERT]  (ii) g(s)=4s" —4s+1 INCERT]
(iii) h(t) =1> 15 INCERT] (V) f(x)=6x*-3-7x INCERT]
(V) plx) ="+ 2.2 x~6 (i) g(x) = V3x* + 108 +7V/3




b

~]
"

10.

11.

12.

(vi)) f(x)= 2" ~(V3+1)x+ 3 (viil) e(x)=afx?+1)-x@ +1)

(1x) h(s) = 25" — (1 + 22)s + 2 INCERT EXEMPLAR|
x) f(v)=v" +4J3v-15 [NCERT EXEMPLAR)
; 2 35
(x1) ply) =y + o s 5 INCERT EXEMPLAR|
o2 11 2
- Wy =Pyt 2y & )
(i) =24 -Fy -2 [NCERT EXEMPLAR|

. For of the i i - :
For each of the following, find a quadratic polynomial whose sum and product

respective 7 5G Are A6 ot : A
pec i:.l_v of the zeroes are as given. Also, find the zeroes of these polynomials by
factorization., - :

- 8 4 .2 5 -3 1
33 o o (iii) -23,-9 (iv) ﬁr—g

[INCERT EXEMPLAR|

. Ifeand B are the zeros of the quadratic polynomial Flx) = x* — 5x + 4, find the value of

l-ﬁ-%—zlﬂﬁ-

o

- Ifoand f are the zeros of the quadratic polynomial p(y) = 5y* — 7y + 1, find the value of

1 1
—+—,
@ P
If a and p are the zeros of the quadratic polynomial f(x) = x* — x — 4, find thevalue of
1 1
—+ ——up.
V]

If o.and P are the zeros of the quadratic polynomial f(x) = x* + x — 2, find the value of
1 1

o B
If one zero of the quadratic polynomial fx) =4x° —8kx -9 is negative of the other,
find the value of k.

If the sum of the zeros of the quadratic polynomial f(t) = kt* + 2t + 3k is equal to their
product, find the value of k.

LEVEL-2
If o and P are the zeros of the quadratic polynomial p(x) = 4x* — 5x — 1, find the value of
a’B + af.
If o and B are the zeros of the quadratic polynomial f(f) = * — 4¢ + 3, find the value of
ot B +a’pt.
If a.and B are the zeros of the quadratic polynomial f(x) = 6x% + ¥ — 2, find the value of
o
= L

If ccand P are the zeros of the quadratic polynomial p(s) = 35 — 6s + 4, find the valueof

%+E+2[l+%]+3aﬁ+

o o




13, [f the squared difference of the zeros of the quadratic poly nomial f(x)= T px+45 is

equal to 144, find the value of p.

(1 If wandp are the zeros of the quadratic polynomial f(x) = v* = px + ¢, prove that

15 If wand p are the zeros of the quadratic polynomial flx) = P plx+1)-¢ show that
(a+1(P+1)=1-¢

16, 1f w and P are the zeros of a quadratic polynomial such that o + [} = 24 and o —-p =8,
find a quadratic polynomial having « and f§ as its zeros.

- r . . 2 . :
17 If « and B are the zeros of the quadratic polynomial f(x) = x* -1, find a quadratic

) 2a 2f
pu]\-'nmmal whose zeros are ‘”_ and :

15. If « and [3 are the zeros of the quadratic polynomial f(x) = i - 2, find a quadratic

1 1
yolvnomial whose zeros are i -
polynomial whose zerosare 5 7 Rl T

19. 1f e and [ are the zeros of the polynomial f(x) = 17 + px + g, form a polynomial whose

zeros are (a + Ff"]2 and (u - ﬁ}:-
0. If « and B are the zeros of the quadratic polynomial f(x) = v?-2x+3, find a
a-1 p-1

solvnomial whoserootsare (i) a+2,p+2 (i) — 7] :
polynomial whose roots ¢ (i) ] (i) ar 1 Brl

1. If wand [} are the zeros of the quadratic polynomial f(x) = ax” + by + ¢, then evaluate:

1 l
(i) «-p (ii) & - ; (i) o+~ 20
9 = ) 1
(iv) o p+ af” (v) al + H.I (vi) Eh? 2 afp +f1.
f 4
_IJI_ " & - t 1 + [— + I! E + E ]
(vii) ac + b ' afh + b ) £ L B o) f o«
ANSWERS
. _— o = T .3 1
. (i)4.-2 () 3.5 (iii) 15, - V15 (iv) =iy
7 = 1
V) 33,43 i) V3o m i) V3 (viid) @~
1 _ = V5 13
(ix) V2.5 ) V3-53 (ki) 25 (xii) =3
5 4 g 2 :’.l 53
2. (i) flx)= [1‘+—1+—] (ii) 1’(-1}'—‘.[1 —E_a‘LEJ

|J|_.

- 1 3
(iii) f(x) =k Vo4 2./3x ) {iq.-},_fl{.r‘.l—k[.r' I “-‘J»':'T
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27
g ¥ 15 3
4. 7 = i
3 2 5. > 6. —5
7.0 8. 3 g = 10. 108
. 1
;- 12. 8 13. +18
16. f(x) =k (x* - 24x + 128) 17. f(x)=k(x* +4x+4)
: i k 2 __9_ —-l—.- ) 5
18. f(x) [I 16x+16) 19. f(_r]:k{xz-2{p2—~2q]x+P"{P“_4f}”
20. (i) f(x)=k(x*—6x +11) (i) f(x)=k{x2—§x+%}
5 Vb —dac | \Jb® - dac b 2
. (i) __a__ (ii)) —— (iii) — —+_'J (iv) ——=
c C a a
(b* - 2ac)? - 2% b -2
(v) - | (vi) P (vii) —~ (viii) b

2.5.2 RELATIONSHIP BETWEEN ZEROS AND COEFFICIENTS OF A CUBIC POLYNOMIAL

Let o, B, y be the zeros of a cubic polynomial f(x) = ax® + bx* + cx +d, a # 0. Then, by factor
theorem, x —a,x—Band x -y are factors of fx). Also, f(x), being a cubic polynomial,
cannot have more than three linear factors.

f@)=k(x—a)(x-B)(x~-7)

= ﬂxs+bxz+cx+d=k{x—a){x—]3)(x—?)
£ ax3+bx2+cx+d=k{x3-(11+B+?)xz+(CLE+B‘f+1’ﬂ)I-C¢ﬁﬂ
= ax’ +bx2+cx+d=kx3—k(a+ﬁ+7,‘|x2+k{ui3+ﬁ']f+1rujx—kaﬁ?

Comparing the coefficients of x?, x?, x and constant terms on both sides, we get

a=kb=—k(a+P+7y),c=k(ap+py+yx) and d = —k (aBy)

i a a
= T 2
= Sum of the zeros = —— = ~ Coeff?c.ient of x3
a Coefficient of x
Sum of the products of the zeros taken two at a time = ¢ _ Coefficient of x
a  Coefficient of ¥*

Product of the zeros — -4 _ __onstant term3
a Coefficient of x

REMARK 1 It follows from the above discussion that a cubic polynomial having o, B and y as its zeros
1s given by
f(x) =k(x-a)(x—-Pp)(x-v)
o f@) =k{x® —(@+B+7y)x* +(ap+ By +ya) x —aPy|, where k is any non-zero
real number.
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1ARK 2 If f(x) = ax 4+ by + e + dx + ¢ isa polynomial of degree 4 having o, Py and 8 as
its zeros, Hien
b Coefficient of 1

a+P+y+0=——=-
i Coefficient of 1"

af + Py + 75 + b + oy + Po = € _ Coefficient ulf_ur4
a  Coefficient of x

& (4 B) (7 + 8) + af + 70 = ¢ _ Coefficient of x~
a  Coefficient of x*

; y “oeffici fx
afly + afio + fyo + ayd = —i = — Coatheiont o 1_,
a Coefficient of x

d Coefficient of x
or, ap(y+8)+ o (u+pP)=-—=-
{? ; | a Coefficient of
. Constant term
afyo = —= — I
a Coefficient of x
OR
Coefficient of 1*
Sum of the zeros = —E - i y
a Coefficient of x

¢ Coefficient of 2

Sum of the products of the zeros takentwo atatime = — = — =
a  Coefficient of x

= \ fficient of x
Sum of the products of the zeros taken three ata ime = g oe ‘!':L'en 0 1'4
i Coefficient of x
¢ Constant term
Product of the zeros = — = ———, 1
a  Coefficient of x
ILLUSTRATIVE EXAMPLES

EELJ I

I'ype I ON VERIFYING THE RELATIONSHIP BETWEEN THE ZEROS AND COEFFICIENTS OF A
POLYNOMIAL

EXAMPLE 1 Verify that 3,— Tand — 1 arethe zevos of the cubic polynomial p(X) = 3x) 517 - 11x-3

lationship between the zevos and its coefficients. INCERT]
=3 -5t - 11r -3

and then verify the r
SOLUTION Given pnlynumial is p(x)

p(3) = 3x 3 _5x3*-11x3-3=81-45-33-3=0

p(=1) = _‘1x(-.1}-“‘ —Ex(—lf—llx{--ﬂ—?.n: -3-5+11-3=0

] I] i '_lT,. 1 [ _I.W_“s=.l_§ .
anid .”( .._J_-S».L i -.:IX[ 3, 11x= T : 1_;+3 3=0




1
So, 3,—-1and - 5 are the zeros of polynomial p(x).

Leta = 3,p=-land y = ==, Then,

Ld | -

a+B+y=3-1- 1_5 ﬂnd’_Cnefficienl of x” _[ -5 } _5
3 3 Coefficient of v 3. ) B
Coefficient of 2
a+f+y=-
Coefficient of y*
of + By +yo = 3x(-l)+f—1}x[—l]+(-3]x T T
oy 3 3 3

Coefficient of x 11

Coefficient of ¥° 3

and,

Coefficient of +
Coefficient of ¢*

ap + Py + yo =

afy =3 x(-1) x (—lj =land, - Constant term - _[ .__EJ =1
3 Coefficient of +*

N Constant term
Coefficient of x°

afy =

Type Il  ON FINDING A CUBIC POLYNOMIAL WHEN SUM, SUM OF THE PRODUCTS OF ITS
ZEROS TAKEN TWO AT A TIME, AND PRODUCT OF ITS ZEROS ARE GIVEN

EXAMPLE 2 Find a cubic polynomial with the sum, sum of the products of its zeros taken twoat a
time, and product of its zerosas 2, - 7, - 14 respectively. INCERT]

SOLUTION If @, f and yare the zeros of a cubic polynomial f{x), then

f(0) =k [x® = (a+PB+y)x” + (af + By + yo) x — upy),
where k is any non-zero real number.

Here, a+PB+y=2apf +py+ye=-7and afy = -14
f(x) = k(x* —2x* = 7x + 14), where kis any non-zero real number.
T'ype 111 ON FINDING THE ZEROS OF A CUBIC POLYNOMIAL

EXAMPLE 3 Iftwo zeros of the polynomial f(x)=x*—4x* -3x+12 are 3 and -3, then find
its third zero. [CBSE 2010]

SOLUTION Let a=+/3, B =—/3 be the given zeros and v be the third zero of f(x). Then,

4 . __ Coeff. of 1
“*ﬂ“’:‘(TJ {Uﬂngmﬂﬂ" Coeff.of 1°
=% V3-3+y=4
= y=4

Hence, third zero is 4.
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NYLY NI IMIEALS

EXAMPLE 4 Find the zeros of the polynomial f (x) = - 512 — 16x + 80, if its two zeros are

equal in magnitude but opposite in sign.
SOLUTION Let o, B, y be the zeros of polynomial f(x) such that o + p = 0. Then,

Coefficient of x*

Sum of the zeros = -

Coefficient of x*
; !
=y [l+ﬂ+'}":—(—TJ
— 0+y=5 [wa+p=0]
= y=5

Constant term

Product of the zeros = - = .
Coefficient of x~

DRPPRI
-5 5uf = -80 [y =53]
— (lf.-= -16

=4 —o? = -16 [va+B=0.p=-ua]
= a==4

CASE 1 When o = 4 : In this case,
a+pfp=0=4+p=0 = B=-4
So, thezerosare a = 4,p=-4andy =5
CASE 1l When a = —4 : In this case,
a+Pfp=0=>-4+p=0=p=4
So, the zerosare o = —4,p =4andy =5
Hence, in either case the zeros are 4, -4 and 5.

EXAMPLE 5 If the zeros of the polynomial  f(x) = v -3 +x+1area-ba a+b, find

aand b. [INCERT]
SOLUTION Itis given that a—b,aand a + b are the zeros of f(x).
. Coeff. of x*
Now, Sum of the zeros = — —E-—(—T
Coeff. of ¥
-3 B
= .rr—!.1+n+n+b:——]-=:>3:1':3::»::_l
d W YEW. Constant term
é -t of zeros = —
and, roduct of zero Coelf. of ©°
1
= (a - b) a(a + b) = —T
= a(a® - b*) = -1
[ a=1]

1-b*=-1
{1232:Il=i\5

b U
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| LEVEL-2|

Type I'V ON FINDING THE RELATIONSHIP BETWEEN THE COEFFICIENTS OF A POLYNOMIAL
WHEN ITS ZEROS SATISFY CERTAIN RELATIONSHIP

EXAMPLE 6  Given than the zeroes of the cubic polynomial f(x) = x> — 6x* + 3x + 10 are of the

form a,a + b, a+2b forsome real numbers a and b, find the valyes of aand bas well as the zeros of

Hfl.b.ff'f.” r!)[?hfﬂﬂ””ﬁ! INCERT EXEMPL "."LR

SOLUTION Itis given thata, a + b, and a + 2b are zeros of Flx)=x —6x" + 3x +10.

Sum of the zeros = — Coefficient of x

Coefficient of v2

- a+[ﬁ+b]+(ﬁ+2b]=-[;ﬁjzﬁ .
1 (1)

=% 3+3b=6 = a+b=2 = ph=2-4 (1)
and, Product of the zeros = — Constant term

Coefficient of x?
— a(a+b)(a+2b) =_:1[_[}
— a(a+b)(a+2b)=-10 ...{ii)
— ax2x(a+4-2a =-10 [From (ii) b=2-gq]
— 2a(4-a)=-10
— a(4-a)=-5
= da-a*>=-5 = a*—4g-5=0 = (@-5@+1)=0 = a=5,-1

CASE | When a = 5: In this case,
b=2-a=b=2-5=-
So,therootsarea=5,a+b=2anda+2b=5-6=-1
CASE 1l When a=-1: In this case,
b=2—-a=b=2+1=3
So,therootsare a = -1, a+b=-1+3=2anda+2b=-1+6=25

Hence, either « = -land b =3 or, a=5and b=-3
In either case, the zeros of the polynomialare 5, 2 and -1.

ALITER [t is given that the roots area, a + b, a + 2b which are in A.P.

Leta=a-B,a+b=0a and a+2b=a+p.

Now, proceed as in Example 10 on page 2.43.

EXAMPLE 7 Find the condition which must be satisfied by the coefficients of the polynomial
f(x) = x7 = px* + gx — r when the sum of its two zeros is zero.
SOLUTION Let ¢, B and v be the zeros of the polynomial flx)suchthat o + B =0.

N Coefficient of x*
ow, Sum of the zeros = Coefficient of x°
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w+pP+y= —( _IEJ
= a+pP+ry=p
= O+y=p [ a+p=0]
= ¥ =P |
Since vis a zero of the polynomial f(x). Therefore,
fly)=0
= *,f] = W: +qy—r= 0
=3 p" - p" +qp—r=0 [-v =p]
- pq = r, which is the required condition.

CNAMPLE 8 Find Hie condition that the zeros of the polynomial f(x):.r]—pxz +qgx—rmay be in

arithmetic progression.

SOLUTION Let a—d,aand a+ d be the zeros of the polynomial f(x). Then,

Coefficient of x°
Coefficient of v

Sum of the zeros =

=5 {H~:f]+ﬂ+{ri+1‘f)=—[—_{2

1
= Ja=p=a=_

3
Since i is a zero of the pnlynnmialf{x). Therefore,

fla)y=20
=% @l —pa* +ga-r=0
3 p il
il _al £ | B— '.'a:E]

= [%] P[:sJ“’[s] J [ =3
=] P - 3p® +9pq—-27r =0
= 2p° —9pg +27r =0, which is the required condition.

EXAMPLE 9  Find the zeros of the polynomial fix) = v - 5v? - 2v 4+ 24, if it is given that the
product of its two zerosis 12.

SOLUTION Let a, 5, v be the zeros of polynomial f{x) such that aff = 12. Then,

5
[1+|3+~;=—[FT)=5 (i)
-2
ap + Py +ye=—= -2 (i)
24
... [1il)

and, afy = =S =-24

Putting «ff = 12 in afy = -24, we get




12,:—44:.,,:_13_;:_2
Putting v = =2 in (i), we get
a+pf-2=5
— a+f=7
Now,  (a-p)* = (a+p)° - 4op
= (@-Py =7 —4x12 [-a+p=7andaf =1
=N (0 —PB) =1
=% a-f=+1

Thus, we have

e+P=7and a-pB =1 O, a+B=7and o - = -1
CASE ] When a+B =7 and o — B=1
Solving u +B=7anda - = 1, weget ¢ = 4andp =3
CASEl When e +B =7and o -f=-1
Solving a +B =7and a - = -1, weget ¢, = 3andp = 4.
Hence, the zeros of the given polynomial are 3,4 and— 2.

EXAMPLE 10 Find the zeros of the polynomial f(x) = x° —12x% + 39+ - 28, if it is given that
the zerosare in A.P,

SOLUTION Leta=a-d,B=aand y=a+d be the zeros of the polynomial
fx) =2 —12x2 £ 39y - 28,

cz+{3+~,r=—-(l:g-]=12and, uﬁy:—[-—]-%]
{ﬂ—d}+a+(a+n‘}:]2ancl(:1—:f)nm+d)=28
3a =12 and a(a* -d*) = 28

a=4 and 4(16 - d*) = 28

a=4 and 16-4*=7

a=4and d* =9

a=4and d =+3

28

U0 0 Uy oy

CASE 1 When a = 4and d = 3: In this case,
a=a-d=4-3=1B=a=4andy=a+d=7

CASE 1l When a = 4andd = -3 : In this case,
a=a-d=4+3=7,pf=a=4andy=a+d=4-3=1

Hence, in either case the zeros of the given polynomialare1,4and 7.
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EXERCISE 2.2

LEVEL-1

Verify that the numbers given along side of the cubic polynor
Also, verify the relationship between the zeros and coefficients in each case:

nials below are their zeros.

(i) flx)= 27} 4 2 5% +2; % -2 [NCERT]
(i) g(x)=x"—4x?+5x-2; 21,1

Find a cubic polynomial with the sum, sum of the product of its zeros taken twoat a time,

and product of its zeros as 3, -1 and - 3 respectively.

T

LEVEL-2

nomial f(x) = 2¢' —15x% + 37y - 30 arein A.P., find them.
= ;.;A‘ - 3;1_1‘2 + 3(;1’ + r may be

1. If the zeros of the poly
1. Find the condition that the zeros of the polynomial f(x)

in AL

5. 1f the zeros of the polynomial f(x) = av? + 3b + 3cx + d are in A.P., prove that

20 — 3abe + a*d = 0-
6. 1f the zeros of the polynomial f(x) = v} 1227 + 39x + k are in AP, find the value

of k.
ANSWERS

3. 2,3,

: 5
2. fx)=k (x} — 3x% = x + 3), k is any non-zero real number. 3

3. ?_;1‘1‘ = 3;1;} +r=10 b k=-28

2.6 DIVISION ALGORITHM FOR POLYNOMIALS
d division of integers. We have seen that on division ofan

In earlier classes, we have studie
quotient and

alled dividend) by a non-zero integer (called divisor), we obtain the

integer (¢
divisor. Also, dividend, divisor, quotient

the remainder which is either zero or less than the

and the remainder always satisfy the following relation.
Dividend = Quotient x Divisor + Remainder

This is known as Eu{_‘lid s division lemma \Vhifh we have ﬁtI.IL'iif..‘d in Chaplor 1.

d about division of polynomials. In this section, we shall

In earlier classes, we have studie
vs the similar rule which is known as the

show that the division of polynomials also folloy
division algorithm for polynomials. We will also discuss problems on finding zeros of cubic
and biquadratic polynomials whensome of its zeros are given.

Let us first refresh the method of dividing one polynomial by another polynomial through
following illustrations.
ILLUSTRATION 1 Divide the polynomial — fix) = 14x* — 5x7 + 9v — 1by  the  polynomial

glx) = 2y - L. z".!:eu,ﬁmf.*.fn';]rm.‘uwfmm’ remainder.
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SOLUTION  Using long division method, w

e obtain

2x—1)14x* =522 4 9y -1 (722 4+ 145

14x% - 7t
- F
2x% 4+ 9y — 1
2t — x
— +
10x =1
10x =5
- +
4

Clearly, quotient g(x) = 7x* 4+ x + 5 and remainder r(x) = 4

Now,
g(x) g(x) + r(x) = (722 + x + 5)(2x - 1) + 4
=14x" +2x2 + 10x - 722 —x -5+ 4
=14y —-5x? +9x —1
= f(x)
ie. J(x) = g(x) g(x) + #(x) or, Dividend = Quotient x Divisor+ Remainder

ILLUSTRATION 2 Divide the polynomiial f(x) = 6x° + 11x° — 39x - 65 by the polynomial
g =22 -1+x Also, find the guotient and remainder.

SOLUTION  Using long division method, we obtain

¥ +x-1) 6% + 1122 - 39x - 65 (6x+5

61 + 6x° - bx

— & +
5x% - 33x - 65
5x% + 5x — 5
. - +
-38x — 60

Clearly, quotient g(x) = 6x + 5 and remainder r(x) = -38x — 60.
Also, g(x) g(x) + r(x) = (x* + x = 1) (6x + 5) + (=38x — 60)
= 6x” + 6x% — 6x + 5x% +5x — 5 — 38x — 60
Le. f(x) = g(x) g(x) + r(x) = 6x° + 11x* — 39x — 65 = f(x)
or, Dividend = Quotient x Divisor + Remainder

ILLUSTRATION 3 Divide the polynomial u(x)=9x*-4x*+4 by the polynomil
o(x) = 3x% + x — 1. Also, find the quotient and remainder.
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<Ol UTION  Using long division method, we obtain

3 4 x—1) 9x7 4020 —da? +0x+4 (3¢ ¥ '
9! + 3 - 3’ |
- - +

-3 -x* +0x+4

=25 =x% % «x

+ + -
-x+4

Cleraly, quotient g(x) = 3x? - x and remainder r(x) = -x + 4.

Also,
o(x) g(x) + r(x) = 3% + x =1 (Bx* = x) + (¥ +4)
ot 433 -3 -3 -t Fx-x+ 4
Le. u(x) = o(x)g(x) + r(x) = gyt +0x° - 4x% + 0x +4 = u(x) 1
or, Dividend = Quotient x Divisor + Remainder I'

HLUSTRATION 4 Divide  the  polynomial f(x) = A0y + 11 — 8207 —12x+ 48 by

. - . &
317 + 2x — 4. Also, find the quotient and remainder.

SOLUTION  Using long division method, we obtain

332 + 2x — 4] 30x* + 110% - 827 ~12x 4 48 (10x% - 3x - 12
304% + 20%° - 4017
- = +

_gy —42x% —12x + 48

_ 9yt — 6x° +12x

.}- + -
— 3617 - 24x + 48
_36x% - 24x + 48
+ + -

0

Clearly, quotient g(x) = 1032 — 3x — 12 and remainder r(x) = 0.

Also,
g(x)g(x) + r(x) = (3x* + 2x - 4) (10x? = 3xv-12) +0
= 30¢* - 92 - 3612 + 2087 — 637 — 24x - 4027 +12v + 48+ 0
e, f(x) = g(x)qx) +r(x) = 30x" + 11x% - 82x% -~ 12x + 48 = f(¥)
or, Dividend = Quotient x Divisor + Remainder

ve that the division process is stoped when either the

In the above illustrations, we obser
an the degree of divisor. Also, divident, divisor,

remainder is zero or its degree is less th
quotient and remainder sa tisfy the relation
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Dividend = Quotient x Divisor + Remainder
1 hlb isan alg(frlthm similar to Euclid’s division algorithm for integers and is known as the
division algorithm for polynomials as defined below.

DIVISION ALGORITHM If f(x) and g(x) are any two polynomials with g(x) = 0, then wecan aluways
Sfind polynomials g(x) and r(x) such that
F(x) = qx) g(x) + 1(x), where r(x) = 0 or degree r(x) < degree g(x).

REMARK If r(x) =0, then polynemial g(x) is a factor of polynomial fix).

Following examples will illustrate various applications of division algorithm.

ILLUSTRATIVE EXAMPLES

LEVEL-1

Type I ON VERIFYING THE DIVISION ALGORITHM FOR POLYNOMIALS

EXAMPLE 1 Divide the polynomial flx)=3x2—x* —3x+5 by the polynomial
g(x) = x = 1= x? and verify the division algorithm.

SOLUTION ~ Writing the given polynomials in standard form, we get

flx) = - +3x* —3x+5 and glx) = S |
Using long division method, we obtain

2
X" +x=-1] x> 4322 3y 45 (¥-2
-0+ X -

= +
2x% —2x 4 5
2% —2x+ 2
- i -

3

Quotient g(x) = x — 2 and, Remainder r(x) = 3

Now,
Quotient x Divisor + Remainder = (x — 2) (—.1:2 +x-1)+3
. T Tv) oS, N, PR

=—x" +3x% —3x + 5 = Dividend
Hence, the division algorithm is verified.
Typv 1] ON FINDING THE REMAINING ZEROS OF A POLYNOMIAL WHEN SOME OF ITS ZEROS

ARE GIVEN
EXAMPLE 2 Find all the zeros of the polynomial f(x) = 2xt —3x% —3x? 4 6x - 2, if two of its
zeresare 2 and —/2. [NCERT]

SOLUTION We know that, if x = a is a zero of a polynomial, then v - ¢ is a factor of f{x).
Since /2 and —/2 are zeros of f(x). Therefore, (x - J2)(x + V2) = x* = 2 isafactor of f(x).
Letus now divide f(x) = 2x% —3x% - 3x? +6x -2 by glx) = x% = 2 tofind the other zeros of
ftx).
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Using long division method, we obtain

L 2} 29* — 3% - 461 =2 (2.1‘3 -3x +1
2x* - 4x*

+
3t + 27 +6x -2 i
-3y +6x g
+ - J ,:
¥ -0 j
=2
fa— + -

0

: A ) "
Thus, Quotient = 2x° - 3x + 1 and Remainder = 0.
By division algorithm, we have

f(x) = Quotient x Divisor + Remainder

= f(x)=(x* =2) (227 =3x + 1)+ 0

= f(x) = (x —V2) (x +42) (2" -2 —x + 1)
— fx) = (x =V2) (x + V2) [2x (x = D) = (x - 1)}
= Fx) = (v = V2) (x +¥2) (x =D (2x = 1)

1

On Equating factors x - \E X+ J-i, v-1 and 2y - 1 tozero, weget X = ».E, = \.5, 1, E

Hence, the zeros of the given polynomial are V2,-42,1 and =

=

EXAMPLE 3 Obtain all the zeros of the polynomial f(x) = 3xt + 63t - 20 —10x = 5, if twoof

; 5 5
its zeros are J; and = \E INCERT]

-

5 5 )
SOLUTION It is given that J; and _\/E are two zeros of f(x). Therefore,

~

==
|

5 5 : 5 5Y fia 5
(-"_ ;](h‘\K;] isafncturufHI).But.[_\-—\h]{‘H §]=LI“-§

\

Therefore, 3v? — 5 is a factor of f(x). Let us now divide f(x) by 32-5.

Using long division method, we obtain
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32" ~5] 327 4 62 — 2 108 3 (x* +2v+1
314+{]x3—5x2
- - 4
6x* +3x% —10x -5
617 +0x* — 10x
4 - -+
3x% -5
3x2 -5
- "
0

Clearly, Quotient= x* + 2x + 1 and Remainder = 0.
By division algorithm, we obtain

f(x)=(3x* =5)(x* +2x+1) + 0
= F(20) = (V3x + /5) (v3x = /5) (x + 1)?
Thus, the factors of f(x) are V3x ++/5,v3x — /5, x + 1and x + 1. Equating each factor to

zero, we obtain x = "E’ \E —1, - 1. Hence, the zeros of f(x) are — \E, E,—l and — 1.

EXAMPLE 4 If twozeros of the polynomial f(x) = x* — 6x® —26x* + 138x — 35 are 2 + /3, find

other zeros. [NCERT]
SOLUTION It is given that 2+ /3 and 2-+/3 are two zeros of f (x). Therefore,

(x-(2+1f§)) and (x—{?_—ﬁ)) are factors of f(x).

But, {x—(23)}{x—(2-v3)} =(x-2-3) (x=2+3)=(x~2)2 ~(+/3)? =x® —4x +1. Therefore,
x* —4x +1 isafactor of f(x). Letusnow divide f(x) by x* — 4x + 1.
Using long division method, we obtain

s 4 -4I+1] x* — 6x° — 26x% +138x - 35 (Iz — 2 —3b
2t —ax® 4 o
s + .
—2x* —27x% + 138x
- 2x% +8x% -2x
- - +
— 35x% +140x — 35
- 35x% + 140x - 35
* - +
0
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[hus, Quotient g(x) = ¥ = 2x - 35 and Remainder =0.
Bv division algorithm, we obtain

f{x) = (.1"’ —4x + 1]1[.1'2 ~2x - 35)

- . - - 1
Hence, other two zeros of f (x) are the zeros of the polynomial = - 2x — 35.

Now,

rJd

v -2k -35=x"-7x+5x-35=(x-7){x +5)

On equating each factor to zero, we obtain x =7, - 5.

Hence, other two zeros of f(x) are 7 and - 5.

|LEVEL-2|

['ype 1T ON FINDING THE QUOTIENT AND REMAINDER USING DIVISION ALGORITHM
Apply the division algorithnt to find the quotient and remainder on dividing f(x) by

FEXAMPLE 5
¢(x) as given below:

(i) f(x)=x>-6x"+11x -6, g(x)=x+2
(i) f(x)=2>-32*+5v-3, gx)= 2= [NCERT]
(iii) f(x) = v -3t +4x+ 5, glo)= 2+l1-x [INCERT]I

[NCERT]

(iv) f(x)= et =5v+6, glx)=2- X
SOLUTION (i) Wehave,
flx) = W o6xt +1lv -6 and g(x)=x+2
We find that degree f(x) =3 and degree g(x) = 1. Therefore, quotient g(x) is of degree
3-1 =2 and the remainder r(x) is of degree zero. Let g(x) = ax* + by + ¢ and r(x) = k.
By using division algorithm, we obtain
F(x) = q(x) x g(x) + r(x)
W 1l -6=(xt +bhx+)(x+2)+k
= o6yt +1lv-6= ax? + (20 + b) ¥+ (2b+c)x+2c+k

Equating the coefficients of like powers of x on both sides, we get
[On equating the coefficients of ]

=

l=a

_§=2a+b [On equating the coefficients of ¥

11=2b+¢ [On equating the coefficients of 1]
and, _6=2c+k [On equating the constant terms]

Solving these equations, we get
a=10b=-8c=27andk =60
Quotient g(x) = ax? + by + ¢ = x* - 8x + 27 and, Remainder r(x) = k = —60.
(ii) Wehave,
fx)=2x" - 342 + 5v - 3and g(x) = x* - 2.
We find that degree (f(x)) = 3 and degree (g(x)) = 2. Therefore, quotient g (x) is of degree 1
v r (x) is of degree less than 2. Let g(x) = ax + band r(x) = cx + d.

and the remainde
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Using division algorithm, we have
FO) = g(0) < g(x) + r(x)

=% AT =3K% 4 By -3 = (X7 = 2y (ax + ) + (e + o)
= S L [, WL (c=2a)x—2b+d
On equating the coefficients of various powers of ¥ on both sides, we get
1=a [On equating the coetficients of |
-3=0b [On equating the coefficients of 17
5=c-2a [On equating the coefficients of x|
3 =-2b+d [On equating the constant terms|

Solving these equations, weget: v = 1,b = -3,c = 7and d = -9
= Quotient 7(x) = ax + I = ¥ — 3 and Remainder r(x) =7x-9.
(it1) Wehave,
f) =x* -3 +4x+5 and g(x) =2 -x+1
We find that degree( f(x)) = 4and degree ( g(x)) = 2. Therefore, quotient g(x) is of degree
2(=4-2) and remainder r(x) is of degree less than 2 (= degree (g(x)). So, let
qlx) = ax~ + by + ¢ and rx)=px+gq.
Using division algorithm, we have
Flx) = g(x) x g(x) + r(x)

= x*+ 003 -3 +4x+5= (x> —x + 1) (ax” + by + C)+ px +q

= X +0x% - 3x% +4x +5 = a1t +(b-a)x° +e—b+a)xt+ (b—c+p)x+c+yq

On equating the coefficients of various powers of ¥ on both sides, we get
a=1 [On equating the coefficients of 1-]
h—a=0 [On equating the coefficients of 1|
o b= [On equating the coefficients of °|
b—c+p=4 [On equating the coefficient of 1]

and, c+g=5 [On equating the constant terms|

Solving these equations, we get
a=1b=1c=-3,p=0and 4=38
o5 Quotient g(x) = v + x — 3 and Remainder r(x) = 8
(iv) We have,
flx)=x'+0x" +0x° =5x+6 and glx) = —x* +2
We find that degree ( f(x)) = 4 and degree g(x) = 2. Therefore, quotient g(x) and remainder
r(x) are of degree 2 and less than 2 respectively.
Let g(x) = ax* +bx +c and r(x) = px +4
By division algorithm, we have
f(x) = glx) = q(x) + r(x)
= 0 40 =5x+ 6= (x> +2(axP +bx + )+ pr+g

¥ 400 +0x° - 5x+ 6 = —ax’ —bxt +(2a-c) ¥ +(23‘+p‘3x+2r+q
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Fquating the coetficients of various powers of v, we get
[On equating the coefficients of 1 1]

a=1
-h =10 [On equating the coefficients of x|
20-¢c=0 [On equating the coefficients of 17|
A+ p =5 [On equating the coefficient of x]
and, 2 44=06 [On equating the constant terms]|

Solving these equations, we get
a=-1,b=0,c=-2p=-5andg=10

Quotient g(x) = —y* — 2and Remainder r(x) = -5x + 10.

ON CHECKING WHETHER A GIVEN POLYNOMIAL IS A FACTOR OF THE OTHER
POLYNOMIAL BY APPLYING THE DIVISION ALGORITHM

CNAMPLE 6 By applying division algorithm prove that the polynomial g(x) = P+ 3x+1isa

Fype 1)

factor of the polynomial f(x) = Fad +50 — 7t 120 + 2,

SOLUTION  We find that degree ( f(x)) = 4 and degree ( g(x)) = 2. Therefore, quotient q(x)
is of degree 2 ( = 4 - 2) and the remainder r(x) is of degree 1 or less. Let
q(x) = ax*® + bx + ¢ and r(x) = px +4q.

Using division algorithm, we have

f(x) = g(x) > q(x) + r(x)

3¢t 4507 - 7% + 2+ 2= (ax? + by +¢) (27 + 3 + 1) + (px + )

— ]
— 3yt a5y —7 2 +2x+2=ax* +(Ba+b)x +(a+3b+0) i +(b+3c+plrtc+q
Equating coefficients of various powers of x, we get
a=73 [On equating the coefficients of 1¥]
i+ b=5 [On equating the coefficients of 1]
44 3h=<7 [On equating the coefficients of x7]
b+3c+p=2 [On equating the coefficient of x]
and, c+q=2 [On equating the constant terms]

Solving these equations, we get
a=3b=-4,c=2p=0andg=0

Quotient g(x) = 31° —4x + 2 and, Remainder r(x) = 0x +0 =0

Clearly, r(x) = 0. Hence, g(x)isa factor of flx).

I'ype V MISCELLANEOUS APPLICATIONS OF DIVISION ALGORITHM
EXAMPLE 7 On dividing the polynomial f(x) = =37 + x+ 2 by a polyontial g(x), the

quotient g(x) and remainder r(x) where g(x) = x = 2 and r(x) = =2x + 4 respectively. Find the
polynomial g(x). INCERT]
SOLUTION By division algorithm, we obtain

f(x) = g(x) > q(x) + r(x)
= g(x) x g(x) = f(x)=r(x)
gx)(x=2)= P +x+2-(-2v+4)

Y
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} >
— g(1‘](1‘—2}=11-~3_"+'h—2 |
ThUb 'E('t}lhafactor of x* — 3x? + 3x — 2 other than the factor (x-2). So, to get g(x), we divide [
3 _ 3y 43y -2 by (x—2) as follows: ’

X - 2) X -3x%4+3x-2 (-"-‘2 el

x® — 252
-+
=
-X° +3x-2
b ~1‘2+2,1-
. 4 B
| =2
x=-2
- 4+ |
|
0

Hence, g{x) = x* = x + 1.
EXAMPLE 8 What must be subtracted from 8x* + 1413 — 2v2 + 7x — 8 so Hhat the resulting

polynomial 1s exactly divisible by 4% + 3y — 2. ‘.
SOLUTION We know that '
Dividend = Quotient x Divisor + Remainder

— Dividend — Remainder = Quotient x Divisor

Clearly, RHS of the above result is divisible by the divisor. Therefore, LHS is also divisible by
the divisor. Thus, if we subtract remainder from the dividend, then it will be exactly divisible

by the divisor.
Let usnow divide 8x* + 14x® - 2x* + 7x — 8 by 4x? + 3x — 2 long division method.

|
[

4 +3x-2) 8x* +14x° —2x7 4 7x -8 (2 + 201
8x% + 6% — 4x?
- - +
B+ 2% £ 7% —8
8x> + 6x% — 4x
- +
—4x +11x -8
—4x° = Bx+2
+ + -
14x -10

Quotient = 2x* + 2x — 1 and Remainder = 14x - 10

Thus, if we subtract the remainder 14x - 10 from 8x” + 14x* - 2x% 4+ 7x — 8, it will be l

exactly divisibleby 4x* + 3x — 2. \

EXAMPLE 9 Fma’ the m:’ues afa and bso that x* + x* + 8x% + ax + b is divisible by x* + 1.
SOLUTION If x* + 23 +8x* +ax+b lS exactly divisible by x* + 1 then the remainder

should be zero. Let us now divide x* +x* +8x* +ax+b by x* +1 by long division
method.




1 2 2
¥+l X 8 +axr+b (1"' +X+ 7

4 rJ
X + X"

3
X+ +ax+h
X + X

7x* +x(a-1)+b
7% +7

x(a-1)+b-7

. Quaotient = v* + v + 7 and, Remainder = x(a = 1) + (b = 7)
Now,

Remainder = 0
=5 x(a-1)+b-7)=0
= x(a-1)+b-7)=0x+0
= a-1=0and b-7=0 |On equating the coefficients of like powers of x]
— a=1and b=7

EXAMPLE 10 What must be added to f(x) = 43t + 2¢7 —2x7 £ ¥ =1 so that the resulting
polynomial is divisible by g(x) = 20 -3?
SOLUTION By divisionalgorithm, we have

f(x) = g(x) = ql(x) + r(x)
= Fx) = r(x) = g(x) > q(x)
=N flx)+ {=r(x)}) = g(x) = q(x)
Clearly, RHS is divisible by g(x). Therefore, LHS is also divisible by g(x). Thus, if we add
—r(x) -tu f(x), then the resulting polynomial is divisible by g(x). Let us now find the
remainder when f{(x) is divided by g(x). Using long division method, we obtain

X4 Ay — 3] axt 4223 - 27t 4 x -1 (4.1': -6y + 22

4 +8x° - 12x°
- - +

—bx” + 10x% + x -1
— 6x¥ —12x% +18x

+ + e
99t —17% =1
22v2 + H4x - 66
= - -

— Glx + 65

r(x) = —61x + 65

Hence, we should add —r(x) = 61x - 65 to f(x) so that the resulting polynomialis divisible by

8(x).

i
)




—
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EXAMPLE 11 If the polynomial f(x) = x" — 62" + 163" = 25x + 10 is divided by anothg,
polynomial x= - 2x + k, the remainder comes out to be x + a, find kand a. INCERT]

SOLUTION - By divisionalgorithm, we have
Dividend = Divisor =« Quotient + Remainder
= Dividend - Remainder = Divisor = Quotient
(Dividend — Remainder) is always divisible by the divisor.
[tis giventhat f(x) = x — 6t + 1637 - 25v + 10 when divided by * = 2x + k leaves x + g
as remainder. Therefore,

Y

flx)=(x+a)=x" —6x* +16x" - 261 + 10— g is exactly divisible by 5 — ek

Let us now divide x* - 6x* + 1622 —26x + 10 - 4 by x? - 2x+k. Using long division
method:

G .I-c) ¥ —6x® +16x7 - 261 +10 - g {:-.‘2 -4x +(8-k)
4 B3 o j.2
X7 =2x7 +ka

=¥ + =
—4x° +(16 - k) x* = 26x +10 - a
—4x" 4822 — 4kx
+ - +

(8 —k)x* — (26 — 4k)x + 10— a
(8 —k)x* — (16 — 2k)x + (8k — k2)
= ..+_ —

(=10 + 2k)x + (10 — a - 8k + k2)

For f(x)~(x+a)=x" —6x" +16x” - 26x + 10~ a to be exactly divisible by x2 — 2x + k.
we must have
Remainder=10

(=10 + 2k)x + (10 —a — 8k + k*) = 0 for all x

-10+ 2k = 0,10 —a — 8k + k* = 0 [On equating the coefficients of like powers of 1]
k=510-a-40+25=0

= k=5anda=-5

EXAMPLE 12 If Hie polynomial 6x* + 8x% +17x* + 21x + 7 is divided by another polynomial
3x% + 4x + 1, the remainder comes out to be ax + b, finda and b. [CBSE 2009]

b Uy

SOLUTION Let us divide the polynomial f(x) = 6x* + 83" +17x + 21x +7 by the poly-
nomial g(x) =3 v2 + 4x + 1 tofind the remainder by long division method as shown below:

3x% + 4x + 1T6x‘l + 8%° + 17x% + 2x+7 [?.:vf2 +5
6xt + 8x% + 2x°

15x2 + 21x + 7
15x% + 20x + 5

X+ 2

{
f



-

-2
T
n

Clearly, remainder = v + 2, Itis given that the remainder is ax + b,
gv i+ b =yv+2 = a=1,b=2 [Oncompairing the coefficients of like powers of x]

pxAaMPLr 13 Find k so that X+ 2x+ ks J?_fhff{!r"r2.1'4 +x? —14x* + 5x + 6. Also, find all
[NCERT EXEMPLAR]

the zevoes of Hie two polynomials.
of the polynomial

sOLUTION It is  given that v 4+2v+k is a factor
F(a) = 2x* + v1 = 1437 + 5x + 6 whendivided by x* + 2x + k, the remainder is zero.

Let us now divide f(x) = 2v* + 7 — 14x? + 5x + 6 by x” + 2x + k using by long division

method.

-

v2ieoxwk) 26t + ¥ -14x% + 5%+ 6 (2,1;3 -3y - 2(k + 4)

2x 4 4x? + 2kx?
—3x =22k +7)+ 5x + 6
= B Ae® - 3kx
- - +
2%k + 4)+ x(5+3k)+ 6
~2x3(k+4) - 4dx(k + 4) - 2x(k + 4)

+

+ +
X (7k + 21) + (2k* + 8k + 6)

Thus, Remainder = x (7k = 21) + (2k* + 8k + 6) and Quotient = 2% — 3x = 2(k + 4).

Remainder = ().

v (7k +21) + 2 (k* + 4k + 3) = 0 forall x.

7k+21=0and k> +4k+3=0

Z(k+3)=0 and (k+1)(k+3)=0

= k+3=0=>k=-3

Substituting the value of k in v? + 2v + k, we obtain: ¥ +2x-3=(x+3)(x-1) as the
divisor. Clearly, its zeros are -3 and 1. Consequently, two zeros of f(x) are-3and 1.

b Ul

For k = - 3, we obtain
Quotient = 232 —3v—2=2x2 —4x+x-2=2x(x-2)+1(x-2) =(x-2)(2xv + 1)

and, Divisor = x> +2v -3 = Yadr—x-3=x(x+3)-1(x+N=(x~-1(x+3)
F(x) = (Quotient) x (Divisor)

= fx) = 9y 4 P M #5x+6=(x-2)(2x + 1) (x =1)(x + 3)

Hence, zeros of f(x)are2,-1/2,1 and - 3.
EXAMPLE 14 If the remamder on divisionof x* + 2x° + kx + 3 by x = 3 is 21, find the quotient

and the value of k. Henee, find the zerocs of the cubic polynoniial x* + 2x* + kx — 18 .
SOLUTION Let f(x) = x* + 2v2 4 kv + 3. Itisgiven that f(x) whendivided by x -3 gives

21 as remainder.
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[
A

f(3)=21
— 3 +2x3*+3k+3 =721
— 27 +18 + 3k +3 =21
= 3k +48 = 21
— Sk =-07 = k = -0

Hence, the given polynomialis f(x) = x® + 2x* - 9y + 3,

Let us now divide f(x) by (x - 3) to find the quotient. Using long division method,

obtain x=3) 2¥ 4247 —9x+3 (1‘2+51+6
x> - 3x?
- 4+
2
X" =9y + 3
5x% —15x
== +
6x +3
bx-18
= o
21

So, Quotient = x> + 5x + 6

Thus, when f(x) isdividedby x — 3 the quotient and the remainderare x> + 5y + 6 and?2]
respectively. Therefore, using division algorithm, we obtain

f) = +5x+6)(x-3)+21
— 4227 -9 +3-21=(x+2)(x+3)(x - 3)
- 207 —9x - 18 = (x+2) (x + 3) (x - 3)
Hence, the zeros of x* + 2x* — 9x - 18 i.e. x° + 2x? + kx — 18 are—2,-3 and 3.
EXAMPLE 15 For which values of a and b are the zeros of 4(x) = x* + 2x* + a also the zeros of the
polynomial p(x) = x* — x* = 4x> + 3x* + 3x + b? Which zeros of p(x) arenot the zeros of ()7
SOLUTION If zeros of g(x) are also the zeroes of p(x), then p(x)is divisible by g(x). In
otherwords, when p(x) is divided by g(x), the remainder is zero. Let us now divide p(x)by
q(x) to obtain the remainder.

22 +a) 2% —xt 4% + 322 + 3 + b (¥ - Bx + 2

x5 + 2x* + ax?

T U | R [
-3y —6x® - 3ax

+ ok +
22 +(3-a)x* +3x(1+a)+ b
2x% + 4x° + 2a

((1-a)x® +3x(1+a)+b-2a

Lo

e ——

———
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If p(x) isdivisible by g(x), then remainder must be zero.
Now, Remainder =0

(-1 —n) X +3x(1+a)+b-2a=0 forallx.

1=a=0,30+a)=0andb-2a=0

On equating the coefficients
of like powers of x

— a=-landb-2a=10
— d=-land b= -2

Substituting 1 = ~1 in g(x) = x> + 227 + a, we obtain g(x) = x* + 2x* - 1.

Now, ¥ =-3x+2=(x-1)(x-2)
So, zeros of x*-3x+2 are 1 and 2. We find that g(1)=1+2-1=2=#0 and
7(2) =8 + 8 -1 =15 # 0. So, the zeros of the quotient v — 3x + 2 arenot the zeros of g(x).
Hence, 1 and 2 are zeros of p(x) which are not zeros of g(x).

EXERCISE 2.3

LEVEL-1
1. Apply division algorithm to find the quotient g(x) and remainder r(x) on dividing f(x) by )
¢(x) in each of the following: :
(i) flx)= -6t +11x -6, g(x) = ar+l
(i) f(x)=10x" +17x" - 620% +30x - 3, g(x) = 2% + 7x + 1
(iii) f(x) =42’ + 8x+ 8" +7, g(x) = 2v2 —x +1
(iv) f(x) =152 —20x? +13x =12, g(x) =2-2v +
3. Check whether the first polynomial isa factor of the second polynomial by applying the

division algorithm:
() g(f)=1r -3, f(t)=2t*+3 -2 -9t -12
(ii) g(x)=x" -3x+1, f(x) = PRI PGP I |
(iii) g(x) = 2%% — x+ 3, flx) = 6 = +dxr* —-5x° —x-15

[INCERT]
INCERT]

3. Obtain all zeros of the polynomial f(x) = 21" + v = 1417 — 19x — 6, 1f two of its zeros
are -2 and -1.
4. Obtainall zerosof f(x) = x* +13x” + 32x + 20, if one of its zeros is - 2.

5. Obtain all zeros of the polynomial f(x) = v 3yt — 2% 4 9y -6, if two of its zeros are

~J3 and V3.

6. Find all zeros of the polynomial f(x) = 2x

3 3
—\ﬁand J:
2 2

: ST G B e ‘ ;
Find all the zeros of the polynomial a7 + 17 = 34x7 — 4y + 120, 1f two of its zeros are 2
and -2. [CBSL 2008]

. . 3 2 sns v -
Find all zeros of the pnlj.*m*-mlal 22t + 7x' = 1937 = 14x + 30, if two of its zeros are

J2 and - V2. [CBSE 2008]

" - o
S 2y — 7y + 3y + 6, if its bwo zeros are
¥

-
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9. Find all the zeros of the polynomial 2x? + x* - 6x — 3, if two of its zeros are -3
and 3. [CBSE 20ng)
10. Find all the zeros of the polynomial »% + 35 - 25 — 6, if two of its zeros are -3 and
J2. [CBSE 2004,
11. Find all zeros of the polynomial 2x* — 9y® 4 542 4+ 3x — 1, iftwo of its zerosare 2 + |3
and 2 — /3. [CBSE 2015
LEVEL-2
12. What must be added to the polynomial f(x)=x* + 2x% —2x* + ¥ =1 so that the
resulting polynomial is exactly divisible by x* + 2x - 3?
13. What must be subtracted from the polynomial f(x) =x*+ 2y —13x* —12v + 21 so that
the resulting polynomial is exactly divisible by x* — 4x +3?
14. Given that /7 is a zero of the cumbic polynomial 637 + v2x% — 10x - 442, find it
other two zeroes. [NCERT EXEMPLAR|
15. Giventhat y — /5 isa factor of the cubic polynomial x* - 34/5x% + 13x - 343, find all
the zeroes of the polynomial. [INCERT EXEMPLAR)|
) _ ANSWERS
1 L |
3. '_Er 3.r_"2f"'1 4, —1[],—],‘-‘2 5. —ﬁ, ﬁ, Irz 6. 2,—‘1, Ef—\/g
X 2
7.2,-2,5-6 B8.V2-V2-55 9o _f53.3,_ 1 145,433
2 !
1
11. 1,—5,2+~/§,2—J§ 12 =P . 953
-2 22
14, —, 15. 5,J5+42,4/5-42

2 3
VERY SHORT ANSWER TYPE QUESTIONS (VSAQs)

Answer each of the following questions in one word or one sentence or as per the exact requirement of
the questions:

Define a polynomial with real coefficients.

2. Define degree of a polynomial.

PN o w

10.

11.

Write the standard form of a linear polynomial with real coefficients.
Write the standard form of a quadratic polynomial with real coefficients.
Write the standard form of a cubic polynomial with real coefficients.
Define value of a polynomial at a point.

Define zero of a polynomial. ‘ i
The sum and product of the zeros of a quadratic polynomial are — > and - 3 respectively.

What is the quadratic polynomial.
Write the family of quadratic polynomials hav?ng i andjl as its zeros.
If the product of zeros of the quadratic polynomial f(x) = x* — 4x + k is3, find the value

of k.
If the sum of t
value of k.

he zeros of the quadratic polynomial f(x) = kx? - 3x + 5 is 1, write the
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12, In Fig. 2.17, the graph of a polynomial p(x) is given. Find the zeros of the polynomial.

1

N
6
Sty =pv)
4

=[]

Fig. 2.17 Fig. 2.18

13. The graphof a polynomial y = f(x), showninFig. 2.18 Find the number of real zeros of
fix).
14, The graph of the polynomial f(x) = ax® + by + ¢ is as shown below (Fig. 2.19). Write the

i . 3
signs of ‘a" and b~ - dac,

(v)
\ o . 7 N° -

x 0 \_./ x v= Kl

Fig. 2.19 Fig. 2.20
15. The graphof the pnlynumi.il fiv) ax + by 4 ocsasshownin Fig. 2 20, Write the value

of b2 — dac and the number of real zeros ol f{xv),

16. In Q. No. 14, write thesign ol .

17. In Q. No. 15, write thesign of ¢.
18. Thegraphota Pnlrnmm.t] fiv)isas shownin Fig 221 Write the number of real zeros of

f(x).




- Write the zeros of the polynomial 2 _ y _ g,

28, If (v +a)isa factorof 2x° + 2ax + 5x + 10, find a.

. Forwhatvalue ol k, is=3 a zero of the polynomial x~ + 11y 4 k2

" -
- For what value of k, is -2 a zero of the polynomial 3x° + 4x 4 242

MATHEMATICS-X

= flx)

\rp

Fig. 2.21
It v = 1isazero of the polynomial f(x) = &' = 2x7 4 4x + k, writethe value of k.
State division algorithm for polynomials.

Give an example of polynomials  f(x), g(x), g(x) and r(x) satisfying f(x) = ¢(x)
gix) + rv), wheredegree r (x) =0.

- Write a quadratic polynomial, sum of whose zeros is 23 and their productis 2.

[t tourth degree polynomial is divided by a quadratic polynomial, write the degree of the
remainder.

I f(v) = v' + v —av + b isdivisible by +? — v write the values of a and b.

[ta—b,aand a + b are zeros of the polynomial f(x) = 2v* - 63% + 5x - 7, write the value
ol

. . " i il

Write the coefficients of the polynomial p(z) = 27 - 227 + 4.

[CBSE 2008]
|CBSE 2008]

For what value of k, - 4 is a zero of the polynomial x? —x—(2k + 2)? [CBSE 2009]

-1 Tis a zero of the polynomial p(x) = ax® = 3(a — 1) x - 1, then find the value of a.

Af o, ) are the zeros of a polynomial such that a +p = -6 and ufd = 4, then write the

polynomial [CBSE 2010]

If e, b are the zeros of the polynomial 2y + 7y + 5, write the value of o+ B+ ap.

[CBSE 2010]

For what value of k, is 3 a zero of the polynomial 2x% + x4 k? [CBSE 2010]

[CBSE 2010]

St : ; : [CBSE 2010]
- Ifa quadratic polynomial f(x) is factorizable into linear distinct factors, then what is
the total number of real and distinct zeros of f(x)?
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17, Ifa quadratic polynomial f(x) isasquare ofa Iinearpol}rncmial, then its two zeroes are

coincident. (True/False)

If a quadratic polynomial f(x) is not factorizable into linear factors, then it has no real
zero. (True/False)

If f(x) is a polynomial such that f(a) f(b) < 0, then what is the number of zeros lying
between a and D?

If graph of quadratic polynomial ax’ + bx +¢ culs positive direction of y-axis, then what
is the sign of ¢?

11. 1f the graph of quadratic polynomial ax? +bx + ¢ cuts negative direction of y-axis, then

what is the sign of ¢?

40).

ANSWERS

2

p'l"'.] =ax+ba=0 4 ﬂ\,) = ,';_1;‘1‘ +bx+c,a=0 5 ,I‘.[‘;]I = 3.1‘3 + 17.1'1 +ex+d,a=0

o ¢

i S S .
Flx) = k[ ¥ ==3 ], where k is any non-zero real number.
; > .

. fx)y =k [ 5= Ex~ % ] where k is any non-zero real number. 10. f =3 11. 3

D

14. ”3"5':!‘2—4"5}'3 15. b% —dac =0, Two
19.k==-3

12. -3 and -1 13,3
16. ¢ > () 17. c< B 18. 4
21. f(x) = et ex+l, gx)=x+2q(x)= 2 —x+3,r(d)=-5

22. f(x) = v2 —2J3x +2 23. Less thanorequalto 24, a=2,b=0

25. 1 26.1,0,0,-2,0,4 27.3,-2 28. 2 29. 9 30. 1
31 f(x)=2x*+6x-4 32. -1 33. -21 34 24 35, -2 36. 2
37. True 38. True 319. At least one 40. Positive 41. Negative

MULTIPLE CHOICE QUESTIONS (MCQs)

Mark the correct alternative in each of the following:

1. If «, p are the zeros of the polynomial f(x) = v* + 1+ 1, then = + E

(a) 1 (b) -1 (c) O (d) None of these

g 1
2. 1f a, pare the zeros of the polynomial p(x) = 4x* 4 3x + 7, then g i isequal to

1|t

7 3
(a) 3 (b) == (c) 7 (d) -

3. If one zero of the polynomial f(x) = (k¥ + 4) ¥ + 131 + 4k isreciprocal of the other, then

k —
(a) 2 b) -2 () 1 (d) -1




-— e

I —————

2.62

4. Ifthe sum of the zeros of the polynomial f(x) = 2¢* — 3kx? + 4x — 5 is 6, then the value

of k is ' _ -

(a) 2 (b) 4 (c) -2 (d) -4

If wand B are the zeros of the polynomial f(x) =12 + px + g, thena polynomial having
: ¥

— and = isits zeros is
o &

E.J'.

@ x*+qx+p (0) 2 - PX+q  (©) g’ +px+1 (d) pa” +gx+1
6. If o, P are the zeros of polynomial Flx) = x* - p(x+1)—c, then (a+ D (P+1) =
(@) ¢-1 b 1-¢ () ¢ (d) 1+¢
. a, B are the zeros of the polynomial £(x) = 2 plx+1)—c such that

1

(a+1)(B+1)=0, thenc= |
(@) 1 (b) O (c) -1 (d) 2
8. If f(x) = ax? + bx + ¢ hasno real zeros and a + b + ¢ <0, then

@) ¢=1{ b) ¢>0 € c<0 (d) None of these

9, Ifthe diagram l-I‘-Pig. 2.22shows the graph ofthe POl}’Tleiﬂl f{x_) = axz + bx+c, then

(@ a>0,b<0andc> 0 b) n<0,b<0Dandc<0 '
I

() a<0,b>0andc>0 (d) a<0,b>0andc<0 E
'y b i
k;_j;f;_f] y flx)=ax +bx+chy [

\ A

KI{ o\ fix) —ax +by+c " ) ? \.’/ '

b =D
v y ¥ [E 4a ]
Fig. 2.22 Fig. 2.23
10. Figure 2.23 shows the graph of the polynomial f(x) = ax® + bx + ¢ for which
(a) a<0,b>0andc >0 b) a<0,b<0andc >0 ﬁ
() a<0,b<0andc <0 (d) a>0,b>0andc<0

11. If the product of zeros of the polynomial f(x) =ax’ —6x* +11x—6 is4, then a =

3 3 2 2
(a) 5 (b) ) (€) 3 (d) 3
12. If zeros of the polynomial flx) = ¥ = 3;:3:('2 +gx —r arein A.P,, then
(@) 2p° =pg—r®) 2p* =pg+r (@ p’=pg—r () Noneofthese



16.

19.

20.

b
¥
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It the product of twa zeros of the polynomial f(x) = 20 46 —4x +9 is 3, then its
third zero 1s

i . 9
(b) > (©) 3 (d) -2

M|

()

If the polynomial f(x) = ax* + by — ¢ isdivisible by the polynomial g(x) = ¥ +bx 4,

then ab =

! ]
(a) 1 (b) 5 (©) —1 (d) =
InQ.No.14,¢c=
(a) b (b) 2b (©) 202 (d) - 2b

If one root of the polynomial f(x) = 5x° + 13x + k is reciprocal of the other, then the

value of kis

1
(a) O (b) 5 (c) 6 (d) 6
7. If a, 3.y are the zeros of the polynomial f(x) = av: + bx? + cx +d, then 1 v % i : =
o Y
b ¢ i i
H} d (b} id {C} d ( ) it
If e, 3. 7 are the zeros of the polynomial f(x) = ax® + b’ + cv + d, thena?® + B2 +y° =
= ge b - 2ac b* + 2ac I* - 2ac
(a) —— (b) (c) 3 (d)
i i h

1 1 1

— e et s R

If e 3. v are the zeros of the polynomial f(x) = @ - P-": +qv —r, then wB T

r

i3 | P L _P 5 ~—
(a) P (b) : {c) : (d) p
If o, [3 are the zeros of the polynomial f(x) = axt + by + ¢, then — + ﬁij =
(vl -
b* - 2ac b —2ac B+ 20c b + 2ac
(a) s—  (b) 5 (c) 2 (cf) 3
i [ i C

. If two of the zeros of the cubic polynomial ax” + by® + ¢y +d areeach equal to zero, then

the third zero is

—Jf L I: ) {‘i}
d) — 3 o c) — C o
( ) il {” i il i
If two zeros of x° 4yt ~5v-5 are v5and - J3, thenits third zero is

(c) 2 (d) -2

(a) 1 by -1

; ;3 A .
. The product ot the zeros of v~ +4x~ +x -0 18

(a) by 4 () 6 (d) -6




a
&Y.

),

31

13,

ib.

37.

MATHEMATICS- ¥

What <should be added the polvnomial - 51+ 4, sothat 3 1s the zero of the r‘ESUlting

|"'|'- RIRIST IR

() | (i

() 4 (d) 5

What sl ld Do subtract

‘ol to the pui}'mu'niﬂ' ¥ — I6x+30, sothat 151s the 7Ze1o of the
resultimg polynomial?

(o) 30 ””J 14

(c) 15 (d) 16
\quadratic polynomial, the sum of whose zeroes is 0 and one zero is 3,18
(a) y% _y (1%) = 4+ () .'l.': +3 (d‘l .'L': -3
It two zeroes of the polynomial v* 4 x> —9y -9 are3and -3, then its third zero is
(a) -1 by 1 (c) -9 (d) 9
I J5 and _ /5 are two zeroes of the polynomial y* 4 3% _ 5y 15, then its third ZeT0 is
(a) 3 (b) -3 (c) 5 (d) -5
If v+2 isafactorof ¥ +ax+2band a+b = 4, then
(@) a=1,b=3 () a=3,b=1 Kya=-1,b=5 (d)a=5,b=-1
The polynomial which when divided by —3? 4y gives a quotient y—2 and
remainder 3, is
(@) AP =334 3x -5 ) —x¥-3y*-3x-5
(€) —x 433" -3x+5 (d) x*-3x?-3x+5
The number of polynomials having zeroes -2 and 5 is
(a) 1 by 2 () 3 (d) more than 3.
2. Itone of the zeroes of the quadratic polynomial (k - 1) x* + kx + 1 is— 3, then the value
of kis
4 4 2 2
@ 5 ® -3 © 3 @ -3
The zeroes of the quadratic polynomial x* + 99x + 127 are
(c)both equal (d) one positiveand one negative

If the zeroes of the quadratic polynomial 1* + (a+ 1) x + b are2and - 3, then

(@) a=-7,b=-1 ®)a=5b=-1 () a=2b=-6 (d) a=0,b=-6

1 H 3 2 .
_ Given that one of the zeroes of the cubic polynomial ax® + px? 4 ¢x + d is zero, the

product of the other two zeroes s

: : . b
@ ® () 0 (@ -
The zeroes of the quadratic polynomial X*+ax+a,a#0,
(a) cannot both be positive (b) cannot both be negative
(c)are always unequal (d) are always equal

; ; . . 3 2 ) .
If one of the zeros of the cubic polynomial x” + ax® + by + ¢ is - 1, then the prnductﬂf
other bwo zeros1s

(@ b—a+1 ® b-a-1 € a-b+1 (d) a—p—q
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Given that two of the zeros of the cubic polynomial ax® + bx® + cx +d are0, the third
zerois
b b ¢ d
a) —— - = ) ===
(a) — b) (© - (d) =,

If one zero of the quadratic polynomial +2 + 3y + k is 2, then the value of k is
(a) 10 b) -10 (c) 5 (d) -5
If the zeros of the quadratic polynomial ax* + bx + ¢, ¢ # 0 areequal, then

(a) ¢ and ahaveoppositesigns  (b) cand bhave opposite signs
(c)c and a have the same sign (d) c and b have the same sign

_ If oneof the zeros of a quadratic polynomial of the form x? + ax + b is the negative of the

other, then it
(a) has no linear term and constant term is negative.

(b) has no linear term and the constant term is positive.
(¢) canhavea linear term but the constant term is negative.
(d) can have a linear term but the constant term is positive.

Which of the following is not the graph of a quadratic polynomial?
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SUMMARY
I Let x be a variable, 1 be a positive integer and sy, y, ..., 0, be constants (real

3

fad

- The exponent of the highest degree term in

numbers). Then, f(v) = a " 4 Biiq X7 %, % M X+ ay,

e is called a polynomial in
variable x.
a polynomial is known as its degree.

A polynomial of degree 0 is called a constant polynomial,

A palynomial of degree 1,2 or 3is called a linear polynomial, a quadratic polynomial or
a cubic polynomial respectively.

Following are the forms of various degree polynomials.

Degree Name of the polynomial ~ Form of the polynomial
() Constant polynomial f(x) = a, nis a constant
I Linear polynomial fl)=agi+ba=0
2 Quadratic polynomial f)=ax +bx+c,a=0
3 Cubic polynomial f)=ax® +bx® +ex+d,a = 0
4 Biquadratic polynomial  f(v)=ax* + b +ex? s dv s e, g = ©

[E f(x) is a polynomial and « is any real number, then the real number obtained by
replacing x by « in f(x) is known as the value of fix) at x = o.and is denoted by fla).

A real number a is a zero of a polynomial f(x), if f{a) = 0.

A polynomial of degree 1 can have at most 1 real zeros.

Geometrically the zeros of a polynomial f{x) are the x-coordinates of the points where the
graph iy = f (x) intersects x-axis.

Itaand f are the zeros of a quadratic polynomial f(x) = 2 + bx + ¢, then

h Coefficient of x _E_ Constant term
a+f=—-—=- uf = —

i Coefficient of v @ Coefficient of 12

. 1fa, B,y are the zeros of a cubic polynomial f(x) = ax® + bx® 4 v 4 d, then

b Coefficient of x*
Y = = Coelicientof &
¢ Coefficientof x ., _ 4 Constant term
(ll‘l * ﬁ«r +y0L = — = — 5 ul_ { = —— = __‘.___‘_-_-___-T
a  Coefficient of x a Coefficient of y
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a. If a, B, v, 8 are the zeros of a biquadratic polynomial f(x)= ax* +bx* + cx? +dx+¢, then

b Coefficient of x*
o+rpryp+o=——== 3
i Coefficient of x

Coefficient of x?
Coefficient of x*

(a+P)(y+8)+oap+yd="S=
i

d Coefficient of x . ¢ Constant terms
™ = i 4 U‘B Tb s o o d
a Coefficient of x* * a  Coefficient of x

10. If flx) is a polynomial and g(x) is a non-zero polynomial, then there exis

f(x) = g(x) x g(x) + r(x), where r(x) = 0 or degree

(0 +P)yd+ af(y+0)=-
t two

pnlynomials g(x) and r(x) such that
r(x) < degree g(x). This is known as the division algorithm.
NOTE: Formative assessment also includes lab activities, projects, assignments (Home

work), oral and visual testings.




