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QUADRATIC EQUATIONS

4.1 INTRODUCTION

In chapter 2, we have learnt about polynomials and their zeros. We have also learnt about
graphical representation of linear, quadratic and cubic polynomials. When a polynomial
f(x)is equated to zero, we get an equation which is known as a polynomial equation. If f(x) is
a linear polynomial, then f (x) = 0 is called a linear equation. For example, 3x - 2 = 0,

4 + % =0 etc. are linear equations. In earlier classes, we have learnt about the method of
solving a linear equation. If f (x) is a quadratic polynomial i.e., f(x) = ax* +bx +¢, a#0.
Then, f(x)=0ie., ax* + bx +c=0,a# 0 is called a quadratic equation. Such equations
arise in many real life situations. In this chapter, we will learn about quadratic equations
and various ways of finding their zeros or roots. In the end of the chapter, we will also
discuss some applications of quadratic equations in daily life situations.

4.2 QUADRATIC EQUATION

QUADRATIC EQUATION If p(x) is a quadratic polynomial, then p(x) =0 is called a quadratic
equation.

The general form of a quadratic equation is ax? +bx+c=0, wherea,b,ceR anda # 0.
ROOTS OF A QUADRATIC EQUATION Let p(x) = 0 be a quadratic equation, then the zeros of the
polynomial p(x) are called the roots of the equation p(x) = 0.

Thus, x = o isaroots of p(x) = 0 if and only if p(a) = 0.

As we have seen in section 2.2 that a quadratic polynomial may or may not have real zeros.
In case a quadratic polynomial has real zeros, it can have at most two zeros. It follows from

this that a quadratic equation can have at most tworeal roots.
Finding the roots of a quadratic equation is known as solving the quadratic equation.
Various concepts discussed so far are illustrated by the following examples.

ILLUSTRATIVE EXAMPLES

LEVEL-1
T}I}JFI ON DETERMINING WHETHER A GIVEW EQUATION IS QUADRATIC OR NUT

EXAMPLE 1 Which of the following are quadratic equations?
() x*-6x+4=0 (i) 2x*~7x=0

. 1
(i) I+E=x2 (iv) x2+—2=2

i _ x
V) ¥ +2Jx-3=0 (Vi) 3x® —dx+2=2x _2x+4

4.1
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SOLUTION (i) Let p(x) = x? - 6x + 4
lerl}f. PO =x*—6x+4 is a quadratic polynomial. Therefore, x — 6y + 4

- - ._ {] I.
quadratic equation. -

(ii) Clearly, 242 _ 7+ is : ; i ion i
CAnYe 207 - 7x is a quadratic polynomial. So, the given equation is g quadratic
equation, )

(i11)) We have,

3 — -1 '."-2 * 3 .2 3 .

r T = 2 =X ::-_r'+3=:c3=:».1'3—.1"-3:ll
. =¥ 3, beinga polynomial of degree 3, is not a quadratic polynomial. So, the
piven equationis not a quadratic equation. |
(iv) Wehave,

Clearly, y*

X -rx:=2 =5 = =2 = =i 2120
Clearly, x' - 232

| "+ 1 1snotaquadratic polynomial. So, the given equation is not a quadratic
equation,

. . 2 : s f . % i
[vI] 1LIenrl}. ¥ +2%x-3is not a quadratic polynomial because it contains a term involving
v 7, where 1/2is notaninteger. So, the given equation is nota quadratic equation.

(vi) Wehave,
3P —4x+2=0-2v+4 > *-2x-2=0

) " - s .
Clearly, x* - 2x-2 is a quadratic polynomial. So, the given equation is a quadratic
equaton,

F'ype II ON DETERMINING WHETHER THE GIVEN VALUES ARE SOLUTIONS OF THE GIVEN
EQUATION OR NOT

EXAMPLE 2 [ each of the following determine whether the given values are solution of the ¢iven
equation or not: ‘ i

) 3x*-2x-1=0,x=1 (i) 637 ~x-2=0,x=-1/2,x = 23
(i) ¥* -x+1=0,x=1x=-1 V) x* +V2x-4=0,xv=y2,x=-202
SOLUTION (i) Substituting x = 1 onthe LHS of the given equation, we get

[HS =3x1*-2x1-1=0=RHS
S0, x = 1 isa solution of the given equation.

; 1. :
(i) Substituting x = -5 in the LHS of the given equation, we get

2
1 1 6 1
=6x|==]| =| = |=2=s=4+=<2=0=
LS K( 2] [2] 3 2 U=
So, X = % is a solution of the given equation.
7
For x = % we have

: 2
2y 2
_6x[Z] -=-2=0=RHS
LHS—BK[JJ =

-
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2.
So, X = 3 is also a solution of the given equation.

(jii) Substituting x = 1 onthe LHS of the given equation, we get

LHS=1*-1+1=1# RHS
5o, ¥ = 1 isnota solution of the given equation.
Similarly, x = —1 is not a solution of the given equation.

(iv) Substituting x = 2 onthe LHS of the given equation, we get
LHS = (V2)? +V2xV2-4=2+2-4=0=RHS

So, x = /2 issolution of the given equation.

Substituting x = —2J2 onthe LHS of the given equation, we get
LHS = (-242)? + V2 x(-2J2)-4=8-4-4=0=RHS

So, x = —24/2 isalso a solution of the given equation.

Type [II ON DETERMINING AN UNKNOWN INVOLVED IN A QUADRATIC EQUATION WHEN ITS
ROOT(S) IS (ARE) GIVEN

EXAMPLE 3 [neachof the following, determine the value of k for which the given value isa solution

of the equation:

() k?+2x-3=0,x=2 (ii) 3x2+1’}c1:—3={],x=—%

(i) x*+2ax-k=0,x=~
SOLUTION (i) Since x = 2 isa root of the given equation. Therefore, it satisfies the equation
Le. k2P +2x2-3=0 = 4k+4-3=0=k=-1/4

(ii) Since x = —1/2 is aroot of the given equation. So, it satisfies the equation
2
ie. 3[—1) +zk(-l]~3=u - T TN .
2 2 4 4

(iii) Since x = —a isaroot of theequation x” + 2ax —k = 0
P +2ax-a-k=0=>k=-a
EXAMPLE 4 If one root of the quadratic equation 2x2 + kv — 6 = 0is 2, find the value of k. Also,
find the other root. [CBSE 2002]
SOLUTION Since x = 2 isaroot of the equation 2x* + kx — 6 = 0.
Ix2? +2%-6=0=>8+2%-6=0 = 2%k+2=0 = k=-1
Putting k = —1 in the equation 292 4+ kx - 6 = 0, we get
2 -x-6=0
232 —4x+3x-6=0
2x(x -2+ 3(x-2) =

(x-2)(2x+3)=0
r-2=02x+3=0 = x=2,x==3/2

b 4 U U

Hence, the other root is —3/2.



44

VIATHIE N

LEVEL-2

EXAMPLE 5 If x = 2 and x = 3 are roots of the equation 3% - 2v + 2m = 0, find the valye of ;
and 1.

SOLUTION  Itis giventhat x = 2and x = 3 areroots of theequation 3x* - 2kx + 2y = (.
3 x 2% = 2k x 2+2m=0and 3x3* -2kx3+2m =0
-y 12-4k + 2m =0 and 27 -6k+2m=0

- 12 =4k -2m and 27 =6k - 2

— i 15
Solving these two equations, we get k = o and m =9

— EXERCISE 4.1

LEVEL-1
|- Which of the following are quadratic equations?
(i) x? + 6x—4 =0 (i) V32 —2¢4l=p
9
(ur) = 4 _lﬁ. =5 (v) x—==y-
X X
(v) 2¥* —Bx+9=0 (Vi) ¥* -2%x-Jx-5=0
(Vi) 3x* -5y + 9=y -7y +3 (viii) y 41
X
) 1Y 1
(iX) v —3v =0 (x) .r+; =3(.1:+;:]+4

=

(x1) (2x+1)(Bx+2) =6(x-1)(x -2 (xii) x+ L =x",x#0
x

(xiii) 163" -3 = (2 + 5)(5x -3) (dv) (x+2)° =x* -4
(xXv) xX(x+1D)+8=(x+2)(x-2)
2. Ineach of the following, determine whether the given values are solutions of the given

equation or not:

D x*-3x+2=0,x=2 x=-1 (i1) .1'2+:r+1=0,.1'={]',_r=1

(i) ¥ ~3Bx+6=0,x=\3,x=-2/3 () y, 1.1 5
6

X

o | Ln
W e

(V) 2% -x+9=x +4x+3,x=2,x=3 (V) - VIx-4=0,x= 3, x = 22

(vii) a®y* - 3abx + 2b* = 0, x=afb,x =bfa
1. Ineach of the following, find the value of k for which the given value is a solution of the
given equation:
(i) 70 +kx-3=0, x = 2/3 (i) ¥ —x(a+b)+k=0,x = a
(iil) kv® + V2x-4=0,x=2 (iv) x* +3ax+k=0,x = —a
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@ Determine, if 3 is a root of the equation given below:
V2 —dx+3+x% -9 = Jaa? —14x+16
LEVEL-2
5. If x = 2/3 and x = -3 arethe roots of the equation gx* + 7x + b = 0, find the values of a
and b. [CBSE 2016]
ANSWERS

1. (i), (ii), (vii), (viii), (ix), (xiii), (xiv)
2. (i) x =2 isasolutionbut x = -1 is not a solution
(ii) x=0and x =1 are not solutions

(iii) ¥ = J3 is a solution but x = —2/3 isnot a solution

5 4
(iv) X = r; and X = — are not solutions.

3
(v) x=2and x =3 are solutions
(vi) x = —2 isasolutionbut x = —2y/2 is not a solution

. b . ' a :
(vii) x = — is asolutionbut x = i; is not a solution
a

3. (i) k=~% (ii) k=ab (iii) k=1 (iv) k=242
4. x=3isnota root of the given equation 5. a=3,b=-6

4.3 FORMULATION OF QUADRATIC EQUATIONS
Quadratic equations arise in several situationsin the world around us and in different fields of
mathematics. Following examples will illustrate the formulation of quadratic equations.

- - " |LLUSTRATIVE EXAMPLES
LEVEL-1

EXAMPLE 1 The product of two consecutive positive integers is 240. Formulate the quadratic

equation whose roots are these integers.
SOLUTION Let two consecutive positive integers be x and x + 1. Then,

x(x+1).

[tis given that the product is 240.

; x(x+1)=240 = x* +x-240=0
This is the required quadratic equation.

EXAMPLE 2 The area of a rectangular plot is 528 m2. The length of the plot (in metres) is one more

than kwice its breadth. Formulate the quadratic equation to determine the length and breadth of the
plal. [NCERT]

SOLUTION Let the breadth of the plot be x metres.
It is given that the length of the plot is one more than twice its breadth.

3 Length = (2x + 1) metres
Now, Area of the plot =528 m?
= Length x Breadth = 528 m?

= 2x+1)xx =528 = 2x? +x-528=0
This is the required quadratic equation.

their product is
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EXAMPLE 3 A two digit numbe
umber the digits mterchang
digtt(s) of the nmumber.
SOLUTION ~ Let the ten’s digit of the number be 1.
[Lis given that the product of digitsis 12,

1 issuch that the product of the digits is 12. When 36 is added 1., the
“their places. Formulate the quadratic equation whose root(s) ;< (are)

. . 12
Unit's digit = %

Number = 10y 4 1—2
X
136 is added to the number the digits inturchange their places.
2
10x + 1—" + 36 = 10 x E—Z- X
X x
2
- lllr+l'l+36=g]-+.\'
kS X
=, ':}.l—lgﬁ—f-]ﬁ:ﬂ
x
— 9x? -~ 108 + 36x = 0
— W 4r-12=0 [Dividing throughout by 9|

Hence, required quadratic equationis 1% + dx - 12 = 0,

EXAMPLE 4 Rohan’s mother is 26 years older than hin. The product of their ages 3 years from now
will be 360. Formulate the quadratic equation to find their ages. [NCERT]
SOLUTION - Let Rohan’s present age be x years. Then, his mother's a geis (x + 26) years.
Rohan’s age after 3 years = (x + 3) years
After 3 years the age of Rohan's mother = (x + 26 + 3) years=(x+29) years.

Itis given that after 3 years from now, the product of Rohan’s and his mother’s ages will be
360 years.

(x+3)(x+29) =360 = x?*+32x-273 =9
This is the required equation,

EXAMPLE 5 A train travels a distance of 480 km at a uniform speed. If the speed had been 8 km/lir
less, then it would have taken 3 hours more to cover the same distance. Formulate the quadratic

equation in terms of the speed of the train. [NCERT]
SOLUTION  Let the speed of the train be xkm/hr. Then,
480
Time taken to travel a distance of 480 km = T hr
AISO, .

, 480
Time taken by the train to travel a distance of 480 km with the speed (x-8) km /hr = 8 hr
Itis given that if the speed had been 8 km/hr less, then the train would have

taken 3 hours
more to cover the same distance

480 480
—_—=]3
x-8 x

r{f #
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80 40 _,
=2 r—8 x
480{x~—x+8}_3
= x (x-8)
480 < 8
— =3
= x(x—8)
= 3x(x—8) =480 =8

= r(x-8)=160x8 = +2 — 8x — 1280 = 0, whichis therequired equation.

EXAMPLE 6  Sumt of the areas of two squares is 468 m?. If the difference of their perimeters is 24 m,
formulate the quadratic equation to find the sides of the two squares.

SOLUTION Let the length of each side of a square be x metres. Then, its perimeter
is 4x.

Itis given that the difference of the perimeters of two squares is 24 m.

Perimeter of second square = 24 + 4x metres
+4x

= Length of each side of second square = metres = (6 + x) metres

It is given that the sum of the areas of two squares is 468 m2.

v+ (6 + x)* = 468

= 12 +(3&+121+I2)-——463
= 22 +12x - 432 =0
= 2 +6x-216=0

This is the required equation.

3

EXAMPLE 7 Two water taps together can fill a tank in 9§ hours. The larger takes 10 hours less

than the smaller one to fill the tank separately. F ormulate the quadratic equation to find the time in

which each tap can separately fill the tank. [CBSE 2016]
SOLUTION Suppose the smaller tap fills the tank in x hours. Then, the larger tap will fill the

tank in (x — 10) hours.
Since the smaller tap takes ¥ hours to fill the tank.

Portion of the tank filled by the smaller tank in one hour = —

= Portion of the tank filled by the smaller tap in 9% hours i.e., in %Sv hours
5.1 73

= —_——¥— = —

8 x B8x

Similarly, we have,
i 75 1
Portion of the tank filled by the larger tapin ~o= hours — (__ « }

Itis given that the two taps fill the tank in = hours.
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75 75 t
- f— -
8y B(x-10)
1 .1 8
= v ox-10 75
Y-10+x 8
=2 x(x-10) 75
2x-10 8
¥ “-10x 75
= (2v = 10)x 75 = 8 (x* - 10%)
- 150x =750 = 8x? - 80x = 82 ~20x+750 =0 = 4x _ 115¢ 4 375 0

This is the required quadratic equation.

e — EXERCISE 4.2
LEVEL-1
1. The product of two consecutive positive integers is 306. Form the quadratic equation to

find the integers, if ¥ denotes the smaller integer, [NCERT]
John and Jivanti together have 45 marbles. Both of them lost 5 marbles each
product of the number of marbles they now have is 128. Form the
find how many marbles they had to start with, if John h

4. A cottage industry produces a certain nu mber of toys in
each toy (in rupees) was found to be 55 minus the numb
On a particular day, the total cost of production was

=]

. and the
quadratic equation to
ad xmarbles.

aday. The cost of production of
er of articles produced in a da ¥
¥ 750. If x denotes the number

of toys produced that day, form the quadratic equation fo find x. INCERT]
1. The height of a right triangle is 7 cm Jess than its base. If the hypotenuse is 13 cm, form
the quadratic equation to find the base of the triangle. [INCERT]

]

An express train takes 1 hour less than a passenger train to travel 132 km between
Mysore and Bangalore. If the average speed of the express train is 11 km /hr more than

that of the passenger train, form the quadratic equation to find the average speed of
express train.

b. A train travels 360 km at a uniform speed. If the speed had been 5 km/hr more, it would

have taken 1 hour less for the same Journey. Form the quadratic equation to find the
speed of the train.

e ANSWERS
L x4+ x-306=0 2 ' -45x+34=0 3 x* 55y 4750 = 0

4 x2-7x-60=0 5. 4 N¥-1452=0 b. x2+5x—18m}=[]

4.4 SOLUTION OF A QUADRATIC EQUATION BY FACTORIZATION METHOD

In earlier class, we have learnt how to factorize quadratic and other simple polynomials. In this
section, we will apply the method of factorization to solve sim plequadratic equations,

Let the quadratic equationbe ax® + bx + ¢ = 0,a # 0.

L 1M e ————E
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Let the quadratic polynomial ax? + bx + ¢ be expressible as the product of two linear
factors, say (px + q) and (rx + s), where p, g, r, s are real numbers such that p # 0 and r #0.
Then,

ax* +bx+¢ =0

— (px+q)(rx +35) =0
— px+q=0or,rx+s=0
Solving these linear equations, we get the possible roots of the given quadratic equation as \
p 5
x=-=-and x = ——
5

Following examples will illustrate the above procedure for solving quadratic equations.

WU ILLUSTRATIVEEXAMPLES :

LEVEL-1
EXAMPLE 1 Solve the following quadratic equations by factorization:
(i) xX*+6x+5=0 (i) 8x2-22x-21=0 (i) 9x* -3x-2=0

SOLUTION (i) We have,

x? +6x+5=0
= X2 4+5x+x+5=0
= x(x+5)+(x+5)=0
= (x+5)(x+1)=0= x+5=00r,x+1=0 = x=-50r,x=-1
Thus, x = -5 and x = — 1 are two roots of the equation x> +6x+5=0 :‘.
(ii) We have,

8x? - 2x-21=0
=2 8x2 -28x+6x-21=0
=5 dx(2x-7)+3(2x-7)=0
= (2x-7)(4x+3)=0 = -7 =00r,4x+3=0 ::>x=%or,x:+%

Thus, x = %and = -% are two roots of the equation 8yt —-2x-21=0

(iii) We have,

9x2 —3x-2=0
= 9x? —6x+3x-2=0
= 3x(3x-2)+(3x-2)=0
= (3x -=2)(3x+1) =0
= 3v-2=0o0r,3x+1=0 = I=§Dl‘,x=—-%
Thus, x = = and x = ~% are two roots of the equation 9x* —3x -2 = 0
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EXAMPLE 2 Solye the following quadratic equations by factorization method:
() x* -9y (i) x*-Br+16=0
SOLUTION (i) We have,
Y )
— (X =3)x+3)=0
= X-3=00r,x+3=0 = y=3or,x=-3 = x=1+3

ThUS, X =3 and x = -3 are roots of the given equation.
(ii) We have,

V¥ oBr416=0 = (x-4P =0 = x=4,x=4
Thus, both the roots of the given equation are equaland are equal to 4.

EXAMPLE 3 Solve the following quadratic equations by factorization method:

) -.t +I+1:¥-,xﬂ],x¢~1 (i x+3_ ux':]_?_
x+1 X 15 x=12 X 4
1 2 6
(111) ¥ +J.'-'E ~% [CBSE 2013]

SOLUTION (i) We have,
X x+1 34
+

r+1 x _E

.1:2+|[.\'+l)2 34
= =T T e

x(x +1) 1

= x2+x2+2r+]“§i
¥orx 15

= 34x? + My = 1522 +15x% +30x + 15
= 4x* +4x-15=0
= 4x% +10x - 6x =15 =0
== 2v(2x +5) - 3(2xr+5) =0
- (2x-3)(2r+5)=0 = 2x-3=0o0r,2x+5=0 = x%m,x:ug_

(1)) We have,
x+3 1-x_17

x-2 x 4
r(x+3]~(1-x}(x—2)=_lz

=
x(x-2) 4
s rz+3x—(x—2~II+ZI]=E
¥t -2 4
2 +2 _17
©2-2x 4
= 8x% + 8 =17x% - 34x
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= 9x* -34x-8=0
= 9x? —36x+2x-8=0
- Ox(x—4)+2(x—-4)=0
2
— (x-4)9x+2)=0 = x-4=00r,9%+2=0 = x:40r,.'r=-§

(iii) We have,
1 2 6
-.l-.

r-2 x-1 «x
(x-D+2(x-2) 6

=8 t
(x = 2)(x—1) ¥
3x -5 6 v
= T
x*-3x+2 2
= 332 — 5x = 6x% —18x + 12
= 3x* -13x+12=0
= 3P -9x—-dx+12=0
= 3x(x-3)-4(x-3)=0
4
— (x-3)(3x-4)=0 = x-3=00r,3x-4=0= x=30r,x=§
EXAMPLE 4 Solve the following quadratic equations by factorization method: ‘
(i) E -3 = 9 x=#0, %3 [CBSE 2006C, 2014
X .
k:t
2x 1 3x+9 -3
+ —==0,x#3,— ICBSE 2016)

@ -3 2x+3 (x-3)2x+3)
SOLUTION (i) We have,

4 5

¥ 2x+3

4-3x 5
x  2x+3

(4 - 3x)(2x + 3) = 5x

12— x - 6x% =52

6x2 +6x-12=10

x2+x-2=0

x24+2x-x=-2=0

r(x+2)-(x+2)=0

(x+2)(x-1)=0 = y42=0or,x-1=0= x=-20or,x=1

b4 v U s Ui U

(ii) Clearly, the given equation is validif v -3 # 0 and 2x + 3 # 0 i.e.when x # %,3_

2x S 3x 4+ 9 =
Now, 73" x+3 (x-3)2x+3)
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=5 2+ )+ (x-3)+3x+9=0 [ Multiplying throughout by (x - 3 (2v + 3))
=5 4 +6x + X -3 43+ 9=
= 4x* +10x + 6 = 0 1
= 2 +5x+3=0 [Mullipl}’iﬂg through 5 |
= 2 +2x 43y +3 =0 J
=1 1\‘(I+E}+3(.t+l)=ﬂ
= (Zx+3)(x+1) =0
=> x+1=0 [2xv +3 2 )
= X = -1
Hence, x =~ 1 is the only solution of the given equation,

2x 1 2 1
ALITER ——+ + = =0

*-3 2x+3 x-3 2x+3

2(x+1)
= =3
= Y+l=0=x=-1
EXAMPLE 5 Solve the following quadratic equations by factorization methed:

(M) x*+2/2x-6=0 (i) V3¢ +10x+743 = 0

SOLUTION (i) We have,

¥ 4202 -6=0
= X432 -2 -6=0

= X(x+3V2) -2 (x+342) = 0

= (x+3~.5)(1‘—-»ﬁ}=[] = .1'+3J§=Dor,x—-ﬁ={} = x=-32o0r,x=2
Thus, x = =32 and x = 2 are two roots of the given equation.

(i) V32 +10x + 743 = 0

= ﬁx2+3.1'+?r+?v’§-—-ﬂ

== Jj.r{x+ﬁ]+?(.r+\f§)=0

= (x+V3)(VBx+7)=0 = x+V3=00r,V3x+7=0
= I=—vr§0r,x=-?f\/§

Thus, x = -3 and, x = —% are two roots of the given equation,

REMARK In order to solve the quadratic equations in the following examples we may use the
following algorithm:

ALGORITHM
*= 1 Factorize the constant term of the given quadratic equation,

R R ———————
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cprp 11 Express the coefficient of middle term as the sunt or difference of t.’u‘_fnc!l‘ars 0bfa{fi_mi in st{?
1. Clearly, the product of these two factors will be equal to the product of the coefficient of x
and constant term.

S1er il Split the middle term in two parts obtained in step 1.
S1ir IV Factorize the quadratic equation obtained in step 111 by grouping method.
EXAMPLE 6 Solve the following quadratic equations by factorization method:
(i) ¥ -2ax+a*—b*=0 (i) x? —4dax+4a® -b" =0
(iii) 4x* —4ax +(a* —b*)=0 (iv) 4x? —da’x+ (@ -b*)=0
|CBSE 2012] [CBSE 2004, 2015]
SOLUTION (i) We have,
¥ —2ax+a*-b* =0
Here, Factors of constant term (a® — b?) are (a—b) and (a+D).
Also, Coefficient of the middle term = —2a = —((a — b) + (a + b)}
¥ -2ax+a*-b* =0
Zofa-b+@+b)x+@-b)a+b)=0)
v —(a-b)yx—(a+b)x+(@-b)a+b)=0
(22 —(a—b)x}-{(a+b)x—(a-b)(a+b)]=0
vlx-(a-b}-(a+b)[x-(a-b)} =0
[x—(a-b){x-(a+ b)) =0
=% x—(a-by=0or,x-(a+b)=0 = x=a-bor,x=a+b
(ii) We have,
x% —dax +(4a® -b*) =0
Here,  Constantterm = (4a° —b%) = (2a - b)(2a + b)
and, Coefficient of middle term = —4aq
Also, Coefficient of middle term = —[(2a — b) + (2a + b)}

X2 —dax +(4a® -b*)=0

b v Uy

= ¥ ((2a-b)+(2a+b)x+(2a-b)(2a+b) =0
= 2 —(2a-b)x—(2a+b)x+(2a-b)(2a+b)=0

= (¥? — (20 - b)x} - {(2a +b) x — (2a—b) 2a + D)} = 0

= x|x—(2a-b))-Q2a+b)x-(2a-b)} =0

=2 (x - (2a - b)} [x —(2a+b)] =0

ol x—(2a-b)y=0o0r,x—(2a+b)=0 — x=2a-bor,x=2a+b

(iii) We have,
42 - dax + (@> = b) =0

Here, Constant term = (a* — b*) = (a = b) (a + b)
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and, Coefficient of middle term = _4,4

Also, Coefficient of the middle term ~da=-[2(@+b)+2(a-b)

4x? - dax + (;;2 - Ira} =0

= 4x* ~(2(a + b) + 2{:?=!J}].‘t+{ﬂ+b){ﬂ—b)=ﬂ
= 4x* - 2@+ b)x - 2Aa~b)x+(a+b)(a-b)=0
= (4x% = 2(a + D)y x| —{2(a-b)x - (a+ b)(a-b)) =0
— ] 2x[2x —~ (a + b)) - (a - b)[2x —(a + b)) =0

=5 12x = (@ + b)) 2% ~ (2 - b)) = 0

=3 2x - (@ + b)) =0or, [2x —(a-b)] =0

=

Zx=a+bor,2x=qa-p = x =1+—b-crr,:c:i'—;E
(iv) Wehave,

4" —da’y+ (a* - 1Y) =0
Here,  Constantterm = g% _ j* _ (2 —b*) (a® + b?)
and, Coefficient of middle term = —g4,?
Also, Coefficient of the middle term - 442 - -2 + )+ 2(® - b))
4 —dadx+ (a* - %) =0

= 4 - 202 + 1)+ 2(a* - by v+ (a* b (@® + B}y =0

= 4.1'2—2{n1+b):r—2[az—hz)x+(n2—b2}(n2+b1}={i

= 45" =200 + %) x) - 2(2% - 1) x — (@~ 1%) @ 5 1)) = 0

= 2 (2x - (a* + hzj} =" — b*) (2¢ —(a® + b)) =0

= [2x — (a* + b)) [2x - (a® - bP)] = 0

- 2 < {a? +1%) = 0or, v — (a? “Pyep = e @ + b — a* - b

EXAMPLE 7 Solve the following quadratic equations by factorization method-

(i) 4a? ~2(a* + b )x+a®h? =0 [CBSE 2004]

(i) 9x* —9(a +b)x + (2a® + 5ab + 2b*) = 0
SOLUTION (i) We have,

£y - 2(@* + b)) x +a®h? = 0

S
Here, Constant term = a*b® = a* x b

[CBSE 2004, 2009, 2016]

and, Coefficient of middle term = -2 (a” + b?)
4x? - 2(a* +P)x+a®b? =0

= 4 - 2% -2 + Pt = 0

= (4x? - 2a%x) - (2b%x - a®b?) = 0

PRt = == s 4 o 14
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- 2% (2x — a*) - b?(2x - a*)=0

% (2x - a*)(2x - b*) =0

- (l\:—nz):ﬂor,(h'—bz)zﬂ =% A t:E
- SR

(i) We have,
9x2 — 9 (a +b) x +(2a° + 5ab +2b*) = 0 ,
Here, Constant term = 2a* + 5ab + 2b*
= 2a* + 4ab + ab + 2b*
=2a(a+2b)+bla+2b) =(2a+Db)(a+2D)
and, Coefficient of middle term = -9 (a + b) = -3 {(2a + b) + (a + 2b)

9x® —9(a + b) x + (2a* + Sab + 2b*) = 0

= 9y —3{(2a+b)+(a+2)x+2a+b)(a+2h) =0
= 9x? ~3(2a+b)x-3(a+2b)x+(2a+b)(a+2b)=0
=3 3x 3x — (22 + b)} —(a +2b) {3x - (20 + by =0
= By —(2a+ b)) 3x —(a+2b)] =0
= Bx—(2a+ b)) =0or, [3x—(a+20)} =0 = x = 20+b . 0F 2
3
EXAMPLE 8  Solve the following quadratic equations by factorization method: :r
(i) »? +[ 2 it +b)x iL=0 (i) ¥ +x-(@+D@+2)=0
a+b a ' - -
(i) x*+3x—(a* +a-2)=0 (iv) ab*y* +bPx-a*x-1=0
[CBSE 2005]
SOLUTION (i) We have,
,\'2+( g + ﬂ+h]:¢+1=l‘l
a+b il
> ax a+b a a+b
= X* + X+ x =0
a+b 10 a+b i
=~ .1'{.\:+ i }+“+h o }=U
a+b a a+b
” L‘+ Hr+ﬂ+bl'—‘ﬂ
a+h il |
a+b a a+b
= X+ —Qorx+——=0 = Y=~ or, X = -
a+b a a+b a




i

416

(1) We have,
XX -(@+ ) (as 2)=0

= U+ xl(a+2) (@ + 1)) = (a+ D+2)=0

: o4 (a + 2}} ~x(a+1)-(a+ Dia+2)=0
5 x{x +-{.t+2}[—{;.-+1]:r+{u+2}l-:U
— | x +|[u+2}}-{.\'—{n+|}}:u

Y +H{a+2)=00r, x - (a+ D=0 = v=-(a+or,x = (a+1)
(111) We have,

7

X° 4 3x —(a% 4+ a-2)=10
= v? 4 3y - (@a+2)(a-1)=0

= Xty (a+ 2}~{:i—]}}x—{n+2){n—I)=ll

=5 {.1'3 F{a+ 2) r],- -(@=-1)x-(a+ a-1=0
= .1'{1'+(=r+2}}—[u—l]{x+{u+2)}:.[]
= Y@@+ {x=(a-1))=0

= X+(@a+2)=00r,x-(a-1)=0 = X ==

a+2or,x=a-1
(iv) We have,

- AW+ Py -afx-1=0
= (@bx* + bPy) - (a*x + 1)=0
= (n:.t + 1) by - [nzr +1)=0
- @x+ )Py -1)=0
= a’v+1= 0,r-1= 0

. 1 1
= ﬂz.'l' =-1Lbr=1 = x= =X = —=

i~ b
PAAMPLE 9 Solve the following quadratic equations by factorization method:
1 1 1

_=_+—+l,n-+h¢ﬂ
a+b+x a b x

SOLUTION  We have,
1 1 1 1

a+b+x x a b

t—(a+b+x) _a+bh

=
x(a+b+2x) ab
~(a + b) a+b
= —— ==
x(a+b+2x) ab
= -ab(a+b)=(a+byx(a+b+x)

[CBSE 2005]

by oy Yy f

#

J

A

Lo
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(@+b){x(@a+b+x)+abl=0

-
- x(@+b+x)+ab=0 [~ a+b=0]
— 2 rax+bx+ab=20
- x(x+a)+b(x+a)=0
s (x+a)(x+b)=0 = x+a=00r,x+b=0 = x=-nor,x=-b
LEVEL-3
EXAMPLE 10 Solve:
&= : X 22
9 _ .
1
% .
2 — X
SOLUTION We have,
1
X=
O
5 1
2—-x
B 1
= '-.—2 —7
S22-x-1
2—X
1
= X = —
- 2—%
4-2x-1
= Y = 1
— S
2 =%
3-2x
= 3-2x
T 2(3-2x)-(2-1%)
= I=3-2I
4 - 3x
= x(4-3x)=(3-2x)
= 4y - 3x* =3-2x
= 94 _gx4+3=0 = x*=-+1=0 - (x-1*=0 = ¥=11
EXAMPLE 11 Solve:
34
1 i) (x=3)(x-4)=—3
(i) .t'+%=25ﬁ (i) (x=3)(x-4) 3

I —————— TR

T . 1. .
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4.18 <
SOLUTION (i) We have =
X - ! = 25 I
= v 4 1 = 25 4 1_
X 25 =
4
ks 25+ )
X 1 29 / —=
- 1 '1
= 1‘+I:['”"1+—r1- —
- 25 ) —
3 1
== 1"—[2':'1-1——J1+I=[’]
25
) =1 So
= ,r‘—[l +—]1-+25u—1_:[,1 )
\ 25 25 :
= 11—15.1'——1.1+2_w-1——ﬂ "
25 25
X 1)
= TeBx)=-| —-2/x— | =
(a Y) [ = X 25] 0
—, 1(1__"-'%)——]-{1_' ']r\}:ﬂ
- L )
s gl
(2 ![ X = 0
.S .I l L]
— ) "._'—lh;lr,x——zti::1=Inr1=—-— 1
3 25 25
V‘lJ.L" hﬂ‘n'l}, 1
X+ = = 25%
y 25 1
=5 X+ L4 =25+ L = x=250rx = 2 [Bvcumparing two sides]
x 125 25 ’ 1
(1) We have, -
H
(x-3)(xr-4)=—
33 1
. 34
=% X =7x+12-—=0
33° 1
5 13034
= 1 _?1 + 5 1
33- 1
y 98 133 0
= St 4 il =
1 71 3" 33 1
, 231 98 133 2
_— .{.- — e — e — =
33 33 33 5
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Solve the following quadratic equations by factorization:

;l_, i

2

ke

S e e N, wn

¥

12y
13.

14.

16.
17,

18.

19.
20,

21,

% [93 133) 98 K
Y= =+t X+
33 33 33
. 98 133 98 ‘H3
X -—x-——x b —x—=1
33 33 33 33
98 J [133 98 133]
X - - X - =U
( 33 33 31 13
(+-2)- 2 2)-o
nrFxm) Em\" =
98][ 133) fa)
——— g =9 yreE—
[I 33" " 33 3
LEVEL-1

(x—4)(x+2)=0
{?_r+3}{3x-?}=0
32 -14r-5=0

9x? —=3xr-2=0
1 ——1——='ﬁ—,1$1,—5
xr-1 x+5 7
6x*+11x+3=0
52 -3x-2=0
48x* —-13x-1=0
3x2 = -11x - 10
25x(x+1)=—
16x-£=2?

X
1— . =3 x=#0,2
x x-2

1
x=-—=3 x=20

X
L - L =H,,\’¢4.?
x+4 x-7 30
L + 2 =E, x#0,2,3
xr=-3 x-2 x

a?x? — 3abx +2b* = 0

9x? — 6b*x - (a* - by =0

432 + 4bx — (@ - b*) =0
ax? + (4a> — 3b) x —12ab =0
2y ar — a*=0

16 15 wai0s=1

X r+1
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___ EXERCISE 4.3

[CBSE 2010]

[CBSE 2014]

INCERT, CBSE 2010]
[NCERT, CBSE 2010}
[INCERT]

[CBSE 2013]

|[CBSE 2015]

. [CBSE 2014]

[CBSE 2014)

il |




~4

-
|
+

| = = | = 2o,
=
I

,..
r | s

Lad

LIRSS
I|+
-

|~
=
+

-
+

e
|

- |
PP

It +

3x® - 26x +

S o
N2r + Tx+ 502 =

|CBS]

. IH 1
e X # ;-1'?&—3
7 [CBSE 2015
b ] l
= —, X
X i .
|ICBSI 20131
5
— 1,—
(i} s l
5 1
== -1
2 2
= v 3
e
10 - |[CBSE 2013
=—;x 25
3 ! |{ 1;&* S Th i1
= ]U. % = 1 . __|.'].i:
3 ¢ ;t_'_'_\ ' |
|ICBSE 2014]
=1E'\ = 5 5 '
2 1 [CBSE 2014]
=g g
29 1 [CBSE 2014]
ix#l,-1, =
) 1.4 _—
23 [CBSE 2015]
=—xz0,-1,2
X .
[CBSE 2015]

[CBSE 2015]
3 =0 ICBSE 2014]

= ICBSE 2006( 2013, 2016

0
% ’
0 INCERT CBSE 2010. 2012!
- 2r I[CBSE 20
i !'1
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1 1 1 1
Bt o E—DN(x-3 x-RNx—-a) €
x-D(x-2) (@-2)(x-3) (x-3)(x-4) 6
a b )
e 720 et 2,x=ab (CBSE 2016]
t+1 x-2 2x + 3
., —t =4 = X #+EL 2,2 2011
4. T-1 x+2 1 [CBSE 2016]
1 b 2
9, —+ = — [CBSE 2016]

x-a x-Db Cx—¢
50, w2+ 2ab=(2a+b)x
=.I1q (a+ 11}2 v* — dabx — (a - 33)1 =0
s a(+1)-x(@+1)=0
3 x*—x—a@a+1)=0

3 1

5, X +|a+— x+1=0
; ) i
55. abx® + (g;l —ac)x—-bc=0 S

g F
2 + Py —atx-1=0 |CBSE 2005]

5h.
r-1 x-3 1
== + 33-—,.1':'-2,4 [CBS -
» 1_2 '1,_4 3 |L}L\1 ,1”” ]
D TS O N S
W dmeb+2x 20 b 2x ICBSE 2013]
2x+3

3x-1 3
g5 3 —2 o B 1 . [
59 [214_3] ( 2 |CBSFE 2014] J

7x+1 5x-3 3 1
3[ }—4[ : ]:11;1:&—,—— |CBSE 2014]

L% ]
-

|
—

B, Ey-3

61. (x=5)(x-6)=—"— 62, Frao b
(24) x B
e ANSWERS
3 1 2 -1
1 4:-_2 2 2r3 3 5'--3— { E'—Ev
8 =3 -2 -1 1
5 ._"_ — L '_,d.i T
s &8 6. "33 7. 5 5 163
; 5 3+.3
F 9. ‘_'5'—r_2 10. . .. 11 2'_T 12
3 5 5 26 2
37 V13 _ ale b
13. 2 14. 1,2 15. “'g M 5ty
2 2 3,2 2 3b
o a-+b rEll —-a i u—bj_ﬂ+b 19, —  —4a 20. E,-—n
3 3 2 2 a 2
40 -2




31
. (&
1'..2 l\! AT N
g 4
) 4 ] = ~1 -
25 ) 26, 3, T B 28, -1
4 3 5
-
29 2 1 ) H' ]—l 31. [11 :l: ‘{2 _'i, - :'1 l"
- 2 3 sq
. 23 : -
i3 3, ] ] l' “i’, _'? 15 4 T ﬁ '.?l-!‘l \ﬁr ] {:_'L
. e V5 - 2 R =
7. =245 38. Vb, - J; 39, ¥3 2 30, -, 243
h A ] 4.3 V2 o —
' e | , V2 \."r'_?! " g ﬁ -1 xJnmn ==
- V2, 2. —, = 3, ~—=,~ 2 4, ———
3 3 V2 - m .
- h —
5. 0, a+ b 46, ~2.7 47, ﬂ+!J;”+ : 8 _15'E
2 . o
] e . ; .
49. 0, 2ab - b — 5 2a,b 51. 1,-( ”_h] 52 :r,l
M+ b-2 a+b) it —
53. i, i1+ I ;I- =i, 1 55, 'i,i 3 ——1_’1—1_"
. i a b a b =
e o -b =
My N 58, —@, — 59. 0,-7 60. 0,1
2l 13 3 -
6l h_""l_‘_ 62. 5—.
24 24 35 !
4.5 SOLUTION OF A QUADRATIC EQUATION BY COMPLETING THE SQUARE
[n the previous section, we learnt about the factorization method to obtain the roots of a =
quadratic equation. In this section, we shall learn about the method of completing squares.
We may use the follo wing algorithm to obtain the roots of 4 quadratic equation by using the .
method of completing Squares. il
\ ) I
N ALGORITHM i
ila TEP | Obtain the quadratic equation, [ et the quadratic equation be ax® + bx+c=0, 420. :;(
I& Make the coefficient of x* unity by dividing throughout by it, if it is not unity. i.e., obtain i
5 b 3 =
¥ =¥ += =0,
il qa
’ r = s b C ——]
Shift the constant term L on RHS toget 1* + — x = =
¢ i il
: _ (b . :
Add square of half of the coefficient of x e, | % | onboth sides to obtain .
f Aaif o e =
2, 45(BY. (b ""‘_-’ b ¢
? %77 20/ \2a) 4 =
Write LHS as the perfect square of a binomial expression and simplify RHS to get
[ f:' 2 112 - 'h-ﬁ.- -
X — = 3 )
\ 2a/ da-
) _ R N =
Take square root of both sides toget X + B = \'|' 4
|IIJ —
STEP Vit Obtain the valices of x by _«'J'{}',"HHI\* the constant term 5 n RHS.
F.;‘“““"“E examples will illustrate the above algorithm
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ILLUSTRATIVE EXAMPLES
LEVEL-1
EXAMPLE 1 Solve the quadratic equation 9x® — 15x + 6 = 0 by the method of completing the
square. INCERT]
SOLUTION Wehave, 9x* —15x+ 6 =0
, 15_ 6
= A-";I+§=ﬂ [Dividing throughout by 9]
5 2
2
¥ —=x+==0
= 3" 3
, 5 2
o= > S ;-‘- =73 [Shifting the constant term on RHS]

Adding square of half of
coefficient of x on both sides

U
—
L)

|
[
Ty,
:um|m
—
-
+
ey,
L= S
N’
F

|
—
o |
TR
[ *]

|
wm

(x-2) -2-2
= 6/ 36 3
(1__5]2_25—24
= e/ 36
e
S 6 36
5 1 ;
= -z = = - 3 [Taking square root of both sides]
— 1:24—1
6 6
1‘=E+l—] or T—E-—l—“i‘z 1 2
= . 6 6 £ 6 6_6 3 = X = 01’,;".:2;"3

Hence, the roots of the equation are 1 and 2/3.
EXAMPLE 2 Solve the equation 2x* —5x +3 =0 by the method of completing square.  [NCERT]
SOLUTION Wehave, 2x* -5x+3 =0

s 5 3
- - EI i = 0 [Dividing throughout by 2]
5 3
= x2 = EI = [Shifting the constant term on RHS]
2 2 2
2 E]. (E =[§] 33 [Admn (lCmﬁf EJ both si
= 5 2[4 it 4) = = &l 5 .of x | on both sides
[ 5]1 25 3
= =] =——=
4 16 2
(x-3) -3
= ¥=-=] ==—
4 16 6 3
5 1 5
e e = —*—
= ;e 3 i‘4::.~ X 4 3
= 1_‘—-5-4-;[-——9*!!‘ 1:':2'-‘1'=E ::,\':Enr x =1
R — 4 4-—4 '« ’ 4 4 4 " 2 e
’J‘.

!

Hence, the roots of the equation 2v¢ -5x+3=0ares and 1.
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VANIL I Find the reots of the equalion ;t"l bx-2=0 |[1L_.f the method of “'””f"lff-'.-'i',.l’ b 5
Syere \l‘r r “i
SOV T1ON "|.'l.'|-!-|,|“._ F\'I: 61 2 0 La
v s pl
. £ v [Dividing throughout by 5)
—
[§ )
X — X
g5 _4’
3) BYY_ 213 =
1 1_;‘"5;; -'-+|'-J
4 2 e S
=
] 19
{ | -
G 25 —_—
3 J19
e
5 5 -
i lrl:-]u q + “.'ﬁ fhl’ 4
1 : M : i
5 5 5 SOL
3+ 419 3-J19
X —OF; X = =it
5 5
= 3+ — -
: : ++/19 2
Hence, the roots of the gven equation are 2 _:‘I_ and f_;f_l
-‘ -
PXAMPLE o By using the method of completing the square, show that the equation —,
e Ix+5 =0 has no real roots. INCERT
SOLUTION We have,
Sy -
4y +3v+5=0
3 5 0
X X 4 -
4 4 —
3 3 5
1 1 2| = ] -
(3) 3y (3)
x4 2/ -]1»—1-} == -
8 . 8 8 4
: -
3 71
I + | = = =
! 8 (L e
: . 332 _
Clearly, RHS is negative, But, [ X+ ) cannot be negative for any real value of .
Hence thrgn en t‘LIlI:lfll.'lT'i hasno reeal roots, HE:
LEVEL-2 Bxa
PXAMPLI Find the roots of the following equation 4x* + dbx - (a* - p?) = 0 by the method of %L
completing the square
SOLUTION We have,
4x? + dbx — (@ - ) = 0 =
') | ﬂ: |.J.'- %
= 1.JF‘I-L__4-_|““




,\'l|._ '..]_"Fi\l."ﬁ. T | I.]l ATH NG 4?5
% +2(£] x = @ - b
= 2 4
b A . hy?
2-}'2('_]1 +(—J — (_]
= g 2 2 1 \3
(242 t_al
= 2 4
X+ L * 2
= 2 T2
t—_—bii xA—b—a ~b+a
= o T S 3 ¢ 7
Hence, the roots are _[ ﬂ] and (“ - !"]
2 o
i AMPLE 6 Find the roots of the equation a?x? — 3abx + 2b% = 0 by the method of completing
the square.
sOLUTION We have,
a’x® — 3abx +2b* =0
2
= L 3—b~x + 23— =0
a a
, 3b 26*
= X =—-——X= ———
a a
5 [3!:] [3!9]2 2b° (31;]2
= ool —=lx+|—]| =——+|75
2a 2a a- 2a
( 31:)2 2b*  9b?
= X o d— = - 3 + ——
2a a da-
( 311)2 b?
= X - — S ittt
2a 4q°
[ 3&] b
— ¥ ——— | =+—
2a 2a
~ .1=3—bj:—b- =’ﬂs—h+-'li-=—2£l:llr,,.'.vc'=—3£——h|~-=E
2a 2a 2a 2a a 2a 2a «
2b
Hence, the roots are ? and E'
LAMpLL - Solve the equation 2 o(B+lx+ J3 = 0by the method of completing the square.
%LUT!{)N We have,

X o(B+)x+3=0
= x=_{ﬁ+l).\‘-_—‘“\j§
[ J§+1T 45+ (B +1)
X - | ==——3

2
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X o—=— =| —
2 2
o ¥B+1 g B+l -1

=+ X = + x=43,1
Hence, the roots are /3 and 1.

- ——— —————————EXERCISE 4.4
LEVEL-1

Find the roots of the following quadratic equations (if they exist) by the method of completing
the square.

L x*-42x +6=0 2 2 -7x+3=0
3. 3x2+11.r+lﬂ=ﬂ 4 2224 x-4=0
5. 2.1'3+.1-+-'-i=0
LEVEL-2
6. 4x* +4/3x+3 =0 7. f2x2 -3x-22 =0
8. V3x2 +10x + 73 = 0 9. ¥ -(V2+Dx+2 =0

10. x* —4dax +4a® —p? = @

s -— ANSWERS
1 5 e e =
1 V3,35 2 3,1 3 229 g ¥B-1 -J33-1
2 3 4 ' 4
Vi 3 1 7
i N -——,2\2 —3, - —=
5. Noreal roots b. 5 2 7 N 8. V3 JE
9. J2,1 10. 2a-b,2a+b

4.6 SOLUTION OF A QUADRATIC EQUATION BY USING THE QUADRATIC FOR
FORMULA (SHREEDHARACHARYA'S RULE)

In the previous section, we have learnt about factorization method of solving quadratic
€quations. In some cases, it is not convenient to solve quadratic equations by factorization
method. For example, consider the equation x> + 4x+2 =0 In order to solve this equation
by factorization method we will have to split the coefficient of the middle term 4 into two
integers whose sum is 4 and product is 2. Clearly, this not possible in integers. Therefore, this
equation cannot be solved by using factorization method. In this section, we shall
discuss a method to solve such quadratic equations. The method which we will discuss
below is popularly known as Shreedharacharya’s formula as it was first given by an
ancient Indian mathematician Shreedharacharya around 1025 AD.

Consider the quadratic equation
ax> +bx+c=0,a=0
i

i - EI + %20 [Di‘v‘iﬁingthmughtgutbyn] e (1)
a a
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— .'l'z + E.‘\' - s
a i
L % ¢ £ uY Adding(—b— 2i.fis-.(~]—Cth1meff.nf .1‘)2
= X +—x+(—] =——+[H-] "\ 2a 2
a ) a 2a on both sides
2 R 2 &
= '\’2+2(£]t+[!—}] =_i+h
2a 2a a  4a
[r+£)z B b* — dac
= " 2a 4a’
b m Taking square r:u}t of both sides
= ¥ prmemd === and assuming b° — 4ac = 0
2a 2n
- Vb? - dac
= r=—t—mmmm—
2a 2a
—b+ b* - dac
p— X =
2a
_b+ b? — dac —b - +b* - dac
= X = or,x =
2a 2a
—b++D —b- ;
= .r=—EL'J:nr :—b—J—E,whereD:h*—ﬂlm:

2a ' 24
Thus, if D = b* — 4ac > 0, then the quadratic equation ax® + bx + ¢ = 0 has real roots o and

ff given by

-b+JD ~b-D
o=———and f=—
2a 2a

DISCRIMINANT If ax® +bx +c=0,a# 0 isa quadratic equation, then the expression b* — 4ac is
known as its discriminant and is generally denoted by D.

ILLUSTRATIVE EXAMPLES

LEVEL-1

Iype I ON DETERMINING THE DISCRIMINANT OF A QUADRATIC EQUATION

EXAMPLE 1+ Write the discriminant of the following quadratic equations:
(i) 32 +2x-1=0

(iv) 3x? -2J2x-2/3 =0
(vi) 2%+ px+2 =0

() x2-4x+2=0

V) 24+x+1=0

SOLUTION (i) The given equationis YP-4x+2=0

Here, a=1b=-4and, c=2
D=t —4dac=(—4)-4x1x2=16-8=8

- 9y
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(ii) The given equation is 3,2 2v-1=0
Here, @=3,b=2and, ¢ =1
D=b*~dac= 2% - 4% 301 < 4415 = 16
(iii) The given equation s 12 — 4y . a=0
Here, a=Lb=4dand,c=q
D=0 —dac = (4)? — 4x1xq= 16 - 4a
(iv) The given equationis V3x? - 2.2y - 23 =
Here, a= J:_;,b =22 and, c = -2./3
D= p? —dac = (-2V2) -4xBx 258+ =3
(V) The given equationis x? 4 y 4 1 = 0
Here, a=1Lb=1and,¢c=1.
D=bt*-dac=12-4x1x1=-3
(vi) The given equation is 1* + pr+29=0
Here, u=1,b=pand,c=2q
D=bl—4ﬂc-—-p2—4><1x2q=pz-8q
Typell  ON SOLVING A QUADRATIC EQUATION HAVING REAL ROOTS BY USING QUADRATIC
FORMULA
EXAMPLE 2 In the following, determine whether the Siven quadratic equations have real roots and
if so, fm:f Hrr_* roots

() 9x? 4+7x -2 =0
(i) 3x% +2/5x-5=0
v) 6x2+x-2=0

(i) 2¢* +5/3x+6=0
(iv) ¥*+5v4+5=0

(vi) 2542 +20x+7=0
SOLUTION (i) The givenequationis 9x + 7y -2 =
Here, a=9,b=7and¢c=-2

D=b'-dac=7" -4x9x-2=494+ 72 =121 >
50 the given equation has real roots, given by

b+JD _ -7+V121  -7+11

& 3
22 2x9 18 18 9
+b-JD_7-V11 _7-n_
and, p= 2a B 2x9 18

(i) The given equationis 2x? + 5/3x + 6 = 0
Here, a=2b—5u‘r§andc=6

D=b*-4ac=75-4x2x6=27>0
50 the given equation has real roots given by

art

(i

e
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az—b+Jﬁ:-w§+Jﬁ_--5J§+3ﬁ_ 243 _
2a 2% 2 - 4 T4
R = 53-33 _ _, 3
and, 21_: 2 2 4 = ~
(iii) The given equation is 3x* + 2./5x-5=0
Here, a=3,h:2\1’r§and,r=-5
- D=b*—4dac=(2J5)% -4%x3x-5=20+60=80>0
So, the given equation has real roots, given by
a::b+\/ﬁ:—2£+@_—2ﬁ+4ﬁ_2ﬁ_ﬁ
24 2% 3 6 6 3
b-JD -2J5-80 _-
and, p= i J—= V5 - V8 Zﬁ 45 = /5
20 2% 3 ﬁ

(iv) The given equation is 2 +5x+5=0

Here, a=1b=5and,c=5
D=b*—4dac=25-4x1x5=5>0

So, the given equation has real roots, given by

—-b+\.@ —5+J§ —h—u{_ﬁ -5—\)"_5.
- andfz———=—7%—

2% 2 2a ]

o=
(v) The given equationis 6x* + x =2 =0
Here, a=6,b=1and c=-2

D=b -dac=1-4x6x-2=49>0
So, the given equation has real roots, given by

“ _—Ir+Jﬁ_—1+J:i§_—l+?:f__l
T 2a  2x6 12 12 2
FoD -9 14-7 -8 _-2

Emd, 'B= = == e T ——
2a 2x6 12 2 3

(vi) The given equationis 25x” +20x +7 =0
Here, a=25b=20and, c=7

D= b — 4ac = (20)> —4x25x7 — 400-700 =-300 <0
So, the given equation has no real roots.

¥y-1 x-3 _ 10
EXAMPLE 3 or X: 4 —, x#-2,4
LI Solve for x T e raa

SOLUTION We have,
X _"l b 3 10
=
x+2 x-4 3

J3

2
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= (x —5r+4}+(r‘—t—ﬁ]_l_l]
(x +2) (x - q) 3
- l\;‘—b.r—zz_l_
X -2x-8 3
=5 ax’—ls,r~a=1m-3-zu.r-m
= 4x? - 2x-74=0
= 2 _x-37-9¢
N x___lidrzljﬁ :lI:liJZ‘??
4
2 4

1
EXAMPLY Solve for x: —— + B — LY
‘ * forx Y+l x42 x44
SOLUTION  We have,

1 e |
X+1 x+2 x+4
1 2 1 3
= + = — 4
Y+l x+2 x44 Y+ 4
1 1 3 2
e | -— = -
Y+1 x4+4 y44 x+2
X+4-x-1 3x+6-2x-8
ad (X+D)(x+4)  (x+4)(x+2)
3 N x-2
= (X+D)(x+4) (x+4)(x+2)
= Y e Z=l [Multiplying both sid by (x +4))
v+1 x+2 PYing bothsides by (x
—3 Ix+b=x2-y_2
v 4+
= X' -4x-8=0 = x=———r———4i ;6+32= 24ﬁ=212\ﬁ

EXAMPLE 5 Using quadratic formula solve the following quadratic equations:

W PP+ P )x-g* =0,p=0 [CBSE 2004]

(i) 9x? —9(a + b) x + (2a* + 5ab + %) =0
SOLUTION (i) Wehave, p*x? + (p? —qz)xhqz =0
Comparing this equation with ax’ + bx + ¢ = 0, we have
r::p:,b-:pz-qzandr:—qz
D=b? - gac = (p? P - dxpP - = -V +4pig? = +4%)? >0
So, the given equation has real roots given by
b-VD _ -+ (P44 _ ¢
T T 2

[CBSE 2004, 2009]

2
2

=
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g z—fi—'u'rﬁ:—(;?z—qz)—(p: 4 qE]
and, 2 Zpl = 1
\LITER We have,

pzxz + (pz -g)x-q =0

” PP+ plx gt —q* =0

- (p*2* + pPx) - (@*x+4°) =0 .

- pz_r{r + 1) - r}'zf.'t' +1)=0

= (x + ) (pPx—q*) =0

- x+1=0o0rp’x-q* =0 =:~.r=-1ur,.t:i.i, T

2

(ii) We have, '!
9x2 — 9 (a +b) x + (2a* + 5ab + 2b%) = 0

Comparing this equation with Ax* + Bx + C = 0, wehave
A=9 B=-9(a+b)andC = 2a* +5ab + 2b°

D = B* - 4AC
= D = 81(a+b)* - 36 (2a* + 5ab + 2h%)
= D = 9a* + 9b* —18ab
= D=9(a- by >0
So, the roots of the given equation are real and are given by -
o= _B+JD 9(a+b)+3(a-b) 12a+6b 2a+b
2A 18 18 3
sl ﬁz—B—Jﬁ:9(n+b)43(:?—h}=6n+12b=n+2b
2A 18 18 3

ALITER  See Ex 7 (i) on page 4.14.
EXAMPLE 6 Using quﬁdrmfc_fm'muh:, solve the following equation for x:

aby? + (bl —ac)x—-bc=0 [CBSE 2005]
SOLUTION We have,

abx? + (b* —ac)x-bc =0

e —(E!?‘ —ac)t J{i’:z - ac)z — 4 (ab) (=bc)

2 ab
= e —U‘?' —ac) M'(b2 - m‘]:’ _ 4 ab*c
2 ab
= ‘- —~(b* - ac) % Jo' - 2ab’c + a2c? + dab’c

a 2ab

)
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= a2 w0 e

2ab
— Fom ~(b* - ac) + (b 4 ac)
2ab
- v < 0 —ac) 4+ 2 4 ac) ; ~(b* - ac) - (b7 + ac)
- — _-_-_-___-_-__————____, a —
2ab 2ab
2ac ~25* ¢ -
.r':———-_,_ = o— r=— —
- 2ab" " 2ab " A a

——————— EXERCISE 4.5

ing quadratic equations:
(ii) .1‘2+2x+4=[]
) ¥*-2v4k=0keR

1. Write the discriminant of the follow
) 2% —5v4+3-¢
(if)) (x-1)2x-1)=0

V) V3 +2/3c—23 = (Vi) ¥ -x41=0
2. Inthe following, determine whether the given quadratic equations have rea] rootsand if
50, find the roots:

() 163% = 24y + 1 (i) ¥*+x+2=0p

(1) 3x? +10x - 843 = g (iv) 3% —2v4+2-¢

™) 2* -2 6r+3= (vi) 3a2x2+8ﬂbx+4b2:[],n¢[]
(vii) 3x? 4+ 26x -5 (viii) x* -2v41=9

(ix) 24 +58x+6=0 %) V2x? +7x 455 = 0 [CBSE2013, NCERT)]
(xi) 2v2 ~ 2.3, 4 1=0INCERT] (xii) 3¢ ~5x 4+ 2=

INCERT]
3. Solve for x-
x-1 x-3 1 S =
: =3—;x#2.4 CBSE 2005]
W3t~ f
2 1 3 140
sy =e— 0, 2 ‘BSE 2016
R e (il [CBS
(iii) x+—=3, x«0 INCERT]
oy 205 A5 o0 4 [CBSE 2014]
x xr+1
1 1 1 .
_ =—, x#3, -5 CBSE 2016]
) X-3 x+5 6 I
) —_— ANSWERS
L (i) 1 (i) - 12 (iii) 1 (iv) 4- 4k
(v) 32 (vi) =3 ,
310 @) Notreal (i) 48— (1) Noyren
(1) 1 3

oV’

3.

8.7
Let
that

3§ 20 )
Alsc

Thy
real

ax=2
to ¢t

J
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3 .. —2b -2b 5
(v) Realaﬂdj?uah e i 3;;,-6 (viii) 1
/3 5 | 2

g ‘__2\,’5’_____ —Ji,—— e ey 1 =

(IX) 2 (X} JE (Xl) -Ji J‘j (KL‘I) ‘3

: 5 . —-
3. (i) 5’5 (i) 1,3 (i) iZ‘E (iv) +4 v) -9,7

47 NATURE OF ROOTS
let ax> +bx+c=0,a#0 be a quadratic equation. In the previous section, we have seen
that the roots of this equation are given by

—b D iy
g_=_—+§‘f—_-andﬂ :-izﬁ—@,pmvided that D = b — 4ac = 0.

If D=b* — 4ac > 0, then c and p arereal.

Also,
_(-!HJEJ-J (-b—f[—}] b+ D +b+D ZJﬁ_JE
ﬂ—ﬂ_ e = = =
2a 2a 2a 2a a
= a-p=0 = a#p

Thus, if D = b* — 4ac > 0 i.e.the discriminant of the equation is positive, then the equation
has real and distinct roots o and f givenby
-b+D -b-D

=————d=
o o and p

2a
If D = b* — d4ac = 0, thenaand fp are real.
b
Also, e e P [Putting D =0 in the expression for a.and f]
b

Thus, if D = b* — 4ac = 0 i.e.the discriminant of the equation is zero, then the equation has

b
real and equal roots both equal to ~7

Now, a natural question arises: what is the nature of the roots of the equation
ax* + bx + ¢ = 0 whenits discriminant Dis negative? To answer this question, let us go back

to the equation

ax* +bx+c=0

=% x? + Ex + £ =0 [Dividing Throughout by a]
a a
= Jnr2+£x=~E
a a
b » ¥ e [h)
= 2 ) — o i o |
X +2(2ﬂ]x+[2ﬂ] 2T\ 22
b b]?. ¢ hz
= 2 = e (N o 3
Y +2[2a]“[2a 2 A
2 2
-4
= [“3] " )
2 4a

|
bt

e |
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3k

E-
It p !!3 dae « 0, then E—J. - _:I_m_' < {)
4a°

Therefore, LHS of equation (i) is positive (being perfect square of areal nu mber) and it RHs

¥ - ¥ {
5 Negative. So, there is no real valye of x satisfying equation (i). Hence, there is no real root of
the given quadratic equation in this case.,

Thus,if D = p? _ 440 - 0, Le. the discriminant of the quadratic equation is negative
equation has not real roots,

(it

L

then the (G

Let us now discuss problems on dﬂemﬂnhxg the nature of the roots of quadratic equations, s

ILLUSTRATIVE EXAMPLES =
LEVEL-1

fypel ON DETERMINING THE NATURE OF ROOTS OF QUADRATIC EQUATION

EXAMPLE + Determine the nature of the

roots of the following quadratic equations:

M 22 4x-1=0

(V) 4x? — gy +1=0

(i) v -4x+4=0
(V) 242 4 54 +5=0

(i) ¥ +x41=0

(r

SOLUTION (i) The given quadratic equation is 2v° + y-1-=_ Here, a =2.p =1
¢ = -],

|.1nki

\ I?:bl—ehrc=12-412x—l=‘)

We find that D > 0. So, roots of the given equation are real and distinct.

(i) The givenequationis x? - 4y + 4 = 0. Here,a=1,b=-4and,c=4.

. D=b*~dac = (4) - 4x1x4=0

We find that D = 0. Therefore, roots of the givenequation are real and equal.

(1) The givenequationis ¥* + x + 1= 0. Here, 7 = Lb=land c=1 )
. D=0 -dac=1 -4x1x1=-3

We find that D < 0. Therefore, roots of the given equation are not real.

2
(iv) The given equationis 4x* — 4x +1 =0 .Here, a = 4,b - ~4and,c=1
D=b"-dac=(4)P -4x4x1=0

We find that D = 0. Therefore, roots of the given equation are real and equal.

(V) The given equationis 2x* + 5x + 5 = 0. Here, 0 = 2, h = 5and,c =5

| D=b-dac=5 -4x2x5=25-40 =15

We find that D <0. Therefore, roots of the given equation are not rea|.

l'ipe I ON DETERMINING THE VALUES OF AN UNKNOWN INVOLVED IN THE QUADRATIC
- EQUATION WHEN THE NATURE OF ITS ROOTS IS GIVEN

(
Results to Remember: )
) ax-b>0=x> f1'r',¢: :»Uandr-c:;if,a([]
a

2 3
(i) ¥ -a*>0=x<-aor,x>a (i) x*-q 20> x<gor,x>q

{“-] _‘.Z_ai_{'ﬂ:ﬂ_ - @< X <a

V) X-a)x-b)>0,r<p = ¥ <aor,x>b
V) (x-a)x-h<0a<h=a<x<bh
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caMpPLE 2 Find the values of k for which the gioen equation has real and equal roots:

(i) 2¢° - 10x + k=0 (ii) 9_.(5 v 3kx+4=0

(i) 127 + 4kx +3 =0 (v) 2% +3x+k=0

(v) v —kx+1=0 (vi) e —5x+k=0
(viif x* + k(4x + k-1 +2=0 (viii) % -2v(1+3K)+7(3+2k) =0 2
(ix) (k+ l)x‘"‘ ~2(k -1 x+1=0 [CBSE 2015] [CBSE 2002 C] e
SOLUTION (i) The given equationis 2v% —10x + k = 0. Here,a = 2, h=-10andc =k

| D = b — dac = (-10)* — 4= 2x k =100 -8k

The given equation will have real and equal roots, if

s W= Sl = 22 _
8 2 ‘

(i) The given equationis 9x® + 3kxy + 4 = 0. Here, a = 9, bh=3kandc =4

5 D= b? — 4ac = (3k)® — 4x9x4 =9k - 144
The given equation will have real and equal roots, if
D=0=9%-144=0= kK :l?:,k%m::-k:ﬂ

(iii) The given equation is 122 + d4kx + 3 = 0. Here, a=12,b = 4k and,c =3

D= b — 4ac = (4k)* —4x12x3 = 16k% — 144
The given equation will have real and equal roots, if
D_0=16k -144=0> 16k =14k =9 =k =23 L

(iv) The givenequationis 2¢2 4 3x + k = 0. Here, a = 2, b=3and c=k

D = b —dac=9-4x2xk=9-8k
The given equation will have real and equal roots, if
:
8
_ky+1=0. Here, a=2,b= ~kand, c=1

D=0=9-8k=0=k=

(v) The givenequation is 25
B b — dac = (k) —4x2x1=k" -8

The given equation will have real and equal roots, if
D=0=k-8=0=k =8=k=+2V2

(vi) The given equation is Iyt —5x +k=0.Here, a = k,b=-5and,c =k

D = I? - dac = (-5 - 4xkx(k) = 25 — 4k
The given equation will have real and equal roots, if
25

D:{?ﬂl‘?—t}kz.:ﬂ::;l"n:)ik::akz=_—4::>k:j;

+k(dx+k-1)+2=0 or, x> +dkx +k(k -1)+2=0.

p3 | LN

(vii) The given equationis x°
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Here, a:],hzf‘.lk,r:k{k—]]-rZ:{}

1‘::(4&;3-“1.-:{“&—1“2}
= D=16k* — 4k (k ~1)-g
= D =16k - 4k 4 4k _ g
=% D=12k* + gk _g
= D=4k +k-2)
= D = 4 (3k? +3k~2k—2):4[3k(k+1}—2{k+1J]=4(3‘f‘2}fk+“

The given equation will have equal roots, if

D=0=4(k-2)(k+1)=0=3k-2=00r, k+1-0 :.»k:%or,k:-l

(viii) The given equationis y* - 2y (1+3k) + 7(3 + 2k)

=0. Here,a=1,b = =2 (1 + 3k) and
c=7(3+ 2k).

D=41+3k) -4x(73+ )

- D=4[3k+1)3—4x1x?{3+2k)=4(9k2+6k+1~2]—14k1=4(9k2

-8k-20)
The given equation will have equal roots, if
D=0
= 4 (9k* — 8k - 20) = 0
= 9k? — 8k —20 = 0
—1 9k* — 18k + 10k — 20 = 0
= (k-2}[9k+m):{]=ﬁk-2=Dor,9k+1{I=U=>k=20r,k=—-1§u-

(IX) The givenequation is (k+1) x* ~2 (k-1) x +1=0, Here, g =
Let Dbe the discriminant of the given equation. Then,
D=b"-4dac =4(k-172-4(k+ 1) =4k - 3k)
The given equation will have real and equal roots, if
D=0=>4(k*-3k) ={)=>k2—3k=ﬂ=>k{k—3}=(]:>k=u,3
EXAMPLE 3 Find the values of k for which the following equation has equal roots:
(k-12)2% +2(k-12)x+2=0 [CBSE 2013, 2017]
SOLUTION The quadraﬁcmﬁm'uk ~12)x+2=0. Here,
A=k-12,b=2(k-12) andc=2.
D=b"—4dac=4(k-127-4(k-12)x2
= D = 4(k-12)[(k -12) - 2) = 4(k - 12)(k - 14)
The given equation will have equal roots, if
D=0=4*k-12)(k-149)=0=k-12=00r,k-14 = s
YXAMPLE 4 If -4 isa root of the quadratic equation x* +
X 4 px + k = 0 has equal roots, find the value of k

k+41,b=-2(k-1),c=1.

=120r, k=14

PY -4 =0 and the quadratic equation

h

h o - L

~

A
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<OLUTION Itis given that —4 is a root of the equation X +px-4=0.

(—4) +px(-4)-4=0 [-+ A rootalways satisfies the equation]

= 16-4p-4=0 = dp=12=p=3

The equation x? + px + k = 0 has equal roots. Therefore, its discriminant is zero.

ie. p? —4k =0 [--a=1,b=pandc=k]|
= 9-4k =0 [...pz?’]
= k =9/4

EXAMPLE 5 Show that the equation x* + ax — 4 = 0 hasreal and distinct roots for all real values

of a.

sOLUTION The given equation is
D=a-4x-4=0a"+16

+2 4+ ax — 4 = 0. Let Dbeits discriminant. Then,

Clearly, D =a*+16>0forallaeR
Hence, the given equation has real and distinct roots.

EXAMPLE 6  Find thevalueof k for which the given equation has equal roots. Also, find the roots.
(i) 9x* —24x +k =0 (i) 2kx* —40x+25=0

SOLUTION (i) The given equation is 9y —24x + k = 0.Here,a=9,b=-24andc= k.

D = b? - dac = (-24)* - 4 x 9 x k = 576 - 36k
The given equation will have real and equal roots, if
D=0=576-36k=0 = k=16
Putting k = 16 in the given equation, we get
9x2 —24x+16=0=>(3x -4’ =0=3x-4=0=>x=4/3.
Hence, both the roots of the given equation are equal to4/3.
(ii) The given equationis 2kx* — 40x + 25 = 0. Here,a =2k, b=-40and c=25
D = b? — dac = (—40)* — 4 x 2k x 25 = 1600 — 200k
The equation will have equal roots, if
D=0= 1600-200k=0=k=8

Substituting k = 8 in the given equation, we get

5
16x2—4ﬂx+l'5=ﬂ=&[4x-5}2=[) = :1::Z

Hence, the roots of the given equation are eachequal to5/4.

EXAMPLE 7 Find the vm’uf' of k for which the quadratic equation (k + 4) X+k+Dx+1=0

has equal roots.
SOLUTION Here, a=k+4,b=
Then,

[CBSE 2000 C, 2013]
k +land ¢ = 1. Let D be the discriminatn of this equation.
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D = p? ~4dac = (k +‘L]2 ~4(k+4)= k2 -2k-15= (k=5)(k + 3)
If the roots of the given equation are equal, then

D=0= (k-5 (k+3)=0=k=5-3

EXAMPLE 8 If— 5 s q root of the quadratic equation 222 + px =15 = 0 and the quadratic equatio,,
P+ x) 4+ k = 0 has equal roots, find the value of k, [CBSE 2002, 2009

SOLUTION It is given - 5 is a root of the equation 2y* 4 px =15 = 0. Therefore, v = _ 5
satisfies it.

i.e. 2(-5 -5p-15=0 = 50-5p-15=0 = 5p=35 = p=7

Putting p = 7 in P +x)+k = 0, weget 7x + 7x+k=0.
This equation will have equal roots, if its disriminant is zero,

Le. 49 -4x7xk=0 mk:i?:k:z
28 4
LEVEL-Z

EXAMPLE 9 Find the values of k for which the equation ¥ — 4y + k =0 has distinct real roots.
SOLUTION The givenequationis y2 _ 4y k=0.Here,a=1,b=-4andc= k.
D=(4)?-4x1xk=16-4k
The given equation will have real and d istinct roots, if
D>0=16-4k> 0:16>4k::>4k<]6:=k<1—6=4
Hence, the given equation will have distinct roots, if k <4,
EXAMPLE 10 Determine the positive values of 'k’ for which the equation x? 4 ky 4 64 = 0 and

X -8x+k=0 will both have real roots. [CBSE 2016]
SOLUTION  Given equations are

X rkx+64=0 .. (i)
and, x2-8x+k=0 N (i)

Let D, and D, be the discriminants of equations (i) and (ii) respectively. Then,
Dy = k' ~4x64 = k* - 256 and, D, = (-8)* - 4k = 64 — 45

Both the equations will have real roots, if

D, 20and D, = ()

k* =256 20and 64 - 4k > 0

k* 2 256 and 64 > 4k

kz16(: k>0) and k<16

k=16
Hence, both the equations will have real roots, when k - 14
EXAMPLE 11 Find the values of k for which the given equation has req] rools:

) ke —6x-2=0 (i) 9c* +3kr44=0 (i) 522 gy yq_p

bu U
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SOLUTION (i) Wehave, kx? - 6x -2 = 0. Here, a = k.= =6 and¢ =-2
D= = dac =(-6) -4 xkx-2=736+8k

The given equation will have real roots, if

Dao0=36+8k20=8k2-36=2kz>-=2k2—
i
(ii) The given equation is 9% 4 3y + 4 = 0. Here,n =9, b=3kandc=4
" D-__b:"Jliil:ljk:—-]-w‘-]w.l.—l-)k-‘ 144
The given equation will have real roots, if
D=0
9k — 144 2 0

=

= 9(k* ~16) 2 0

= k2 -1620 [oab > Oanda > 0= b > 0]
= k<-4ork=4 P Vet 20= x < -aor,x 2 ]

(ii1) The given equation is 5y —kx + 1 =0, Her¢,a= 5 h=-kandc=1.

Db —dac= -k -4x5x1=k" -2
The given equation will have real roots, if

D=0
=3 k* 2020
= k < —J20 or, k = 20 i Vo >20=x<—-gorX 2 4]

EXAMPLE 12 If p, . r are real and p # 4, then show that the roots of the cquation

(p —q}.t: +5(p+q)y — 2(p - 1)

(0 are real and tnequal.

SOLUTION  The given equation is (p — ) Sy =2(p-q)=0.
Here, a=p—q.b=5(p+ grand c = -2(p —q)
Let D be the discriminant of the given equation. Then,
D=b*-4ac=25(p+ q,‘ll d{p-mx-2(p—4q)= 25(p + q]: +8(p ,”*’

We find that: 25 (p + q)° > Oand 8(p g)* =0 I p=ql
D=25(p+ :”1 + 8B(p 1}]: > ()

Hence, roots of the given equation are real and unequal,

EXAMPLE 13 Find the values of k for wlich the cquation x4 5kx o+ 16 = 0 has no real roots

SOLUTION  The given equation is w2 4 5kx + 16 = 0. Here,a=1,b=5kand c = 16.

The discriminant D of this equationis given by

D= 17 — dac = (5k) - 4x 1x 16 = 25k — 16
The given equation will have no real roots, it
[P <0

i 25k% ~ 64 < 0



440

".Hfrll'n-,.|._-_
e
- Eku_q
[ 5 <0
BN kz_%{(] ['.wr!r{[]m'idn}U:;hq]]
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'."'I,i,ﬂr i own DETERMINING OR PROVING THE NATURE OF THE ROOTS

EXAMPLE 14 Ifp, g, rand sare real nmbers such that pr=2(q+s), then show that at least app of
the cquations 2 4 PX+q=0and x* + ry+ s =0 has real roots.

SOLUTION  We have,

x* tpr+qg=0 il

:md, _"2 +rx+s= “i]
Let Dy and D, be the discriminants of equations (i) and (ii) respectively. Then,

D =,U': ~4q and D, =r* - 45

= Dl+Dz=P2*4f]'+"2—45=(P2+r2)~4(q+sj
- S pr o e N s _ jf_]

= Dy +D; =p* +v -4[?] {.pr 2{q+&)..q+5_.2r‘
= Dt+Dz=P3“'2'2PF=(P—r)220 [ (»~-r)* 2 0forall realp,r}
=5 At leastone of D, and D, is greater than or equal to zero
— At least one of the two equations has real roots.
EXAMPLE 15 If the roots ‘:‘f H’t; fﬁf“"’ifﬂ” ¥ +2ex 4 ab =0 are real unequal, prove that the
equation x* —2a + b)x + a® + B +26* = 0 has no real roots, [CBSE 2016]
SOLUTION  The two equations are

2+ 2x+ab=0 i)
and, - @+b)x+a” + PP +2% = (i)

Let D, and D, be the discriminants of equations (i) and (ii) respectively, Then,
D, =(2¢)* -4x1xab= 4 - dab = 4 (2 — ab)
and, Dy = [-2(a+ b)) =4 x1x(a® + b* +26%)

= D, =4(a+b) - Ha® + 17 + 2c%)
= D, = 4|a* +b% + 2ab - a* - 1* - 2%
= D, = 4(2ab - 2¢%) = -8(c* — ab)

Itis given that the roots of equation (i) are real and unequal. Therefore,
D, >0
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= 4(ct —ab)>0
= ¢ —ab >0
=5 ~8(2-ab) <0
= D, <0
=5 Roots of equations (ii) are not real.

EXAMPLE 16 Prove that the equation x*(a” + %) + 2x (ac + bd) +(c2 +d*) = 0 has no real root,
if ad # be.

SOLUTION Let D be the discriminant of the equation (0> + b)Y x%+ 2x (ac+ bd) + (c2+d*)=0.

Then,
D = 4 (ac + bd)* — Ha” + b*)(c* + d*)
=5 D = 4[(ac + bd)* — (@ + b*) (¢ + d°)]
= D =4[ + bAd® + 2ac bd — i3 — @ — b’ — b7d”)
=5 D = 4[2ac bd —a*d* - b°c’] = —4[a*d* + b c” — 2ad be] = —4 (ad — be)®

It is given that ad = bc.

ad-bc=0 = (ad - be)y =0 = —4ad - ) <0=D<0

Hence, the given equation has no real roots.

LEVEL-1

|. Determine the nature of the roots of the following quadratic equations:

EXERCISE 4.6

(i) 232 - 3x + 5 =0 INCERT] (i) 227 —6x+3=0 [NCERT]
3 5 2 . ) T :
(i) E.‘-:' -=x+1=0 (iv) 3x- - 43x+4=0 INCERT]
(v) 322 -2J6x+2=0
7. Find the values of k for which the roots are real and equal in each of the following
equations:
(i) kx? +4x+1=0 (i) k2 -2V5x+4=0

(V) 4y +kx+9=0
(vi) 9a? —24x +k =0
(viii) x? =2(5+2k)x+3(7+10k)=10

(iii) 3x* —5x+2k =0
(V) 2kx? —d0x+25=0
(vii) 4x* -3kv+1=0
(ix) Gk+1)x*+2(k+Dx+k=0 (X) kx? +kr+1=—4x" —x
(xi) (k+1)2* +2(k+)x+(k+8)=0  (xi) W2+ 7k-12=0
(xiii) (k+1)x°> =23k + Dy +8k+1=0 (xiv) 5x? - dx 424 k(47 -2x - 1) = 0
d-K) 2+ @+ Hx+@+1)=0 D) (2k+1) v +2(k+3) x+(k+5)=0
(xviii) 43" —2(k+Dx+(k+1)=0
[CBSE 2017]

(xv)

(xvii) 43> ~2(k+ Dy +(k+4)=0
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3. Inthe following, dete
has real roots:

W 23 4354k=0 () 22 exvk=0 (i) 22 5x-k=0
V) ke v 6x41=0
4. Find the valyes of k for

rmine the set of values of k for which the given quadratic equation

V) 3 4 2v+k =0
which the following equations have real and equal roots:

B 2 ~2(k+ 1)y 442 0 [CBSE 2001 ¢, 2013]
(W) Kx®-2(k ~1)y44=0 [CBSE 2001 ¢
W) (k+1)x® - 20k-N)x+1=0 [CBSE 2002 ¢

(iv) X + k(v +k - D+2=0

[CBSE 2017
5. Find the value

s ofk for which the following equations have real roo ts

M 2 4 kx+3-0  [NCERT] (i) kx(x-2)+6=0 INCERT, 2013
(i) v* —dkv + k=0 [CBSE2012] (V) kr(x-2J5)+10 =0 [CBSE 2013
V) kx(x-3)+9=0 |CBSE 2014 (vi) 4x? +kx43=0 [CBSE 2014
6. Find the values of k for which the given quadratic equation has real and distinct roots:
) kvl 42v+1=0 (1) k' +br+1=

~]

For what value of k, (4 -k)x® + (2% + Hx+Bk+1) =0, isa perfect square,

Find the least positive value of k for which the equation * + kv 4+ 4 = hasreal roots,

s =

Find the values of k for which the quadratic equation

Gk+1)a? +2(k + 1) x +1 = 0 has
equal roots. Also, find the roots.

[CBSE 2014]

10. Find the values of p for which the equadratic

equation (2p+1) y2- (7p+2) x+(7p-3)=0
has equal roots, Also, find these roots,

[CBSE 2014]

1. 1f -5is a root of the quadratic equation 24 + px =15 = 0 and the quadratic equation
P (x**+ x) + k = 0 has equal roots, find the value of . [CBSE 2014]

12 1F 2 is a root of the quadratic equation 3x* + py -8 = 0 and the quadratic equation

4v* — 2px + k = 0 hasequal roots, find the value of k. [CBSE 2014]

3¢ If 1is a root of the quadratic equation 3x? 4+ gy -2

=0 and the quadratic equation
a(x? +6x)=b =0 has equal roots, find the value of b,

]-}f Find the value of p for which thequadraticequaﬁon(p+1}r’-5[p+1}x+3{p+q):ﬂ} p# -1
has equal roots. Hence, find the roots of the equation. [CBSE 2015]
15. Determine the nature of the roots of the f ollowing quadratic equations:
(1) (x = 2a)(x - 2b) = 4ab (1) 940 - 24abedy + 160242 =0,a#0,b20
(iii) 2(a® +b?) 22 +2(@+b)x+1=0 @ (b+cn? ~(@+b+e)x+a=0

16. Determine the set of values of k for which the following quadratic equations h
roots:

() ¥ ~kx+9=0 () 202 s kry229g
(iii) 4x* - 3%kx+1=0 @ 202 4 py g 0
It the roots of the equation (b—¢) v* + (¢ - a) x + (a - b) = 0 are equal, then prove that
db=a+c. ICBSE 2002 C|

ave real

8]

(8]

b

LY
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18. If thE{l:'OOtS of the equation (a* + b*) x* — 2(ac + bd)x + (c2 +d*) =0 are equal, prove that
L [CBSE 2017]
b d
1?/If the roots of the equations ax® + 2bx +¢ = 0 and by — 2Jacx + b =0 are simulta-
neously real, then prove that b* = ac. 5
20. If p, g arereal and p # g, thenshow that the roots of the equation )
(p-q W +5 (p+q)x—2p—q)=0are real and unequal.
51, If the roots of the equation (c* = ab)x* ~2(a® = be) x + b* — ac = 0 areequal, prove that !
cithera=0or a® + b° + ¢ = 3abe.
52, Show that the equation 2 (a* + b*) x* +2(a+b)x +1=0 hasno real roots, when a = b.
wove that both the roots of the equation (x — a)(x - BY + (x = b)(x —¢) Hx —c)x — ) =0
are real but they are equal only when a = b = ¢. >
If a, b, ¢ are real numbers such that ac # 0, then show that at least one of the equations !
ax® +bx +¢ =0and - ax? + bx + ¢ = 0 has real roots.
25. If the equation (1+m?)x® +2mex + (¢ - #?)=0 has equal roots, prove that
& = a*(1 + ). [CBSE 2017]
e — e : . ANSWERS
1. (i) Notreal (ii) Real and distinct (iii) Notreal _
(iv) Real and equal (v) Real and equal !
2. () k=4 @) k=2 (iii) k= 2 {
_ 4 T
(iv) k=+12 v) k=8 (vi) k=16
(vil) k = i% (viil) k = 2,% (ix) k= :21,1 :i,
*) k=5-3 () k= (xii) k = 4,3
(xiii) k= 0,3 (xiv) k=—§,1 (xv) k=0,3
(xvi) k= :5_“::2_"{4—1 (xvii) k=-3,-7 (xviii) k=-1,3
. 9 " 1 i
3. (i) kgg (ii) kf_:-é (iii) k>——2§ (iv) k<9
; -1 - 1
4. (i) k=? (i) k:z (iii) k=0,3 [1\"} k=2
5. () k=+2V6 (ii) k=6 (i) k=0,%
(iv) k=2 (v) k=4 (vi) k=+4+3
6-(” k<](ﬁ)k{9 ?.k=0,3 8. k=4
1 4 5
9. k=0.1:x=-1 —— 10. p=4,-—;x==,7 . s -
k=0,1; x=-1, 5 P - 3 1. k=2 12.1 13. -9
M p=3:x=3 15. (i) Real and distinct  (ii) Real and equal
(iii) Not real (iv) Real and unequal
) > e 3 1
16. () k< -6ork26 (i) k<-4ork24 (i) “‘5‘5‘“*25 (iv) ke R
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HINTS TO SELECTED PROBY gy

7. D=0 = (c-a —4(b-e)a-by=0

= e 4 al 4h* - 2q¢ - dab + dae —dbe = 0 = (c+a-2b)y =0 =s C+a-2h=

MITER Clearly, x = 1 satisfies the given equation. Since it has equal roots. So, both rogts are
equalto 1.
P i - : - b
roduct of the roots = 1 — = l = a-b=b-c= 2p= 54 ¢
=

19 Let Dy and D, be the discriminants of the bwo equations, Then,

D, =0and D, >h? = g p? ~4acz0and dac - 4b* > ()= p? 2acand ac 2 p? = )2 _ iic.

k| 3
21 Wehave, D= 4a(a® + 4% 4+ ¢ 3abc). For the roots to be equal, we must haye

D=0=da(a* +b* + ¢ - Jabc) =0 = qa = Oor,a* + b + 3 = 3abc

21 The givenequation is 3y - 2y (@ +b+¢)+(ab + be + ca) = 0. Let Dbeits discriminant,
Then,
D=4(a+b+c) -12(ab+ be + ca)
= D=4[@+b+c) ~3(ab+be + ca)]
= D=4+ b+ —ab - be - )
= D=2[20% + 20" + 2¢? - 2ab - 2bc - 2ca] = 2 (s =B +(b =) 4 (¢ - a)?
Clearly p> . IfD =0, then,

[r.'—!r]: +(!J—c}3 +{c—rr}|1 =U=~H—E’=ﬂ,h-c=0,r—-n:[}_

48 SOLUTIONS OF PROBLEMS INVOLVING QUADRATIC EQUATIONS

In this section, we will discuss some simple problems on practical applications of quadratic
equation. In this type of problems we first formulate a quadratic equation whose solution is a
solution of the given problem. Sometimes it may happen that, out of the roots of the quadratic
tquation only one has a meaning for the problem. Any root of the quadratic equation, which does
notsatisty thirconditinn of the problem will be rejected.

Inorder to solve this type of problems, we may use the following algorithm,

ALGORITHM

STEI | Translate the word problem into symbolic language and formudate He quadratic equation.
ST Solve the quadratic equation formed in Step |,

S Translate the solution into verbal language and reject the solution which does not have a

mearning for the problem.
8.1 APPLICATIONS OF QUADRATIC EQUATIONS FOR SOLVING PROBLEMS ON NUMBERS

In this section, we will discuss problems on numbers. Following examples will illustrate
the same.
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ILLUSTRATIVE EXAMPLES
LEVEL-1
EXAMPLE 1 The suni of the squares of two consecutioe statural mumibers is 313, Find the mmbers. ;
OLUTION  Let two consecutive natu ral numbers be v and x+ 1. Then, p
[Given]

X2 #(x+1)7 =313

2% +2x+1=313

2v +2x-312=0

W +x-156=10

v 4 13x-12x - 156 = 0 N P
v(x+13)—12(x +13) =0 o
(x +13)}(x-12)=0

v+13=0o0r,x-12=0 = X= 120r, x = -13

Since x, being a natural number, cannot be negative. Therefore, v = 12.
Hence, the two consecutive natural numbers are 12 and 13. |

gL Ui

3
FXAMPLE 2 The siom of two numbers is 15. If the sum of their reciprocals is 755 find the numbers.
|CBSE 2000, 2005]

SOLUTION Let the required numbers be x and 15-x. Then,

1 1 3
_-+ — —
x 15-x 10 y
15-x+x _ 3 bt
x(15-x) 10
15 3
= SR o S
x(15-x) 10
= 150 = 3x (15 —X)
=5 150 = 45x - 3x°
= > —-15x+50=0
= ¥2 =10x-5x+50=0
- r(x=10)=-5(x-10)=0
= (x-10)(x-5)=0
= ¥y-10=0o0r,x-5=0 = ¥x=10or,Xx=5

Hence, the two numbers are 10and 5.
EXAMPLE 3 The stom of a member and its reciproc
SOLUTION Let the required number be x. Then,

. 1 .
al is 2 — . Find the mumber.

=

X+ 1 2-1—

X 30

¥+ 1 61

= = —
X 30




] H

Jl“'l :.I'I "]I

Wiy By W) §]

L or - 25v + W =

bxY 5y - A) 5(5y ) =10

(Fy 3 (54 6G)=(

= _ 5
OX-3=00r,5x-6=0 = \ or, X =
| 5

“l‘rh'l'

the required number is 5 /6 or.6/5
EXANMPLT 3§ | il ,III_'II'.l;“_ulllr'|ll|l?|i'|l'!-. stich f,l'h;”
of the snaller part by 164

SOLUTI | Y]

Let the larger part be x, Then, the
By |'|\|H'||1|'&

15, we have

2y (16 - x)* 4 164

2 —(16-x -164 = 0
v+ 32 420 = ()

X+ 42)(x -10) =0

v 20r,x =10

i 1}

Hence, the required partsare 10 and 6.

EXAMPLE The sum of the squares of too positi
number is 18 times the smaller muom

er, find the numbers.
SOLUTION

Let the smaller number be x. Then,
Square of larger number = 18
\lso, Syquare of the smaller number = X2

[tis given that the sum of the square of the integers is 208

v + 18y 208
v" + 18y - 208 = 0
ve 4 b Sx-208 =0

(A +26)(x-8)=0 = x=8 y- -2f

But l]u-m:in!wr-.‘ui‘e.-pu:wh'.a‘ Theretore, x=8

Square of the larger number = 18y = 18« § — 14

Largernumber = 144 = 12
Hence, the numbers areSand 12,

ENAMPLE o The difference of the squares of two numbers is 45, The <,
* limes the larger number. Determine the monbers.
SULUTION  Let the larger number be x. Then,

Square of the smaller number = 4y
Also,

Square of the larger number = 12

wice the square of the larger part exceed

smaller part = 16 -

' 199 P ariran IQ
L IHLEEETSs 15 28

5 ”h"-.ll.'.l

X.

X =-42 15 not pns"r:ii'tlu]

If the square of the larger

juareof the sialler number is

iy

yL-

Herx

frors:

SOL

and

]
¥

bl
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Itis given that the difference of the squares of the numbers is 45.
> -4x =45
= .1'1 —4x - *]-'_:J =
= 2 —-9x+5x—-45=10
— F(x=ND+5(x=-9)=0
—3 (x=9N{x+5=0
- vy—9=00r,x+5=0 = x=9,-5
CASE | When ¥ = 9: In this case, we have
Square of the smaller number = 4x =306
. Smaller number = + 6.
Thus, the numbers are 9, 6 or 9, -6
el 1l When x=="5; Inthis case, we have
Square of the smaller number = 41 = — 20. But, square of a number is always

positive. Therefore, x = - 5 is not possible.
Hence, the numbers are 9, 6 or 9, - 6.
EXAMPLE 7 A two digit mumber is such that the product of its digitsis 18. When 63 is subtracted
from the mumber, the digits interchange their places. Find the nuniber.

18

SOLUTION Let the tens digit be x. Then, the units digits = —- [CBSE 2006C]
' X

8
Number = 10x + L
=
18
and, Number obtained by interchanging the digits = 10> ==+
(105+2)-(10x 2 1x) -
x X j
= 1{11'+E—Lag—x:ﬁ3
X X
— Ox - e 63 =0
X
= 9x* — 63x — 162 =0
= x2-7x-18=0
= (x=-N@x+2)=0 = x=9or,x=-2

: 18
But, a digit can never be negative. 50, X = 9. Hence, the required number = 10 x 9 + - = 92,

o is such that the product of the digits s 14. When 45 is added to the

EXAMPLE 8 A two ;ﬁgifnum!n
ind the number.

mumber, then the digits are reversed. F
14

*

SOLUTION  Let the tens digit be x. Then, units digit = :

14
Number = 10x + —
X .
; .. 14
and, Number formed by reversing the digits = 10 x = +X

l‘IJ

4‘——_4



B F\'-
14 N y
10 45 = 10 14 kX [Giver o,
1 \ iy I|I Jf.' ]
10y + 12 + 45 = 40 | \ s¢
1 v
26
Ux | i =1 -
»
Ly =1 — 17
\ 15y - 126 = 0 It
" +5x =14 =0
¥ 4 7x -0~ 14=0 2
H+7Wx-2)=0 = Y=-70,x=2 = y=7
Hence g , ].'-l e —
ence, the required number - 10x24+— =97 H
F
LE 9 Find twe L'{'JH_‘-'l'L'H”f'I.'U:hf;Jf?:';l'lh'-l'l'I.FIfL'l\'i'F'.{, sum of whose squares js 29().
_ . NCERT, CBS| 20141 F
SOLUTION Il.-st_.t' be an odd positive integer. Then, an odd positive integer just greater than
Vis X+ 2. Itis given that =
X+ (v+2)P =290 .
e T 2490
2x* + 4x - 286 = 0
> ! +2r-143 =0 5
= ¥ 4 13x - 11y - 143 =
, = X(v+13)=11(x+13) =0 E
' = (x+13)(x=11) =0 .
, > v-11=1D J-.- x>0 . x+1320]
| =N vo=11 E
Hence, required integers are 11 and 13, .
LE‘VEL—?_] F
A If the sum of first n even natural niembers is 420, find the value of n. =
SOLUTION  We have, ’ 1
2+4+6+8+...tonterms = 420
- Z[2x 2+ (n-1)x 2] = 420 <
5 n2+n-1)= 420 3
n(n+1) = 420 g
= n? 4 n-420=0 ]
n* o+ 21n - 20m - 420 = 0 i
= nin+21)-20(n+21)=0 1;
= (n+21)(n-20)=0
= n=20,-21 = n=20 N is a natural number . 1 > 0] I
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fraction and its reciprocal is 2 _ﬁ’ find the fraction.
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IXAMPLE 11 Tht’:fmmm'fmmrqr'nfrm'n'uui:;nm*mm'ymm:!nvm?!h:*mmwmfcn: If the sun of the
[CBSE 2016]

SOLUTION  Let the numerator of the fraction be x. Then,

Denominator = 21 + 1 [Given]
% . 2y + 1
Fraction = el = Reciprocal of the fraction =
x4 P
L. : ) . ) 16
It is given that the sum of the fraction and its rcnpmcal is E-i.

X 2x+1 EE
2y +1 X 21

V4 (x+1)° 58
= Y(2x + 1) 21

5y + 4x +1 _ 38

= 8 =

2"+ X 21
= 21 (5x2 + dx + 1) = 58 (2x* + x)
= 105x2 + 84x + 21 = 116x% + 58x
N 11x> = 26x-21=0
= 11x2 -33x+7x-21=0
= MNx(x-3)+7(x-3)=0
= Mx+7)(x-3)=0

¥
=5 x=3,- ﬁ =5 ¥ =3 [ x is a natural number .. x > 0]
Hence, fraction = e E
2x+1 7

EXAMPLE 12 A two-digit mumber is four times the sum and three times the product of its digits.
Find the number. [CBSE 2016]

SOLUTION Let thedigits at tens and units place of the number be x and y respecti vely. Then,

Number = 10x + y
It is given that
Number = 4 x Sum of the digits. Also, Number = 3 x Product of digits

= 10x+y=4(x+yland 10x+y = 3xy

= 6x — 3y = Dand 10x + y = 3y

= y=2xand 10x + ¥ = 3xy

= 10x + 2x = 3xx 2v [On eliminating ]
= 6x> —12x =0

=

bx(x=2)=0 = ¥= Qor,x =2
Since the given number is a two-digit number. So, its tens digit cannot be zero.

B e [y = 2x]
Hence, required number = W0 +y=10x2+4=24

s
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EXAMPLE 13 H'Hn'sumci_fn‘::mw:wmz-mfdnumrm'mmrh-r.-as.&:rrm;.;.fmm 31548, find the

gy
ofn.
SOLUTION - We have,
3+5+¢749 t o ton terms = 48

= :lz X3+ (n=1)x 2| = 48 Using:5ﬂ=%{2a+(n—]]d: where =3 and d=2
— H["I-”-]}::EIH

— n® & 2 - 48 = ()

= v 8 - bn - 48 =

=5 nln+H}—ﬁ{H+B}=U

= n+8)(n-6)=0

— n=-80r,n=6 = n=6 [

LEVEL-3

EXAMPLL 14 One-fourth of a herd of camels was seen in the forest. Twice the square root of the hevd

had gore to mowntains and fhe remaining 15 camels were seen on the bank of a river. Find the total
mimber of camels,

SOLUTION  Let the total number of camels be v Then,

. by
Number of camels seenin the forest = 7

Number of camels £one to mountains = 2,y
Number of camels on the bank of river = 15

Total number of camels = X + 2Jx + 15

4
By hy pothesis, we have

:}+2J_’T’+15-—:I

= v - 8Jx - 60 =0
= Ryl—Sy—ﬁﬂzﬂ,wherer=_u2
= 3y - 18y + 10y -60 =0
= 3y (v-6)+10(y-6) =0
= (3y + 10)(y - 6) = 0
10

= ,if:ﬁnr,y:—a-
i, ”='¥:”“{'%]:l? [ x = i)
But, the number of camels cannot be a fraction.

y=ﬁ::>x=6::36 Fox = )

Hence, the number of camels = 36.




- - ')
pnAMPLE 15 O Gil! Ontota group of swans, 5 {imes the square root

on the shore of a tank. The o renaining ones are playing, with amorous frg

B

'-_i "u" 1Y ' Ik

-

of the number are playng

joht, i Hie water. What 15

the total muntber of swans?
cOLUTION  Let the total number of swans be v, Then,

Number of swans playing on the shore of the tank = -zu"x

Itis given that there are two remaining swans.

4

g o 4 U

U

p—

=

.‘r—-z [x +2
- ZJJ =2 =)

7
_t_a": = if = 2 =0, where .1;3 =X

2_|,r: ~-7y—-4=10

2_1;: ~-8y+y—4=0
2y -+ y-4=0
(y—4)(2y+1)=0

Il

1
y=4dor,y = 5

r
y=4 |_ y= —-% is not possible—‘

1'=yz_—.43=1(1

Hence, the total number of swans is 16.

Lad el =

b

U

~]

10.

11.

EXERCISE 4.7

| LEVEL-1

Find two consecutive numbers whose squares have the sum 85. [CBSE 2000}
Divide 29 into two parts so that the sum of the squares of the parts is425.

Two squares have sides yemand (v +4) cm. The sum of their areas is 656 cm-. Find the
sides of the squares.
The sum of two numbers is 48 and theirproduct is 432. Find the numbers.

If an integer is added to its square, the sum is 90. Find the integer with the help of

quadratic equation.
Find the whole number whic
of the number.

Find two consecutive
The sum of the square

h when decreased by 20 is equal to 69 times the reciprocal

natural numbers whose productis 20.
s of two consecutive odd positive integers is 394. Find them.
|CBSE 2009, 2017]

The sum of two numbers is 8 and 15 times the sum of their reciprocals is also 8. Find the

numbers.
The sum of a number and its
The sum of a number and its square

positive square root is 6/25. Find the number.
is 63 /4, find the numbers.




16y

17.
18,
9.
20.
21

79

26.

2N
28)

29,

30.

». The difference of two natural numbers is 3 and the difference of their reciprocals is —

There are three consecutive in tegers such that the square of the first iNcreased by the
product of the other tw gives 154, What are the integers?

- The product of two successive integral multiples of 5 is 300, Determine the Multiples,
- The sum of the Squares of two numbers is 233 and oneof the numbers is 3 less than, twice

the other number, Find the numbers,

Find the consecutive even in tegers whose squares have the sum 340

The difference of two numbers is 4. If the difference of thejr reciprocals is ;i find the
numbers, CBSF 2pos
Find two natural numbers which differ by 3 and whose squares have the sum 117
The sum of the squares of three consecutive na tural numbers is 149, Fj nd the Numbpers.
The sum of two numbers is 16. The sum of their reciprocalsis 1/3. Find the numbers,

| r » ¥
ICHBS] Hin

Determine two consecutive multiples of 3 whose product is 270,

- The sum of a number and its reciprocalis 17/4. Find the number.
- A two-digit number is such that the product of its digits is 8. When 18 issubtracted from

the number, the digits interchange their places. Find the number.

A two-digit number is such that the product of the digits is 12. When 36 is added to the
number the digits interchange their places. Determine the number,

- A two-digit number is such that the product of the digits is 16. When 54 is subtracted

from the number, the digits are interchanged. Find the number,

- Two numbers differ by 3and their productis 504. Find the numbers. |51 2000

Two numbers differ by 4and their product is 192. Find the numbers.  [CBST 2000
A twodigit number is 4 times the sum of its digits and twice the product of its digits. Find
the number.

The difference of the squares of two positive integers is 180, The square of the smaller

number is 8 times the larger, find the numbers, [CBSE 2014
The sum of two numbers is 18. The sum of their reciprocalsis 1/4. Find the numbers.
|CBSE 2005]

it y 1 1.
The sum of two numbers aand bis 15, and the sum of their reciprocals — and 5 i 3/10.
a il

Find the numbers aand b. [CBSE 2005]

. The sum of two numbers is 9. The sum of their reciprocalsis 1/2. Find the numbers,

[CBSE 2012]
Three consecutive positive integers are such that the sum of the square of the first and the
product of other two is 46, find the integers. [CBSE 2010
The difference of squares of two numbers is 88. If the larger number is 5 less than twice
the smaller number, then find the two numbers, [CBSE 2010}

- The difference of squares of two numbers is 180, The Square of the smaller number is 8

times the larger number. Find two numbers. INCERT]
Find two consecutive odd positive integers, sum of whose squares s 970 ICBSF 2014]
3
287
Find the numbers. . _ _ [CBSE 2014
The sum of the squares of two consecutive odd numbers s 394. Find the ny mbers.

[CBSE 2014)
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multiples.
|CBSE 2014]

numbers.
[CBSE 2014]

nominator. If 2 is added to both the
new fraction and the original

[CBSE 2015]

35 Thesum of the squares of two consecutive multiples of 7is 637, Find the
39. The sum of the squares of two consecutive even numbers is 340. Find the

10. The numerator of a fraction is 3 less than the de
numerator and the denominator, then the sum of the

fraction is 2 Find the original fraction.
to thrice of § more than

41. Find a natural number whose square diminished by 84 is equal
[NCERT EXEMPLAR]

the given number. .
42. A natural number when increased by 84 equals 160 times its reciprocal. Find the
number. INCERT FXEMPLAR]
e —— e ANSWERS
1. 6,70r—6,-7 2. 13,16 3. 16cm,20cm 4. 36,12
5. -10,9 6. 23 7. 4,5 8 13,15
1 7 9
9. 3,5 10. — 1L o3 12. 8,9,10
25 2 2
13. 15,200r-20,-15 14, 8,13 15. 12,14
16. 7,30r-3,-7 17 +6;9 18. 6,7,8 19. 4,12
1
20. 15,18 21. 401'1 22. 42 23. 26
24. 82 25. 21,24, 0r-24,-21 26.12, 16, or—16,-12
27. 36 28. 8,12 29. 12,6
30. n=5,b=1ﬂoru=10,b-——5 31. 3,6 32. 4,5,6
as. 13,9 34, 18,12;18,-12 35. 21,23 36. 7,4
37. 13,15 38, 14,21 3. 12,14 10. 1%
41. 12 4. 8

= . —~ HINTS TO SELECTED PROBLEMS
1. Let the natural numbers be x and x + 1. Then, by hypothesis, we have
2 4(x+1)7 =8
2. Let the two parts be vand 29 -x. Then, by hypothesis, we have
12 4+ (29— x)* = 425.
4. Let the numbers be x and 48 - x. Then, by using the given condition, we have
x (48 — x) = 432.
5. Wehave, x+x2 =0 = +x-90=0=(x+10)(x-9) =0
6. Let the whole number be x. Itis given that

1
(x —20) = ﬁ(}[;) = 2 -20x-69=0= (x-23)(x+3)=0= x=23,-3.

7. Let the numbers be xand x + 1. It is given that
r(x+1) =202 +x-20=0
8 Let the consecutive odd positive integers be 2x — 1 and 2x + 1. Then,
L @x—12 +(x+ 1) =394 = Bx? +2=30 = 4x* =392 =2 x=6
9. Let the numbersbex and 8 - x. Itis given that

s
b
I
e
v
f
/
|
ket
¢
'y
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]5[._1_ ;--—-l_._.]:s—_-;.ﬁ: 1‘{8=r}:::- 1'2-81'+1’:I=U
¥ 8-y - bl o
10. Let the number be y. [y IS given that

6

RENX - B >V +y=6/25 where v = y* = 25,7 4 251 - 6 = 0,

11. Let the number be x. Itis giventhat: y + 12 — 63

12. Let the integers be Y, ¥+ land x+2 Then, 42 + (X + 1) (x+2) =154,
13. Let the successive multiples of 5 be 5 and 5 (¥ +1). Then,
S5 (x4 1) = 300 — 2= 4y 12 =0

14. Letone number be ¢ Then, other number = 2y =3, Itisgiven that: 1 + (2x - 3)* = 233,
15, Let t1he consec lLtive even integers be 2vand 2x + 2; Then, by hypothesis
(20)7 +(2v +2)? = 340 = 832 , 8v-33%6=0=+yv-4-
17. Let the numbers be Xand x-3.Then, * + (x~3P < 117
18. Let the numbers e Y,x+landx+2 Then, 12 - (x+ 1) + (v + 2)* =149,
19. Let the two parts be x and 57-x.Then, x (57 - x) = 782,
20. Let the required numbers be 3y and 3x + 3. Then, (3x)(3x + 3) = 270

4.8.2 APPLICATIONS OF QUADRATIC EQUATIONS FOR SOLVING PROBLEMS ON TIME
AND DISTANCE

For solving problems on time and distance, we use the fc:-llnwing formulae:

Distance Distance
- , Time = —omance
Spesd Time ' ¢ Speed
Following example will illustrate the same.,
ILLUSTRATIVE EXAMPLES

EXAMPLE 1 A brain travels a distance of 300 km at constant speed. If the speed of the traim is
increased by 5 km an hour, the journey would have taken 2 hoyrs less. Find the original speed of the
tramn,

SOLUTION  Let x km/hr be the constant speed of the train. Then,

Time taken to cover 300 km - e hrs. -
Time taken to cover 300 km when the speed is increased by 5 km /hr = 12 hours.

Itis given that the time to cover 300 km is reduced by 2 hours.

300 300 _
—
)
= 232 4 10x = 1500
= ¥ 45y =750 =0 )
= x? +30x - 25v-750 = 0 /
= v(x+30)-25(x+30)=0
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= (x+30)(x-25)=0 = x=250r,x=-30.
But, x cannot be negative. Therefore, ¥ = 25.
Hence, the original speed of the train is 25 km/hr.
EXAMPLE 2 The speed of a boat in still water 1s 15 km/hr. It can go 30 ki upstream and retirn
downstream to the original point in4 howrs 30 minutes. Find the speed of the strean.
|CBSE 2017]
SOLUTION  Let the speed of the stream be v km/hr. Then,
Speed downstream = (15 + x) km/hr.

Speed upstream = (15 - x) km /hr.

Time taken by the boat to go 30 km upstream = 30 hours.
I5-%
; 30
Time taken by the boat to return 30 km downstream “ e
point in 4 hours 30 minutes

hours.

It is given that the boat returns to the same
30 30

—+

15-x 15+x

30015+ x)+30(15-x) _ 9

9
2

o |
(15 + x)(15 - x) 2
s 450 + 30x + 450 - 30x ?_
225 — x° 2
900 9
= _— =
225 — x= 2
= 9(225 — x*) = 1800
= 295 _32 =200 => x*=25 => x=4%D5

But, the speed of the stream can never be negative.
Hence, the speed of the stream is 5 km/hr.
EXAMPLE 3 A fast train takes 3 hours less than a slow train for a journey of 600 km. If the speed of the
slow train is 10 km/hr less than that of the fast train, find the speeds of the two trains.
SOLUTION Let the speed of the slow train be x km /hr. Then, speed of the fast train is
(x + 10) km/hr.

600

Time taken by the slow train to cover 600 km = — hrs
X
600

x+ 10

hrs

Time taken by the fast train to cover 600 km =

@ B 600 |
X 1+ 10

600 (x + 10) = 600x _ 3
x(x+10)

6000
x% o+ 10x
3 (x* + 10x) = 6000
v2 4 10x — 2000 =0
+2 4+ 50 — 40x — 2000 = 0
x (x + 50) — 40 (x +50) = 0

U

=3

gy U U
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(v + 50)(x - 40) = 0
_1,'_—-~E"n{l(|]“l.'==li-:l:':.'~.'t'=4(}
Hence, the speeds of two trains are 40 km/hr and 50 km/hr. R, e

EXAMPLE 4 | v ;
A plang left 30 minutes later than the schedule time and in order 1o reacl i
aen its

ifrﬁfr'ri'rmclll 1500 ki aweday 1 ' ' '
& : Yo time it has to increase its spee 50 k fr '
speed. Find its tsual speed. increase its spe d !’3*' 250 kin/hn from it Hstial

—
=

SOLUTION  Let the usual speed of the plane be x km /hr. Then, e
Time taken to cover 1500 km with the usual speed = __]5[}[11“5
X
Time taken to cover 1500 km with the speed of (x +250)km /hr — 1200
1500 1500 1 RS
e — -
X X+250 2
__:\ 1500 1500 1
Y x+250 2
- 1500x + 1500 x 250 - 1500x 1
(v o+ 250) - E
~ 15‘[]{] x 250 1
X7+ 250x 2
= 750000 = +* + 250x
= ¥* + 250 x - 750000 = 0
= x? + 1000x - 750x — 750000 = 0
= X (x + 1000) - 750 (x + 1000) = 0
=> (x + 1000)(x = 750) = 0
= rx=-10000r,x =750 = x=750 [ speed cannot be negative)
Hence, the usual speed of the plane is 750 km /hr.

PXAMIPLL 5 Ina flight of 600 ki, a aircraft was slowed down due to bad weather. Its average speed
Jor the trip was reduced by 200 km/hr and the time of flight increased by 30 minutes. i ; the
duration of flight. ' T
SOLUTION  Let the original speed of the aircraft be x km /hr. Then,

New speed = (x-200) km/hr,

Duration of flight at original speed = (@Jhr
£
: - 600
Duration of flight at reduced speed = (I 200Jhr

x-200 x 2

600 600 1

. 600x — 600 (x —200) _ 1
= v (x - 200) 2
120000 ]

= —_—
v -200r 2
=5 2 = 200x - 240000 = 0

e . . .., LTITON
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= x? — 600x + 400x — 240000 = 0

— x (x — 600) + 400 (x — 600) = 0

= (x — 600)(x + 400) =0

= x—-600=0or x+400 =0

= x = 600 0r, x = —400 = x = 600 [ x cannot be negative]
o, the original speed of the aircraft was 600 km /hr.

Hence, Duration of flight = ( L ]hr = {%Jhr =1hr
X

LEVEL-2

EXAMPLE 6  Swati can row her boat at a speed of 5 km/hr in still water. If it takes her 1 hour more
to row the boat 5.25 km upstream than to return downstream, find the speed of the stream.
SOLUTION Let the speed of the stream be x km/hr.

Speed of the boat upstream = (5-x)km/hr.
Speed of the boat downstream = (5+ x)km/hr.

®

-X

hours.

Time taken for going 5.25 km upstream = 5
+ X
Obviously, time taken for going 5.25 km upstream is more than the time taken for going

5.25 km. downstream.
Itis given that the time taken for going 5.25 km. ups

for going 5.25 downstream.
525 525 _ 1
5-x b5+x

= 5.25{ e |

5—x 5+«

_21 S+x-=5+x | _ |

4 |(5G-x)(5+x)

21 2x

Ei =i

4 25-2°

hours.

Time taken for going 5.25 km downstream = =

tream is 1 hour more than the time taken

=1

U

Y
J

2x? +21x-50=0

2¢2 + 25x —4x-50=0
x(2x +25)-2(2x+25) =0
{2.1’+25}(I—2]=ﬂ

, 25
.t'-2=0,2.r+25=0 - x=2 [-'I‘*-‘:—Z*asxbﬂ]
Hence, the speed of the streamiis 2 km/hr.

R R AR

U

[ A
\
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EXAMPLE 7 Two trains leave o raflway station al the same time. The first train travels de
the second train due north, The first tram travels 5 km/r faster than the second train, |f
lours, they are 50 ki apart, find the average speed of each train. '
SOLUTION  Let the speed of the second train be xkm/hr. Then, the speed of the fir«f train i
(x+5) km/hr, '
Let O be the position of the railway station from which the two trains leave.
Distance travelled by the first trainin 2 hours = OA= 5peed x Time
=2(x+5)km

Distance travelled by the second train in2hours = OB = Speed x Time = 2v km
By using pythagoras theorem, we have,

_i"\f and
dfter iy

> 5 {N

AB” = OA® + OB?
= 507 = [2x + 5)2 + (24
= 2500 = 4 (x + 5)* + 452 5
- Bx® + 40x - 2400 = ( &
=% .1'2+5.1'-—3D(]={] S
=5 x* 4+ 200 — 157 - 300 = 0 i e |
— X (v +20)=15(x +20) = 0 W A 0 E
= (x+20)(x-15) =0
= Y==200r1x=15
= x=15 [+ x cannot be negative| 5
Hence, the speed of the second trainis 15 km/hr and, the speed Fig. 4.1

of the first train is 20 km/hr.

s — —— EXERCISE 4.8

1. The speed of a boat in still water is 8 km/hr It can g0 15 km upstream and 22 km
downstream in 5 hours. Find the speed of the stream.

A train, travelling at a uniform speed for 360 km, would have taken 48 minutes less to
travel the same distance if its speed were 5 km /hr more. Find the original speed of the
train. INCERT EXEMPLAR)

A fast train takes one hour less than a slow train fora journey of 200 km. If the speed of '
the slow train is 10 km /hr less than that of the fast train, find the speed of the two trains.
1. A passenger train takes one hour less for ajourney of 150 km if its speed is increased by

5km/hr from its usual speed. Find the usual speed of the train.
5. The time taken by a person to cover 150 km was 2.5 hrs more than the time taken in the

return journey. If he returned ata speed of 10 km/hr more than the speed of going, what
was the speed per hour in each direction?

6. A plane left 40 minutes late due to bad weather and in order to reach its destination,
1600 km away in time, it had to increase its speed by 400 km /hr from its usual speed.
Find the usual speed of the plane. [CBSE 2018]

7. Anaeroplane takes 1 hour less for a journey of 1200 km if its speed is increased by 100
km /hr from its usual speed. Find its usual speed.

8. Atrain travels ata certain average speed for a distance 63 km and then travels a distance
of 72km at an average speed of 6 km/hr more than the original speed. If it takes 3 hours
to complete total journey, whatis its original asverage speed?

[NCERT EXEMPLAR, CBSE 2018]

I

LY
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10.

]‘!

13.

—
LR TS I S

]

. 3km/hr

. 25km/hr
. 300 km/hr 8 42km/hr g, 45km/hr 10. 40 km/hr
. Speed of the passenger train =
. 500 km/hr 13, 500 km/hr 14. 6km/hr 15. 36 hours

A0ES -
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A train covers a distance of 90 km at a uniform speed. Had the speed been 15 km/hour
more, it would have taken 30 minutes less for the journey. Find the original speed of the
train. [CBSE 2006C |
A train travels 360 km at a uniform speed. If the spred had been km/hr more,
taken 1 hour less for the same journey. Find the speed of the train.

itwould have
INCERT]

An express train takes | hour less than a passenger train to travel 132 km between

Mysore and Bangalore (without taking into consideration the time they stop at
express trainis 1 1 km/hr more than

intermediate stations). If the a \-'uragu:-.pwd{=Hhe
INCERT]

that of the passenger train, find the average speeds of the two trains.
An aeroplane left 50 minutes later than its «cheduled time, and in order to reach the
destination, 1250 km away, in time, it had to increase its speed by 250 km /hr from its

usual speed. Find its usual speed. [CBSE 2010]

While boarding an acroplane, a passenger got hurt. The pilot showing promptness and
concern, made arrangements to hospitalise the injured and so the plane started late by
30 minutes to reach the destination, 1500 km away in time, the pilot increased the speed
by 100 km /hr. Find the original speed /hour of the plane. |CBSE 2013]
A motor boat whose speed in still water is 18 km/hr ta kes 1 hour more to go 24 km up
stream that to return down stream to the same spot. Find the speed of the stream.
[CBSE 2014, 2018]
ed. The number of hours taken for
d, in km/hour. Find the time
[CBSE 2017}

ANSWERS

A car moves a distance of 2592 km with uniform spe
the journey is one-half the number representing the spee
taken to cover the distance.

45 km/hr 3. 50 km/hr, 40 km/hr
20 km /hr, 30 km /hr 6, 800 km/hr

@ pe

33 km /hr, Speed of the express train = 44 km /hr

HINTS TO SELECTED PROBLEMS
Let the usual speed of the train be x km/hr. Then,
ifﬂ - ) =3=1200=x(x+10) = x* +10x-1200 = 0
¥ v+ 10
Let the speed of the fast trainbe x km /hr. Then, speed of slow train = (x—10) km Ar. Since, fast
train takes one hour less than a slow trainto cover 200 km.

200 200

o e e

=10 hY

150 150

Let the usual speed be v km./hr. Then, —
X x+5

= 1.

Let the speed in the upward journey be x km/hr. Then, the speed in the return journey =

(x +5) km/hr.
360 360

= ] %

by T+ 5
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8.3 APPLICATIONS OF QUADRATIC EQUATIONS FOR SOLVING PROBL EMS O

Ihe following Hustrations will illustrate the problems on ages.

{ Ay &

ILLUSTRATIVE EXAMPLES
LEVEL-1

Qe year A0, a man was 8 times as old as his son. Now his ageis equal to the Sre
of his son’s age. Find their present ages,

SOLUTION ~ Suppose, one yearago, son's age be x years.

Then, man's age one vear ago = 8x years.

'resent age of son = (x + 1) years and, Present ageof man= (8x + 1) vears,
Ox+1=(x+1)
£ B 0
XxX=-6)=0
Y=0o0r,x=6

INAMPIT

[Given]

rx==6 [

' Present age of son = (v + 1) years = 7 years.
and, Present age of man = (8 + 1) years = 49 years,
LAAMPLE = The product of Ramu's age (in years) five years ago
D years later 1s 15. Find Ramu's present age.
SOLUTION - Let Ramu's present age be x years. Then,

His age 5 years ago = (x - 5) vears.

His age 9 years later = (x +9) vears,
Itis given that the product of these agesis 15.
(x-5)(x+9) =15
v 44y -60=0
¥ 4+ 10x — 6x - 60 = 0
(x +10M)(x=6) =0
x=bor,x=-10
v # -10. Sp, v = 6.
Hence, Ramu's present age is 6 years,

- 8on’s age cannot be ()]

LU0y Uy

with his age (in years)

gU U Uu

bxasire s The sum of ages of a father and his son is 45 vears. Five years ago, the product of tHheir
ages (in years) was 124. Determine their present ages.

SOLUTION  Let the present age of father be x years. Then,
Son’s present age = (45 -x) yeras.
Five vears ago:
Father’s age = (x - 5) years
Son’s age = (45 - x - 5) years = (40 - x) years.
It is given that five years ago, the product of their ages was 124,
(x-5)(40 - x) = 124

= 40x — x* - 200 + 5v = 124
= vV -450+324=0
o VI —361r-9r+324=0

v(x-36)-9(x-36)=0
(x-9)(x-36)=0 = x=9,0r,x=36




1 ADR | B 441
when x = 36, we have
Father’s present age = 36 vears
Son’s present age =9 years
When x = 9, we have '
r Father’s present age =9 years /
Son’s present age = 36 vears )
4

Clearly, this is not possible.
Hence, Father’s present age = 36 years and Son’s presentage = 0 years.
. A L i

LEVEL-2

EXAMPLE 4 Seven years ago Varun's age ivas five times the square
Swati’s age will be two fifth of Varun s age. Find their present ages.

of Swafti's age. Three years hence
{CBSE 2006C]

SOLUTION Seven years ago, let Swati’s age be x years. Then, seven vears ago V arun’s age &
was 5x? years. e
Swati’s present age = (v + 7) years, Varun's present age = (517 +7) years
Three years hence, we have
Swati’s age = (x + 7 + 3) years = (v + 10) years
Varun's age = (5x% + 7 + 3) years = (53° + 10) years
. iy ; . 3
It is given that three years hence Swati’s age will be = of Varun's age.
2 .2 K
x+10 = = (5x= +10)
= x+10=2v" +4 !
= 2 -x-6=0
== 2x? —4x+3x—-6=0 J
= 2x(x-2)+3(x-2)=0 B
= (2x +3)(x-2)=0
=% x-2=0 [ 2v+3#0asx > 0]
— X =2

Hence, Swati’s present age = (2 + 7) years = 9 years
Varun's presentage = (5 9% years = 27 years
EXERCISE 4.9

LEVEL-1

1. Ashu is ¥ vears old while his mother Mrs Veena is x* years old. Five years hence Mrs
Veena will be three times old as Ashu. Find their present ages. )

% The sum of the ages of a man and his son is 45 years. Five years ago, the product of their
ages was four times the man’s age at the time. Find their present ages. '

3. The product of Shikha's age five years ago and her age 8 years later s 30, her age at both
times being given in years. Find her present age.

1. The productof Ramu's age (in years) five yearsago and his age (in years) nine years later
is 15, Determine Ramu’s present age.

5. 1s the following situation possible? If so, determine their present ages.
The sum of the ages of two friends is 20 years. Four years ago, the product of their ages in

years was 48. [NCERT]
b rlis twice as old as her sister. Four vears hence, the product of their ages (in years)
will be 160. Find their presentages. [CBSE 2010]

| 8 o




The sum of the reciprocals of Rehman's ages (inyears) 3 years ago and 5 Years from py,

i‘i I."J "i I‘jl]d h".; I."T'L"if.’n! I.'I.E;I.". N I Ik |

LEVEL-2
8. 1f Zeba were vounger by 5 vears than what she really is, then the square of her AL

years) would have been 11 more than 5 times heractual age. What is her age now?
' INCERT EXEMI I

Al present Asha's age (inyears) is 2 more than the square of her daughter Nisha '
When Nisha grows to

{in

age.
her mother’s present age, Asha’s age would be one vear less thap

10 imes the present age of Nisha. Find the present ages of both Asha and Nisha,
INCERT EXT MDY AR

» = ANSWERS
I Svears, 25years 2. 36 vears, Y years 3. 7 years 1. byears
5. No, h. 6years, 12 years 7. 7 years 8. 14 years
. Asha: 27 years, Nisha: 5 years

HINTS TO SELECTED PROBLEMS
L Let the present age of the man be x vears. Then, present age of his son is (45 - v) years.
Five years ago, man's age = (¥~ 3) years. Son’s age = (45 - - 5) years. '
(x-5)(45-x=-5) = 4(x-5)
i Let the present age be v years. Then, (x=3) (x+8)=30,
». Letthe present ages of two friends be 1 yearsand (20 - x) vears respectively.
According to the given condition, we have
(¥=d)(20-x-4) =48 = (x-4)(16 - v) = 48 — X -20x+112 = Q
Let D be the discriminant of this quadratic. Then,
D=400-448 =-48 <0
So, above equation does not have real roots. Hence, the given situation is not
possible,
7 Let his present age be x vears. Then,

| ]
=7 = [ G Y

+— —
¥Yr-3 x+5

4.8.4 APPLICATIONS OF QUADRATIC EQUATIONS FOR SOLVING PROBLEMS IN GEOMETRY
The following examples will illustrate the above application.

: ILLUSTRATIVE EXAMPLES

| LEVEL-1

ENAMPLE | The hypotenuse of right-angled triangle is 6 metres mope than twice the shortest side.
If the third side is 2 metres less than the hypotenuse, find the sides of the triangle,
SOLUTION - Let the length of the shortest side be ¥ metres, Then,

Hypotenuse = (2x + 6) metres
And, The third side = (2v + 6 - 2) metres = (2x + 4) metres
By, Pvthagoras theorem, we have

(2x +6)" = ¥+ (2v + 4)°
=5 v -8r-20=0
= x? -10x-2x-20=0
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(v —10)(x +2) =0
y=10onx=-2 = x =10 [Since side ot a lrmm.:iu'L.*»nt-\'urtwgﬂii'v‘t']
Length of the shortest side = 10 metres.
Length of the hypotenuse = (21 + 6) metres = 26 metres
Length of the third side = (21 +4) metres = 24 metres
Hence, the sides of the triangle are 10m, 26 mand 24 m,
a right trianelets 1 mietre more than

e 2 The hypotenuse of @ grassy land in the shape of
st side, find the sides of the

swice the shortest side. If the thivd side is 7 metres more than the shorte
grassy land.
COLUTION  Let the length of the shortest side be v metres. Then, by hypothesis
Hypotenuse = (2x + 1) metres, Third side = (x +7) metres.
By Pythagoras theorem, we have
(Hypotenuse)? = Sum of the square of the remaining two sides

= (2x + l:l2 =17 4 (x+ ?}3

= g2t +dr+1=2x" + 14y + 49

=p 237 ~10x -48 =0

= ¥ -B5y-24=0

= ¥ -Br+3x-24=0

= y(x=-8)+3(x-8) =10

= (x—8)(x+3)=0

= +r=8-3

— ¥ =8 [- & = =3 is not possible]

sides of the grassy land are 8 metres, 17 metres and 15 metres.

[LEVEL-2

EXAMPLE 3 The hypotenuse of a right triangle is 35 cm. If the smaller side is tripled and the
larger side is doubled, the new hypotenise will be 15 cm. Find the length of each side.
SOLUTION Let the smaller side of the right triangle be x cm and the larger side by
yem. Then,

Pyt = (3v/5)° [Using Pythagoras Theorem]
= Xyt =45 (i)
If the smaller side is tripled and the larger side be doubled, the new hypotenuse is 15 cm.

Hence, the lengths of the

(B3x)? + @y =155 = 97 + 4y’ =225 (i)
From equation (i), we get 3;3 = 45 - x°
Putting /> = 45 — y% inequation (i), we get

92 + 4(45-17) =225



3.0+

.

5%+ 180 = 225 =5 5y = 45— 42
But, length of a side cannot |

Putting v = 3in (i), we gl

=0 = y==+]3

e negative, Therefore, v= 3.

It Y =45 =yt = 35 =% ¥Y=56

Henee, the length of the smaller side is 3 cm and the length of the larger side is cm.

PXAMIPLE 4 Vikram wishes to fil three rods together in e shape of a

h“J"'“'””,‘" o be 2 em longer than the base and 4 et longer than the
lengths of the rods?

SOLUTION

( gt triangle. 11,
altitude. Whai should be

Let the length of the hypotenuse be v em. Then,
Base = (v~ 2)cm and, Altitude = (x - 4) em.

By Pythagoras theorem, we have

(Base)® + ( Altitude)® = (Hypotenuse)*

) (x = 412 = y?

C-dx+daa? -8y 16 =32
C-12v+20=0

v =10x-2x+20=0

= X(x-10)-2(x=10) = 0

= (x =10 (x=2)=0

=5 Y=20rr=10 = x=10 [Forx =2, Base = 0 cm which is not possible]
Hence, the length of the rods are 8 em 6 cm and 10 cm.
EXERCISE 4.10
—
LEVEL-1
L The hypotenuse of a right triangle is 25 cm. The difference between the lengths of the
other two sides of the triangle s 5 cm. Find the lengths of these sides,

= The diagonal of a rectangular field is 60 metres more than the shorter side. If the longer
stde is 30 metres more than the shorter side, find the sides of the field.

LEVEL-2

4

- The hypotenuse of a right triangle is 370 cm. If the smaller leg is tripled and the

longer leg doubled, new hypotenuse will be 945 cm How long are the legs of the
triangle?

A pole has to be erected at a point on the boundary of a circular park of diameter _13
metres insuch a way that the difference of its distances from two diametrically opposite
fixed gates A and B on the boundary is 7 metres. Is it the possible to do so? If ves, at what
distances from the two gates should the pole be erected? INCERT]

ANSWERS

I5cm, 20em 2 120m, 90 m 3.3cm, 9 cm
At adistance of 3 metres from the gate B
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HINTS TO SELECTED PROBLEMS

4. Let Pbethe fﬂlllir‘ﬂd location of the ].'mﬂu::iLlCh that its distance from gate Bis xy metres. i.e.
BP = x metres. Therefore, AP = x+7. Applying Pythagoras theorem in right triangle
APB, we obtain :

AP? + PB® = AB®
= (x+7) +x =13

= 2v?+14x-120=0 = ¥ +7x—60=0=(x+12)(x-5)=0 = ¥'=5H '

48.5 AFPI L.CATIONS OF QUADRATIC EQUATIONS FOR SOLVING PROBLEMS
ON MENSURATION

Following examples will illustrate the above applications.

Fl
ILLUSTRATIVE EXAMPLES ‘
LEVEL-1
EXAMPLE 1 The area of a right angled triangle is 600 cm?. If the base of the triangle exceeds the
altitude by 10 cm, find the dimensions of the triangle.
SOLUTION Let thealtitude BC of right-angled triangle ABC be x cm. Then,
Base = BC = (x + 10)cm,
1 ;
Area = 3 (Base x Height) ¢ |
1 2
= Area =;{x+1[}}xcm y
—_ ;‘-I
1 . xcm
= 5.\' (x + 10) = 600 [+ Area = 600 cm”]
= x% +10x = 1200
" A (x + 10} cm B
= 2 R 4 -
¥ +10x =1200 =0 Fig. 4.2
= x? + 40x —30x - 1200 =0
= x{.1'+4i])—3ﬂ{x+4[}}=0
= (x +40)(x-30)=0
— v =30-40 = x=30 Fox 20}

=(30 +10)cm =40 cm and, Altitude =30 cm.
ular field is 82 cm and its area is 400 m2, Find the breadth

Hence, Base
EXAMPLE 2 The perimeter of a rectang

of the rectangle.
SOLUTION  Let the breadth of the rectangle be x metres. Then,

Perimeter =82 m

=2 2 (Length+ Breadth) = 82
= Length+ x = 41
= Length = 41 - X metres

Now, Area = 400 m’
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= Length » Breadth - 400

= (41 - x) v = 400

= 41y - x* = 400

= v~ 4y 4 400 = 0

= x? - 25y - 16x + 400 = 0

= x (x - 25) - 16(x-25) =0

= (X¥=25)(x-16) =0 = x=250r,x=16
Hence, breadth = 25 mor, l6m.

EXANIPLE 3 The length of the sides forming right angle of a vight ang
(3x=1) cm. If thearea of the triangle is 60 cm?, find its hypotenuse.

SOLUTION  Let ABC bea right angled triangle with rightangle at B,
Let AB=5vand BC=3y- 1 Then,

led triangle are 5 cny and

Area = AABC = -;—{Base x He|ght]
= 6l = %[.‘lﬁ = BC) A
- 60 = —x S5x(3x-1)
E
= 120 = 5x (3x - 1) E
= U =13Er-1)
= 3¢ - x-24=0
= 3 — 9y + 8y - 24=0 B (3x-1)cm C
=5 IW(x-3)+8(x-3)=0 Fig. 4.3
= (x=3)(3xr+8)=0
= ¥-3=00r3x+8=0
= Xx=3or,x= -% = xr=3 [ x # —8/3]

AB=5x=5x3=15cm and BC={31—1}=(3x3_1)=g¢md

Now, AC? = AB* +BC? = AC? = (15)

+(8) = AC? =289 = Ac - 17cm.
Hence, Hvpotenues = 17 em.

EXAMPLE 4 Thelengthof a rectangle exceeds its width by 8 cm and the areq of the rectangle is 240
3q. cm. Find the dimensions of the rectangle.

SOLUTION  Let the breadth of the givenrectangle be x ¢m. Then, length = (v + 8) cm.

Now, Area = 240 cm?

= length = breadth = 240

= (x+8)y =240

= v+ 8x-240=0

= ¥ 4200 -12v-240 = 0
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— r(x+20)-12(x+20)=10
= (x+20)(x-12) =0
e y=12o0rx=-20

But, x cannot be negative. So, x=12.

Hence, length =v +8=12+8=20cm and breadth =12 cm.
pxAMPLE 5 The side of a square exceeds the side of the another square by 4 et and the
areas of the two squares 1s 400 sq. cn. Find the dimensions of the squares.

COLUTION  Let S, and 5, be two squares. Let the side of the square 5,
the side of square Sy is (v +4) cm.

sun of the

be x cm inlength. Then,
Arecaofsquare 5, = (x + 4)* [: Area = (side)”]

and, Area ofsquare §, = x°

Itis given that
Area of square S + Area of square 5, =400 cm?

(x +4)° + x* =400

(x% + 8x + 16) + x = 400
222 +8x-384=0

P +47r-192=0

4+ 16x—-12x-192=0
v(x+16)-12(x + 16) =0
(x+16)(x =12) =0

v=12o0r,x =-16
As the length of the side of a square cannot be negative. Therefore, x= 12.
 =x+4=12+4=16cm and, Side ofsquare S, =12cm.

(I S A

Side of square S

LEVEL-2
EXAMPLE 6 If twice the area of a smaller square is subtracted from the area of a larger square, the
result is 14 em?. Howeoer, if twice the area of the larger square is added to three times the area of the
smaller square, the result is 203 cin?. Determine the sides of the square.

SOLUTION  Let the lengths of each side of the smaller square be x cm and that of the larger

square be y cm. Then,
Area of the smaller square = ¥ cm?, Area of the larger square = y*> cm?

Itis given that

%

- 14 ()
.. (i)

];3 =X
and, 21 + 3x" =203
From (i), we have
vy =14+ 2¢*
Substituting this value of y? in (i), we gel
2(14 + 2x7) + 3x =203
= 28 + 4x% + 327 =203
= 7x* = 203 - 28

?-\,: 175 = _\;2 =2/_H=1= 5cm.

U
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Putting x = 5in (i), we get

V- =2%x5 = 14 = _1_;3 =64 = =8

Hence, the lengths of the sides of the square are 5 ¢m and 8 em respectively,

PAAMEPLE 7 A farmer wishes o grown 100 m’ rectangular vegetable garden. Since he has With the

only 30 m barbed wire. he fences three sides of the rectangular garden letting compound wall

hottse act gs the fourth stde-fence, Find the dimensions of his garden.

SOLUTION  Let the length of one side be x metres and other side by y metres. Then,
TEY+x=30 = y=30-2y

of s

..(1)
Arca of the vegetable garden =100 m?2
= Xy =100 b - c
=5 X (30 - 2x) = 100
= 30x - 2% = 100 ym um
= 15v - ¥* = 50
=2 ¥? — 15x + 50 = 0 A rm B
=3 x* —10x - 5x 450 = 0 Fig.4.4
= (x=10)(x =5) =0
— =510
When v = 5, we have
¥=30-2x5=20 [Using (i)]

When x = 10, we have
y=3-2x10=10

[Using (i)]
Hence, the dimensions of the vegetable gardenare: 5m = 20m or, 10mx=10m

UNAMPLE 8 The area of an isosceles triangle is 60 em? and the length of each one of its equal sides
1= 13 ¢m. Find its base. |[CBSE 2015

SOLUTION - Let ABC be the given isosceles triangle in which AB = AC = 13 ecm. Draw AD
perpendicular from A on BC. Let BC = 2y em. Then, BD=DC=x¢m,

In AABD, we have

AB® = AD* + BD? [By Pythagoras Theorem
= 13* = AD? + 37
= AD = V137 - 7 = /169 - 32 A
Now, Area = 60 cm?
- %IHCM;‘.D}Z&U
e 3]
=5 _1 Ili?,.l' <169 - x° | = 60
= v V169 - 7 = 60 _
¥ (169 - +7) = 3600 B b c
. Fig.4.5
= xt - 169x7 + 3600 = 0 g

i b T I b e o B e i B B B b v
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X (x? —144) (x* =25) =0
= v2=144o0r, 3 =25 = x=120r,x=5

Hence, Base=2x=2dcmor, 10cm.
anuies is 25 cm. Find the area of the
|CBSE 2016]

ch that base = BC = x cm and

EXAMPLE 9 The perimeter of a right triangle is 60 cm. Its hypotc
triangle. )

SOLUTION Let ABC be the given right angled triangle su
hypotenuse AC =25 cm. y

Now, Perimeter = 60 cm
= AB + BC + AC = 60
= AB + x + 25 = 60 A
= AB=35-x .
By Pythagoras theorem, we have g A
AB® + BC? = AC? i
= (35 - x)? + x* = 257
= 2x? — 70x + 600 = 0
= x2—-35x+300=0
B xem C
= x% — 20x — 15x + 300 = 0 e a '-
14. &.
= (x-20)(x-15)=0 = x=2Wor,x=15 9 /
If x = 20, then AB = 35—x =15and BC = x = 20.
Areaz-;—(BCxAB]=%(2(}x15)=]5ﬂcm: f

fx=15then AB=35-x = 20and BC =x =15
Area = %(BC x AB) = 15{15 % 20) = 150 cm?

Hence, Area=150cm?.
EXAMPLE 10 There is a square field whose side is 44 m. A square flower bed is prepared inits cenfre
leaving a gravel path all round the flower bed. The total cost of laying the flower bed and
gravelling the path at € 2.75 and & 1.50 per square metre, respectively, is & 4904. Find the
width of the gravel path.
SOLUTION Let the width of the gravel path be x metres. Then,

Each side of the square flower bed is (44 — 2x) metres.

Now, Area of the square field = 44 x 4 = 1936 m> T T,
Area of the flower bed = (44 - 21)* m? | Flower bed |
Area of the gravel path |
— Area of the field — Area of the flower bed R metres |
2 :
= 1936 - {44 - 2_1') . | Gral}i.?.l_l ﬁath.f .-
— 1936 — (1936 — 176X + 4x7) g
= (176x — 4x%) m* Fig.4.7
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Costoflaying the flower bed - (Area of the flower bed) (Rate per 5q.m)

-2 22 Mgy g o )’
_ | 100 4 B .

Costof gravelling the path  =(Area of the path) x (Rate per sq. m)

= (176x - 4.1;3}1—5E = 6(44y - 1%)
S 100
Itis given that the total cost of laying the flower bed and gravelling the path is ¥ 4904
(22 - ) + 6 (44x - +%) = g0y

= (484 — d4v + 2%) + (2641 - 612) = 4904
=3 5x% — 220x + 5324 = 4908

= 5x? - 2201 + 420 = @

= - My 4 84 =

= * — 4% -2x 4 84 =

= X{x—42)-2(x-42)=0

= (x-2)(x-42) =0

= X=20rx=42

But, x = 42, as the side of the square is 44 m. Therefore, v = 2.
Hence, the width of the gravel path is 2 metres.

EXAMPLE 11 A chess board contains 64 equal squares and the area of each square is
0.25 cm®. A border round the board is 2 cm wide. Find the lengti; of the side of the chess board.
SOLUTION  Let the length of the side of the chess board be ¢ cm. Then,

Area of 64 squares = (x - 4)2

(x - 4) = 64x625

= =8 +16:= 400 Chess board _
= ¥ -8x-384=0 2cm
= X —24x + 161 - 384 =0 L‘“ C‘I;_ﬁ =

o e e
= (x—-28)(x+16)=0 ¥ em i
= ¥ =24 cm. Fig. 4.8

LEVEL-1

I The perimeter of a rectangular field is 82 m and its area is 400 m?. Find the breadth of the
rectangle. i

2. The length of a hallis 5 m more than its breadth. If the area of the floor of the hall is 84 m?,
what are the length and breadth of the hall?

3. Two squares have sides xemand (x +4) cm. The sum of their areas is 656 cm®. Find the
sides of the squares.

—— -EXERCISE 4.11




yUADRATIC FOQUIATICY .
L : +.71

1. The area of a right angled triangle is 165 m*. Determine its base and altitude if the latter
exceeds the former by 7m.

un

Isit pnss?hlu to d:ﬁ:ﬁign a rectangular mango grove whose length is twice its breadth and
the area is 800 m=? If so, find its length and breadth. INCERT]
6. Is it possible to design a rectangular park of perimeter 80 m and area 400 m-? Ifso, find
its length and breadth. INCERT]
- Sum :.}f the areas of two squares is 640 mZ. If the difference of their perimetersis 64 m, find
the sides of the two squares. [INCERT, CBSE 2008|
8. Sum of the areas of two squares is 400 cm?. If the difference of their perimeters is 16 cm,
find the sides of two squares. |CBSE 2013]
9. The area of a rectangular plot is 528 m?Z. The length of the plot (in metres) is one metre more
then twice its breadth. Find the length and the breadth of the plot. [CBSE 2014]

10. In the centre of a rectangular lawn of dimensions 50 m x 40m, a rectangular pond has to _

be constructed so that the area of the grass surrounding the pond would be 1184 m’. -

Find the length and breadth of the pond. INCERT EXEMPLAR]

~1

ANSWERS
1. 16m 2. Breadth=7m, Length=12m 3. 16 ¢cm, 20cm
4. Base = 15m, Altitude =22 m 5. Yes,40m,20m 6. Yes.20m,20m
7.24m,8m 8 16cm, 12cm 9, 33m,l6m
10. Length: 34 m, Breadth: 24 m.

HINTS TO SELECTED PROBLEMS

1. Let the breadth be v metres. Then,
2 (length + breadth) = 82 = length = 41 — x metres.

Area = 400 m” — v (41 —x) = 400 = x* —41x + 400 =0 )
486 APPLICATIONS OF QUADRATIC EQUATIONS FOR SOLVING PROBLEMS ON TIME AND il
WORK

Following examples will illustrate the above applications.

ILLUSTRATIVE EXAMPLES

! LEVEL-1

EXAMPLE 1 A takes 6 days less than the time taken by B to finish a picce of work. If both A and B
together can finish it in 4 days, find the time taken by B to finish the work. [CBSE 2017]
SOLUTION Suppose B alone takes x days to finish the work. Then, A alone can finish it in

(x-6) days.

1
Now, (A’s one day’s work) + (B’s one day’s work) = 7+ 0
1 - &
and, (A + B)'sone day’s work = 2
1 1 1
— —_
x x—-6 4
x-6+x 1
= = —
v(x-6) 4
=3 21"" =h
-6y 4



MATHEM A

-1y 424 -0
= =12 - 3y 4 4=0=x-19(x-2=0 = y= 12or,x =2

But, x cannot be less than 6.So, v = 12. Hence, B alone can finish the work in 12 days,

EXAMPLE 2 A swimning pool 1s filled with three pipes with uniform flozw. The first two Pipes
operating :-fmr.ra'f::m'um;!y. fill the pool in the same time during which the pool s filled by the third
pipe alone. The second pipe fills the pool five hours faster than the first pipe and four hours s,
than the third pipe. Find the time required by cach pipe to fill the pool sepa ralely,
SOLUTION - Let V be the volume of the pool and x the number of hours required by the
second pipe alone to fill the pool. Then, the first pipe takes (x + 5) hours, w
takes (x —4) hours to fill the pool. So, the parts of the pool filled by the
pipes inone hour are respectively

Vv v v

—, —and

Y45 v-4

Let the time taken by the first and second pipes to fill the pool simultaneously be ¢ hours,
Then, the third pipe also takes the same time to fill the pool.

1.’
¥ - ]r = Volume of the pool.
X

ey

hile the third pipe
first, second and third

L X+ 5 :
Alsa, ~—4t = Volume of the pool.
X =1
) X+5 x x-4
L 3. 2
- X+5 x x-4
—3 (2¢ + 5)(x — 4) = x% + 5¢
=) ¥ -8r-20=0
- WV o10x+2-20=0 = (x=10)(x+2)=0 = y=100r, x= -2

But, r cannot be negative. So, x = 10.

Hence, the timings required by first, second and third pipes to fill the pool individually
are 15 hours, 10 hours and 6 hours respectively.

_ it i
EXAMPLE 3 Two pipes running together can fill a cistern in 3']—3 minutes. If one pipe takes 3

mittutes more than the other to fill it, find the time in which each pipe would fill the cistern.
SOLUTION  Suppose the faster pipe takes xminutes to fill the cistern, Therefore, the slower
pipe will take (v + 3) minutes to fill the c:stem.-

Since the faster pipe takes ¥ minutes to fill the cistern,

Portion of the cistern filled by the faster pipe in one minute = 2
X

AT AR LIl BE BB bbb
I U W U L bt
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. ; : . . N 1 40 40
sy Portion of the cistern filled by the faster pipein -4 minutes = - X o = 1—,;
Similarly,
» 4{] .
Portion of the cistern filled by the slower pipein 5 minutes
1 8 40
x+3 13 13(x+3)
_ 40
It is given that the cistern s filled in 73 minutes.
40 40
+ =]
13x  13(x+3)
1 1 13
= == ————
x x+3 40
x+3+x 13
= = —
y(x+3) 40
= 40 (2x + 3) = 13x (x + 3)
= 80x + 120 = 13x” + 39x
- 13x2 - 41x-120=0
= 13x% - 65x + 24x —120 =0
= 131‘{.r—5}+24(x—5):0
= (x—5)(13x+24) =0
= x—5=0o0r13x+24=0
24 -
= x=50r,x=—- = Xx=5 [ x> 0]
13

Hence, the faster pipe fills the cistern in 5 minutes and the slower pipe takes 8 minutes to

fill the cistern.
EXERCISE 4.12

1. A takes 10 days less than the time taken by B to finish a piece of work. If both A and B
together can finish the work in 12 days, find the time taken by B to finish the work.

2. If two pipes function simultaneously, a reservoir will be filled in 12 hours. One pipe fills
the reservoir 10 hours faster than the other. How many hours will the second pipe take

to fill the reservoir?

3
3. Two water taps together can fillatankin®9 3 hours. The tap of larger diameter takes 10

ss than the smaller one to fill the tank separately. Find the time in which each tap

hours le
[NCERT]

can separately fill the tank.

. L.,
4. Two pipes running together can fill a tank in 11 g minutes. If one pipe takes 5 minutes

more than the other to fill the tank separately, find the time in which each pipe would fill
the tank separately. [CBSE 2010]
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5. Tofilla swimming pool two pipes are used. If the pipe of larger diameter use
and the pipe of smaller diameter for 9 hours, only half of the pool can be fi]je
long itwould take for each pipe to fill the pool separately, if the pipe of sm

d for 4 hoyye
d. Fingd, how

aller dig Mmeter

takes 10 hours more than the pipe of larger diameter to fill the pool? [CBSE 2015

e e ~—— ANSWERs
L. 30 days 2. 30 hours 3. 15 hours, 25 hours

5. Larger diameter pipe fills in 20 hours, Smaller diameter pipe fills in 30 hours,

—— HINT TO SELECTED PROBLEM

1. guppnse B alone takes x da ¥s to finish the work. Then, A alone can finish itin (x-10)
ays.

Now,

A’s one day’s work + B’s one day’s work = (A + B)'s one day’s work
1 1 1

= — + -
X x-10 12

4.8.7 MISCELLANEOUS APPLICATIONS OF QUADRATIC EQUATIONS
Following examples will illustrate the above applications.

EVEL-1

EXAMPLE 1 A person on tour has 360 for his expenses. If he extends his
cut down his daily expenses by T3. Find the original duration of the tour.,
SOLUTION  Let the original duration of the tour be x days.

Total expenditure on tour = Z 360

Expenditure per day = % %60

four for 4 days, he has to

¥
Duration of the extended tour = (x + 4) days

360
X+ 4

Expenditure per day according to new schedule - 4

It is given that the daily expenses are cut down by % 3.

360 360

T x+4

360 (x + 4) - 360x 3
x(x+4)

360x + 1440 - 360x _3
x(x+4)

U

1440

=3
4 4y
x* + 4x = 480

x* +4x-480=0

¥? +24x - 20x—480 =0

v(x+24)-20(x+24)=0

(x-20)(x+24)=0 = xF2{1=Uur,:c+24=I]:::-x=2{.lnr,x= -24

yuousuu




L Al IRATIC EQL ATHOINS 4.75

But, the number of days cannot be negative. 5o, v =20,

Hence, the original duration of the tour was of 20 days.
EXAMPLE 2 A ’."""’:“ of cloth costs T200. If the piece was 5m long
#2 less the cost of the piece would have remained unchanged. How long is the piece and
original rate per metre?

v and cach metre of cloth costs
hat is the

: . ; : s 200
cOLUTION  Let the length of the piece be v metres. Ihen, rate per metre = T —
X

New length = (x +5) metres.
Since the cost remains same.
200
¥4+ R

New rate per metre — 3

Itis given that

200 200
v X+5
200(x +5) - 200x
= - = &
x(x+5)
iy _lﬂ".'ll]' _ 9
x(x+5)
= x* + 5y = 500
= x? 58 - 500 = 0
= v 425y — 208 - 500 =0
= (v + 25)(x - 20) - [}
= *+25=00r,x-20=0
= y+B=0or,x-20=0 = x=2or,x= 25

But, x cannot be negative. So, v = 20.
200 200
= s

Rate per metre =

- -T 10
X 20

Hence, the length of the piece of cloth is 20 metres and rate = ¥ 10 per metre.

EXAMPLE 3 &6500 were divided equally among a certain number of persons. Had there been
15 more persons, cach would hawve got T30 less. Find the original muember of persons,
SOLUTION  Let the original number of persons be v, Then,

(A0

Share of each person = y ——
\

If the number of persons 1s increased by 15 Then,

(500

New share of each person 115

Since each person gots ZF 30 loss, it number of persons is increased by 15,

ﬂ}[] Ho00 30
h' y+15
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6500 (x + 15) - 6500y
s =

x(x +15)

6500 = 15

— (v +15) X0
3250 -1

e X(x+15)
= x* +15x - 3250 = ¢
= 1-2+65x-5{].r—325[]=ﬂ
o :q.'(_r+65)-—5l](.t+65)=ﬁ
N

(x +65)(x -50) =0

—_ :;'-5[]:[]0:-114.65:(] ‘.:.':.l‘=5{]0r,.‘l‘=*65
Since the number of

Hence, the original number of persons is 50.

EXAMPLE 4 A shopkeeper buys a number of books for 80. If he had bought 4 more

same amount, each book 1o

SOLUTION  Let the number of books bought be x. Then,

Cost of xbooks =T 80 = Costof onebook =7 @-

X
If the number of books bought is x + 4, then
Cost of one book = 50
X+4
Itis given that the cost of one book is reduced by one rupee.
80__8 _
X x+4
1 1 )
S = 1
- Bﬂ( Y oxr+4
x+4-x
80— 1 =1
- { Y(x+4) }
320
= 5 =]
o+ 4y
= X+ 4x =320
= V4 4r-320=0
= ¥ +20x-16x-320=0
= v(x+20)-16(x+20)=0
= (x+20)(x-16) = 0
= x=-200r,x=16 = x=16
Hence, the number of books is 16.

persons cannot be negative. Therefore, 1 = 50.

ould liave cost &1 less. How many books did he buy?

MATHEM A

books for the

[CBSE 2012]

[ x cannot be negative]

It
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FXAMPLE 5 If the price of a book is reduced by ¥5, a person can buy 5 more books for T300. Find

the original list price of the book.
SOLUTION  Let the original list price of the book be Tx

Number of books bought forT 300 = 300
v

Reduced list price of the baok =3 (x - 5)

Number of books bought for % 300 = ﬂ]ﬂ_5
X -
It is given that
30 300 _
x-5 x ‘
‘.. "
300x — 300x + 1500 .
= ==
x(x—5)
- }50{] B
x- =5x
= x? - 5x = 300
= x* —5x-300=0 |
=% v - 20x +15x-300=10 {
— (1—20){x+15)=0
= x—20=0o0r,x+15=0 i
= x=20,x=-15 = x=20 [+ x = —15 is not possible] }

Hence, the list price of the book =20

EXAMPLE 6 A factory kept increasing its output by the same percentage every year. Find the

percentage if it is known that the output is doubled in the last two years.
SOLUTION  Let P be the initial production (2 years ago), and let the increase in product every

year be x%. Then,
Product at the end of first year = P+ B P(l + -1—]
100 100

Product at the end of the second year

X h'y X
= s —— P 1+——_
p[“wo%mﬂ{ ( mn]}
2
x X x
= e — | =P 1+-——)
P(1+1m)(1+1m] ( 100

Since product is doubled in last two years
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| ) )
100 ) —
e
(100 + x)* = 2.« 112 =
) —
Y74 200x - 10000 = @ —
200+ \(200)* + 40000 . ;
. 3 X e = =100 £100¥2 = 100 (-1 + 3) e
LS ~
F =10 (=1+42) [ ¥ cannot be negativel (In'r
EXAMIL A cirl'rl'lri'f -!'Hr-rl hlt,f for f.’,-lmrr.fl\r.:.ln;:,r,; miich per cenlt as ”i‘t'LIJ:\'.I' price ||I§'IF.J'“- foy. | d I‘.f r-i
H'n'mhr;'J'fu'rl.frhrl'ur_l.e. ' Bl
1 SOLUTION  Let the cost price of the toy be X x. Then, 1er?
Lamn = X% 2 {_;|‘|_1'|'| - ? X -7
\ 100 / 100
e o aica X
P =C. P+ Gain= p g X
100
But, SP.=%T24.
, B>
%
Y+ —— =172 e
100 [Given] g
100x + +* = 2400 -
= v¥ 4 100X ~ 2400 = 0
1 ———
X7+ 1200 = 200 - 2400 = 0 | B2
' ¥ (X +120) - 20(x +120) = 0
(x+120)(x =20y =D
—
: ¥ =20,-120 = y =190 [ x = 0]
Hence, the cost price of the toy is 20, :
EXAMPLE 8 A peacock is sitting on the top of a pillar, which is 9 m high. From a point —
27 m :I.I‘M_U_f.!'ﬂm the bottom of the J'F?..Ilnrﬂ.". i shake 15 l_.[}””-”lllc to its hole al the base af the II[?;'HfH' —
q|'i'!-'.1_'."' the snake the li‘d.'lfl’.'lfh'k potnces on it ”-.ll.rlfl'fll' #ltlﬁf" are ‘1"”"”'rJ at what distance fraom tHhe
whole is the snake caught? [CBSFE 2008] =]
SOLUTION  Let PQ be the pole and the peacock is sitting at the top P of the pole. Let the hole —
be at Q. Initially, the snake is at S when the peacock notices the snake such that 3y
Q5=27m =
Suppose v m/sec is the common speed of both the snake and p }"‘;
the peacock and the peacock catches the spake after | 72,
seconds at point T. Clearly, distance travelled by the snake Sc
M  seconds is same as the distance flown by peacock. om
PT = ST = x (say)
Thus, in right triangle PQT, we have
QIr=27-1,PT =x and PQ =9 :
Using Py thagoras theorem, we have

PT? = PQ? + QT

R a1 L —

Fig.4.9
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- 2 =9 +(27 - x)

= 2 =81 + 729 — 54x + «°

= 0 = 810 — 54x

— 54x = 810 7
= X = -I'; I

5. QT = 5Q ST =(27 -15)m =12 m
Hence, the snake is caught at a distance of 12 m from the hole.
EXAMPLE 9 The angry Arjun carried some arrows for fighting with Bheeshm. With half the
arroivs, lre cut dowon tie arrows thrown by Bleeslot on hin and with six other arrows he kill; o Hhe rath
driver of Bheeshm. With one arrow cach Iie knocked down respectively the rath, flag and the bow of
Bheeshm. Finally, with one more than four times the square rool of arrrows he laid Bheeshm
WNCONSCIONS on an arrow bed. Find the total number of arrows Arjun had. (Fra
SOLUTION  Suppose Arjun had xarrows. '

Number of arrows used tocut arrows of Bheeshm = x/2
Number of arrows used to kill the rath driver=6
Number of other arrows used =3
Remaining arrows = 4y/x +1
By hypothesis, we have
X —
2 i6+3+4dxr+1=x
2
= x+ 20+ 8Jx = 2x )
= x = 20 + 8Jx
Putting x = 2, the above equation becomes '
ol

yj =20+ 8y
Y —8y—20=0

=
= v —10y+2y-20=0

=% (_1;—1[1}(_1;+2):D

— y:lUUr,_l,f-———.?.

= y =10 [ ¥ cannot be negative]
= X = yz = x = 100

Hence, the number of arrows which Arjun had = 100.
EXAMPLE 10 One-fourth ofa herd of camels was seen in the forest. Tuwice the square root of the herd
had gone to mountains and the remaining 15 camels were seen on the bank of a river. Find the total

nanber of camels.

SOLUTION Let the total number of camels be x. Then,

v

Number of camels seen in the forest = 1

Number of camels gone to mountains = 2Vx
Number of camels on the bank of river =15

X + 15

Total number of camels = _J: 2
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By hypothesis, we have
-'3+2JE’+ 15 = y
= 3x -8y - 60 =0
= 3y* ~ 8y - 60 = 0, where x - i’
= 3y* - 18y + 10y - 60 = 0
= Wy -6)+10(y-6)=0
— (3y + lﬂ}{y -6)=9
— Yy =6bor, Y= _]E
- 3
. I _m]?“mn ,
Now, Y= g R B) =5 [ x=yY

But, the number of camels cannot be a fraction.

Hence, the number of camels = 36,

e

&

~J

9

- A piece of cloth costs Z 35. If the piece were 4 m longerand e

- Adealer sells an article for ¥ 24 and gains as much

- Outofa group of swans, 7/2 times thes

- 9000 were divided equally

y=6=x=6" =36

S 3 — — EXERCISE 4.13

ach metre costs ¥ one less, the
cost would remain unchanged. How long is the piece?

Some students planned a picnic. The
to go and thus the cost of food for ea
attended the picnic?

budget for food was Z 480. But eight of these failed
ch member increased by 7 10. How ma ny students

percent as the cost price of the article.
Find the cost price of the article.

quare root of the total number are playing on the

share ofa pond. The two remaining ones are swinging in water. Find the total number of

swans.
[f the list price of a toy is re

duced by2, a person canbuy 2 toys more for Z 360. Find the
orginal price of the toy.

[CBSE 2002 C]
among a certain number of persons. Had there been 20 more
persons, each would have got T 160 less. Find the original number of persons.

Some students planned a picnic. The budget for food was Z 500. But, 5 of them failed to

£0 and thus the cost of food for each member Increased by ¥ 5. How many students
attended the picnic?

A pole has to be erected at a point on the boundary of a circular park of diameter
13 metres in such a way that the difference of its distances from two diametrically
opposite fixed gates A and B on the boundary is 7 metres, [ it the possible to do so? If yes,
atwhat distances from the two gates should the pole be erected? [CBSE 2016]

Inaclass test, the sum of the marks obtained by Pin Mathematics and science is 28. Ha.d
he got 3 marks more in Mathematics and 4 marks less in Science. The product of his
m.};‘ks, would have been 180. Find his marks in the two subjects. [CBSE 2008

P nﬂ'ilihtl'
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11.

10.

L

. Number of articles = 6, Cost of each article=15

. Let Pbe the required location of the

AT LA TR 181

In a class test, tlfle sum of Shefali’s marks in Mathematics and English is 30. Had she got
2 marks more in Mathematics and 3 marks less in English, the product of her marks
would have been 210. Find her marks in two subjects. [CBSE 2014, NCERT]

LEVEL-2

A cottage industry produces a certain number of pottery articles in a day. It was
observed on a particular day that the cost of production of each article (in rupees) was 3
more than twice the number of articles produced on that day. If the total cost of
production on that day was ¥ 90, find the number of articles produced and the cost of
each article. ' INCERT]

At I minutes past 2 pm the time needed by the minutes hand and a clock to show

ra

p !
3 pm was found to be 3 minutes less than 5 minutes. Find .
INCERT EXEMPLAR]

ANSWERS

10m 2. 16 3. 20 1. 16 5 320 6. 25 7.20
At a distance of 5 metres from the gate B
Marks in Mathematics = 12, Marks in Science = 16

or
Marks in Mathematics =9, Marks in Science = 19
Marks in Mathematics = 12, Marks in English = 18

or
Marks in Mathematics = 13, Marks in English = 17
12. 14

HINTS TO SELECTED PROBLEMS

: 480
- Suppose x students planned a picnic. Then, share of each studentI —
e
480
Share of each student when 8 students failed to gois —
480 480 _ 0.
x—-8 X

Let the cost price be Tx. Then, gain percent =X

X v? + 100x ]
H ¥ H e = - X =— % —_—
Selling Price .2‘[1 + 700 % X ] [ 100 J

X 4100x 5, (2 4 100x - 2400 = 0.
100

-

Lot the number of swans be x. Then,

g\[{ +2=3= A F';.!J__- _4=0= 2_|,f1 -7y —-4= 0, where x = _1,*1,
pole such that its distance from gate Bis xy metres. i.e.

BP = x metres.
AP =x+7
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Inright triangle APB, we have
AP 1 PB? = gp?
= (x+7) +x% =132
= 2+ 14x - 120 =0 = 22
12. Time needed by the minutes h

_ t .
h[}—f=~4——3 = 1" +4t-252=¢

+?I-6U=ﬂ:,{.t'+12]{.‘l:—5]: D = X = 5
and toshow 3 pm = (60 - 1) minutes.

. VERY SHORT ANSWER TYPE QUESTION (VSAQs)

Anstoer each of the following questions either in oneword or one sentence or as pe

(question:
1. Write thev

rrequirement of the
alue of k for which the quadraticequation 1* - ky + 4 = 0 |
What is the nature of roots of the quadratic equation 4x* —12v - 9 = (2

If 1+ V2 isarootofa quadratic equation with rational coefficien ts, write
. Write the number of re

asequal roots.

its other root.
al roots of the equation 2 4 3| x|+2=0.

Write the sum of real roots of the equation x*+ [y | -6 =0,

. Write the set of values of ‘a’ for which the equation x* + ax - 1=0 ha

- Is there any real value of ‘@’ for which theequation y? 4 2y & (@* +1) = 0 has real roots?

- Write the value of 2 for which x? + 41 4 }. is a perfect square.

- Write the condition to be satisfied for which equations 42 - 2x+c=0 and
bx? - 2ac x + b = 0 have equal roots.

10. Write the set of values of k for w
real roots,

1. Write a quadratic polynomial, sum of whose zeros is 243
12. Show that x = -3 s a solution of 1% + 6x+9 =0

sreal roots.

- I N - ST QR S U X

hich the quadratic equation has 212 + kv 8 = 0 has

and their productis 2,

|CBSE 2008)
13. Show that x = -2 is a solution of 32 + 13y + 14 = 0. [CBSE 2008)
I4. Find the discriminant of the quadratic equation 3./3 y? 4 10x+J3 =0 [CBSE 2009]
15. If x = :2—1 is a solution of the quadratic equation 332 . 2kx -3 =0, find the value
of k. |CBSE 2015]
16. If ¥ = 3 isone root of the quadratic equation 42 _ 2kx - 6 = 0, then find the value of k.
|[CBSE 2018]
o - ANSWERS
. k=+4 2. Real and distinct 3. 1-¥2 4. Noreal root
5.0 6. All real values 7. No 8. A=4
9, b* = c 10. All real values
3 1
1. f(x) = k(x* = 2J3x + 2), wherekisany real number 14, 64 15, % 16, k=7

__ _MULTIPLE CHOICE QUESTIONS (MCQs)
Mark the correct alternative in each of the folloun ng:

1. Ifthe equation x* + 4x + k = 0 hasreal and distinct roots, then

(@) k<4 b) k>4 (©) k=4 (d) k<g
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2. If the equation +2 —ax 41 = 0 has two distinct roots, then
(@) lal=2 ) |al <2 () |al >2 (d) None of these
3. If the equation 9x? + 6kx + 4 = 0 hasequal roots, then the roots are both equal to
2 3
+ = + =
(@) £3 b) *3 (© 0 (d) +3
4. If ax? + bx + ¢ = 0 has equal roots, thenc=
~b b 1P b’
a) — - - Yy ==
€ % ® % © @ &
5. If the equation ax? + 2x + a = 0 has two distinct roots, if
(a) a==1 by a=0 () a=0,1 d) a=-10
6. The positive value of k for which the equation x* + kx + 64 =0 and
& — 8y + k = 0 willboth have real roots, is
(a) 4 (b) 8 (c) 12 (d) 16
7. The value of JE+ J6+ J6+ .. s
(a) 4 (b) 3 () -2 (d) 3.5
8. If 2is a root of the equation 2 + by + 12 = 0 and the equation x? 4+ bx + g = 0 has equal
roots, then g= .
(a) 8 (b) -8 () 16 (d) - 16 !
9. If the equation (e + b?) x* — 2 (ac + bd) x + ¢ + d* = 0 has equal roots, then
' {
(@) ab = ed (b) ad = bc () ad = vbe (d) ab = ed :
10. If the roots of the equation (a* + Pyx* =2b(a+c)x+ (p? + ¢2) = 0 areequal, then
(@) 2b=a+c (b) b* =ac &) b= 2a¢ (d) b= ac
a+c
11. If theequation x* — bx +1 =0 does not possess real roots, then
(a) =3<h<3 b) 2<b<2 () b>2 (d) b<-2
12. If ¥ =1 is a common root of the equations i +ax+3=0 and x* +x+b =0, then
ab =
(@) 3 b) 3.5 © 6 (d) -3
13. If pand g are the roots of the equation x* — px +q = 0, then
(a) ;;:1,q=—2 by b=0,q=1 © p=-24=0 d) p=-2,9=1
14. 1f @ and b can take values 1, 2, 3, 4. Then the number of the equations of the form
ax? + by + 1 = 0 having real roots is
(a) 10 (b) 7 (c) 6 (d) 12
15. The number of quadratic equations having real roots and which do not change by

squaring their roots is
(a) 4 (b) 3 (c) 2 (d) 1
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16.

19.

20.

29,

MATHEM ATICS

If (a* + 1) 2 + 2 (ab + bd) x + ¢ + d* = 0 has no real roots, then
{ﬂ) I“i‘: h{._ (b] ﬂ!'_l = l'.'d {l:) ac= !.'.d' l:d) nd - .l!]‘lf'

[f the sum of the roots of the equation 2 - y - A (2x - 1) is zero, then 3 _

1 1
(a) =2 i =
(b) 2 (c) > (d) 5
18. Ifx="Tisacommon root of 442 ax+2 =0 and x* + x + b = 0 then, gh =
(a) 1 (b) 2 (c) 4 (d) 3
The value of ¢ for which the equation ax? + 2bx + ¢ = 0 has equal roots is
b? b* a* a*
a . —— sy S
o 0% €% " G
If x* 4k (4x + k1) +2 = 0 has equal roots, then k=
2 2 31 < I |
==:1 e | i s
(a) 3 (b) 3 (c) 2’3 (d) 273
Ifthe sum and product of the roots of the equation kv* + 6y + 4k = 0 areequal, then k =
3 3 , 2 -
(@) =3 ®) 3 © 3 @ -3
2. Ifsin @ and cos a are the roots of the equationax’ + by + ¢ = 0, then b2 =
(@) a® - 2ac b) a* + 2ac © a* -ac (d) a® +ac
. IF2isaroot of the equation x* + ax + 12 = 0 and the quadraticequation x? + gy + q=0
has equal roots, then g=
(@) 12 (b) 8 (c) 20 (d) 16
. If the sum of the roots of the equation x* — (k + 6)x+2(2k-1)=0is equal to half of
their product, then k =
(a) 6 (b) 7 (c) 1 (d) 5

. Ifaand b are roots of the equation x? + gy + b = 0, then 4 4 p =

(a) 1 (b) 2 (c) -2 (d) -1

. A quadratic equation whose one root is 2 and the sum of whose roots is zero, is

(@) x* +4=0 B ' -4=0 (€ 4x*-1=9p @ x*-2=0

. Ifone root of the equation ax® + bx + ¢ = 0 is three times the other, then p? : gc =

(a) 3:1 (b) 3:16 (c) 16:3 (d) 16:1

. Ifone root of the equation 2x? + kx + 4 = 0 is2, then the other root is

(a) 6 (b) -6 (€) -1 (d) 1

If one root of the equation x* + ax + 3 = 0 is 1, then its other root s

(a) 3 () -3 (c) 2 (d) -2
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3p. Ifone rootof the equation 4x* —2x + (A —4) =0 be the reciprocalof the other, then j =

(a) B (b) -8 (c) 4 (d) -4

31 Ify =1 is a common root of the equations ay* + ay +3 = 0 and y* +y+0 =0, thenab
equals

(a) 3 b) -7/2 (c) 6 (d) -3
[CBSE 2012]

32. The values of k for which the quadratic equation 16 v + 4kx +9 = 0 has real and equal

roots are
1
(a) 6,-g (b) 36,36 ) 6,-6 @ 773
[CBSE 2014]
ANSWERS
1. (a) 2. (© 3. (a) 4. (d) 5. (a) 6. (d)
7. (b) 8. (0 9. (d) 10. (b) 11. (b) 12. (a)
13. (a) 14. (a) 15. (© 16. (d) 17. (©) 18. (b)

19. (a) 20. (b) 21. (a) 22. (b) 23, (d) 24. (b)
25. (d) 26. (b) 27. () 28. (d) 29, (a) 30. (@)
31. (a) 32. (c)

SUMMARY

a quadratic polynomial. The general form of a

1. A polynomial of degree 2 is called
wherea, b, ¢ are real numbers such that g # 0 and

quadratic pol}momial is ax® +bx +¢,

xis areal variable.
2. If p(x) = ax? +bx =+c,a#0isa quadratic polynomial and « isa real number, then

pla) = aa? + bo + ¢ is known as the value of the quadratic polynomial p (x).

3. Arealnumber o issaid tobeazero of the quadratic polynomial p (x) = ax® + bx +¢, if
p(a)=0.0

4. If p(x)= ax? + bx + ¢ is a quadratic polynomial, then p (x) = 0 i.e., ax +bx+c=0-
1 = 0 is called a quadratic equation.

5. A real number o is said tobea root of the quadratic equation ax® +bx +¢ =0, if

ao® + ba+ ¢ = 0.
Inother words, o isarootof ax® +bx +¢ =
p(x) = ax* +bx +c.

6. Ifax? +bx+c,a#0 is factorizable into a product of two linear factors, then the roots of
the quadratic equation ax? + bx + ¢ = 0 canbe found by equating each factor to zero.

quadratic equation can also be found by using the method of completing

0 ifand onlyif « is azero of the polynomial

7. Therootsofa
the square.

TN
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8. The roots of the quadratic equation gx* 4 by + ¢ = 0,a # 0 canbe found by using the
F ~h + \p? _ :
quadratic formula 2 £ V0" ~ dac

- . provided that b? — 44¢ > 0.
i

9. Nature of the roots o

- . 2
t quadratic equation gy= +
valueof D = 2

= 4ac, which is known
10. The quadratic equation

bx+c=0,a#0 depends y
as the discriminate of the quadratic e
ax? + by + c=0,a#0 has:

alroots, if p = 2
(i1} two equal roots i.e,

pon the
quation.

(i) twodistinct re ~dac>0
coincident real roots if D = b* —dac=0
(iii) no real roots, if p = 2 _ dac < (),

—-
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