Polynomials

¥

POLYNOMIALS ~ An expression of the form p(x) = ay+a,x + ax* +...+a,x", where
a, # 0, is called a polynomial in x of degree n.

Here ay, a,, s, ..., a, are real numbers and each power of x is a non-negative
integer.
EXAMPLES (i) 3x+5is a polynomial in x of degree 1.

(ii) 8x*—5x + 3 is a polynomial in x of degree 2.

(iii) 2y + %yz —5y +4/3 is a polynomial in y of degree 3.

(iv) 3z*—5z%+2z* -8z + 1is a polynomial in z of degree 4.

6
(x*=3x+1)’

REMARK Note that (Yx+3), x 1 5)
polynomials.

etc., are not

LINEAR POLYNOMIAL A polynomial of degree 1 is called a linear polynomial.

A linear polynomial is of the form p(x) = ax + b, where a # 0.
Thus, 3x—5), (V2x +3), (x - %), etc., are all linear polynomials.

QUADRATIC POLYNOMIAL A polynomial of degree 2 is called a quadratic polynomial.
A quadratic polynomial is of the form p(x) = ax* +bx +c, where a # 0.
Thus, (3x>+5x —8), 2x*—2/2x+6), y*—3y+ V/3), etc., are all quadratic

polynomials.

CUBIC POLYNOMIAL A polynomial of degree 3 is called a cubic polynomial. A cubic

polynomial is of the form p(x) = ax®+ bx* + cx +d, where a # 0.

Thus, (x°-3x2+8x+1), (V2> -2y +y—8), (2> +22>—/3z+3), etc,
are all cubic polynomials.

BIQUADRATIC POLYNOMIAL A polynomial of degree 4 is called a biquadratic

polynomial.

A biquadratic polynomial is of the form p(x) = ax* + bx® + cx* + dx + e, where
a+0.
Thus, (2x*+3x>=5x*+9x+1), (4y*-5y°+6y°—8y +3), etc., are all

biquadratic polynomials.
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VALUE OF A POLYNOMIAL AT A GIVEN POINT

If p(x) is a polynomial in x and if a. is any real number then the value obtained by
putting x = o in p(x) is called the value of p(x) at x = a.

The value of p(x) at x = o is denoted by p(a.).
EXAMPLE  Let p(x) = 2x*>—3x+5. Then,
p2) ={2X2*-3x2+5}=8-6+5) =7,
p(-1) = {2 X (-1)*=3 X (1) +5} = (2+3+5) = 10.
ZEROS OF APOLYNOMIAL A real number o is called a zero of the polynomial
p(x), if p(a) = 0.
EXAMPLE Let p(x) = x*>—2x—3. Find (i) p(3) and (ii) p(-1).
What do you conclude?
SOLUTION  We have p(x) = x*—2x—3.
(i) p(3)=(3*-2%3-3)=(9-6-3)=0
and (ii) p(-1) = {(-1)*=2 X (1) =3} = (1+2-3) = 0.
This shows that 3 and —1 are the zeros of the polynomial p(x).

RELATION BETWEEN THE ZEROS AND COEFFICIENTS OF A QUADRATIC
POLYNOMIAL

Let o and B be the zeros of a quadratic polynomial
p(x) = ax*+bx +c, where a # 0.
Then, (x — o) and (x — B) are the factors of p(x).
(ax*+bx +c) = k(x — a)(x — B), where k is a constant
=k-{x* = (o +B)x +op}
= kx® = k(o + B)x + k(a).
On comparing coefficients of like powers of x on both sides, we get
k=a,—k(a+B)=band k(ap) =c¢
= —a(a+p)=banda(af)=c [ k=a]

= (0t+[3):_7bandaﬁ=%-

—(coefficient of x)
(coefficient of x%)’

sum of zeros =

constant term |

roduct of zeros = .
P z coefficient of x2
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SUMMARY
L. If o and B are the zeros of p(x) = ax®+ bx +c, a # 0 then
. —b
() a+p="7
. c
(ii) af =~
II. A quadratic polynomial whose zeros are o and f is given by

p(x) = (x* = (o + B)x + ).

SOLVED EXAMPLES

EXAMPLE 1 Find the zeros of the polynomial 2x*+5x—12 and verify the
relationship between its zeros and coefficients.

SOLUTION  Let the given polynomial be denoted by f(x). Then,
fx) =2x*+5x—12
=2x*+8x—3x—12
=2x(x+4)—3(x+4)
= (x +4)2x—3).
fx)=0= (x+4)2x—-3)=0
= x+4=0or 2x-3=0

= x=-4 or xZ%

So, the zeros of f(x) are -4 and %

Sum of the zeros = (_44_%) _ =5 _ ~(coefficient of x)

2 " (coefficient of x?)’

—12 _ _constant term
2 (coefficient of x?)

product of the zeros = (—4) X % =

EXAMPLE2  Find the zeros of the polynomial 6x*—3—7x and verify the
relationship between the zeros and the coefficients. [CBSE 2008]

SOLUTION  Let the given polynomial be denoted by f(x). Then,

f(x) =6x*—3-7x
=6x*-7x—3 [in standard form]
=6x"—9x+2x-3
=3x(2x—3)+ (2x—3)
=(2x—-3)3x+1).
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EXAMPLE 3

SOLUTION

EXAMPLE 4

SOLUTION
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f(x)=0 = (2x-3)(3x+1)=0
= 2x—-3=0or 3x+1=0
_3 _—1
:>x—2 or x=-3
3 -1
So, the zeros of f(x) are > and 3
3N \2 376" (coefficient of x?)

_3 —1\_ -3 _ constant term
Product of zeros = 2~ ( ) 6 coefficient of x2

Sum of zeros = {%+ (—1)} _ (3 1) _ 7 _ ~(coefficient of x)

3

Find the zeros of the polynomial f(x)=x>—2 and verify the
relationship between its zeros and coefficients.

We have
f0) = (-2) = 2= (/2)) = (1 + 2 = V2)
f6) =02 (x+y2)x=y2)=0
= x+y2=0 or x—v/2=0
=>x=—«/§ or x=«/§.
So, the zeros of f(x) are —-/2 and 2.

- (— _ o= 0 _ ~(coefficient of x)
Sum of zeros = (~y/2+y2) =0 =7 (coefficient of )

—2 _ _constant term
product of zeros = (—v/2) X (2) = 4= —oefficient of 2.

Obtain the zeros of the quadratic polynomial /3 x*—8x +4y/3 and
verify the relation between its zeros and coefficients. [CBSE 2008C]
We have
fx)=y3x*—8x+44y/3 =/3x*—6x—2x+4y3
= ﬁx(x—Zx/?)—Z(x—Zﬁ) = (x—2v3)(Y3x-2).
f)=0= (x—zﬁ)<fx—z =
= (x-2¢/3)=0 or x/gx 2)=0
= x= 2«/5 or x=

N&\‘NA

So, the zeros of f(x) are 24/3 and ==

3l

_ 2 \_ 8 _ —(coefficient of x)
Sum of zeros = <21/§ " V3 ) B J3 - (coefficient of x?)

4f constant term
/3  coefficient of x2

product of zeros = <2f 3 X L)

/3




EXAMPLE 5

SOLUTION

EXAMPLE 6

SOLUTION

EXAMPLE 7

SOLUTION
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Find a quadratic polynomial, the sum and product of whose zeros are
-5 and 6 respectively.
Let o and B be the zeros of the required polynomial f(x).
Then, (o + B) =—5and aff = 6.
f00) =2~ (a+p)x +ap
=x*—(-5)x+6
=x*+5x+6.

Hence, the required polynomial is f(x) = x>+ 5x + 6.

Find the quadratic polynomial, the sum of whose zeros is /2 and
their product is =12. Hence, find the zeros of the polynomial.

Let o and B be the zeros of the required polynomial f(x).
Then, (. + B) = v/2 and ap =—12.
) =2~ o+ B)x+ o
=x2-2x-12.
So, the required polynomial is f(x) = x*—y2x—12.
Now, f(x) =x*—y2x—-12
= x2—3/§x+2/§x—12 [note it]
=x(x=3y2)+2y2(x=3y2)
= (x=3v2)(x +2v2).
f@)=0= (x=3v2)x+242)=0
= x-3y2=0 or x+2y2=0
= x=3«/§ or x=—2ﬁ.
Hence, the required polynomial is f(x) = x2—y2x— 12 whose
Zeros are 3J§ and —2\/5 .

If the product of the zeros of the polynomial (ax*— 6x—6) is 4, find
the value of a. [CBSE 2009]

Let o and P be the zeros of the polynomial (ax*— 6x = 6).
—6
Then, of = constant term _ —6
en op coefficient of x> 4
But, af =4 (given).
-6 _ _ _6_73
;4> d=—6=a= )

Hence, a = 73
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EXAMPLE 8

SOLUTION

EXAMPLE 9

SOLUTION
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If one zero of the polynomial (a* + 9) x> + 13x + 6a is reciprocal of the
other, find the value of a. [CBSE 2008]

Let one zero of the given polynomial be a.

Then, the other zero is é'

product of zeros = <a X %) =1.

But, product of zeros = constte?nt termz = 2651 :
coefficient of x* (a°+9)
6a 2
=1=a"+9=6a
(@*+9)

=a’+9-6a=0

= (@-3y=0

=a-3=0=a=3.
Hence, a = 3.

Find a quadratic polynomial whose zeros are 1 and 3. Verify the
relation between the coefficients and zeros of the polynomial.
[CBSE 2008C]
Leta=1and p =-3.
Sum of zeros = (o + ) =1+ (-3) =-2.
Product of zeros = a3 =1 X (=3) =-3.
So, the required polynomial is
= (a+B)x+op =2~ (-2)x+(-3)
=x*+2x-3.
sumofzeros =2 = = P

—3 _ _constant term
1 coefficient of x*

pI‘OdU_Ct of zeros =-3 =

EXERCISE 2A

Find the zeros of the following quadratic polynomials and verify the relationship

between the zeros and the coefficients:

1. >+ 7x+12 2. x*—2x—8
3. *+3x—10 4. 4x*—4x-3 [CBSE 2008C]
5. 5x>—4—8x [CBSE 2008] 6. 2¢/3x2=5x+4y/3 [CBSE 2011]

7. 2x*—=11x+ 15 8. 4x*—4x+1



11.
13.

14.

15.

16.

17.

18.

19.

20.

21.

11.
15.

18.
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. X5 10. 8x*—4
5y* + 10y 12. 3% ~x—4
Find the quadratic polynomial whose zeros are 2 and —6. Verify the

relation between the coefficients and the zeros of the polynomial.

Find the quadratic polynomial whose zeros are % and —471 Verify the
relation between the coefficients and the zeros of the polynomial.

Find the quadratic polynomial, sum of whose zeros is 8 and their
product is 12. Hence, find the zeros of the polynomial. [CBSE 2008]

Find the quadratic polynomial, the sum of whose zeros is 0 and their
product is —1. Hence, find the zeros of the polynomial.

Find the quadratic polynomial, the sum of whose zeros is <%> and their
product is 1. Hence, find the zeros of the polynomial.

Find the quadratic polynomial, the sum of whose roots is v/2 and their

product is %

Ifx= %and x =3 are the roots of the quadratic equationax*+7x +b = 0

then find the values of 4 and b. [CBSE 2011]

If (x +a) is a factor of the polynomial 2x* + 2ax + 5x + 10, find the value
of a. [CBSE 2009]

One zero of the polynomial 3x°+16x”>+15x — 18 is % Find the other

zeros of the polynomial.

ANSWERS (EXERCISE 2A)

3 -1 -2

.—4,-3 2.4,-2 3.-5,2 4, 2 5. 2, 5
V3 1 5 11 1 1
L .33 g. 11 9. /5,-/5 10. L, =L
27 /3 2 22 V5,-V/5 22

0,-2 12 3,-1 13. @ +4x—12 14. 12° —5x—2
P-8x+12,16,2)  16. (¥—1),{1,-1) 17. @@ —5x +2), {z, %}
32 -3y/2x+1 19.a=3,b=-6 20.a=2 21. -3,-3

HINTS TO SOME SELECTED QUESTIONS

5. 5x%—8x—4 = 5x2—10x +2x — 4

=5x(x—2)+2(x—2) = (x—2)(5x +2).
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19.

20.

21.
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. 2«/§x2—5x+x/§=2\/§x2—3x—2x+‘/§

=V3x(2x-+3)-(2x—+3)
=(x—y3)(/3x-1).

4% —4x+1=(2x-1)%

- (?=5) = (x=VB)x +¥5).
10.
11.
12.

82 —4=402x%-1) = 4(2x- 12 x +1).

5%+ 10y = 5y (y +2).

3 —x-4=3x—4x+3x—4=xBx—4)+Bx—4) = Gx—4)(x +1).
_7-

Sum of the roots = % - 3) =3

Product of roots = % X (=3)=-2.

{_77=_?7and%=—2}:>a=3andb=—6.

Let f(x) = 2x* + 2ax + 5x + 10.

Since (x +a) is a factor of f(x), we have f(-a) = 0.
2(-a)?+2a(-a) +5(-a) +10 =0

= 24*-2a®-52+10=0=>5a=10 > a=2.

(x - %) is a factor of the given polynomial and therefore, (3x — 2) is also its factor.

On dividing the given polynomial by (3x —2), we get (x2+6x+9) as quotient, i.e.,
(x+3)2=0=x=-3,

RELATION BETWEEN THE ZEROS AND COEFFICIENTS OF A CUBIC POLYNOMIAL

Let o, B and y be the zeros of a cubic polynomial

p(x) = ax’ + bx* + cx +d, where a # 0.

Then, (x — ), (x — ) and (x — y) are the factors of p(x).

(ax® + bx® + cx + d) = k(x — o)(x — B)(x — y) for some constant k
=k = (o + B+ ) + (af + By +yo)x — (afy))
=k’ — k(o + B +y)x® + k(ap + By + yo)x —k(opy).

Comparing coefficients of like powers of x on both sides, we get

k=a,~k(a.+B+y)=b, k(af + By +ya) = c, ~k(apy) = d

= —ala+B+y)=ba(aB+Pyr+ya) =, —a(apy) =d [ k=a]

= (a+l3+v)=_7b,(aB+Bv+va)=§,an=_a—d'
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SUMMARY

L If o, B and y are the zeros of p(x) = ax® + bx* + cx + d then
. -b .. —d
(@) (@+B+y)=— (i) (@p+Py+ye) =5 (i) apy=—

II. A cubic polynomial whose zeros are a, B and y is given by

51

p(x) = {x> = (a+ B +y)x” + (af + Py + yo)x — apy}.

EXAMPLE 1

SOLUTION

EXAMPLE 2

SOLVED EXAMPLES

Verify that 3, -1 and % are the zeros of the cubic polynomial
p(x) = 3x° = 5x* — 11x — 3 and verify the relation between its zeros
and coefficients.

The given polynomial is p(x) = 3x° — 5x*— 11x - 3.
pB)={3x3°-5x3*-11%x3-3} = (81-45-33-3) = 0;
p(=1) = {3 X (-1)*~5x (-1)* =11 X (-1) - 3}

=(3-5+11-3) =

and p( )= {3><( ) -5x(3 1)2—11><71 3}

_ -1 1,11 _ -1 5,11 _
‘{3X<2> 5Xg+3 3} (9 9*3 3)
((1-5+33-27)
= 9

3,-1and _Tl are the zeros of p(x).

=0.

Let a=3,B=—1andy=l~Then,

(0 +B+ < ) _ —(coefficient of x%)
¢ "= (coefficient of x°) ’
_{~,1 \_ -1 _ (coefficient of x)
(ap+Py+yo) = ( 33 1> ~ 3 7 (coefficient of x°)
- _ —1\| _, _ 3 _ —(constant term)
obr= {3 e ( 3 }_ 1= 3 (coefficient of x°)

Find a cubic polynomial with the sum of its zeros, sum of the products
of its zeros taken two at a time and the product of its zeros as 2, =7

and —14 respectively.
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SOLUTION

EXAMPLE 3

SOLUTION

EXAMPLE 4

SOLUTION
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Let a, B, y be the zeros of the required polynomial. Then,
atB+y=2ap+Py+ya=-7and afy=-14.

So, the required polynomial is
p(x) =2 = (a+ B+’ + (of + By +ya)x — apy

=x3-2x—7x— (-14) =x® - 2x* - 7x + 14.

If the zeros of the polynomial x*=3x*+x+ 1 are (a—b),a, (@ +b),

findaand b.

Given polynomial is f(x) = x>~ 3x* +x + 1.

Let a=@—-b),p=aandy=(a+Db).Then,
atB+y=3=>(@-b)+tat+t(@+b)=3=>3a=3=>a=1
oaf+By+tya=1=a@-b)+a@+b)+(@+b)a—-b)=1

= 32-p2=1= (3 X 1%)-bp*=1
= b =2=b=1y2.
a=land b=+/2.

Find a cubic polynomial whose zeros are 3, % and —1.
Leta=3,p= % and y =-1. Then,
@+p+n=(3+3-1)=3,
(af + By +ya) = (%—7—3>=7=—2
and oy = f3x 5 (1)} =3

Hence, the required polynomial is

X (@ B+ (0B + By +yo)y—ay =X - 52043

Thus, 2x* — 5x2 — 4x + 3 is the desired polynomial.

DIVISION ALGORITHM FOR POLYNOMIALS

If f(x) and g(x) are any two polynomials with g(x) # 0 then we can find polynomials
q(x) and r(x) such that

fx) = g(x) X g(x) + r(x),

where r(x) = 0 or {degree of r(x)} < {degree of g(x)}.

We may write it as

Dividend = (Quotient x Divisor) + Remainder.



EXAMPLE 5

SOLUTION

EXAMPLE 6

SOLUTION
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SOME MORE EXAMPLES

Divide 3 = x + 2x* by (2 = x) and verify the division algorithm.

First we write the terms of dividend and divisor in decreasing
order of their degrees and then perform the division as
shown below.
—x+2)2x —x+3(-2x-3
2x% —4x
3x+3
3x-6
9

Clearly, degree (9) = 0 < degree (—x +2).

quotient = (—2x — 3) and remainder = 9
= (quotient x divisor) + remainder
=(2x-3)(—x+2)+9
=2 —4x+3x—6+9
=2x*-x+3
= dividend.
Thus, (quotient x divisor) + remainder = dividend.

Hence, the division algorithm is verified.

Divide 5x° = 13x* + 21x — 14 by (3 — 2x + x°) and verify the division
algorithm.

First we write the given polynomials in standard form in
decreasing order of degrees and then perform the division as
shown below.
X =2x+3)5x° — 13x° + 21x — 14 (5x -3
5x° = 10x” + 15x

-3+ 6x—14
—3x*+ 6x— 9
-5

Clearly, degree (-5) = 0 < degree (x* —2x +3).
quotient = (5x — 3) and remainder = -5
= (quotient x divisor) + remainder
=(GBx—3)x*—2x+3)-5
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EXAMPLE 7

SOLUTION

EXAMPLE 8

SOLUTION

EXAMPLE 9
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=52 - 10 + 15x - 3x* +6x —9 -5
=5x"—13x" +21x— 14
= dividend.

Thus, (quotient x divisor) + remainder = dividend.

Hence, the division algorithm is verified.

What real number should be subtracted from the polynomial
(3x” +10x* — 14x +9) so that (3x — 2) divides it exactly? [CBSE 2009C]

On dividing (3x* + 10x* — 14x + 9) by (3x — 2), we get

3x—2)3x° +10x° — 14x + 9 (x* + 4x -2

35— 24
12 —14x +9
12x°— 8x
—6x+9
—6x +4
5

Required number to be subtracted = 5.

If the polynomial (x*+2x* +8x* +12x +18) is divided by another
polynomial (x* + 5), the remainder comes out to be (px +q). Find the
values of p and gq. [CBSE 2009]
Let f(x) = (x* +2x° + 8x* + 12x + 18) and g(x) = (x* +5).
On dividing f(x) by g(x), we get
KP45)xt+2°+ 8%+ 12x +18(x* +2x + 3
x* +5x%
27 +3x7+12x + 18
2x° +10x
3¢+ 2x+18
3 +15
2x+ 3
Now, px+g=2x+3=p=2and g =3.

On dividing (x> = 3x* + x + 2) by a polynomial g(x), the quotient and
remainder are (x —2) and (— 2x + 4) respectively. Find g(x).
[CBSE 2009C]
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SOLUTION  Let f(x) = (¥’ = 3x +x +2), q(x) = (x —2) and r(x) = (- 2x + 4).

Then, f(x) = g(x) - q(x) + r(x)
) —r(x)) .
8(x)—W' .. (D)
Now, {f(x) = r(x)} = (¥’ = 3% + x +2) — (2x +4)
= (¥ =32 +3x—2).

s = TR, [using ()]

On dividing (x> = 3x* + 3x — 2) by (x - 2), we get g(x).
x—2) -3 +3x-2(x*—x+1
X —2x
—x*+3x -2
—x* +2x
x—2

x—2
X

g0 = (¥ ~x+1).

AN IMPORTANT NOTE

If o is a zero of the polynomial f(x) then (x — o) is a divisor of f(x).

EXAMPLE 10 [t being given that 1 is a zero of the polynomial (7x — x° = 6), find its
other zeros.
SOLUTION  Let f(x) =—x>+7x—6.
Since 1 is a zero of f(x), so (x—1)is a factor of f(x).
On dividing f(x) by (x — 1), we get
x-1)-X +7x-6(-2-x+6
X+
- +7x-6
-+ x
6x—6
6x—6
X
f@)=(x*+7x—6)= (x—1)(~x*—x +6)
=—(x—-1)(x*+x—6)=—(x—1)(x*+3x—2x—6)
=1-20)[x(x+3)—2(x+3)]=(1—-x)(x+3)(x—2).
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EXAMPLE 11

SOLUTION

EXAMPLE 12

SOLUTION
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f@)=0= 1-x)(x+3)(x=2)=0
= (1-x)=0or (x+3)=0 or (x—2)=0
= x=1or x=-3 or x=2.

Thus, the other zeros are -3 and 2.

Obtain all zeros of the polynomial (2x° —4x —x*+2), if two of its
zeros are /2 and —/2. [CBSE 2008C]

The given polynomial is f(x) = 2x° — x> = 4x + 2.

Since ﬁ and —ﬁ are the zeros of f(x), it follows that each one
of (x —v2) and (x + v/2) is a factor of f(x).

Consequently, (x — V2)(x +y2) = (x*—2) is a factor of f(x).
On dividing f(x) = 2x> —x* —4x + 2 by (x* - 2), we get

¥-2)2x° - —dx+2(2x—1
2% —4x
- +2

-x2 +2
X

fX)=0= (x*-2)2x-1)=0
= (x—v2)(x+y2)2x-1)=0
= (x—v2)=0 or (x+y2)=0 or 2x—1)=0

:>x=\/§ or x=—ﬁ or x=%'

Hence, all zeros of f(x) are ﬁ, —«/5 and %

If two zeros of the polynomial (x*—6x>—26x*+138x —35) are
(2 +/3) and (2—+/3), find other zeros.

Let f(x) = x* — 6x° —26x* + 138x — 35.
Leta = (2++v3)and p = (2—+3). Then,
(a+B)=4andaf=(4-3)=1.
So, the quadratic polynomial whose roots are o and f is
given by
= (a+p)x+af=(x"—4x+1).
(x*—4x + 1) is a factor of f(x).

On dividing f(x) by (x*—4x + 1), we get
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X —dx + 1) x* = 6x° — 2627 + 138x — 35 (¥* — 2x — 35

-4+ A2
—2x>—27x*+138x - 35
-2x%+ 8x*— 2x

—35x” + 140x — 35
- 35x% + 140x — 35

X
F(x) = (x> —4x + 1) (x* —2x — 35).
the other two zeros of f(x) are given by (x* — 2x —35) = 0.
Now, x2—2x-35=0= x>—-7x+5x—-35=0
= x(x—=7)+5(x-7)=0
= (x—7)x+5)=0
= x-7=0o0r x+5=0
= x=7 or x=-5.

Hence, the other two zeros of f(x) are 7 and -5.

EXAMPLE 13 Obtain all zeros of (3x* —15x° + 13x* + 25x — 30), if two of its zeros

5 . ﬁ .
are \/; and 3 [CBSE 2009C]

SOLUTION The given polynomial is f(x) = (3x* — 15x> + 13x* + 25x — 30).

Since \/g and —\/g are the zeros of f(x), it follows that each

one of (x - \/9 and (x + @) is a factor of f(x).

5\ B\ (2 5)_(BxX5) .
( /3 x+ /3 —(x 3>— 3 is a factor of f(x).
Consequently, (3x> - 5) is a factor of f(x).
On dividing f(x) by (3x* - 5), we get
3x2—5)3x* —15x° + 13x> + 25x — 30 (x* — 5x + 6
3x* - 5x
—15x° + 18x* + 25x — 30
- 15x¢° +25x
18x% -30
182 —30
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F(x) = 3x* = 15x° + 13x* + 25x — 30
= (3x*=5)(¥*—5x +6)
= (Y3x+/5)W/3x—v5)(x—2)(x - 3).
fx)=0= (/3x+y5)=0 or (/3x—5)=0
or (x—2)=0or (x—3)=0

5 \/?
> yr=—,/= = [= = =
X \/;orx 3 or X 2 or x=3.

Hence, all zeros of f(x) are \/%r - %, 2 and 3.

EXERCISE 2B

. Verify that 3, -2, 1 are the zeros of the cubic polynomial

p(x) =x*—2x*=5x+6 and verify the relation between its zeros and
coefficients.

. Verify that 5,-2 and % are the zeros of the cubic polynomial

p(x) = 3x° = 10x> = 27x + 10 and verify the relation between its zeros and

coefficients.

. Find a cubic polynomial whose zeros are 2, -3 and 4.
. Find a cubic polynomial whose zeros are %, land -3.

. Find a cubic polynomial with the sum, sum of the product of its zeros

taken two at a time, and the product of its zeros as 5, -2 and -24
respectively.

Find the quotient and the remainder when

6.
7.
8.
9.
10.

11.

12.

f(x) = x*=3x* + 5x — 3 is divided by g(x) = x¥*—2.

f(x) = x*=3x* +4x +5is divided by g(x) = x>+ 1 - x.

f(x) = x*=5x +6is divided by g(x) =2 - %

By actual division, show that x* - 3 is a factor of 2x* + 3x° = 2x* — 9x — 12.
On dividing 3x°+x*+2x +5 by a polynomial g(x), the quotient and
remainder are (3x —5) and (9x + 10) respectively. Find g(x).

2 _
HINT  g(x) = (3 +x +(233;+_55)) Gx+10).

Verify division algorithm for the polynomials f(x) = 8 +20x + x> — 6x°
and g(x) =2 +5x—3x".
Itis given that -1 is one of the zeros of the polynomial x° + 2x* - 11x — 12.

Find all the zeros of the given polynomial.
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If 1 and -2 are two zeros of the polynomial (x’ —4x*— 7x + 10), find its
third zero.

If 3 and -3 are two zeros of the polynomial (x* + x> = 11x* — 9x + 18), find
all the zeros of the given polynomial.

15. If 2 and -2 are two zeros of the polynomial (x* +x° — 34x* — 4x + 120),
find all the zeros of the given polynomial. [CBSE 2008]
16. Find all the zeros of (x* + x> —23x* — 3x + 60), if it is given that two of its
zeros are v/3 and —+/3. [CBSE 2009C]
17. Find all the zeros of (2x*—3x”>—5x* + 9x — 3), it being given that two of
its zeros are «/§ and —«/§ .
18. Obtain all other zeros of (x* + 4x® — 2x* — 20x — 15) if two of its zeros are
/E and —«/3 . [CBSE 2009C]
19. Find all the zeros of the polynomial (2x* -~ 11x° + 7x* + 13x —7), it being
given that two of its zeros are (3 + v2)and 3-+2).
ANSWERS (EXERCISE 2B)
3. -3¢~ 10x+24 4.2 +3x°-8x+3 5. X 53" —2x+24
6. g(x) = (x—3), r(x) = (7x—9) 7. q(x) = +x-3,1(x) =8
8. g(x) =—x*—2,7(x) ==5x +10 10. g(x) =x*+2x+1
12. -4,-1,3 13. 5 14.1,-2,3,-3 15.2,-2,-6,5
16. v/3,v/3,4,-5 17. v/3,-/3,1, % 18. -1,-3
19. (3+12),3-v2), 3,1

EXERCISE 2C

Very-Short-Answer Questions

1

. If one zero of the polynomial ¥ —4x+1is(2+ ﬁ), write the other zero.

[CBSE 2010]
. Find the zeros of the polynomial +x— p(p +1). [CBSE 2011]
. Find the zeros of the polynomial x* - 3x — m(m + 3). [CBSE 2011]

. If a, P are the zeros of a polynomial such that a + = 6 and a§ = 4 then
write the polynomial. [CBSE 2010]

. If one zero of the quadratic polynomial kx> +3x +k is 2 then find the
value of k.

. If 3is a zero of the polynomial 2x* + x + k, find the value of k. [CBSE 2010]
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. If -4 is a zero of the polynomial x* — x — (2k + 2) then find the value of k.

[CBSE 2009]

. If 1 is a zero of the polynomial ax*~3(a—1)x—1 then find the value

of a.

. If 2 is a zero of the polynomial 3x” + 4x + 2k then find the value of k.

[CBSE 2010]
Write the zeros of the polynomial ¥—x-6. [CBSE 2008]

If the sum of the zeros of the quadratic polynomial kx*~3x+5 is 1,
write the value of k.

If the product of the zeros of the quadratic polynomial x*—4x +k is 3
then write the value of k.

If (x + a) is a factor of (2x* + 2ax + 5x + 10), find the value of a. [CBSE 2010]
If (a—b), a and (a + b) are zeros of the polynomial 2x* — 6x* + 5x — 7, write
the value of a.

If x* + x> —ax + b is divisible by (x* - x), write the values of 2 and b.

If o and B are the zeros of the polynomial 2x* + 7x + 5, write the value of
a+p+ap. [CBSE 2010]
State division algorithm for polynomials.

The sum of the zeros and the product of zeros of a quadratic polynomial

are - 1 and -3 respectively. Write the polynomial.

Short-Answer Questions

19.
20.
21.

22.

23.

24.

Write the zeros of the quadratic polynomial f(x) = 6x*— 3.

Write the zeros of the quadratic polynomial f(x) = 4y3x*+5x—23.
If o and B are the zeros of the polynomial f(x) = x*—5x +k such that
o—B =1, find the value of k.

If o and B are the zeros of the polynomial f(x) = 6x>+x -2, find the

value of (B 2)

If o and B are the zeros of the polynomial f(x) = 5x*~7x+1, find the

value of ( B>
If o and B are the zeros of the polynomial f(x) = x* + x - 2, find the value

o)
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If the zeros of the polynomial f(x)=x’-3x*+x+1 are (a—b),a and
(@a+b), find aand b.
ANSWERS (EXERCISE 2C)
. (2-+3) 2. —(p+1)andp 3. (m+3)and—m 4. X —6x+4
k=2 6. k=21 7. k=9 8.a=1 9. k=-2
3and -2 11. k=3 12. k=3 13.a=2 14.a=1
a=2andb=0 16. -1 18.x2+%x—3 19.x=% or xZ%
e RS/ B 25 =3
x—ﬁor x=-7 2. k=6  22. ) 23. 7 24. -

a=land b=+42

HINTS TO SOME SELECTED QUESTIONS

. Let the other zero be a.

—(coefficientof x) _ —(—4) _ 4
(coefficient of x%) 1 '

@+y/3)ta=4=a=@2-v3).

Then, sum of zeros =

P Hx—pptl) =+ (prDx-px—pp+1)

=x{x+@+1)}-plx+(p+1)}
={x+ @+ Dix-p}.
So, its zeros are —(p +1)and p.

. x2—3x—m(m+3) =x2—(m+3)x+mx—m(m+3)

=xfx—(m+3)} +mfx—(m+3)}
={x—(m+3){{x +mj}.

So, its zeros are (m + 3) and —m.

. Required polynomial is x?- (a+B)x+op= x2—6x +4.

. Since 2 is a zero of kx® + 3x + k, we have 4k + 6 + k = 0.
- -6,
5k=-6 =k 5

. Since 3is a zero of 222 + x +k, we have 18 +3+k = 0 = k = -21.

. S'mce—4isazeroofxzfx*(2k+2),wehave16+4*2k*2=0.

2k=18=k=9.

. Since 1 is a zero 0fax2—3(a—1)x—1,wehavea—S(u—l)—l =0.

a=3a+3-1=0>2a=2=a=1

. Since 2 is a zero of 3x% + 4x + 2k, we have 12— 8 + 2k = 0.

2%k=-4-k=-2.
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xz—x—6:x2—3x+2x—6:x(x—3)+2(x—3)= (x=3)(x+2).
So, its zeros are 3 and 2.

—(coefficientof x) 3

Sum of the zeros = ———————=="-
(coefficient of x?) k&
3 _ -
o 1=k=3.

constant term

Product of the zero = = % So, k=3.

coefficient of x?
Let f(x) = 242 + 2ax + 5x + 10. Then, f(=a)=0.
2a%-242-5a+10=0 = 5a=10 = a=2.
—(coefficient of x2) _ —(—6
(a+pry) = (f:oefficient of xs)) B (2 - 3
(@a-b)+a+@+b)=3=>3a=3=>a=1.
2

On dividing x°> + x> —ax + b by x* — x, we get

xz—x)x3+x2—ax+b(x+2
£
2% —ax
2x% = 2x
2-a)x+b

(2-a=0andb=0) = a=2and b=0.

Clearly, o+ = _77 and aff = %

_ —7+5)  _
a+ﬁ+aﬁ=(77+%):%=%=_l.
a+B="andop =-3.

So, the polynomial is C—(a+B)x+ap=x>+ %x -3.

62 -3 =3(2%-1) = 3(/2x-12x+1).

So, its zeros are % and -1

22

f(x) = 4/3x>+5x-24/3
=4y/3x%+8x—3x—2¢/3 =4x(y3x+2)—y3(¥/3x+2)
= (V3x+2)4x—v3).
-2 43,
/34
(o+B)=5and ap =k Also,a—p =1 (given).
(@ +B)*~(a=p)*=4op = 57 ~1?=4ap
4ap=(25-1)=24 = apf =6.
Hence, k = 6.

So, its zeros are
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2. a+B="Fandop="2 =31

( ) (@ +p) _(a+B)*-2ap _ (L %) 25 _ 25
B - (5% )=

af ap <T1> 36X -1)T 12

23.a+[3=%anda[3=%~

(- =)
24. a+pB=-1land aff =-2.
(B+o)*=(B-0)”=4ap
= (B-o)?’=(a+p)’-4ap=(-1)7-4x(-2)=
= pB-a=3.

(5 B) (Baﬁa) 2" -5

25.a+B+y=3,0pf+Py+yo=1and afy=-1
(a=b)+a+@+b)=3=>3a=3=a=1
and (@—b)Xax(a+b)=-1= a@*-b?)=-1
S1-b2=-1>b*=2=b=4/2.

MULTIPLE-CHOICE QUESTIONS (MCQ)

Choose the correct answer in each of the following questions:

1. Which of the following is a polynomial?

(@) X*—5x+4yx+3 (b) ¥*2—x+x"2+1

(© Va+—= (d) V222 -3V3x+6
2. Which of the following is not a polynomial?

() fxz—Zﬁx+5 (b) 9> —4x +y2

(c) x + 62 —ﬁx 8 (d) x+%

3. The zeros of the polynomial x> —2x — 3 are

@) -3, 1 (b) -3, -1 (©) 3,-1 @ 3,1

4. The zeros of the polynomial - «/5 x—12 are

@ v2,-v2 () 3v2,-2y2 (0 -3v2,2y2 (d) 3¥2,22

5. The zeros of the polynomial 4x* + 5«/5 x—3 are

63

(a) =3v2,v2 (b) —3&,@ (c) Sf { (d) none of these
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. The zeros of the polynomial x* + %x —2are

(a) -3, 4 b) 35 © 53 (d) none of these

11x _ 2

. The zeros of the polynomial 7x* - =3 —7gare

(a) %,% (b) %, _3—1 (c) _3—2,% (d) none of these

. The sum and the product of the zeros of a quadratic polynomial are

3 and -10 respectively. The quadratic polynomial is
(@) ¥*=3x+10 (b) ¥*+3x—10 () ¥=3x—10 (d) ¥*+3x+10

. A quadratic polynomial whose zeros are 5 and -3, is

(@) ¥*+2x—15 (b) ¥*—2x+15 (c) ¥*—2x—15 (d) none of these
A quadratic polynomial whose zeros are % and _71, is

(@) 10 +x+3 (b) 102 +x-3  (c) 104’ —x+3 (d) 10*-x—-3
The zeros of the quadratic polynomial x> + 88x + 125 are

(a) both positive (b) both negative

(c) one positive and one negative (d) both equal

If o and P are the zeros of x* + 5x + 8 then the value of (o + B) is

(@5 (b) -5 (c) 8 (d) -8
If o and P are the zeros of 2x* + 5x — 9 then the value of af is
- -9 9

(a) 3 ®) 3 © 5 5

If one zero of the quadratic polynomial kx* + 3x + k is 2 then the value
of kis

(@) 2 b) 2 © < @ 2
If one zero of the quadratic polynomial (k—1)x* +kx + 1 is —4 then the
value of k is

- 5 —4 4
(@) 2 (b) 2 © 5 ) 3
If -2 and 3 are the zeros of the quadratic polynomial x>+ (a+1)x+b
then

(@a=-2,b=6 (b)a=2,b=-6
(c)a=-2,b=-6 (d)a=2,b=6
If one zero of 3x* + 8x + k be the reciprocal of the other then k = ?

(@) 3 (b) -3 © % @ 5
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If the sum of the zeros of the quadratic polynomial kx* + 2x + 3k is equal
to the product of its zeros then k = ?

(@) (b) 5 © 3% @ F

If o, B are the zeros of the polynomial x* + 6x + 2 then (é + %) =7
(@ 3 (b) -3 (c) 12 (d) -12
If a, B, y are the zeros of the polynomial x’-6x"~x+30 then
(af + Py +vya) =72
(a) -1 (b) 1 (c) -5 (d) 30
If a, B, y are the zeros of the polynomial 2x* + x* = 13x + 6 then afy = ?
-1 -1
@ -3 b) 3 © 7 @ 3
If a, B, y be the zeros of the polynomial p(x) such that (o ++y) =3,
(ap + By +ya) =—-10 and afy = —24 then p(x) =?
(@) ¥ +3x*—10x +24 (b) x®+3x*+10x — 24
(c) ¥*—3x*—10x +24 (d) None of these
If two of the zeros of the cubic polynomial ax® + bx* + cx +d are 0 then

the third zero is

(a) 2 ) 2 © < ) 2

If one of the zeros of the cubic polynomial ax® + bx* + cx + d is 0 then the
product of the other two zeros is

@ o (b) & (©) 0 (d)

If one of the zeros of the cubic polynomial x* + ax® + bx + ¢ is -1 then the
product of the other two zeros is

(@ a-b-1 (b) b—a—-1 (c)1—-a+b (d)1+a-b
If o, B be the zeros of the polynomial 2x*+5x+k such that
o+ B +ap =2 thenk=?

(@) 3 (b) -3 (c) -2 (d) 2
On dividing a polynomial p(x) by a nonzero polynomial q(x), let g(x)
be the quotient and 7(x) be the remainder then p(x) = g(x) - g(x) + r(x),
where

—-b
a

(a) r(x) = 0 always

(b) degr(x) < deg g(x) always

(c) either r(x) = 0 or deg r(x) < deg g(x)
(d) r(x) = g(x)
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28. Which of the following is a true statement?
(a) x*+5x -3 is a linear polynomial.
(b) x*+4x—1is a binomial.
(c) x+1is a monomial.

(d) 5x°is a monomial.

ANSWERS (MCQ)

1.(d) 2@ 3 40 5@ 60 7(@)

10.(d) 11 (b) 12.(b) 13.(c) 14.(d) 15.(b) 16.(c) 17.(a)

8. (c)

9. (¢)
18. (d)

19. (b) 20.(a) 21.(a) 22.(c) 23.(a) 24.(b) 25.(c) 26.(d) 27.(c)

28. (d)

HINTS TO SOME SELECTED QUESTIONS

—_

. Clearly, ﬁx2*3x/§x+«/€ is a polynomial.

2. Clearly, x + % is not a polynomial.

3. x%-2x-3=x*-3x+x-3

=x(x—-3)+(x—-3)=(x—-3)(x+1).

(x=3)x+1)=0=x=3 or x=-1.

4. —y2x-12=2"-3y/2x+24/2x-12

=x(x=3v2)+2/2(x~3v2) = (x=3v2)(x +22).

x=3«/§ or x=—2«/§.

5. 4% +5/2x -3 =4 +64/2x - v2x -3

=2¢2x(Y2x+3) - (V2x +3) = (Y2x +3)2¥2x - 1).

3 Y2 -3y2 1 V2 42
x=—=X—==—F7—o0r x=——=X—(—==—"
2R 2 222 e
2,1, _6x*+x-12
6. x +6x 2 3

632 +x—12=6x>+9x—8x—12 = 3x(2x + 3) — 4(2x + 3)
=(2x+3)3x—4)

the zeros are _73 and %

1lx 2 _21¥%—11x-2
7.7 -5 5= 3

Now, 21x% — 11x—2 = 21x%— 14x +3x -2
=7x(Bx—2)+(Bx—2)=(Bx—2)(7x+1).

2 -1
the zeros are 37
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8. The required polynomial is
K= (o+p)x+of=x>—3x—10.
9.a+B=5+(3)=2,ap =5X(-3) =~

Required polynomial is x2 —2x—15.

10. a+p= (%‘%) 10""B (_2_1):%

Required polynomial is x*— ﬁx - %, ie., 106> —x—3.

11. Let o and B be the zeros of the given polynomial.
Then, o+ B =—-88 and aff = 125.
This happens when o and B are both negative.
12. For ax? + bx + ¢, we have(x-*—[}:%b'
Forx2+5x+8,wehaveoc+ﬁ =-5.
13. For ax® + bx + ¢, we have af = %'
For 2x% + 5x — 9, we have ap = ?
14. x = 2 satisfies kx? +3x + k = 0.

4k +6+k=0= 5k=—6 = k=—2-
15. x = —4 satisfies (k— 1)x® + kx + 1 = 0.
16(k-1)—4k+1=0 = 12k=15 = k:%

16.a+B=3+(-2)=1landaf =3 X (-2) =—
—(@a+1)=1=a+l=-1=>a=-2.

Also, b =—6.
_ k_ _
17. aB—1:>§—1:>k—3.
-2 _ 3k _2,
18. a+pB= OLB:>77?:>T*3:>IC 3

19. a+B=-6and af = 2.
(@+p)
[E+)-Cap =7

Note For ax®+bx? + cx +d, we have

(@ +B+7) =2, (B + By +y0) = and oy = -
20.(&B+By+ya)=£=_1—1=—l.
21 apy="2="F=3

22. p(x) = 2> = (. + B +7) x>+ (af + By +yo) x — aPy
= 23— 3x%—10x +24.

67
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23. Let 0, 0, 0 be the zeros of ax®> + bx? + cx + d. Then,

-b -b -b
sumofzeros:7$ a+0+017i o=

Hence, the third zero is _Tb'

24. Let a, B, 0 be the zeros of ax® + b+ cx +d. Then,
sum of the products of zeros, taken two at a time is given by

(@B+BX0+ax0)=5= ap=r

the product of the other two zeros is %'

25. Since -1 is a zero of x> + ax? + bx + ¢, we have
(DP+ax(1)2+bX(D+c=0=a-b+c-1=0=>c=1-a+b.
Also, product of all zeros is given by
af X(-1)=-c= af=c=>ap=1-a+b.
_=5 _k.
26. atp= 5 andon[if2

o2+ rap=2L = (@+p)P-op=2

SUMMARY OF RESULTS

n

1. L. Polynomial: An expression of the form p(x) = ay+ @ x + a,x* +... +a,x",

where a, # 0, is called a polynomial in x of degree n.

II. A polynomial is said to be linear, quadratic, cubic and biquadratic
according as its degree is 1, 2, 3 and 4 respectively.
General form:

(i) linear equation: ax + b.

(ii) quadratic equation: ax® + bx + c.
(iii) cubic equation: ax® + ba® + cx + d.
(iv) biquadratic equation: ax* + bx® + cx* + dx +e.

III. Value of a polynomial at a point: The value of a polynomial p(x) at
x = o is obtained by putting x = a.and it is denoted by p(o).

IV. Zeros of a polynomial: A real number o is called a zero of p(x), if
p(a) = 0.
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2. L Ifa, B are the zeros of p(x) = ax*+bx+c,a+ 0 then
Ha+p=2, (ii) ap = <-
IL. If oo and B are the zeros of a quadratic polynomial p(x) then
p(x) = {* — (o + B)x + ap}.
3. L If a, B, y are the zeros of p(x) = ax®+bx*+cx+d, a + 0 then

(Hoa+p+y= —ab, (i) B + By +yo = <, (iii)aﬁyz;_d.

II. If o, B and y be the zeros of a polynomial p(x) then
p(x) == (o + B+ %+ (ap + By + yo) x — afy.

TEST YOURSELF
MCQ
1. Zeros of p(x) = x*~2x—3 are
(@) 1,-3 (b) 3,-1 () -3,-1 d 1,3

2. If o, B, y are the zeros of the polynomial x° — 6x* — x + 30 then the value
of (af + Py +ya) is

(@) -1 (b) 1 (c) -5 (d) 30
3. If a, B are the zeros of kx> —2x + 3k such that o+ = o then k = ?
1 -1 2 -2
(@) 3 (b) 3~ (3 (d) 5

4. 1t is given that the difference between the zeros of 4x* —8kx +9 is 4 and
k>0.Then, k=7

1
(@) & (b)
Short-Answer Questions
5. Find the zeros of the polynomial x* + 2x — 195.

Njw
NN

© 3 (d)

6. If one zero of the polynomial (a* + 9)x* + 13x + 6a is the reciprocal of the
other, find the value of a.

7. Find a quadratic polynomial whose zeros are 2 and 5.

8. If the zeros of the polynomial x* — 3x* + x + 1are (2 — b), aand (a + b), find
the values of a and b.

9. Verify that 2 is a zero of the polynomial x> + 4x* —3x — 18.

10. Find the quadratic polynomial, the sum of whose zeros is -5 and their
product is 6.
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Find a cubic polynomial whose zeros are 3, 5 and 2.

Using remainder theorem, find the remainder when
p(x) = x* +3x* —5x + 4 is divided by (x - 2).

Show that (x +2) is a factor of f(x) = x° +4x* + x —6.

If o, B, y are the zeros of the polynomial p(x) = 6x° + 3x* = 5x + 1, find the

value of (%+%+%>~
If o, B are the zeros of the polynomial f(x)=x*—5x+k such that
o— B =1, find the value of k.

Show that the polynomial f(x) = x* + 4x* + 6 has no zero.

Long-Answer Questions

17.

If one zero of the polynomial p(x) = x* = 6x> + 11x - 6 is 3, find the other
two zeros.

18. If two zeros of the polynomial p(x) = 2x* - 3x> - 3x* + 6x — 2 are 2 and
—«/E, find its other two zeros.
19. Find the quotient when p(x) = 3x*+5x°~7x*+2x +2 is divided by
(P +3x+1).
20. Use remainder theorem to find the value of k, it being given that when
x> +2x* + kx + 3 is divided by (x — 3) then the remainder is 21.
ANSWERS (TEST YOURSELF)
1. (@) 2.(@) 3.(c) 4. (0 5. -15,13 6. a=3
7.%+3x-10 8.a=1b=%/2 10. ¥+5x+6 11. ¥~ 6x>—x+30
12. 14 14.5 15. k=6 17. 1,2 18. 1, %
19. 3¢ —4x+2 20. k=-9



	Polynomials

