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TRIANGLES

7.1 CONCEPT OF SIMILARITY

In earlier classes, we have learnt about congruent figures. Two geometric figures having Fhe
same shape and size are known as congruent figures. Note that congruent figures are 2l
in every respect. In this chapter, we shall study about similarity of geometric figures.
Geometric figures having the same shape but different sizes are known as similar figures.
Two congruent figures are always similar but similar figures need not be congruent as
discussed in the following illustrations,

ILLUSTRATION 1 Any two line segments are always similar but they need not be congruent. They
are congruent, if their lengths are equal.

Fig. 7.1

ILLUSTRATION 2 Any two circles are similar but not necessarily congruent. They are congruent if

their radiiare equal.

Fig.7.2

ILLUSTRATION2 (i) Any two squaresaresimilar. (SeeFig. 7.3(i)).

Fig. 7.3(i) Fig. 7.3(ii)
(ii) Any two equilateral triangles aresimilar. (see Fig. 7.3(i)).
If two figures are similar one can be {:rbtained_ from the other either by shrinking or by
stretching, without changing its ShaE?' There is one-to-one correspondence between the
parts of two similar figures [Fig. 7.3 (ii)].
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7.2 SIMILAR POLYGONS
DEFINITION Tuvpwiveorsane said tobe similar toadhother, if
)

:':;-.ra.ofn\,\\!*"-"{.:-:f!;'\.m‘..! wal, ard
() thel

notis of thar cormesponding sades are proportional.
If two polvgons ABCDE and PQRST are similar, then from the above definition it follows
that:
Angleat A= Angleat P Angleat B= Angle at Q. Angleat C= AngleatR.
Angleat D=Angkeat S Angleat E= Angleat T
AB_BC _CD _DE_EA
™ TR R ST TP

I two polvgons ASCDE and PQRST,
Here, the ssmbol “~' stands for ‘tssmilarto’.

NOTE 1 shold he moad that for e Secilaviig of n.f-.--*—- =ik maove L ke s2des, the Ixv0

omitms oR - o shr St -..'r-:..-."v-:."—_f-*‘ F eack oty L L.r..-rr.-:-" the too conditions

= She sther = e -‘:..*':.:.H::_ww‘wrr--*ﬂ ::. oy sides 20 Be sommilar. I odher movas,

= Shr oeres .*.':-:;:::1_;-.:-.-:'::1--:;1' QoS ITY -:.:_' 3-'*::: fiherr corresponding Sds zrenct

yrortrsiomal. e aalygoms mand not he steeder S:'.H:Z..':r:'}f. i the corresponding engles of txvo
- o s

"t.‘u‘-‘“""‘-:"."‘ o e’ Furd 2 -ET:::‘:Z e corresponding sides are proportions], ther the polygons
T

NOTE 3 Tracoois ore e .‘.3.;1-.".::":1:5:."5--:. In case of trizmgles, & cither of the too conditions
L o S ooy Seesiow Iolls, She B oty niSs = eomstinTy,

EXERCISE 7.1

i
= ASsmrmesze !'c:'_—:'r'.c:c;-_.-_::a::.a
(=i AR riangies are sEmilay (Iosceles, equiiateraisy
G+ Two triangies are similar, & thesr commespondmg angles are . (proportional.

) Two clanses aresemsiar, (proporsonal
=2l

0 Tw-\ch—ﬂ:sc*t::em*:evwa:?m.}.a: i (a) thetr correspondms
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2 Wrnte the truth value (T/F) of each of the following statements:
(1) Any twosimilar figures are congruent.
(11) Anv two congruent figures are similar.
(1i1) Two polygons are similar, if their corresponding sides are proportional.
(iv) Two polvgons are similar if their corres;* ynding angles are proportional.
(v) Two triangles are similar if their corresponding sides are proportional.
(vi) Two triangles are similar if their corresponding angles are equal.

ANSWERS

1. (1) sumular (1) simular (i) egquilateral
(v) egqual (v) proportional (v1) equal, proportional
= (1) False (1) True (11) False
iv) False v) True (vi) True
7.3 SIMILAR TRIANGLES AND THEIR PROPERTIES
DERNIMION TTv triamglasgresaid to hesimilar, it ihesr
(D comagpondmgangisareaqual and.
(2} correguondmg sidesare proportional.
I follows from this definition that two trianges ASC and DEF are similar, if
2 BC AC

N LA=ZLD,£B=/FE LC=LF and (@) 5 =EF-D.':
D

\

.

:

A \
=
s

)

In

= c E
Fig.75
NOTE | [ te Iater part of this chapter we shaii show st the tivo conditions groem in the abote

i

X r=ton gre not independent. In fact, of cither of the Yoo conditions kolds, thrn the oiner hold

= e - Dl S & o
[P ——— - = LR "':-'F,E' . S adiy ‘3]"'"‘1*
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WOTE T I corresponding angles o o tnangles are eguc], them they Sve kvoum as egquiangular
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T4 SOME BASIC RESULTS ON PROPORTIONALITY

= omos secmon, we shall discuss some basic results on proporsonalzy.

L1
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We have, y
AD = AP, + P\P,+ P,D = 3 units C
and, DB = DP;+ P3B = 2 units.
AD_3
DB~2 E
Now, measure AE and EC and find %
You will find that
AE_3
EC 2 e B o
AD _ AE |
DB EC Fig.7.6 i
B E Thus, we observe thatin AABC if DE || BC, then
AD _ AE
DB ‘EC
We prove this result as a theorem known as basic proportionality theorem or Thale’s
Theorem as given below.
THEOREM 1 (Basic proportionality Theorém or Thales Theorem) Ifa line is drawn parallel to one side
of a triangle intersecting the other two sides, then it divides the two sides in the same ratio.
[NCERT, CBSE 2002 C, 2005, 2006 C, 2007, 2008, 2009, 2010]
3 GIVEN A triangle ABCin which DE || BC, and intersects ABin Dand ACin E.
i AD e 8
l TO PROVE DB EC
5 CONSTRUCTION Join BE, CD and draw EF L BA and DG LCA.
& PROOF Since EF is perpendicular to AB. Therefore, EF is the height of triangles ADE and 1

DBE.
Now,  Area(AADE)= %{base x height) = %{AD. EF)

and, Area (ADBE) = -é[base x height) = %(DB. EF)

( Loap.ER)

Area(AADE) - AD

Area {ﬁDBE] = l{DB-EFJ - DB -“('}
2
Similarly, we have
1
Area(AADE) 3\AE-DO) 4 Fig.7.7

Area(ADEC) Lipe pgy EC i)
2

But, A DBE and A DEC are on the same base DE and between the same parallels DE and BC.
Area (A DBE) = Area (ADEC)
1 1
= Area (ADBE)  Area (ADEC) [Taking reciprocals of both sides]

- - Sl SO pos |




TRIANGLES 75

Area (AADE)  Area (A ADE)

= Area (ADBE)  Area (A DEC) [Multiplying both sides by Area (A ADE)]
AD AE : i
i o [Using (i) and (i)}
Q.E.D.
COROLLARY I[fina A ABC,aline DE || BC, intersects AB in D and AC in E, then:
(i) % = %E: [NCERT] (ii) g = %
PROOF (i) From thebasic proportionality theorem, we have
AD _ AE
DB~ EC
= % = % [Taking reciprocals of both sides]
e 1+ —% =1+ %— [Adding 1 on both sides]
& AD+DB _AE+EC
AD AE
AB  AC
- AD ~ AE
(1) From thebasic proportionality theorem, we have
AD _ AE
DB EC
AD AE
= DB +1= C +1 [Adding 1 on both sides]
AD+ DB AE+EC
= DB EC
AB  AC
g DB EC
Q.E.D.

The above results can be summarised as follows:
SUMMARY Ifina A ABC, DE || BC, and intersects AB in Dand ACin E, then we have
AD AE . DB EC ... AB AC

O Dp = EC ) Ap~ aE W) b = 4E
AD _AE 4B _ AC DB _EC
) 4B = Ac ™ BB~ EC W) 28~ ac

Let us now perform the following activity.

ACTIVITY Draw any angle XAY and mark points B,, B,, B;, B, and B on its arm AX such that
AB, =B,B, = B,B; = B3B; = BB =1 unit. Also, mark points C, C,, C, C; and C onarm AY such
that AC;= C,C, = C;C3 = GGy = C,C =T unit. Join B,C,, B,C,, ByCy, B,C, and BC as shown in
Fig.7.8.

(.
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We observe that y
AB; =1 unit, AC, =1 unit,
BB =4 units, C,C =4 units, c |
AB, _AG(_1 ] C4
BB C,C [ 4 C
You can also see that B,C, and BC are parallel to each Ca
other. "
, Similarly, we observe that !
AB. AG,( 2 —
—= = —=| = — land B,C, || BC A By B Ba Bs B X
B.B czc[ 3]”" 2 | St S
Fig.7.8
AB, AG, 3}
=~ =——=| = — |and ByC; || BC
i BB [},C[Ems}jn
AB; AC, ( 4 ]
— =——=| = = |and B,C, || BC.
BB - Col 1) ™BGl
It follows from the above activity that ifa line divides two sides of a triangle in the same ratio,
then it is parallel to the third side of the triangle.
This fact is stated and proved as a theorem given below and it is the converse of the basic
proportionality theorem.
THEOREM 2 (Converse of Basic Proportionality Theorem) If aline divides any two sides of a triangle
in the same ratio, then the line must be paralled to the third side. [NCERT]
AD AE
| GIVEN A A ABCand alinelintersecting ABin Dand ACinE, suchthat =0 = i
g TOPROVE :BCie. DE || BC |
PROOF If possible, let DE be not parallel to BC. Then, there must be another line parallel to
3‘ BC. Let DF || BC.
b Since DF || BC. Therefore, from Basic Proportionality Theorem, we get
s . .
DB FC -+(0)
AD _AE
—— s ol H
But, DB EC (Given) 1)) :
From (i) and (ii), we get
AF_AE
FC T EE
AF AE : .
= i L g ] [Adding 1 on both sides
FC EC . I8 c '
AF+FC _AE+EC Fig.7.9
= FC EC
S
FCE . - EC
=5 FC=EC

b_‘ i P
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This is possible only when F and E coincide i.e. DF is the line [ itself. But, DF || BC.

Hence,

|| BC.

7.7

Q.E.D.

We shall now discuss some examples which will illustrate the applications of the results
discussed so far.

~ ILLUSTRATIVE EXAMPLES

LEVEL-1

Typel BASED ON THE RESULT THAT THE LINE DRAWN PARALLEL TO ONE SIDE OF A
TRIANGLE INTERSECTING THE OTHER TWO SIDES DIVIDES THEM IN THE SAME RATIO.

EXAMPLE 1

SOLUTION

=

AD 3
EXAMPLE2 Inagiven A ABC, DE || BCamd 55 = = IfFAC =5.6, find AE.

SOLUTION

!

U

U

In Fig7.10, PQ is parallel to MN. If e

In A KMN, wehave
PQ ||MN

KP _ KQ

PM  ON

KP  KQ

PM KN -KQ
4 KQ

13 204-KQ

4(20.4 - KQ) = 13KQ
81.6 - 4KQ = 13KQ

17 KQ = 81.6
KQ = % =48cm

InA ABC, we have
DE ||BC
AD  AE
DB EC
AD  AE
DB AC - AE
3 AE
5 56-AE
3(5.6 — AE) = 5AE

16.8 — 3AE = 5AE
8AE = 16.8
16.8

AE = -—B—cm = 2.1cm.

PM 13

[By Thale’s Theorem]

[By Thale’s Theorem]

[-- AC = 5.6]

= & and KN = 20.4 em. Find KQ.

Fig. 7.10

Fig. 7.11
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EXAMPLES InFig.7.12, DE ||BC.IFAD=x,DB=x-2, AE=x+2and EC=x - 1, find the valye

of X,
SOLUTION  InA ABC, we have 5
DE ||BC E
AD AE
DB EC [By Thale’s Theorem]
X! el
= x-2 x-1
X(x=-D=(x-2)(x+2)
> . A D
= X*=xX=x"-4=xv=4 Fig.7.12

EXAMPLES InFig. 7.13,IM ||AB.IfAL=x-3, AC=
value of x.

SOLUTION InA ABC, we have

MATHEMATICS - X :

2%, BM=x-2and BC = 2x + 3, find the

IM ||AB
AL BM
T By Thaley’s Theo
IC MC [By y rem]
AL BM :
= AC- AL BC-BM
x—3 L x=2
= 2x—(x=-3) (2x+3)—-(x-2) ] i
x—-3 _x=2
= xX+3 x+5
= (x=3)(x+5)=(x-2)(x+3)
= C+2-15=x*+1-6 o 2
= I=9 :
EXAMPLES [InFig.7.14,if ST || QR. Find PS. Fig.7.13
SOLUTION InA PRQ, we have
R Q
2cm 3cm
i T S
3cm
p [
Fig. 7.14
ST ||QR
PS _ PT
o QS RT [By Thale’s Theorem]

11
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Ps_3
= 3 2
9
PS ==
= 3 CcIm
EXAMPLE 6 InFig. 7.15 (i) and (i), PQ || BC. Find QC in (i) and AQ i (11).
A
3cm
A - —
P Q
b 5cm 1 3cm 6 cm 53cm
/ P Q\
B Cc
Fig. 7.15 (i) Fig. 7.15 (ii)
SOLUTION InFig. 7.15(i), we have
PQ ||BC
Therefore, by basic proportionality theorem, we have
aF 20
PB QC
L5 13
== _— —
3 QC
1_13
b 2 QC
= QC=2.6cm
In Fig. 7.15 (ii), it is given that PQ || BC.
Therefore, by basic proportionality theorem, we have
AP _ AQ
PB QC
3_40
= 6 53
1_4Q
- 2 53
= AQ = S—;E - 2.65 cm
. AR _AQ DR
EXAMPLE7) InFig.7.16,if P BC and PR || CD. Prove that (i) — (il
JXAMITED) InFig. Ql I e e JAQ ==
[CBSE 2010}
SOLUTION InA ABC, wehave
PQ || BC [Given]
Therefore, by basic proportionality theorem, we have
AQ _ AP

AB " AC A1)
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InA ACD, wehave .
PR ||CD
Therefore, by basic proportionality theorem, we have
AP AR P
:"l_{: T E)‘ o) A c
From (i) and (ii), we obtain that R
AB AD " AD AB D
(1)) From (i) we have Fig.7.16
AQ AR
AB ~ AD
AB _ AD
= ‘;,“6 = ﬁ
= AQ+QB=AR+RD___1+QB
AQ AR AQ
=1+ EE = QB = E-‘E
AR AQ AR
. L BE BC
EXAMFPLES [nFig. 7.17, DE || AC and DC || AP. Prove that Ic-cp [CBSE 2005]
SOLUTION InA BPA, wehave
DC ||AP [Given]
Therefore, by basic proportionality theorem, we have A
BC _BD :
CP DA ee+(i) D
InA BCA, wehave
DE ||AC [Given]
Therefore, by basic proportionality theorem, we have
wf—;.E- = E (ii) B E c P
EC DA

. Fig.7.17
From (i) and (ii), we get

BE W B
CP ECEC P
Typc Il PROBLEMS BASED UPON THE CONVERSE OF PROPORTIONALITY THEOREM

EXAMPLE9 D and E are respectively the points on Hhe sides AB and AC ofa A ABC such that

AB=5.6cm,AD=14cm, AC=7.2cmand AE =1.8 cm, show that DE || BC.

A
SOLUTION We have,
AB=5.6cm,AD=14cm,AC=72cmand AE=1.8cm.
BD=AB-AD=(5.6-1.4)cm=4.2cm
D E
and,
EC=AC-AE=(72-1B)em=54cm
Now: AD_14 1 . AE 18 1
L. BB.42. 378 A3
B
= E_‘AE Fig.7.18

DB EC
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Thus, DE divides sides AB and AC of A ABC in the same ratio. Therefore, by the converse of
Basic Pro-portionality Theorem, we have

DE ||BC

EXAMPLE10  Any point X inside A DEF is joined to its vertices. From a point P in DX, PQ s drawn
parallel to DE meeting XE at Q and QR is drawn parallel to EF mecting XF in R. Prove that PR || DF.

[NCERT, CBSE 2002]
GIVEN A A DEF and apoint X insideit. Point X isjoined to the vertices D, E and F. P'is any
pointon DX. PQ || DEand QR || EF.
TOPROVE PR || DF

D
CONSTRUCTION Join PR.
PROOF InA XED, wehave

PQ || DE

% = 35% ..(i) [ByThale’s Theorem]
InA XEF, wehave

QR ||EF

XQ XR

E ~ RE ... (ii) [By Thale’s Theorem|] Fig.7.19
From (i) and (ii), we have

XP _XR

PD  RF

Thus, in A XFD, points R and P are dividing sides XF and XD in the same ratio. Therefore, by
the converse of Basic Proportionality Theorem, we have
PR || DF

EXAMPLE11  Ina A ABC, Dand E are points on sides AB and AC respectively such that BD = CE. If
£ B= 2 C,show that DE || BC.

SOLUTION InA ABC, we have
LB=4C

AC=AB [Sides opposite to equal angles are equal |
AE+EC=AD+ DB

AE +CE=AD + BD

AE+CE=AD+CE |-+ BD=CE]

AE=AD D E
Thus, we have

AD =AE and BD=CE
AD AE

BD CE

AD AE

— m g e

DB EC
DE || BC [By the converse of Thale’s Theorem|

A

g u Ul

Fig. 7.20

U

~=
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ENAMPLEL2  InFig. 7.21,ifDE || AQand DF || AR. Provethat EF ||QR.  INCERT, CBSE 2008]
SOLUTION  InA PQA, we have

DE ||AQ [Given]
Therefore, by basic proportionality theorem, we have

P
PE_PD -
EQ DA 40
In A PAR, wehave El A\ T\ F

DF ||AD [Given]

Therefore, by basic proportionality theorem, we have
PD PF .

a = ﬁi «{11) .
From (i) .mc‘i [;}:.\ ;Fha\ ¢ Fig. 7.21

EQ FR
= EF ||QR [By the converse of Basic Proportionality Theorem]
EXAMPLE 1S In Fig. 7.22, A, B and C are points on OP, OQ and OR respectively such that
AB || PQand BC || QR. Show that AC || PR. [NCERT]
SOLUTION InA OPQ, wehave

AB || PQ A

OA OB .
= AP :BE e (1)
InA OQR, wehave

BC ||@QR
- E—S = % .. (ii) L iy
From (i) and (ii), we get Q B

OA OC Fig. 7.22

AP CR
Thus, A and C are points onsides OP and OR respectively of AOPR, such that

OA _OC

AP CR
= AC ||PR [Using the converse of BPT]
Typel BASED UPON BASIC PROPORTIONALITY THEOREM =

: : AE BF

£X InFig.7.23,if EF || DC || AB. prove that D - FC

GIVEN EF || DC || AB in the given figure.

AL B
BFE / \

AE
TOPROVE T== =

ED  FC 1
CONSTRUCTION Produce DA and CB tomeet at P (say).
PROOF InA PEF, wehave

AB ||EF Fig.7.23
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S Thale’s Theorem]
AE  BF [By Thale’s Theorem
PA PB
LR, 2. : .
- AE 4 BF il [Adding 1 on both sides]
PA+AE _ PB+ BF
- AE BF
PE_PF )
- AE  BF i
In APDC, wehave
EF ||DC
PE PF )
ED _ EC [By Basic Proportionality Theorem] ...(ii)
On dividing equation (i) by equation (i), we get ‘
PE  PF
AE _ BF
PE = PF
ED FC :
ED _FC
= AE  BF
AE _BF
= ED FC

EXAMPLE15 Let X be any point on the side BC of a triangle ABC. If XM, XN are drawn parallel to
BA and CA mecting CA, BA in M, N respectively; MN meets BC produced in T, prove that
TX*=TBxTC.

SOLUTION InA TXM, wehave A

XM || BN

TB TN _

X ™ =0 N
InA TMC, wehave

XN ||CM

TX TN B T B X c

< ™ ..(11) Fig. 7.24
From equations (i) and (ii), we get

B _TX

X TC
= TX? = TBxTC

EXAMPLE16 ABCD isaparallelogram, P is a point on side BC and DP when produced meets AB
produced at L. Prove that
DP DC .. DL AL
) or " mr @ =

PL  BL DP _ DC

prow -
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GIVEN A parallelogram ABCD in which P is a point on side BC such that DP produced

meets AB produced at L.
TOTROVE
_ DP_DC ~ B AL
O BB @ Bp~ e
PROOF (i) InA ALD, wehave D c
BP ||AD
1B, _LP
BA PD
BL _PL
- AB  DP
BL . PL
gt T [--AB=DC]
BE BDE : ; :
= PL - BL [Taking reciprocals of both sides]
(ii) From (i), we have
DR DE
PL  BL
PL 'BL
= P DC [Taking reciprocals of both sides]
L BL
» = [--DC=AB]
= E+1=E+1 [Adding1onb i
DP AB £ 1 on both sides]
L DP+PL _BL+AB
DP AB
DL AL
e DP ~ AB
DL AL
= ﬁ = I_jE ['.‘ AB = DC]
AE BF
EXAMPLE17 [nFig.7.26, EF || AB || DC. Prove that D FC [NCERT]
SOLUTION Wehave,
EF ||AB ||DC A e
= EP ||DC / : \
Thus, inA ADC, we have E F
EP ||DC v
Therefore, by basic proportionality theorem, we have
AE AP :
D PC «s(i)
Again, EF ||AB ||DC = c
= FP ||AB Fig.7.26




[RIANGLES 715

Thus, in A CAB, we have

FP || BA
Therefore, by basic proportionality theorem, we have
BF AP .
FC PC <)
) . __AE BF
From (1) and (ii), we obtain D T

EXAMPLE 18 [nFig.7.27, DE || BC and CD || EF. Prove that AD* = AB x AF. [CBSE 20071
sOLUTION InA ABC, we have

DE || BC
= AB _ AC (1) A
AD AE
InA ADC, wehave F
FE ||DC
AD AC " D E
o o e P b))
AF AE
From (i) and (ii), we get
AB _ AD
AD ~ AF K &
= AD? = ABx AF Fig.7.27

TypeII ON THALE'S THEOREM AND ITS CONVERSE

EXAMPLE19 Tuwo triangles ABC and DBC lie on the same side of the base BC. From a point P on
BC, PQ || AB and PR || BD are drawn. They meet AC in Q and DC in R respectively. Prove that
QR ||AD
GIVEN Two triangles ABC and DBC lie on the sameside of the base BC. Points P, Qand Rare
points on BC, AC and CD respectively such that PR || BD and PQ [[AB.
TOPROVE QR || AD
PROOF InA ABC, wehave

PQ ||AB

CP__ C@

PE - OA ...(1) [By Basic Proportionality Theorem]

In A BCD, wehave 5
PR ||BD
CcP _ CR
PB RD
From (i) and (ii), we have
co_cr
QA RD
Thus, in A ACD, Q and R are pointson AC and CD respectively such that Fig.7.28
CO CR
QA RD
= QR ||AD [By the converse of Basic Proportionality Theorem]

...(11) [By Thale's Theorem]
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EXAMPLE20  ABCDisaquadrilateral; P, Q, R and S are the points of trisection of sides AB, BC, CD
mﬁw}y and are adjacent to A and C; prove that PQRS isa parallelogram.

GIVEN A quadrilateral ABCD inwhich P, Q, Rand Sare the points of trisection of sides AR,
BC, CD and DA respectively and are adjacentto Aand C.

TOPROVE PQRSisaparallelogrami.e., PQ ||SRand QR || PS.

CONSTRUCTION Join AC.

PROOF Since P, Q, Rand S are the points of trisection of AB, BC, CD and DA respectively.
BP=2PA,BQ=2QC,DR=2RCand, DS=2SA
InA ADC, wehave

o sy 2
SA SA RC RC R
DS DR ¢
= @R ‘
= Sand Rdivide the sides DA and DC a
respectively in the same ratio. S
= SR ||AC [By the converse of Thale’s Theorem] ...(i)
In A ABC, we have
BP 2PA BQ 2QC A & B
et S Moo W7, Rt il el | Fig.7.29
PA  PA QC QC
BP _ BQ
= E‘i ol E
= P and Q divide the sides BA and BC respectively in the same ratio.
=5 PQ ||AC [By the converse of Thale's Theorem] ...(11)

From (i) and (ii), we obtain
SR ||AC and PQ ||AC= SR ||PQ
Similarly, by joining BD, we can prove that QR || PS. Hence, PQRS is a parallelogram.

EXAMPLE21  Let ABC bea triangle and D and E be two points on side AB such that AD = BE. If DP
||BCand EQ || AC, then prove that PQ || AB.

SOLUTION InA ABC, wehave
DP||BCand EQ||AC

' A

o E:Ea‘n E:Eg

DB .BCASiFA.  OC ? .
i@:ﬂmd_{lﬂ:_ﬂﬂ[EA=ED+DA=ED+BE:BD
= DB- PG DB QC | (- AD = BE)

E

AP _ BQ
S

PC  QC B Q c
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= Ina A ABC, Pand Q divide sides CA and CB respectively in the same ratio.
=5 PQ ||AB.

EXAMPLE22 [n Fig. 7.31, ABC isa triangle in which AB = AC. Points D and E are points on the
sides ABand AC respectively such that AD = AE. Show that the points B, C, E and D are concyclic.

SOLUTION In order to prove that the points B, C, E and D are concyclic, it is sufficient to
show that Z ABC + 2 CED =180° and Z ACB + Z BDE =180~

In A ABC, we have

AB = AC and AD = AE
= AB-AD=AC-AE
= DB =EC
Thus, we have

AD =AE and DB=EC

i AD _ AE Fig. 7.31
DB EC
=b DE ||BC .[By the converse of Thale’s Theorem]
= Z ABC= £ ADE [Corresponding angles]
= Z ABC + 2 BDE =2 ADE + £ BDE [Adding £ BDE on both sides]
= £ ABC + £ BDE =180°
=> Z ACB + £ BDE =180° [+ AB=AC ..£ ABC=Z ACB]
Again, DE ||BC
1 =5 £ ACB=<£ AED
=5 £ ACB+ £CED = £ AED+ £ CED [Adding £ CED on both sides]
= Z ACB + £ CED = 180°
=5 Z ABC + £ CED =180° [-- £ ABC=Z ACB]
1 Thus, BDEC is quadrilateral such that £ ACB + £ BDE = 180°
and Z ABC + ZCED = 180°
l Therefore, BDEC is a cyclic quadrilateral. Hence, B, C, E and D are concyclic points.
A EXAMPLE 23 The side BC of a triangle ABC is bisected at D; O is any point in AD. BO and CO
produced meet AC and AB in E and F respectively fmd AD is produced to X so that D is the
| mid-point of OX. Prove that AO : AX = AF : ABand show that FE || BC.
: SOLUTION Join BX and CX.
Wehave,
' BD =CD and OD=DX.
' Thus, BC and OX bisect each other.
=% OB XC is a parallelogram.
=> BX ||COand CX || BO
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= BX ||CFand CX || BE A

= BX ||OFand CX || OE

InAABK,wehavg & &
BX ||OF
AO AF

=5 TV ...(i) 0

InA ACX, wehave
CX ||OE B .. n\ C
AO _AE

= AX = AC ... (i) %

From equations (i) (i1), we get Fig.7.32
AF AE
AB  AC

Thus, E and Fare points on AB and AC such that they divide AB and AC respectively in the
same ratio. Therefore, by the converse of Thale’s Theorem FE || BC.

AD BE
EXAMPLE24 InFig.7.33,if DC ~ Ec “nd £ CDE = £ CED, prove that A CAB is isosceles.
SOLUTION InA ABC, wehave

AD _ BE : c

DC - EC [Given]
Therefore, by the converse of basic proportionality theorem, we have,

DE ||AB
= £ZCDE=2/CABand £ CED= £ CBA

[Corresponding angles] D E
But, LECDE=/CED [Given] Z \
ZCAB=2ZCBA A
= ZA=/B Fig.7.33
= BC=AC [ Sides opposite to equal angles are equal]
= A CAB isisosceles.
: RS- “PT . .

EXAMPLE25 [n Fig. 7.34, 50 TR and £ PST = £ PRQ. Prove that A PQR is an isosceles
triangle. [NCERT]
SOLUTION Wehave,

BS _ET

SQ TR =

By using the converse of Basic

= ST ||QR I: Proportionality Theorem ]

b

£ PST=/PQR [Corresponding angles]
£PRQ=2PQR [+ £ PST=2£ PRQ(Given)]

N "~ Sides opposite to equal z 0
=¥ PQ=PR [ angles are equal ] / \

=> A PQR is isosceles.
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. EXERCISE 7.2

LEVEL-1

1. In a AABC, D and E are points on the sides AB and AC respectively such that
DE || BC.
(i) f AD=6cm, DB =9cmand AE=8cm, find AC.

3

A
(ii) If ——= = and AC=15cm, find AE.

AD 2
(iii) If DB e 3 and AC =18 c¢m, find AE.

(iv) f AD=4, AE=8,DB=x-4,and EC =3x-19, find x

(v) fAD=8cm, AB=12cmand AE =12cm, find CE.
(vi) fAD=4cm,DB=4.5cmand AE =8cm, find AC.
(vii) fFAD=2cm, AB=6cmand AC=9cm, find AE.

(i) 1 % - % and EC=2.5cm, find AE.

(ix) If AD=x,DB=x-2, AE=x+2and EC=x-1, find the value of x.
(x) If AD =8x-7,DB =5x-3, AE =4v-3and EC = (3x-1), find the value of x.
(xi) If AD=4x-3, AE =8x-7, BD=3x-1and CE = 5x-3, find the volume x.
[CBSE 2002]
(xii) If AD =2.5em, BD =3.0cmand AE =3.75 cm, find the length of AC.
[CBSE 2006C]
Ina A ABC, D and E are points on the sides AB and AC respectively. For each of the
following cases show that DE || BC:
(i) AB=12cm, AD=8cm, AE=12cmand AC=18cm.
(ii) AB=5.6cm,AD=14cm,AC=7.2cmand AE=1.8cm.
(iii) AB=10.8cm, BD=4.5cm, AC=4.8cmand AE=28cm.
(iv) AD=5.7cm,BD=95cm, AE=33cmand EC=5.5cm.
3. Ina A ABC, P and Q are points onsides AB and AC respectively, such that PQ || BC. If
AP=24cm, AQ=2cm,QC=3cmand BC=6cm, find AB and PQ.

4. Ina A ABC, D and E are points on AB and AC respectively such that DE || BC. If AD=2.4
cm, AE=3.2cm, DE=2c¢mand BC =5c¢m, find BD and CE. [CBSE 2001C]

5. InFig. 7.35, state if PQ || EF.

I

E

3 ecm

39cm

F 24cm /Q 3.6 cm D

Fig. 7.35
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6. M and N are points on the sides PQ and PR respectively of a A PQR. For each of the
following cases, state whether MN || QR :

(i) PM=4cm, QM =45cm, PN=4cm,NR=45cm
(i) PQ=1.28cm, PR=256cm, PM=0.16cm, PN =0.32em

T

7. In three line segments OA, OB, and OC, points L, M, N respectively are so chosen that
IM || AB and MN || BC but neither of L, M, N nor of A, B, C are collinear. Show that

LN || AC.
8Af D and E are points on sides AB and AC respectively of a A ABC such that
DE || BCand BD = CE. Prove that A ABC is isosceles. [CBSE 2007, 2009]
ANSWERS
1. (i) 20cm (i) 6.43cm (ii1) 7.2cm (iv) 11lem  (v) 6cm
(vi) 17cm  (vil) 3cm (viii) 2cm (x1) x=4 x) x=1
(x1) 1 (x11) 8.25cm 3. AB=6cm,PQ=24cm
4. DB=3.6cm,CE=4.8cm 5. No 6. (i) Yes (ii) Yes
HINT TO SELECTED PROBLEM
8. By Thale’s Theorem, we obtain 4D = .A_E=, AD = AE
BD EC

Butt BD=CEand AD=AE
AD+ BD = AE+CE = AB = AC

7.5 INTERNAL AND EXTERNAL BISECTORS OF AN ANGLE OF A TRIANGLE

In this section, we will derive some properties of internal and external bisectors of an angle of
a triangle. These, properties will be stated and proved as theorems.

Let us first perform the following activity.

ACTIVITY Draw any angle £ XAY and mark points Py, Py, P5, P, P;and B on its arm AX such
that AP, = P,P,=P,P3=PyP = P,P5;=P5B =1 unit. Also, mark points Q;, Q,, Q; and Conarm
AY such that AQ, = Q,Q, = 0,Q;=Q,C=1 unit. Join BC.

Wehave,

Drow bEechruf Z XAY tointersect BCat D.

Measure lengths BD and DC and compute g—g
You will find that

Fig.7.36
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AB _ BD
AC DC

This means that the bisector of £ A of A ABC divides oppositeside BC inthe ratio AB: AC.
This factis stated and proved as a theorem given below.

THEOREM 1 The internal bisector of anangle of a triangle divides the opposite side internally in the
ratio of the sides containing the angle.

GIVEN A A ABC inwhich AD is the internal bisector of # A and meets BCin D. F
BD AB ~
TOPROVE = = = 4
CONSTRUCTION Draw CE || DA to meet BA producedin E.
rrROOF Since CE || DA and AC cuts them.
: £ i3 (i)
[Alternate angles]
and, ZLl=4L4 ...(i1) [Corresponding angles]
But, Ll=£2 [-- AD is the bisector of £ A]
From (i) and (ii), we get
Z3=L4 B
Thus, in A ACE, we have Fig.7.37
L3=.L4
= AE=AC ...(ii1) [Sides opposite to equal angles are equal]
Now, in A BCE, we have
DA || CE
BD  BA ‘ _ ) _
=> DC - AE [Using Basic Proportionality Theorem]
BD AB
= H:; = AC [+ BA=AB and AE = AC (From (iii)]
BD  AB
Hence, DC - AC

In order to see whether the converse of the above theorem is true on not. Let us perform
the following activity.

ACTIVITY Draw any angle £ XAY and mark points Py, Py, P, Py, Psand B on its arm AX such
that AP, = P, P, = PyPy= P3Py= P,Ps=PsB =1 unit. Also, mark points Q;, Q, and Conarm AY
such that AQ; = Q,Q, = Q,C = 1 unit. Join BC.
Compute AB: AC.

Wehave,
AB = 6 units and AC = 3 units.

AB 6 2

AC 3 1
Divide BC into 3 (=2 + 1) equal parts and mark the
points of divisionas Rand D.
We have,

BD = BR + RD =2 units and CD =1 unit, Fig. 7.38
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BD 2
E0

Thatis D divides BC inthe ratio 2: 1.

Join AD and measure £ XAD and £ YAD.

You will find that £ XADand £ YAD. That is, AD is the bisector of 2 BAC of A ABC.

This means that if D isa point onside BC of A ABC such thatitdivides BC in the ratio AB : AC.
Then, AD is the bisector of £ A of A ABC.

We state and prove this factas a theorem given below.

THEOREM 2 In a triangle ABC, if D is a point on BC such that ?—.g = %, prove that AD is the

bisector of ZA.
OR
Ina triangle ABC, if D is a point on BC such that D divides BC in the ratio AB : AC, then AD is
the bisector of ZA.
OR
If a line through one vertex of a triangle divides the opposite sides in the ratio of other two
sides, then the line bisects the angle at the vertex.
) e N BD AB
GIVEN A A ABC, inwhich Dis a point on BC such that DC AC
TOPROVE AD is thebisector of £ A.
CONSTRUCTION Produce BA to E such that AE = AC. Join EC.
PROOF InA ACE, wehave

AE=AC [By construction]
= £3=24 ...(1)
BD AB
Now, D_C = :iE c
BD AB 1
=iy DC - AF [-+ AC=AE] _ :__
Thus, in A BCE, we have X
BD BA 3 &

DC  AE
Therefore, by the converse of Basic Proportionality
Theorem, we have

DA || CE
= Z1=r4 -..(ii) [Corresponding angles]
and, L2=253 ...(iii) [Alternate angles]
But, £3=2/4 [From (i)]
- L1l=2s2 [From (ii) and (iii)] Flg. 7.39

Hence, AD is the bisector of 2 A.

Q.E.D.
REMARK [n the previous two theorems we have seen that the internal bisector of an angle of a triangle
divides the opposite side in the ratio of the sides containi ng the angle and vice-versa. In the _fo.l’.’uw-':ug
theorem, we shall prove that the bisector of the exterior of an angle of a triangle divides the opposite
side externally in the ratio of the sides contair 1ung the angle.
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rHEOREM 3 The external bisector of an angle of a triangle divides the opposite side externally in the
ratio of the sides contatning the angle.

GIVEN A A ABC, in which AD is the bisector of the exterior of angle £ A and intersects BC
produced in D.

o BD_AB
TOPROVE cD AC

cONSTRUCTION Draw CE || DA meeting ABin E,
prOOF Since CE || DA and AC intersects them.
£1=23 (i)
Also, CE || DA and BK intersects them.
22=/4 (i)

_ -» AD is the bisector of
But,  £1=22 [ LCAK . £L1= 22 ]

£3=24 |From (i) and (ii)]
Thus, in A ACE, wehave P o

£3=24
= AE=AC [-- Sides opposite to equal angles ina A are equal] ...(iii)
Now, in A BAD, wehave
EC || AD
BD BA
CD  EA
BD AB
CD ~ AE
BD AB
b~ AC

[Using corollary of Basic Proportionality Theorem]
[-- BA=ABand EA = AE]

—

[-+ AE = AC, From (iii)]

Q.E.D.
The following examples will illustrate the applications of theabove results.

ILLUSTRATIVE EXAMPLES
LEVEL-1

EXAMPLE 1 In Fig 7.41, AD is the bisector of ZA. IfBD =4 cm, DC =3 cm and AB = 6 cm,
determine AC. A
SOLUTION InA ABC, AD is the bisector of £ A.

BD _ AB s

DC AC

4 6 5
siay i

3 AC B 4 cm D  3cm c

= 4AC=18 Fig. 7.41
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9
N AC=;cm=4.5cm.

EXAMPLE2  In Fig. 7.42, AD is the bisector of £ BAC. IfAB=10cm. AC=14cmand BC =6 cm,
find BDand DC.

SOLUTION Let BD =xcm. Then, DC = (6—x)cm. A
Since AD s the bisectorof 2 A.
4B _BD
AC BC
10 by
— e
14 6-x
5 X
— —_ =
7 b-x
= 30-5x=7x [--AC =5.6] Fig.7.42
= 12x = 30
=5 ol g =25cm
=5 BD=25cmand, DC=(6-x)cm=(6-25)em=3.5cm

EXAMPLE3  If the diagonal BD of a quadrilateral ABCD bisects both £ B and £ D, show that
AB AD

BC CD
GIVEN A quadrilateral ABCD in which the diagonal BD bisects £ Band £ D.
AB_ AD
TO PROVE BC CD

CONSTRUCTION Join AC intersecting BD in O.
PROOF InA ABC, BOis the bisector of £ B.

A0 _BA ]
OC= B0 _
oC ~ BC s Y
InA ADC, DO is the bisector of £ D. '
40 _DA - |
oC DC Fig.7.43
OC CD =
. B_ AD
From (i) and (ii), we get BC - D
EXAMPLE 4 If the bisector of an angle of a triangle bisects the opposite side, prove that the triangle is
s [CBSE 2002]

GIVEN InA ABC, thebisector AD of £ Abisects the side BC,
TOFPROVE AB=AC
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rROOF InA ABC, AD is the bisector of Z A. A
AB_BD
AC DC
AB . :
= o 1. [D is the mid-point of BC .. BD =DC|
= AB=AC
Hence, the triangle ABC is isosceles. B D c

Fig.7.44

EXAMPLES InA ABC, thebisector of £ B meets ACat D. Aline PQ || AC meets AB, BC and BD at
P, Qand R respectively. Show that
(i) PR.BQ=QR.BP (ii) ABxCQ=BCxAP

GIVEN A ABC in which BD is the bisector of Z Band aline PQ || AC meets AB,BC and BD at
P, Qand Rrespectively.

TOPROVE (i) PR.BQ=QR.BP (i) ABxCQ=BCxAP i
PROOF (i) InA BQP, BRis the bisector of Z B. .
BQ _ QR
BP PR o
= BQ.PR=BP.QR 5
= PR.BQ=QR.BP
(i) In A ABC, wehave ) Q C
PQ || AC [Given] Fig.7.45
= % = % [By Thale’s Theorem]
= AB x CQ=BC. AP

EXAMPLE6 In A ABC,if AD is the bisector of £ A, prove that:
Area (AABD) AB
Area (AACD) AC

SOLUTION InA ABC, AD is the bisector of £ A.

AB BD :
—_— = ...(1)
AC DC

From A, draw AL L BC.

Area(AABD) (1/2)BD. AL
Area (AACD) (1/2)DC. AL
Area (A ABD) _ BD
Area (AACD) DC
Area(AABD) _ AB
= Area (AACD) AC

EXAMPLE7 The bisectorsof the angles B and C of a triangle ABC, meet the opposite sides in D and
E respectively. If DE || BC, prove that the triangle is isosceles.

Fig. 7.46

[From (i)]

1{-_}\\
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GIVEN A A ABCin which the bisectors of ZB and ZC meet the sides AC and ABat D and E
respectively.

TOPROVE AB=AC A
CONSTRUCTION Join DE
PROOF InA ABC, BD is the bisector of ~ B,

AB _ AD : 3 3

BC ™ DC R
In A ABC, CE is the bisector of 2 C.

AC AE i

BC _ BE (i) e Fig. 7.47 ©
Now, DE||BC

AE AD ,
= BE - el [By Thale’s Theorem] .. (iii)
From (iii), we find the RHS of (i) and (i) are equal. Therefore, their LHSare also equali. e.,

AB  AC

BC BC
== AB=AC

Hence, A ABCisisosceles.

EXAMPLES  BOand CO are respectively the bisectors of £ Band £ C of A ABC. AO produced meets
BCat P. Show that

_ AB A0 _AC Ao __ AB BP
® Bp =~ 0P @ Zp ~op @) 3¢ = pc

(iv) AP s the bisector of £ BAC.

SOLUTION (i) InA ABP, BOis the bisector of Z B

4B _ A0 A

BP OP
(i1) InA ACP, OC is the bisectorof £ C

AC _ 40

' CP OP

(1)) We have, proved that 0
AB_A0 L AC _AO
BP OP CP OP
AB _ AC B P c

p—1 —_— i —

BP CP Fig.7.48
AB BP
— —=—

AC PC
(iv) As proved above thatin A ABC, we have

ﬁ :E = AP is the bisector of =" BAC,
AC CP

EXAMFLES  The bisector of interior £ A of A ABC meets BC in D, and the bisector of exterior £ A

: BD _CD
mieets BC produced in E. Prove that E - CE

p——
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GIVEN In A ABC, AD and AE are respectively the bisectors of the interior and exterior
angles at A

TO PROVE P =f
BE CE
PROOF Since AD is the internal bisector of £ A meeting BC at D. z
AB _ BD . 1.
E - E,_C' ...(1) :
Since AE is the external bisector of Z A meeting BC
produced in E. A,
AB _ BE _
AC  CE ... (i)
From (i) and (ii), we get
BD  BE
DC  CE
i BD _ CD B D c E
BE CE Fig.7.49

EXAMPLE 10 ABCD is a quadrilateral in which AB = AD. The bisector of £ BAC and £ CAD
intersect the sides BC and CD at the points E and F respectively. Prove that EF || BD.

GIVEN A quadrilateral ABCD in which AB = AD and the bisectors of £ BACand £ CAD
meet the sides BCand CD at E and Frespectively.

TOPROVE EF || BD

CONSTRUCTION Join AC, BDand EF. D F c
PROOF In A CAB, AE is the bisectorof # BAC. ' ' '

AC CE :

e ..(1)

AB BE
InA ACD, AF is the bisector of £ CAD.

Ac _CF /

AD  DF

i Fig.7.50 B

» q€e S [--AD=AB] ..(ii

AB DF
From (i) and (ii), we get

CE_CF

BE DF
. o

EB ~ FD

Thus, in A CBD, E and F divide thesides CB and CD respectively in the same ratio. Therefore,
by the converse of Thale’s Theorem, we have EF || BD.

EXAMPLE 11 O isany point inside a triangle ABC. The bisector of £ AOB, £ BOC and £ COA
meet the sides AB, BC and CA in point D, E and F respectively. Show that

AD x BE xCF=DB x EC xFA
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SOLUTION InA AOB, OD is the bisector of 2 AOB.

OA AD .
- = — wweli)

OB DB

In A BOC, OE is the bisector of Z BOC.
Q8 = 3L o (1)
¢ EC

In & COA, OF is the bisector of 2 COA.
QC— = E:—F' +o. (i)
OA FA

Multiplying the corresponding sides of (i), (ii) and (iii), we get

04 OB OC_AD BE CF
OB OC OA DB EC FA

AD BE CF
= 1=—><—3<_

DB EC EA
= DB x EC xFA=AD xBE xCF
= AD % BE xCF=DB x EC xFA

EXAMPLE 12 AD isamedian of A ABC. The bisector of £ ADBand £ ADC meet AB and AC in E
and F respectively. Prove that EF || BC.

GIVEN InA ABC, AD is the median and DE and DF are the bisectors of # ADB and ~ ADC
respectively, meeting ABand ACin E and Frespectively.
TOPROVE EF ||BC
PROOF InA ADB, DE is the bisector of £ ADB.
s )
DB EB

In A ADC, DF is the bisector of 2 ADC. g F
; AD _ AF

DC  FC =
_f_’LE & AF i) [ AD is the median:’ Fig. 7.52

A

DB FC ~. BD=DC
From (i) and (ii), we get
AE _AF

EB FC

Thus, in A ABC, line segment EF divides the sides ABand AC in the same ratio.

Hence, EF is parallel to BC.

EXAMPLE13 In A ABC, D is the mid-point of BC and ED is the bisector o the 2 ADB I
: ; and EF

draum parallel to BC cutting AC in F. Prove that £ EDF isq right angle. 4 5 :

GIVEN A A ABC in which D is the mid-point of side BC and ED is the bi
i i t
meeting ABin E. EF is drawn parallel to BC meeting AC in F. isector of £ ADB,

TOPROVE £ EDFisarightangle.
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PROOF In A ADB, DE is the bisector of £ ADB.

AD AE A
DB EB
= g% - g_g [+ Dis the mid-point of BC -, DB=DC] ...()
InA ABC, wehave E F
EF || BC
@ AE _ AF ’
EB -EC AR) B D c
From (1) and (ii), we get Fig.7.53
AD AF
DC FC
=5 In A ADC, DF divides AC in the ratio AD : DC
=% DF is the bisector of £ ADC

Thus, DE and DF are the bisectors of adjacent supplementary angles £ ADBand £ ADC
respectively.

Hence, £ EDF is aright angle.
EXAMPLE 14 In A ABC, £ B =2 £ C and the bisector of £ B intersects AC at D. Prove that
BD _BC
DA BA’ ‘”‘
SOLUTION In A ABC, bisector of £ Bmeets ACat D.
CD _ BC D
AD BA
BD BC In ABCD, we have
= AD  BA {4DBC=,{BCD:C.'. BD=CD] %
Suny _BE - E ° Fig. 7.54 ¢
DA BA
EXAMPLE1S In Fig.7.55, Z BAC=90°, AD s ts biscctor. IfDE L AC, prove that
DE x (AB + AC) = AB x AC.
SOLUTION Itis giventhat ADis the bisector of Z A of A ABC.
AB _ BD
AC  DC A
= % +1= ﬂ[é +1  [Adding 1 onboth sides] 90°
AB+ AC _BD+ DC E
k4 AC ~ DC
AB+ AC _ BC )
== AC  DC SEAT) B D c

In A’s CDE and CBA, we have Fig. 7.55
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ZDCE=/BCA=£C [Common)

£ BAC=£DEC [Each equal to 907
S0, by AA-criterion of similarity, we have

ACDE~ACBA

CD DE
= CB BA

AB BC o
— DE - DC -..{ii)
From (1) and (i1), we obtain

AB+ AC AB

~ac DE = DEx (AB+AC)=AB x AC

F= S i ey -

EXAMPLE16 Inaquadrilateral ABCD, if bisectors of the £ ABC and £ ADC meet on the diagonal
AC, prove that the bisectors of £ BAD and £ BCD will meet on the diagonal BD.

GIVEN ABCD is a quadrilateral in which the bisectors of £ ABC and £ ADC meet on the
diagonal AC at P.

TOPROVE Bisectors of £ BAD and £ BCD meet on the diagonal BD

CONSTRUCTION Join BP and DP. Let the bisector of Z BAD meet BD at Q. Join AQand CQ.
PROOF Inorder to prove that the bisectors of Z BAD and £ BCD meet on the dia gonal BD. Itis
sufficient to prove that CQ is the bisector of £ BCD. For which we will prove that Q divides
BD intheratio BC: DC.

In A ABC, BP is the bisector of £ ABC.

In A ACD, DP is the bisector of £ ADC.

AD._ AP
PG —PC
From (i) and (ii), we get

... (ii)

= i -..(iii)

In A ABD, AQ is the bisector of £ BAD. [By construction]
AB _ BQ
A= DQ wa(iv)
8¢ _ 80
DE- DO’
Thus, in A CBD, Q divides BD in the ratio CB: CD. Therefore, CQ is the bisectors of ~ BCD.
Hence, bisectors of 2 BAD and £ BCD meet on the dia gonal BD.,

From (iii) and (iv), we get:
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S Y __EXERCISE 7.3
LEVEL-1
1. InaA ABC, AD is the bisector of ZA, meeting side BC at D.
(i) IfBD=25cm, AB=5cmand AC=4.2cm, find DC.
(i) If BD=2cm, AB=5cmand DC =3 cm, find AC.
(i‘i/i} IfAB=3.5cm, AC=4.2cmand DC =2.8cm, find BD.

(iv) f AB=10cm, AC=14cmand BC =6 cm, find BD and DC.
(v) fAC=42cm, DC=6cmand BC=10cm, find AB.

(vi) If AB=5.6cm, AC=6cmand DC =3cm, find BC. [CBSE 2001C]
If AD=5.6cm,BC=6cmand BD=3.2cm, find AC. [CBSE 2001C]
(viii) If AB=10cm, AC=6cm and BC =12 c¢m, find BD and DC. [CBSE 2001]

2. In Fig. 7.57, AE is the bisector of the exterior £CAD meeting BC produced in E. If
AB=10cm, AC=6cmand BC=12cm, find CE.

& A
1
A 2
10 cm
6 cm
B 12cm C xem E B D c
Fig. 7.57 Fig.7.58

AB _ BD
3. InFig.7.58, A ABC isa triangle such that == = 5=+ £ B=70° £ C=50°Find £ BAD.

1. InFig. 7.59, check whether AD is the bisector of £ A of A ABC in each of the following;
(i) AB=5cm, AC=10cm, BD=15cmand CD=3.5cm
(i) AB=4cm,AC=6cm, BD=1l6cmandCD=24cm
(iii) AB=8cm, AC=24cm, BD=6cmand BC=24cm
(iv) AB=6cm, AC=8cm, BD=15cmandCD=2cm

(v) AB=5cm, AC=12cm, BD=25cmand BC=9cm
A

B D c
Fig. 7.59

5. In Fig. 7.60, AD bisects ZA, AB=12cm, AC=420cm and BD =5 cm, determine CD.
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AB _ BD
6. 1 3
n A ABC (Fig. 7.60),if £ 1 = £ 2, prove that —— ac . Do
A ]
112
P B D &
Fig. 7.60

7. D, E and F are the points on sides BC, CA and AB respectively of A ABC such that AD
bisects ZA, BE bisects /B and CF bisects #C. If AB=5cm, BC=8cm and CA =4 cm,

determine AF, CE and BD.
ANSWERS
1. (1) 21am (ii) 7.5cm (i) 2.3cm (iv) BD=25cm,DC=35¢cm
(v) 28cm  (vi) 5.8cm (vii) 4.9cm (viii) 7.5¢m, 4.5¢cm
2 18 3. 30°
(i) No (ii) Yes (iii) Yes (iv) Yes (v) No
5 32 40
AF =—com,CE=—cm, BD = —
5 833cm 7. 3 1 3 ) cm

v HINTS TO SELECTED PROBLEMS

2. Since AE is the bisector of the exterior £ CAD.
BE AB 12+x 10
= =—=x=18.

CE “AD X
7. Since AD is the bisector of £ A.

) . AB_BD
) S A7AC TED
5 8D 5 _BD
4 BC-BD 4 8-BD

i Since BE is the bisector of / B.
e . AB_AE _AB_AC-CE

BC CE  BC _ CE
Since CF is the bisector of the £ C.

=40-5BD=4BD=9BD=40 = BD = 20 .1n.
9

§_4—CE 32
= 8- CE = 13CE-32=>CE=-1§cm

] . Bc_BF
15 - m AF
& 8 AB-AF S . 5
3 | = TS = 2= i =>3AP—5::-AFH3cm.




TRIANGLES 7.33

7.6 MORE ON BASIC PROPORTIONALITY THEOREM
In this section, we shall discuss some more applications of basic proportionality theorem.

THEOREM 1 The line drawn from the mid-point of one side of a triangle parallel to another side
bisects the third side. ! [NCERT]

GIVEN A A ABCinwhich D is the mid-point of side AB and the line DE is drawn para llel to
BC, meeting ACin E.

TOPROVE Eisthemid-pointof ACi.e., AE=EC.
PROOF InA ABC, wehave

DE || BC >
AD AE
= DB - EC [By Thale’s Theorem] ...(i)
But, D is the mid-point of AB. D E
=> AD=DB
=% i 1 ...(ii)
DB '
From (i) and (ii), we get 8 Fig. 7.61 “
-gg— =1= AE = EC.
Hence, E bisects AC.
Q.E.D.
THEOREM 2 Theline joming the mid-pointsof twosides of atriangleis parallel to the thind side. [INCERT]
GIVEN A A ABC in which D and E are mid-points of sides AB
and AC respectively. A
torrove DE|| BC.
PROOF Since D and E are mid-points of ABand AC respectively.
AD=DBand AE=EC D E
AD AE
=% DB =land e =1
. AD_AE - !
DB EC Fig.7.62

Thus, the line DE divides the sides AB and AC of A ABC in the same ratio. Therefore, by the
converse of Basic Proportionality Theorem, we obtain DE || BC.

Q.E.D.
THEOREM3 Prove that the diagonals ofa trapezium divide each other proportionally, [NCERT)
GIVEN A trapezium ABCD inwhich the diagonals AC and BD intersectat E.
DE_CE
TOPROVE EB EA

CONSTRUCTION Draw EF || BA || CD, meeting ADin F.
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PROOF InA ABD, wehave D c

FE || AB
=5 ?E g: [By Thale’s Theorem] ...(i) F
InA CDA, wehave

FE ||DC
= gﬁ fj [By Thale’s Theorem] ...(ii) 5
From (i) and (ii), we get Fig. 7.63

DE _CE

EB EA

Q.E.D.

THEOREM 4 If the diagonals of a quadrilateral divide each other proportionally, then it is a
trapezium. [NCERT, CBSE 2005]

GIVEN A quadrilateral ABCD whose diagonals AC and BD intersect at E such that
DE CE

EB EA’
TOPROVE Quadrilateral ABCD is a trapezium. For this it is sufficient to prove that AB || DC.
CONSTRUCTION Draw EF || BA, meeting ADin F.

D o
PROOF InA ABD, wehave
EF || BA "
=5 ?j gg [By Thale’s Theorem]  ...(i)
But, b tE (Given] ...(ii)
EB EA A B
From (i) and (ii), we get Fig. 7.64
DF _CE
FA EA
Thus, in A DCA, E and F are points on CA and DA respectively such that
DF _GE
FA EA
Therefore, by the converse of Basic Proportionality Theorem, we have
FE || DC
But, FE || BA [By construction]
DC || BA = AB || DC
Hence, ABCD, is a trapezium.
Q.ED.

THEOREM 5 Any line parallel to the parallel sides of a trapezium divides the non
proportionally.

GIVEN A trapezium ABCD inwhich DC || AB and EF isa line parallel to DC and AB.

-parallel sides
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E BF D c
TOPROVE £pm = L= \
CONSTRUCTION Join AC, meeting EFin G. E F
PROOF InA ADC, we have G
EG || DC '
AE AG ;
- D = YeTal [By Thale’s Theorem] ...(i) _ ]
A
In A ABC, we have
GF || AB Fig. 7.65
AG BF , o
=~ Ferolial ol [By Thale’s Theorem] ...(ii)
] d == - -{lE — E
From (i) and (ii), we get : ED  EC
Q.E.D.

THEOREM 6 If three or more parallel lines are intersected by two transversals, prove that the
mtercepts made by them on the transversals are proportional.

GIVEN Three parallel lines I, m, n whichare cut by the transversals ABand CDin P, Q, R and
E,F, Grespectively.
PQ EF

TO PROVE aﬁ = }_TE

CONSTRUCTION Draw PL || CD meeting the lines m and nin M and Lrespectively.
PROOF Since PE || MFand PM || EF.

< PMFE is a parallelogram A C
= PM =EF s Pf \E
Also, MF || LGand ML || FG.

e MLGF is a parallelogram
= ML=FG . (i) 23 -t

Now, in A PRL, we have : / \
QM || RL - 6 +n
<o S_E = E—J:E [By Thale’s Theorem] E I}
- g—% = % [Using (i) and (ii)] Fig.7.66
Hence, % = % Q.E.D.

COROLLARY [f three or more parallel straight lines make equal intercepts on a given transversal,
prove that they will make equal intercepts on any other transversal.

PrROOF Let, I, m, n be three parallel lines which make equal intercepts PQ and QR on a
transversal AB (see Fig. 7.66). Let CD be any other transversal cutting I, m and n at E, F
and G respectively. Then,
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PQ EF

a; = TC [By Theorem 6] ._.(j)
Bu,  PQ=QR = g -l .. (i)
From (i) and (i), we get

EF_ =]1=EF=FG

FG

_ _ ILLUSTRATIVEEXAMPLES }
LEVEL-1

EXAMPLE 1 Prove that the line seqments joining the mid-points of the adjacent sides of a
quadrilateral form a parallelogram.

GIVEN A quadrilateral ABCD inwhich P, Q, R and S are the mid-points of sides AB, BC,CD
and DA respectively.
TOPROVE PQRSisa parallelogram.
CONSTRUCTION Join AC.
rROOF In A ABC, P and Q are the mid-points of AB and BC
respectively.

PQ || AC i)
In AACD, R and S are the mid-points of CD and DA
respectively.

SR || AC -..(i)
From (i) and (ii), we have

PQ || ACand SR || AC

= PQ || SR
Similarly, by considering triangles ABD and BCD, we can prove that
PS || QR

Hence, PQRS is a parallelogram.

EXAMPLE 2 In Fig. 7.68, P is the mid-point of BC and Q is the mid-point of AP. If BQ when

1
produced meets AC at R, prove that RA = 3 CA. [CBSE 2006C]

GIVEN A A ABCinwhich Pis the mid-point of BC, Q is the mid-point of BR and, Q isalso the
mid-point of AP such that BQ produced meets AC at R.

TOPROVE RA = %CA-

CONSTRUCTION Draw PS || BR, meeting ACat S.
PROOF InA BCR, P1s the mid-point of BCand PS || BR.

i

te
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S is the mid-point of CR.

CS=5R

InA APS, Q is the mid-pointof APand QR || PS.
R is the mid-point of AS.

= AR=RS
From (i) and (ii), we get
i AR=RS§=SC
= AC=AR +RS+S5C=3AR
1 1
AR==AC=-=CA
= 3 3

EXAMPLE3 InFig.7.69,AB || DC.Find the valueof x.
SOLUTION  Since the diagonals of a trapezium divide each other proportionally.

AO _BO
oc ~ oD
dx=19 _x-3
=51 3

3(3x=19) = (x—5)(x—3)

9x - 57 = x> —8x+15
x> -17x+72=0
(x—8)(x-9) =0

x—8=0o0or,x-9=0=>x=8or,x=9

...[i1)

737

Fig.7.69 B

EXERCISE 7.4

1. (i) InFig. 7.70,if AB || CD, find the value of x.
(i1) In Fig.7.71,if AB || CD, find the value of x.

Fig.7.70
(iii) In Fig.7.72, AB || CD.1f OA =3x~19,0B = x~4,0C = x~3 and OD =4, find x.

[CBSE 2000C]

Fig. 7.71

ol &
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D c
(9]
A B
Fig. 7.72
ANSWERS
Bl i) 2 (iii) 11or, 8

7.7 CRITERIA FOR SIMILARITY OF TRIANGLES
In section 7. 3, we have defined similarity of two triangles. Let us recall that two triangles are
similar iff (i) their corresponding angles are equal and (i) their corresponding sides are
proportional. In other words, two triangles ABC and DEF are similar, if

: .. AB_BC CA
() £A=£D,£B=/E/C=£Fand, () 5r=FF ~7p
Insucha case, wewrite A ABC~A DEF
In this section, we shall make use of the theorems discussed in earlier sections to derive some
criteria for similar triangles which in turn will imply that either of the above two conditions
can be used to define the similarity of two triangles.
For this, let us perform the following activity:
ACTIVITY Draw two line segments BC and EF of two different lengths, say 6 cm and 4 cm

respectively. At B and C construct angles of some measures say 65° and 45° respectively.
Also, construct angles of 65° and 45° at Eand F respectively.

B c
Fig.7.73

Suppose rays BP and CQ intersect each other at A and rays ER and FS intersect each
other at D.

We have,
£LA=180°-(Z B+ ZC)=180°-110° = 70°
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((m ]

and, £ZD=180°-(£LE+ Z F)=180°-110°=70°
In triangles ABC and DEF, we observe that
LA=LD, LB=ZE 2 C=£F
That is, corresponding angles of these two triangles are equal. We also observe that

BC 6 3
EF 4 2 15
AB CA
Now, measure AB, DE, CA and FD and compute DE and )
AB CA
You will find that DE-ID - 15
AB BC CA
Thus,  BE=FEF - D

It follows from this activity that if corresponding angles of two triangles are equal, then
their corresponding sides are in the same ratio.

Thus, we have following criterion for similarity of two triangles.
EQUIANGULAR TRIANGLES Two triangles are said to be equiangular, if their corresponding angles

are equal.

THEOREM 1 (AAA Similarity Criterion) If two triangles areequiangular, then they are similar.

GIVEN Two triangles ABC and DEFsuchthat Z/ A=/ D, ZB=ZEand ZC=2F. !
TOPROVE A ABC~A DEF [NCERT]

PROOF Recall that two triangles are similar iff their corresponding angles are equal and the
corresponding sides are proportional. Since corresponding angles are given equal, we must
prove that the corresponding sides are proportional i.e.,

AB BC AC

DE  EF DF
For this purpose we divide the proof into three parts.

CASE1 When AB=DE.
A /\
B c E F
Fig. 7.74 Fig. 7.75

In this case, we have
LA=2D,£B=LE £C=4Fand AB=DE

Therefore, by ASA congruence criterion, we have

A ABC=A DEF

ey AB = DE, BC=EFand AC=DF
AB BC AC

— — I — i —
DE EF DF

Hence, A ABC~A DEF.

-y

£ ..ﬁ..ﬁ
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CASEIl When AB <DE.

Mark a point P on the line DE and Q on the line DF such that AB = DP and AC=DQ. Join PQ.
In trangles ABC and DPQ, we have

AB=DP,ZA=ZDand AC=DQ |

L AABC=ADPQ [By SAS criterion of congruence] '
= £B=2DPQ :
But, LB=/LE=/DEF
£ DPQ=£ DEF
= PQ || EF [ - Corresponding angles are equal]

DP DQ

—_—=— f Thale”
= = = Br [By corollary of Thale’s Theorem]
L AB_ac
= DE DF

D
A
P Q
E F
Fig. 7.76 Fig. 7.77

Similarly, we can prove that

a8 J8e

DE* EF

AB_BC _AC
DE EF DF

Hence, A ABC-~A DEF.

CASEm When AB > DE.

Mark a point P on the line DE produced and Q on the line DF produced such that DP = AB
and DQ = AC. Join PQ.

Intriangles ABC and DPQ, we have

AB=DP,AC=DQand L A=ZD.
= AABC=ADPQ [By SAScriterion of congruence]
= £ZB=£DPQ
But, £B=+sE=/DEF
2 DPQ= £ DEF
= PQ || EF [ Corresponding angles are equal]
. DE_DF

DP  DQ [By corollary of Thale’s Theorem)]
_  DE_DF

AB - AC [-AB=DPand AC = DQ]
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AB_ AC
DE DF
Similarly, we can prove that

=

D A
E_ F
Fig.7.78 Fig. 7.79
AB _ BC
DE EF
AB BC _AC
DE EF DF

Hence, A ABC~A DEF.
Q.E.D.
REMARK It follows from the above theorem that : Two triangles are similar < They are equiangular.

COROLLARY (AA Similarity) If two angles of one triangle are respectively equal to two angles of
another triangle, then the two triangles are similar.

PROOF Let A ABC and A DEFbe two trianglessuchthat £ A=2Z Dand £ B=ZE.
Intriangles ABC and DEF, we have
ZA+ZB+2C=180°and Z D+ Z E+ £ F=180°

=5 LA+ ZB+£LC=£LD+ZE+<ZLF
=5 LD+ZE+/£C=£D+ZE+ZLF [+ ZA=<Z Dand £ B= £ E]
= ZC=LF.

L A=2D, ZB=szEand £C=<ZF.

Thus, the two triangles are equiangular and hence they are similar.

Q.E.D.
In the above discussion we have seen that if three angles of one triangle are respectively
equal to three angles of another triangle, their corresponding sides are proportional and
hence the triangles are similar. Now a natural question arises. Is the converse of this
statement true? In other words, if the sides of a triangle are respectively proportional to the
sides of another triangle, is it true that their corresponding angles are equal? For this, let
us perform the following activity:
ACTIVITY Draw two triangles ABC and DEF such that AB=4.5cm, BC=9cm, CA=12¢cm,
DE =3 c¢m, EF = 6emand FD =8 cmas shownin Fig. 7.80 (i) and (ii).
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A
D 1
8 " ?cm
) m %
5 %,
E 6 cm F B i 2
(1) W
Fig. 7.80
We have,

AB_BC CA _3
DE EF FD 2
That s the corresponding sides of triangles ABC and DEF are proportional.
Now, measure £ A, £ B, ZC, £ D, Z Eand Z F. Youwillobserve that £ A= 2 D, £ B = # Eand

£ C= £ Fie., thecorresponding angles of two triangles are equal and hence they are similar, Let
usnow prove this result asa criterion of similarity of two triangles as a theorem.

THEOREM 2 (555 Similarity Criterion) If the corresponding sides of two triangles are proportional,
then they are similar. [NCERT]

GIVEN Two triangles ABC and DEF such that AR IE LT

DE EF DF
TOPROVE A ABC~A DEF

CONSTRUCTION Let P and Qbe points on DE and DF respectively such that DP = AB and
DQ=AC. Join PQ.
PROOF We have,

AB _AC
DE  DF

2 DF _DQ [--AB = DP and AC = DQ]
DE , *DF

=5 PQ || EF [By the converse of Thale’s Theorem|

= £LDPQ=ZEand ZDQP=LF [Corresponding angles]

Thus, in triangles DPQ and DEF, we have
ZDPQ=/Eand 2DQP=£F

Fig.7.81 Fig.7.82

Therefore, by AA-criterion of similarity, we have
A DPQ~A DEF sa(i)
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e %I};; = %{% [By def. of similarity]
J
AB BC
But, o =—
2 DE ~ EF
PQ _ BC
EF EF
- PQ = BC

Thus, in triangles ABC and DPQ, we have

AB=DP,AC=DQand BC = PQ
Therefore, by SSS criterion of congruence, we have

A ABC=A DPQ . (11)
From (i) and (ii), we have

A ABC=A DPQand A DPQ ~A DEF

=5 A ABC ~A DPQand A DPQ~A DEF [-+A ABC=A DPQ <> A ABC~A DPQ)]
In view of the above two theorems, we can also give the following definitions of the similarity .
of bwo triangles. 4

DEFINITION 1 Two triangles are similar if their corresponding angles are equal i.e. they are
equiangular.

DEFINITION 2 Two triangles are similar if their corresponding sides are proportional.

In class IX, we have learnt about various criteria for congruency of two triangles. We observe that
corresponding to SSS congruence criterion there is SSS similarity criterion. This suggests us to
look fora similarity criterion corresponding to SAS congruency criterion of triangles. To check the
existence of such criterion, letus perform the following activity:

ACTIVITY Draw two triangles ABC and DEF c
such that AB=6cm, £ZA =60°, AC = 12 cm,
DE =4 cm, Z D = 60° and DF = 8 cm as shown

in Fig. 7.83.

We obs I o g I 1to 372 i
e observe that DE - DF (each equal to 2 r§

and Z A (included between the sides AB and ~

AC) is equal to £D (included between the cbé?

sides DE and DF). That is, one angle of a
triangle is equal to one angle of another
triangle and sides including those angles are
in the same ratio.

Now, measure £ B, £ C, Z Eand £ F. You will

find that £ B = £ E and Z C = £ F. So, by AAA o oAb
similarity criterion, we obtain A ABC ~ A DEF. A

N
A 6ecm B D 4cm E

It follows from the above activity that, if one angle of a triangle is equal to one angle of
the other triangle and the sides including these angles are proportional, then the two
triangles are similar. We prove the above observation as a theorem given below.

A e T e A
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THEOREM 3 (SAS Similarity Criterion) If in two triangles, one pair of corresponding sides are

proportional and the included angles are equal then the two triangles are similar. [NCERT]
AB AC

GIVEN Two triangles ABCand DEF suchthat £ A=/ Dand DE ~DF

TOPROVE A ABC~A DEF
CONSTRUCTION Mark points P and Q on DE and DF respectively such that DP = AB and

DQ=AC Join PQ.

PROOF Intriangles ABC and DP(Q), we have
AB=DP, ZA = ZDand AC = DQ

Therefore, by SAS Criterion of Congruence, we have
AABC=ADPQ ve(1)
AB _ AC

Now, DE_ DF

A
B Cc
Fig. 7.84 Fig. 7.85

DP DQ

o e ~*AB=DPand AC=D
= e [ an Ql
= +PQ || EF [By the converse of Thale’s Theorem]
= £ DPQ = £ E and £ DQP = £ F[Corresponding angles]

Thus, in triangles DPQ and DEF, we have
£DPQ=ZEand ZDQP=ZF
Therefore, by AAA-criterion of similarity, we have

A DPQ~A DEF ... (i1)
From (i) and (ii), we get
A ABC=ADPQand A DPQ~A DEF
= A ABC~A DPQand A DPQ ~A DEF
= A ABC~A DEF OED
REMARK If two triangles ABC and DEF are similar, then S
AB_BC_AC
PESS EFSSiDE
AB BC AC AB+BC+AC : :
= DE EF DF DE+EE+DE [Using ratio and proportion]
AB BC AC _ Perimeter of AABC
— _—mm— i e

DE EF DF Perimeter of ADEF

Thus, if two triangles are similar, then their corresponding sides are proportional and they are
proportional to the corresponding perimerers.
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EXAMPLE 1 Examine each pair of triangles in Fig. 7.86 and state which patr of triangles are
similar. Also, state the similarity criterion used by you for answering the question and write the
sinularity relation in symbolic form. [NCERT]
s D
40° 3
60 ; Scm 6 cm
2.5cm 3 cm
60° 807 40° 80
B C a R Q 2cm R E 4 cm F
Fig. 7.86 (i) Fig. 7.86 (i)
E
P
M 4
j0° 5
M 6 cm 10cm 3em = giem
5cm 2.7 cm
215 Cm Tu. -
N L Q R
N 2cm P F ﬁcm G
Fig. 7.86 (iii) Fig. 7.86 (iv)
E
M
D L)
5ecm 7o i
A 7o ‘
25 W\ - 80" o
E F N P
B 3cm & F 6 cm D
Fig. 7.86 (v) Fig. 7.86 (vi)
SOLUTION (i) Intriangles ABC and PQR, we observe that
ZA=ZQ=40°,£B=/P=60"and £ C=4 R=80°
Therefore, by AAA-criterion of similarity
A ABC ~A QPRor, A POR ~A BAC or, AACB~A QRP
(i) Intriangle PQR and DEF, we observe that
PQ _QR_PR _1
DE EF DF 2

=N
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Therefore, by S5S-criterion of similarity, we have

A PQR~A DEF
(iii) Intriangles LMN and PQR, we have
LM=£P=70°
MN ML
But, ﬁ * PR

Therefore, these two triangles are not similar as they do not satisfy SAS criterion of similarity.
(1v) InA’s MNP and EFG, we observe that

NE 22000, MW

FG EG EF
Therefore, these two triangles are not similarly as they do not satisfy S555-criterion of
similarity.
(v) InA’s ABC and DEF, we have

LA=£LD=80"

AB  AC

—_—l T T N u .
But, DE - DF [-- AC is not given]

So, by SAS-criterion of similarity these two triangles are not similar.
(vi) InA’s DEF and MNP, we have

LD=£ZM=70°

LE=ZN=80° [+ £N=180"-£ M- £ P =180°-70° - 30° = 80°]
So, by AA-criterion of similarity, we obtain A DEF ~A MNP.

EXAMPLE2 InFig.7.87, find £ F.
E 12 cm F

v 7.6cm
38cm 80N\ 3B cm 88 cm

B 6 cm C D
Fig. 7.87

SOLUTION Intriangles ABC and DEF, we have
go Bu .l

DF FEE ED 2

Therefore, by 555-criterion of simi]arity, we have

A ABC~A DFE
= LA=LD, /LB=ZFand ZC=ZE
=% £ D =80° £ F=60°

Hence, < F=60".

EXAMPLE3 InFig.7.88, AACB~AAPQ.IfBC=8cm, PQ=4cm,BA=65 b
CAand AQ. 2em, AP =2.8cm, find

L4
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sOLUTION Wehave,

A ACB~A APQ p
AC CB /\
” _ N AB 8 A
AP PQ AQ Q
AC CB CB AB
- = and =
AP PQ PQ  AQ c
AC 8 8 6.5 Fig. 7.88
- _—= and _——=
28 4 4 AQ
AC 6.5 6.5
e =Rl . & - - = — =3.25
= o an A0 = AC = (2x2.8)cm 5.6:r:mand AQ > <M 3.25 cm

EXAMPLE4 [n Fig. 7.89, if AEDC ~ AEBA, Z BEC =115° and £ EDC = 70°. Find £ DEC,
£ DCE, £ EAB, £ AEBand £ EBA. [INCERT]

SOLUTION Since BD isaline and EC isaray onit.
£ DEC + £ BEC=180°

= Z DEC +115°=180° 5 2
= Z DEC =180° - 115° = 65° 70°
But, £ AEB= £ DEC [Vertically opposite angles]

2 AEB =65°

E h

InA CDE, wehave 15

Z CDE + £ DEC + £ DCE =180°
= 70° +65° + £ DCE =180° A B

Fig. 7.89

— Z DCE =180°-135°=45°
Itisgiventhat A EDC ~A EBA

Z EBA=/EDC,Z EAB=ZECD
= Z EBA=70°and £ EAB=45° [+ £ ECD = £ DCE =45°)
Hence, « DEC=65° «Z DCE=45°, Z EAB=45° 2 AEB=65°and £ EBA =70°,
EXAMPLES [n Fig. 7.90, ifA POS~A ROQ, prove that PS || QR. INCERT]

R
S £
\
()
0
Q\
\/ Q
P

Fig. 7.90
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SOLUTION Wehave,
APOS~AROQ
— Z3=Ldand £1=22

Thus, PS and QR are two lines and the transversal PR cuts them in such a way that £3 = /4
i.e., alternate angles are equal. Hence, PS || QR.

EXAMPLE6  In Fig. 7.90,if PS || QR, prove that A POS~ A ROQ.
SOLUTION Itisgiven that PS || QR and transversal PR cuts them at Pand R.

£3=2/4
Again, PS || QR and transversal 5Q cuts them at Sand Q
L) =/2
Also, £5=£6 [Vertically opposite angles]

Thus, inA POSand QOR, we have
£l1=L2ie, L85=2Q
L3=L4ie,ZP=LR
and, £5=4bie, £ZPOS=£QOR
Therefore, by AAA-criterion of similarity, we obtain A POS ~ A ROQ.

EXAMPLE7 In Fig. 7.91, QA and PB are perpendiculars to AB. If AO =10 em, BO = 6 cm and
PB=9cm. Find AQ.

SOLUTION Intriangles AOQ and BOP, we have

£ 0AQ=<£ OBP [Each equal to 90°]

£ AOQ=2 BOP [Vertically opposite angles]
Therefore, by AA- criterion of similarity, we obtain

A AOQ~A BOP

A0 _0Q _AQ P
= BO OP BP q/rl

A

40_4Q ] a
= BO BP

10 _4Q
= 6 9
= AQ = w; S em Q Fig.7.91

EXAMPLE 8 In Fig. 7.92, if £ ADE = £ B show that A ADE ~ A ABC, If AD = 3.8 cm,
AE=3.6cm, BE=2.1cmand BC=4.2 cm, find DE,

SOLUTION Intriangles ADE and ABC, we have

£ ADE = £ B(Given) and £ A= £ A(Common)
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So, by AA-criterion of similarity, we have A
AADE ~A ABC
AD _ DE :
=’ AB  BC
AD  DE o
= AE+EB BC
38 _ DE -
= 3.6+21 42 B o
38 %42 Fig.7.92
b4
DE= 25T P iy =0
=5 VT

Hence, DE=28cm
AO BO 1

EXAMFLE9 InFig.7.93, — =—=— = Fi ;
n Fig oC-0D"32 and AB =5 em. Find the value of DC
SOLUTION InA AOBand A COD, wehave
£ AOB=/£COD [Vertically opposite angles] A 5cm B
40 _ 0B |
oc ~ oD atvey
So, by SAS~criterion of similarity, we have ¢
AAOB~ACOD
AO BO AB
= OC  OD DC “ Fig.7.93 =
1 5
B +AB=5
= 2 DC [ l
— DC=10cm
EXAMPLE10 InFig. 7.94,if £ A= £ C, thenprove that A AOB~ A COD.
A B
]
1
o]
/A
D o
Fig.7.94
SOLUTION Intriangles AOB and COD, we obtain
LA=£C (Given)
and, ke B [Vertically opposite angles]
Therefore, by AA-criterion of similarity, we obtain
A AOB~ACOD
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EXAMPLE1l  InFig.7.95, if AB L BCand DE L AC. Provethat A ABC ~A AED. [CBSE 2009]
SOLUTION InA's ABC and AED, we have

A

W

eIt
Fig.7.95
Z ABC = £ AED =90°
£ZBAC= £ EAD
Therefore, by AA-criterion of similarity, we obtain AABC~A AED.
EXAMPLE12 [InFig.7.96,if £ P=£ RTS, prove that ARPQ ~ A RTS.
SOLUTION Intriangles RPQ and RTS, we have

R

[Each equal to £ A]

i Fig. 7.96
Z RPQ= £ RTS

: ZPRQ=~ZTRS [Each equal to R]
! Therefore, by AA<riterion of similarity, we obtain A RPQ ~ A RTS.

[Given]

4 T-_OR
s EXAMPLE13 [nFig. zg?,;f%i = ‘% and £1= £2. Prove that APQS ~ A TQR. [NCERT]

SOLUTION Wehave,

di QT _QR
% s [Given]
-2, LU ..(0)
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Wealso have, T
£Ll=4£2 [Given] p
= PR =PQ [2;‘;"{2;’ fr‘f;tﬁ;f Eq“a]} .olii)
From (i) and (ii), we get
Qr _ PQ
QR Qs 1 2
PQ QS Q S R
= QT QR -»<{11h) Fig. 7.97
Thus, in triangles PQS and TQR, we have
PQ Q5

Qr = ﬁ and ZPQS=24TQR=2Q
So, by SAS-criterion of similarity, we obtain A PQS ~ A TQR.
EXAMPLE14 [n Fig.7.98, AD and CE are two altitudes of A ABC. Prove that

(i) AAEF~A CDF (i) AABD~A CBE

(iii) AAEF~A ADB (iv) AFDC~A BEC [NCERT]
SOLUTION (i) Intriangles AEF and CDF, we have

Z AEF =/ CDF=90° [+ CELABand AD 1L BC]

Z AFE= £ CFD [Vertically opposite angles]
Thus, by AA-criterion of similarity, we have

A AEF -~ A CDF

-
D
F
A E B
Fig.7.98

(i1) InA’s ABD and CBE, we have

ZABD=ZCBE=£B [Common angle ]

£ ADB = £ CEB =90° [~ AD LBCand CE 1 AB]
Thus, by AA-criterion of similarity, we have

AABD ~A CBE

(iii) InA’s AEFand ADB, we have
Z AEF = £ ADB =90°
Z FAE= £ DAB

Thus, by AA-criterion of similarity, we have
AAEF~A ADB

(iv) InA’s FDC and BEC, we have
Z FDC= £ BEC=90°

[*"AD L BCand CE L AB]
[Common angle ]

[**AD L BCand CE L AB]
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ZFCD=ZECB [Common angle|
Thus, by AA-criterion of similarity, we obtain A FDC ~ A BEC.
EXAMPLES  In Fig. 7.99(1) and (i1), if CD and GH (D and H lie on AB and FE) are respectively

bisectors of £ ACBand £ EGFand A ABC ~ A FEG, prove that [NCERT]
() ADCA~A HGF an 22 4C (i) ADCB~A HGE
GH FG
A F
1 3
B o E G
Fig. 7.99 (i) Fig. 7.99 (ii)
SOLUTION (i) We have,
AABC~AFEG
= LA=LF (i)
and, =G
1 1
=ZC==2
= 7 2 G
~. CD and GH are bisector of )
= £1=Z3and £2=/4 Z Cand £ G respectively -.-(1i)
Thus,inA’s ACD and FGH, we have
LA=/F [From (i)]
£2=74 [From (ii)]

Therefore, by AA-criterion of similarity, we obtain
AACD ~AFGHor, ADCA ~A HGF

(i1) Wehave,
AC CD
AACD ~A FGH = TG - CH
(iii) InA’s DCB and HGE, we have
£1=/3 [From: (ii)]
ZB=/E [+ AABC~A FEG]

Thus, by AA-criterion of similarity, we obtain A DCB~ A HGE.

EXAMPLE16 In Fig. 7.100, CD and GH are respectively the medians of A ABC and A EFG. If
A ABC ~ A FEG, prove that

: _ CD AB
(i) AADC~AFHG (i) CH_FE (iii) A CDB~A GHE

[NCERT]




IRIANGLES

7.53
SOLUTION  Itis given that CDand GD are medians of A’s ABC and EFG respectively.
2 2AD = AB and 2FH =FE ...(1)
Itis also giventhat AABC ~ A FEG
AB AC BC 4 (i)
FE FG_EG an r£A=£F,Z.B=£E,£C:£‘G
C F H
A D B G
Fig.7.100
Now, AB_AC_BC
" FE FG EG
2AD AC BC e
™ 2FH _ FG EG [Using ()]
AD AC BC
= = = ...(11i)
FH FG EG
(i) InA’s ADC and FHG, we have
AD AC
TH - FG [From (iii)]
and, LA=£LF
So, by SAS criterion of similarity, weobtain A ADC ~A FHG.
(ii)) Wehave,
AADC~A FHG [Proved above]
DC AD
= —_— =
HG FH
CD 2AD
=, —_— =
GH 2FH
CD AB
= E=E [.AB=2ADandFE=2PH]
(i) We have,
AB _AC _BC |
FE FG EG [From (i)]
CD AB
Also, =5 = [As proved above]
CD BC

.(iv)

Fw



! L_}-—’-F:—"..—".

754 MATHEMATICS - X

) AB AC BC
S FR G D
= ;gﬁ gg [+ D and H are mid-points of AB and FE respectively |
DB _BC
= HE ~ EG SpAY)
From (iv) and (v), we have
CD _BC _DB
GH EG. HE
L C_DB_kC
GH HE EG
= ACDB~A GHE [By 555 criterion of similarity]
EXAMPLE17 In Fig.7.101,if BD L ACand CE L AB, prove that
: e, e
(i) AAEC~A ADB () === [NCERT]
SOLUTION (i) InA’s AEC and ADB, we have
LAEC=£ ADB=9%" [+ CELABand BD 1 AC] c
and, Z EAC=/DAB [Eachequal to £ A]
Therefore, by AA-criterion of similarity, we obtain
AAEC~A ADB B
(1i)) We have, . 2
AAEC~A ADB [As proved above]
= CA = EC x
NS + IEi 7.101 ;
L. G c 2
AB DB
EXAMPLE18 D is a point on the side BC of A ABC such that £ ADC = Z BAC. Prove that
% = % or, CA*= CBx CD. [NCERT, CBSE 2004]
SOLUTION InA ABCand A DAC, wehave A
LADC=£ZBACand £C=4£C
Therefore, by AA-criterion of similarity, we obtain
AABC~A DAC
S e e T
DA  AC. DC
= CB, CA B0 C
CA CD Fig.7.102

EXAMPLE19 In Fig. 7.103, considering triangles BEP and CPD, prove that BP x PD = EP x PC.
GIVEN A A ABCinwhich BD 1 AC and CE L AB and BD and CE intersect at P.
TOPROVE BPxPD=EPxPC
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PROOF InA EPBand A DPC, we have A
Z PEB =/ PDC [Each equal to 90°]
Z EPB=/Z DPC [Vertically opposite angles] 5
Thus, by AA-criterion of similarity, we obtain
AEPB ~A DPC j
EP _FPB 0 g , ¢
DP  PC Fig.7.103
= BP x PD=EP x PC

EXAMPLE 20 P and Q are points on sides AB and AC respectively of A ABC. If AP =3 cm,
PB=6cm, AQ =5cmand QC =10 ¢m, show that BC =3 PQ.

SOLUTION We have,
AB:AP+PB=(3+6}Cm=9cmand,AC=AQ+QC=(5+lﬂ]cmﬁ15Cl'n-
AP _ 3 1 d AQ 3 5 1

e, = an - — =
AB 9 3 AC 15 3

AP AQ

N AB _ AC

Thus, in triangles APQ and ABC, we have
AP  AQ

AB - AC and ZA=2A [Common]

Therefore, by SAS-criterion of similarity, we have

AAPQ ~A ABC

_ AP _PQ _ AQ .
AB BC AC Fig.7.104
PQ _ AQ

= BC ~ AC
BC 15 "BC 3

EXAMPLE21 [n Fig. 7.105, express x in terms of a, band c.
SOLUTION InA KPN and A KLM, we have

M—--h s N_-_t_ _.__!_(
Fig.7.105
Z KNP =2 KML = 46° [Gi\.ren]
£LK=ZK [Common]
A KNP ~A KML

[By AA-criterion of similarity]
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= L g [+ Corresponding sides of similar triangles are proportional
KM ML ' EERS 3 TP
= S S
b+c a b+c
EXAMPLE22 Thediagonal BD of a parallelogram ABCD intersects the segment AE at the point F,

where E is any point on the side BC. Prove that DF x EF =FB x FA
SOLUTION InA AFDand A BFE, we have
£L1l=£L2 [Vertically opposite angles]
£L3=L4 [Alternate angles]

So, by AA-criterion of similarity, we have
AFBE ~AFDA

(X

=

= DF xEF=FBxFA

EXAMPLE 23
ACDB~ABEC?

SOLUTION InA ABD and A AEC, we obtain
£ ADB=/ AEC
ZBAD=/ EAC

[Each equal to 90°]

[Common]

' So, by AA-criterion of similarity, we have E

ABDA~ACEAor, AADB~A AEC.

Fig.7.106

Ina A ABC, BD and CE are the altitudes. Prove that A ADB and A AEC are similar. Is

B

-

Clearly, A CDB is not similar to A BEC, because they are nota
equiangular.
EXAMPLE 24

Prove that A ABE ~ A CFB.

SOLUTION InA’s ABE and CFB, wehave

A D E

B c
Fig. 7.108
Z AEB=/£ CBF
LA=£C
Thus, by AA-criterion of similarity, we have
AABE~A CFB.

D Cc
Fig.7.107

E is a point on side AD produced of a parallelogram ABCD and BE intersects CD at F.

[INCERT, CBSE 2008]

[Alternate angles]

[Opposite angles of a parallelogram]
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EXAMPLE25  InFig. 7.109, AD and BE are respectively perpendiculars to BCand AC. Show that

(i) AADC~ABEC (i) CAxCE=CBxCD
(i) AABC~A DEC (iv) CDxAB=CAxDE
SOLUTION (i) inA’s ADC and BEC, we have
£ ADC = £ BEC =90° [Given]
2 ACD=Z BCE [Common]
So, by AA~criterion of similarity, we obtain c
AADC~A BEC
(i) Wehave,
AADC~A BEC [As proved above] 7 D
AC DC : ’ ‘
=5 BC - EC oea(i)
= CAxCE=CBxCD A Fig.7.109 B
(i) InA’s ABC and DEC, we have
% = % [From(i)]
,  Ac_&C
DC EC
Also, £ ACB=2Z DCE
So, by SAS-criterion of similarity, we obtain
AABC ~ADEC [Common]
(iv) Wehave,
AABC~A DEC [As proved above]
AB AC
=5 E=E = ABxDC=ACxDE =CDxAB=CAxDE

EXAMPLE 26 In Fig. 7.110, E is a point on side CB produced of an isosceles triangle ABC with
AB =AC. If AD L BCand EF L AC, prove that (1) A ABD ~ A ECF (ii) AB x EF = AD x EC.

[NCERT, CBSE 2010]
SOLUTION Itis given that A ABC isisosceles with
AB=AC iy
ZB=¥C
Now, in A’s ABD and ECF, we have
Z ABD = £ ECF [+ £B=£C] F
Z ADB=2 EFC=90° [-+AD 1 BCand EF1l AC]
So, by AA-criterion of similarity, we have
AABD ~ A ECF £ g = .
AB _ AD Fig.7.110

= AB x EF = AD x EC
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EXAMPLE2? InFig.7.111, A FEC=A GBDand Z 1= £ 2. Prove that AADE ~ A ABC.

Fig.7.111
(P SOLUTION Wehave,
AFEC=A GBD
= EC=BD (i)
Itis given that
Ll=L2
=5 AD=AE [ Sides opposite to equal angles areequal ] ...(ii)
From (i) and (ii), we have
AE _ AD
EC BD
= DE || BC [By the converse of basic proportionality theorem]
= Ll=Z3and £2=£4
:. Thus, in A’s ADE and ABC, we have
LA=LA
L£1=-3
L2=24
So, by AAA-criterion of similarity, we have
AADE~A ABC
: OA 0D
/‘i(&MPLE 2 InFig.7.112, 5= = op - Provethat £ A= £ Cand £ B= £ D. [NCERT]
" SOLUTION ' inA’s AOD and COB, we have
eA_0oD c
OC OB A
L 4/ ealoc 3
oD OB
Also, £1=£2 [Vertically opposite angles]
So, by SAS-criterion of similarity, we obtain B
AAOD~A COB D Fig.7.112
= LA=/Cand£B=4D

EXAMPLE 29 If a perpendicular is drawn from the vertex containing the right angle of a right
triangle to the hypotenuse then prove that the triangle on each side of the perpendicular are similar to
each other and to the original triangle. Also, prove that the square of the perpendicular is equal to the
product of the lengths of the fwo parts of the hypotenuse.
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GIVEN Arighttriangle ABCrightangled at B. BD L AC.
TOPROVE (i) AADB~ABDC (i) AADB~AABC  (iii) ABDC~AABC
(iv) BD*=ADxDC (v) ABP=ADxAC  (vi) BC'=CDxAC
[CBSE 2009]
PROOF (i) Wehave, "
£ ABD + # DBC =90°
Also, Z C+ £ DBC+ £ BDC=180° D
= ZC+ ZDBC+90°=180°
=5 ZC+ 2 DBC=90°
But, £ ABD + £ DBC =90° -
LABD + £ DBC=4£C+ £ DBC Cc Fig.7.113 B
= ZABD=/C .0
Thus, in A ADBand A BDC, wehave
ZABD=/C [From (i)]
and, £ ADB=<£ BDC [Each equal to 90°]
So, by AA-similarity criterion, we obtainA ADB ~A BDC.
(i) InA ADBand A ABC, wehave
Z ADB=./£ ABC [Each equal to 90°]
and, LZA=ZA [Comumeon]
So, by AA-similarity criterion, we obtain A ADB~A ABC.
(ili) InA BDCand A ABC, wehave
£ BDC=4£ABC [Each equal to 90°]
L C=4£C [Common]

So, by AA-similarity criterion, we obtainA BDC ~A ABC.
(iv) From (i), wehave

A ADB ~A BDC
_, 4D _BD
BD DC
=% BD*= AD xDC
(v) From (ii), we have
A ADB ~A ABC
AD _ AB
= AB _AC
= AB? = ADx AC
(vi) From (iii), wehave
A BDC ~A ABC
— BC _DC _ pc? - cDx AC

AC  BC

s
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EXAMPLE30 Prove that the line segments joining the mid-points of the sides of a triangle form four
triangles, each of which is similar to the original triangle.
SOLUTION

GIVEN A ABCinwhich D, E, Fare the mid-points of sides BC, CA and AB respectively.
TOPROVE Eachof the triangles AFE, FBD, EDC and DEF is similar to A ABC.

PROOF Consider triangles AFE and ABC. A

Since Fand E are mid-points of ABand AC respectively.
FE || BC

= £ZAFE=/ZB [Corresponding angles]

Thus,inA AFEand A ABC, wehave y 3
ZAFE=/B

and, LA=LA [Commeon]
A AFE~A ABC.

Similarly, we have = D &
A FBD~A ABCand A EDC ~A ABC. Fig.7.114

Now, we shall show that A DEF~ A ABC.
Clearly, ED || AFand DF || EA.

AFDE is a parallelogram.
= ZEDF=r A [-- Opposite angles of a parallelogram are equal]
Similarly, BDEF is a parallelogram.
: £LZDEF=/B [ Opposite angles of a parallelogram are equal]

Thus, in triangles DEF and ABC, we have
£ZEDF=/Aand Z DEF=/B

So, by AA-criterion of similarity, we have
A DEF~A ABC.
Thus, each one of the triangles AFE, FBD, EDCand DEF is similar to A ABC.

AD 2
EXAMPLE31 [n A ABC, DE is parallel to base BC, with D on AB and E on AC. If DB = 3 find
BC

DE’ [CBSE 2002 C]
SOLUTION InA ABC, wehave
DE || BC A
- AByIyAC
AD ~ AE £ 3
Thus, intriangles ABC and ADE, we have
AB _AC
AD AE
and, LA=/A
Therefore, by SAS-criterion of similarity, we have B C
AABC ~AADE Fig.7.115
AB BC
— —_—

AD DE -..(1)




TRIANGLES 7.61

Itis given that

AD 2

DB 3

AD 2

DB 3 DB+ AD 5 AB 5 ii
= — el L s = ...(i1)

AD 2 AD 2 AD 2

: - BC 5

From (i) and (ii), we get DE 2"
EXAMPLE32 InFig.7.116,if AABE = A ACD, prove that A ADE ~ A ABC. [NCERT]
SOLUTION Itisgiventhat A ABE=AACD.

AB=AC [. Corresponding parts of congruent triangles are equal |
and, AE=AD A
L AB_aAC

AD AE

D E

AB _ AD .
= i - AL
Thus, in triangles ADE and ABC, we obtain

B - c

A_B _ '{L'E Fig.7.116

AC AE
and, ZBAC=ZDAE [Common]

Hence, by SAS-criterion of similarity, we obtain AADE ~AABC.

EXAMPLE33 A vertical stick 12 m long casts a shadow 8 m long on the ground. At the same timea
tower casts the shadow 40 m long on the ground. Delermine the height of the tower.

"SOLUTION  Let AB be the vertical stick and AC be its shadow. Also, let DE be the vertical
tower and DF be its shadow. Join BC and EF. Let DE = x metres.
We have,

AB=12m,AC=8m,and DF =40 m.
In A ABC and A DEF, wehave

/s A=2D=90%and ZC=4LF [Angular elevation of the sum])
Therefore, by AA- criterion of similarity, we obtain A ABC~A DEF

L
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E
B
xrm
12em
A Bem C D 40m F
Fig. 7.117 Fig. 7.118
- S
DE"DF
; 2SI e
= ?-402,': —S:I—ﬁﬂmetres
EXAMPLEM [nFig. 7.119, £ CAB=90°and AD L BC.IfAC=75cm, AB=1mand BD=1.25m,
find AD.
SOLUTION We have,
AB=1m=100cm, AC=75cmand BD = 125 cm.
| InA BACand A BDA, wehave &
! £ BAC=2£ BDA [Each equal t0 90°)
i and, £ZB=/B
| So, by AA-criterion of similarity, we obtain g D
' ABAC~ABDA ~ =
s "1 BASHAC %,
BD AD
L Fig.7.119
= AD = 219 = 93.75cm
100
g EXAMPLE35 The perimeters of two similar triangles are 30 cm and 20 cm respectively. If one side of |
1 the first triangle is 12 em, determine the corresponding side of the second triangle. |
. SOLUTION Let A ABC and A DEF be two similar triangles of perimeters P, and P, i
~*  respectively. Also, let AB=12cm, P, =30cm and P,=20cm. Then, |
3 AB_BC_AC_R [ * Ratio of corresponding sides of similar triangles |
T DE= \EE" DF Pz is Eq'l.iﬂ.l to the ratio of their perimeters
N F
r ;f = A_B = P_l I
¥ DE b
y i}. 12 30
g - = e 2
[ ¢ DE 20 |
e |
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12 % 20
- B = 255

cm = 8cm
Hence, the corresponding side of the second triangle is 8 cm.

EXAMPLE 36 The perimeters of two similar triangles ABC and PQR are respectively 36 cm and
2Uem. IfPQ=10cm, find AB.

SOLUTION  Since the ratio of the corresponding sides of similar trian gles issame as the ratio
of their perimeters.

A ABC~A PQR
AB _BC AC 36

F

T
L]

- PO QR PR 24
. AB _36
PQ 24
AB 36
= o
10 24
=y AH:Sﬁxmcm=15cm

EXAMPLE 37 Two triangles BAC and BDC, right angled at A and D respectively, are drawn on the
same base BC and on the same side of BC. If AC and DB intersect at P, prove that AP x PC=DP x PB.

[CBSE 2000C]

SOLUTION InA APBand A DPC, we have

LA=ZD=%° x D
and, £ APB= £ DPC [Vertically opposite angles] b
Thus, by AA-criterion of similarity, we obtain

AAPB~A DPC
_ £ _ Efi B - C

5P~ PC ig.7.120

= AP x PC=DP x PB

EXAMPLE38 [n Fig.7.121, £ BAC =90" and scgment AD L BC. Prove that AD*=BD x DC.
SOLUTION InA ABD and A ACD, wehave

A
Z ADB=2Z ADC [Each equal to 90°]
Each equal to complement of i
dl"ld, ZDBA=£‘:DAC zﬂf'lDlC%O—i_/BAD
Therefore, by A A-criterion of similarity, we have
s 2D & £D, £ZB © £ZDAC 5 o
ADBA~ADAC | and ZBAD < £DCA Fig.7.121
— DB _ DA [ In similar triangles corresponding sides are proportional |
DA DC
BD _ AD
AD DC
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EXAMPLE3Y InA ABC, ifAD L BCand AD* = BD x DC, prove that Z BAC = 90°.

SOLUTION Wehave,
AD'=BD x DC

=5 ADx AD=BD xDC

AD _ BD

DC AD

Thus, in AABD and A ACD, we have
AD _BD
DC AD

and, ZBDA=/ZCDA

So, by SAS-criterion of similarity, we get
ADBA~A DAC

=

Ll=£Cand £2=/B
L1+Z22=/B+2C
LA=ZB+/C

But, LA+ZB+~2C=180°
: LA+ ZA=180°

= 2£LA=180"= £ A=90°
Hence, £ BAC=90°.

b 44y

A DBA and A DAC are equiangular

A

O Fig.7.122 c

[Each equal to 90°]

[~ £1+£2=2A)

[+£B+£C=£LA]

EXAMPLE40 [InFig. 7.123, ABCD is a trapezium with AB || DC. If A AED is similar to A BEC,

prove that AD = BC.
SOLUTION InA EDCand A EBA,wehave
Ll=2L2
£3=24
and, £ CED=/AEB
AEDC~A EBA
L
EB EA
., b_B
EC TEA
Itisgiven that A AED ~ A BEC
ED _EA _AD
EC EB BC
From (i) and (i), we get
EB_EA
EA EB
= (EBY'=(EA)’
=Sk EB=EA

Substituting EB = EAin (ii), we get

(i)

-..(ii)

[Alternate angles]
[Alternate angles]
[Vertically opposite angles]

W

i\

i Tm

L
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a

= BC

— AD=BC

EXAMPLE 41  Through the mid-point M of the side CD of a parallelogram ABCD, the line BM is

drawn intersecting AC in Land AD produced in E. Prove that EL=2BL. [CBSE 2009] &

SOLUTION InA BMC and A EMD, we have Ao
MC=MD [-- Misthe mid-pointof CD]
£ CMB=2£ EMD [Vertically opposite angles]

and, £ MBC=2 MED [Alternate angles]

So, by AAS-criterion of congruence, we have
ABMC=A EMD
= - BC=DE (1)

Also, AD=BC . [-- ABCD isa parallelogram] ...(ii)
AD+ DE=BC+BC
=5 AE=2BC ...(iii)
Now,in A AELand A CBL, we have
£ ALE=/ZCLB [Vertically opposite angles] 7
Z EAL= £ BCL [Alternate angles] |
So, by AA-criterion of similarity of triangles, we have
AAEL~ACBL
B ELAE A D E
BL CB
= -g—i = % [Using equations (iii)] L M
> = 2 c
_ EE;I.}':ZBL Fig.7.124

EXAMPLE 42 Ina A ABC, let Pand Q be points on AB and AC respectively such that PQ || BC.
Prove that the median AD bisects PQ.

SOLUTION Suppose the median AD intersects PQatE.
Now, PQ || BC
- ZAPE=2ZBand ZAQE=2C [Corresponding angles]
So,in A’s APE and ABD, wehave A
Z APE= £ ABD
and, Z PAE=4BAD [Common]
: A APE ~AABD

= — = (1)

Similarly, we have
AAQE~AACD
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QE _ AE
CD AD
From (i) and (i1), we get
PE _QE
BD CD
PE _QE
BD BD
= PE=QE
Hence, AD bisects PQ.

=
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...(i)

[-+ ADis the median .. BD = CD]

EXAMPLE43 [nFig.7.126, DEFG is a square and £ BAC =90°, Prove that

(i) AAGF~ADBG

(i) AAGF~AEFC

SOLUTION (i) InAAGFand A DBG, we have

(iii) ADBG~AEFC

(iv) DE*=BD x EC
[CBSE 2009)

A
ap*
G
B D C
Fig.7.126
£ GAF = £ BDG [Each equal to 90°]
and, ZAGF=Z£DBG [Corresponding angles]
A AGF ~ A DBG [By AA-criterion of similarity]

(ii) In A AGF and A EFC, we have

£FAG= £CEF [Each equal to 90°]
and, £ AFG=ZECF [Corresponding angles]

AAGF~AEFC [By AA-criterion of similarity]
(iii) Since AAGF~ADBGand AAGF~AEFC

ADBG~AEFC
(iv) Wehave,

ADBG~AEFC [Using (iii)]

BD _ DG

EF < EC

BD DE y
= s [+ DEFGisasquare .. EF = DE, DG = DE]
= DE*=BD x EC

BD DA
EXAMPLE44 InFig.7.127,if AD L BC and DA~ DC’ Prove that A ABCisaright triangle.

SOLUTION InA’s BDA and ADC, wehave

DB DA

— T —

DA DC
and, £ZBDA=ZADC

[Given]
[Each equal to 90°]
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So, by SAS-criterion of similarity, we have 5

ABDA~AADC
=5 ZABD = ZCAD and £ZBAD = £ ACD
=5 £LABD + £ZACD = /ZCAD + £ZBAD i
= ZB+/ZC=LA y
= LA+ZB+/£C=2/A [Adding Z A onboth sides] Ll :
= 2 £ A=180° ®  g7.127
= ZA=90°
= A ABC is aright triangle.

CB* BD

EXAMPL_E45 In Fig. 7.128, £ ACB =90°and CD L AB. Prove that EA? =20
SOLUTION Intriangles ACD and ABC, we have

Z ADC=/ ACB [Each equal to 907]
and, £ DAC=ZBAC [Common]
So, by AA-criterion of similarity, we obtain

A ACD~A ABC &
1 AC _AD /

AB 1 AC

= AC*=AB xAD ..(0)
InA’s BCD and BAC, wehave

Z BDC=£BCA o
and, ZDBC=.£ABC A D B
So, by AA-criterion of similarity, we obtain Fig.7.128

BCD ~ BAC

BC BA

i BD BC
= BC*=AB x BD (i)

Dividing (ii) by (i), we get
BC® ABxBD _ BC* BD
AC®  ABxAD — AC? AD
EXAMPLE 46  Through the mid-point M of the side CD of a parallelogram ABCD, the line BM is
drawn intersecting AC at Land AD produced at E. Prove that EL =2 BL.
SOLUTION InD’s BMC and EMD, we have
ZBMC=ZEMD [Vertically opposite angles]
MC=MD [ Mis the mid-point of CD]

Z MCB=/2MDE [Alternate angles]
So, by AAS-congruence criterion, we have

ABMC=AEMD
i BC=ED [** Corresponding parts of congruent triangle are equal]

£
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In A's AEL and CBL, we have A
LALE=ZCLB [Vertically opposite angles]
ZEAL=ZBCL [Alternate angles]
S0, by AA-criterion of similarity, we have D M c
AAEL~ACBL
AE EL AL L
—1 —_— — = —
BC“BL™ 'CL
A
= EL _AE Fig.7.129
BL BC
£ _E_L=AD+DE=BC+DEZZBC=2 [~ AD = BC andDE:BC]
BL BC BC BC
= EL=2BL.

EXAMPLE47 Twopolesof height a metres and b metres are p metres apart. Prove that the height of

the point of intersection of the lines joining the top of each pole to the foot of the opposite pole is given
ab

by 24 p metres.

SOLUTION Let AB and CD be two poles of heights 2 metres and b metres respectively such
that the poles are p metres apart i.e. AC = p metres. Suppose the lines AD and BC meet at O
such that OL =imetres. Let CL =xand LA = y. Then, x + y = p.

InA ABCand A LOC, wehave D
£LCAB=ZCLO [Each equal to 90°]
ZC=/C [Common]
ACAB~ACLO  [By AA-criterion of similarity] = >
= CA_AB { a
CLL : ?
- 2y 2
oh Fig.7.130 |
= 2 <(i)
InA ALOand A ACD, wehave
£ ALO=£ ACD [Each equal to 90°]
LA=ZA [Common]
A ALO~A ACD [By AA-criterion of similarity]
AL _OL
= AC DC
h
- ek
ph
= Y=rm [-AC=x+y=p] ..(i)

fh
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From (i) and (ii), we have

a=. b
1ne1 -
— h —_ 4 = ['.'I*‘F-P}

= =P ( P J X
= 1=h{ﬂ+b] = h= b metres

ab a+b
Hence, the height of the intersection of the lines joining the top of each pole to the foot of the

ab

opposite poleis ——— metres.

EXAMPLE48 ABCisa triangle inwhich AB = AC and D is a point on AC such that BC'=AC x CD.
Prove that BD = BC.

GIVEN A ABCinwhich AB =ACand Disapointon the side AC such that

BC*=AC x CD n
TOPROVE BD=BC
CONSTRUCTION Join BD D
PROOF Wehave,
BC*= ACx CD
BC AC ‘
= b " BC bl i) y \
Thus, in A ABCand A BDC, we have Fig.7.131
AC BC _
BC_CD [From (i)]
and, = C [Common]
] A ABC~A BDC [By SAS criterion of similarity]
= AB _ BC
BD DC
AC BC -
= 208D ...(ii)
BC CD
From (i) and (ii), we get
BE S8 oap ke
D~ CD

EXAMPLE49 In trapezium ABCD, AB || DCand DC = 2AB. EF drawn parallel to AB cuts AD in F

BE ;T8 o, :
and BC in E such that 3 Diagonal DB intersects EF at G. Prove that 7 FE =10 AB.

SOLUTION InA DFGand A DAB,wehave
LT1=£2 [ AB|| DC || EF .. £Z1and £2 are corresponding angles ]

—

i

L |
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50, by AA-criterion of similarity, we have

ADFG~A DAB
) DF _FG
DA AB @
In trapezium ABCD, we have
EF || AB || DC
AF _BE
DF ~ EC
AF_3 | LBE_3
gt DF 4 [ EC 4(0”'3“]]
L e £+1=§-‘-‘l
DE
= AF+DP_Z
DF:==4{
ADY: 7 DF 4
—_ —_— —_—
DF 4 AD 7
From (i) and (i), we get
G _4 4
AE 7 = FG=-4B
: InA BEGand A BCD, wehave
£ BEG=/Z BCD
A . £ZB=/B
) ABEG~A BCD
: . BE. EG
= — S
BC CD
SEBEG [,B_E=§=,E=
= 7-CD EC 4  BE
= EG=>CD
7
— EG:;::ZAB
-
Adding (iii) and (iv), we get

6 10

BA and BC produced at Eand F respechue!y Prove that
DAY R G
AE BE CD

Fig.7.132 c

[Adding 1 on both sides]

--.(ii)

... (iii)

[Corresponding angles]
[Common)]
[By AA-criterion of similarity]

[+ CD =2 AB (given)]

«.(iv)

4 -
FG + EG =-A.B-|-',}-AB =% EF=?AB = 7EF=10AB
EXAMPLES0 Through thevertex D ofa pnmﬂefogmm%ﬂCD alineis dmwn to intersect the sldes
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SOLUTION InA’s EAD and DCF, we have

L1=212 [+ AB || PC Corresponding angles are equal]
L3=.L4 [~ AD || BC .. Corresponding angles are equal]
Therefore, by AA-criterion of similarity, we have
AEAD ~A DCF
- EA AD DE
DC CF FD
EA _ AD i
=2 DC CF
4
AD CF ,
= —_— = ...(1)
AE CD
D = c
Now, in A’s EAD and EBF, we have
Z1=21 [Common angle] 3
£3=2L4
So, by AA-criterion of similarity, we have 1
AEAD~A EBF E A B
EB BF EF
EA AD
= —_— =
EB  BF
AD FB -
— —_— ...(ll)
AE BE

D B _C
From (i) and (ii), we obtain: 7% = 5r = =

EXAMPLE 51 In Fig. 7.134, ABC is a right triangle right angled at B and D is the foot of the
perpendicular drawn from Bon AC. If DM 1 BC and DN LAB, prove that

(i) DM*=DN xMC (i) DN'=DMxAN [NCERTI]

SOLUTION Wehave,
AB 1 BC and DM 1 BC
= AB || DM
Similarly, we have N D
CB LAB and DN LAB =
=3 CB || DN 3
Hence, quadrilateral BMDN isa rectangle. 1 0 4
5 B M c
AMENL Fig.7.134

F %
LY
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(i) InA BMD, wehave
Z1+2ZBMD + £ 2=180°

e Z1+90°+ £2=180°
= Z1+£2=90°
Similarly, in A DMC, wehave
£3+£4=90°
Since BD L AC. Therefore,
£2+Z£3=90°
Now, £1+£2=90°and £2+ 2 3=90°
= L£1+£2=L2+/3
= L1l=23
Also, £3+£4=90°and £ 2+ 2 3=90°
= L3+ LA=L2+L3=22L2=214

Thus,inA's BMD and DMC, we have
Ll=/3and £2=/4
So, by AA~criterion of similarity, we obtain

ABMD~A DMC
BM _ MD
i DM MC
DN _ DM
= DM MC
= DM’ = DN x MC
(i) Proceedingasin (i), we can prove that
' ABND~A DNA
e BN _ND
DN NA
.  DM_pn
DN AN
= DN’=DM x AN

MATHEMATICS - x

[--BM=ND]

[ BN=DM)]

EXAMPLE 52 ABC is an isosceles triangle with AB = AC and D is a point on AC such that

BC? = AC x CD. Prove that BD = BC,

SOLUTION Wehave,
BC’= ACx CDand AB=AC

= BCxBC=ACxCDand Z£B=2C
BC_CD

= AC _ BC andZB=2C
BC DC

= C—&'—Eaﬂd43=éc

A

Fig.7.135
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So, by SAS-criterion of similarity, we obtain
A BCA ~A DCB
BC _CA _BA
= DC CB DB
CA_BA
= CB DB
BAa _DB
= CA CB
DB coaBi= A
(i [--A
= CB
= DB =CB = BD =BC

EXERCISE 7.5

1. InFig.7.136, A ACB ~ A APQ.If BC=8cm, PQ=4cm, BA=6.5cm and AP=2.8cm, find

CAand AQ. e . Be
P...' - . . P /> b =4
"0 = I <
| -:1 v 2 /\ P ee T
;‘_1 ' ~n B PB A Q -
7 5 203 ST LB
A :‘-- - L _.--1 ,H'J' . —
, ! T A N

C
Fig. 7.136

2. InFig.7.137, AB || QR.Find the length of PB.

3. InFig.7.138, XY || BC. Find the length of XY.
4. Inarightangled triangle with sides a and b and hypotenuse ¢, the altitude drawn on the
hypotenuse is x. Prove that ab=cx.

AB . Ax
SR A Q
!
Al
B 6cm [
" NN ‘.-"
Fig.7.137 Fig.7.138 . ;{_
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5. InFig. 7.139, £ ABC =90° and BD LAC. If BD=8cmand AD =4 cm, find CD,

A A
4 cm
D D
8cm
B Cc B C
Fig. 7.139 Fig. 7.140

6. In Fig. 7.140, Z ABC = 90° and BD 1 AC. If AB = 57 cm, BD = 3.8 cm and
CD =54 cm, find BC.

7. InFig.7.141, DE || BCsuchthat AE=(1/4) AC.If AB=6cm, find AD.

be

B

Fig. 7.141

8. InFig.7.142,if AB L BC,DC L BC and DE L AC, prove that A CED ~ A ABC,

A

D

y af~ g

[ =)

! B Gn ~aC

: Fig.7.142
9. Diagonals AC and BD of a trapezium ABCD with AB || DC intersect each other at the
; S et A W L ; OA OB
point O. Using similarity criterion for two triangles, show that oc - oD

10. If A ABC and A AMP are two right triangles, right angled at Band M respectively such
that £ MAP = £ BAC.. Prove that
CA BC

() AABC~AAMP (i) — =~

A vertical stick 10 cm long casts a shadow 8 cm long. At the same time a tower casts a
shadow 30 m long. Determine the height of the tower.

e i!{
: .ﬁr
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12. InFig.7.143, £ A= £ CED, provethat A CAB ~ A CED. Also, find the value of x.

13.

14.

15.

16.

17.

18.

19.

20.

21.

A = O Cm - B

Fig. 7.143

The perimeters of two similar triangles are 25 cm and 15 cm respectively. If one side of
first triangle is 9 cm, what is the corresponding side of the other triangle?

[CBSE 2002 C]
In A ABC and A DEF, it is being given that: AB =5 cm, BC =4 cm and CA=4.2cm;
DE=10cm, EF=8cmand FD =8.4cm. If AL L BC and DM LEF, find AL: DM.
D and E are the points on the sides AB and AC respectively ofa A ABC such that: AD =8
cm, DB =12 cm, AE = 6cm and CE =9 cm. Prove that BC =5/2 DE.

D is the mid-point of side BC ofa A ABC. AD is bisected at the point E and BE produced
cuts AC at the point X. Provethat BE: EX=3:1

ABCD is a parallelogram and APQ is a straight line meeting BC at P and DC produced at

Q. prove that the rectangle obtained by BP and DQ is equal to the rectangle contained by
AB and BC.

In A ABC, AL and CM are the perpendiculars from the vertices A and C to BC and AB
respectively. If ALand CM intersectat O, prove that:

OA OM

(i) AOMA~AOLC

® 5¢ = oL

ABCD is a quadrilateral in which AD = BC.1f P, Q, R, S be the mid-points of AB, AC, CD
and BD respectively, show that PQRS is a rhombus.

In an isosceles A ABC, the base AB is produced both the ways to P and Q such that
AP x BQ = AC". Prove that A APC ~ A BCQ.

A girl of heigh 90 cm is walking away from the base of a lamp-post at a speed of
1.2 m/sec. If the lamp is 3.6 m above the ground, find the length of her shadow after
4 seconds.

A vertical stick of length 6 m casts ashadow 4 mlong on the ground and at the same time
a tower casts a shadow 25 m long. Find the height of the tower., [NCERT]

In Fig. 7.144, A ABC is right angled at Cand DE 1 AB. Prove that A ABC ~ AADE and
hence find the lengths of AE and DE.

)
3

m
— L —-—
[

l:'}-l-—M-l-U
3

B S {lan =

Fig. 7.144
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1
24. InFig.7.145, PA, OB and RC are each perpendicular to AC. Prove that i % 2k
: y
R
3 Q
=
¥
A B c
Fig.7.145

25. In Fig. 7.146, we have AB || CD || EF. If AB = 6 cm, CD = x cm, EF = 10 cm,
BD =4cmand DE =y cm, calculate the values of x and v.

F

ANSWERS
L CA=56cm, AQ=325cm 2 2cm 3. 1.5ecm 5. 16cm
6. 8.1cm 7.15cm 11. 37.5m 12. 6
13. 54cm 14.1:2 21. 1.6m 22. 42m
23. DE=-?§-::mandAE=%cm 25. x=3.75cm; y=6.67 cm

HINT TO SELECTED PROBLEMS

2. Use:A PAB~A PQR
5. InA DBA and A DCB, we have

2 DBA=/ DCB [Each equal to 90° - £ DBC]
and, £D=4£D=9%" [Common]

A DBA~A DCB

BD AD BD?

o - P=ap

6. Clearly, A ABC~A BDC
AB_BC _ 57 _BC_ ,._ 57x54

—_— = — —_—

BD DC 38 54 3.8
7. Clearly, A ADE~A ABC

=8.1cm

-t -

2. |
Al
ok
it
»
i
-
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12.

13.

14.

15.

17.
21.

InA CABand A CED, we have
LA=ZLCEDand Z2C=2£C [Common]
ACAB~ACED

CA_AB_CB __AB _CB 9 10+2

CE DE CD 'DE D x_

== x =6cm

Ratio of the corresponding sides = Ratio of perimeters.

2 _25
—_—=— 0 === ).
<15 5 54 cm
AB BC AC 1
Clearly, = = =

DE EF DF 2
A ABC ~A DEF

Now, use the result that in similar triangles the ratio of corresponding altitudes is same
as the ratio of corresponding sides.

A
Clearly, —Ag — —jg = % and Z Aiscommonin A ABCand A ADE
AADE~ANABC o 2 B2
DE AD

Use theresult A ABP ~ A QDA to prove that AB x BC=BP x DQ.

Let AB be the lamp-post and CD be the girl after walking for 4 seconds. Let DE be the
length of her shadow such that DE = x metres, BD =1.2 x4=4.8 m.

InA’s ABE and CDE, wehave

ZB=/£Dand LE=£E

So, by AA-similarity criterion, we obtain A ABE ~A CDE

BE AB 48+x 3.6
sz — = —

= x=16m
DE CD X

23. Intriangles ABCand ADE, we have

ZACB = ZAED =90° and, £BAC = ZDAE

So, by AA similarity criterion, we obtain

A ABC ~ AADE

AB _BC _AC
AD DE AE

13

12 b
_5_=_E=E—E- [ ABleC2+HC2=52+122]

- F
~y
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= DE=§EandAE=l-5— =
13 13
24. InA PAC, wehave
BQ CB__y CB 4
e ey 0 !
In A ACR, we have
BQ AB y AB
B R — Il — —_—i — -
RIS e P -++{1i) ,
Adding (i) and (ii), we get i
V. ¥_ C8 AB
ot Spi e € AC
T LE AC x -2 AC Xz X wiZv. Y

7.8 MORE ON CHARACTERISTIC PROPERTIES

In the previous section, we have learnt about characteristic properties of similar triangles
and their applications. In this section, we shall discuss some more results as theorems
derived from the characteristic properties of similar triangles.

THEOREM 1 If two triangles are equiangular, prove that the ratio of the corresponding sides is same
as the ratio of the corresponding medians. [NCERT]

GIVEN Two triangles ABC and DEF in which £A = £D, /B = ZE, Z£C = ZF,
AP and DQ are their medians.

B P c

E Q F
Fig. 7.147 Fig. 7.148

PROVE E = £
TO EF  DQ

PROOF Since equiangular triangles are similar.
A ABC~A DEF

AB BC _
'bE="E‘I_.‘ ...(1)
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AB _ 2BP "> Pand Q are mid-points of BC and EF respeCHVEljf]
= DE  2EQ :.BC = 2BP and EF = 2EQ

8L 2 (ii)
= DE ~ EQ
Now, inA ABP and A DFQ, wehave

AB _ BP )

DE E [From: (ii)]
and, ZB=/E [Given]
So, by SAS-criterion of similarity, we have

A ABP~A DEQ

B2 B8
= DE DQ ....(iif)

: BC AP
From (i) and (iii), we get: EF = —55

Hence, the ratio of the corresponding sides is same as the ratio of corresponding medians.

Q.E.D.

THEOREM 2 If two triangles are equiangular, prove that the ratio of the corresponding sides is same
as the ratio of the corresponding angle bisector segments.

GIVEN Two triangles ABCand DEFinwhich£ A=4D,ZB=£E, ZC=/ZF;and AX, DY are
the bisectors of £ A and £ D respectively.

D
A\ /
X C E Y

”

L.

= F
Fig. 7.149 Fig. 7.150

o BC_AX
TO PROVE EF = DY
PROOF Since equiangular triangles are similar.

A ABC ~A DEF

AB  BC
= mEE ®
InA ABX and DEY, we have

“<B=sb [Given]
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and, £ BAX=ZEDY [ £A=£D=>%£A=%AD:ABAX=£EDY]
S0, by AA~criterion of similarity, we have

A ABX ~A DEY

4B _AX
= DE ~ DY ()

: x BC _
From (i) and (ii), we get : EF - DY

Q.ED.

THEOREM 3 If two triangles are equiangular, prove that the ratio of the corresponding sides is same
as the ratio of the corresponding altitudes.

L GIVEN Two triangles ABC and DEF in which
£LA=4D,£B=£E £C=£Fand AL1BC,DM LEF

D
A /

B L c
E M

F
Fig. 7.151 Fig. 7.152
BC AL
TOPROVE EE . DM
PROOF Since equiangular triangles are similar.
A ABC~A DEF
AB _BC
= DE ~ EF i)
In triangle ALBand DME, we have
ZALB=ZDME [Each equal to 90°]
LB=ZE [Given]
So, by AA-criterion of similarity, we have
4 A ALB~A DME
AB_ AL ’
= DE _ DM ...(11)
BC AL
From (i) and (i), we get :

i EF DM
X Q.ED.

THEOREM 4 If one angle of a triangle is equal to one angle of another triangle and the bisectors of these
equal angles divide the opposite side in the same ratio, prove that the triangles are similar.
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civen Two triangles ABCand DEF inwhich £ A = £ D. The bisectors APand DQor £ Aand

| _ BP _EQ
£ Dintersect BCand EF in P and Q respectively such that 5= = A7

PC QF
TOPROVE A ABC ~A DEF

rrOOF Weknow that the bisectors of an angle of a triangle intersects the opposite sidein the
ratio of the sides containing the angle.

D
A
B P C
E Q F
Fig. 7.153 Fig. 7.154
AP is the bisector of ZA
= = A& (i)
PC AC
DQ is the bisector of ZD
EQ DE "
‘Q-E =DF ...(ii)
But, % = %% [Given]
Therefore, from (i) and (ii), we get
AB _DE
AC ~ DF
Thus, in triangles ABC and DEF, we have
AB _ DE
AC  DF
and, LZA=ZD [Given]

So, by SAS-criterion of similarity, we obtain : A ABC~A DEF.

Q.E.D.
THEOREM 5 If two sides and a median bisecting one of these sides of a triangle are respectively
proportional to the two sides and the corresponding median of another triangle, then the triangles are

stmilar. [INCERT)
GIVEN A ABC and A DEF inwhich AP and DQ are the medians such that

AB BC AP 2

DE EF DQ

TOPROVE A ABC~A DEF
PROOF Wehave,
AB _ BC _ AP
DE EF DQ B P o
Fig.7.155
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i .
e AB 2= _ AP
DE 1lp DQ
2
AB BP AP
= — T —— ID e—
DE EQ DQ
= A ABP~A DEQ [B_},r SSS-ﬁimilaIity]
= ZB=ZE £ a F
Now, inA ABCand A DEF, wehave 79 7408
AB _BC ,
DE _ EF [Given]

¥ and, LZB=LE
So, by SAS-criterion of similarity, we obtain A ABC ~A DEF
Q.ED.

THEOREM € If two sides and a median bisecting the third side of a triangle are respectively
proportional to the corresponding sides and the median of another triangle, then the two triangles are

similar.
GIVEN Two triangles ABC and DEF in which AP and DQ are the medians such that i
AB AC AP

TOPROVE AABC~ADEF
CONSTRUCTION Produce AP to G so that PG = AP. Join CG. Also,
produce DQ to H so that QH= D(Q. Join FH.
FROOF InA APBand A GPC, wehave
BP=CP [-- AP is the median]
AP =GP [By construction]
and, ZAPB=£ZCPG  [Vertically opposite angles]
So, by SAS-criterion of congruence, we have
A APB=A GPC |

= AB=GC (i) A

3 Again, InA DQE and A HQF, wehave 3

: EQ=FQ [ DQ s the median] »

5 DQ=HQ [By construction] /ﬁ\
and, £DQE=/ZHQF [Vertically opposite angles] E = \/ E

o
_1'31
S
m
'ﬂ}"
m<
0

Fig.7.157

So, by SAS-criterion of congruence, we have

'_ A DQE=A HQF
¥ = DE=HF (i)
AB AC AP (Given]
NOW, e e e 1IVen H
PECSZE: "D Fig.7.158

«

. _
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GC _AC _ Ap .+ AB = GC and DE = HF }
. HE DF DQ [(From (i) and (ii))

GC _AC _ 24P
& HF ~ DF ~ 2DQ
=2 Ei =g§=g§ [-,-ZAP:AGandZDQ=DHI
= A AGC~A DHF [By SSS-criterion of similarity]
— L l=22
Similarly, we have

£3=L4 = L1+43=L2+£4 = LA=LD ...(iii)
Thus, in A ABC and A DEF, wehave

ZLA=ZLD [From (iii)]
and, - - = [Given]

DE DF
So, by SAS-criterion of similarity, we obtain A ABC ~A DEF

Q.E.D.

7.9 AREAS OF TWO SIMILAR TRIANGLES

In this section, we will discuss some theorems concerning the ratio of areas of similar
triangles.

THEOREM 1 The ratio of the areas of two similar triangles are equal to the ratio of the squares of any
two corresponding sides. [NCERT, CBSE 2000, 2002, 2004, 2006C, 2008, 2010]
GIVEN Two triangles ABCand DEF suchthat A ABC ~A DEF.

Area (AABC) _AB* BC* _AC?
TOPROVE “prea(ADEF) DE® EF? DF

E M 3
CONSTRUCTION Draw AL L BCand DM L EF.
PROOF Since similar triangles are equiangular and their corresponding sides are

proportional. Therefore,
A ABC ~A DEF
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AB_BC AC

Thus, inA ALB and A DME, we have
= Z AlB=/ DME
and, ZB=ZE

So, by AA-criterion of similarity, we have

A ALB~A DME
L AL _aB
DM DE

From (i) and (ii), we get
AB BC AC AL

DE EF DF DM

Now,
1
\rea (A ABC) E(EC::AL]
Area (A ABC) _BC AL
- Area (ADEF) EF DM
Area (A ABC) _BC BC
= Area (ADEF) EF EF
3 Area (A ABC) _ BC?
Area (A DEF) EF?
gy BC_AB_AC
M EF DE DF
BC* AB* _AC?
= EF2  DE® DF?
Area(AABC) AB* BC® AC?
Hence, = = =

Area(ADEF) DE® EF® DF?

MATHEMATICS- ¥

i)

[Each equal to 90°]
[From (i)]

(1)

...(iii)

[me (iii),%% = %]

Q.ED.

THEOREM 2 The areas of two similar triangles are in the ratio of the squares of the corresponding

altitudes.

GIVEN Two triangles ABCand DEF such that A ABC ~A DEFand AL L BC, DM L EF.

Area (AABC) AL’
TOPROVE “prea(ADEF) DM?

PROOF Since the ratio of the areas of two similar triangles is equal to the ratio of the squares

of any two corresponding sides.
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E 1 ;
Fig. 7.161 Fig. 7.162

Area (AABC) AB?
Area (ADEF) DE?
Now, in A ALB and A DME, we have
ZALB =« DME [Each equal to 90°]
and,  £B=ZE [--AABC~ADEF .. £A=£D, £B=ZE, £C=ZF]
So, by AA-criterion of similarity, we have
A ALB ~ A DME

AB _ AL
DE DM

...(0)

ABZ ALZ s
= = ...(i

DE* DM’ "
From (i) and (ii), we get

Area (AABC)  AI*

= 5] Q.E.D.

Area (ADEF) DM
THEOREM 3 The areas of two similar triangles are in the ratio of the squares of the corresponding
medians. [NCERT]
GIVEN Two triangles ABC and DEF such that A ABC ~A DEF and AP, DQ are their medians.
Area (AABC)  AP?
Area (ADEF) DQ?
PROOF Since the ratio of the areas of two similar triangles is equal to the ratio of the squares
of any two corresponding sides.

TOPROVE

D
A
B P G
E Q F
Fig. 7.163 Fig. 7.164
Area (AABC) AB? '
Area (ADEF) DE? <

Now, A ABC~ADEF
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- AB 5

DE EF

AB 2BP BP _
- O ek g B ... (i)

DE 2EQ EQ
Thus, intriangles APB and DQE, we have

AB BP

DE =‘E§ﬂﬂd £ZB=ZE [-- A ABC ~A DEF]
So, by SAS-criterion of similarity, we have

AAPB~A DQE

B _ 4P
=5 EQ ~ DO +..(1ii)
From (i) and (iii), we get

L4

DE DQ

AB* _ AP? i)

_— = eIV
- DE? ~ DQ?
From (i) and (iv), we get

Area (AABC)  AP?
Area (ADEF) DQ?

Q.E.D.
THEOREM 4 The areas of two similar triangles are in the ratio of the squares of the corresponding
angle bisector segments.

GIVEN A ABC~A DEFand AX and DY arebisectorof £ A and £ Drespectively.
D

B X C

E Y F
Fig. 7.165 Fig. 7.166

Area (AABC) _ AX?

PROOF Since the ratio of the areas of two similar triangles are equal to the ratio of the squares
of any two corresponding sides.

Area (A ABC) _ AB’ _
Area(ADEF) DE? )
Now, A ABC~A DEF
= LA=2D
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= % L = %AD
— Z BAX=/EDY
Thus, intriangles ABX and DEY, we have :r
£ BAX=/EDYand £ B=/E [-AABC~ADEF] '
So, by AA-similarity criterion, we have
A ABX~ADEY
. AB_ax
DE Dy
l = AB® _ AX? (ii)
DE> DY?
From (i) and (ii), we get

Area (AABC)  AP?
Area (ADEF) DY?

Q.E.D.

THEOREM 5 If the areas of two similar triangles are equal, then the triangles are congruent i.e. equal |
and similar triangles are congruent. [NCERT, CBSE 2002C, 2018] f

GIVEN Two triangles ABC and DEF suchthat A ABC ~ A DEF and
Area (A ABC)=Area(A DEF).

TOPROVE A ABC=A DEF

PROOF Wehave,

AB BC AC =
AABC~ADEF = £A=£4£D,ZB=ZE,ZC=/ Fand DE_EF_ DF

In order to prove that A ABC = A DEF, it is sufficient to show that AB = DE, BC= EF and
AC=DF.
Itis given that: Area (A ABC)=Area(A DEF)

Area (A ABC)
= =1

Area (ADEF)

AB® _BC? _AC* _, ' Area(AABC) _ AB® _BC® _ AC?
-+ DEZ  EF.  DF: Area(ADEF) DE* FEF* Df2
= AB? = DE?, BC? = EF* and AC? = DF?
— AB=DE,BC=EFand AC=DF
Hence, A ABC=A DEF. Q.E.D.

ILLUSTRATIVE EXAMPLES oo

r 3 i *
St BENRAER S5 e e

LEVEL-1

EXAMPLE1 IfAABC~A DEF such that AB =1.2 cmand DE = 1.4 cm. Find the ratio of areas of
A ABCand A DEF.
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SOLUTION  We know that the ratio of areas of two similar triangles is equal to the ratio of the
squares of any two corresponding sides.

Area(AABC) AB' _ Area(AABC) (12 _ ( 12 )2 _36

Area (ADEF) DE® Area (ADEF) (147° \14) 49
EXAMPLE2  In twosimilar triangles ABC and PQR, if their corresponding altitudes AD and PS are
in theratio 4 :9, find the ratio of the areas of A ABC and A PQR.

SOLUTION  Since the areas of two similar triangles are in the ratio of the squares of the

corresponding altitudes.
2
Seea{AABC) _AD. A"-‘af‘“'ABC}:[iJ =36 [-AD:PS=4:9]
Area (APQR)  PS? Area (APQR) \ 9 81

Hence, Area (A ABC): Area (A PQR)=16:81

EXAMPLE3 If A ABCis similar to A DEF such that BC =3 cm, EF =4 cm and area of A ABC =
54 em®. Determine the area of A DEF.

SOLUTION  Since theratio of areas of two similar triangles is equal to the ratio of the squares
of any two corresponding sides.

Area (AABC)  BC?
Area(ADEF) EF?

54 3
= —————=— = Area(ADEF) =

= 2
Area (ADEF) 42 96.cm

54x16 7
9

EXAMPLE4 IfA ABC ~ A DEF such thatareaof A ABC is9 cm” and the area of A DEF is 16 cm” and
BC =2.1 cm. Find thelength of EF.

SOLUTION Wehave,

Area (AABC) _ BC?
Area (ADEF) EF*

9 (21)° 3 71 4x%21
— = = —=—=EF =
16 EF? 4 EF

=

cm = 2.8cm

EXAMPLES In Fig.7.166, PBand QA are perpendiculars to segment AB. If PO = 5 em, QO = 7 cm
and Area A POB =150 cm’ find thearea of A QOA.

SOLUTION InA OAQand A OBP, wehave

LA=/B [Each equal to 90°]
£ AOQ=/ BOP

So, by AA-criterion of similarity, we have
AAOQ ~ ABOP

-




—
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Area (AAOQ) OQ? &
Area (ABOP) op?

Area (AAOQ) 72 B 0 ?
- = — A -
150 52 I/
= Area (A A0Q) = 2 5 150 cm? = 294 em? g -
- 25 CHL = n Fig.7.167
EXAMPLE6  In Fig. 7.168, ABCD isa trapezium inwhich AB || DCand AB=2 DC. Determine the
ratio of the areas of A AOBand A COD. [NCERT]
SOLUTION Intriangle AOB and COD, we have 1
Z AOB=£COD [Vertically opposite angles]
and, £ 0OAB=£0CD [Alternate angles]
So, by AA-criterion of similarity, we have
A AOB~A COD : =
Area (AAOB) AB? ]
= = r
Area (ACOD)  DC? <

Area (AAOB) _ (2DC)’
Area (ACOD)  (DC)*
Hence, Area (A AOB):Area(A COD)=4:1.

EXAMPLE7  In the trapezium ABCD, AB ||CD and AB=2CD. If thearea of A AOB =84 cn’, find
thearea of A COD. [CBSE 2005]

SOLUTION From example 6, we have
Area (AAOB) _ i

Area (ACOD) 1

B _4

Area (ACOD) 1

—

.
1

A Fig.7.168

= Area (A COD)=21cm’

U
n

LEvEL?
EXAMPLES  Prove that the area of the triangle BCE described on oneside BC of a square ABCD as base is
one half the area of the similar triangle ACF described on the diagonal AC as base.

SOLUTION ABCD is asquare. A BCE is described on side BC is similar to A ACF described

ondiagonal AC.

Since ABCD isa square. Therefore,
AB =BC =CD = DA and, AC= 2 BC [+ Diagonal = /2 Side)] D

Now, A BCE~A ACF

Area (ABCE) _ BC?
Area (AACF)  AC?

F

o]

A B
Fig.7.169

4d
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Area(ABCE)  BC* 1
Area(AACF)  (J2BC} 2

= Area (ABCE) = % Area (A ACF)

EXAMPLES  Prove that the area of the equilateral triangle described on the side of a square is half the
area of the equilateral triangle described on its diagonal. INCERT, CBSE 2018]
GIVEN A square ABCD. Equilateral triangles A BCE and A ACF have been described on side
BC and diagonal AC respectively.

1 F
TOPROVE Area(A BCE)= E.A:ea (A ACF) = &
PROOF Since A BCE and A ACF are equilateral. Therefore,
they are equiangular (each angle being equal to 60°) and
hence E
A BCE~A ACF
. Area (ABCE) _ BC? A B
Area (AACF) ACZ g 7.170
Area (ABCE) BC? "> ABCD is a square
w—_ =
Area (AACF)  (v2BC)? ». diagonal = v2(side) = AC = \/2BC
Area(ABCE) 1
— e 2

Area (AACF) 2

EXAMPLE10  Equilateral triangles are drawn on the sides of a right triangle. Show that the area of
the triangle on the hypotenuse is equal to the sum of the areas of triangles on the other two sides.

[CBSE 2002]
GIVEN A right angled triangle ABC withright angle at B. Equilateral triangles PAB, QBC
and RAC are described on sides AB, BC and CA respectively.

TOPROVE Area(A PAB)+ Area (A QBC)=Area (A RAC)

R
A
P
5 c
Q
Fig. 7.171

PROOF Since triangles PAB, QBC and RAC are equilateral. Therefore, they are equiangular
and hence similar.

Area (A PAB) . Area (AQBC) _ AB* BC?

Area (ARAC) | Area(ARAC) ACE W AC
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Area (APAB)  Area(AQBC)  AB? + BC?

o Area(ARAC) = Area(ARAC)  AC
Area (APAB) N Area (AQBC) AC? -+ A ABC is a right angled triang[e]
o Area (A PAB) + Area (AQBC) '
Area (ARAC)

= Area (A PAB) + Area (A QBC) = Area (A RAC)
EXAMPLE 11 D, E, F are the mid-points of the sides BC, CA and AB respectively of a A ABC.
Determine the ratio of the areas of A DEF and A ABC. [NCERT]
SOLUTION  Since D and E are the mid-points of the sides BCand AB respectively of A ABC.

DE ||BA = DE ||FA (i)

A
F, E
B D C
Fig. 7.172

Since D and F are mid-points of the sides BC and AB respectively of A ABC. Therefore,

DF ||CA = DF ||AE .. (i)

From (i), and (ii), we conclude that AFDE is a parallelogram.
Similarly, BDEF is a parallelogram.
In A DEF and A ABC, wehave

ZFDE=/A [Opposite angles of parallelogram AFDE]
and, Z DEF=2B [Opposite angles of parallelogram BDEF]
So, by AA-similarity criterion, we have

A DEF~A ABC
Area (ADEF) DE* (1/2AB* 1 [ 1
= = = — . D =00
= Arca(AABC) AB'  AB® 4 . AB}

Hence, Area(A DEF): Area(A ABC)=1:4

EXAMPLE 12 D and E are points on the sides AB and AC respectively of a A ABC such that

DE || BCand divides A ABC info two parts, equal inarea, Find %% [ NCERT. CBSE 2000]
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SOLUTION We have,
Area (A ADE) = Area (trapezium BCED)

= Area (A ADE) + Area (A ADE) = Area (trapezium BCED) + Area (A ADE)
=5 2 Area (A ADE)= Area (A ABC) -.(1)
InA ADE and A ABC, wehave
ZADE=r/B [ DE || BC..£ ADE = £ B(Corresponding angles]
and, LA=ZA [Common]
: A ADE ~A ABC ,

Area (AADE) _ AD?

= Area (AABC) AR
Area (AADE)  AD? D E

T 2Area (AADE)  AB?

1-(4 ]
pe 2 (4B B

AD 1 Fig.7.173
W AB 2
= AB =\2AD
— AB = \J2(AB - BD)

BD J2-1 2-2

=5 (V2-1)AB=2BD = —5= B
EXAMPLE13  Two isosceles triangles have equal vertical angles and their areas are in the ratio
16 :25. Find the ratio of their corresponding heights. [CBSE 2000}
SOLUTION Let A ABC and A DEF be the given triangles such that AB = AC and DE = DF,
ZLA=£D

Area (A ABC) _ 16 )

! Area (ADEF) 25 iz
A D
0 v
B L c E M F
Fig. 7.174 Fig.7.175

Draw AL L BC and DM L EF.

Now, AB=AC,DE=DF
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AB DE
—=1 — =
. okt ke
. 4B _DE
AC DF
AB AC
= —_—
DE DF
Thus, in triangles ABC and DEF, we have
AB AC
So, by SAS-similarity criterion, we have
A ABC~A DEF

Area (AABC) AL

= =k ]
Area (ADEF) DM-*
16 Al?

— _—=
25 DM?
AL 4

— —_— =
DM 5

Hence, AL:DM=4:5.

EXAMPLE14 InFig7.176,DE || BCand AD : DB=5:4. Find

SOLUTION InA ABC, we have

BE || BC
— Z ADE =2 ABCand £ AED=24 ACB
Thus, in triangles ADE and ABC, we have
LA=ZA
Z ADE=2£ ABC
and, Z AED =2 ACB
A AED~A ABC
AD _ DE
2 AB  BC
We have,
AD _5
DB 4
DB _4
= AD 5
DB 4
—_—]1 = +1
= AD
DB+AD 9 _ AB_9_ AD
= AD 5 ° AD 5 AB

Area (ACFB)

7.93

[Given]

[Using (i)]

Area (ADEF) [CBSE 20001

[Corresponding angles]

[Common]

[By AAA similarity]

A

D E
-
i
' 2
B

Fig.7.176




g

794 MATHEMATICS - X

DE 5

BC 9
InA DFEand A CFB, wehave

Z1=23 [Alternate interior angles]

Z2=74 [Vertically opposite angles]
Therefore, by AA-similarity criterion, we have

ADFE~ACFB

Area (ADFE)  DE?
" Area(ACFB) BC?

atsoh (10 (ET B -
= Area(ACFB) \9) ~ 81 (Using ()]

EXAMPLE1S  InFig. 7.177, XY || ACand XY divides triangular region ABC into two parts equal

. AX
inarea. Determine B [CBSE 2008]
SOLUTION Wehave,
XY || AC
and, Area (A BXY) = Area (quad. XYCA) A
= Area (A ABC) =2 Area (A BXY) vorkl)
Now, XY || ACand BAisa transversal. X
=S £ BXY=/ BAC ...(ii)
) Thus,inA’s BAC and BXY, we have
! £ XBY=. ABC [Common]
£ BXY=./ BAC [From (ii)]
Therefore, AA-criterion of similarity, we have B Y c
A BAC ~A BXY Fig.7.177

Area (ABAC)  BA®

= Area(ABXY) BXZ

BA? .
= 2=§z [Using (i)]
= BA = J2BX

2 B 3 ~ AX J2-1
= BA=V2(BA-AX) > (V2-1)BA=2 AX = AB- 02

EXERCISE 7.6

LEVELT

1. Triangles ABC and DEF are similar.
(i) Ifarea (A ABC) =16 cm’, area (A DEF) =25 cm®and BC = 2.3 cm, find EF.
(ii) Ifarea(A ABC)=9cm’,area(A DEF)=64cm’and DE =5.1 cm, find AB.
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I

n

10.

(ll.l) IfAC=19cmand DF:ﬂcm, find the ratio of the area of two triangles.
(iv) Ifarea (A ABC)=36cm? area (A DEF)=64 cm’and DE =6.2cm, find AB.
(v) If AB=1.2cmand DE =1.4 cm, find the ratio of the areas of A ABC and A DEF.

InFig.7.178, A ACB ~A APQ. If BC =10 em, PQ=5cm, BA =6.5cmand AP =2.8cm, find
CA and AQ. Also, find thearea (A ACB) : area (A APQ).

P

AN

B A Q

C
Fig. 7.178

. The areas of two similar triangles are 81 cm® and 49 cm’ respectively. Find the ratio of

their corresponding heights. What is the ratio of their corresponding medians?

. The areas of two similar triangles are 169 cm” and 121 cm” respectively. If the longest side

of the larger triangle is 26 cm, find the longest side of the smaller triangle.

. The areas of two similar triangles are 25 cm” and 36 cm’ respectively. If the altitude of the

first triangle is 2.4 cm, find the corresponding altitude of the other.

The corresponding altitudes of two similar triangles are 6 cm and 9 cm respectively.
Find the ratio of their areas.

ABC is a triangle in which £ A=90°, AN L BC, BC=12cmand AC =5cm. Find the ratio
of the areas of A ANC and A ABC.

In Fig. 7.179, DE || BC
(i) If DE =4 cm, BC =6cmand Area (A ADE) =16 cm’, find the area of A ABC.
(ii) If DE=4cm, BC=8cmand Area (A ADE)=25 cm’, find the area of A ABC.

(iii) If DE : BC = 3 : 5. Calculate the ratio of the areas of A ADE and the trapezium

BCED.
A

B C
Fig.7.179

In A ABC, D and E are the mid-points of AB and AC respectively. Find the ratio of the
areas of A ADE and A ABC.

The areas of two similar triangles are 100 cm® and 49 cm’” respectively. If the altitude of the
bigger triangleis 5 cm, find the corresponding altitude of the other. [CBSE 2002]
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11.

12,

13.

14.

15

16.

18.

19.
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The areas of two similar triangles are 121 cm*and 64 cm’ respectively. If the median of the
first triangle is 12.1 cm, find the corresponding median of the other. [CBSE 2001)
If A ABC ~ A DEF such that AB =5 cm, area (A ABC) =20 cm’ and area (A DEF) =45 cm?,
determine DE.

In A ABC, PQ s a line segment intersecting AB at P and AC at Q such that PQ || BCand

. P
PQ divides A ABC into two parts equal in area. Find 9—

The areas of two similar triangles ABC and PQR arein the ratio9: 16. If BC=4.5 cm, find
the length of QR. [CBSE 2004]
ABCis a triangle and PQ is a straight line meeting AB in Pand ACin Q.If AP =1 cm,
PB=3cm,AQ=15cm,QC=45m, prove thatarea of A APQ is one- sixteenth of the area
of A ABC. [CBSE 2005]
If D isa point on theside AB of A ABC suchthat AD: DB=3.2and Eis a point on BC such
that DE || AC. Find the ratio of areas of A ABC and A BDE. [CBSE 2006 CJ

. If AABC and ABDE are equilateral triangles, where D is the mid point of BC, find the

ratio of areas of AABC and ABDE. [CBSE 2010]

Two isosceles triangles have equal vertical angles and their areas are in the ratio 36 : 25.
Find the ratio of their corresponding heights.

In Fig. 7.180, A ABC and A DBC are on the same base BC. If AD and BC intersect at 0,
prove that [NCERT, CBSE 2000, 2005)
Area (AABC) _ AO
Area (ADBC) DO
A C

B D
Fig. 7.180

20. ABCD isa trapezium inwhich AB || CD. The diagonals AC and BD intersect at O. Prove

21.

that: (i) A AOB ~ A COD (ii) If OA =6cm, OC=8 cm,

Find:
@) Area (A AOB) b) Area (A AOD)
Area (ACOD) Area (ACOD)

In A ABC, P divides the side AB such that AP: PB=1:2 Qis a point in AC such that
PQ || BC. Find the ratio of the areas of A APQ and tra pezium BPQC.,

22. AD is an altitude of an equilateral triangle ABC. On AD as base, another equilateral

triangle ADE is constructed. Prove that Area (A ADE ): Area (AABC)=3:4.[CBSE 2010)

|

—— ANSWERS
() 2875cm (i) 19125cm  (iii) 361:64 (iv) 4.65 (v) 36:49

2 5.6cm,3.25cm,4:1 3. 9:7;9:7 4. 22cm
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5. 2.88cm 6. 4:9 7.25:144

8. (i) 36cm’, (i) 100em®, (iii) 9: 16 9.1:4

10. 3.5cm 11. 8.8cm 12. 7.5cm

V2-1
13. 14. 16.25:4 17. 41
7 6cm
9 3
18. 6:5 20. — - 21.1:8
0. @) 35 ® 3 1

— - HINT TO SELECTED PROBLEMS

3. Since the ratio of the areas of two similar triangles is equal to the ratio of the squares of

their corresponding altitudes and is also equal to the ratio of the squares of their
corresponding medians. Hence,

ratio of altitudes =9 : 7 = ratio of medians.

4. Wehave,
169 26*
121  (Side of the smaller triangle)*
29 % . Side=22em
11  Side of the smaller triangle
7. Wehave,

Area (A ANC) AC* 25

AANC ~ AABC =

Area (A ABC) BC? 144
8. (i) InA ADE and A ABC, wehave
ZADE=/B [Corresponding angles (*~ DE || BC)]
ZLA=ZA [Common]
AADE = AABG uy 2XAAAVE) DEi
Area (A ABC)  BC
Area (A ADE) DE* 3 9

@) Area(AABC) B 5 25
Let Area (A ADE) =9x sq. units and Area (A ABC) = 25x sq. units.
Area (trap.BCED) = Area (A ABC)—Area (A ADE) =25x-9x =16x
9. Since D and E are the mid-points of AB and AC respectively. Therefore, DE || BC.
Consequently, we have

Area (A ADE) AD*  AD* 1
E Area (A ABC) AB* (2AD)* 4
19. Draw AL L BCand DM L BC.InA ALOand A DMO, we have

Z ALO =2 DMO=90° and, Z AOL= 2/ DOM

A ALO~A DMO
AL _ AO
= DM DO )

Area(AABC) _ (1/2)BCxAL _ AL _ AO o
Area(ADBC) (1/2)BCxDM DM DO [Using (i)]
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7.10 PYTHAGORAS THEOREM

In this section, we shall prove an important theorem known as Pythagoras Theorem. This
Theorem isalso known as Baudhayan Theorem.

THEOREM 1 Inaright angled triangle, the square of the hypotenuse is equal to the sum of the squares
of the other two sides. INCERT, CBSE 2001, 2002, 2004, 2005, 2006C, 2009, 2010, 2018]
GIVEN A right-angled triangle ABC in which £B=90°.

TOPROVE (Hypotenuse)’ = (Base)® + (Perpendicular)’i.e. AC*=AB*+ BC",

CONSTRUCTION From Bdraw BD 1 AC.

B
A D c
Fig. 7.181

PROOF Intriangles ADB and ABC, we have

£ ADB=/ ABC [Each equal to 90°]
and, LA=ZA [Common]
So, by AA-similarity criterion, we have

AADB~A ABC

AD AB , )
= AB - AC [~ In similar triangles corresponding sides are proportional |
= AB*=ADx AC ()
In triangles BDC and ABC, we have

£ZCDB=ZABC [Each equal to 90°]
and, £LC=£C [Common]
So, by AA-similarity criterion, we have

ABDC~A ABC

DC BC - . At

= BC_AC [+ Insimilar triangles corresponding sides are proportional ]
= BC'=ACx DC -..(ii)

Adding equations (i) and (ii), we get
AB*+BC*=ADx AC+ACx DC

= AB*+BC*=AC(AD +DC)
= AB*+BC*=ACx AC
s, AB*+BC' =AC

Hence, AC'=AB*+BC
The converse of the above theorem is also true as proved below.

THEOREM2 (Converse of Pythagoras Theorem) Ina triangle, if the square of one side is equal to the
sum of the squares of the other two sides, then the angleopposite to theside is a ri ght angle.

[NCERT, CBSE 2000C, 2006C, 2009, 2010]

Q.E.D.
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GIVEN A triangle ABC such that AC?= AB? + BC.
A

B c E F
Fig.7.182 Fig.7.183
CONSTRUCTION Construct a triangle DEF such that DE = AB, EF = BCand £ E =90°.

pROOF In order to prove that £ B =90°, it is sufficient to show that A ABC ~ A DEF. For this
we proceed as follows:

Since A DEF is a right angled triangle with right angle at E. Therefore, by Pythagoras
theorem, we have

DF =DE*+EF
= DF* = AB*+BC* [-- DE = AB and EF = BC (By construction)]
= DF=AC? [-- AB* + BC* = AC*(Given)]
= DE=AC (i)
Thus, in A ABCand A DEF, we have

AB=DE,BC=EF [By construction]
and, AC=DF [From equation (i)]
A ABC=A DEF
= ZB=/E=90°
Hence, A ABC isaright triangle right-angled at B. Q.ED.

7.10.1 SOME IMPORTANT RESULTS BASED UPON PYTHAGORAS THEOREM
THEOREM 1 (Result on obtuse triangle) In Fig.7.184, A ABC isan obtuse triangle, obtuse-angled at
B. If AD 1 CB, prove that AC* = AB* + BC'+2 BC x BD. [NCERT]
GIVEN Anobtuse triangle ABC, obtuse-angled at Band AD is perpendicular to CB produced.
TO PROVE AC =AB*+BC'+2BCxBD.
PROOF Since A ADB is aright triangle right-angled at D. Therefore, by Pythagoras theorem,
we have

AB*=AD*+ DB’ ..()
Again, A ADCis aright triangle right-angled at D.
Therefore, by Pythagoras theorem, we have
AC*=AD* +DC*
AC*=AD*+ (DB +BCY’
AC*= AD* + DB*+ BC*+2 BC - BD
AC?=(AD*+DB") + BC'+2 BC-BD
AC*=AB*+BC'+2BC-BD [Using (i)] Fig.7.184
AC*=AB*+BC*+2BC-BD

A

e
8l.illl}ll
2
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BEMARK In the above thearem BD is known as the projection of AB on BC and the theorem can also be
stated as:
In an obtuse triangle, the square of the side opposite to obtuse angle is equal to the sum of the squares of
other two sides plus twice the product of one side and the projection of other on first.
THEOREM 2 (Result on acute triangle) In Fig. 7.185, £ B of A ABC is an acute angle and
AD 1 BC, provethat AC = AB" + BC’ -2 BCx BD [NCERT)
GIVEN A A ABCinwhich £ Bisanacuteangle and AD L BC
TOPROVE AC =AB*+BC'-2BC xBD.
FROOF Since A ADB s aright triangle right-angled at D. So, by Pythagoras theorem, we have
AB =AD +BD" «i) A

Agam, A ADCisaright triangle right-angled at D. Applying
Pythagoras theorem, we obtain
AC'=AD*+DC
AC'=AD"+(BC-BDy
AC = AD*+(BC*+ BD*-2BC-BD)
AC'=(AD*+ BD?)+ BC*-2 BC*BD
AC'=AB*+BC*-2BC+BD [Using (i)] : = >
AC=AB+BC'-2BC-BD Fig.7.185

Q.ED.

SEMARK  In theabove theorem BD is known as the projection of AB on BC and the theorem can also
bestated as:

Inan acute triangle, the square of the side opposite to an acute angle is equal to the sum of the squares of
other two sides minus twice the product of one side and the projection of other on first.

THEOREM 3 Prove that inany triangle, the sum of the squares of any two sides is equal to twice the
square of half of the third side together with twice the square of the median which bisects the
third side.

GIVEN A A ABCinwhich ADisamedian. A

2
TOPROVE AB’+AC’2=2ADI+2[%BC) or, AB*+ AC' =2 (AD* + BD?)

CONSTRUCTION Draw AE L BC.
FROOF Since £ AED =90°. Therefore, in A ADE, we have
£ ADE <90° = £ ADB >90°
Thus, A ADB is an obtuse-angled triangle and A ADC is an
acute-angled triangle.

A ABD is obtuse-angled at Dand AE L BD produced. Therefore, by
theorem 1, we have B

E?UUUU

AB'=AD*+BD"+2BD x DE ) Fig.7.186
A ACDis acute-angled at D and AE L CD. Therefore, by theorem 2, we have
AC'=AD*+DC*-2DC x DE
= AC'=AD*+BD*-2BD x DE [-+CD = BD] ....(ii)
Adding equations (i) and (ii), we get
AB'+ AC'=2(AD*+ BDY)
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2
- AB’+AC1=2<IA[)2+[§2£) }

2
- ABi+Ac4=2AD=+z{%Bc)
= AB* + AC? =2 AD? + 2 BD?
= AB? + AC? = 2(AD? + BD?)

Q.E.D.

THEOREM 4 Prove that three times the sum of the squares of the sides of a triangle is equal to four
times the sum of the squares of the medians of the triangle.

GIVEN A A ABC inwhich AD, BE and CF are three medians.
TOPROVE 3 (AB*+BC*+CA*) =4(AD*+BE*+CF)

PROOF Since in any triangle, the sum of the squares of any two sides is equal to twice the
square of half of the third side together with twice the square of the median bisecting it.

Therefore, taking AD as the median bisecting side BC, wehave
AB*+AC'=2(AD" +BD’)

A
2
= ABE+ACQ=2{AD2+(%] }
7 i
= AB + AC =2 {ADE"'BT‘C'} g E
= 2 (AB*+ ACY) = (4 AD* + BCY) (D)
Similarly, by taking BE and CF respectively as the medians, we get
2 (AB*+BC?) = (4 BE* + ACY) L) B i ?Dm? c

and, 2 (AC* + BCY) = (4CF + ABY) ....(ii) o

Adding (i), (ii) and (iii), we get

4 (AB*+BC*+ AC?) =4 (AD* + BE* + CF) + (BC* + AC* + AB?)
=5 3 (AB® + BC* + AC") =4 (AD* + BE* + CF)
Hence, 3 (AB*+BC*+AC)=4(AD"+BE*+CF)

Q.ED.
7 |LLUSTRATIVE EX. vgggf’é"ﬁmﬁ-z'?—?f; Ry
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EXAMPLE1 A right triangle has hypotenuse of length p cm and one side of length g em. If p—q=1,
find the length of the third side of the trian gle.
SOLUTION Let the third side be x cm. Then, by Pythagoras theorem, we have

p1=q2+xz
- C=p-g=p-q)p+e=p+q [-p-q=1]
i, x=Jp+rq=y29+1 [p-g=1.p=g+1]

Hence, the length of the third sideis /29 + 1 cm.
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EXAMPLE 2 The sides of certain triangles are given below. Determine which of them are right
triangles :

(i) a=6cm,b=8cmandc=10cm (i) a=5em,b=8cmandc=11¢cm.
SOLUTION (i) We have,

a=6cm,b=8cmand c=10cm

Here, the largersideis c=10 cm.
Wehave, @' + b= 6"+ 8" =36 +64 =100 = ¢*
So, the triangle with the given sides is a right triangle.
(1) Here, thelargersideisc=11cm.
Clearly, a*+b'=25+64=89#=c
So, the triangle with the given sides is not a right triangle.
EXAMPLE3 A mangoes 10 m due east and then 24 m due north. Find the distance from the starting
pomt.
SOLUTION Let the initial position of the man be O and his & 1
final position be B. Since the man goes 10 m due east and then
24 m due north. Therefore, A AOB is a right triangle right-
angled at A suchthat OA =10mand AB=24m.

By Pythagoras theorem, we have 5
OB’ =0A"+ AB’
= OB® =10° + 24” =100 + 576 = 676

24m

10m a E

= OB = /676 = 26 m 5
Hence, themaniis at a distance of 26 m from the starting point. Fig.7.188

EXAMPLE4 A ladder is placed in such a way that its foot is at a distance of 5 m from a wall and its
tip reaches a window 12 m above the ground. Determine the length of the ladder. B
SOLUTION Let ABbe theladder and B be the window. Then,

BC=12mand AC=5m
Since A ABC is aright triangle right- angled at C.
AB*= AC*+BC*
= AB* =5 +12*=169
=N AB*=13m
A 5m C
Hence, the length of the ladderis 13 m. Fig.7.189

12m

"EXAMPLES A ladder 25 m long reaches a window of a building 20 m above the ground. Determine

the distance of the foot of the ladder from the building.
SOLUTION Suppose that AB is the ladder, B is the window and CB is the building. Then,
triangle ABC is a right triangle with right-angle at C.

AB*=AC*+BC*
= 25% = AC? + 20°

ES AC? = 625 -400 = 225
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25 m

20m

A c
Fig. 7.190

= AC=+2255m=15m
Hence, the foot of the ladder s at a distance 15 m from the building.

EXAMPLE 6 A ladder 15 m long reaches a window which is 9 m above the ground on one side of a
street. Keeping its foot at the same point, the ladder is turned to other side of the street to reach a
window 12 m high. Find the width of the street.

SOLUTION Let AB be the width of the streetand Cbe the foot of the ladder. Let Dand E be the
windows at heights of 9 m and 12 m respectively from the ground. Then, CD and EF are the
two positions of the ladder.

Clearly, AD=9m,BE=12m,CD=CE=15m.

InA ACD, wehave E
CD*=AC*+ AD? D Em

= 15°= AC*+9* 15m

= AC?=225-81=144 am 12m

= AC=12m

InA BCE, wehave A Cc B
CE*=BC* + BE? Fig.7.191

= 15 = BC* +12°

= BC* = 225 - 144 = 81

= BC=9m

Hence, widthofthestreet=AB=AC+CB=(12+9)m=21m.

EXAMPLE 7 The hypotenuse of a right triangle is 6 m more than the twice of the shortest side. If the

third side is 2 m less than the hypotenuse, find the sides of the triangle.

SOLUTION Let the shortestside be x metres in length. Then,
Hypotenuse = (2x + 6) m and, Third side = (2x +4)m

By Pythagoras theorem, we have

(2x + 6)* = + (2x + 4)°

47 + 24x + 36 ="+ 4x" + 16x + 16

X' —8x-20=0

(x=10)(x+2)=0

x=10o0r,x=-2

x=10

Hence, the sides of the triangle are 10m, 26 mand 24 m,

buuud

[ x cannot be negative]
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EXAMPLES  Pand Q are the mid-points of the sides CA and CB respectively of a A ABC, right

angled at C. Prove that :
(i) 4AQ =4 AC+BC . [CBSE 2010]
(i) 4BP*=4BC +AC [CBSE 2001]
(ifi) 4(AQ*+BP) = 54B° [NCERT, CBSE 2001, 2006C]
SOLUTION (i) Since A AQC is aright triangle right-angled at C.
AQ'=AC+QC .
= 4AQ=4AC +4QC [Multiplying both sides by 4]
= 4AQ =4 AC* +(2QC)
- 4AQ =4 AC+BC [-:BC=2QC] 2
(if) Since A BPCisaright triangle right-angled at C.
BP*=BC + CP*
= 4BP*=4BC*+4CP* [Multiplying both sides by 4]
- 4BP*=4BC* + (2CP)?
= 4BP*=4BC + AC* [+ AC=2CP]
4 (iii) From (i) and (ii), we have
Fig.7.192
4AQ'=4AC +BC and, 4BP*=4BC*+ AC®
4AQ'+4BP = (4AC*+BCY) + (4 BC* + ACY)
= 4(AQ*+BP?)=5(AC*+ BC)
= 4 (AQ*+BP) =5 AB* [In A ABC, we have AB? = AC? + BC? ]
EXAMPLES  ABC 1sa right triangle right-angled at B. Let D and E be any points on AB and BC
respectively. Prove that AE* + CD* = AC" + DE [CBSE 2002C, 2007]
SOLUTION  Since A ABE isright triangle, right-angled at B.
AE*=AB* + BE* ...(3)
i Again, A DBC is right triangle right-angled at B.
i, CD*=BD*+BC? +(ii)
I Adding (i) and (ii), we get
AE*+CD’ = (AB* + BE®) + (BD* + BC?)
= AE*+CD*=(AB* + BC?) + (BE* + BD?)
b Using Pythagoras theorem in A ABCand A DBE, we have
& AC’=AB*+ BC'and DE*= BE*+ BD* | Fig.7.193 .

AE*+CD*= AC*+DE*
Hence, AF*+CD*=AC*+DE*

EXAMPLE10  Prove that three times the square of any side of an equilateral-triangle is equal to four

fi times the square of the altitude. [CBSE 2002]
SOLUTION  Let ABC be an equilateral triangle and let AD | BC,

] InA ADBand A ADC, wehave

i AB=AC [Given]

-
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and,

=

=

Since A ADB is aright triangle right-angled at D.

LB=£C [Each equal to 60°]

£ ADB= £ ADC [Each equal to 90°]

A ADB=A ADC

BD=DC P
BD =DC= 3 BC 1

AB*=AD+BD?

2
AB*=AD*+ (%BC)

=
2 3

= AB*=AD*+ % '
2

= AB*= AD*+ % [- BC = AB]

S Loa 2 2 2 A
=5 ZAB =AD" = 3AB°=4AD
EXAMPLE 11 Inanequilateral trianglewith side a, prove that
(i) Altitude = @ [CBSE 2001C] (ii) Area = %nz [NCERT, CBSE 2002]

SOLUTION Let ABC bean equilateral triangle the length of whose each side is @ units. Draw
AD 1 BC.Then, D is the mid-point of BC. <

p—J]

Since A ABD is a right triangle right-angled at D.

Now,

AB=a BD=—=BC =2
el S i

AB*=AD?+BD?

(3]
a = + 2

2 2
2_ 2 A" _3a
AD =a 3 1
o Jga Fig.7.195
3
Altitude %a

Area of A ABC = (1/2) (Base x Height)

1 1 J3 3
=—(BCx AD) = = o 2
Area DfﬁABC 2( ) xax a= i
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EXAMPLE12 ABCisan isosceles right triangle right-angled at C. Prove that AB* = 2AC*,

[NCERT]
SOLUTION  Since A ABC is a right triangle right-angled at C.
A
B C
Fig.7.196
: AB*= AC* + BC
= AB’=AC*+AC [-- BC=AC)
= AB*=2AC
EXAMPLE13  InA ABC, AD is perpendicular to BC. Prove that:
(i) AB*+CD*=AC*+BD® [CBSE2008,2009] (i) AB*-BD*=AC*—CD?
SOLUTION  Since triangles ABD and ACD are right triangles right-angled at D.
A
-
B D c
Fig.7.197
AB2= AD2+ BD? ..(i)
and, AC’= AD*+ CD* ..(ii)
Subtracting (ii) from (i), we get
AB*- AC’=BD’-CD?
= AB*+CD'= AC*+ BD*and AB* - BD*= AC*- CD?
EXAMPLE14  Pand Qarepoints on the sides CA and CB respecti vely of A ABC right angled at C.
Prove that AQ"+ BP*= AB*+PQ’ [NCERT, CBSE 2002]

SOLUTION Inright-angled triangles ACQ and PCB, we have
AQ*=AC'+CQ’and PB*= PC*+ CB*

= AQ’+BP*=(AC*+ CQ%) + (PC* + CB?)

= AQ' + BP*=(AC’ + BCY) + (PC* + QCY)
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A
P
B Q c
Fig.7.198
2 2 5 By Pythagoras theorem, we obtain
= AQ +BP =AB'+ PO/ AC? + BC? = AB? and PC? + QC* = PQ*

EXAMPLE15 ABC isan isosceles triangle with AC = BC. If AB*=2AC, prove that A ABC is right
triangle. [NCERT, CBSE 2000]

SOLUTION Wehave,
AC =BCand AB*=2 AC*
Now, AB*=2 AC?

= AB*=AC*+AC
= = AC*+BC [-- AC = BC (Given)]
= A ABCis aright triangle right-angled at C.
LEVEL-2
EXAMPLE 16 In Fig. 7.199, ABC is a right triangle right-angled at B. AD and CE are the two

medians drawn from A and C respectively. If AC =5 cmand AD = g cm, find the length of CE.

SOLUTION Since A ABD is aright triangle right-angled at B. Therefore,

AD’=AB+BD? A
, BC Y
= AD‘=A32+(T) [--BD=DC]
E
. ,
= AD’=AB‘+—-BC“ (1)
Agam A BCE is aright triangle right angled at B. |
CE?=BC* + BE* B D c
5 Fig.7.199
5 . ([ AB
= CE*=BC + 3 [ BE = EA]
2 2 l 2
— CE*=BC + E*AB ...(ii)

Adding (i) and (i1), we get

1 . 1
AD*+CE*=AB* + i BC* + BC‘+EABI
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2 2 5 v)
= AD +CE=E(AB +BC)
: 3 O
= AD*+CE*= B AC? [+ A ABCis right triangle ., AC2=A32+BCJ]
2
35 3 . 5
= [ 2 J + CE" = IN 25
125 45
CE=—-—=+
e 4 4 <)
= CE= -.-‘Eﬁcm = ZJEC[TL
EXAMPLE 17 The perpengimfar AD on the base BC of a A ABC intersects BC at D so that
DB =3CD. Prove that2 AB*=2 AC*+ BC*. [NCERT, CBSE 2005, 2009)
SOLUTION Wehave, A
DB=3CD
BC=BD+DC
= BC=3CD+CD
1 = BC=4CD
CD= '1 BC
= =3
1 3 B D c
CD= 2 BCand BD=3CD= 1 BC o) Fig.7.200
Since A ABD is aright triangle right-angled at D.
AB*= AD*+ BD? -.(ii)
Similarly, A ACD is aright triangle right angled at D.
AC*=AD*+CD? -»(ii)
Subtracting equation (iii) from equation (ii) we get
AB*- AC'=BD*-CD?
s s s TR | Wi
- ABz_AC‘Z= Z BC | - IBC me{l)CD = Z BC, BD = Z BC
AB*-AC=2BC? - — BC?
g 6 16
1
= AB'-AC'=7 BC?
= 2 (AB*~ACY)=BC*= 2 AB*=2 AC*+BC?
EXAMPLE18 ABCisaright triangle right-angled at C. Let BC=a, CA=b, AB = c and let p be the
length of perpendicular from C on AB, prove that
I P Lt
i) cp=ab BSE 2002 i) —=— 4+ —
() p=ab  IC ] ® =ztn
1,
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SOLUTION  LetCD 1 AB. Then, CD =p. A
1

Area of A ABC = % (Basex Height)
= AreaufﬁABC:%(ABxCD]:%cp b
Also, b

1 1

Areaof A ABC= E{BC x AC) = 2 ab

2 2 Fig.7.201
= cp =ab
(ii) Since A ABC is aright triangle right-angled at C.

AB*=BC*+ AC
=5 C=a+ 1

2
— (a_b] =a1+bz ['.' Cp=ﬂb ;'.C=ﬂ]
p P
24,2
— < E = ﬂ2 + bz
p

5 l=a2+b2='1__l+1=‘l_l+1

pz nzb‘l pl b2 a! pz l,:2 b?

EXAMPLE19  In anisosceles triangle ABC with AB = AC, BD is perpendicular from B to the side
AC. Provethat BD'~CD*=2CD+AD
SOLUTION Since A ADB is aright triangle right-angled at D.

A

Fig.7.202
AB*= AD’ + BD?
AC*= AD" + BD' [-- AB = AC]
(AD + CD)* = AD*+ BD?
AD? + CD*+2AD:CD =AD" + BD?
BD*-CD*=2CD-AD

I VR U
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EXAMPLE20  ABC is a triangle in which AB = AC and D is any point in BC. Prove that
AB2-AD?=BD.CD [CBSE 2005]

SOLUTION Draw AE 1 BC
InA AEBand A AEC, wehave

AB=AC,

AE=AE [Common]
and, LB=4C [--AB=AC]
& AAEB=A AEC
=3 BE=CE

Since A AED and A ABE are right triangles right-angled at E.
Therefore,

AD?= AE*+ DE*and AB*= AE® + BE?

ABE—ADZ = BEE_‘DEE Fig. 7.203
AB’- AD’ = (BE + DE) (BE - DE)
AB* - AD? = (CE + DE) (BE - DE) [ BE = CE]

AB’- AD*=CD"BD

AB'-AD'=BD-CD

EXAMPLE21  Fromapoint O in the interior ofa A ABC, perpendiculars OD, OE and OF are drawn
to the sides BC, CAand AB respectively. Prove that:

(i) AF +BD’+CE*=0A*+0B*+0C*-0D*- OE*~-OF

(ii) AF'+BD*+CE*= AE*+CD*+BF* [NCERT]
SOLUTION Let Obea pointin the interior of A ABC and let OD 1 BC,OE | CA and OF 1. AB.
(i) Inright triangles A OFA, A ODB and A OEC, wehave

OA*= AF +0OF

OB*=BD*+0D"
and, OC*=CE*+OF*
Adding all these results, we get

OA*+OB*+0C*= AF? + BD*+ CE* + OF* + OD*+ OF*

oL
EI.IUULI
]

= AF + BD*+CE*=0A*+ OB*+ 0C* - OD*- OE*-OF*
(i) Inrighttriangles A ODBand A ODC, wehave

OB*=0D*+BD*
and, 0C*=0D*+CD?

OB*-0C*=(0OD*+BD%)- (OD*+ CD?) Fig. 7.204
= OB*-0C’=BD*-CD’ i)
Similarly, we have

OC*- OA*=CE*- AF’ ....(ii)
and, OA*-0OB’= AF -BF (i)

Adding (i), (ii) and (iii), we get
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(OB-0C")+(0C*~0A% +(0A*~OB?) =(BD"-CD’)+(CE'~AE") + (AF'—BF)

= (BD®+CE* + AF)~ (AE* + CD* + BFY) =0

= AF+BD*+ CE®= AE* + BF? + CD*

EXAMPLE22 A pomt O in the interior o fa rectangle ABCD is joined with each of the vertices A, B, C
and D. Provethat OB* + OD* = OC? + OA® [NCERT, CBSE 2006C]

SOLUTION - Let ABCD be the given rectangle and let O be a point within it. Join OA, OB, OC
and OD.

Through O, draw EOF || AB. Then, ABFE isa rectangle.
Inright triangles A OEA and A OFC, wehave

OA*=O0FE’+ AE* and OC*= OF*+CF D c
= OA™+0C*=(0E* + AE®) + (OF* + CF)
= OA*+0C*=0FE’+ OF + AE* + CF* S Y SR, O [

Now, inright triangles A OFB and A ODE, we have
= OF+FB*and OD*= OF>+ DE*

= OB’ +OD* = (OF + FB%) + (OE* + DE?) * Fig. 7.205 =
= OB®+OD*= OF*+ OF* + DE* + BF

= OB*+ 0D = OE* + OF* + CF* + AE [--DE=CFand AE=BF] ...(ii)
From (i) and (ii), we get

0OA*+0C* = OB* + OD?
EXAMPLE23  ABCD isarhombus. Prove that AB* + BC* + CD* + DA*=AC? + BD®

[INCERT, CBSE 2005]
SOLUTION Let the diagonals AC and BD of rhombus ABCD intersect at O, Since the
diagonals of a rhombus bisect each other at right angles.

Z AOB =2 BOC= £ COD=24 DOA=90°and AO=CO, BO=0D.
Since A AOB is aright triangle right-angled at O.

*=0A*+ OB’
. ¥4 2 i 5
= AB‘:[E AC) +[;HD) [+ OA=0Cand OB=0D]
N 4 AB*= AC* + BD® (i) D c
Similarly, we have '
4 BC'= AC* + BD' ....(ii)
4CD*= AC* + BD? ....(iii)
and, 4 AD = AC* + BD' (iv)

Adding all these results, we get
4 (AB* + BC* + CD*+AD?) =4 (AC’ + BD)
=5 AB? + BC* + CD*+ DA = AC* + BD*
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EXAMPLE24 [y g triangle ABC, AC > AB, D is the mid-point of BCand AE L BC. Prove that :

a et 2
(i) AC‘:AD‘+BC-DE+IBC‘

. 1
(i) AB*=AD'-BC*DE + Isc‘
3 - o e
(iii) AB*+AC =2AD*+ EBC‘
SOLUTION Wehave, 2 AED=90°,
Z ADE <90°and 2 ADC > 90°.
Le., Z ADE isacuteand £ ADC is obtuse.

(i) InA ADC, £ ADCis an obtuse angle.
AC=AD*+DC*+2DC'DE

2
= AG:AD=+[%BC] +2-%BC-DE
: S
= AC*=AD‘+EBC’+BC'DE
: 1
= AC’=AD‘+BC-DE+ZBC2

(u) InA ABD, £ ADE is anacute angle.
AB*=AD’+BD*-2BD"DE

2
= AB =AD? 4{53(?) +z.-;-3c:.DE
1
— AB*=AD*+ IBC’—BC-DE
1
= AB*=AD*-BC-DE+ Esc!

(iii) From (i) and (i), we get
4 |
AB*+ AC =2AD + s BC

INCERT)

[CBSE 2006C]

Fig.7.207

(i)

.. (i)

EXAMPLE25  [nanequilateral triangle ABC theside BC is trisectedat D. Provethat 9 AD* =7 AB*
SOLUTION Let ABC be an equilateral triangle and let D be a point on BC such that

1
BD = 3 BC. Draw AE L BC. Join AD.

In A AEB,and A AEC, wehave AB=AC,
£ AEB= £ AEC=90°

and, AE=AE

So, by RHS-criterion of similarity, we have
A AEB~A AEC

=5 BE=EC

INCERT, CBSE 2018]
A
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Thus, we have

1 2 1 s
BD =3 BC,DC= 3 BCand BE = EC = 5 BC +4(8)
Since £ C = 60°. Therefore, A ADC is an acute triangle.

AD*= ACC+DC*-2DC xEC

5 9 2
=5 AD2=AC*+(EBC] —2%3&%&: [Using (i)]
, : .. 3
— AD*=AC*+ — BC*- = BC?
9 3
4 2 \
— AD'=AB’+ 5 AB*- 5 AP’ [* AB =BC = AC]
2 2 i
» Ap? - 9AB +4.4;B — 6AB =%AB,,_
= 9 AD*=7 AB?

ALITER Draw AE L BC. Triangle ABC is equilateral. Therefore, E is the mid-point of BC.
BE = CE = - BC.

Applying Pythagoras theorem in right triangles AEB and AED, we obtain
AB* = AE? + BE* and AD* = AE? + DE?

= AB? - AD? = (AE* + BE®) - (AE* + DE?)
= AB? - AD? = BE? - DE?
. . 1N (L. ¥ 1 1 1
=% AB‘—AD‘:(—AE] -(—AB) [-:DE=BE—HD=—AB——AB=-AB}
2 6 2 3 6
2 2 2 5
= AB - AD? = ZAB® o, %AB- = AD* = 9AD? = 7AB?

EXAMPLE26 InaA ABC,AD L BCand AD*=BD x CD. Prove that A ABCisa right triangle.

[CBSE 2006C]
SOLUTION Inright triangles ADB and ADC, we have

AB?=AD?+ BD? (D)
and, AC*=AD’+DC ..(ii)
Adding (i) and (ii), we get A

AB*+ AC’'=2AD’+BD*+ DC’
=  AB*+AC'=2BDxCD+BD*+CD’ [-: AD*=BD x CD (Given))
=  AB*+AC'=(BD+CD)'=BC'
Thus, in A ABC, we obtain
AB*+ AC*=BC’ u|

B D c
Hence, A ABC is a right triangle right-angled at A. Fig.7.209
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EXAMPLERT  InFig. 7.210, ABC isa right triangleright angled at B and points D and E trisect BC.

Prove that 8 AE* =3 AC* +5AD", [CBSE 2006 C]
SOLUTION  Since D and E are the points of trisection of BC. Therefore,
BD = DE=CE.
A

Let BD = DE = CE = x. Then, BE = 2x and BC =3x.

In right triangles ABD, ABE and ABC, we have
= AD*=AB’ + BD?
= AD*=AB*+x (i)
AE*=AB*+ BE?
= AE'=AB*+44% ...(ii)
and, AC’= AB*+BC
= AC = AB*+9¥° ...(ii) B D E c
Now, B8AE'-3AC-5AD'=8(AB*+4+")-3 Fig.7.210
(AB*+9x)—5(AB" + x°)
= 8AE’-3 AC-5AD*=0
= 8 AE*=3AC* +5AD"

EXAMPLE2S  ABC isaright triangleright-angled at Cand AC = /3 BC. Provethat £ ABC = 60°.
SOLUTION Let D be the mid-point of AB. Join CD. Since ABC is a right triangle right-angled
atC.

- AB*= AC*+BC?

= AB*= (3BC)* +BC*  [-»AC = /3 BC(Given)]
= AB*=4BC

= AB=2BC

1
But, BD = EAE or, AB=2BD

BD=BC

We know that the mid-point of the hypotenuse of a right
triangle is equidistant from the vertices.

= CD=AD=BD Fig.7.211
= CD=BC [-- BD=BC]
Thus, in A BCD, we have
BD=CD=BC
= A BCD is equilateral
= £ ABC=60°

EXAMPLE29 Inaright triangleif a perpendicular is drawn from the right angle to the hypotenuse,
prove that the square of the perpendicular is equal to the rectangle contained by the two segments of the

hypotenuse.
GIVEN A right triangle ABCright-angled at A, AD 1 BC.

TOPROVE AD’=BD xCD
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A
B D c
Fig. 7.212
PROOF Since A ABDand A ACD are right triangles.
- AB*= AD? + BD? ()
and, AC'=AD*+CD? ...(ii)

Adding equations (i) and (ii), we get

AB’+ AC=2AD*+ BD* + CD?

BC*=2 AD? + BD" + CD? [ A ABC isright-angled at A . AB* + AC? = BC? ]
(BD + CDY =2 AD*+ BD*+CD?

BD? + CD*+2BD x CD =2 AD* + BD* + CD?

2BD xCD=2AD"

AD’=BDxCD

Hence, AD*=BDxCD.

EXAMPLE30  ABC isan isosceles triangle right-angled at B. Similar triangles ACD and ABE are

constructed on sides AC and AB. Find the ratio between the areas of A ABE and A ACD.
[CBSE 2001, 2002]

bugd

SOLUTION LetAB=BC=x.
Itis given that A ABC is right-angled at B.

AC*=AB’+BC’ R
— AC =x"+x
= AC= 2 x
Itis given that & A
A ABE ~A ACD
Area(AABE) AB*
= Arca (AACD)  AC2 g e
Area (A ABE) ¥’
= Area (AACD)  (V2x)° B+ G
- Area (A ABE) 1 Fig.7.213

Area (A ACD) 9

EXAMPLE 31 ABCisaright-angled triangle right angled at A. A circle is inscribed in it the

lengths
of the two sides containing the right angle are 6 cm and 8 cm. Find the radius of the circle.

|CBSE 2002]
SOLUTION Using Pythagoras theorem in A BAC, we have

BC’ = AB*+ AC?
— BC* =6+ 8=100
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Fig. 7.214
= BC=10cm
Now,
Areaof A ABC = Areaof A OAB + Areaof A OBC + Area of A OCA
B A AR 7~ BE % CA
== > x =5 X+ > XT+ 2 X7
r 1 1 1 1:
= 2x6x8=2(6xr)+2{lﬂxr}+2{3xr}
= 48=24r=r=2cm

EXAMPLE32 InA PQR, QM L PRand PR*- PQ* = QR®.Prove that QM*=PM x MR [NCERT]
SOLUTION InA PQR, wehave

e PR'-PQ’=QR’

I PR*=PQ*+QR’

e = A PQR s a right triangle right-angled at Q.
it = £2+2£3=90°
i
L
fi ’
[

!
!;'
B
| _
i Fig.7.215
ki -

‘} ' Also, Z1+£2=90° [+ £ PMQ =90°]

. $ i -A 1 = é 3

i Similarly, we have

gi £2=14
' Thus, in A’s PMQ and QMR, we have
Z1=/3and £2=/4

-
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So, by AA-criterion for similarity, we obtain

A PMQ ~A OMR
PM  MQ
- P e T
oM MR P
- QM?*=PM x MR, .
EXAMPLE33 Prove that the sum of the squares of the diagonals of a parallelogram is equal to the |
sum of the squares of its sides. [NCERT]

SOLUTION We know that if AD is a median of A ABC, then
1
AB*+ AC*=2 AD* + 5 BC [See Example 24 (iii)]

Since diagonals of a parallelogram bisect each other. Therefore, BO and DO are medians of
triangles ABC and ADC respectively.

D C
) ] 1 - -!'
AB*+BC=2B0*+ S AG () 0
- 5 - 1 -
and, AD*+CD*=2DO*+ 7 AC’ ...(ii)
Adding (i) and (ii), we have A B \
AB? + BC*+ CD* + AD* =2 (BO* + DOY) + AC® Bl0:7:216 b
2 2 2 24 bttty Ty 2 PO
= AB*+BC*+CD +AD—ZZBD +EBD + AC .DO—EBD
= AB?+ BC*+CD*+ AD*= AC® + BD®

EXAMPLE34 Inaright triangle ABC right-aangled at C, P and Q are the points on the sides CA and
CB respectively, which divide these sides in the ratio 2 : 1. Prove that

(i) 9AQ*=9AC +4BC*  (ii) 9BP*=9BC+4 AC* (iii) 9 (AQ*+ BP*) =13 AB®
SOLUTION Itis given that P divides CA inthe ratio 2 : 1. Therefore,

2
CP= 3 AC ) A
Also, Q divides CB in theratio 2 :1.
2
QC= 3 BC 1) P

(i) Applying Pythagoras theorem inright-angled triangle ACQ, we have
AQE = QCZ + ACE

=N AQ = % BC + AC? [Using (ii)] )
= 9 AQ*=4BC +9AC ... (iii) Fig.7.217
(ii) Applying Pythagoras theoremin right triangle BCP, we have .

BP? = BC* + CP*
= BP?=BC*+ % AC [Using ()]
= 9 BP*=9 BC' +4 AC’ V)

Adding (iii) and (iv), we get
9(AQ* + BP?) = 13(BC* + ACY)
= 9(AQ* + BP?) = 13AB’ [--BC?=AC* + AB’]
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EXAMPLESS [na A ABC, theangles at B and C areacute. If BE and CF be drawn perpendiculars on
AC and AB respectively, prove that BC' = AB x BF + AC x CE.

SOLUTION InA ABC, £ Bisacuteand CF L AB. A
AC'=AB* + BC'-2AB. BF (D)

Similarly in A ABC, 2 Bisacute and BE L AC. :

AB*=BC*+ AC*-2 AC.CE ....(ii) F

Adding (i) and (ii), we get
AC'+AB*=AB*+BC*-2AB. BF+BC*+AC'-2AC.CE B c

Fig.7.218

= 2 BC*-2(AB. BF+ AC.CE)=0

= 2 BC'=2(AB. BF+ AC.CE)

= BC'=AB. BF+AC.CE

EXAMPLE36 If A be the area of a right triangle and b one of the sides containing the right angle,

prove that the length of the altitude on the hypotenuse is —J.L

b+ 447

SOLUTION Let POR be a right triangle right-angled at Q such that QR = b and
A= Areaof A PQR. Draw ON perpendicular to PR. P
Now,

A=AreaofA POR

1
= A= (QRxPQ)
N
1
2A 7
= PQ= s ...(1)
Q b R

Now, inA’s PNQand PQR, we have Fig.7.219

Z PNQ=2PQR [Each equal to 90°]
and, £ QPN=ZQPR [Common]
So, by AA-criterion of similarity, we obtain

APNQ-~APQR

PQ _ NQ ..
= PR OR ...(11)
Applying Pythagoras theoremin A PQR, we obtain

PQ’+ QR*=PR’

442

 [iZr A h
R - D

= PR
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From (i) and (ii), we have
2A  NQ
bxPR b

2A 2 Ab v4A® + b
= NQ=— = NO=—ma—— ':PR‘—‘——b——“

PR V4A? + b
EXAMPLE37  The perimeter of a right triangle is 60 cm. Its hypotenuse is 25 cm. Find the area of the
triangle. [CBSE 2016]
SOLUTION  Let ABC be a right triangle right angled at B. 1t is given that AC = 25cm. Let
AB = x and BC= y.
Using Pythagoras theorem, we obtain

AB? + BC? = AC?

=4 x* + y* =25 i)
[tis given that the perimeter of triangle ABC is 60 cm.
AB +BC + CA = 60

= x+y+25=60 c
= x+y=235

= (x +y)* =357 [On squaring both sides] &

= x* +y* + 2xy = 35° v Y
= 252 + 2xy = 357 [Using (i)]

= 2xy = 35% ~ 252

= 2xy = (35 + 25) (35 - 25) A X B
= 2xy = 60 x 10 Fig.7.220

— xy = 300

=5 %.\:_lf = 150

= Areaof AABC = 150 em®

e e i EXERCISE 7.7
LEVEL-1

1. If the sides of a triangle are 3 cm, 4 cm and 6 cm long, determine whether the triangle is
aright-angled triangle.

(&

. The sides of certain triangles are given below. Determine which of them are right
triangles.
(i) a=7cm,b=24cmandc=25cm (i) a=9cem, b=16cmand ¢ =18 cm
(iii) a=1.6cm,b=38cmandc=4cm (iv) a=8cm,b=10cmand c=6 cm
3. A man goes 15 metres due west and then 8 metres due north. How far is he from the
starting point?
1. A ladder 17 m long reaches a window of a building 15 m above the ground. Find the
distance of the foot of the ladder from the building.

Two poles of heights 6m and 11 mstand on a plane ground. If the distance between their
feet is 12 m, find the distance between their tops. INCERT, CBSE 2002C]

an
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6. Inanisosceles triangle ABC, AB = AC =25 cm, BC = 14 em. Calculate the altitude from A
on BC.

- The foot of a ladder is 6 m away from a wall and its top reaches a window 8 m above the
ground. If the ladder is shifted in such a way that its foot is 8 m away from the wall, to
what height does its tip reach?

8. Two poles of height 9 mand 14 m stand on a plane ground. If the distance between their

feet is 12 m, find the distance between their tops.

9. Using Pythagoras theorem determine the length of AD in terms of b and ¢ shown in
Fig. 7. 221.
c

-
L

B 1] A
Fig.7.221

10. A triangle has sides 5 cm, 12 cm and 13 cm. Find the length to one decimal place, of the
perpendicular from the opposite vertex to the side whose length is 13 cm.

11. ABCD is a square. F is the mid-point of AB. BE is one third of BC. If the area of
A FBE =108 em’, find the length of AC.

12. Inanisosceles triangle ABC, if AB = AC = 13 cm and the altitude from A on BCis 5cm,

find BC.

13. InaA ABC, AB=BC=CA=2aand AD 1 BC. Prove that
(i) AD=a3 (i) Area(A ABC)= /3 4°

14. The lengths of the diagonals of a rhombus are 24 cm and 10 cm. Find each side of the
rhombus.

15. Each side of a rhombus is 10 cm. If one of its diagonals is 16 cm find the length of the
other diagonal.

16. Calculate the height of an equilateral triangle each of whose sides measures 12 cm.
17. InFig. 7.222, £ B <90° and segment AD L BC, show that

() B =1+ a5 ~2ax e
A
L) b
14 ¢/ |n
. ul
I B x D (a-x) C
¥
i Fig.7.222
. i. 18. Inanequilateral A ABC, AD L BC, prove that AD* =3 BD* [CBSE 2002C]
3
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19.

25.

:-I

e
x

i
»

E}l

A ABD is aright triangle right-angled at A and AC L BD. Show that

2

i) AB*=BC.BD (i) AC?= 2_pn- v A R [NCERT]
(i - (i) AC*=BC.DC (iii) AD*=BD-CD (iv) T~ DC

. A guy wire attached to a vertical pole of height 18 m is 24 m long and has a stake

attached to the other end. How far from the base of the pole should the stake be drivenso
that the wire will be taut? [NCERT]

. Determine whether the triangle having sides (a-1) cm, 2./a cmand (a+1) cmisaright

angled triangle. [CBSE 2010]

LEVEL-2

. Inanacute-angled triangle, express a median in terms of its sides.

Inright-angled triangle ABC inwhich £ C =907, if D is the mid-point of BC, prove that
AB’=4 AD* -3 AC~. [CBSE 2010]

. InFig. 7.223, D is the mid-point of side BCand AE L BC.1f BC=a AC=b, AB=c,ED =x,

AD=pand AE =h, prove that:

» 2 bl ﬂ" Ll - ﬂ: e 5 : : ﬁz
(i) '=p +ax+ — (ii) C=p —ax+ — (iii) "+ =2p + —
4 = E 2
ul
B E D Cc
Fig.7.223

In A ABC, 2 Aisobtuse, PB L AC and QC L AB.Prove that:
(i) ABxAQ=ACxAP (ii) BC*=(AC x CP + AB x BQ)

In a right A ABC right-angled at C, if D is the mid-point of BC, prove that
BC*=4 (AD*- AC).

In a quadrilateral ABCD, £ B=90°, AD* = AB* + BC" + CD", provethat Z ACD = 90°

. Anaeroplane leaves anairport and flies due northat a speed of 1000 km /hr. At the same

time, another aeroplane leaves the same airport and flies due west at a speed of 1200

1

km/hr. How far apart will be the two planes after 15 hours? (NCERT]
— : : — : —————— ANSWERS
No 2. (i), (iv) 3. 17m 4. 8m
13m 6. 24m 7. 6m 8 13m

be
o a 10. 4.6cm 11. 50.904 em 12. 24cm
b + ¢
. 13cm 15. 12cm 16. 10.39cm 20. 647 m

2AB® + 2AC? - BC?

[
2

- YeS : 4 28. 2343 km (Approx)
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—r e HINT TO SELECTED PROBLEMS
5. Find the hypntenuse of aright triangle having two sides (11 -6) m =5 mand 12 m,

©. Let D be the foot of the perpendicular from A on BC. Then,
AABD=ACD = BD=CD=7cm.
Now, apply Pythagoras theoremin A ABD.

9. AreaofA ABC= % (ABxAC)= %bc

Also, AreaofA ABC= % (BCxAD) = %w‘bz +¢* xAD

%v‘bz +c xAD:%k:aAD: "_*bicl

10. LetAB=5cm, BC=12cmand AC=13cm. Then, AC =AB" + BC. This proves that A ABCis
aright triangle, right-angled at B. Let BD be the length of perpendicular from Bon AC.
Now,

1 1 .

Area AABC= ;{BC:BA):E(IZxS}=39cm‘
1 1 60
Also, AreaofA ABC= 3 ACxBD= E(ISxBD} = (13 xBD):Sﬂ::»BD—E

15. First prove that A ABD = A ACD and then use Phythagoras theorem in A ABD to
find AD.

14 Let ABCD be arhombus in which AC =24 cm and BD =10 cm. Suppose the diagonals
intersect at O. Since the diagonals of a rhombus bisect each other at right angles.
Therefore, A OAB isa right triangle, right-angled at O such that :

1
OA:%AC:HmaﬂdOB=;BD=SmL

Using Pythagoras theorem, we obtain
AR =0OA+0F=127:+5=169>AB=13cm.

2 Let ABCbe anacute angled triangle and let AD bea median. Then,

AB+AC =2(AD° +BD) [See Theorem 3 on page 7.100]
., 2AB®+24C°-BC
= 3 3
23. Inright triangles ABCand ADC, wehave
AB'=AC +BC ®)
and, AD'=AC +(D" (1)
Now,

AB =AC +BC
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1
h —  AB*= AC*+4CD? { CD = BD:EBC]
= AB'=AC'+4(AD*-ACYH [Using (ii)]

= AB*=4 AD*-3AC

REVISION EXERCISE

1. Ineach of the figures [7.224 (i)- (iv)] given below, a line segment is drawn parallel to one
side of the triangle and thelengths of certain line-segments are marked. Find the value of
x in each of the following :

0] (i)

(D) (v)
Fig.7.224

5 What values of x will make DE || AB in the Fig. 7.225?

Fig.7.225

3. In A ABC, points Pand Q are on CA and CB, respectively such that CA = 16 cm, CP=10
cm, CB=30cmand CQ=25cm.Is PQ || AB?

4. InFig.7.226, DE || CB. Determine ACand AE.

H
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Fig.7.226

5. InFig.7.227, given that A ABC ~ A PQR and quad ABCD ~ quad PQRS. Determine the
values of x, v, z in each case.

P
9 y
12 10
D
Q x R
B T c
(i) (ii) (iii)

Fig.7.227

6. In AABC, P and Q are points on sides AB and AC respectively such that
PQ || BC.1f AP =4 cm, PB =6 cm and PQ =3 cm, determine BC.

7. In each of the following figures, you find two triangles. Indicate whether the triangles
are similar. Give reasons in support of your answer.

46 8
EA .
5
10 60°

(i (i) (ii)
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25 12

7

7.125

5

(iv) (v) (vi)

Fig.7.228

8. InA POR, Mand N are points onsides PQ and PR respectively such that PM =15cmand
NR=8cm.If PQ =25cmand PR =20 cm state whether MN || QR.

9. In A ABC, P and Q are points on sides AB and AC respectively such that PQ || BC. If
AP =3cm,PB=5cm and AC =8 cm, find AQ.

10. InFig.7.229, A AMB ~ A CMD; determine MD in terms of x, y and z.

Fig.7.229

11. In A ABC, the bisector of £ A intersects BC in D. If AB = 18 cm, AC = 15 ecm and
BC =22cm, find BD

12. InFig.7.230,1 || m

(i) Name three pairs of similar triangles with proper correspondence; write
similarities.

(ii) Prove that

AB _ AC _ BC
PQ PR RQ

Fig.7.230

13. InFig.7.231, AB || DCProve that

(i) A DMU~ABMV

D U G
M
A v B
Fig. 7.231

(ii) DM x BV =BM x DU
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14. ABCD s a trapezium in which AB || DC. P and Q are points on sides AD and BC such
that PQ || AB.1f PD =18, BQ =35and QC =15, find AD.

15. InA ABC, D and E are points on sides ABand AC respectively such that
AD x EC= AE x DB. Prove that DE || BC.

16. ABCD is a trapezium having AB || DC. Prove that O, the point of intersection of
diagonals, divides the two diagonals in the same ratio. Also prove that

ar(AOAB) 9" " 40T

17. Corresponding sides of two triangles are in the ratio 2 : 3, If the area of the smaller
triangle is 48 cm’, determine the area of the larger triangle.

18. The areas of two similar triangles are 36 cm® and 100 cm’. If the length of a side of the
smaller triangle in 3 cm, find the length of the corresponding side of the larger triangle,

19, Corresponding sides of two similar triangles are in the ratio 1 : 3. If the area of the
smaller triangle in 40 cm’, find the area of the larger triangle.

20. In Fig. 7.232, each of PA, QB, RCand SD is perpendicular to I. If AB =6 cm, BC=9 cm,
CD =12cm and PS =36 cm, then determine PQ, QR and RS.

S
" R_,,.,..-"""
. Q

S D

Fig.7.232

21. In each of the figures given below, an altitude is drawn to the hypotenuse by a right-
angled triangle. The length of different line-segments are marked in each figure.

Determine x, y, z in each case

-,
=
T
=
—

Fig.7.233

-‘.-..-...ipt..-h-l.'.n-.n..II Y, =it
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22,

24.
25.

34.
35.
36.
37.

Prove thatinan equilateral triangle, three times the square of a side is equal to four times
the square of its altitudes.

LEVEL-2

ar(ADEC) _ DC?
ar (AABC) AC*"

: _ ar(AACB) BO
The diagonals of quadrilateral ABCD intersect at O. Prove that ar(AACD) DO

In A ABC, AD and BE arealtitudes. Prove that

In A ABC, ray ADbisects £ A and intersects BCinD.1f BC=a, AC=band AB=c, prove
that

c ac 2 ab

1) BD = =

) b+c (®) Be b+c

. There is a staircase as shown in Fig. 7.234, connecting points A and B. Measurements of

steps are marked in the figure. Find the straight line distance between A and B.

B
A "o
2
16
2
1.6
2
1
A 2
Fig. 7.234

InA ABC, £ A =60° Prove that BC =AB* + AC* - AB - AC.

. InA ABC, Z Cisanobtuse angle. AD L BCand AB*= AC* + 3 BC®. Prove that BC = CD.

A point D is on the side BC of an equilateral triangle ABC such that DC = i BC. Prove
that AD* =13 CD".

. InA ABC, if BD L AC and BC* =2 AC* CD, then prove that AB = AC.

. Ina quadrilateral ABCD, given that Z A+ 2 D=90°, Prove that AC* + BD* = AD" + BC™.

. InA ABC, given that AB = ACand BD L AC. Prove that BC' =2 AC-CD

. ABCD is arectangle. Points M and N are on BD such that AM | BD and CN L BD. Prove

that BM® + BN® = DM? + DN,

In A ABC, AD is amedian. Prove that AB* +AC* =2 AD* + 2 DC2.,

In A ABC, 2 ABC =135° Provethat AC* = AB*+ BC* +4.ar (A ABC)

In a quadrilateral ABCD, £ B=90°.1f AD*= AB* + BC* + CD" then prove that # ACD =90°

In a triangle ABC, N is a point on AC such that BN L AC- If BN* = AN - NC, prove that
Z B=90°
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38. Nazima is fly fishing in a stream. The tip of her fishing rod is 1.8 m above the surface of
the water and the fly at the end of the string rests on the water 3.6 m away and
24 m from a point directly under the tip of the rod. Assuming that her string (from
the tip of her rod to the fly) is taut, how much string does she have out (See
Fig. 7.235)? If she pulls the string at the rate of 5 cm per second, what will the
horizontal distance of the fly from her after 12 seconds.

s

(ke 1
ol |

Fig.7.235
ANSWERS
) < = o |
1 (1) cd (iD) = (i) g (iv) T 2.2 3. No
(B L i ke s 5
2 ¥ 5 . = 4 ry 2 5 .ry 2 ’ 6
6. 7.5cm 7. (i) Yes (ii) Yes (iii) Yes (iv) Yes (v) Yes (vi) No
XZ
,. 8. Yes 9. 3am  10. 11. 12 14. 60  17,108cm?
18. Scm 19. 360cm?® 20, 8cm,12cm,16cm

21. (i) x=6,y=2+5,2=3V5, (i) x=5y=2J5,2=35 26, 10.
HINT TO SELECTED PROBLEM

31. Extend AB and CD to intersectat O.
k' Now, £ AOD =90°
G = AC*=0A*+0C*and BD*=0B+ 0D’
— AC*+BD*=(0A*+0D%+ (0B’ +0C%) = AD* + BC? '

VERY SHORT ANSWER TYPE QUESTIONS ( VSAQs)

_l Answer each of the following questions either in one word or one sentence or as per requirement of the
questions:

1. State basic proportionality theorem and its converse.

2. InFig.7.236, find AC.

EFEE ST
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A
G cm Becm
D E
9cm
B C
Fig. 7.236
3. InFig.7.237,if AD is the bisector of ZA, whatis AC?
A
6 cm
B 3cm D 2 cm G
Fig. 7.237
3. Given AABC ~ APORIFEE = L senifind SEER P ) [CBSE 2018]
P 3 Area (A POR)

SN oW

© ®

10.

. State 555 similarity criterion.
. State SAS similarity criterion.

In the adjoining figure, DE is parallel to BCand AD =1 cm, BD =2 cm. What is the ratio
of the area of A ABC to the area of AADE?

In the figure givenbelow DE || BC. f AD=2.4cm, DB =3.6cmand AC =5 cm. Find AE.

If the areas of two similar triangles ABC and PQR are in the ratio 9 : 16 and
BC = 4.5 cm, what is the length of QR?

The areas of two similar triangles are ]69 cm” and 121 em? respectively. If the longest
side of the larger triangle is 26 cm, what is the length of the longest side of the smaller
triangle?

11. If ABC and DEF are similar triangles such that ZA = 57° and ZE = 73°, what is the
measure of ZC?

12. If the altitude of two similar triangles are in the ratio 2: 3, what is the ratio of their areas?

13. If AABC and A DEF are two triangles such that %E" = % = % = % then write Area
(A ABC): Area (A DEF). ’

14. If A ABC and A DEF are similar triangles such that AB=3cm, BC=2cm CA =2.5cm and
EF =4 cm, write the perimeter of A DEF.,

15. State Pythagoras theoremand its converse.

16. The lengths of the diagonals of a rhombus are 30 cm and 40 cm. Find the side of the
rhombus. |CBSE 2008
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17. InFig.7.238, PQ || BCand AP : PB =1 : 2 Fin g Aea (A ARG [CBSE 2008]
area (A ABC)

Fig. 7.238

18. InFig.7.239, 5 and T are points on the sides PQ and PR respectively of APQR such that
PT=2cm, TR =4 cm and ST is parallel to QR. Find the ratio of the areas of A PST and

APQR. P [CBSE 2010}
4 5 T
g
Q R
Fig. 7.239
19. InFig.7.240, A AHK issimilar to AABC.If AK=10cm, BC =3.5cm and HK =7 cm, find
AC. H [CBSE 2010]
*/
¢ K
B
Fig. 7.240
20. InFig. 7.241, DE || BC in AABC suchthat BC=8cm, AB=6cmand DA =1.5cm. Find
DE. B &
=
D E

A
Fig. 7.241
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21. InFig.7.242, DE || BC and AD = %BD_ 1f BC=4.5cm, find DE. [CBSE 2010]
A
D /\ E
B c
Fig. 7.242
LEVEL-2

22. InFig.7.243, LM = LN = 46°. Express xinterms of a, band c wherea, b, ¢ are lengths of
LM, MN and and NK respectively.

- — e e e ANSWERS
1. 20cm 2. 4em 4. % 7. 9:1 8. 2cm 9, 6cm

10. 2cm 11. 50° 12. 4:9 13. 9:16 14. 15cm 16. 25cm

17. 1:4 8. 1:9 19 5em  20. 2em 21 15em 22, ch

- __ MULTIPLE CHOICE QUESTIONS (MCQs)
Mark the correct alternative in each of the following:

LEVEL-1

. Sides of two similar triangles are in the ratio 4 : 9. Areas of these triangles are in the ratio.
(a) 2:3 (b) 4:9 (c) B1:16 (d) 16: 81

The areas of two similar triangles are inrespectively 9 cm? and 16 cm?. The ratio of their
corresponding sides is

(a) 3:4 (b) 4:3 (c) 2:3 (d) 4:5

3. The areas of two similar triangles A ABC and A DEF are 144 cm? and 81 cm? respectively.

If the longest side of larger A ABC be 36 cm, then. the longest side of the smaller triangle
A DEFis

=1

Id
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~
.

10.

11,

12.

13.

14.

16.

17.

(a) 20em (b) 26cm (€) 27cm (d) 30cm

A ABCand A BDE are two equilateral triangles such that D is the mid-point of BC, The
ratio of the areas of triangles ABC and BDE is

(@) 2:1 b) 1:2 (c) 4:1 (d) 1:4
If A ABC and A DEF are similar such that 2 AB= DE and BC= 8 cm, then EF =
(a) 16cm (b) 12cm (c) 8cm (d) 4cm,
_ AB BC CA 2
If AABC and ADEF are two triangles such that DE_EF _ID 5 then
Area (A ABC): Area (A DEF)=
(a) 2:5 (b) 4:25 (c) 4:15 (d) 8:125

XY is drawn parallel to the base BC of a A ABC cutting AB at X and AC at Y, If
AB=4BXand YC=2cm, thenAY =

(@) 2cm (b) 4cm (c) 6cm (d) 8cm.

. Two poles of height 6 m and 11 m stand vertically upright on a plane ground. If the

distance between their foot is 12 m, the distance between their tops is

(a) 12m (b) 14 m (¢) 13m. (d) 11 m

In A ABC, D and E are points on side AB and AC respectively such that DE || BC and
AD:DB=3:1.If EA=3.3cm, then AC=

(a) 1.1ecm (b) 4cm () 44cm (d) 5.5em
In triangles ABCand DEF, £ A= ZE=40°, AB:ED=AC:EFand £ F=65° then £ B=
(a) 35° (b) 65° (c) 75° (d) 85°

If ABC and DEF are similar triangles such that £ A = 47° and £ E = 83°, then
ZE=

(a) 50° (b) 60° (c) 70° (d) 80°

If D, E, F are the mid-points of sides BC, CA and AB respectively of A ABC, then the ratio
of the areas of triangles DEF and ABC is '

(@) 1:4 (b) 1:2 (€) 2:3 (d) 4:5
In an equilateral triangle ABC, if AD L BC, then
(a) 2AB?=3AD* (b) 4AB*=3AD? (c) 3AB*=4AD* (d) 3AB*=2AD?

If A ABC is an equilateral triangle such that AD L BC, then AD? =

(@) 3 DC? (b) 2DC? (©) 3CD? d) 4DC?

Ina A ABC, AD is the bisector of Z BAC.If AB=6cm, AC=5cm and BD =3 cm, then
DC'=

(@) 11.3cm (b) 25em (€) 3:5em (d) Noneof these.
Ina A ABC, AD is the bisector of £ BAC. If AB=8cm, BD =6 cm and DC =3 em. Find AC
(a) 4cm (b) 6cm () 3cm (d) Scm

ABCD is a trapezium such that BC || AD and AB = 4 cm. If the diagonals AC and BD

1

. 40_DO_1
intersect at O such that oC B 2’ then BC =
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19.

24,

26.

28.

29.

30.

(a) 7cm (b} 8cm (c) 9cm (d} bcm

. If ABC is aright triangle right-angled at B and M, N are the mid-points of AB and BC

respectively, then4 (AN? + CM?) =
5

(a) 4 AC? (b) 5AC © 5 AC (d) 6AC?
AB BC
Ifin AABCand ADEF, DE - ED’ then A ABC ~ ADEF when
(@) LA=ZLF (b) £LA=£D () £B=4«£D (d) £B=ZE
AB _BC CA
If in two triangles ABC and DEF, —= DE-FE_ED’ then

(a) AFDE ~ ACAB (b) AFDE ~AABC () ACBA~AFDE (d) ABCA~AFDE

AABC ~ ADEF, ar(AABC)=9cm*, ar(ADEF) = 16 cm2. If BC = 2.1 cm, then the
measure of EFis

(a) 2.8cm (b) 4.2cm () 2.5em (d) 4.1cm
The length of the hypotenuse of an isosceles right triangle whose one side is 42 emis
(@) 12cm (b) 8cm (© 8V2em (d) 12V2em

A man goes 24 m due west and then 7 m due north. How far is he from the starting
point?

(a) 31m (b) 17 m () 25m (d) 26 m

AABC ~ ADEF. If BC=3cm, EF=4cmand ar (A ABC) = 54 cm?, then ar (A DEF) =

(a) 108 cm?* (b) 96 cm? (c) 48 cm? (d) 100 cm?

. AABC ~ APQR such that ar (A ABC) = 4ar (APQR). If BC =12 cm, then QR =

(a) 9cm (b) 10cm () 6em (d) 8ecm
The areas of two similar triangles are 121 cm” and 64 cm? respectively. If the median of
the first triangle is 12.1 cm, then the corresponding median of the other triangle is

(a) 11ecm (b) 8.8cm (©) 11.1cm (d) 8.1cm
. Inan equilateral triangle ABCif AD L BC, then AD?=

(a) CD? (b) 2CD? (c) 3CD? d) 4CD?

In an equilateral triangle ABCif AD 1 BC, then

(a) 5AB® = 4AD* (b) 3AB’ =4AD? © 4AB: =3AD® (d) 2AB* - 3AD’

In an isosceles triangle ABC if AC= BCand AB*=2AC?, then £C =

(a) 30° (b) 45° (c) 90° (d) 60°

A ABC is an isosceles triangle in which £C = 90°.1f AC = 6 cm, then AB =
(@) 652 cm (b) 6cm (©) 2J6cm (d) 4v2cm
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31. Ifintwo triangles ABC and DEF, £A = ZE, ZB = /F, then which of the following is

not true?
BC AC AB BC AB AC BC AB
@PE~DE  ® pETor OFE"DE 9D orTE
32. InFig.7.244 the measures of #D and ZF are respectively

(a) 50°, 40° (b) 20°,30° (c) 40°,50° (d) 30°,20°

A D.

45 63
30° ¢ m
B 20 & 7 ~
72 E 5 F

Fig.7.244
_ 33. InFig. 7.245, the value of x for which DE || AB is
o (a) 4 (b) 1 (c) 3 (d) 2

, /\ E
Bx«y 3x+4

Fig. 7.245

34. InFig.7.246,if LADE = ZABC, thenCE =

(@) 2 () 5 (©) 9/2 ) 3
A

i, 8
7 .

B c
Fig.7.246

35. InFig.7.247, RS || DB || PQ. If CP=PD =11 cmand DR = RA =3 cm. Then the values of

xand y are respectively
(@) 12,10 (b) 14,6 () 10,7 (d) 16,8
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A s B
Fig. 7.247
. i AD
36. In Fig. 7.248, if PB || CF and DP || EF, then E =
E 1 1 ) 2
(@) 1 (b) 3 (c) 1 (d) 3
/ C
/'BC-T“
B
pem
“,..-F"
A F
P‘
D
E
Fig.7.248

37. A chord of a circle of radius 10 cm subtends a right angle at the centre. The length of the
chord (incm) is

5
(a) 5J2 (b) 1042 © 73 (d) 1043 [CBSE 2014]

LEVEL-2

38. A vertical stick 20 m long casts a shadow 10 m long on the ground. At the same time, a
tower casts a shadow 50 m long on the ground. The height of the tower is
(a) 100 m (b) 120 m (c) 25m (d) 200 m

39. Two isosceles triangles have equal angles and their areas are in the ratio 16 : 25. The
ratio of their corresponding heights is
(@) 4:5 (b) 5:4 &) 3:2 (d) 5:7

40. A ABC is such that AB=3cm, BC=2cm and CA =2 .5 cm. If A DEF ~ A ABC and
EF = 4 cm, then perimeter of A DEF is
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41.

42,

43.

46.

47.

48.

49.

50.

51.

.

(a) 7Z.5¢m (b) 15cm (©) 225em  (d) 30cm.
InA ABC, aline XY parallel to BC cuts AB at Xand ACat Y. If BY bisects 2 XYC, then
(a) BC=CY (b) BC=BY (c) BC#CY (d) BC=BY

InaA ABC, 2 A=90°, AB=5cmand AC=12cm. If AD 1 BC, then AD =
13 60 13 215
(a) - om (b) T3 o () g0 ™ (d) ETHE

Ina A ABC, perpendicular AD from A on BC meets BCat D. If BD =8 cm, DC=2c¢mand
AD =4 c¢m, then

(a) A ABC isisosceles (b) A ABC s equilateral
) AC=2AB (d) A ABCisright-angled at A.

Ina A ABC, point D is on side AB and point E is on side AC, such that BCED is a
trapezium. If DE: BC =3:5, then Area (A ADE) : Area ( 0 BCED) =
(a) 3:4 (b) 9:16 {c)udivD d) 9:25
- IFABC s anisosceles triangle and D is a point on BC such that AD 1 BC, then
(a) AB*-~AD*=BD.DC (b) AB*-AD?=BD?-D(?
(c) AB*+AD*=BD.DC (d) AB*+AD?=BD?-D(?
BD
A ABCis aright triangle right-angled at Aand AD 1 BC. Then, DC=
ABY AB AB AB
(@) (E] ® ¢ (©) (EEJ @ 25

If E is a point on side CA of an equilateral triangle ABC such that BE 1 CA, then
AB*+BC*+ CA%=

(a) 2 BE? (b) 3 BE? (c) 4 BE? (d) 6 BE?

In a right triangle ABC right-angled at B, if P and Q are points on the sides AB and AC
respectively, then

(a) AQ*+CP*=2(AC*+PQ%) (b) 2 (AQ*+CP? = AC*+ PQ?

1
(©) AQ*+CP*=AC*+PQ? (@) AQ+CP= (AC+PQ).
If A ABC ~ A DEF such that DE=3CTH, EF=2C]TL. DF=25 cm, BC=4cm' then Perimeler
of AABC is
(a) 18em (b) 20cm () 12cm (d) 15em
If AABC ~ ADEF such that AB = 9.1 cm and DE = 6.5 cm. If the perimeter of ADEF
is 25 cm, then the perimeter of A ABC is
(@) 36cm (b) 30cm (c) 34cm (d) 35cm
In anisosceles triangle ABC, if AB = AC =25 cm and BC = 14 cm, then the measure of
altitude from Aon BCis
(a) 20cm (b) 22cm (c) 18cm (d) 24cm
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10.
11.

. If the diagonals of a quadrilateral divide each other proportionally, then ‘it is a
33
14.
15.
16.

17.

ANSWERS
1. (d) 2. (a) 3. (c) 4. (0) 5. (d) 6. (b)

7. (@ 8. (©) 9. (c) 10. (c) 11. (a) 12. (a)

13. () 14. (o) 15. (b) 16. (a) 17. (b) 18. (b)

19. (c) 20. (a) 21. (a) 22. (b) 23. (c) 24. (b)

25. (c) 26. (b) 27. (0 28. (b) 29, (c) 30. (a)

31. (b) 32. (b) 33. (d) 34. () 35. (d) 36. (b)

7. (b) 38. (a) 39. (a) 40. (b) 41. (a) 42. (b)

43. (d) 44, (d) 45. (a) 46. (b) 47. (c) 48. (o)

19. (d) 50. (d) 51. (d)

L ]

SUMMARY

. Two figures having the same shape but not necessarily the same size are cal led similar

figures.

All congruent figures are similar but the converse is not true.

. Two polygons having the same number of sides are similar, if

(i) their corresponding angles are equal and
(ii) their corresponding sides are proportional (i.e., in the same ratio).

. If a line is drawn parallel to one side of a triangle to intersect the other two sides in

distinct points, then the other two sides are divided in the same ratio.

If aline divides any two sides of a triangle in the same ratio, then the line is parallel to the
third side of the triangle.

. The internal bisector of an angle of a triangle divides the opposite side internally in the

ratio of the sides containing the angle.

. Ifaline through one vertex of a triangle divides the opposite side in the ratio of other two

sides, then the line bisects the angle at the vertex.

. The external bisector of anangle of a triangle divides the opposite side externally in the

ratio of the sides containing the angle.

. The line drawn from the mid-point of one side of a triangle is parallel of another side

bisects the third side.

The line joining the mid-points of two sides of a triangle is parallel to the third side.
The diagonals of a trapezium divide each other proportionally.

trapezium.

Any line parallel to the parallel sides of a trapezium divides the non-parallel sides
proportionally.

If three or more parallel lines are intersected by two transversals, then the intercepts
made by them on the transversals are proportional.

AAA Similarity criterion: If in two triangles, corresponding angles are equal, then the
triangles are similar.

AA Similarity criterion: If in two triangles, two angles of one triangle are respectively
equal to the two angles of the other triangle, then the two triangles are similar.

SSS Similarity criterion: If in two triangles, corresponding sides are in the same ratio, then
the two triangles are similar.
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18. If one angle of a triangles is equal to one angle of another triangle and the sides

including these angles are in the same ratio, then the triangles are similar.

19. Iftwo triangles are equiangular, then

(1) theratioof the corresponding sides is same as the ratio of corresponding medians,
(ii) the ratio of the corresponding sides is same as the ratio of the corresponding angle
bisector segments.
(ni) the ratio of the corresponding sides is same as the ratio of the corresponding
altitudes.

20. If one angle of a triangle is equal to one angle of another triangle and the bisectors of

these equal angles divide the opposite side in the same ratio, then the triangles are
similar.

21. If two sides and a median bisecting one of these sides of a triangle dre respectively

proportional to the two sides and the corresponding median of another triangle, then
the triangles are similar.

22. If two sides and a median bisecting the third side of a triangle are respectively

proportional to the two sides and the corresponding median of another triangle, then
the triangles are similar.

23. The ratio of the areas of two similar triangles is equal to the ratio of

(1) thesquares of any two corresponding sides.
(i) the squares of the corresponding altitudes.
(iii) the squares of the corresponding medians.
(iv) the squares of the corresponding angle bisector segments.

24. Iftheareas of two similar triangles are equal, then the triangles are congruent i.e., equal

25

]
=)

27

28.

29

30

and similar triangles congruent.

- Ifa perpendicular is drawn from the vertex of the right angle of a right triangle to the
hypotenuse, then the triangles on both sides of the perpendicular are similar to the
whole. triangle and also to each other.

- Pythagoras Theorem: Ina right triangle, the square of the hypotenuse is equal to the sum
of the squares of the other two sides.

. Converse of Pythagoras Theorem: Ifina triangle, square of one side is equal to the sum of
the squares of the other two sides, then the angle opposite to first side is a rightangle.

. Inany triangle, the sum of the squares of any two sides is equal to twice the square of half
of the third side together with the twice of the square of the median which bisects the
third side.

. Three times the sum of the squares of the sides of a triangle is equal to four times the sum
of the squares of the medians of the triangle.

- Three times the square ofany side of an equilateral triangle is equal to four times the
square of the altitude.




