Trigonometric Ratios

TRIGONOMETRY It is that branch of mathematics which deals with the
measurement of angles and the problems allied with angles.

TRIGONOMETRIC RATIOS (T-RATIOS) OF AN ACUTE ANGLE OF A RIGHT
TRIANGLE

Let ZBAC = 8 be an acute angle of a right-angled AABC.

In right-angled AABC, let 7
base = AB = x units, r y
perpendicular = BC = y units ;

and hypotenuse = AC = r units. A x B

We define the following ratios, known as Trigonometric Ratios for 6.

perpendicular y

hypotenuse =% and is written as sin 0.

(i) sine 6 =

(ii) cosine 8 = % = %, and is written as cos 0.

perpendicular _y

(iii) tangent 0 = T Dbase 1 and is written as tan 6.

hypotenuse r

(iv) cosecant § = perpendicular = and is written as cosec 6.

hypotenuse

(v) secant © = ~ base ¥ and is written as sec 0.

(vi) cotangent 6 = % = %, and is written as cot 0.

RECIPROCAL RELATION

Clearly, we have

. 1 .. 1 1
(i) cosec6 = Sno (ii) secO = s (iii) cot® = an o
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SUMMARY
Consider a A ABC in which ZB =90° and ZA = 0. c
Let AB=x, BC=yand AC =r. Then, r
y
(1) sm 5 :% (ii) cos@ =7 (iii) tan 0 =% e
(iv) cosec9=m:§ ) Sece:mzé A X B
. 1 _x
(vi) cot®= ane = Y
Also, we have
(i) 0=p (ii) sec®= 1 (iii) cot® = 1
cosec Sn o sec s 0 "

T-RATIOS OF AN ANGLE ARE WELL-DEFINED

THEOREM  Show that the value of each of the trigonometric ratios of an angle
does not depend on the size of the triangle. It only depends on the
angle.

PROOF Consider a AABC in which ZB =90° and £A = 6°.
Take a point P on AC and draw PQ L AB.
Then, AAQP is similar to AABC.

AQ _ AP _PQ
AB AC CB
= %=%=5ine.
Similarly, %:%:COSG

and %I%Ztarﬂi

Similarly, if we produce AC to R and draw RS L AB produced
then AASR is similar to AABC.

AS _ AR _RS
AB  AC CB
RS _CB _ .
= ﬁ_AC_SmG'
Similarly,%=£—g=cos9

RS _CB _
and TS—AB—tane.

Hence, the trigonometric ratios of an angle do not depend on the
size of the triangle. They only depend on the angle.
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REMARK Consider a AABC in which ZB =90° and £A = 6°.

We know that in a right triangle, the c
hypotenuse is the longest side.

sin9=%€<1and cose=%<l.

0
Thus, sin® <1 and cos 6 < 1. A B
POWER OF T-RATIOS We write
(sin 0)> = sin*6; (sin 0)* = sin®6; (cos 0)° = cos®6; etc.

QUOTIENT RELATION OF T-RATIOS

THEOREM 1 For any acute angle 0, prove that

(tan 0 =300 (i) ot0 =959 (i) tan 0 cot 0 = 1.

cos 0’ sin 0
PROOF  Consider a right-angled AABC in which e
ZB=90° and £A=6°. Let AB=x units,
BC =y units and AC = r units. Then, y y
. _y_m A O
(i) tan 6 =" (x/7) A X B

[dividing num. and denom. by 7]

_sin®
cos 0
_sinB
tan 0 = 05 0
(ii) cot 6 = % = E;; :; [dividing num. and denom. by 7]
_cos0 .
sin 0
_cosB .
cot 6 = sin 0
in 0 0
(iii) tan 0 - cot © = ig; 0 :?rfe =1.
SUMMARY
(i) tan 6= <08 (i) cot =29 (i) tan 8- cot®=1
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SQUARE RELATION

THEOREM 2  For any acute angle ©, prove that
(i) sin?0+cos?0=1;
(i) 1+tan®0 = sec®0;

(iii) 1+ cot*0 = cosec?0.

PROOF Consider a right-angled AABC in which C
/B=90° and ZA=06°. Let AB=x units,
BC =y units and AC = r units. r ,
Then, by Pythagoras’ theorem, we have
2,.2_ .2 A\ ]
Xty =r. A < B
2
Y in2 29— (YV L (xp_ (Y, X
(i) sin“0 + cos“0 = (r) +<r) = <r2 + r2>
+y) g2
= rzy — ? [ x2 4 yZ — 7’2]
=1.
sin?0 + cos?0 = 1.
) 2 24,2
(ii)1+tan26=1+<%) =1+%:—y 2 :% [ ¥ +y* =17
= (%)2 = sec?0.
1+tan®0 = sec?0.
2 2 xry? 2
(iii)1+cot26:1+<§) :1+;f:7y:? [0 Py r
_(r 2 _ 2
= <y) = cosec-0.

1+ cot?0 = cosec?0.

SUMMARY

(@) sin*0+cos’0=1 (i) 1+tan’0 =sec’® (i) 1 + cot>® = cosec’0

SOLVED EXAMPLES

EXAMPLE1  Ifsin A= %, find other trigonometric ratios of ZA.

SOLUTION Let us draw a AABC in which ZB = 90°.

. 4-BC_8.
Then, sin A = AC =17

Let BC = 8k and AC = 17k, where k is positive.
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EXAMPLE 2

SOLUTION

EXAMPLE 3

SOLUTION

Secondary School Mathematics for Class 10

By Pythagoras’ theorem, we have

o}
AC?= AB*+B(C?
— AB*=AC*-BC? K 8k
= B? = (17k)*— (8k)* = 289k* — 64k*
= 205)2 A 15k B
= AB=4225k*=15k.
BC _ 8k _ & AB _ 15k _15,
sinA=4c =17k =17 COSA=ACT 17k T 17
sinA _(8 _17\_ 8
tan A= cos A < X 15) 157
and cotA=mﬁ=%-
Ifcos A= 4%, find other trigonometric ratios of ZA. c
Let us draw a AABC in which £B = 90°.
Then, cos A = % = 49—1 41K 40k
Let AB =9k and AC = 41k, where k is positive.
By Pythagoras’ theorem, we have A 9k B

AC*= AB*+ BC?
= BC?=AC*-AB?
C? = (41k)* - (9k)* = 1681k* — 81k* = 1600k*
= BC =41600k> = 40k.

BC _ 40k _ 40
sin A= AC =4k =41 cos A= 41 (given);

U

sin A _ (40 _ 41)\_ 40,
tanA_cosA ( X9> 9
__1 _ 4 -1 _41
CosecA_sinA_40’ seCA_COSA_ 9
-1 _9.
and COtA—tanA =70

Iftan A = /3, find other trigonometric ratios of ZA.
Let us draw a AABC in which /B =90°.

BC _ V3.

AB~ 1
Let BC = «/3 k and AB = k, where k is positive.

Then, tan A =



EXAMPLE 4

SOLUTION

EXAMPLE 5

SOLUTION
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By Pythagoras’ theorem, we have C
AC?=AB*+BC*=k>+ (/3k)?
= k2 + 3k2 = 4k2 2k
\/7
AC = y/4k? = 2k. *
A= BC _V3k_43
SMATACT 2k ~ 27 A k B
cosA=AB_k _1.
AC 2k 2
tan A=43 (given); cosec A= sir%A = %;
1 -1 _ 1.
secA—COSA—2 and COtA—tanA =

IfsecO = %,ﬁnd all trigonometric ratios of 6.

Let us draw a AABC in which ZB =90°. Let LA = 0°.

_AC_25,
Then, sec 6 = AB =7

Let AC =25k and AB = 7k, where k is positive. C
By Pythagoras’ theorem, we have
AC?= AB*+BC? 25k ik
= BC?=AC*- AB® = (25k)* - (7k)*
= 625k* — 49k* = 576k* A ]
A 7k B
= BC =576k* = 24k.
e_BC_24k 24 o 1 _7
SINY=AC T 25k 257 €957 Tsec® ~ 257
_sin® _(24 ., 25\_24, -1 _25
tan0= 301G =(25 X 5 )=5 cosec0= 5 =53
sec O = % (given) and cot6 = ﬁ = %
_3 . 5cosec O —4tan 0.
If cos © =, find the value Of<—sec 0+ cot 6 )
Let us draw a AABC in which ZB = 90°. C
Let LA=0°.
_AB _3, 5k
Then, cos 6 = AC™5 4k
Let AB =3k and AC =5k, where k is
positive. A 3 B
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By Pythagoras’ theorem, we have

AC?= AB*+BC?
= BC?>=AC*-AB*= (5k)> - (3k)* = 25k* — 9k* = 16k’
= BC =416k = 4k.

1 5 BC _4k_4

secO=os0 = 3 ANO= g =3 =3
__1 _3 _AC _5k_5,
cote—,[ane—4,ar1dcosec6—BC—4k—4
5 ,44) (25_16
(5cosece—4tane):(5><4 4X3):<4 5)
secO+cotO 5,3 5,3
(3*4) (3+4>
75-64
__ 12 :<£XQ>:£.
20+9 12 29 29
12

5 (2cos0—sin0) 12
EXAMPLE6  IfsecO = Y show that m =7

SOLUTION Consider a AABC in which ZA =0 and £B =90°.

__hypotenuse  Ac 5 5y
sec0=""pase  ~AB 4~ 4y S

AC =5x and AB = 4x, where x is positive. c
By Pythagoras’ theorem we have

AC?= AB*+BC?
= BC?=AC*-AB?= (5x)*— (4x)* = 9x” ; &°
= BC=3x.

g=AB _4x _4 . o BC_3x_3
COSU=AUCTBx ~ 5 SMY T AC T 5y T 5

_AB _4x _14 _BC _3x_3,
COte_BC_3x_3’andtane_AB_4x_4

5x 3x

4x B

(2cose—sin6)_(ZX%_%)_<%_%>_ (%) _ 1 _12

o )

EXAMPLE7  Ina AABC it is given that £B = 90° and AB: AC = 1:y/2. Find the

2tan A
value Of(l + tanzA)'

SOLUTION Consider a AABC in which Z#B =90°and AB: AC=1: ﬁ



EXAMPLE 8

SOLUTION

EXAMPLE 9

SOLUTION

EXAMPLE 10

SOLUTION
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Let AB = x. Then, AC = y/2x. c
By Pythagoras’ theorem, we have
AC?=AB?+BC? = BC?= AC*- AB? \2x X
= BC>=(2x)-(x)?=2x*—x?=x?
= BC=nx.
BC x A x B

tanAZEZEZL

So, the given expression = < 2tan 4 ) = (2 a 1) = % =1.

1+tan?A 1+1

3sin®+2cos 6

If 3tan 6 = 4, evaluate 3 = =5 " ~8

3tan9=4:>tan9:%'

Given expression

_3sin 0 +2cos 6
3sin © —2cos 0

= gtgﬁ% [dividing num. and denom. by cos 6]
4
3Xz+2
:<72°1>=%=3. [+ tano=3]
(6x35-2)

If 5cot 0 = 3, find the value of(%).

5cot6=3=>cot6=%

sin © —3cos 6) _ (5=3cot 0)
sin®+3cos 6/ (4+3cot0)

[dividing num. and denom. by sin 0]

_(-3x3) _(5-3)

Given expression = (Z

_(16 ., 5\_16.

= 3\~ 9—%*5}5
(4+3%3) (a+3)
If7sin”0 +3c0s”0 = 4, show that tan 0 = % [CBSE 2008]

7sin’0 + 3cos?0 = 4
= 4sin?0+ 3sin%0 + 3cos’0 = 4

= 4sin’*0+3(sin*0 + cos?0) =4
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= 4sin’0+3 X 1=4 [ sin®0+cos?0 =1]
= 4sin’0=1= sin’0 = %

cos?0 = 1- sinze) ( —%) = %

tan20 = SIn20 _(1 4)2%)

0529_Z><§

Hence, tan 6 = %

(2+2sin 0)(1 —sin 0) -
(1+ cos 0)(2—2cos 6)

Ci . (2+2s5in 0)(1 —sin 0)
SOLUTION IVEN EXPTESSION = 1+ 05 0)(2 — 2cos 0)

EXAMPLE 11 Ifcot 6 = 8 then evaluate [CBSE 2009]

_ 2(1+sin 6)(1 —sin 0)
" 2(1+cos 0)(1—cos 0)
_a —sin’6) _ cos’0

(1—cos?0) sin’0

- corop=(] -2

= cot?0

Hence, the value of the given expression is %

EXAMPLE 12 In AABC, right-angled at B, AB =5 cm and BC = 12 cm. Find the
values of sin A, sec A, sin C and sec C.

SOLUTION In AABC, ZB =90°, AB=5cm and BC =12 cm.
By Pythagoras’ theorem, we have
AC?=(AB*+BC? = {(5) + (12)*} cm®
= (25+144) cm? = 169 cm?.
AC = /169 cm® = 13 cm. ) 12.om
For T-ratios of ZA, we have
base = AB =5 cm, A 5cm B
perpendicular = BC =12 cm
and hypotenuse = AC = 13 cm.

a4 -BC _12 _AC_13,
smA—AC—13 andsecA—AB— 5

For T-ratios of ZC, we have
base =BC =12 cm,



EXAMPLE 13

SOLUTION

EXAMPLE 14

SOLUTION
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perpendicular = AB =5 cm
and hypotenuse = AC =13 cm.
sinC= Ag 53 and sec C = Bg 13 :

In a AABC, ZB=90°, AB=5cm and (BC+ AC) =25 cm. Find
the values of sin A, cos A, cosec C and sec C.

Let BC = x cm. Then, AC = (25— x) cm.

By Pythagoras’ theorem, we have c
AB?+BC?*= AC?

52+ x% = (25— x)? D
25+x% = 625 — 50x + x> 7
50x = 600

x=12. A 5cm B
BC=12cm, AC=13 cm and AB=5cm.

For T-ratios of ZA, we have c

BC _ AB _ 5
sin A= AC " 3andcosA AC=13

xcm

O

For T-ratios of ZC, we have S
base, BC =12 c¢m,

perpendicular, AB =5 cm .
A 5cm B

&G

12 cm

and hypotenuse, AC = 13 cm.

cosec C = ﬁg 15’ and sec C = gg 13

Ina AABC, ZB=90°, AB=7 cm and (AC — BC) = 1 cm. Find the
values of sin A, cos A, sin C and cos C.

Let BC =x cm. Then, AC=(x+1) cm.

By Pythagoras’ theorem, we have C
AB?+B(C? = AC?
&
= 7*+xP=(x+1)? N
+x xcm
= 49+x2=x*+2x+1 S
= 2x=48
/o [
= x=24. A 7cm B

BC=24cm, AC=25cm and AB=7 cm.
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EXAMPLE 15

SOLUTION
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For T-ratios of ZA, we have ¢
. BC _ 24 AB _ 7
sin A= AC =25 and cos A = AC=75
For T-ratios of ZC, we have @‘§
AB BC _ 24 Y zem
sinC = AC 25 and cos C = AC=25
Lo [
A 7 cm B

Ina AABC, ZC=90°and tan A = % Find the values of:

(i)(sin A+ cosB+cos A-sin B) (ii)(cos A-cos B—sin A - sin B)
[CBSE 2008]

Consider a AABC in which ZC =90° and tan A =

-1 _BC_1,
Then,tanA—x/giAC—\/g B

Let BC = x. Then, AC = /3 x.
By Pythagoras’ theorem, we have
B?= AC?+ BC?
=(W3xP+x2=Bx2+x%) =4x> A T3 c
= AB=y4x’=2x.
For T-ratios of ZA, we have

base = AC = /3 x, perpendicular = BC = x and

S

2x

hypotenuse = AB = 2x.
BC _ x AC _/3x _4/3 .

sin A= AB = ox zandcosA AB = ox — 2
For T-ratios of ZB, we have

base = BC = x, perpendicular = AC = /3 x and

hypotenuse = AB = 2x.

AC _¥/3x _ ﬁ BC _x _1
sin B = “AB = 2x and cos B = AB=ox "~ 72
V3 L)

2 2

(i) (sin A-cosB+cos A-sin B) = <E %
+3

=(3+3)=1

(sin A-cos B+cos A-sin B) = 1.



EXAMPLE 16

SOLUTION

1. Ifsin0 =

2. Ifcos 0=

3. Iftan0 =

4. If cotO=
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ﬁllﬁ)

(ii) (cosAcosB—sinAsinB)=<T X 5% X 5 =0.

(cos A cos B—sin Asin B) = 0.

If ZA and £B are acute angles such that cos A = cos B then prove
that ZA = ZB.

Let AACD and ABEF be two right triangles given in such a
way that cos A = cos B. Then,

cos A =cos B

_, AC_BE
AD BF
= AC AD =k (say)

= AC=k(BE)
and AD = k(BF). .. ()

CD _ v AD*- AC?

R [using Pythagoras’ theorem]
kvBF* - BE® o
= % =k  [using (i)].

AC _AD _CD .
Thus, we have: BE = BF " EF

AACD ~ ABEF and hence, ZA = ZB.

EXERCISE 10

@, find the value of all T-ratios of 0.
%, find the values of all T-ratios of 0.

85 , find the values of all T-ratios of 0.
2, find the values of all T-ratios of 6.

5. If cosec 0 = F find the values of all T-ratios of 0.

6. Ifsin® =

bZ' find the values of all T-ratios of 6.

7. If 15cot A = 8, find the values of sin A and sec A.

8. Ifsin A= 49—1, find the values of cos A and tan A.
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9. If cos 6 = 0.6, show that (5sin 6 — 3tan 0) = 0.
sin 6 ) _
=2

10. If cosec 0 = 2, show that (cot 0+ T+cos0

_1 (cosec’0 —sec’0) _ 3
11. If tan 6 = J7’ show that (cosec’0 +sec?0) 4

_20 (1~sin®+cos6) _3
12. If tan 6 = 57, show that (1+sinB+cosf) 7

5 (sin0~2c0s0) _12.
13. If sec 6 = 7, show that (tan 6—cot0)

_3 secO—cosec® _ 1
14. If cot 0 =, show that \/' (o 76 cosec 0 V7

.3 cosec?0—cot?0 _ V7 .

15. If sin 6 = 7, show thatm =73
16. If sin @ = %, show that (sec 6 + tan 0) = th :

3 (sin®—cotB) 3
17. If cos 6 = 5, show that —— =" =7¢5
18. If tan 6 = %, show that (sin 6 + cos 0) = %

a (asin 0 —bcos 0) _ (a*—b%)
19. Iftan 6 =7, show that (7 & "85 c050) = (24 1)

_ (4cos0—sin0) 4
20. If 3tan 6 = 4, show that (2c0s0+sin0) 5

_ (4sin0—3cos0) _1,
21. If Scot 0 = 2, show that (5 & 52 6) =3

(1-tan?0)
(1+tan’6)
(3—4sin’0)  (3—tan’0)
(4c0s’0-3) (1-3tan0)
24. In the adjoining figure, #B=90°, ZBAC=0°, BC=CD=4cm and
AD =10 cm. Find (i) sin 6 and (ii) cos 0.

HINT AB?=(AD?-BD? =36 cm?

22. If 3cot 6 = 4, show that = (cos?0 —sin?0).

23. If sec 6 = %, verify that

AB =6 cm.
AC? = (AB?+BC?) =52 cm?
AC=2413 cm.

Thus, AB=6cm and AC =24/13 cm.

25. Ina AABC, ZB=90°, AB=24 cm and BC =7 cm.
Find (i) sin A (ii) cos A (iii) sin C (iv) cos C.



26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

.sineI%,cose=E,tan6=%,cot6I%,cosec():%,sece:
. sin6=%,cose=W,tan9=§,Cot9=%,cosece=%,sece=

.sinOI%,cose=%,tan6=%,cot6=2,cosec9=«/§,sec9— p)
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Ina AABC, ZC=90°, ZABC = 0°, BC = 21 units and AB = 29 units.

Show that (cos*0 —sin?@) = 8411

Ina AABC, £B=90°, AB=12 cm and BC =5 cm.

Find (i) cos A (ii) cosec A (iii) cos C (iv) cosec C.
If sin o = %, prove that (3cos a.—4cos’a) = 0.

InaAABC, ZB=90°and tan A = ﬁ - Prove that

(i)sin A-cosC+cos A-sinC=1 (i) cos A-cosC—sin A-sin C =

541

0

If ZA and ZB are acute angles such that sin A = sin B then prove that

ZA = ZB.

If ZA and 4B are acute angles such that tan A = tan B then prove that

ZA= ZB.

In a right AABC, right-angled at B, if tan A=1 then verify that

2sin A-cos A=1.
In the figure of APQR, ZP =6°and ZR = ¢°.
Find (i) (Vx+1)cot ¢

(ii) (Vx°® +x?)tan 0

(iii) cos ©
If x = cosec A+cos A and y = cosec A — cos A then prove that

(xiy>2+<x;y>2—1=o.

If x=cot A+cos Aand y = cot A—cos A, prove that
N2 — 2
e
x+ty 2

ANSWERS (EXERCISE 10)

. sine=§,cos@=%,tan9=x/§,cot9=%,cosec9=%,sec6=2

3
7

8 15

CIN] ~

_/5
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wﬁ
o

,cose=%,tan9=%,cot9=3,cosec9=m,sec9=

-b? o= 2ab a*-b?

—z Ty os0="7 s
_a*+b? a*+b?

cosec O = Py

.sin A= %;, sec A= 187 8. cos A= i_(l)’ tan A = 49—0

24/13 3/13
13 13

[6)]

w

&2

=}

D

1]

N &‘H
(@)

6. sin 6 =

24, (i)sin 6 = (ii) cos 6 =

5. ()% ()3 ()3F (V)5

27. () 13 @o? am%; (iv) 13

24/ x+1

2
5 )5 (i) "5y

HINTS TO SOME SELECTED QUESTIONS

6. In right AABC, 2B =90° and £BAC = 6. C

a®>-b>_ BC.
2+p2 AC

Let BC = (2 - b%) and AC = (a®+ b?). Then, q %
AB?=(AC?-BC?) = (a>+ %)% - (a*> - b*)? = 4a%b?

= AB=2ab. Al ]
A 2ab B

Given: sin 6 =

Now, we can find all the T-ratios of 0.

8 15 _BC. C
7. cot A= 15=>tanA AB

AC?= AB*+BC?= (8)2+ (15)2 = 64 +225 =289
= AC=4289= 17 15

. _BC_15 AC_17.
SmA_AC 17ar1dsecA—AB— 3

>
e8]
@

9 _BC.
8.sin A= A-AC

o AB*=AC?- Bc2 = (41)2-(9)% = 1681 - 81 = 1600 “
= AB=41600 = 9

AB 40 BC _ 9
COSA_TC 41and’canA AB= 10

O

>

40 B



10.

11.

12.
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3 _AB

_6 _3_AB, C
-C059‘10‘5‘Ac
BC?=AC?-AB%=(5)2-(3)2=25-9=16 = BC = 4. 5
4
sin9=%andtan6=%'
AU
A 3 B
cosec9=2@sin9=%=g—(é' ¢
AB%?=AC?-BC?=(2)2-(1)2=4-1=3 = AB=43. )
1
sin9=%,cose=§andcot6=x/§.
20 [
‘ . 1 (2*«5)}
Given expression =13 + X =2. A V3 B
P {[ @2+v3) " 2-v3)
-1 _BC,
tan 0 /7 AB c
AC?=AB*+BC?=(Y7)?+(1)?=(7+1)=8 = AC=y8=242.
AC _ 242 2 1
Cosecezﬁ: 1 :2«/52>cosec26:8
e N
and sec9=%=%ésec26=%' A 7 B
_20 _BC.
tan0=57="1p C
AC? = AB?+BC? = (21)2 + (20)? = 441 + 400 = 841
= AC=4/841=29. 29 20
A\ ]
A 21 B
13.sec9:%©c059=%=%' c
BC?=AC?- AB?=(5)2-(4)2=25-16=9 = BC=3.
S 3
sinO=%,cos@=%,tan6=%,cot6=%'
A\ ]
A 4 B
16.sing =4 = BC.
s AB*=AC?’-BC =1p*-a? £
= AB=yb>-a?.
b b
secO6=———=and tan 6=
b2 — g2 /b2 — 22 a
(b+a) (b+a)
0+tan 0) = =
(sec 0+ tan 0) J2—a2 Jo-a) Jb+a) A B
Jb2_ 22
_ _Ybtraybta  [b+a. b*-a

Jo-a)Jbra) Vb-a
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_4_BC. ¢
18. tan9—3—AB

AC?*=AB?>+BC?>=9+16=25 = AC=5. s

. 4,3\ 7 4

(sin 0 + cos 0) = (5 5)

5

(asin®—bcosB) (atanO-Db)
(asin 0+Dbcos 0) ~ (atan 0 +b)

a
B el I i)
a 2 2
(u><5+h) (a=+b%)
(4cos 0 —sinB) (4—tan )
(2cos 0 +sin 0) (2 +tan 0)

(4’%) 8 _4

1075

19. [dividing num. and denom. by cos 6]

20.

[dividing num. and denom. by cos 6]

2+3)
(4sin®—3cosB) (4—3cotH)
(2sin0+6cos0)  (2+6co0t 0)

(3x3) 5 g
Gt

21.

[dividing num. and denom. by sin 6]

"6 3

(¢}

_4_AB.
22. cotO= =3C

Acz:ABZ+BCZ:(4)2+(3)2:16+9:25:>Ac:5. 3

sinGI%,cosGZ%andtanGi%‘ ~

23.sec9=%éc059=i—ﬁ— C

QU:J

BC?=AC?- AB%=(17)%2-(8)% = (289 — 64) = 225

— BC=y225= 5

sin9=%,cose=%andtan9=%' A\ B

33 .
Then, LHS = RHS = G

>
co

25. Given, AABC in which £B =90°, BC=7 cm and AB =24 cm.
AC?=(24)2+(7)>=576+49 = 625 = AC =25 cm.

(i)sin A= ﬁ(é 25" (ii) cos A = gg 25 (iii) sin C = g(Bj %g 24 cm 25 cm

. BC _ 7
(IV)COSC:TC:E'

B 7cm C
28. cosza=(1—sin2a)=(1 %)=%:‘cosu=§'

(3cos o —4cos®a) =
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30. Let AACD and ABEF be two right triangles b F
such that sin A = sin B.
Then, sin A =sin B

CD _EE
= AD " BF
CD A
= FF- =k (say) c A E B
= CD—k(EF)and AD =k(BF). ()
/A2 2
BE f;l;z }51132 [using Pythagoras’ theorem]
/Rr2 _ rp2
= kBinEFZ =k [using (i)].
v BF*—EF
CD _AD _ AC,
‘EF ~ BF ~ BE
= AACD ~ ABEF and hence ZA = ZB.
31. Let AACD and ABEF be two right o F
triangles such that tan A = tan B.
Then, tan A = tan B
CD _EF
= ACTBE
CD _ AC
= FEF-BE and ZC = ZE =90°. Cc A E B
AACD ~ ABEF and hence, ZA = ZB.
B
32.tanA=1=B5 =1 BC=AB =k (say).
AC?= (AB*>+BC? = (k> +k%) = 2k* = AC =2k o
oa=BC__k _ 1
sin A= ACT ok /2 @:« K

AB _ _k _ 1.

and COSA:E_E_/E

ZSinAcosA:(Z X % X %):l
33. PQ*=(PR?-QR?) = (x +2)2 - x> =4(x+1)

PQ=2yx+1
(i) cot g = gQ ZJ_é(fﬂ)com 5
QR 3 _X
(i) tan 0= oy = F = 2m = (/x* +:)tan 6 =
PQ _24x+1
(iii) cos 6 = TR (x+2)
34. Adding, we get, cosec A —Ty) =sin A= (x*z-y)'

y—
Subtracting, we get, cos A = 5 Y.

2 x—1\2
sin?A+cos?A=1= (=2 >+(—y) ~1=0.
x+ty
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11
' Particular Angles

TRIGONOMETRIC RATIOS OF 45°, 60° AND 30°
(GEOMETRICALLY)

TRIGONOMETRIC RATIOS OF 45°
Let AABC be a right-angled triangle in which
4B =90°and £A = 45°. Then, clearly, ZC = 45°.
£A=/C= AB=BC. 8 a
Let AB = BC =ga units. Then,
AC =/ AB2+BC? = /a® +a” = /24> = /2 a units. a
Base AB = a; perpendicular BC = a and hypotenuse AC = 2a.

sin 45° = BC __a :71 5 cos 45° = AB =4 - 1
AC ™ ./» V2 V2a 2
BC _a_,. o1 _ /5.
tan 45° = AB=a~ 1; cosec 45° = Sin 45° V2;
o __ ]. — . 1
sec 45° = s d5 V2; cot 45° = tan 45° =1.

TRIGONOMETRIC RATIOS OF 60° AND 30°

Consider an equilateral AABC with each side equal to 2a.
Then, each angle of AABC is 60°.
From A, draw AD L BC.
Then, clearly, BD = DC =a.
Also, ZADB =90°.
ZBAD =30°. B a D a C

A
/|
N

From right-angled AADB, we have

D=+ AB?>-BD?=/(2a)>—a* = y/4a* —a* = /3% = /3a.

T-RATIOS OF 60°

In right-angled AADB, we have

base BD = a, perpendicular AD = y/3a and hypotenuse AB = 2a.
546



T-Ratios of Some Particular Angles 547

AD _¥3a _¥3 . BD_a 1
Sin60°="Ap =727 =27 cos60° = 4g =27 =72
AD «/§a . o_ 1 _ 2
n 60° =BD = & ﬁ, cosec 60 =5 60° 60°_/§’
S S _ 1 _ 1,
sec 60 = o8 60°_2’ cot 60° = Tan 60° ﬁ

T-RATIOS OF 30°
In right-angled AADB, we have
base AD = /34, perpendicular BD = a and hypotenuse AB = 2a.

. o_BD _a _1. o AD _¥3a _+v3

sin30" =g =2, 0s30"=Up =20 ~ 27
_BD __a 1. o_ 1 4

tan 30° AD = /—a [ cosec 30 _—sin 300—2,
o 1 _ 2

sec 30 —COS3OO—T§, cot 30° = tan 30 =v3.

AXIOMS FOR T-RATIOS OF 0°
We define:
(1) sin0° =0 (i) cos 0° =1 (iii) tan 0° =0 (iv) sec0° =1
NOTE  cosec 0° and cot 0° are not defined.
AXIOMS FOR T-RATIOS OF 90°
We define:
(1)sin 90° =1 (ii) cos 90° =0 (iii) cosec 90° = 1 (iv)cot90° =0

NOTE tan 90° and sec 90° are not defined.

TABLE FOR T-RATIOS OF 0°, 30°, 45°, 60°, 90°

0 sin 6 cos 0 tan 6 cosec 0 sec 0 cot 0
0° 0 1 0 delflic::ed ! derfli(:ed
- L @ % 2 % /3
5 % % 1 v2 V2 1
60° @ : V3 % 2 %
90° 1 0 | gefmed | 1| defimea | O
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EXAMPLE 1

SOLUTION

EXAMPLE 2

SOLUTION

EXAMPLE 3

Secondary School Mathematics for Class 10

SOLVED EXAMPLES

Evaluate:
(i) sin 60° - cos 30° — cos 60° - sin 30°
(ii) tan 30° - cosec 60° + tan 60° - sec 30°
On substituting the values of various T-ratios, we get
(i) sin 60° - cos 30° — cos 60° - sin 30°

<f £_1X1> (3 1) 2 1

272" \44)"47 2

(ii) tan 30°- cosec 60° + tan 60° - sec 30°
1 2 2 2 2
=(—=x = +,/3 x =\=(5£+2)=2%-
(V5 513 5)=(5+2)=23
Evaluate:
(i) sin’30° - cos45° + 4 tan*30° + 5 sin’90° + 5 cot’60°

tan*60° +4sin*45° + 3sec*30° + 5 cos*90°
cosec 30° + sec 60° — cot>30°

(i1)

On substituting the values of various T-ratios, we get

(i) sin’30° - cos45" + 4 tan’30° + 5 sin’90° + 5 cot’60°

(12 (1 1\, 1 2, 1 1\
=(5) (=) +4 X [—=) +5 X += X (==
() (75) 4 (5) 2 <05 (75)
(11 1.1 1,1
—(4><2+4><3+2><1+8><3)

=(573220)=24=2

tan*60° +4sin*45° + 3sec?30° + 5 cos*90°
cosec 30° + sec 60° — cot>30°

(V3)2+4 x <L>2+3 X <L>2+5 X 02

(ii)

J2 /3
2+2-(v/3)?
1 4
4-3 1 :

Show that
(i) cos 60° - cos 30° — sin 60° - sin 30° = cos 90°
(ii) cos 60° = 1 —2sin?30° = 2 cos230° — 1

tan 60° —tan 30°

+tan 60° - tan 30° tan 30

(iii) 1



SOLUTION

EXAMPLE 4

SOLUTION

T-Ratios of Some Particular Angles

We have

(i) cos 60° cos 30° — sin 60° sin 30°

(e f )l

2

2
Also, cos 90° = 0.
cos 60° cos 30° — sin 60° sin 30° = cos 90°.
. o_ 1.
(ii) cos 60° = 5
1

1-2sin%30° =[1-2 ¢ (3 ]=(1-2 x §)=(1-3)=L;

2c0s230° — 1 =[2 X <§)2—1]=(2 x3-1)=(3-1)

cos 60° =1—2sin?30° = 2 cos?30° — 1.
1
=
tan 60° —tan 30° _ (f V3 _ G- 1

(i) 1+tan6o°tan30°‘<1+ﬁX%)‘ﬁxz_ﬁ'
3

Also, tan 30° = %

tan 60° — tan 30°

1+tan 60° tan 30° _ a0 30"

Taking © = 30°, verify each of the following:
(i) sin 26 = 2sin O cos O
(i) cos 20 =2cos’0—1=1-2sin’0

2tan 6
1-tan?60

When 0 = 30°, we have 20 = 60°.

/3

(i) sin 26 =sin 60° = 5

(iii) tan 20 =

251n6c056=2sin30°cos30°:<2 X % 2
sin 20 = 2sin 6 cos 6.
(ii) cos 20 = cos 60° = %
2c0s’0—1=2 X cos*30° - 1

< (8]l 3-)-G-)-

549

=5
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1-2sin%6 = 1-2sin%30°
h- B2 H-- 3
cos 20 =2cos’0—1=1-2sin?6.
(iii) tan 260 = tan 60° = /3.

5% L (L)
2tan® _ _2tan30° _ V3 _ /5
1-tan’0 1-tan’30° 1- <1>
V3
2 3
== x 3)=v3
(75 %2)=
_ _2tan6
tanze_l—tanzﬁ

EXAMPLE5  Taking 6 = 30°, verify that:
(i) sin 30 = 3sin 6 —4sin®0 (ii) cos 30 = 4c0s’0 —3cos 0
SOLUTION When 0 = 30°, we have 30 =90°.
(i) sin 30 =sin 90° = 1.
And, 3sin 6 —4sin®0 = 3sin 30° —4sin®30°

=[x 54 (3)]-G -4~ §)
&
sin 30 = 3sin 6 — 4sin®0.

(i1) cos 36 = cos 90° =0.
And, 4c0s®0 —3cos 6 =4 cos®30° — 3 cos 30°

[4><<\/27 -3 X \/7]
—(ax 343_343)

CcOs 39 - 4COS 9 3COS 9

EXAMPLE6  Taking A = 60° and B = 30°, verify that:
sin (A — B) = sin A cos B—cos Asin B.
SOLUTION ~ A=60°and B=30° = A—B=(60°—30") =30°.

sin (A - B) =sin 30° = 3+



EXAMPLE 7

SOLUTION

EXAMPLE 8

SOLUTION

EXAMPLE 9

SOLUTION
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And, sin A-cos B—cos A -sin B
=sin 60° - cos 30° — cos 60° - sin 30°

<§Xﬁ_;x1>

2 272
:(é_l)zzzl,
4 4) 4 2
sin (A — B) = sin Acos B —cos Asin B.
. _ _ V3
Ifsin (A+B)=1and cos (A—B) = Z,ﬁndAandB.
sin (A+B)=1 = sin (A + B) = sin 90° [ sin90° =1]
= A+B=90°. ... (@)
cos(A—B)=§:>cos(A—B)=c0530°
= A-B=30". ... (ii)

Solving (i) and (ii), we get A = 60° and B = 30°.
Hence, A =60° and B = 30°.

If tan(A+B)=y3 and tan (A~ B) = ;5 0°<A+B<90° and
A > B, find the values of A and B. [CBSE 2008C]
tan (A+B) =+/3 = tan (A + B) = tan 60° [ tan 60° =4/3]
= A+B=60" ()
tan (A—B) = % = tan (A - B) =tan 30° " tan 30° = %
= A-B=30" .. (i)

Solving (i) and (ii), we get A =45°and B = 15°.
Hence, A =45°and B =15°.

If tan(A+B)=y3 and tan(A-B)=1, 0°<(A+B)<90° and

A > B then find A and B. [CBSE 2009C]
tan (A +B) =+/3 = tan (A +B) = tan 60° [ /3 =tan60°]
= A+B=60". (D)

tan (A—B)=1 = tan (A — B) = tan 45° [ 1=tan 45°]
= A-B=45" ... (i)

Solving (i) and (ii), we get A = (52.5)° and B = (7.5)°.
Hence, A =(52.5)°and B = (7.5)°.
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EXAMPLE 10  In the adjoining figure, AABC is right-angled at C
B. If ZA =30°and AB =9 cm, find (i) BC and
(ii) AC.
SOLUTION  From right-angled AABC, we have A ]
. BC _ o BC _ L A 9cm B
(i) ﬁ—tanSO = 9cm 1/5
V3 ) 9f
= BC= cm = 3«/5 cm.
(55
(ii) W_ cosec 30° =2 = 3;C =2 = AC=64/3 cm.
Hence, BC =3+/3 cm and AC = 6+/3 cm.
EXAMPLE 11 In right AABC, /B =90°, AB =3 cm and A
AC=6cm. Find ZC and £LA.
3¢m 6 cm
SOLUTION % =sinC = sinC= % = %
= sinC=sin30° = «C=30° B c

ZA =180°-(90° +30°) = (180° — 120°) = 60°.
EXAMPLE 12 If 6x = sec 0 and g = tan O, find the value of9<x2 - %) [CBSE 2010]

SOLUTION  We have
6x = sec O @) and &=tano ... (i)
Adding (i) and (ii), we get
6<x + %) = (sec 0 + tan 0). ... (iii)
Subtracting (ii) from (i), we get
6( —%)= (sec 6 —tan 0). ... (iv)
Multiplying the corresponding sides of (iii) and (iv), we get
_1 2 2_1)\_1
36( = ) (sec?0—tan?0) =1 = 9(x x2)
2 1y\_1
Hence, 9<x xz)

EXERCISE 11

Evaluate each of the following:
1. sin 60° cos 30° + cos 60° sin 30° 2. cos 60° cos 30° — sin 60° sin 30°

o o s o : o sin 30° , cot45° _sin 60° |, cos 30°
3. cos 45° cos 30° + sin 45° sin 30° 4. c0s 45° + sec60°  tan 45° + sin 90°




® N

10.

11.

12.

13.

14.

15.

16.

17.

18.
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5c0s?60° +4sec?30° — tan45°
sin%30° + cos>30°

. 2¢0s%60° +3sin?45° — 3sin?30° + 2 cos290°
. cot?30° —2cos%30° — %sec245° + %cosec230°

. (sin?30° + 4 cot?45° — sec?60°)(cosec?45° sec?30°)

4 ]. 2 o .. 2Nno
+ - -
cot?30°  sin?30° 2c0s745" ~sin"0
Show that:

) 1-5sin 60° _ tan 60° — 1 (ii) <08 30° +sin 60° _ _
cos 60° tan 60° +1 1 +sin 30° + cos 60°

Verify each of the following;:
(i) sin 60° cos 30° — cos 60° sin 30° = sin 30°
(i) cos 60° cos 30° + sin 60° sin 30° = cos 30°
(iii) 2sin 30° cos 30° = sin 60°
(iv) 2sin 45° cos 45° = sin 90°
If A =45°, verify that:
(i) sin 2A =2sin Acos A (ii) cos 2A =2cos’A—1=1-2sin’A
If A =30°, verify that:
2tan A
1+tan’A
If A =60°and B = 30°, verify that:
(i) sin (A + B) =sin Acos B+ cos Asin B
(ii) cos (A + B) =cos Acos B—sin Asin B
If A=60°and B = 30°, verify that:
(i) sin (A—B) =sin Acos B—cos Asin B
(ii) cos (A—B)=cos Acos B+sin Asin B

cen t A_t B
(iii) tan (A—B) = %

cos 30°

1-tan’A

2tan A
1+tan’A (ifi) o

(i) sin 2A = 1 tan’A

(ii) cos 2A = tan 2A =

If A and B are acute angles such that tanAZ%, tanBZ% and

tan (A+B) = %, show that A+ B =45°.
2tan A

Using the formula, tan 2A = - tanlA’ find the value of tan 60°, it

being given that tan 30° =

=

Using the formula, cos A =,/ %, find the value of cos 30°, it

being given that cos 60° =7

—_
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19. Using the formula, sin A =4/ #, find the value of sin 30°, it

being given that cos 60° =%

2
20. In the adjoining figure, AABC is a right-angled ¢
triangle in which ZB = 90°, ZA = 30°and AC =20 cm.
Find (i) BC, (ii) AB. 20 cm
ya [
A B

21. In the adjoining figure, AABC is right-angled at B

and ZA =30°.1f BC = 6 cm, find (i) AB, (ii) AC. l

22. In the adjoining figure, AABC is right-angled at B
and ZA = 45°. If AC = 3y2 cm, find (i) BC, (ii) AB.

23. If sin(A+B)=1and cos(A—-B)=1,0°<(A+B)<90° and A > B then
find A and B.

24. If sin(A—-B)= 2 and cos (A+B) = 2,0°<(A+B)<90° and A>B then
find A and B.

25Hmnm—m=%§mdmnm+m=ﬁ)W<m+m<%°mdA>B
then find A and B.
26. If 3x = cosec 0 and % = cot 0, find the value of 3<x2 - %) [CBSE 2010]

27. If sin (A + B) = sin Acos B+ cos Asin B
and cos (A — B) = cos Acos B +sin Asin B,
find the values of (i) sin 75° and (ii) cos 15°.

ANSWERS (EXERCISE 11)

/3+1) (/2+1) 67
3. 2[ 4. 5 5. 17 6.

IN[&;]

1.1 2.0
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7.1 8. % 9. % 17. V3 18. @ 19. %
20. i)BC=10cm  (ii) AB=10v3 cm
21. (i) AB=6y/3 cm (ii)) AC=12cm
22. (i) BC=3cm (i) AB=3cm 23. LA = /B =45°
24. ZA=45,/B=15 25. ZA=45,/B=15 26.%

. (/3+1) (/3+1)
27. (i) —— (ii) ——
22 2v2
HINTS TO SOME SELECTED QUESTIONS

20. Let BC = x cm. Then, 35 20 =sin30° =% 7= X= 10.

21.

22.

23.

24.

25.

26.

27.

B? = (AC%-BC? = {(20)2 - (10)%} cm? =300 cm? = AB =

BC =10 cm and AB =103 cm.

LetAB=xcm.Then,%=cot30°=x/§:>x=6x/§.

AC? = (AB?+BC?) = {(64/3)%+ (6)%} cm? = (108 + 36) cm? = 144 cm? = AC = 12 cm.

Let BC = Th 45° = =
e x cm. Then, 3x/§ =sin ﬁ x=

£8 —tan45" =1 B —1=> AB=3em.

sin (A+B) =1 = sin (A + B) =sin 90°.
cos(A—B)=1= cos(A—B)=cos0°.
SolveA+B:90°,A—B:0°forA and B.

sin(A-B)=%+ 5 = sin (A-B)=sin 30°.

cos(A+B)=% 5 = cos (A +B) = cos 60°.
SolveA—B:30 and A+ B =60° for A and B.
tan (A-B) = [ = tan (A—B) =tan 30°.

tan (A +B) =3 = tan (A + B) = tan 60°.
Solve A—B=30°and A+ B =60° for A and B.

Adding, we get 3(x + %) = (cosec 0 +cot 0).
Subtracting, we get 3( - l) (cosec 0 —cot 0).
9( 2 _xi) (cosec?0—cot?0) =1 = 3(x2 -

Take A =45°and B =30°.

3.

-
x 2

¥300 cm = 104/3 cm.

555



12 Trigonometric Ratios of
' Complementary Angles

TRIGONOMETRIC RATIOS OF COMPLEMENTARY ANGLES

COMPLEMENTARY ANGLES  Two angles are said to be complementary if their sum
is 90°.

Thus, 6 and (90° — 6) are complementary angles.
TRIGONOMETRIC RATIOS OF COMPLEMENTARY ANGLES

Consider a AOMP, right-angled at M in which
ZMOP = 6 and therefore, ZOPM = (90° — 0).

Let OM = x, MP =y and OP =r. Then,

——4 _X Y

sin 6 = r,cose— r,tane—x,
r r x

cosecO=-,secO=—,cot6==-
Y X Y

For considering the trigonometric ratios of (90° — 0), we have
base = MP, perpendicular = OM and hypotenuse = OP.
OM _

sin(90°—6)=W—%=cosﬁ
cos (90° - 0) =157A1;I=%=sin6
tan (90° —0) = %ﬁ = % =cot 0
o 1 __1
cosec (90° —0) = Sin(90°—0) ~ cos® — sec O
sec (90° —0) = 1 =—1_- cosec 0
cos(90°—0) sin0O
o — 1 — 1 —
cot (90° - 0) = fan (90° —0) _ cotd tan 0
SUMMARY
(i) sin (90° — 0) = cos 0 (ii) cos (90° — 0) = sin 0
(iii) tan (90° — 0) = cot (iv) cot (90° — 0) = tan 6
(v) sec (90° — 0) = cosec 6 (vi) cosec (90° —0) = sec 6

556
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SOLVED EXAMPLES

EXAMPLE 1 Without using trigonometric tables, evaluate:

., cos 53° .., tan 68° ... sec 49°
@) sin 37° (i) cot 22° (iii) cosec 41°

., cos53° _cos(90°—37°) _sin37° _
SOWTON (1) 1375 = gin37°  ~ sin37°
[ cos(90°—0)=sin 0].

(ii) tan 68° _ tan (90" ~22) _ cot22° _
cot 22° cot 22° cot 22°

[ tan (90° —6) = cot 0].

(iii) —S€ 49° _ sec(90°—41°) _ cosec 41’ _
cosec 41° cosec 41° cosec 41°

[ sec(90° —0) = cosec 0].

(iv) S0 30°17" _ sin[90° = (59°43)] _ cos 59°43" _
cos 59°43’ cos 59°43’ cos 59°43’

cos 59°43’

(iv)

1

1

1.

EXAMPLE 2 Without using trigonometric tables, evaluate:
(1) cos 48° — sin 42° (ii) cosec 31° —sec 59°
(iii) cot 34° — tan 56° (iv) c0s*13° —sin?77°
SOLUTION  We have
(i) cos 48° —sin 42° = cos (90° —42°) —sin 42°
=gin 42° —sin 42° =0
[ cos(90°—0)=sin 0].
(i) cosec 31° —sec 59° = cosec (90° —59°) — sec 59°
=sec59°—sec59° =0
[ cosec(90° —0) = sec0].
(iii) cot 34° —tan 56° = cot (90° — 56°) — tan 56°
=tan 56° —tan 56° =0
[ cot(90°—0) = tan 0].
(iv) cos?13° —sin?77° = cos*(90° — 77°) — sin®77°
=sin’77° —sin’77° = 0

[ cos(90°—0)=sin 0].

EXAMPLE 3 Without using trigonometric tables, prove that:
(i) sin 43° cos 47° + cos 43°sin 47° =1
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SOLUTION

EXAMPLE 4

SOLUTION

Secondary School Mathematics for Class 10

(ii) cos 38° cos 52° —sin 38°sin 52° =0

(iii) sec 50° sin 40° + cos 40° cosec 50° =2

(iv) sec 70° sin 20° — cos 20° cosec 70° =0

We have

(i) sin 43° cos 47° + cos 43° sin 47°
=sin (90° —47°)cos 47° + cos (90° — 47°)sin 47°
= c0s°47° +sin’47° =1
[ sin (90° —6) = cos 6, cos (90° — 6) = sin 0].
(ii) cos 38° cos 52° —sin 38° sin 52°
= cos (90° —52°) cos 52° —sin (90° — 52°)sin 52°
= sin 52° cos 52° — sin 52° cos 52° =0
[ cos(90° —6) = sin 6 and sin (90° — 6) = cos 60].
(iii) sec 50° sin 40° + cos 40° cosec 50°
= sec (90° —40°)sin 40° + cos 40° cosec (90° —40°)

= cosec 40° sin 40° + cos 40° sec 40°
* sec (90° —0) = cosec 0,
cosec (90° —0) = sec 0

_ sin40° | cos 40° _ _
= sin 40° T cos 40° =1+1=2.

(iv) sec 70° sin 20° — cos 20° cosec 70°
= sec (90° —20°)sin 20° — cos 20° cosec (90° —20°)
= cosec 20° sin 20° — cos 20° sec 20°

* sec (90° —0) = cosec 0,
cosec (90° —0) =sec 0

_sin20° _cos20° _, _, _
" sin20° cos 20° 1-1=0.

Without using trigonometric tables, prove that:
(i) tan 48° tan 23° tan 42° tan 67° = 1

(i) tan 7° tan 23° tan 60° tan 67° tan 83° = /3

(iii) cot 12° cot 38° cot 52° cot 60° cot 78° = %

We have
(i) tan 48° tan 23° tan 42° tan 67°
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= (tan 48° tan 42°)(tan 23° tan 67°)

= {tan 48° - tan (90° —48°)}{tan 23° - tan (90° — 23°)}

= (tan 48° cot 48°)(tan 23° cot 23°) [." tan (90° —0) = cot 0]

=1X1=1.
(ii) tan 7° tan 23° tan 60° tan 67° tan 83°

=tan 7°- tan 83°- tan 23° - tan 67° - tan 60°

=tan 7°-tan (90° —7°) - tan 23° - tan (90° — 23°) - tan 60°

= (tan7°- cot 7°) - (tan 23° - cot 23°) - tan 60°

[ tan (90° —0) = cot 6]

=1X1X4/3 =43 [.* tan©6-cot 0 =1and tan 60° =/§].
(iii) cot12°- cot 38° cot 52° - cot 60° - cot 78°

= (cot 12°- cot 78°) - (cot 38° - cot 52°) - cot 60°

= {cot 12° - cot(90° — 12°)Hcot 38° - cot (90° — 38°)} - cot 60°

= (cot 12°- tan 12°) - (cot 38° - tan 38°) - cot 60°
[ cot(90°—0)=tan 0]

1

=1X1X cot9~tan6:1andcot60°=ﬁ-

=
=

EXAMPLE 5  Prove that
tan 1° tan 2° tan 3°... tan 89° = 1.
SOLUTION  We have
tan 1° tan 2° tan 3°... tan 89°
=tan 1° tan 2°... tan 44° tan 45° tan 46°... tan 88° tan 89°
= (tan 1°- tan 89°)(tan 2° - tan 88°)... (tan 44° - tan 46°) - tan 45°
= {tan 1°- tan (90° — 1°)} - {tan 2° - tan (90° — 2°)}
...{tan 44° - tan (90° —44°)} - tan 45°
= (tan 1°- cot 1°)(tan 2° - cot 2°)... (tan 44° cot 44°)- 1
[ tan (90° —0) = cot® and tan 45° =1]
=1X1X...X1X1=1.

EXAMPLE 6  Evaluate:

cos 58° | sin 22° cos 38° cosec 52° .
sin 32° " cos 68° tan 18° tan 35° tan 60° tan 72° tan 55°

[CBSE 2009]
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SOLUTION  Given expression

_ €os 58°  sin 22° _ cos 38° cosec 52°
sin 32°  cos 68° tan 18° tan 35° tan 60° tan 72° tan 55°
cos 58° sin 22°

= 5in (90° - 58%) T cos (90° - 229)

cos 38° cosec (90° — 38°)
(tan 18° tan 72°)(tan 35° tan 55°) tan 60°

_ cos 58" | sin 22°
cos 58°  sin 22°

_ cos 38° sec 38°
{tan 18° tan (90° — 18°){tan 35° tan (90° — 35°)} tan 60°

1
(tan 18° cot 18°)(tan 35° cot 35°) V3
EXAMPLE 7 Without using trigonometric tables, evaluate each of the following:
(i) sin?65° + sin?25° (ii) c0s*17° — sin*73°
(iii) cosec?67° — tan?23° (iv) sec*36° — cot*54°
SOLUTION  We have
(i) sin®65° +sin?25° = {sin (90° —25°)}? +sin>25°
= (cos 25°) +sin?25°
[ sin (90° —0) = cos 0]
= (cos?25° +sin?25°) = 1.
(ii) cos?17° —sin®73° = [cos (90° —73°)]* — sin73°
= (sin 73°)* - sin?73°
[ cos(90°—6) =sin 0]
= (sin?73° —sin?73°) = 0.
(iii) cosec®67° —tan?23° = [cosec (90° —23°)]? — tan>23°
= (sec 23°)? - tan®23°
[ cosec(90° —0) =sec 0]
= (sec’23° —tan?23°) = 1
[ sec’0—tan’06=1].
(iv) sec?36° —cot?54° = [sec (90° —54°)]? — cot*54°
= (cosec 54°)> — cot*54°
[ sec(90° —0) = cosec 0]

=(1+1)-
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= (cosec?54° — cot?54°) =1
[ cosec’6—cot?0=1].
2sin?63° +1+25sin?27° .
3c0s%17° —2+3¢c0s%73°
SOLUTION Given expression
_ 2sin?63° +1+2sin227° _ 2(sin’63° +5sin’27°) +1
3c0s°17° —2+3¢c0s%73°  3(cos’17° + cos*73°) —2
_ 2[sin?63° +sin?(90° ~ 63°)] + 1
3[cos?17° + cos*(90° —17°)] - 2
_ 2[sin®63° +cos’63°] +1
3[cos*17° +5in?17°) — 2
[ sin(90°—0) =cos 6 and cos (90° —0) = sin 0]

_(2><1)+1_2+1_§_3
“BX1N-2"3-2"1 >

EXAMPLE 8  Evaluate [CBSE 2009C]

EXAMPLE 9 Without using trigonometric tables, evaluate the following:
c0s°20° + cos*70°
sec?50° — cot*40°

—4tan 13° tan 37° tan 45° tan 53° tan 77°.  [CBSE 2006C]

+2cosec?58° — 2cot 58° tan 32°

SOLUTION Given expression

2 o 2 o
= W +2cosec’58° — 2 cot 58° tan 32°
sec 50" —cot 40
—4tan 13° tan 37° tan 45° tan 53° tan 77°
_ c0s?20° + [cos (90° —20°)]?

" sec?50° — [cot (90° —50°)]2

+2[cosec?58° — cot 58° tan (90° — 58°)]
—4(tan 13° tan 77°) (tan 37° tan 53°) tan 45°
_ c0s°20° +sin*20°
sec’50° — tan®50°
—4tan 13° tan (90° — 13°) - tan 37° tan (90° — 37°) - tan 45°
[ cos(90°—0)=sin 0, cot (90° — 0) = tan 0 and
tan (90° — 0) = cot 0]

= %+ (2 X 1) —4(tan 13° cot 13°) - (tan 37° cot 37°) - 1

+2[cosec?58° — cot?58°]

[ cos?0+sin’0=1, sec’0 —tan’0 =1, cosec’0 — cot’0 =1]

= (3-4X1X1x1)=(3-4)=-1.
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EXAMPLE 10

SOLUTION

EXAMPLE 11

SOLUTION

EXAMPLE 12

SOLUTION

EXAMPLE 13

SOLUTION

EXAMPLE 14

SOLUTION
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If sin 3A = cos (A —10°), where 3A is an acute angle then find the

value of A. [CBSE 2009C]
sin 3A = cos (A —10°)
= 0s(90° —3A) = cos (A—10°) [ sin © = cos (90° —0)]

= 90°-3A=A-10° = 4A=100° = A =25,
Hence, A =25°.

If tan 2A = cot (A — 21°), where 2A is an acute angle then find the
value of A. [CBSE 2009C]
tan 2A = cot (A —21°)

= cot(90°—2A)=cot (A—-21°) [." tan2A =cot(90° —24)]
= 90°-2A=A-21°=>3A=111° > A=37".

Hence, A = 37°.

Ifsec 5A = cosec (A —30°), where 5A is an acute angle then find the
value of A.
sec 5A = cosec (A —30°)
= cosec (90° —5A) = cosec (A —30°)

[ secO=cosec(90°—0)]
= 90°-5A=A-30°= 6A=120"° = A=20°".
Hence, A =20°.

If sin (0 +34°) = cos 0 and (0 + 34°) is acute show that 6 = 28°.

sin (0 +34°) = cos 0

= sin (0 +34°) =sin (90° — 0) [ cos6=sin(90°—0)]
= 0+34°=90°-0 = 20=(90°—-34°)=56" = 0 =28".
Hence, 6 = 28°.

Express each of the following in terms of trigonometric ratios of
angles between 0° and 45°.

(i) sin 75° + cosec 75° (ii) tan 65° + cot 49°
(iii) sec 67° + cosec 58° (iv) cos 83° —sec 76°
(i) sin 75° + cosec 75° = sin (90° — 15°) + cosec (90° — 15°)
= (cos 15° +sec 15°).
(ii) tan 65° + cot 49° = tan (90° — 25°) + cot (90° —41°)
= (cot 25° + tan 41°).
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(iii) sec 67° + cosec 58° = sec (90° —23°) + cosec (90° — 32°)
= (cosec 23° +sec 32°).
(iv) cos 83° —sec 76° = cos (90° —7°) —sec (90° — 14°)

= (sin 7° — cosec 14°).

EXAMPLE 15 If A and B are acute angles such that sin A = cos B, prove that

(A+B)=90°.

SOLUTION  sin A =cos B = sin A =sin (90° — B)

= A=90"-B [ Aand (90° — B) are acute]

= A+B=90".

EXAMPLE 16  If A, B, C are the angles of a AABC, show that sin (%) =cos 5

[CBSE 2008C]

SOLUTION  We know that the sum of the angles of a triangle is 180°.
A+B+C=180°= B+C=180"-A

B+C _gno A
z ~0 3
= sin ( ) ( 0° - —)
= sin ( [ sin (90° —0) = cos 0].
Hence, sin (B er C) cos %
EXERCISE 12
1. Without using trigonometric tables, evaluate:
) sin 16° (ii) —S&< 11° (iii) tan 27°
cos 74° cosec 79° cot 63°
(i) o8 35° (v) cosec 42° (vi) cot 38°
sin 55° sec 48° tan 52°
2. Without using trigonometric tables, prove that:
(i) cos 81°—sin9° =0 (ii) tan71° —cot 19° =0
(iii) cosec 80° —sec10° =0 (iv) cosec®72° —tan®18° =1
(v) cos?75° +cos?15° =1 (vi) tan?66° — cot?24° =0
(vii) sin?48° +sin’42° =1 (viii) cos®57° —sin?33° =0

(ix) (sin 65° + cos 25°)(sin 65° —cos 25°) =0
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3. Without using trigonometric tables, prove that:
(i) sin 53°cos 37° +cos 53°sin 37° =1
(ii) cos 54° cos 36° —sin 54°sin 36° =0
(iii) sec 70°sin 20° + cos 20° cosec 70° = 2
(iv) sin 35°sin 55° — cos 35° cos 55° = 0
(v) (sin 72° + cos 18°)(sin 72° —cos 18°) = 0
(vi) tan 48° tan 23° tan 42° tan 67° =1
4. Prove that:

) ig; g?)o + ngﬁgéo —2c0s 70° cosec 20° =0
(ii) (;?1? fg +cos 59° cosec 31° = 2

(iid) 2sin 68° _ 2cot 15° _ 3tan 45° tan 20° tan 40° tan 50° tan 70° _ 1
cos22° 5tan75° 5
(iv) sin18°
cos 72°
7cos 55° 4(cos 70° cosec 20°)
) 3sin 35° 3(tan 5° tan 25° tan 45° tan 65° tan 85°)

+v3 3 (tan 10° tan 30° tan 40° tan 50° tan 80°) =2  [CBSE 2008]

=1

5. Prove that:
(i) sin B cos (90° —0) +sin (90° —0)cos 6 =1

(ii) sin O cos 6 9
c0s(90° —0)  sin (90° —0)

.... sinBcos (90° —0)cos 6 L cos 0sin (90° —0)sin 6
(ii) sin (90° — 0) cos (90° - 0) B

) c0s (90° — 0)sec (90° —0)tan O N tan (90° — 0)
(iv) cosec (90° —0)sin (90° — 0) cot (90° — 6) cot®

cos (90° — 0) 1 +sin (90° — 0)
V) T56in (90°=0) T cos (90" —0)

sec (90° — 0) cosec 0 — tan (90° — 0) cot 6 + cos?25° + c0s?65° _ 2

=2

=2cosec O

(vi) 3tan 27° tan 63° =3
[CBSE 2010]

(vii) cot Btan (90° — 0) —sec (90° — 0)cosec 0 + y/3 tan 12°tan 60°tan 78° = 2
[CBSE 2010]

6. Prove that:
(i) tan 5° tan 25° tan 30° tan 65° tan 85° =

At

(i) cot 12° cot 38° cot 52° cot 60° cot 78° =



10.
11.

12.
13.
14.

15.

10.

(i
(i
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N|—=

(iii) cos 15° cos 35° cosec 55° cos 60° cosec 75° =

(iv) cos1°cos 2° cos 3°...cos 180° =0

o) (ST + (5 45) =2

. Prove that:

(i) sin (70°+6) —cos (20°—0) =0
(ii) tan (55°—0)—cot (35°+0) =0
(iii) cosec (67° +0)—sec(23°—0)=0
(iv) cosec (65° +0) —sec (25° —0) —tan (55° — 0) +cot (35° +0) =0
(v) sin (50° + 6) — cos (40° — 0) + tan 1° tan 10° tan 80° tan 89° = 1

. Express each of the following in terms of T-ratios of angles lying

between 0° and 45°:

(i) sin 67° + cos 75° (ii) cot 65° +tan 49°
(iii) sec 78° + cosec 56° (iv) cosec 54° +sin 72°
. If A, B and C are the angles of a AABC, prove that tan (C JZFA) = cot g

If cos 26 = sin 40, where 26 and 46 are acute angles, find the value of 6.

If sec 2A = cosec (A —42°), where 2A is an acute angle, find the value
of A. [CBSE 2008]

If sin 3A = cos (A —26°), where 3A is an acute angle, find the value of A.
If tan 2A = cot (A — 12°), where 2A is an acute ang]le, find the value of A.

If sec 4A = cosec (A —15°), where 4A is an acute angle, find the value
of A.

Prove that:

%cosec258° —%cot 58° tan 32°

—%tan 13° tan 37° tan 45° tan 53° tan 77° = —1. [CBSE 2009]

ANSWERS (EXERCISE 12)

)1 ()1 ()1 (V)1 ()1 (vi)1l

) cos 23° +sin 15°  (ii) tan 25° + cot 41°  (iii) cosec 12° + sec 34°

(iv) sec 36° + cos 18°

06=15° 11. A=44° 12. A=29° 13. A=34° 14. A=21°
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HINTS TO SOME SELECTED QUESTIONS

2. (iv) LHS = cosec?72° — tan?(90° — 72°) = cosec?72° — cot?72° = 1.
(viii) LHS = c0s%57° — sin?(90° — 57°) = c0s%57° — cos257° = 0.
(ix) LHS = sin?65° — c0s>25° = sin?65° — cos?(90° — 65°)

=5in%65° —sin265° = 0.
3. (iv) LHS = sin 35° sin (90° —35°) — cos 35° cos (90° — 35°)
= sin 35° cos 35° — sin 35° cos 35° = 0.
(V) LHS = sin?72° — c0s>18° = sin?72° — cos>(90° — 72°)
=5sin?72° —sin?72° = 0.

6. (i) LHS = (tan 5° tan 85°) (tan 25° tan 65°) tan 30°.

(ii) LHS = (cot 12° cot 78°) (cot 38° cot 52°) cot 60°.

(iii) LHS = (cos 15° cosec 75°) (cos 35° cosec 55°) cos 60°.

(iv) LHS = cos 1° cos 2° cos 3°... cos 89° cos 90° cos 91°... cos 180° = 0, since cos 90° = 0.

sin 49° }2 { cos 41° }2 _ (sin 49")2 +(cos 41°
cos (90° —49°) sin (90° —41°) cos 41°

2
sin 49° >_1+1_2'

(v) LHS = {
7. (i) LHS = sin {90° — (20° — 0)} — cos (20° — 6) = cos (20° — 6) — cos (20° — 6) = 0.
(v) LHS = sin {90° — (40° — 0)} — cos (40° — 0) + (tan 1° tan 89°) (tan 10° tan 80°)
=cos (40°—0)—cos (40° - 0)+(1 X 1)=1.
8. (i) sin 67° + cos 75° = sin (90° —23°) + cos (90° — 15°) = cos 23° +sin 15°.
(ii) cot 65° + tan 49° = cot (90° —25°) + tan (90° —41°) = tan 25° + cot 41°.

9. A+B+C=180" > C+A=180"-B = <54 = (o0~ )

= tan (C;A) =tan (90° —%) = cot g

10. cos 20 = sin 40 = sin (90° —20) =sin 40 = 90° -20 =46 = 60 =90° = 0 = 15°.
11. sec 2A = cosec (A —42°) = cosec (90° —2A) = cosec (A —42°) = 90° —2A = A —42°.
12. sin 3A = cos (A —26°) = cos (90° —3A) =cos (A—26°) = 90° —3A = A —26".

13. tan 2A = cot (A —12°) = cot (90° —2A) = cot (A—12°) = 90° —2A = A —12°.

14. sec 4A = cosec (A —15°) = cosec (90° —4A) = cosec (A —15°) = 90° —4A =A-15".

<
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TRIGONOMETRIC IDENTITY

An equation involving trigonometric ratios of an angle is called a trigonometric
identity if it is true for all values of the angle.

SOME TRIGONOMETRIC IDENTITIES In Chapter 10, we proved some identities,
summarised below.

SUMMARY
(i) sin®0 + cos?0 = 1 (ii) 1 + tan>0 = sec’
(iii) 1 + cot*® = cosec’0 (iv) tan 6 = sin and cot 6= cpise
cos 6 sin 6
(v)tan® X cot6 =1

SOLVED EXAMPLES

EXAMPLE 1 Prove that

(i) (1 -sin®0)sec’0 =1 (ii) (1 + tan*0) cos?0 = 1
(iii) (1 + tan?0) (1 —sin B)(1 +sin 6) = 1
(iv) 2cos*0 + m =2 [CBSE 2009C]
SOLUTION  We have
(i) LHS = (1 —sin?0)sec?0
= c0s0 - sec?0 [ 1-sin?0 = cos®0]
=cos°0- 12 =1=RHS.
cos“0
LHS = RHS.
(ii) LHS = (1 +tan?6)cos’0
=sec?0 - cos?0 [ 1+ tan%0 = sec?6]
= 12 -c0s’0 =1 = RHS.
cos“0
LHS = RHS.

567
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(iii) LHS = (1 + tan?0) (1 —sin 8) (1 + sin 0)
= (1+tan?0)(1 - sin’0) = sec?0 - cos>O

[ (1+tan®0) = sec®8, (1 —sin0) = cos>0]

= o6 *cos’0 " osec’ = 0e20
=1=RHS.

LHS = RHS.

. 2
(iv) LHS = 2cos?0 + m
=2cos’0+ > [ 1+cot?0 = cosec?0]
cosec 0
=2c0s’0 +2sin’0 ;2 =sin’0
cosec”0

=2(cos’0 +sin?0) =2 X1 [ cos®0+sin?0 =1]
=2 =RHS.

LHS = RHS.

EXAMPLE 2 Prove that
(i) (cosec’® —1)tan?6 = 1 (ii) (sec*@ — 1)(1 — cosec?8) =—1
SOLUTION  We have
(i) LHS = (cosec?6 — 1)tan’0
=(1+cot’0—1)tan’0 [ cosec?0 =1+ cot?0]

= cot?0 - tan’0

- tan’0 “tan®0 - coth= tan 0
=1=RHS.
(ii) LHS = (sec?0 — 1)(1 — cosec?6)
=(1+tan’0—1)[1— (1 +cot’0)]
[ sec’®0 =1+tan’0 and cosec?0 = 1+ cot?0]

= tan?0 - (—cot?0)

=tan29~< _2 )
tan“0

=-1=RHS.

ool
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EXAMPLE3  Prove that
sin®0 + cos®0
sin 6 + cos 6
SOLUTION We have

+sin 6cos 6 = 1. [CBSE 2009]

LHS = %+sin 0cos 6
_ (sin 0+ cos 0)(sin0 + cos>0 — sin 0 cos 0)
(sin 6 + cos 0)
[ @ +b°) = (a+b)(a®+b*-ab)]
=(1-sinBcosB) +sin Ocos @ =1 [." sin?0+cos’0 =1]
= RHS.

LHS = RHS.

+sin 6 cos O

EXAMPLE 4  Prove that

1

(sin 6 — cosec 0) (cos 0 —sec 0) = tan B+ cot 0

* [CBSE 2009C, '10]
SOLUTION We have

LHS = (sin 6 — cosec 0)(cos 0 — sec 0)

_ (sin 0 01 _ (sin*0—1) (cos’6-1)
- (sm sin 9><COS cos 9) " sin® cos 0
== sin?0)} - [-(1 — cos*0)}
- sin 0 cos 0
_ (—cos’0)(-sin’0)
"~ sinBcos O
[ 1-sin?0 = cos’0 and 1 — cos?6 = sin?0)]
(cos*0sin’0) .
=——F - =cos0sin 0.
sin 6 cos 0
_ 1
RHS = an 6 +cot 0
_ 1 _ 1 __ €os0sin 0
sin® . cosO  sin*9+cos’®  (sin’0+cos’0)
cos® sin@ cos 0sin 0
= cos 0sin 0 [ sin’0+cos?0=1]
LHS = RHS.

EXAMPLE5  Prove that

(1+ cot 6 —cosec 0)(1 +tan 6 +sec ) =2. [CBSE 2005, 07,08]
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SOLUTION  We have
LHS = (1 + cot 6 — cosec 0)(1 + tan 6 + sec 6)

- (1 * glorfée) B sirll 9)( * (S:g;g * colse)
(sin®+cos0—1) (cosO+sinO+1)

- sin 6 ) cos 0
[(sin 6+ cos 6) — 1] - [(sin B + cos 0) + 1]

- sin 6 cos 0

_ (sin 0+ cos 0)>—1

sin 0 cos 0
_ sin%0 + cos?0 +2sin O cos 0 — 1
sin 6 cos 6
_1+2sinBcos6-1
sin O cos 0
_ 2§1n 0 cos 0 — 9 = RS,
sin O cos 0

LHS = RHS.

[." sin®0+cos?0 =1]

EXAMPLE 6  Prove that
cos 0 sin O

(I-tan®) T (1-cot0) (cos 8 +sin 0). [CBSE 2007]
SOLUTION  We have
_ cosH sin@ _  cosO sin O
LS = i 0) "1 —cot0) sin0)\ [ cosB
(1-Cose) (1-Sino)
cos 0 sin O
_ cos’0 sin’6
(cos 0 —sin 0) (sin O —cos 0)
__ cos’® __ sin’0
cos0—sin® cosO—sinH
_ cos?0—sin?0 _ (cos 0 —sin 0)(cos 0 +sin 0)
" (cos0—sin 0) (cos 6 —sin 0)
= (cos 0 +sin 0) = RHS.
LHS = RHS.

EXAMPLE 7 Prove that
sin 0 —2sin®0
2c0s’0—cos 0
SOLUTION We have

=tan 0. [CBSE 2010]

sin 0—2sin®0 _ sin 6(1—2sin’0)
2c0s’0—cos® cosO(2cos’H—1)

LHS =
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_ sinO(1- 2sin?0)
cos 0(2cos’0—1)
[1-2(1-cos*0)]

=tanf-——— "’ sin?0=1-cos?0
(2cos*6-1) [ ]
(2cos’0—1)
=tan 0 -————-=tan 0 = RHS.
(2cos“6—-1)
LHS = RHS.

EXAMPLE 8  Prove that

tan A + cot A
(1-cotA) (1—-tan A)

=(1+tan A+cot A). [CBSE 2010]

SOLUTION We have

sin A cos A
_ tan A cotA _  cosA sin A
LHS = (1-cot A) +(1—tanA) - <1_cosA>+( _ sinA)
sin A cos A
_ sin’A N cos’A
cos A(sin A—cos A) sin A(cos A—sin A)
sin’A cos’A

T cos A (sin A—cos A) sin A(sin A—cos A)

_ sin®A —cos’A
sin Acos A(sin A—cos A)

_ (sin A —cos A)(sin®A +cos’ A +sin Acos A)
B sin Acos A(sin A —cos A)

[ (@®— 1% = (a—b)(@a*+ b*+ab)]

_1+sin Acos A
sin Acos A

RHS = (1 +tan A +cot A)

_ <1 + sin A 4 cos A) _sin Acos A+ sin?A + cos’A
cosA sinA sin Acos A

_ (1 +sin Acos A)
" sin Acos A

LHS = RHS.

EXAMPLE9  Prove that

_ 1 .
)= (tan A + cot A)
[CBSE 2010]

(cosec A —sin A)(sec A—cos A
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SOLUTION We have

LHS = (cosec A —sin A)(sec A —cos A)

(1 . _ _ 1—sin2A>.<1—c052A)
B (sin A S A)(cos A8 A) - ( sin A cos A
_ cos’Asin’A _ .
T cosAsin A €os Asin A.
1 1

RHS =

(tan A +cot A) - <sinA 4 cos A)
cosA sin A

__ cos Asin A
(sin?A + cos*A)

Hence, LHS = RHS.

=cos Asin A [. sin?A+cos’A=1].

EXAMPLE 10  Prove that
(1 + tan2A>
1+ cot’A
SOLUTION We have
(1 + tan2A> _ sec’A
1+ cot?A cosec’A

_ 2
(1 tan A) — tan2A. [CBSE 2008C]

[ 1+tan?A =sec?A and 1 + cot’>A = cosec®A]

.2
_ 1 ~in2A—smA:

= = tan’A.
0s?A © os?A ot
< _sin A>2
1-—tan AV _ cos A
And, (1 —cot A) B

<1 _ cos A>2
sin A

(cos A—sin A)?

_ cos’A _ sin?A — tanA
(sin A—cos A)?> cos’A '
sin?A
1+tan’A\ _(1—-tan AV .,
(1 +C0t2A) B (1 —cot A) =tan"A.

EXAMPLE 11 Prove that
(i tan A+sin A _secA+1
tan A-sin A secA-1
(i) ot A—cos A _cosecA-1 CBSE 2008
cot A+cos A cosec A+1 : :
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SOLUTION We have
. _tan A+sin A
(i) LHS = tan A—sin A
sin A | . . 1
_ cos A +sin A _ s A(COS A * 1)
T sinA . o 1
cosA A sin A(cos A 1)
1
_ <cosA+1) _secA+1 — RHS
< 1 ) secA—-1 )
cos A
LHS = RHS.
.. _cotA—cos A
(i) LHS = cot A+cos A
cos A 1
_ sin A O8 A _ cos A(sin A 1)
cos A 1
sin A *tcos A  cos A(sin A * 1)
1
_ (5ina ) _(cosecA=T) o
( 1 +1) (cosec A+1) '
sin A
LHS = RHS.
EXAMPLE 12 Prove that
(i) sec®0 + cosec?0 = sec?0 cosec?0
(ii) tan*0 — sin’0 = tan>0'sin’0
(iii) tan20 + cot?0 + 2 = sec?6 cosec?0
SOLUTION We have
(i) LHS = sec? + cosec?0
__1 1 _ sin?0 + cos?0
cos’0 sin’0  cos’0sin’0
1 ) 2
= . 0+ 0=1
cos*0sin’0 [* sin6+cos ]

= sec?0 cosec’0 = RHS.

LHS = RHS.

(ii) LHS = tan?0 —sin*0

_sin’0 _
cos>0

sin?0 =

sin?0 — sin”0 cos0
cos>0

573
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_sin’0(1-cos’0)  sin0

cos*0 cos?0

= tan®0sin0 = RHS.
LHS = RHS.
(ili) LHS = tan®0 + cot®0 + 2

sin?0

= (1+tan?0) + (1 + cot’0) = sec’8 + cosec’H

1 1 _ sin’0+cos?0

cos?0  sin?0 cos20sin’0

1 2 2
= =sec“0 cosec” 6 = RHS.
cos?0sin’0
LHS = RHS.

EXAMPLE 13 Prove that
1-cos®.

_ 2 _
(cosec 6 — cot 0) 1+ cos 0

SOLUTION  LHS = (cosec 6 — cot 0)?

- (51111 0 gﬁfg )2 - (1 ;i;og 9)2

(1-cos6)® (1—cos6)(1—cos6)
sin”0 (1-cos’0)

_ (I—cos0)1—cos0) (1-cos0)

T (1+cos0)1—cos®)  (1+cosB)

LHS = RHS.

EXAMPLE 14  Prove that

(sec*® —sec?) = (tan?0 + tan*6).

SOLUTION We have

LHS = (sec*0 —sec’0) = sec’0 (sec’0 — 1)
= (

[

[CBSE 2000C]

sin?0 = 1 — cos?0]

RHS.

1+ tan0)(1 + tan?0 — 1) = (1 + tan?0) tan0

= (tan*0 + tan*0) = RHS.
LHS = RHS.

EXAMPLE 15  Prove that

1 1
1+ 1+ : :
< tan2A>< c0t2A> (sin®A —sin*A)

[CBSE 2006C]
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SOLUTION We have

LHS=<1+ L )<1+ L )
tan“A cot“A

= (1+cot?A)(1+tan®A) = cosec’A - sec’A

__ 1 1 _ 1
sin?A cos’A  sin®Acos’A
1 1
= = = RHS.
sinA(1-sin’A) (sin’A —sin*A)
LHS = RHS.

EXAMPLE 16  Prove that
(sin 0 + cosec 0) + (cos 0 + sec 0)* = (7 + tan>0 + cot>0).
[CBSE 2008, '09C]
SOLUTION  We have
LHS = (sin 0 + cosec 0) + (cos 0 + sec 0)>
= (sin*@ + cosec?0 + 2 sin  cosec 0)
+(cos?*0 +sec?0 +2 cos O sec 0)
= (sin®0 + cosec?8 +2) + (cos’0 + sec?0 + 2)

[." sinBcosec® =1 and cosOsecd=1]
= (sin®@ + cos?0) + 4 + (cosec’d + sec?0)
=1+4+(1+cot?8) + (1 +tan’6)

[ sin?0 +cos?0 = 1, cosec?8 = 1 + cot?0
and sec?0 = 1 + tan?0]
= (7 +tan’0 + cot?0) = RHS.
LHS = RHS.

EXAMPLE 17 Prove that
1-sin® _

() {5 eine — (secO—tan 0)2 [CBSE 2008C]
.. (1+cos 0) )
(i1) —cos0) (cosec 0 + cot 0) [CBSE 2007C]

SOLUTION We have

(i) RHS = (sec 8 — tan 0)?

o 1 _sin9>2_<1—sin9>2_(1_Sin9)2
cos6 cos6 cos 0 cos%0
~ (1-sin6)? (1 -sin 6)(1—sin 6)

" (1-sin?0) (1+sin6)(1-sin6)
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_(I-sin0) s
" (1+sin 6) - LHS.
RHS = LHS.

2
(i) RHS = (cosec 0+ cot 0)% = (ﬁ + ‘;’ng)

_ (1 +cos 9)2 _ (I+cos 0)? _ (1+cos 0)(1 +cos 0)
sin 0 sin?0 1-cos’6
(1+cosB)1+cosB) (1+cosb)

N (1+cos 6)(1—cos 0) - (1-cos 6) -

LHS = RHS.

LHS.

EXAMPLE 18  Prove that
. 1
@ (cosec 6 — cot 0)

.. (secb—tan 0)

(&) (sec 0+ tan 0)

= (cosec 0 + cot 0)

= (1+2tan’0 —2sec O tan 0)

SOLUTION We have

. 1 1 (cosec 6+ cot 0)
(i) LHS= (cosec 6—cot 0) N (cosec 6—cot 0) ~ (cosec 6+ cot 0)
(cosec 6 + cot 0)
=m= cosec 0 + cot 6 = RHS
[ cosec’0—cot?’0=1].
LHS = RHS.
y (secO—tan0) (secO—tanB) (sec 6 —tan 0)
(i) LHS = (sec 0+ tan 0) B (secO+tan B)  (sec 6 —tan 0)
(sec © — tan 0)? )
:m: (sec 6 —tan 0)
[ sec’0—tan®0 =1]
=sec?0 + tan’0 —2secOtan 0
= (1+tan’0) +tan’0 —2sec O tan O
=1+2tan’0 — 2sec O tan 6 = RHS.
LHS = RHS.

EXAMPLE 19 Prove that
1 11 1 .
(cosecO—cotB) sin® sin® (cosec®+cot0)
[CBSE 2002C, 06]
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SOLUTION LHS = (cosec 91— cot 0) - sirll 0
1 (cosec 6+ cot 0) 1
N (cosec 6 —cot 0)  (cosec 0+ cot 0) sin6
(cosec 6+ cot 6) 1
:m—cosece [ m:cosece
= (cosec 0 + cot 0) — cosec 0 [ cosec’®—cot?0 =1]
= cot 0.
1 1
RHS= sin® (cosec 6+ cot 0)
1 (cosec 6 — cot 6)
= cosec - (cosec 0 +cot0)  (cosec 6 —cot 0)
(cosec 6 — cot 0)
=cosecO———F———
(cosec”0 — cot”0)
= cosec 6 — (cosec 6 — cot 0) [ cosec’®—cot’0 =1]
=cot 6.
LHS = RHS.

EXAMPLE 20  Prove that
1 1 1 1
(secO—tanB) cos® cosO (sec®+tan0)

- [CBSE 2005, '08]

SOLUTION We have

1 1
LHS = (sec 6 —tan 0) ~ cos6
_ 1 % (sec 6 + tan 0) sec®
(secO—tan )  (sec 6 +tan 0)
(sec 6+ tan 0)
- (sec?0 — tan’0) ~secd
= (sec 0 +tan 0) —sec O [ sec’®—tan’0 =1]
=tan 6.
1 1
RHS = cos 0 (sec 0+ tan 0)
1 (sec 6 —tan 0)
=secO—

(sec 6 + tan 0) x (sec & —tan 0)
(sec 6 —tan 0)

= 9 S

sec (sec®0 — tan’0)
=sec O — (sec 6 —tan 0) [ sec’0—tan’0=1]
=tan 0.

LHS = RHS.
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EXAMPLE 21 Prove that

. sin 0
@ (1—cos 0)
S S
(sec 6 —tan 0)

= (cosec 0 + cot 0)
(ii)

= (sec 6 +tan 0)

SOLUTION We have

0 5= 200
sin @ (1+cos 6)
(1—-cosB) (1+cosB)
[multiplying num. and denom. by (1 + cos 0)]
_sinO(1+cosB) sinO(1+cosO) (1+cos0)
"~ (1-cos?0) sin’0 ~ sin®
= (sirll 0 + ZIOI? g) = (cosec 0 + cot 0) = RHS.
LHS = RHS.
(i) LHS = (secO } tan 0)
1 (sec 6 +tan 0)
N (secO—tan )  (sec 6 +tan 0)
[multiplying num. and denom. by (sec 6 + tan 6)]
_ (secO+tan 0)
~ (sec?0 —tan?0)
= (sec 6 +tan 0) [ sec’0—tan’0 =1]
= RHS.
LHS = RHS.

EXAMPLE 22 Prove that

secO+tan6®—-1_  cos6 |

tan®—secO+1 (1-—sin6)
secO+tanBO -1
tan O —secH+1

+ _ 20 _ 42
 feect (:;1 g)_ Sésceec +61) an’9) [ sec’®—tan’0 = 1]
_ (sec 0 +tan 0)[1 — (sec 0 —tan 0)]
(tan 6 —sec6+1)

_ (sec 0 +tan 0)(tan 0 —sec 6 +1)
- (tan 0 —sec 0+ 1)

[CBSE 2002, '03, '05C]

SOLUTION LHS =

= (sec O +tan 0)
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. . e o
( 1 +sm6>_(1 sin0) (1 smG)X(l sin 0)

cos® cosB cos 0 cos 0 (1-sin 0)
__ (- sin”0) _ cos’ _ oS0 _ i
cos0(1-sinB) cosO(1-sinB) (1—sin0b) ’
secO+tanO—-1  cosO

Hence, 4 0—secO+1 (1-sin0)

EXAMPLE 23  Prove that
sinf—cosO+1 _ 1
sinB@+cos0—-1 (sec6—tan 6)
sinf—cosO+1
sin@+cos0—1
sin@ ., 1

SOLUTION LHS =

_ cos0 cos 0
sinf , . 1
cos 0 cos 0

[on dividing num. and denom. by cos 6]
_tanB®—1+secHh (secO+tan0-1)
tanO+1—-secO® (tanO-secO+1)
_ (sec 6 +tan 0) — (sec®0 — tan0)
(tan®—sec6+1)
(sec 6 +tan 0)[1 — (sec 6 — tan 0)]
(tan 6 —sec6+1)

_(secO+tan O)(tan 6 —secO+1) ot tan 6
- (tan 6 —sec6+1) = (sec tan 0).

[ 1=sec’0—tan*0]

_ 1
RHS= (sec 6 —tan 0)
B 1 (secO+tan 0) (secO+tan 0)
 (secO—tan0) ~ (secO+tan ) (sec’0—tan?0)
= (sec O +tan 0) [ sec’6—tan’0=1].

Hence, LHS = RHS.

EXAMPLE 24  Prove that

cotO+cosecO-1 _1+cos0,
cot 6 —cosecB+1 sin 6

SOLUTION We have

_ (cot 0+ cosec0) —1
"~ (cot ©—cosec 0+1)

LHS
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(cosec 0 + cot B) — (cosec’d — cot?0)
(cot®—cosecO6+1)

[ 1=cosec’—cot?0]
(cosec 6+ cot 0)[1 — (cosec 6 — cot 6)]
(cot®—cosecO+1)
(cosec 6 + cot 0)(cot 6 — cosec 6 + 1)
(cot 6 —cosecb+1)

1 cos0\ 1+cosO _

sin 0 sinG)_ sinp RS
cotO+cosecO—1 _1+cos0,

cot O —cosecO+1 sin O

= (cosec 0+ cot 0) = (

Hence,

EXAMPLE 25  Prove that

\/m= tan 0 + cot 0.
SOLUTION  We have
LHS = y/sec? + cosec?d
= /(1 +tan20) + (1 + cot?0) = y/tan?0 + cot?0 +2
=/tan26+cot29+2tan6'cot9 [ tanB-cot6=1]

= /(tan 0 + cot 0) = tan 0 + cot = RHS.

LHS = RHS.

EXAMPLE 26  Prove that

., /1-sin@ _ _

(1) 4/ 1+sin 0 =secH—tan 0
.. 1+cosH
(ii) 4/ 1= cos 0 = cosec 0 +cot 6

SOLUTION We have

T—sin® +1-sin® _1-sin@

i) LHS = : =
() 1+sin® /1+sin® 1-sin®
__1-sin® _1-sin6
1-sin’g  cos®
-1 ——sme:secﬁ—tanOIRHS-
cos® cosH
LHS = RHS.
1+ 1+
(i) LHs=/TFC0s0 _ y1¥cosd 1+ cosd

1-cos0  /1-cosO 1+cos®
_ 1+cos® _1+cosH

J1-cos’g  sin®
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:.L_ch_s(;): cosec 0 + cot O = RHS.
sin® sin 6
LHS = RHS.
EXAMPLE 27 Prove that
1+Sme 1-sin 6 =2 0 CBSE 2001C
—sme 1+sin® sect. : ]
SOLUTION We have
1 +sin 6 1—sin 6
LHS = —sin 6 1+sin6
_ ¢1+sine ,¥1-sin0 _ 1+sin0+1-sin0
Y1-sin® 1+sin® +/(1—sin6)(1+sin6)
= 2_ 5 2 29—25ec6=RHS.
/(1 -sin?0) x/cos 9 ~ cos
LHS = RHS.
EXAMPLE 28  Prove that
secO—1 secO+1 _
\/8ec 0+1 + secO-1_ 2cosec 0. [CBSE 2006C]

SOLUTION We have

\/sece 1 secO+1  +vsecO—1 secO+1
LHS = - .
secO+1 " VsecO-1 VsecO+1 ysecO—1

secO—1+sec6+1 _ 2sec® _ 2secH

© J(secO+1)(secO-1) 4sec’o—1 tan®
[ sec’0—1=tan’0]
=2cosec 6 = RHS.

2 cos@ _ 2
cos®  sin® sin0O

=2secOcot 0=
LHS = RHS.

EXAMPLE 29  Prove that

cosec 0 cosec 0
(cosec6—1) (cosecO+1)

=2sec?0. [CBSE 2004C, "09]

SOLUTION We have

cosec 0 cosec 0
(cosec6—1) (cosecH+1)

_ cosec 0(cosec 0+ 1) + cosec 0(cosec 0 — 1)
(cosec*0—1)

LHS =

2 cosec?0

_ .. 20 = 1 4 cof?
(1+co0-1) [ cosec™® =1+ cot 0]
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_ 2 cosec?0
cot?0
1 sin?6 2
2 2 x 2n 2
sin“® cos“® cos“0O

=2 cosec’0tan’0

=2X = 2sec?0 = RHS.

AN IMPORTANT REMARK
In order to show that a given trigonometric equation is not an identity, it is
sufficient to find by hit and trial, a single value of 6 which does not satisfy it.

2tan 0

EXAWPLE S  Show that (cos*d ~ sin6) = 7= o

is not an identity.

SOLUTION  Putting 6 = 30°, we find:

LHS = (cos>30° — sin?30°)

B -af)-e-1-2-1a

1 2
an 30° V3 V3
:<f-‘anf’§°°>71—<;§>zr<—‘%r“ e

LHS # RHS.

Hence, the given equation is not an identity.

EXAMPLE 31  Prove that
(i) (sin® A cos®B — cos*Asin?B) = (sin?A —sin’B)
(ii) (tan*Asec’B —sec?Atan’B) = (tan’A — tan’B)
SOLUTION  We have
(i) LHS = (sin®A cos®B — cos® A sin” B)
=sin?A (1 -sin’B) — (1 —sin?A)sin’B
=sin’A —sin®*B = RHS.
(ii) LHS = (tan’ A sec’B — sec’ A tan’B)
= tan?A (1 +tan’B) — (1 + tan?A) tan’B
= (tan®A — tan®B) = RHS.

EXAMPLE 32  Prove that
(sin?’A—sin’B)  (cos’B—cos’A)
cos?A cos’B cos?Bcos?A
[CBSE 2005]

(tan?A —tan®B) =
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SOLUTION We have
sin?’A _ sin’B
cos’A  cos’B

(tan?A —tan®B) =

_ sin®Acos’B — cos?Asin’B

cos?A cos’B
3 sin?A (1 —sin?B) — (1 — sin®A)sin’B
- cos?A cos’B
_ (sin®A —sin*B)
" cos’Acos’B

in?A  sin’B
Also, (tan?A — tan?B) = 22 _
( ) cos’A  cos’B

_ sin®?Acos?B - cos®?Asin’B

cos?A cos’B
(- cos?A)cos’B — cos’A (1 — cos’B)
- cos?Bcos’A
B (cos?*B —cos*A)
" cos’Beos?A
Hence, (tan®A — tan’B) = (sin>A —sin’B) _ (cos*B —cos*A) )
’ cos*A cos’B cos’Bcos*A
EXERCISE 13A

Prove each of the following identities:
1. (i) (1-cos’8)cosec’d =1 (i) (1+cot*@)sin’0 =1

2. (i) (sec’0—1)cot’0 =1 (ii) (sec?®—1)(cosec’0—1)=1
(iii) (1 - cos?0)sec?0 = tan’0
3. (i) sin’@ RN S (ii) 1 + 1

=1
(1+tan?6) (1+tan®0) (1+cot’6)
4. (i) (1+cos 0)(1—cos0)(1+cot’0) =1

(ii) cosec 0(1+ cos B)(cosec 6 —cot0) =1

. . 1
5. (i) cot?0— sinZ6 =-1 (i) tan®0— 0520 =-1
1
20+—-——=1
(iii) cos (1+cot?0)
1 1

=2sec’0

6 A+sin0) T (1-sin0)
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7. (i) sec0(1—sin O)(secO+tan 6) =1

(i) sin 6(1 + tan 6) + cos 6 (1 + cot ) = (sec O + cosec 0)

. cot’0 _
8. (i) 1+ (1+cosec0) cosec 0
.. tan’0
(i) 1+ (T +sec) sec 0
(1+tan0)cot 0
9. ———— S —=tan®
cosec”0

tan20 N cot?0

10. =
(1+tan®0) (1 +cot?0)
sin§  (1+cosB)
11. (1+cos ) + Sn 0 =2cosec 0
tan 0 cot 6
12. (- cot 0) + (I—tan®) (1+sec@cosec 0)
cos’0 sin’ _ .
13. (1—-tan 6) - (sin®—cosB) (1 +sin 6cos )
.2
14 cos 6 sin"0 = (cos 0 +sin 0)

" (1-tan 0) - (cos 6 —sin 0)

1

15. (1+tan?0) (1 + cot?0) = m
—si

tan 6 cot 6 .
: + =
16 (1+tan?0)? | (1+cot?0)? sin 6 cos 6

17. (i) sin®@+cos®® =1 —3sin’6cos?O

(ii) sin?0 +cos*® = cos”® +sin*0

(iii) cosec*® —cosec?d = cot*0 + cot?0

18. (i) % = (cos?0 —sin’0)
(ii) 71;):3 1_1216 = tan’0
19. (i) (setcag? 1 (setcagﬂ? 1 =2cosec 0
(if) (cosCe(():t69+ 1) (Cosce(fteeJr - =2sech
20. (i) secO—-1 _ sin?0

secO+1 _(1+C059)2

secO—tan® __ cos’0
secO+tan® (1+sin6)>

(ii)

[CBSE 2008]

[CBSE 2008C]

[CBSE 2007]
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1+sin6
21. ()4/ ~ein® = (sec 0 +tan 0)
.. 1-cosb
(ii) 4/ 1+ cosO = (cosec 6 — cot 0)
1+ cos 9 1—cosH _
(iii) \/1 cose 1+cosH =2cosect
cos’0+sin’0 | cos’O—sin®0
22. c0s0+sin0® | cosO-sin0 2 [CBSE 2009C]
23 sin 0 B sin _
" (cot O+ cosecH) (cot6—cosec9)
2. () sin@—cosG+sin6+C059: 2
’ sin@+cos® sinO-cosO (2sin?0-1)
(i) sin®+cos0  sin0—cosO _ 2
sin®—-cos® sinB+cosO (1-2cos’0)
— ain2
25. % =cot0 [CBSE 2003]
26. (i) % (cosec ©+cot 8)?=1+2cot’0 +2 cosec O cot 0
[CBSE 2003]
.., secO+tan6 _ 2 _ 2
(ii) SecO—tan0 (secO+tan0)°=1+2tan“0+2sec Otan 6
27. () 1+cosO+sinB _1+sin0
' 1+cos®—sin®  cosO
(i) sinO+1-cos® _1+sin0 CBSE 2001C
cos0—1+sin 0 cos 6 : ]
sin 6 cos 0
+ =
28. (secO+tan®—1) (cosecO+cotO—1) 1
g Sin 0+cosO , sin®—cosO _ 2 _ 2 [CBSE 2007]

"sinB-cos® sin@+cosO (sin?0 — cos*0) B (2sin?6—1)

30. cos O cosec O —sin Osec O _ cosec 0 —sec 0

cosO+sin O

31. (1 +tan 6 + cot B)(sin 6 — cos 6) = ( secO _ cosec 6)

cosec’0  sec?f
cot?’0(sec®—1) sec’(sinB—1)

32. (1+sin 0) - (1+sec) =0
1 1 —sin’fcos*0
33. + 0cos’f)=—"—5——
{(secZG —cos°0) (cosec’® —sin’ e)}(sm cos™8) = 2 +5in*0 cos*0

(sin A —sin B) . (cos A—cos B)
(cos A+cosB)  (sin A+sinB)

34.
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tan A+tan B
cot A+cot B
36. Show that none of the following is an identity:

(i) cos’@+cos®=1 (ii) sin’0+sin®=2  (iii) tan?® +sin O = cos’H
37. Prove that: (sin 8 —25sin®0) = (2cos®6 — cos 8) tan 6.

35. =tan Atan B

38. If 1 +sin?0 = 3sin O cos 0 then prove that tan 6 = 1 or % :

HINTS TO SOME SELECTED QUESTIONS

8. (i) Write cot?0 = (cosec?0—1).
(ii) Write tan?6 = (sec29 -1).

2 2 )
10, LHS = tan29 +_cot g :<sm29 . 9) (cos 0 X sin 6) (sin20 + c0s26) =
sec”® cosec”® \cos“6O sin%0
12. Write tan 0 = 32 0 and cot 0 = cg_se,
cos 6 sin 6

13. Write tan 0 = > 0 and simplify.

cos 9
14. Write tan 6 = and simplify.
15. LHS = sec?6 - cosecze = %
cos“0sin“0
1 _ 1

~ sin%0 (1-sin20) - (sin2 0 —sin* 0)

16. LHs = tand  _cotd =<Sin9 46) (cose

4
cos 0 nGX nO)

sec?®  cosec*d
= (sin 0.cos®0 +sin>6 cos 6) = sin O.cos O(cos20 + sin?B) = sin 6 cos 6.
17. (i) sin®0+cos®0 = (sin?0) + (cos?0)>
= (sinZO + cos29)(sin49 +cos*0 —sin?0 c0s29)
= (sin?0 + cos20)% — 3sin?0.cos?6 = (1 — 3sin?H cos26).
(ii) (cos46 —sin*0) = (cos?0 — sin?0)(cos?H + sin6)
= (cos*0-sin*0) = (cos?0 —sin?0)
= (sin®0+cos*B) = (cos?B +sin0).
(iii) (cosec4 60— cot*0) = (cosec2 0+ cot? 6)(cosec26 - cot? 0)
= (cosec*® - cot*0) = (cosec?6 + cot?0) [ cosec?d—cot?0=1]

= (cosec49 - cosec? 0) = (cot49 +cot? 0).

1
<7c0s671) (1-cos) (1+cos®) (1-cos’0)  sin?0

20. (i) LHS= = =
® < 1) ~ (1+cos6) = (1+cos0) (1+cos0)%  (1+cos0)?
cos 0
(i) LHS—<C 0s 0 cosO) (1_5m9)x(1+5m9): 1-sin?0 _ _ cos?0
<1 sm6> (1+sin@) " (1+sin6) (1+sin0)> (1+sin6)?

cosO cos6



Trigonometric Identities 587

Y1+sin6 «/1+sin9=(1+sin6)=(1+sin9)=(1 +sin9)
Y1-sin® y1+sin® 1-sin%p cos 0 cosO cos®

= (sec 0 +tan 0).

21. (i) LHS=

22. (cos’0 +sin®0) = (cos 0 + sin 0)(cos?0 +sin’6 — cos O sin 0).
And, (cos36 —sin® 0) = (cos 6 —sin 0) (c0529 +5sin20 + cos Osin 0).

cos 0
sin 6

25. Write sin?0 = (1 — cos>6).

and cosec 6 = .1 .
sin 6

23. Write cot 6 =

(cosec O+ cotB) (cosec 6+ cot 0)

26. (i) LHs = (cosec O —cotB) ~ (cosec 6+ cot 0)

= (cosec 0 + cot 6)2.

And, (cosec 6 + cot 9)2 = cosec? + cot?0 + 2 cosec 0 cot 6

= (1 + cot?6) + cot?6 + 2 cosec O cot 6.

. _ (sec6+tan 0) X(sec6+tan6).
(i) LHS = (secO—tan )  (sec ©+tan 0)

27. (i) On dividing num. and denom. by cos 0, we get
(secO+tan 0)+1  (sec O+ tan 0) + (sec’6 — tan20)
:(seCGJrl*tanG): (sec6+1—tan 0)
(sec 0+ tan 0)(1 +sec 0 — tan 0)
- (1+sec6—tan 0)
(ii) On dividing num. and denom. by cos 6, we get

_ _( 1 sin @)
= (secO+tan 6) = (cos 0 " cos 9)
tanO+secH—1 _(secO+tan 6)— (sec29 —tanze)
1-secO+tan® (tan ©—sec6+1)

_ (sec 0 +tan 0)[1 - (sec 0 —tan 0)]
- (tan®—secO+1)

LHS =

= (secO+tan 0).

sin 0 cos 0

28'LH5:< 1 +sin6_1) ( 1 +cos9_1)
cosO cosH sin@® sin O
={ sin 6 cos 6 + sin 6 cos 6 }
1+sinB—cos® 1+cosO—sin0
. . 1 1
= (sin O cos 0) {1 + (sin 6 — cos 0) * 1—(sin 6 — cos 6)}
. (1-sin 6 +cos 0) + (1 +sin 6 — cos 0)
= (sin 6 cos 0) - - )
1—(sin 6 — cos 0)
. 2 _
= (sin 0 cos 0) X 75in0cos 0 1.
i sin 0.cos 0 +sin?0 + cos20) (sin 0 — cos 0
31. LHS=(1+w+C9—se)(sinG—cose)=( - ) )
cosO sin6 sin 0 cos 0
_ (sin®0 — cos’0) :< sin®0  cos®@ ): (sinze B cosze)
sin 0 cos 0 sinf@cosO sin 6cos O cosf sin6
_ ( sece2 _ Cosezc 9) = RIS,
cosec”®  sec”O
cot?0 (secze -+ secze(sinze -1) (cot26 tanze) - (seczecosze)
32. LHS = = =

(1+sin 0)(1 +sec 0) (1 +sin 6)(1 +sec 6)
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1 1

33. LHS = + (sin?0 cos?0)
1 2 2
—, - —cos 9) ( 5 sin“0
cos“0 sin“0
2 2
= cos 94 + sm. 64 }sinzecosze
(1-cos*0) (1-sin0)

2 2
-1 cos“0 S ; sin 6. - }sin29c0s29
sin“0(1+cos“0) cos“0(1+sin“0)

_cos*0(1 +sin0) +sin*0 (1 +cos®0)

1+ cos? 0)(1+ sin? 0)

3 cos*0 +sin?0 + cos?0 sin?0 (cos?0 + sin0)

1+ (sin2 0+ cosze) +sin?0 cos?0

(c0529 +5in%0)% —sin%6 cos>H _1-5sin®0cos?6

2+sin6.cos’H ~ 2+5in%0cos20
a4 LHSﬁ(sinAfsin B)(sin A +sin B) + (cos A — cos B)(cos A + cos B)
' - (cos A+ cos B)(sin A +sin B)
_ (sin®A - sin?B) + (cos?> A — cos?B) _ (sin?A + cos?A) — (sin?B + cos’B)
" (cos A+cosB)(sin A+sinB) ~ (cos A+ cos B)(sin A +sin B)
) (1-1) _
" (cos A +cos B)(sin A+sin B)
_tan A+tanB _ tan Atan B(tan A+tan B)
35. LHS = 1 . 1 - (tan A+ tan B) =tan Atan B.
tan A tan B
2
) cos?30° o_ﬁ)£§£3+2f
36. (i) cos“30°+cos 30 (2 + > =1t
e dae e (1P, 1 1,13
(i) sin?30° +sin 30° = (5] +5 =7 +5=7#2
. 1 1 _vY2+1
iii) LHS = tan?45° +sin 45° = (1)2+—==1+—==
(iif) (€] 72 2 A

12 1
RHS = cos?45° = (7) ==
/2 2

LHS #+ RHS.

38. 1+sin?0 =3sinOcos 0 = sec’0+tan’0 =3tan 0 [dividing throughout by cos?6]
= (1+tan?0)+tan?0 = 3tan O
= 2tan*0—3tan0+1=0
= 2tan*0—2tan 6—tan 6+1=0
= 2tanO(tan0—1)—(tan 06— 1) =
= (tan6—-1)2tan®-1)=0
= tan0=1 or %
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ELIMINATION OF TRIGONOMETRIC RATIOS

In order to eliminate the T-ratios from given relations, we make use of

the fundamental trigonometrical identities, as shown in the examples
given below.

SOLVED EXAMPLES

EXAMPLE1  If x=asin®+bcos® and y=acos®-bsin®, prove that
PP =+
SOLUTION  We have
x*+y* = (asin O +bcos 0)*+ (acos O — bsin 0)*
= 4% (sin’0 + cos?0) + b*(cos?O + sin’0)
=a®+b* [. sin®0+cos?0=1].
Hence, x> +y* = a +b°.
a v
EXAMPLE2  If x =asin 0 and y = btan 0, prove that (—2 - —2) =1
oy
SOLUTION  We have
o a__1 a_ .
x=asin® = sineix cosec 0 .. (D)
andy=btan6:>£= 1 :>£=cot9 (i)
Y tan® y ’
Squaring (i) and (ii) and subtracting, we get

a? b
(xz - ?> = (cosec?0 — cot?0) = 1.

EXAMPLE3  Iftan 0+ sin O = m and tan 6 — sin 0 = n, prove that
(m*—n? =4ymn.
SOLUTION

[CBSE 2010]
We have
LHS = (m*—n?

= (tan 0 + sin 0)>— (tan 0 — sin 0)*> = 4 tan Osin O

[ (a+b)*—(a—b)*=4ab].
RHS = 4y/mn = 4,/(tan 6 + sin 0)(tan 6 — sin 0)

-2
=4,/(tan’0 - sin?0) = 4 - (M - sinze)
COs
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EXAMPLE 4

SOLUTION

EXAMPLE 5

SOLUTION

EXAMPLE 6

Secondary School Mathematics for Class 10

2 2 =2 2
0- 0 6
—4 x/ sin sin”0cos .sin© 1= cos?

cos 6 cos0
=4tan O m =4tan O0sin 0.
Thus, LHS = RHS.
Hence, (m*> - n?) = 4ymn.

If sec 6 + tan 6 = m, show that 2 5 =sin 0. [CBSE 2004]

We have
(m*-1)=(sec @ +tan 6)*—1
=sec?0+tan’0 +2secOtan 6 — 1
= (sec’0—1) +tan’0+2sec O tan O
=2tan?0 +2sec Htan O [ sec?’6—1=tan’6]
=2tan 6 (tan 6 +sec 0). ... (1)
(m?*+1)=(sec @ +tan 6)>+1
=sec?0+tan’0 +2sec Otan 0 + 1
= (1+tan’0) +sec’>0+2sec O tan O
=2sec?0+2sec Otan O [ 1+tan®0 = sec?0]
=2sec O(sec O +tan 0). ... (i)
From (i) and (ii), we get

m2_1 .
( )—tane—(smexcos6>=sin6.

(m*+1) secO \cos®
(m*-1)
Hence, m = sin 6.

If sin 6 + cos 6 = m and sec © + cosec 0 = n, prove that
n(m*—1) =2m.
We have
n(m®—1) = (sec 0 + cosec 0)[(sin 6 + cos 0)>— 1]

=< 1,1 )[(sin26+cos29)+2sinOcose—l]

cosO sin®
(sin 6 + cos 0) .
=———F 4+ "2sinBcos O
sin O cos 0
2(sm 6+ cos 0) = 2m.
Hence, n(m>—1) =

Ifcos@+sin 0 = V2 cos 0, show that (cos 0 —sin 0) = V2sin 0.
[CBSE 2008C]



SOLUTION

EXAMPLE 7

SOLUTION

EXAMPLE 8

SOLUTION

EXAMPLE 9

SOLUTION
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We have

c056+sin6=ﬁc056

(cos 0+ sin 0)* = 2cos*0

c0s°0 +sin’0 +2 cos Osin O = 2 cos>0

€0s20 —2cos Osin 6 = sin?0

LU Ul

05”0 —2cos Osin 6 +sin’0 = sin’0 + sin’0
[adding sin®0 on both sides]
= (cos 0—sin 0)? = 2sin’0

= (cos 0 —sin 0) =4/2sin 6.
Hence, (cos 6 —sin 0) = ﬁsin 0.

Ifsin @ +sin”6@ = 1, prove that cos +cos*0 = 1.
sin 0 +sin’0 =1

= sin®=1-sin’0

= sin 6 =cos?0 [ 1-sin?6 = cos?0]
= sin’0 =cos*0

= 1-cos’*0=cos*0 [ sin?0=1-cos?0]
= cos’0+cos'O=1.

Hence, cos?0 + cos*6 = 1.

If cos 8 +sin © =1, prove that cos 6 —sin 6 = X1.
We have

(cos 8 +sin 8)? + (cos B — sin B)? = 2(cos*0 + sin?6)

= (cos 0+sin 0)?+(cos 0—sin0)>=2 [." (cos’0+sin?0) =1]
= 1+(cos@—sinB)>=2 [ cos B +sin 6 =1(given)]
= (cos0—-sinB)>=1

= (cos6—sin 0) ==+1 [taking square root on both sides].

Hence, (cos 6 —sin 6) = *1.
If xsin®0+ycos’0 = sin O cos O and xsin 0 =y cos O, prove that
+yt=1.
xsin’0 +1cos’0 = sin 6 cos 0
= (xsin 0)sin”*0 + (y cos 0) cos”0 = sin O cos O
= (xsin 0)sin?0 + (xsin 0) cos>0 = sin O cos O
[ ycos B =xsin 0]
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EXAMPLE 10

SOLUTION

EXAMPLE 11

SOLUTION

EXAMPLE 12

Secondary School Mathematics for Class 10

= (xsin 0)(sin®0 + cos’0) = sin B cos O

= xsin®=sinOcosO [ sin®0+cos?0 =1]
= x=cos0. ... (1)
Now, xsin 6 = ycos 0

= cos0sin®=ycos O [ x=cos0]
= y=sinb. ... (ii)
On squaring (i) and (ii) and adding, we get x> +* = 1.

Hence, x> +y*=1.

If x=asecOcos ¢, y = bsec Osin ¢ and z = ctan O then prove that
2

2 y 2
(5

We have
%=sec9cos¢ .. (D) and%=secesin¢ ... (id).

Squaring (i) and (ii) and adding, we get
x_2 + :I/_Z = 2 e 2 + g1 2
2 )T see (cos“d +sin“¢)
= sec?0 [ cos*dp+sindp =1]

2
=(1+tan’0) = (1 +%> [ tan © = %]

2

X2y z*
e l§ 35

Ifx =rsin a.cos B, y = rsin asin f and z = r cos a, prove that
x2+y2+22:r2.
We have
x*+y*+2z% = r*sin*a.cos’B + r’sin’asin’B + r* cos’ o
= r?sin’a.(cos® P + sin?B) + r* cos’a
=¢?sina + r*cos’a [ cos?B+sin®p=1]
=r?(sin*o+ cos?a) =72 [." sino + cos?a = 1].

Hence, (x*+y*+2%) =%

If cosec © — sin 8 = m and sec 6 — cos 6 = n, prove that

(mzn)%+ (ng)% =1.
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SOLUTION We have

m?n = (cosec § —sin )2 - (sec 6 — cos 0)

(sirll g sin 9)2 ' (oolﬁ ~cos )

(1 - sin2 9)2 (1 - COSze) _ COS49 sinZe

_ . _ 3
sin?0 cos 6 sin20 - cosf <050
(mzn)% = cos 6. .. (D)
Again, mn* = (cosec 0 — sin 0) - (sec 6 — cos 0)*
(.1 . (1 2
- (sin o 6) (cos o " 6)
_ (1-sin’0) (1-cos’0)
B sin O COSZG
_ cos?0 _ sin*0 — sin0
sin® ~ cos?0
(mnz)% =sin 0. ... (ii)

On squaring (i) and (ii) and adding the results, we get
(mzn)%+ (ng)% =1 [ cos*@+sin?0=1].

Hence, (mzn)%+ (mnz)% =1.

EXAMPLE 13 Ifacos 0 —bsin 0 = ¢, prove that
(asin®+bcosB) = +/a*+ b 2. [CBSE 2006C]

SOLUTION Given, acos 0 —bsin 0 =c. ... (D)

Now, (acos 0 — bsin 0)*+ (asin 6 + bcos 0)?

= a%(cos?0 + sin’0) + b*(sin®0 + cos’0) = (a> + b?).

Thus, (acos © — bsin 0)>+ (asin 0 + bcos 0)2 = (a>+ b?)

= 2+ (asin 0+b cos 0)* = (a*+b?)

=  (asin®+bcos0)*=(a*+h*-c?)

= (asin6+bcose)=i«/m.

Hence, (asin 6 + b cos 0) = im .

EXAMPLE 14 If (3sin 0+ 5 cos 0) = 5, prove that (5sin 6 — 3 cos 0) = 3.
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SOLUTION  We have
(3sin 0+ 5cos 0) + (5sin O — 3 cos 0)>

=9(sin’0 + cos?0) + 25 (sin*0 + cos>0)

= (9+25)=34.
(3sin 6+ 5cos 0)*+ (5sin 8 —3 cos 0)* = 34
= 52+ (5sin0—3cos 0)* =34 [ 3sinB®+5cos 6 =5]

= (5sin®—-3cos6) =£3 [taking square root on each side]
Hence, (5sin 6 —3 cos 0) = 3.

EXERCISE 13B
1. If acos 6 +bsin 6 = m and asin 6 —bcos 8 = n, prove that
(m*+n? = (@*+b%).
2. If x=asec®+btan 0 and y = atan 6 + bsec 6, prove that

(xZ_yZ) — (ﬂZ _ bZ)

3. If (%sin 06— %cos 6) =land (%cos 0+ %Sin 9) =1, prove that

2y
(E*?):Z

4. If (sec 6 + tan 0) = m and (sec 6 — tan 0) = n, show that mn =1.

5. If (cosec 0 + cot 0) = m and (cosec 0 — cot 0) = n, show that mn = 1.

3 . 3 XV (Y @

6. If x=acos’0 and y = bsin’, prove that (Ey + <E) =1

7. If (tan 0 + sin 0) = m and (tan 6 — sin ) = 1, prove that
(m?*-n??=16mn.

8. If (cot 6 + tan 0) = m and (sec 6 — cos 6) = n, prove that
(mzn)%— (mnz)% =1.
9. If (cosec 0 —sin 0) = a® and (sec 0 — cos 0) = b*, prove that
a?b*(@*+bH) =1.
10. If (2sin © + 3 cos 0) = 2, prove that (3sin 6 —2cos 0) = £3.
11. If (sin 0 + cos 0) = y/2 cos 0, show that cot 6 = (y2 +1).

12. If (cos 0 +sin 0) = y/2'sin 6, prove that (sin 6 —cos 0) = V2 cos 6.
13. If sec 0 + tan 0 = p, prove that

2
. _1( .1 . 11 I e
(i) secO = 2<p+ P) (ii) tan 6 = 2<p P) (iii) sin 6 = i1
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14. If tan A = ntan B and sin A = msin B, prove that cos*A = (

15. If m = (cos 6 —sin 8) and n = (cos 0 + sin 0) then show that

A s

HINTS TO SOME SELECTED QUESTIONS

7. See Example 3.

8 m:(c059+sin9) (cos 0 +sin? 6) 1
sin® cos 0 sin 0 cos 0 sin0cos 0
n:( 1 _Cose):<1—c0529>:sin29.
cos 0 cos 0 cos 0
.2
5 1 sin 9)7 1 3
mn = X = =sec’0
(sinzecosze cos0/  cos®e s
4 .3
and mn?=|(— 1 x S 0)_ sin"0 = tan®0.
sin0cos 0 0520/ cos3O

(mzn)% - (ng)% = (sec3e)% - (tan3e)% = (sec?0—tan?0) = 1.
Cain2 2 2
9. ﬂ3=<—~l —sine)z(l o 6>= cos' § _, ,_cos738,
sin 0 sin 0 sin 6 sin% 9
— o2 2 Y
b3:< 1 —cose):<1 cos 6>:sme:> _ sin730
cos 0 cos 6 cos 0 cos%e
a*b*(@*+b%) = a*b*+a’b* = 2 (ab?) + (@’ D) b°
_ cos®0 [cos/ 30 sm/ 6] [cos/ 30 sm/ 30 51r129
sin § lsm/e COS/GJ lsm/e cos/e cos §

2
=—Csc1)rs199 i Scloll’g =(c0529+sin29)=

10. (2sin 6+ 3 cos 8)% + (3sin B — 2 cos 8)% = 13(sin?6 + cos26) = 13
= 22+ (3sin0-2cos 0)?>=13 = (3sin O —2cos ) =
= (3sin0—2cos ) =+£3.

11. sine+c056:«/§cose
= 1+cot0=42cot® [dividing both side by sin 6]

_ 11 (2+1)
= (ﬁ—l)cote—lﬁcote—(ﬁ_l)—(ﬁ_l) WVZe1) =(y2+1).

12. (cos 6 +sin 0)2 =2sin?0 = cos?0 +sin0 +2cos Osin 6 = 2sin0

=  sin?0-2cos Hsin O = cos?0 = sin’0—2cos Osin O +cos?0 = 2 cos?O
= (sin®—cos 6)2 =2c0s%0 = (sin 6 — cos 0) =42 cos 6.

(m*-1)
(n?—1)

595
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13.

14.

15.

sec O +tan 0 = p. .. (@)
sec?0—tan?0 = 1. ... (ii)
On dividing (ii) by (i), we get
secO—tan9=%' ... (iii)
. 1.1 =1, 1)
from (i) and (iii), we get sec 6 = 5 (p + P)’ tan 6 2( P)

tan 6 _%(P—%) _ (szl)_

sec 0 _%<P+%)_(p2+l)

We have to eliminate B. So, we find cosec B and cot B from the given relations and use

Also, sin 0 =

the identity cosec*B—-cot?B=1.

A __m .
sin A =msin B = cosec B sn A ()
_ __n_. ..
tan A=ntan B = cot B tan A ... (ii)
Squaring (i) and (ii), and subtracting the results, we get

m? n*

sinA  tan’A

=1= m?-n?cos’A =sin’A = m?-n?cos?A =1-cos’A

2_ 24 2 2 :(mzfl).

= (n“—1)cos“A=(m-—1) = cos“A (nz—l)
LHS=(m+n)'
Jmn

Now, (m +n) = 2cos 0 and mn = (cos>6 — sin?0) = cos?0 (1 — tan>).
Vmn = cos 04/1 - tan?0.

(m+n) 2cos 0 _ 2

Hence, LHS = =
ymn cos Gx/l—tanze x/l—tanze

= RHS.

EXERCISE 13C

Very-Short and Short-Answer Questions

1.

. Write the value of (cotze -

Write the value of (1 —sin*6)sec?®.

2. Write the value of (1 — cos*6)cosec?8.
3.
4
5

Write the value of (1 + tan®8) cos*#6.

. Write the value of (1 + cot?8)sin*.

. Write the value of (sinze + +>

1+ tan’60

sin29>.

. Write the value of sin 8 cos (90° — 0) + cos 0sin (90° — 0).
. Write the value of cosec?(90° — 0) — tan>#.



15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.
27.
28.
29.

30.
31.

32.
33.

Trigonometric Identities

. Write the value of sec’8 (1 + sin 0)(1 —sin 6).
10.
11.
12.
13.

14.

Write the value of cosec?6(1 + cos 8)(1 —sin ).
Write the value of sin®0 cos?6 (1 + tan?8)(1 + cot*0).
Write the value of (1 +tan?8)(1 + sin 8)(1 — sin 0).

Write the value of 3 cot?0 — 3 cosec?6.

Write the value of 4tan*0 ———
cos“0
tan®0 —sec’0

Write the value of —— >
cot“0 —cosec” 0

Ifsin 6 = %, write the value of (3cot?8 +3).

If cos B = %, write the value of (4 +4tan’0).

If cos 0 = %, write the value of (tan 6 + cot 0).
cos 6 =3, write the value o (sec0+1)

If Stan 0 = 4, write the value of <22 0519
an v = 4, write e value O (COS e + Sin e)
(2cos 6 +sin 0)

If 3cot 6 = 4, write the value of m-

1 ) (1—cos?0)
If cot © = —=, write the value of ————
V3 (2 —sin"0)
1 , (cosec?® —sec?0)
If tan © = —=, write the value of —————
V5 (cosec”0 +sec”0)
If cot A= % and (A + B) =90°, what is the value of tan B?
If cos B = % and (A +B) = 90°, find the value of sin A.

If /3 sin © = cos 6 and 0 is an acute angle, find the value of 6.

Write the value of tan 10° tan 20° tan 70° tan 80°.
Write the value of tan 1°tan 2°... tan 89°.
Write the value of cos 1° cos 2°... cos 180°.

If tan A = %, find the value of (sin A +cos A)sec A.

If sin 0 = cos (0 —45°), where 0 is acute, find the value of 0.

Find the value of 22 500 4+ £05€€ 49 —4cos 50° cosec 40°.
cos 40 sec 50

Find the value of sin 48° sec 42° + cos 48° cosec 42°.

597
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34. If x = asin 0 and y = bcos 0, write the value of (b*x*+a’y?).

35. If 5x = sec 6 and % = tan 0, find the value of 5<x2 - %) [CBSE 2010]
x
36. If cosec © = 2x and cot 0 = %, find the value of 2(3(2 - %) [CBSE 2010]
x

37. If sec 0 +tan 0 = x, find the value of sec 0.

cos 38° cosec 52° )
tan 18° tan 35° tan 60° tan 72° tan 55°

39. If sin O = x, write the value of cot 0.

38. Find the value of

40. If sec 0 = x, write the value of tan 0.

ANSWERS (EXERCISE 13C)

1.1 21 3.1 4.1 51 6.-1 7.1 8. 1 9.1
0.1 1.1 12,1 13.-3 14. -4 15.1 16.12 17.9 18 %

1 1 11 3 2 4 3 .

19.2 205 2Ly 2.7 2.3 2.5 2.5 26.30° 27.1
28.1 29.0 30 % 31. (67.5)° 32. -2 33.2  34. a’b” 35. %
36,1 g7 X1 N R e PO pe I

) © oy . \/5 8 X X

HINTS TO SOME SELECTED QUESTIONS

2. (1-cos?6)cosec?0 = sin?0 - cosec?0 = 1.

4. (1+ cotze)sinze = cosec?Bsin0 = 1.

5. <sin26 +1+t1729) = <sin29 + 126) = (sin?0 + cos?0) = 1.
an sec

(o)}

. <cot26 Y > = (cot?0 — cosec?0) = cot?6 — (1 + cot?) =—1.
sin“ 0
7. sin B cos (90° - 0) + cos Hsin (90° — ) = sin 0 sin 0 +cos 0 - cos O = sin?0 + cos?6 = 1.
8. cosec?(90° — 6) — tan?0 = sec?0 — tan’6 = 1.
9. Given expression = sec?0 1- sin? 0) = sec?0cos?0=1.
10. Given expression = cosec’d 1- cos? 0) = cosec?0sin0 = 1.
11. Given expression = sin20 (1 + cot?0) cos20 (1 + tan0)
= (sin0 cosec? 9)(c0526 sec?0) = (1 1)=1.

12. Given expression = (1 + tan?0)(1 — sin?0) = sec’H cos?6 = 1.



13.
14.

15.

16.
17.
18.

19.

20.

21.

22.

23.

24.

25.
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Given expression = 3 cot?0-3 1+ cot? 0) =-3.
Given expression = 4 tan?0 — 4sec?0 = 4tan’0 — 4 1+ tan? 0) =—4.

. . (sec29 - tanze) 1
Given expression = 5 =1 1.
(cosec” — cot”0)

3cot?0+3= 3(cot26 +1)= 3cosec’ = (3X4)=12 [. cosec6=2].

(4+4tan”6) = 4(1 + tan’0) = 4sec?0 = (4 xg) =9 [ sec = 3]-
4 2

Consider a right AABC in which £B =90°, AB=7 and AC = 25. e

BC?= AC?- AB?= (25)2- (7)% = (625 — 49) = 576.

BC = /576 = 24. 25 o4

(24 7\_576+49 _ 625,
(tan 0+ cot ) = (7 +57) = >0 =2
(é_ 1) ]

(sec6-1) \2 _(1 2) A 7 B

_ (L2 1.
sec6+1) (3 25/ 5

5+1)
(cos0—sin0) (1—tan )
(cos 0+sin0)  (1+tan 0)

_(17@_1 .. 4
_(1+%)_9 [ tanG—S]
(2cos0+sin0) (2cotO+1)

(4cos0—sinB) (4cotO—1)

[dividing num. and denom. by cos 6]

[dividing num. and denom. by sin 6]

4
2
4 13
4x3-1
1 20 2 s
( COSZ): smez -4 [cosec29:(1+c0t26):(1+l):é:sinzG:é
(2-sin?0) (2-sin%0) (2_§> 33 4
4
—(344_3.
~(1%5)=3

cosec?0 = (1 +cot29) =(1+5)=6, sec? = 1+ tanze) = (l +%) =
6

(cosec?d — sec?0) (6_ 5) _24 2.

(S]]

(cosec?6 +sec?0) (6+g) "3 3

A=90°-B = cot A=cot(90° —B) = tan B.

4,
3
B=90°—-A = cos B=cos (90° — A) = sin A

tanB=cot A=

sinA:cosB:%
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26

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.
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.x/gsinezcoseétanezLiGZBO".

V3
Given expression = (tan 10° tan 80°) (tan 20° tan 70°)
= {tan 10° tan (90° — 10°)} {tan 20° - tan (90° — 20°)}
= (tan 10° cot 10°) (tan 20° cot 20°) = (1 X 1) = 1.
Given expression
= (tan 1° tan 89°) (tan 2° tan 88°) ... (tan 44° tan 46°) tan 45°
= {tan 1° tan (90° — 1°)} {tan 2° tan (90° —2°)} ... {tan 44° tan (90° — 44°)}tan 45°
= (tan 1° cot 1°) (tan 2° cot 2°) ... (tan 44° cot 44°) X 1
=(AX1X1X...X1xX1)=1.
Given expression

=(cos1°cos 2°...cos 89° cos 90° cos 91°.... cos 180°) = 0, since cos 90° = 0.

. . 1 _(sinA  cosA
(smA+cosA)secA—(smA+cosA)><COSA—(COSA+COSA)
~(tan A+1)=(2+1)=12-
sin 0 = cos (0 —45°) = cos (90° — 0) = cos (6 —45°).

= 90°-0=0-45"=20=135"= 0=(67.5)".
Given expression

= os ?;?)59 50) + SeCC(();goC i}g 0~ 4 cos 50° cosec (90° —50°)
_ sin 50° | cosec 40°
sin 50°  cosec 40°
sin 48° sec 42° + cos 48° cosec 42°
= sin 48° sec (90° —48°) + cos 48° cosec (90° — 48°)

= sin 48° cosec 48° + cos 48°sec 48° =1+1=2.

—4cos50°sec50°=1+1-4=-2.

sinOI%andcosGZ%'
2 2
Squaring and adding, we get x_2+ % =1= b2x*+a%y* = a%b%.
a

Squaring and subtracting, we get
25(x2 *%) = (secze - tanze) =1= 5<x2 *%) = %
x x
Squaring and subtracting, we get
ax2-L)= (cosec?0—cot?0) =1 = 2 2-L)=1.
x? x? 2

sec9+tan9:xﬁsec9—tan9=%

. (e (225,
Adding, we get 2sec = (x+ x) = secO —( o )
Given expression

B cos 38° cosec (90° — 38°)
" (tan 18° tan 72°) (tan 35° tan 55°) tan 60°
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cos 38° sec 38°
{tan 18° tan (90° — 18°)} {tan 35° tan (90° — 35°)} - ¥/3

_ 1 -1
(tan 18° cot 18°) (tan 35° cot 35°)4/3  v/3

39. cos 0 = y/'1-sin?0 =1 -x2.
cos® _¥1-x*

sinf X

cotO =

40. sec?0 = (1 +tan?0) = tan?0 = (sec?0— 1)

=>tan9:x/sec29—l:x/x2—1.

MULTIPLE-CHOICE QUESTIONS (MCQ)

Choose the correct answer in each of the following questions:

sec30° _
" cosec 60°
2 V3
a) —(— b) —— c) V3 d) 1
@ = (b) 5 © V3 (d)
5 tan 35°  cot78° _ »
" cot55° tan12°
(@) 0 (b) 1 (c) 2 (d) none of these
3. tan 10° tan 15° tan 75° tan 80° = ?
1
a) V3 b) — c) -1 d) 1
) V3 (b) /3 (o) (d)
4. tan 5° tan 25° tan 30° tan 65° tan 85° = ?
1
a) V3 b) — o)1 d) none of these
) V3 (b) /3 (o) (d)
5. cos1°cos 2°cos 3°...cos 180° =?
1
(a) -1 (b) 1 (©0 d 5
¢ 2sin’63°+1+2sin’27° _,
" 3c0s?17°—2+3¢c0s?73°
3 2
@ 5 (b) 3 (0) 2 (d) 3

7. sin 47° cos 43° + cos 47° sin 43° =?
(a) sin 4° (b) cos 4° (01 (do
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8. sec 70° sin 20° + cos 20° cosec 70° = ?

@ o0 (b) 1 (c) -1 (d) 2
9. If sin 3A = cos (A —10°) and 3A is acute then ZA =?

(a) 35° (b) 25° (c) 20° (d) 45°
10. If sec 4A = cosec (A —10°) and 4A is acute then ZA =?

(a) 20° (b) 30° (c) 40° (d) 50°
11. If A and B are acute angles such that sin A = cos B then (A+B) =?

(a) 45° (b) 60° (c) 90° (d) 180°
12. If cos (oo +B) =0 then sin (o —B) =?

(a) sina (b) cos B (c) sin 2a (d) cos 2B
13. sin (45° +0) —cos (45° —0) = ?

(a) 2sin 6 (b) 2cos 6 ()0 (d)1
14. sec*10° — cot?80° =?

() 1 (b) 0 ©3 3
15. cosec?57° — tan?33° = ?

@0 (b) 1 (c) -1 (d) 2
16. 2tan’30° sec*52° sin*38° i

cosec?70° — tan*20°
() 2 OF; © % 3
{(sin222° +sin’68°) . L. o} B

17. P 5 ooy T8IN“63° +cos 63" sin 277 = ?

(cos“22° + cos“68°)

(@0 (b) 1 (c) 2 (d) 3
1, SOHO0 - 2:(;“ G0 ~0) o §gi — (0s220° + cos?70°) = 2

(@ o0 (b) 1 (c) -1 (d) none of these
19. cos 38° cosec 52° i

tan 18° tan 35° tan 60° tan 72° tan 55°

(@) V3 (b) © 5 @ %
20. If 2sin 20 = /3 then 0 = ?

(a) 30° (b) 45° (c) 60° (d) 90°

21. If2cos 30 =1then06="?
(a) 10° (b) 15° (c) 20° (d) 30°



22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.
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IfY/3tan20-3=0then 0 =2

(a) 15° (b) 30° (c) 45° (d) 60°
If tan x =3 cot x then x =?
(a) 45° (b) 60° (c) 30° (d) 15°
If xtan 45° cos 60° = sin 60° cot 60° then x = ?
1 1
(@) 1 () 5 Chy (d) V3
If tan?45° — cos?30° = x sin 45° cos 45° then x = ?
1 -1
() 2 (b) -2 © 3 @
sec?60°—1="?
(a) 2 (b) 3 (c) 4 (d) 0
(cos 0° +sin 30° + sin 45°) (sin 90° + cos 60° — cos 45°) = ?
5 5 3 7
OF b) 2 CF: ) 2
sin?30° + 4 cot?45° —sec?60° = ?
(@) 0 ) § (©) 4 (@1
3c0s?60° + 2 cot?30° — 5sin?45° = ?
13 17
(@) ¢ OF ©1 () 4
€0s230° cos?45° + 4sec?60° + %cos2 90° —2tan?60° = ?
73 75 81 83
(@) % (b) % © 5 @ %
If cosec 0 = /10 then sec @ = ?
3 V10 1 2
— b) —— c) — d) —=—
(a) /10 (b) = (o) /10 (d) /10
Iftan 0= % then cosec 6 =?
17 8 17 15
If sin © =%thencose =?
b b*—a’ a b
@ mem O © e @
If tan 0 = /3 then sec 6 = ?
2 V3 1
(@) (b) 5 © 5 (d) 2

=l

603
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35. If sec 0 = %then sin@9="?

(@) o (b) 2 © % (d) none of these

36. If sin 0 Z%then cotf=2?

1 V3
() 7 (b) /3 © 5 (d)1
37. If cos © = % thentan 6 =7
3 4 3 5
@ 7 (b) 3 © 35 d 3
38. If 3x = cosec 0 and % = cot 0 then 3(3(2 - %) =?
1 1 1 1
@) 57 (b) o7 © 3 CViry
39. If 2x =sec A and % = tan A then 2<x2 - %) =?
X
1 1 1 1
@ 5 (b) © g d 76
40. If tan 6 = % then (sin 8 + cos 8) =?
7 7 7 5
@ 3 (b) ©3 (© =
41. If (tan 6 + cot 8) = 5 then (tan*@ + cot?0) = ?
(a) 27 (b) 25 (c) 24 ) 23
42. Tf (cos 0 + sec §) = % then (cos®0 +sec?0) = ?
21 17 29 33
@ 5 (b) 4 © 5 d %
13, Tftan 6 1 th (cosec?d —sec?0) ,
. nf=——=then———5—=7
a V7 ¢ (cosec?® + sec?0)
-2 -3 2 3
@ 3 (b) -~ ©3 G
44 T7tan 6 = 4 th (7sin9—3c059)_?
’ tan©= en (7sin®+3cos0)
1 5 3 5
@) 7 (b) = © 7 ) 17
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(5sin©+3cos0) )

605

45. If 3cot 0 = 4 then (5sin0—3cos0)
1 1
@) 3 (b) 3 © g (d) 9
16, Tftan 6 = 2 th (asin®—bcos0)
SEn vy en(asin9+bcose)_'
(@*+b?) (@*-b?) a b’
(a) (@b (b) @+ ) (c) @+ 1) (d) @+ )
47. If sin A +sin?A = 1then cos*A +cos*A =?
(@) 3 (b) 1 (©) 2 () 3
48. If cos A + cos’A = 1 then sin’?A +sin*A = ?
(@1 (b) 2 (c) 4 (d) 3
1-sinA _
PV 1wsina 7
(a) sec A+tan A (b) sec A—tan A
(c) sec Atan A (d) none of these
1+cos A _
/1= cosa =’
(a) cosec A—cot A (b) cosec A+cot A
(c) cosec Acot A (d) none of these
Sanv Ty en(cos@—sin@)_'
atb a=-b b+a b-a
(@) a-b () a+b (©) b-a (d) b+a
52. (cosec 6 — cot 0)?=?
1+cos6 1-cosH 1+sin6
(@) 1—cos6 () 1+cosH © 1-sin6 (d) none of these
53. (sec A+tan A)(1—sin A) =?
(a) sin A (b) cos A (c) sec A (d) cosec A
ANSWERS (MCQ)
1.(d 2.(c) 3.(d 4.(d) 5 6.(d 7.(c) 8 () 9.()
10. (a) 11.(c) 12.(d) 13.(c) 14.(a) 15.(b) 16.(c) 17.(c) 18.(b)
19. (c) 20.(a) 21.(c) 22.(b) 23.(b) 24.(a) 25.(c) 26.(b) 27.(d)
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28. (b) 29.(b) 30.(d) 31.(b) 32.(a) 33.(b) 34.(d) 35.(c) 36.(b)
37.(a) 38.(c) 39.(a) 40.(c) 41.(d) 42.(b) 43.(d) 44.(a) 45.(d)
46. (b) 47.(b) 48.(a) 49.(b) 50.(b) 51.(c) 52.(b) 53.(b)

HINTS TO SOME SELECTED QUESTIONS

tan 35° 4 cot 78° _ tan 35° 4 cot 78°
cot (90°-35°) tan(90°—78°) tan35° cot78°

3. Given expression = (tan 10° tan 80°)(tan 15° tan 75°)
= {tan 10° tan (90° — 10°)} {tan 15° tan (90° — 15°)}
= (tan 10°- cot 10°) (tan 15° - cot 15°) = 1 X1 =1.
4. Given expression = (tan 5° tan 85°)(tan 25° tan 65°) tan 30°
= {tan 5° - tan (90° — 5°)} {tan 25° - tan (90° —25°)} - tan 30°

= (tan 5° - cot 5°)(tan25°'cot25°)'i= 1><1><L 1

/3 N
2(sin?63° +sin?27°)+1  2(sin?63° +cos263°) +1
3(cos?17° +c0s273°) =2 3(cos?17° +sin?17°) 2
_@XDHL_3_ . [ sin27° = sin (90° — 63°) = cos 63°

cos 73° = cos (90° —17°) =sin 17°

2. Given expression = =(1+1=2.

6. Given expression =

T(Bx1)-2 1"

7. Given expression = sin 47° cos (90° —47°) + cos 47° sin (90° —47°)
= (sin?47° + c0s247°) = 1.
8. Given expression = sec 70° sin (90° — 70°) + cos 20° cosec (90° —20°)
=sec70°cos70° +cos 20°sec20° =1+1=2.
9. sin 3A = cos (A —10°) = cos (90° —3A) = cos (A —10°)
= 90°-3A=A-10°=4A=100° = A=25".
10. sec 4A = cosec (A —10°) = cosec (90° —4A) = cosec (A —10°)
= 90°-4A=A-10°=>5A=100° = A=20°.
11. sin A=cos B = c0s(90° -~ A)=cosB=90°-A=B => A+B=90".
12. cos(a+B)=0=a+B=90°= a=90"—-f
(= B)=(90° —2B) = sin (a.— B) = sin (90° — 2B) = cos 2.
13. sin (45° +0) — cos (45° — 0) = sin (45° +0) —sin {90° — (45° — 0)}
=sin (45° +0) —sin (45° + 0) = 0.
14. sec?10° — cot?80° = sec?10° — cot?(90° — 10°) = sec?10° — tan?10° = 1.
15. cosec?57° — tan?33° = cosec?57° — tan?(90° — 57°) = cosec?57° — cot?57° = 1.
2% (%)2 “sec?52° sin?(90° — 52°) 2 sec?5cos?sy’
cosec?70° — tan?(90° — 70°) 3 (cosec?70° — cot?70°)

16. Given expression =

wN

1_
X1=

w[N



17.

Given expression =
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sin22° +5sin?(90° - 22°)
c08222° + cos?(90° - 22°)
_ sin?22° + cos222°

c0s%22° +5in%22°

tan 0 - cos 0 cot 40°

607

+5in263° + cos 63° sin (90° — 63°)

+5in%63° +cos263° = %+ 1=1+1=2.

[ tan 60° = /3]

i ion = _ 2500 2000 _ e
18. Given expression Sin 0 tan (90° — 40°) {cos“20° + cos~(90° — 20°)}
_sin® cosO , cot40° 2000 1 29001 — 1=
=00 sin® cotdo {cos“20° +sin“20°}=1+1-1=1.
19 cos 38° cosec 52° _ cos 38° cosec (90o - 380)
" tan 18° tan 35° tan 60° tan 72° tan 55°  (tan 18° tan 72°) (tan 35° tan 55°)tan 60°
_ cos 38° sec 38°
tan 18° tan (90° — 18°) tan 35° tan (90° — 35°)+/3
= 1 -1
(tan 18° cot 18°) (tan 35° cot 35°)¥/3  v/3
20. 251n29=\/§ = 51n29=7:sm60 = 20=60°= 0=230°".
21. 2cos30=1= cos36=%=cos60° = 30=60"= 0=20".
22 /3tan20=3 = tan29=%=«/§=tan60° = 20=60° = 0=30".
23. tan x = 3cot x = tan’x =3 = tan x = ¥3 = tan 60° = x = 60°.
24 x= sin 60° cot 60° _ tan 60° cot 60° _ 1
' tan 45° cos 60° tan 45° ’
2
(ﬁ) 1.3
95, 5 = fan?45° —cos’30° _ 2) "4 1,2 1,
’ sin 45° cos 45° (L % L) 1 471 2
2 a2
26. sec?60°—1=22-1=4-1=3.
27. (cos 0° + sin 30° + sin 45°) (sin 90° + cos 60° — cos 45°)
el LN L 1y _B3 13\3 1N 9 1\_7
B Ot I e v o
28. sin230° + 4 cot?45° — sec?60° = (l)2+4 x(1)2-22=Lig-4=1.
’ 2 4 4
29. 3¢0s%60° +2 cot?30° — 5 sin%45°
a1V 2 oy (1.3,  5_17
=3 (3) +2x(/3) SX(ﬁ) = t6-5="
30. cos?30° cos?45° + 4 sec?60° +%c05290° - 2tan?60°

(3x3)+16+0-6=2+10=2-

2

3.1
42

«/§>2.(1

- (_

2

T v (fx0d2xap

83
8
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AC _ 410 _/10x

C
31.cosec9=ﬁ— I X = AC =410x and BC = x.
5 AB?=AC?-BC?=(/10x)% - (x?) = 10x%— x* = 9x2 x
=  AB=4y9?=3x. e
B

[
efﬂf@xi@
SeCPT AR T 3x 3
_BC_8 _8x _ _
32. tanO—AB—15—15xﬁBC—SxandAB—le. c
B

\10x
3x
5. AC?=AB%+BC? = (225x% + 64x?) = 289x2 .
X
8
=  AC=+289x2=17x. X
_ AC _17x _17 el ]
. v 15x
2X
X
25x
7x

>

2 2_ 2 2_ 2
20— (1 —ain0) =18\ b =a _yb=a®
33. cos“0=(1-sin“0) = (1 b2> =T = cos 0 = b

cosec9=ﬁ— 8y —?‘ A
3 3
34 tan0=BC _¥3 3% L po m o dABox.

AB ™ 1 x ¢
AC?= AB*+BC? = x?+3x? = 4x> = AC =2x.
V3x
seCQZ%:%ZZ.
A ]
A B
_AC_25_25x - _
35. secG—AB— 7= = AC =25x and AB = 7x.
B

BC? = AC?- AB? = 625x2 - 49x? = 576x% = BC = 24x.

C

. ~_BC _24x 24
sin0=—~5=57—=5"

AC ~25x 25 24x

]
1_BC A
36.Sin9:E:A—C'
AB?=AC?-BC?=2%2-1%2=3
AB=43. 2
AB _ V3 0
cotf=422="=/3. V0 [
BC 1 A B
_4_AB,
37. c059—5—AC
BC?=AC*-AB?>=25-16=9
= BC=3. 3
BC

3
tan0=—5 ="
AB 4 A 4 B

O

O




Trigonometric Identities 609

38. We know that cosec?0 — cot?6 = 1.

2 (3 _ 2.9 _ 2 1)\ _
30?-(2) =1= o =129 5)=1
2_L>_l (z_L)_ 1_1,
= (x === 3(x =3Xg=
< 29 2 9 3
39. We know that sec?A — tan?A = 1.
2 (2V_ 2_4 _ 2_1)\_
@)*-(5 =1= 4 1= dx xz)—l
1y 1 1 1.1
= 2——):722(x2——):2><777~
( 2] 4 2 42
_4_BC, e
40. tanG—B—AB
AC?= AB?>+BC?=(3)2+(4)%=25 5 y
= AC=y25=5.
. (2.3 7.
(s1n9+cose)—(5+5) 5 A 5 B

41. (tan 0 +cot 0)% = 5% = tan?0 + cot?0 +2 =25

(tan?0 + cot?0) = 23.
42. (cos B +sec 6)2 =% = c0529+sec26+2=% = c0526+sec29=%—2 ==
43. tan9:L$c0t6=«/7.

/7

sec?0 = 1 +tan26) = (l +%) = % and cosec?0 = 1 +c0t29) =(1+7)=8.

8
cosec’0 — sec’d _ (8 ) _48_3,
4

7

2 2 8\ 6

cosec”0 +sec 0 8

5+7)
. _4
44. Given, tan 0 = A
(7sin®—-3cos0) (7tan0-3)
(7sin®+3cos 0)  (7tan 0 +3)

%773 w-m 4
ety @37

[dividing num. and denom. by cos 6]

45. Given, cot 0 = %

(551n9+3c036)_ 5+3cot

[dividing num. and denom. by sin 6]

5sin0—3cos0/ 5-3cotH
4
(6+35) Gy o
_ayd)y 6-49 1
(5 3><3>

46. Dividing num. and denom. by cos 0, we get

a
(asin®—bcos6) (atanO—-b) (angb) _(aZ—hz).
(asin®+bcos6)  (atanO+b) (aX%+b>_(u2+b2)
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47.sin A+sinA=1=sin A= 1- sinzA) = sin A = cos’A.
(cos?A+cos*A) = (sin A +sin®A) = 1.
48. cos A+cos’A=1= cos A= (1 —coszA) = cos A =sin’A.
(sin?A +sin*A) = (cos A+ cos?A) = 1.
o /1-sinA _ /(1-sin A) « (1-sinA) (1-sinA) (1-sin A)
"V 1+sinA ¥ (1+sinA) " (1-sin A) x/l—sinzA - x/coszA
_ (I—sin A4) =( 1 _sinA
cos A cos A cos A

50 /T+cos A _ (1+cosA)X(1+cosA)_(1+cosA)_(1+cosA)
"V1-cosA YV (1-cosA) (1+COSA)_‘/1—COSZA_ x/sinZA
=(1+C05A)=< 1 ,cosA

sin A sinA  sin A

)=(secA—tanA).

) = (cosec A+cot A).

(cosO+sin @) (1+tan 6)
" (cos®—sin @)  (1-tan 6)

[dividing num. and denom. by cos 6]

a
=@+Q=w+m.
_ay (b-a)
(1-5)
2 2
_ 2_( 1 _C0592:(1—C056) :(l—cose) =(1—c056).

52. (cosec § ~cot 0) (sin 6 sin 9) sin20 (1-cos?0) (1+cos0)

. _(_1 sin A\ .. _ .
53. (sec A+tan A)(1—sin A) = (COS 2 + o5 A)(l sin A)

_ (1+sin A)(1-sin A) _1- sin?A _ cos’A

cos A cos A cos A =cos A.
TEST YOURSELF
MCQ
2 o 2 o
L €05°56 *cos 3 510n256° tan?34° = 2
sin“56° +sin“34
(a) 33 (b) 4 © 6 @5
2. The value of (sin230° 0s%45° + 4 tan?30° + % sin%90° + %cot260°) =7
3 5
OF OF © 6 (d) 2

3. If cos A+ cos?A = 1then (sin’A +sin*A) = ?

@ 5 (b) 2 ©1 (d) 4
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3
4. Ifsin® = % then (cosec 6 +cot 6) =?

(@) 2+v3) (b) 2v3 (© v2 (d) V3
Short-Answer Questions

5 Ifeot A= that SinAtcosd)
. It co —5,prove a (sinA—cosA)_ .

6. If 2x = sec A and % =tan A, prove that <x2 - %) = i

7. 1f /3 tan 6 = 3sin 6, prove that (sin?0 — cos’0) =

Q=

(sin’73° +5sin*17°)
(cos®28° +cos?62°)

8. Prove that

9. If 2sin 26 = /3, prove that § = 30°.

10. Prove that 4/ 1tcosd _ (cosec A+ cot A).
1—-cos A

11. If cosec 0+ cot 6 = rove that cos 0 = (FJZ—_D
. P, p 1)

12. Prove that Aot Ay2 = LTCos4)

- Prove that(cosec cotA)y"= (1+cos A)

13. If 5cot 6 = 3, show that the value of (%) is %

14. Prove that (sin 32° cos 58° + cos 32° sin 58°) = 1.
15. If x =asin @ +bcos 6 and y = acos O — bsin 0, prove that x> +y* = a* + b*.
(1+5sin 6)

> 2
16. Prove that (1—sin0) (sec 6 +tan 0)-.
Long-Answer Questions
1 1 1 1

17. Prove that (sec 6 —tan 0) T cos®  cosb (sec 6 + tan 0) '

(sin A—2sin’A)
18. Prove that ———————=tan A.
(2cos®A —cos A)
tan A cot A
(I-cotA) (1-tan A)

20. If sec 5A = cosec (A —36°) and 5A is an acute angle, show that A =21°.

19. Prove that =(l+tan A+cot A).

ANSWERS (TEST YOURSELF)

1. (b) 2. (d) 3. (0) 4. (d)
&
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