Triangles

'

CONGRUENT FIGURES  Two geometric figures which have the same shape and size
are known as congruent figures.

Congruent figures are alike in every respect.

SIMILAR FIGURES ~ Geometric figures which have the same shape but different sizes
are known as similar figures.

Two congruent figures are always similar but two similar figures need
not be congruent.

Examples
(i) Any two line segments are similar.
(ii) Any two equivalent triangles are similar.
(iif) Any two squares are similar.

(iv) Any two circles are similar.

VAN

SIMILAR POLYGONS

Two polygons having the same number of sides are said to be similar, if
(i) their corresponding angles are equal, and
(ii) the lengths of their corresponding sides are proportional.

If two polygons ABCDE and PQRST are similar, we write,
ABCDE ~ PQRST, where the symbol ‘~" stands for ‘is similar to’.

The constant ratio between the corresponding sides of two similar
figures is known as the scale factor, or the representative fraction. Since
triangles are also polygons, so the same set of conditions apply for the
similarity of triangles.

EQUIANGULAR TRIANGLES

Two triangles are said to be equiangular if their corresponding angles are equal.
351
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SIMILAR TRIANGLES
Two triangles are said to be similar to each other if
(i) their corresponding angles are equal, and

(ii) their corresponding sides are proportional.
RESULTS ON SIMILAR TRIANGLES

(BASIC-PROPORTIONALITY THEOREM) OR (THALES’ THEOREM)

THEOREM 1 If a line is drawn parallel to one side of a triangle to intersect the
other two sides in distinct points then the other two sides are divided

in the same ratio. [CBSE 2002C, '04C, '05, '06C, 07, '09, "10]

GIVEN A AABC in which DE || BC and DE intersects AB and AC at D and
E respectively.

AD _ AE |

TO PROVE DB~ EC

CONSTRUCTION  Join BE and CD.
Draw EL L. ABand DM L AC.
PROOF  We have

ar(AADE) = % X ADXEL [ A=%Xbasex height]

and ar(ADBE) =~ >< DB XEL.

ar(AADE) _ —XADXEL _AD i
ar(ADBE) >< DB X EL ~ DB

Again, ar(AADE) = ar( AAED) =+ X AE X DM

and ar(AECD)= >< EC X DM.

ar(AADE) _ 2 X AE X DM _AE. (i)
ar(AECD) ~ L poxpm EC

Now, ADBE and AECD being on the same base DE and between
the same parallels DE and BC, we have

ar(ADBE) = ar( AECD) ... (iii)
From (i), (ii) and (iii), we have

AD _ AE

DB = EC
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COROLLARY In a AABC, a line DE|| BC intersects AB in D and AC in E, then

prove that
() AB_AC ) AD_AE,
DB~ EC AB ~ AC

PROOF (i) From Basic-Proportionality theorem, we have
AD _ AE _, AD ,, _ AE
DB~EC ~ DB 1 EC™!
AD+DB _ AE+EC _, AB _ AC.
DB - EC T DBTEC
(ii) From Basic-Proportionality theorem, we have

AD _ AE _, DB _ EC

DB~ EC 7 AD  AE
DB\_(, L EC
= (1+4p)=(1+4F)
- (AD+DB) (AE+EC)
AD = AE
AB _ AC _, AD _ AE
= AD = AE ~ AB ~ AC
SUMMARY
In AABC, let DE || BC. Then,
. AD _ AE A
(l)ﬁzﬁ (B.P.T.)
. AB _ AC
(i) pg = EC b E
.. AD _ AE
(ii}) 4B ='AC B c

THEOREM2 (Converse of Thales’ theorem) If a line divides any two sides of
a triangle in the same ratio then the line must be parallel to the

third side.
GIVEN A AABC and a line ! intersecting AB at D and A
AD _AE. A
AC at E, such that DB ~ EC ‘ L
ToPROVE DE||BC. B C

PROOF  If possible, let DE not be parallel to BC. Then, there must be another
line through D, which is parallel to BC. Let DF || BC.

Then, by Thales” theorem, we have

AD _ AL :
DB ~ FC - (@)

AD _ AE , . .
But, WZT(glven). ... (i)
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From (i) and (ii), we get

AF _AE _. AF . _AE AF+FC _ AE+EC
FCTEC T ECTITECYI T TR T EC
AC_AC ., 1 _ 1 -
iﬁ_EC = IC - EC = FC=EC.
This is possible only when E and F coincide.
Hence, DE|| BC.

SOLVED EXAMPLES

EXAMPLE 1 In the given figure, MN || AB, A
BC=75cm, AM =4 cm and M
MC =2cm. Find the length
of BN. [CBSE 2010]
SOLUTION In AABC, MN || AB. B N
%7((5 = % [by Thales” theorem]
_, __MC__NC
AM+MC BC
= 432 =%,WhereNC=xcm
_2X75 15 _
= X=Tf =% = 25
= NC=25cm.
Hence, BN =BC—-NC=(75-2.5)cm =5 cm.
EXAMPLE2  In the given figure, DE||BC and % = % 7\
If AC = 4.8 cm, find the length of AE. D

[CBSE 2008C]
SOLUTION Let AE=x cm.

Then, EC = (AC— AE) = (4.8 —x) cm.

Now, in AABC, DE || BC.

AD _AE 3 _ «x
DB " EC 5 (48-1)

= 3(4.8-x)=5x = 8x=144
= x=18.
Hence, AE =1.8 cm.




EXAMPLE 3

SOLUTION

EXAMPLE 4

SOLUTION

EXAMPLE 5
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In the given figure, in AABC,DE| BC A
so that AD = (4x—3)cm, AE=(8x—7)cm,

BD = (3x—1) cm and CE = (5x — 3) cm. Find

the value of x. [CBSE 2002C]

In AABC, DE||BC.

% = % [by Thales’ theorem]

23 BT 4r-3)5x-3) = (Bx—1)Bx—7)

20x*=27x+9 = 24x* = 29x +7
4x*-2x-2=0=2x>—x-1=0

2 —2x+x-1=0=2x(x—1)+(x—-1)=0
(x-1)2x+1)=0

(x-1)=0 or 2x+1)=0

L R

- -1
x=1or x= 5

But, x= 5 = AD=|4x(3})=3|=-5.

And, distance can never be negative. So, x # _71

Hence, x = 1.

If D and E are points on the sides AB A

and AC respectively of AABC such that D E
AB=56cm, AD=14cm, AC=72cm

and AE = 1.8 cm, show that DE || BC.

Given, AB=5.6cm, AD=1.4cm,

AC=72cmand AE =1.8 cm.
AD _14 _1 AE _18 _1

AB " 56 4d 4 c=7277
AD _ AE

= "AB~ AC

Hence, by the converse of Thales’ theorem, DE || BC.

In the adjoining figure, MIN || QR. P

Find (i) PN and (ii) PR. 19em 6.9.cm

5.7 cm
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SOLUTION

EXAMPLE 6

SOLUTION

EXAMPLE 7

SOLUTION

Secondary School Mathematics for Class 10

In APQR, MN || QR.

]I\)/I MG = % [by Thales” theorem]

= %I%,wherePNZxcm

_19%X6.9 _
= Xx="F7 =23.

Hence, i) PN =xcm =2.3 cm
and (ii) PR=PN+NR=(2.3+6.9)cm =9.2 cm.

In the given figure, % = % and A
ZADE = ZACB. Prove that AABC is an
D E
isosceles triangle.
We have B o
% = % = DE||BC [by the converse of Thales” theorem]

ZADE = ZABC (corresponding 4).
But, ZADE = ZACB (given).
ZABC= ZACB.
So, AB = AC [sides opposite to equal angles].

Hence, AABC is an isosceles triangle.

M and N are points on the sides AC and BC respectively of a AABC.
In each of the following cases, state whether MIN || AB.

(i) CM=42cm, MA=28cm, NB=3.6cm,CN =5.7 cm
(ii)) CB=6.92cm,CN =1.04 cm, CA=1.73cm, CM =0.26 cm
(iii) CM =5.1cm,CA=6.8cm,CB=5.6cm, NB=1.4cm

(i) We have
CM _42_3 4CN_57_19 7
MA ~28 239'NB 36 12 \
W CM  CN | M
SmceMAiNB B

So, MN is not parallel to AB.
(i) We have
MA=CA-CM=(173-0.26) cm =147 cm
and NB=CB—-CN =(6.92—1.04) cm = 5.88 cm.
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CM _026 _26 . CN_104_ 26
MA ~1.47 ~ 147 8% NB ~ 588 ~ 147

Clearly, % = % and so MN || AB

[by the converse of Thales” theorem].
(iii) We have
MA=CA-CM=(6.8-51)cm=17cm
andCN=CB—-NB=(5.6—14)cm =4.2 cm.
CM _51_3 CN _42_3,

MA-17-1ad Np=1471

Clearly, % = % and so MN || AB

[by the converse of Thales” theorem].

EXAMPLE 8  In the given figure, DE || AC and DF || AE. A
D
Prove that % = % [CBSE 2005, '07]
B F E c

SOLUTION In ABAE, DF || AE.

% = % ... (i) [by Thales’ theorem]

In ABAC, DE || AC.

% = % ... (ii) [by Thales’ theorem]

From (i) and (ii), we get

BE_BE [oach equal to ED)
FE " EC each equa ODA

EXAMPLEQ  In the figure given along side, DE || OQ

P
and DF || OR. Show that EF || QR. )\
E A‘ F

9)
SOLUTION In APOQ, DE||OQ. Q R
% = % ... (i) [by Thales’ theorem]

In APOR, DF || OR.
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EXAMPLE 10

SOLUTION

EXAMPLE 11

SOLUTION
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PD _ PF .
DO~ FR
From (i) and (ii), we get
PE _PE ook equal to P2
EQ ~FR [eachequa topo

Thus, in APQR, E and F are points on PQ and PR respectively

such that % = %

Hence, EF||QR [by the converse of Thales’ theorem].

In the given figure, LM ||CB and LN || CD.

AM _ AN
Prove that “AB = AD

In AALM, LM || CB.
AB _ AC _, AM _ AL

AM ~ AL
In AALN, LN || CD.
AC _AD _, AL _ AN

AB ~ AC

AL~ AN 77 AC ~ AD
From (i) and (ii), we get

AM _ AN

AB ~ AD

In the given figure, AB||DE and BD||EF.

Prove that DC? = CF X AC.

M

N
.. (i) [by Thales’ theorem]

...(ii) [by Thales’ theorem]

[CBSE 2004C, "10] F

In AABC, AB|| DE.
CD _CE.

DA ~ EB
In ACDB, BD || EF.

CF _CE,
FD " EB

From (i) and (ii), we get
CD _ CF

DA ~ FD

... (i) [by Thales” theorem]

... (ii) [by Thales’ theorem]



EXAMPLE 12

SOLUTION

EXAMPLE 13

SOLUTION
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= %‘é = % [taking reciprocals]

DA ,,_ED
= pctl=crt!
DA +DC _ FD+CF

= DC ~ CF
AC _DC
= DC~ CF

= DC?>=CF X AC.

In the given figure, PQ || AB and PR|| AC.
Prove that QR || BC. [CBSE 2002, '05C]

In AOAB, PQ|| AB.

or - 8—%- ... (i) [by Thales’ theorem]
In AAOC, PR| AC.
OP _OR,
PA~ RC
From (i) and (ii), we get
9Q _OR,
OB ~RC!
Thus, in AOBC, Q and R are points on OB and OC respectively

such that 87% = %

... (ii) [by Thales’ theorem]

n AOBC.

Hence, by the converse of Thales’ theorem, QR || BC.

In the given figure, in AABC, ZB= £C A
and BD = CE. Prove that DE || BC.

D, E

B C

GIVEN A AABC in which Z#B = ZC and BD = CE.
TOPROVE DE||BC.
PROOF In AABC, 4B= ZC = AB=AC
[sides opposite equal £ are equal].
Now, AB=AC = (AD+ BD) = (AE + CE)
= AD = AE [- BD=CE(given)]

AD _ AE —
= L5 =4F [ BD=CE].
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EXAMPLE 14

SOLUTION

EXAMPLE 15

SOLUTION
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AD _ AE
Thus, 55 = CE

Hence, DE|| BC [by the converse of Thales” theorem)].

In AABC,D and E are two points on A
AB such that AD = BE. If DP|| BC and D P
EQ|| AC, prove that PQ|| AB.

GIVEN A AABC and D, E are two E

points on AB such that AD = BE.
Also, DP || BC, and EQ || AC.

TOPROVE PQ|| AB.

PROOF In AABC, DP||BC.

‘g—g = ’lg—g .. (d) [by Thales’ theorem]
In ACBA, EQ|| AC.
% = g_% [by Thales’ theorem]
AD B ..
= DB" Q—% ... (i)

[ BE=AD,EA= (ED+DA) = (DE+EB) = DB]
From (i) and (ii), we get

AP _BQ
PC ~QC

PQ| AB [by the converse of Thales” theorem].
If three or more parallel lines are intersected by two transversals,

prove that the intercepts made by them on the transversals are
proportional.

GIVEN Three lines I, m, n such that || m || n.

These lines are cut by the A c

transversals ABand CDin P, Q, R

and E, F, G respectively. P\ E L
PQ _EF. Q/ L \F

TOPROVE SR = FG - : »m

CONSTRUCTION Draw PM||CD, R \ CH
meeting the lines m and n at L and ;Z Xx
M respectively.



EXAMPLE 16

SOLUTION

EXAMPLE 17
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PROOF PL||EF and PE||LF = PLFEisa||gm
= PL=EF. . @
(opp. sides of a ||gm)

Also, LM || FG and LF || MG = LMGF is a||gm
= LM =FG. ... (ii)
(opp. sides of a ||gm)
In APRM, QL || RM and therefore, by Thales’ theorem, we have

PQ _PL _EF

OR ~IM~FC [using (i) and (ii)].
PQ _EF.
OR ~FG

ABCD is a quadrilateral and P, Q, R, S are the points of trisection
of the sides AB, BC, CD and DA respectively and are adjacent to A
and C. Prove that PQRS is a parallelogram.
GIVEN A quadrilateral ABCD in which
P, Q, R, S are the points of trisection of
AB, BC, CD and DA respectively (as
shown).

TOPROVE PQRS is a parallelogram.

CONSTRUCTION  Join AC.

PROOF In ABAC, we have % = g—% = %

PQ|| AC. ... (i) [by the converse of Thales” theorem]
Also, in ADAC, we have

DS _DR _2,

SAT RC ™1

SR|| AC. ... (ii) [by the converse of Thales” theorem]

Thus, PQ||SR [from (i) and (ii)].
Similarly, by joining BD we can prove that SP || RQ.
Hence, PORS is a parallelogram.

ABCD is a trapezium with AB||DC. E and F are points on non-

parallel sides AD and BC respectively such that EF || AB. Show that
AE _ BF .

ED " FC
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SOLUTION

EXAMPLE 18

SOLUTION
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GIVEN A trap. ABCD in which AB||DC. E and F are points on
AD and BC respectively such that EF || AB.

AE _ BF
TOPROVE 5 = FC

CONSTRUCTION  Join AC, intersecting EF at G.
PROOF EF||ABand AB||DC = EF||DC. E
Now, in AADC, EG || DC.

A B

é_g = % ... (i) [by Thales’ theorem]
Similarly, in ACAB, GF || AB.

% = % [by Thales’ theorem]

AG _ BF s

GC ~FC - (i)
From (i) and (ii), we get

AE _ BF

ED ™ FC

ABCD is a trapezium in which AB || DC and its diagonals intersect
each other at the point O.

Prove that % = g—% [CBSE 2004]

GIVEN A trapezium ABCD in which AB || DC and its diagonals
AC and BD intersect at O. b c

AO _ BO v
TOPROVE 55 =D .

0
CONSTRUCTION  Through O, draw

EO|| AB, meeting AD at E.

A B

PROOF InAADC,EO||DC [. EO|AB| DC].

% = % ... (i) [by Thales’ theorem]
In ADAB, EO || AB.

% = % [by Thales’ theorem]

AE _ BO .
= E¥D-0D ... (ii)
From (i) and (ii), we get

AO _ BO .

OC ~ OD
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EXAMPLE 19 The diagonals of a quadrilateral ABCD intersect each other at the

point O such that % = g% Show that ABCD is a trapezium.

[CBSE 2005, '08]

SOLUTION  GIVEN A quadrilateral ABCD whose D ©
diagonals AC and BD intersect at a
point O such that

AO _ BO
OC ~ OD A B

TOPROVE ABCD is a trapezium, i.e., AB|| DC.

CONSTRUCTION  Draw EO || DC, meeting AD at E.

PROOF In AACD, EO|| DC.

% = % [by Thales” theorem].

A B .
But, 07(8 = O% (given)

BO _ AE _, DO _ DE .
OD “ED ~ OB ~ EA InADAB.

So, EO|| AB [by the converse of Thales’ theorem].
But, EO||DC.
Hence, AB||DC, i.e., ABCD is a trapezium.

EXAMPLE20 In the given figure, ABCD is a p c
trapezium in which AB||DC and
its diagonals intersect at O. If 0
AO=Bx-1) cm, OC=(5x—3) cm,
BO = (2x+1) cmand OD = (6x —5) cm, A B
find the value of x.

soLutioN  We know that AB||DC in trapezium ABCD and its diagonals

intersect at O. Then, we have
&:&j 3x—1_2x+1
oCc OD 5x-3 6x-5

= (Bx—1)(6x—5) = (2x +1)(5x — 3)
= 18x*-21x+5=10x>—x-3

= 8x?—20x+8=0 = 2x>-5x+2=0
= x-2)2x-1)=0

= x=2 or x=%-

But,x:%willmakeOC =((5x—-3) cm=(5><%—3)cm=—§cm.
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And, the distance cannot be negative.
1,
X+ 5

Hence, x = 2.

MIDPOINT THEOREM

EXAMPLE 21

SOLUTION

EXAMPLE 22

SOLUTION

EXAMPLE 23

SOLUTION

Prove that the line segment joining the midpoints of any two sides of
a triangle is parallel to the third side.

GIVEN A AABCinwhich D and E are the A
midpoints of AB and AC respectively.

TopPrOVE DE||BC. D E
PROOF  Since D and E are the midpoints

of AB and AC respectively, we have g c
AD =DBand AE = EC.

% = % [each equal to 1].

Hence, by the converse of Thales’ theorem, DE || BC.

Prove that a line drawn through the midpoint A
of one side of a triangle parallel to another
side bisects the third side.

GIVEN A AABC in which D is the
midpoint of AB and DE||BC, meeting
ACatE. B c
ToPROVE AE =EC.
PROOF  Since DE|| BC, by Thales’ theorem, we have
AE _ AD

ﬁ_ﬁzl [ AD = DB (given)]
AE _ _
= T—leE—EC.

In AABC, AD is a median and E is the midpoint of AD. If BE is
produced, it meets AC in F. Show that AF = %AC. [CBSE 2006C]
GIVEN A AABC in which AD is a

median and E is the midpoint of AD.
Also, BE is produced to meet AC at F.

TOPROVE AF = %AC.




EXAMPLE 24

SOLUTION
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CONSTRUCTION  From D, draw DG || EF, meeting AC at G.

PROOF In ABCF, D is the midpoint of BC and DG || BF.
G is the midpoint of CF.

So, FG = GC.

In AADG, E is the midpoint of AD and EF || DG.

F is the midpoint of AG.
So, AF=FG.
Thus, AF = FG = GC.
AC=(AF+FG+GC)=3AF.

Hence, AL = %AC.

Prove that the line segments joining the midpoints of the adjacent
sides of a quadrilateral form a parallelogram.

GIVEN A quadrilateral ABCD in which P, Q, R, S are the
midpoints of AB, BC, CD and DA respectively.

TOPROVE PQRS is a parallelogram. D R C

CONSTRUCTION  Join AC.

PROOF In AABC, P and Q are
the midpoints of AB and BC

respectively. A P B
PQIJlAC. ...(A) [bymidpoint theorem]
In ADAC, Sand R are the midpoints of AD and CD respectively.
SR || AC. ... (i) [by midpoint theorem]

From (i) and (ii), we get PQ]||SR.
Similarly, by joining BD, we can prove that PS||OR.
Hence, PQRS is a parallelogram.

ANGLE-BISECTOR THEOREM

EXAMPLE 25

SOLUTION

Prove that the internal bisector of an angle of a triangle divides the
opposite side internally in the ratio of the sides containing the angle.
GIVEN A AABC in which AD, the bisector of ZA, meets BC
inD.

BD _ AB.
TO PROVE DC - AC

CONSTRUCTION  Draw CE || DA, meeting BA produced at E.
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EXAMPLE 26

SOLUTION

EXAMPLE 27

SOLUTION
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PROOF  Since DA || CE, we have
Z2= /3 [alternate int. £]
and £1= 24 [corresponding 4].
But, Z1 = £2 [." AD is the bisector of ZA]
/3= /4. .
So, AE = AC. Y

Now, in ABCE, DA||CE. /

BD _AB UENY

DC ~ AE /

Bb-48 [ AE=AC]. B D c
Hence, BD. - AB.
'DC = AC

Ina AABC, let D be a point on BC such that % = % - Prove that

AD is the bisector of ZA.
GIVEN A AABC in which D is a point on BC such that

BD _ AB.

DC ~ AC e

TOPROVE AD is the bisector of ZA. //4<//

CONSTRUCTION  Produce BA to E such that N

AE = AC. Join EC. //

PROOF % = ﬁ—g (given) g o z
BD 4B . ac=aE]

= DA|CE [by the converse of Thales’ theorem].
£2=/3 ..o (@) [alternate int. 4]

and /1= /4 ... (i) [corresponding 4]

Also, AE=AC = /3= /4. ... (iii)
Z1= 22 [from (i), (ii) and (iii)].
Hence, AD is the bisector of ZA.
In the given figure, AD is the bisector of Z/BAC. If AB=10cm,
AC =6 cmand BC =12 cm, find BD and DC. [CBSE 2001]

Let BD = x cm. Then,
DC = (BC—-BD) = (12— x) cm.



EXAMPLE 28

SOLUTION

EXAMPLE 29

SOLUTION
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In AABC, AD is the bisector of ZBAC. A

So, by the angle-bisector theorem, we have

BD _AB _, _x _10 S

DC~ AC " 12-x 6
= 6x=10(12—x)
= 16r=120 = x=75 o " PlEmoeme
Hence, BD =7.5 cm, and DC = (12 —-7.5) cm = 4.5 cm.

If the bisector of an angle of a triangle bisects the opposite side, prove
that the triangle is isosceles. [CBSE 2000, '01, '02]
GIVEN A AABC in which AD is the bisector of ZBAC such that
BD =DC.

TOPROVE AB=AC.

PROOF Since AD is the bisector of LA, A
by the angle-bisector theorem, we have

48 B0 [ BD=DC]
AB _ _
= 4815 aB-ac

Hence, AABC is an isosceles triangle.

If the diagonal BD of a quadrilateral ABCD bisects both B and £D,

rove that 48 _AD,
P BC ~ CD

GIVEN A quad. ABCD in which diagonal BD bisects both £B
and £D.

AB _ AD
TO PROVE BC-CD

CONSTRUCTION Join AC, intersecting BD D c
atE. &
PROOF In ACBA, BE is the bisector of h
2 ABC. ks =
% = % ... (i)  [by the angle-bisector theorem]
In AADC, DE is the bisector of ZADC.
%ICS = % ... (i1) [by the angle-bisector theorem]

From (i) and (ii), we get % - é—g
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EXERCISE 7A

1. D and E are points on the sides AB and AC respectively of a AABC such
that DE || BC.

(i) If AD=3.6cm, AB=10cm and AE =4.5cm, A
find EC and AC.

(ii) If AB=13.3cm, AC=119cm and EC =5.1cm,
find AD. v S

(iii) 148 =2 and AC = 6.6 cm, find AE.

(iv) 145 =& and EC=3.5 em, find AE.
2. D and E are points on the sides AB and AC respectively of a AABC such
that DE || BC.
Find the value of x, when A
(i) AD=xcm, DB = (x—2)cm,
AE=(x+2)cm and EC=(x—1) cm.
(i)) AD=4cm,DB=(x—4)cm, AE=8cm
and EC = (3x—19) cm. B g C
(iii) AD=(7x—4)cm, AE=(5x—2)cm, DB=(3x +4) cm
and EC = 3x cm.

3. D and E are points on the sides AB and AC respectively of a AABC. In
each of the following cases, determine whether DE || BC or not.

(i) AD=5.7cm, DB=9.5cm, AE =4.8 cm and

A
EC=8cm.
(ii) AB=11.7 cm, AC=11.2 cm, BD = 6.5 cm and D E
AE=42cm.
(iii) AB=10.8cm, AD =6.3cm, AC =9.6 cm and 5 c
EC=4cm.
(iv) AD=72cm, AE=6.4cm, AB=12cm and AC =10 cm.
4. In a AABC, AD is the bisector of ZA. N
(i) fAB=6.4cm,AC=8cmand BD =5.6 cm,
find DC.
(ii)) If AB=10cm, AC =14 cm and BC=6 cm,
find BD and DC. 5 5 c
(iii) If AB=5.6 cm, BD = 3.2 cm and BC = 6 cm, find AC.  [CBSE 2001C]

(iv) If AB=5.6 cm, AC =4 cm and DC =3 cm, find BC. [CBSE 1999C]
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12.
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. Mis a point on the side BC of a parallelogram

ABCD. DM when produced meets AB
produced at N. Prove that

@) DM _ DC i) 2N - AN
) "MN ~ BN” W'DM ~ DC

369

A B N

. Show that the line segment which joins the midpoints of the oblique

sides of a trapezium is parallel to the parallel sides.

. In the adjoining figure, ABCD is a trapezium

in which CD || AB and its diagonals intersect
at O. If AO=2x+1)cm, OC = (5x—7) cm,
DO = (7x—5)cm and OB=(7x+1)cm, find
the value of x.

A B

. Ina AABC, M and N are points on the sides AB and AC respectively

such that BM = CN. If ZB = ZC then show that MN || BC.

. AABC and ADBC lie on the same side of BC,

as shown in the figure. From a point P on
BC, PQ|| AB and PR || BD are drawn, meeting
AC at Q and CD at R respectively. Prove that
QR||AD.

In the given figure, side BC of AABC is
bisected at D and O is any point on AD. BO
and CO produced meet AC and AB at E and
F respectively, and AD is produced to X so
that D is the midpoint of OX. Prove that
AO:AX = AF: AB and show that EF || BC.

ABCD is a parallelogram in which P is the
midpoint of DC and Q is a point on AC such
that CQ = %AC. If PQ produced meets BC at R,
prove that R is the midpoint of BC.

In the adjoining figure, ABC is a triangle in
which AB=AC. If D and E are points on AB

and AC respectively such that AD = AE, show
that the points B, C, E and D are concyclic.




370 Secondary School Mathematics for Class 10

13. In AABC, the bisector of ZB meets AC at D. A
A line PQ|| AC meets AB, BC and BD at P, Q o
and R respectively. D
Show that PR X BQ = QR X BP. R
B Q
ANSWERS (EXERCISE 7A)

1. ))EC=8cm, AC=125cm (ii)AD=7.6cm (iii) AE=2.4cm
(iv) AE=4cm

2. )x=4 (@{)x=11 (iii)x=4

(i) Yes (ii) No (iii) Yes (iv) No

4. ()DC=7cm (ii)BD=25cm,DC=35cm (iii) AC=4.9 cm
(iv) BC=7.2cm

7.x=2

HINTS TO SOME SELECTED QUESTIONS

5. (i) In ANDA, MB|| DA

NM _NB . DM _AB _ DM _DC . rn_
MD ~BA ~ MN BN ~ MN BN [ AB=DCL

NM _NB . NM ., _NB NM+MD _ NB+BA

@MD=BA~MD 1 BA T T MD BA
DN _AN _ DN _AN .. ,._
= DM~ AR = DM~ DC L~ AB=DC].

6. Let E and F be the midpoints of the sides AD and BC of a P
trapezium ABCD having AB || CD. Produce AD and BC to /// \\\
meet at P. / N
In APAB, DC|| AB. D

PD _PC  PD _ PC _ PD_PC 5
DA CB 7~ 2DE  2CF ~ DE CF
= DC||EF. A

8. 4B=2C = AB=AC=> AM+BM=AN+CN = AM=AN [. BM=CN].

_ - AM _ AN
Now, AM =AN,BM=CN = BM —CN A

AM _ AN

cp_C
9. In ACAB, QP || AB = W=Q_g'
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CP _CR,
In ACDB, RP||DB = 55 = Ry

gg CR = QR|AD (in ACDA).

10. Join BX and CX.
Clearly, BD = DC and OD = DX (given).
Thus, the diagonals of quad. OBXC bisect each other.
OBXC is a parallelogram.
BX || CF and so, OF || BX. o
Similarly, OE || XC. B
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In AABX, OF || BX. ~o
AO _ AF. , ~

AX = AB (D) X

In AACX, OE || XC.
AO _ AE . "
AX = AC --- (i)
From (i) and (ii), we get ﬁg 25 :
Hence, FE||BC.
11. Join BD. Suppose it meets AC at S. D

Since the diagonals of ||gm bisect each other, CS = %AC

Now, CS =5 AC and CQ = T AC = CQ =%CS. A
o Qis the midpoint of CS.

A
So, PQ|| DS and therefore, QR || SB.

In ACSB, Q is the midpoint of CS and QR||SB, so R is the midpoint of BC.
12. AB=ACand AD = AE A
= AB-AD=AC-AE = DB=EC

% = % [each equal to 1]

DE||BC [by the converse of Thales’ theorem]
ZDEC+ ZECB =180°

/DEC+ ZCBD =180° [." AB=AC = £C= ZB] B
quad. BCED is cyclic.

L

Hence, the points B, C, E, D are concyclic.
13. In ABQP, BR is the bisector of ZB.

% = % [by angle-bisector theorem].

CRITERIA FOR SIMILARITY OF TWO TRIANGLES

Two triangles are similar, if (i) their corresponding angles are equal and (ii) their

corresponding sides are proportional.
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Thus, AABC ~ ADEF, if
(i) £A=2D,/B=/E,/C=/F

and (ii) % = %2%

THEOREM 1 (AAA-similarity) If in two triangles, the corresponding angles are
equal, then their corresponding sides are proportional and hence the
triangles are similar.

GIVEN AABC and ADEF such that £A =4D, /B = ZE and £C = ZF.

ToPROVE AABC ~ ADEF.

CONSTRUCTION Cut DP = AB and DQ = AC. Join PQ.

PROOF In AABC and ADPQ, we have

AB=DP [by construction]
AC=DQ [by construction]
ZA=2/D [given]
AABC = ADPQ [by SAS-congruence]
= ZB=/P
= ZE=Z«P [~ £B=ZE (given)]
= PQ|EF [ corresponding £ are equal]
DP _DQ
= DE”DF
AB _CA ..
= ﬁ:ﬁ [ DP:ABandDQ=AC]
o AB _ BC |
Similarly, DE = EF
AB _BC _CA,
DE ~ EF ~ FD
_ _ - AB _BC _CA.
Thus, ZA=4D, /B =ZE, ZC = ZF and DE - EF — ED
Hence, AABC ~ ADEF.

IMPORTANT REMARK ~ Two As are similar <> they are equiangular.

COROLLARY  (AA-similarity) If two angles of one triangle are respectively equal
to two angles of another triangle then the two triangles are similar.
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PROOF In AABC and ADEF, let LA = 4D and 4B = ZE.
Then, 3rd £C =3rd ZF.
Thus, the two triangles are equiangular and hence similar.

REMARK AA-similarity is the same as AAA-similarity.

THEOREM 2  (SSS-similarity) If the corresponding sides of two triangles are
proportional then their corresponding angles are equal, and hence
the two triangles are similar.

. .1 AB _ BC _ AC
GIVEN AABC and ADEF in which DE-FEF - DF

ToPROVE AABC ~ ADEF.

CONSTRUCTION  Let us take AABC and ADEF such that

AB _ BC _ AC
DE " EF - DEED:

Cut DP = ABand DQ = AC. Join PQ.

AB _AC _, DP _DQ . _ _
PROOF ﬁ—wﬁﬁ—ﬁ [ AB—DPandAC—DQ].

So, by the converse of Thales’ theorem, PQ || EF.

ZP=/E [corresponding 4]
ZQ=/F [corresponding 4]
ADPQ~ ADEF [by AA-similarity]
DP _ PQ
= DE”EF
AB _P N e
= ﬁ=E—%~ ...(i) [ DP=AB]
But, % = % ... (i) [given]
% = B¢ [from (i) and (ii)]
= BC=PQ.

Thus, AB=DP, AC = DQ and BC = PQ.
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AABC = ADPQ [by SSS-congruence]
/A=/D,/B=/P=/Eand £C=/Q=ZF
= ZLA=4D,4B=ZEand £C = ZF.

Thus, the given triangles are equiangular and hence similar.

THEOREM 3  (SAS-similarity) If one angle of a triangle is equal to one angle of the

other triangle and the sides including these angles are proportional
then the two triangles are similar.

AB _ AC,

GIVEN AABC and ADEF in which £ZA = £D and DE = DE

ToPROVE AABC ~ ADEF.

CONSTRUCTION  Let us take AABC and ADEF such that

PROOF

4B _4C (<1)and zA= 4D.

Cut DP = AB and DQ = AC. Join PQ.

D
A
PL______) Q
B C E F

In AABC and ADPQ, we have

AB=DP [by construction]

ZA=4D (given)

AC=DQ [by construction]

AABC = ADPQ [by SAS-congruence]
ZA=4D,2ZB= 4P and £C = £Q.

AB _ AC .
Now, 5 =DF (given)

pp _D ..

WZD—% [ AB=DPandAC=DQ]
=  PQ||EF [by the converse of Thales’ theorem]
= 4LP=Z/Eand £Q=Z4F [corresponding 4]

ZA=4D,/B=4P=ZEand ZC=2£Q = ZF.
Thus, £ZA=4D, 2B =ZE and £C = ZF.

So, the given triangles are equiangular and hence similar.
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THEOREM4  If a perpendicular is drawn from the vertex of the right angle of a
right triangle to the hypotenuse then the triangles on both sides
of the perpendicular are similar to the whole triangle and also to
each other.

GIVEN A AABC in which ZBAC =90° and AD L BC.
TOPROVE (i) ADBA ~ AABC

(i) ADAC ~ AABC ?
(iii) ADBA ~ ADAC.
PROOF (i) In ADBA and AABC, we have
ZBDA = ZBAC =90° B D C

Z/DBA=ZABC (common)
ADBA ~ AABC [by AA-similarity].
(ii) In ADAC and AABC, we have
ZCDA = ZCAB=90°
£ZDCA =ZACB (common)
ADAC ~ AABC [by AA-similarity].
(iii) In ADBA and ADAC, we have
ZADB = ZCDA =90°.
ZB+ ZBAD =90°
ZC+ £ZCAD =90° = ZB=ZCAD and £C = £ZBAD.
ZBAD+ ZCAD =90°
Thus, in ADBA and ADAC, we have:
ZADB = ZCDA [each equal to 90°]
ZB=2CAD
ZBAD =ZC
ADBA~ ADAC [by AAA-similarity].

SUMMARY
(i) If £A=4D, £B = ZE, ZC = £LF, then AABC ~ ADEF.
(AAA-similarity)
(ii) If LA = 4D, «B = ZE, then AABC ~ ADEF.
(AA-similarity)

... +AB _BC _ AC
(iii) If DE_EF ~— DE’ then AABC ~ ADEF.

(SSS-similarity)

(iv) 1 2A = 2D and BB = A€ \hen AABC ~ ADEF.

(SAS-similarity)
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SOME MORE RESULTS

THEOREM 1 If two triangles are equiangular, prove that the ratio of their
corresponding sides is the same as the ratio of the corresponding
altitudes.

GIVEN  AABC and ADEF in which £ZA=4D, /B =ZE and £C = ZF and

AL 1L BCand DM L EF.
A

=T—0o

B L C E

BC _ AL
TO PROVE ﬁ—DM

PROOF  Since AABC and ADEF are equiangular, AABC ~ ADEF.
AB _ BC -
DE - EE (D)
In AALB and ADME, we have
ZALB =24DME =90° and £B = ZE (given).
AALB~ ADME [by AA-similarity]

AB _ AL . i
48 _ AL ... (i)
From (i) and (ii), we get % - SZ\L/I '

THEOREM2 If two triangles are equiangular, prove that the ratio of their
corresponding sides is the same as the ratio of the corresponding
medians.

GIVEN  AABC and ADEF in which ZA=4D, /B =ZE and £C =ZF and

AL and DM are the medians.
A
DN
B L C E M F
BC _ AL .
TOPROVE “EF =DM

PROOF  Since AABC and ADEF are equiangular, we have AABC ~ ADEF.
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AB _BC. 0

But AB _BC _ 2BL _ BL
*DE  EF 2EM EM

Now, in AABL and ADEM, we have

% = % and /B = ZE (given).
AABL ~ ADEM [by SAS-similarity]
AB _ AL

= DE-DM ... (ii)

From (i) and (ii), we get % = SZ\L/I '

THEOREM3 If two triangles are equiangular, show that the ratio of the
corresponding sides is the same as the ratio of the corresponding
angle-bisector segments.

GIVEN  AABC and ADEF in which ZA =4D, /B =/E and ZC = ZF, and

AX and DY are the bisectors of ZA and £D respectively.
A

B X C E Y F

BC _ AX
TOPROVE FF =Dy

PROOF  Since AABC and ADEF are equiangular, we have AABC ~ ADEF.

AB _ BC. i
DE = EF ... (i)

Now, ZA=/D = 5/A=%/D = /BAX =ZEDY.

Thus, in AABX and ADEY, we have

ZBAX =ZEDY (proved)

Z/B=ZE (given)

AABX ~ ADEY [by AA-similarity]

AB _ AX .
= DE-DY ... (ii)

From (i) and (ii), we get % = g—);
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EXAMPLE 1

SOLUTION

EXAMPLE 2

SOLUTION

EXAMPLE 3

SOLUTION
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SOLVED EXAMPLES

In the adjoining figure, AAHK is similar H
to AABC. If AK=10cm, BC=3.5cm
and HK =7 cm, find AC. [CBSE 2010]

C A K

AAHK ~ AABC B
= %=% = %=%,whereAC=xcm
— = 10>;3.5 =5

AC=5cm.
In the given figure, DE||BC, AD=2cm, A
BD=25cm, AE=32cm and DE=4cm.
Find AC and BC. [CBSE 2001C] D E
Since DE || BC, we have

ZADE = ZABC (corresponding £) B C

and ZAED = ZACB (corresponding £).
AADE ~ AABC [by AA-similarity].
So, the corresponding sides of AADE and AABC are

proportional.
AD _DE _AE. "
AB ~ BC AC e
AD _DE _, 2 _ 4 .. p_ -
NOW,E_BC2>45_BC [ AB—AD+BD—45Cm]
= BC=(4X2&)cm=9cm.
Again, % = ﬁ—g [from (i)]
3=32 - BC=9cm]

= AC= (%) cm =7.2 cm.

Hence, AC =7.2 cm and BC =9 cm.

In the given figure, AB||CD. B D

Prove that AAOB ~ ADOC. M
0
AB||CD (given).



EXAMPLE 4

SOLUTION

EXAMPLE 5

SOLUTION

EXAMPLE 6

SOLUTION
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Z0AB =Z0DC (alternate angles)
Z0BA = Z0CD (alternate angles)
ZAOB =2DOC (vertical opposite £)
AAOB~ ADOC [by AAA-similarity].

In the given figure, AAOB ~ ADOC. B D
Prove that AB||CD. M
AAOB~ ADOC. A c
So, the given triangles are equiangular.

Z0AB =/0DC.
But, these are alternate angles.

AB||CD.

Find 2P in the adjoining figure.

Q
63
7.2
P 12 R
In AABC and AQRP, we have
AB_36_1BC_6 1 CA_3/3_1
QR™72-2RP 12 2%9PQ "¢ /3 2

AB _BC _CA

OR~RP~ PO and so

AABC ~ AQRP [by SSS-similarity].

ZC=4P [corresponding angles of similar triangles].
But, Z/C =180° - (LA + £B) = 180° — (70° + 60°) = 50°.

ZP =50°.

Thus,

In the given figure, AOQP~AOAB, P Q
Z0PQ =56 and 2£BOQ=132°. Find 56°
Z0OAB.

OX )132°

In AOPQ, we have
ZBOQ = 20PQ+ £0QP “a B
[ the exterior angle is equal to the sum
of the two interior opposite angles]
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EXAMPLE 7

SOLUTION

EXAMPLE 8

SOLUTION
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= Z0QP =2/BOQ-Z0PQ =132°—-56° =76°.

Now, AOQP ~ AOAB

= Z0QP = ZOAB [corresponding angles of similar triangles].
Z0AB=20QP =76".

In the given figure, AP-AR=AS-AQ. S
Prove that ZP = £S and £Q = ZR. P
A
Q

We have R

ZPAQ = £SAR. ... (i) [vertically opposite angles]
Also, AP- AR =AS- AQ (given)

AP _A .
= A5~ A—% ... (i)

From (i) and (ii), we have
APAQ~ ASAR [by SAS-similarity]
ZP=2/Sand £ZQ = 4R
[corresponding angles of similar triangles].

A vertical stick which is 15 cm long casts a 12-cm-long shadow on
the ground. At the same time, a vertical tower casts a 50-m-long
shadow on the ground. Find the height of the tower.

Let AB be the vertical stick and let AC be its shadow.
Then, AB=0.15m and AC=0.12 m.
Let DE be the vertical tower and let DF be its shadow.

Then, DF =50 m. Let DE = x m. E
Now, in ABAC and AEDF, B
we have xm
0.15m
Z/BAC = ZEDF =90°
/ACB = /DFE A0.12m C D 5m F

[angular elevation of the sun at the same time]
ABAC ~ AEDF
AB _ AC _ 0.15 _0.12

=~ DE~DF x 50

~(0.15%50)
= X= W =62.5.

Hence, the height of the tower is 62.5 m.



EXAMPLE 9

SOLUTION

EXAMPLE 10

SOLUTION
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Prove that the ratio of the perimeters of two similar triangles is the
same as the ratio of their corresponding sides.

GIVEN AABCand APQR in A

which BC=a,CA=b,AB=c P
and QR=p,RP=¢q,PQ=r. r q

AISO, AABC ~ APQR B a C

a_b_c_atb+c,

TO PROVE pPTqTr T g

PROOF Since AABC and APQR are similar, therefore their
corresponding sides are proportional.

%:%=%=k (say) - (D)

= a=kp,b=kgand c=kr.
perimeter of AABC  j+p+c kp+kq+kr
perimeter of APQR = p+g+r  ptgtr

_kptgtn _ y
—W— . ...(11)

From (i) and (ii), we get

b _c¢_a+b+c _ perimeter of AABC

a_»>b_c¢
p q r p+q+r perimeter of APQR [each equal to K]

The perimeters of two similar triangles are 25 cm and 15 cm
respectively. If one side of the first triangle is 9 cm, find the
corresponding side of the second triangle. [CBSE 2002C]

Let AABC ~ ADEF given in such a way that perimeter of
AABC =25cm, perimeter of ADEF=15cm and AB=9cm.
Then, we have to find DE. Let DE = x cm.

We know that the ratio of the perimeters of two similar
triangles is the same as the ratio of their corresponding sides.

perimeter of AABC _ AB
perimeter of ADEF ~— DE

= R

DE =5.4 cm.

Hence, the corresponding side of the second triangle is 5.4 cm.

=54.
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EXAMPLE 11 In the given figure, D is a point on the side
BC of AABC such that ZADC = ZBAC.
Prove that CA*> = CBX CD. [CBSE 2004]

SOLUTION  GIVEN A AABC in which D is a point
on BC such that ZADC = ZBAC.

ToPROVE CA?=CBXCD.

PROOF In AABC and ADAC, we have
ZBAC=ZADC (given)
ZACB=2DCA (common)
AABC ~ ADAC [by AA-similarity].

So, the sides of AABC and ADAC are proportional.
CA_CD.

CB CA
Hence, CA%>= CB X CD.

EXAMPLE 12 In the given figure, S and T are points
on sides PR and QR of APQR such that
£ P =/RTS. Show that ARPQ ~ ARTS.

SOLUTION GIVEN ARPQ and ARTS in which
ZP = ZRTS.

TOPROVE ARPQ ~ ARTS.

PROOF In ARPQ and ARTS, we have
ZP=ZRTS (given)
ZR=4R (common)
ARPQ ~ ARTS [by AA-similarity].

EXAMPLE 13 In the given figure, if AABE = AACD, show
that AADE ~ AABC.
SOLUTION AABE = AACD (given) D
AE =AD .. (@) [epet]
and AB = AC. ... (i) [cpct]
In AADE and AABC, we have B

£4DAE = ZBAC (common)

and f‘—g = % [using (i) and (ii)].

AADE ~ AABC  [by SAS-similarity].
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EXAMPLE 14 In the given figure, altitudes AD and CE of AABC intersect each

other at the point P. A
Show that:
(i) AAEP ~ ACDP EL |p

(ii) AABD ~ ACBE
(iii)) AAEP ~ AADB
(iv) APDC ~ ABEC B D c
SOLUTION (i) In AAEP and ACDP, we have
ZAEP =2/CDP [each equal to 90°]
ZAPE =ZCPD |[vertically opposite £]
AAEP ~ ACDP  [by AA-similarity].
(ii) In AABD and ACBE, we have
ZADB = ZCEB =90°
Z/B=/B [common]
AABD ~ ACBE  [by AA-similarity].
(iii) In AAEP and AADB, we have
ZAEP =2ADB =90°
ZEAP=2DAB (common)
Hence, AAEP ~ AADB [by AA-similarity].
(iv) In APDC and ABEC, we have
ZPDC = £ZBEC =90°
ZPCD =Z4BCE  (common)
APDC ~ ABEC  [by AA-similarity].

EXAMPLE 15 Diagonals AC and BD of a trapezium ABCD with AB || DC intersect

each other at point O. Using a similarity criterion for two triangles,

OA _ OB .
show that 0Cc=0D

SOLUTION GIVEN A trapezium ABCD in which AB||DC. The diagonals
AC and BD intersect at O. D c

OA _ OB
TOPROVE 55 =D

PROOF In AOAB and AOCD, we have
Z0AB=20CD A
[alternate angles, since AB|| DC]
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EXAMPLE 16

SOLUTION

EXAMPLE 17

SOLUTION
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and ZOBA = Z0DC [alternate angles, since AB || DC].
AOAB~ AOCD [by AA-similarity].
OA _ OB |
And SO, T = OD
In AABC, AD L BC
and AD*=BD - CD. 1) 2
Prove that ZBAC =90°.
GIVEN A AABC in which
AD 1 BC and AD*=BD-CD.

TOPROVE ZBAC =90°.

BD _ AD .
AD — CD
Now, in ADBA and ADAC, we have

_ —on° BD _ AD .
/BDA = 2ADC =90° and AD=CD

ADBA ~ ADAC [by SAS-similarity]

ZB=/2and £1=2£C

AA+22=/B+/C = LA=4B+ZC
= 2LA=ZA+ZB+ZC=180°
= ZA= ZBAC=90°.

PROOF AD?*=BD-CD =

In the given figure PA, QB and RC P

each is perpendicular to AC such that R

PA=x, RC=y, QB=z, AB=a and «x Q y

BC=b. ,

Prove that L +1 = 1. [CBSE2000C] A  a B b C
X'y z

PA L ACand QB L AC = QB|| PA.
Thus, in APAC, QB || PA. So, AQBC ~ APAC.

g % = IBQ_% = % = ﬁ’ ... (i) [by the property of similar A]
In ARAC, QB||RC. So, AQBA ~ ARCA.

B % = % = 5 = ui—b. ... (ii) [by the property of similar A]
From (i) and (ii), we get

%+§:<aib+aaTb):1




EXAMPLE 18

SOLUTION

EXAMPLE 19

SOLUTION
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= +5=1=> -+

K[

-1
z

B3N

<N
<=

Hence 1 + =

-1
XYz

The side AD of a parallelogram ABCD is
produced to a point E. BE intersects CD at
F. Show that AABE ~ ACFB.

We have A B
AD||BC = AE||BC
ZAEB = ZCBF [alternate angles].

In AABE and ACFB, we have
ZAEB = ZCBF [proved above]

ZEAB = ZBCF [." £DAB = ZBCD, being opposite
angles of a parallelogram]

[by AA-similarity].

[ABCD is a parallelogram]

ANABE ~ ACFB

In the given figure, ZACB=90° ¢
and CD 1. AB. Prove that
CD*=BD- AD. i
GIVEN A AABC in which A D
ZACB=90°and CD L AB.
ToPROVE CD*=BD- AD.
PROOF In right AADC, we have 1+ /2 =90°.
In right AACB, we have
21+ £3=90"
L1+42=/1+43= £2=/13.
In AADC and ACDB, we have
Z2 =23 (proved)
and ZADC = ZCDB =90°.
AADC ~ ACDB [by AA-similarity]
AD _CD

CD  BD
Hence, CD?*=BD - AD.

[CBSE 2006]

@
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EXAMPLE 20

SOLUTION

EXAMPLE 21

SOLUTION

EXAMPLE 22

Secondary School Mathematics for Class 10

In the given figure, AABC and AAMP C
are right-angled at B and M respectively.
Prove that: (i) AABC ~ AAMP
. CA _ BC
(ii) PA ~ MP
GIVEN AABC and AAMP such that A B p
ZB=90°and £M =90°.
TOPROVE (i) AABC ~AAMP (ii) % = %
PROOF (i) In AABC and AAMP, we have
ZABC =Z2AMP =90°
ZLA=ZA (common)
AABC ~ AAMP [by AA-similarity].
(ii) Since  AABC ~ AAMP, their corresponding sides are

proportional.
CA _ BC
PA~ MP

In a AABC,AB=ACandD is a point on AC such that
BC?= AC X DC. Prove that BD = BC.

GIVEN A AABC in which AB=AC and D A
is a point on AC such that BC> = AC X DC.
TOPROVE BD = BC. D
PROOF BC?>=AC X DC (given)
BC _ AC.
DC  BC
Thus, in AABC and ABDC, we have B o
% = % and ZC=ZC (common).
AABC ~ ABDC  [by SAS-similarity]
AC _ AB
= 'BCBD
A A .. :
= AC A5 [ AB=AC (given)]
- BD=BC.
Hence, BD = BC.

In the given figure, CD and GH are respectively the bisectors
of ZACBand ZFGE of AABCand AFEG respectively. If
AABC ~ AFEG, prove that:

CD _ AC

(a) AADC ~ AFHG (b) ABCD ~ AEGH (c) CH-EC
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A D B F H E

SOLUTION AABC ~ AFEG (given)
. ZACB=ZFGE
[corresponding angles of similar triangles are equal]
- FZACB=%/FGE
ZACD = ZFGH and £DCB = ZHGE.
(a) In AADC and AFHG, we have
Z/DAC=2HFG [. £A=ZF since AABC ~ AFEG]
and ZACD = ZFGH [proved above]
AADC ~ AFHG [by AA-similarity].
(b) In ABCD and AEGH, we have
ZDBC=/HEG [. 4B=ZEsince AABC ~ AFEG]
and Z/DCB = ZHGE [proved above]
ABCD ~ AEGH.

(c) We have
AADC ~ AFHG [proved above].
CD _ AC

" GH ~ FG
[corresponding sides of similar triangles are proportional].

And

EXAMPLE 23 In the given figure, BM and F N D
EN are respectively  the
medians of AABC and ADEF. If A
AABC ~ ADEEF, prove that:

(a) AAMB ~ ADNE
(b) ACMB ~ AFNE M B E

(0 BM _ Ac
EN DF
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SOLUTION  AABC ~ ADEF (given)

ZA=4ZD,4B= ZE and £C = ZF )
and AB _BC _CA, -
DE EF FD

Since BM and EN are medians, we have

CA =2AM =2CM and FD =2DN = 2FN.
from (ii), we have

AB _BC _CA _2AM _2CM

DE EF FD 2DN 2FN

AB _BC _CA_AM _CM

= DE_EF _FD DN _EN -+~ (i)

(a) In AAMB and ADNE, we have
Z/BAM =ZEDN [. £A=4D from (i)]
and % - % [from (iif)].
AAMB ~ ADNE [by SAS-similarity].
(b) In ACMB and AFNE, we have
ZBCM =ZEFN [." £C=ZF from (i)]

BC _CM
and EF "IN [from (iii)].

ACMB ~ AFNE  [by SAS-similarity].
(c) As proved above, AAMB ~ ADNE and so
AB _ BM .
ﬁ = m : ces (IV)
From (ii) and (iv), we get
BM _ AC.

EN FD

EXAMPLE 24 In a AABC, P and Q are points on AB and AC respectively such
that PQ||BC. Prove that the median AD, drawn from A to BC,
bisects PQ.

SOLUTION GIVEN A AABC in which P and Q are A
points on AB and AC respectively such
that PQ||BC and AD is the median, P Q
cutting PQ at E.

TOPROVE PE = EQ. B b c



EXAMPLE 25

SOLUTION
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PROOF In AAPE and AABD, we have

ZPAE =ZBAD [common]

ZAPE =ZABD [corresponding 4]

AAPE ~ AABD [by AA-similarity].
But, in similar triangles, the corresponding sides are
proportional.

AE _ PE "

In AAEQ and AADC, we have

ZQAE = ZCAD [common]

ZAQE =ZACD [corresponding angles]

AAEQ ~ AADC [by AA-similarity].
But, in similar triangles, the corresponding sides are
proportional.

AE _EQ @)
AD _ DC (i
E
From (i) and (ii), we get % = ﬁ% each equal to % :
But, BD = DC [ AD is the median]

PE = EQ.

In the given figure, E is a point on side CB produced of an isosceles
AABC with AB=AC. If AD 1 BCand EF 1. AC, prove that
AABD ~ AECF.

GIVEN A AABC in which AB=AC A
and AD 1 BC. Side CB is produced
to Eand EF L AC.

TOPROVE AABD ~ AECF.

PROOF We know that the angles

opposite to equal sides of a triangle

are equal.
ZB=«C [. AB=AC].

Now, in AABD and AECF, we have
ZB=2/C [proved above]
ZADB = ZEFC =90°.

AABD ~ AECF [by AA-similarity].

E B D C
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EXAMPLE 26

SOLUTION

EXAMPLE 27
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Prove that the line segments joining the midpoints of the sides of a
triangle form four triangles, each of which is similar to the original
triangle.

GIVEN A AABC in which D, E, F A

are the midpoints of BC, CA and AB

respectively.

TOPROVE AAFE~ AABC,
AFBD ~ AABC,
AEDC ~ AABC.
and ADEF ~ AABC.
PROOF We shall first show that AAFE ~ AABC.
Since F and E are the midpoints of AB and AC respectively, so
by the midpoint theorem, we have FE || BC.
ZAFE = /B [corresponding 4]
Now, in AAFE and AABC, we have
ZAFE =Z/B [corresponding 4]
and LA =ZA (common).
AAFE ~ AABC [by AA-similarity].
Similarly, AFBD ~ AABC and AEDC ~ AABC.
Now, we shall show that ADEF ~ AABC.
In the same manner as above, we can prove that
ED || AF and DF || EA.
AFDEis a||lgm.
ZEDF=Z/A [opposite angles of a ||gm].

B D C

Similarly, BDEF is a ||gm.

ZDEF = ZB [opposite angles of a ||gm].
Thus, in ADEF and AABC, we have

ZEDF = ZA and £DEF = /B.

ADEF ~ AABC [by AA-similarity].
Hence, the result follows.

In the given figure, DEFG is A
a square and ZBAC =90°.
Prove that

(i) AAGF ~ ADBG

(ii) AAGF ~ AEFC
(iii) ADBG ~ AEFC
(iv) DE?> = BD X EC [CBSE 2009]

B D E C
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EXAMPLE 28

SOLUTION

Triangles 391

GIVEN A AABC in which ZBAC =90° and DEFG is a square.
TOPROVE (i) AAGF ~ADBG (i) AAGF ~ AEFC

(ili) ADBG ~ AEFC  (iv) DE*=BD X EC

PROOF (i) In AAGF and ADBG, we have

ZGAF = £BDG =90°
ZAGF =2DBG [corresponding 4]
[ GF||BC and AB is the transversal]
AAGF ~ ADBG.
(ii) In AAGF and AEFC, we have
ZFAG = ZCEF =90°
ZGFA = ZFCE [corresponding 4]
[ GF||BC and AC is the transversal]

AAGF ~ AEFC.

(iti) ADBG ~ AAGF and AAGF ~ AEFC
= ADBG ~ AEFC.

_ BD _ DG
(iv) ADBG ~ AEFC = FE ~ EC
%:% [ DG = DE and FE = DE].

Hence, DE? = BD X EC.

Two right triangles ABC and DBC A

are drawn on the same hypotenuse D
BC and on the same side of BC. If

AC and BD intersect at P, prove that

APXPC=BPXPD.  [CBSE2000C] B c

GIVEN Right triangles AABC and ADBC are drawn on the
same hypotenuse BC and on the same side of BC. Also, AC
and BD intersect at P.
TOPROVE AP XPC=BPXPD.
PROOF In ABAP and ACDP, we have

ZBAP = ZCDP =90°

ZBPA=ZCPD (ver.opp. £)

ABAP ~ ACDP [by AA-similarity]

AP _BP
DP CP
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EXAMPLE 29

SOLUTION

EXAMPLE 30

SOLUTION
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= APXCP=BPXDP = AP XPC=BPXPD.
Hence, AP X PC = BP X PD.

Through the midpoint M of the side CD of a parallelogram ABCD,
the line BM is drawn, intersecting AC in L and AD produced in E.
Prove that EL = 2BL. [CBSE 2006C, '08, '09]
A ||gm ABCD and M is the A D E
midpoint of CD. Line BM is

drawn, intersecting AC in L and 7
AD produced in E. w

produced i e\

TOPROVE EL =2BL. B C
PROOF In ABMC and AEMD, we have

M

£1 =22 (vert. opp. £)
MC =MD [M is the midpoint of CD]
ZBCM = ZEDM [alternate interior 4]
ABMC = AEMD
BC=DE.
But, BC=AD [opposite sides of a ||gm]
BC=AD =DE = AE = (AD+ DE) = 2BC. )
Now, in AAEL and ACBL, we have
Z6 =25 (vert. opp. 4)
/3=/4 [alternate interior 4]
AAEL ~ACBL [AA-similarity]
% = ?—g = % =2 [using (i)]
= EL=2BL.

Hence, EL = 2BL.

A lamp is 3.3 m above the B
ground. A boy 110 cm tall

walks away from the base of Q
this lamp post at a speed of g
0.8 m/s. Find the length of

the shadow of the boy after
4 seconds.

A P M

Let AB be the lamp post and PQ be the boy, where P is the
position of the boy after 4 seconds.



EXAMPLE 31

SOLUTION
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AP = distance moved in4sat0.8 m/s=(4X0.8)m=3.2m.
PM is the length of shadow of the boy.
Let PM = x m.
In AAMB and APMQ, we have
ZMAB = 2ZMPQ =90°
[ both the lamp post and the boy stand vertically erect]
ZAMB = ZPMQ (common)
AAMB ~ APMQ [by AA-similarity].

And so, % = %
[corres. sides of similar triangles are proportional]
AP+PM _ AB _ 32+x _33
PM PQ x 11
[ AB=33m,PQ=110cm =1.1m]
= 32+x=3x=>2x=32=x=16.
the length of the shadow of the boy after 4 seconds is 1.6 m.

Sides AB and BC and median AD of a triangle ABC are respectively
proportional to sides PQ and QR and median PM of another triangle
PQR, as shown in the figure. Prove that AABC ~ APQR.

P
A
B D c Q M R
We have
AB _ BC _ AD
PQ QR PM
1
AB _AD _BC _25C D n
P PM R 1 M
Q R Lo Q
In AABD and APQM, we have
AB_AD _ BD [from (i)]
PQ PM QM

AABD ~ APQM  [by SSS-similarity].

And so, ZB = ZQ [corres. angles of similar triangles are equal].
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Now, in AABC and APQR, we have

ZB=2Q [proved above]
and % = QB% [from (i)].

AABC ~ APQR [by SAS-similarity].

EXAMPLE 32 Sides AB and AC and median AD of a triangle ABC are respectively
proportional to sides PQ and PR and median PM of another triangle
PQR. Prove that AABC ~ APQR.

P
/A\ /\\
B D C Q M R

SOLUTION GIVEN AD and PM are medians of AABC and APQR
respectively such that
AB _ AC _ AD

PQ PR PM
TOPROVE AABC ~ APQR.
CONSTRUCTION Produce AD to E such that AD=DE and
produce PM to N such that PM = MN.

Join EC and NR.
P
A
f\\ R
7\2
B o »c Q i R
\ / \ /
\ / \ /
\ / \ /
\ 7/ \ /
\\// \ /
E \\ //
Y
N
PROOF In AABD and AECD, we have
BD =CD [ Dis the midpoint of BC]
AD=ED [by construction]

Z4BDA = ZCDE [vertically opposite angles]
AABD = AECD [by SAS-congruency].
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And so, AB=EC. (@) [epct]
Similarly, APQM = ANRM
and so, PQ = NR. ... (ii)  [epet]
Now AB _AC _ AD (given)

"PQ PR PM
- Eo_4C. 1{,‘—5{ [using (i) and (ii)]

= %:%:%ﬁ:% [ 2AD = AE, 2PM = PN]
= AACE~ APNR [SSS-similarity].
L L2=2/4
[corresponding angles of similar triangles are equal].
Similarly, /1 =23 [it can be proved by joining BE and QN
and showing AABE ~ APQN].

L1+ 22=23+ 24, ie., ZBAC=ZQPR. ... (iii)
Now, in AABC and APQR, we have

AB _ AC .

E = PR [given]

ZBAC =ZQPR [from (iii)]

AABC ~ APQR [by SAS-similarity].

EXERCISE 7B

1. In each of the given pairs of triangles, find which pair of triangles are
similar. State the similarity criterion and write the similarity relation in
symbolic form.

P

60°
50 70

Q R
E
A
(ii) 70°
9
08 cm
™

A

B 4.5cm C F 6 cm D
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C
iii
(i) o
8cm 6 cm
A B
D
P
iv 3 \
g 3 g %
3 - Z
E 2cm F Q 5cm R
C R
)
70°
80° 80° 30°
A B M N

2. In the given figure, AODC ~ AOBA, ZBOC =115°

and ZCDO =70°.

Find (i) 2DOC (ii) 2DCO (iii) ZOAB

(iv) 2 OBA.

3. In the given figure, AOAB ~ AOCD. If

AB=8cm,BO =6.4cm,OC=35cm

and CD = 5 cm, find (i) OA (ii) DO.

[vy)

O



10.

. In the given figure, ZCAB=90° and c

. In the given figure, ZABC=90° and

. In the given figure, ZABC=90° and
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. In the given figure, if ZADE = ZB, show that A

AADE ~ AABC. If AD=3.8cm, AE=3.6cm,
BE =2.1cm and BC =4.2 cm, find DE.

D

B C

. The perimeters of two similar triangles ABC and PQR are 32 cm and
24 cm respectively. If PQ =12 c¢m, find AB. [CBSE 2001]

. The corresponding sides of two similar triangles ABC and DEF are

BC =9.1cm and EF = 6.5 cm. If the perimeter of ADEF is 25 cm, find the
perimeter of AABC.

AD 1 BC. Show that ABDA ~ ABAC. If
AC=75cm,AB=1m and BC=1.25m,
find AD.

75 cm

BD 1 AC. If AB=5.7cm, BD=3.8cm
and CD =5.4 c¢m, find BC.

5.7 cm

BD 1 AC. If BD=8 cm, AD=4 cm,
find CD.

B C

P and Q are points on the sides AB and AC respectively of a AABC.
If AP=2cm,PB=4cm, AQ=3cm and QC=6cm, show that
BC =3PQ.
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11. ABCD is a parallelogram and E is a point

12.

13.

14.

15.

16.

17.
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on BC. If the diagonal BD intersects AE at F,
prove that AF X FB = EF X FD.

In the given figure, DB | BC, DE 1. AB and

AC L BC.
BE _ AC.

Prove that DE_ BC [CBSE 2008]

O
(@]

/

>

W]
m
@
>

w
(@]

A vertical pole of length 7.5 m casts a shadow 5 m long on the ground
and at the same time a tower casts a shadow 24 m long. Find the height

of the tower.

In an isosceles AABC, the base AB is
produced both ways in P and Q such that
AP X BQ=AC>.

Prove that AACP ~ ABCQ.

o _ AC _CB.
In the given figure, £1 = #2 and BD ~ CE
Prove that AACB ~ ADCE.

ABCD is a quadrilateral in which AD = BC.
If P, Q, R, S be the midpoints of AB, AC, CD
and BD respectively, show that PQRS is a
rhombus.

In a circle, two chords AB and CD intersect at
a point P inside the circle. Prove that

(a) APAC~APDB  (b) PA-PB=PC-PD.

>

P A B Q
A
D
1 2
B E C
D R C




18.

19.
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Two chords AB and CD of a circle intersect B
at a point P outside the circle. Prove that

(a) APAC ~ APDB  (b) PA-PB=PC-PD.

In a right triangle ABC, right-angled at B,
D is a point on hypotenuse such that
BD L AC. If DP L AB and DQ L BC then
prove that P

(Q)DQ*=DP-QC  (b) DP*=DQ" AP.

ANSWERS (EXERCISE 7B)

(i) AABC ~ AQPR (AAA-similarity)
(ii) not similar
(iii) ACAB ~ AQRP (SAS-similarity)
(iv) AFED ~ APQR (SSS-similarity)
(v) AABC ~ AMNR (AA-similarity)

. (i) £DOC =65° (ii)) £«DCO =45° (iii) ZOAB =45° (iv) ZOBA =70°
. ())OA=5.6cm (ii) DO=4cm 4. 2.8 cm 5. 16 cm

6. 35 cm 7. AD = 60 cm 8. BC=8.1cm 9. CD=16cm

13.

36 m

HINTS TO SOME SELECTED QUESTIONS

. () ZA=2Q,/B=/Pand /C=/R.

AABC ~ AQPR (AAA-similarity).

(if) SAS-similarity is not satisfied as included angles are not equal.

(iii) ACAB ~ AQRP (SAS-similarity), as g—‘; = % and £C = 2Q.

(iv) FE=2cm, FD=3cm, ED =25cm; PQ=4cm, PR=6 cm, QR =5 cm.
AFED ~ APQR (SSS-similarity).

(v) £B=180"-(£A+ ZC)=180°—(80° +70°) = 30°.
ZA=2Mand ZB = ZN, and so AABC ~ AMNR (AA-similarity).

. Z#DOC = (180° —115°) = 65°, ZDCO = 180° — (70° + 65°) = 45°.

AODC ~ AOBA = Z0AB=2/DCO =45°, ZOBA = Z0DC =70°.
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OA_AB_BO L OA_8 _
3. AOAB~AOCD = 5==C5 =15 = 55 =5

Find OA and DO.
4. ZADE = 4B, ZA = ZA.

AD _ DE 38 _ x|
AADE~AABC = g =BC = Bo+21) 42

64
DO

Find x.
Perimeter of AABC _ AB
" Perimeter of APQR  PQ

AD _BA
7. ABDANABAC#A—CfBC

AB _ BC
8. AABC ~ABDC = BD =~ DC

9. In ADBA and ADCB, we have
ZBDA = ZCDB
and ZDBA =2DCB [each=90° - ZA].
ADBA ~ ADCB.

BD _ AD _BD?.
co-BD ~ P=ap

10, 4P_2_1,44Q_3_1 A
"AB 6 3%M9AC 973
In AAPQ and AABC, we have
_ AP _AQ
ZA=ZAand AB - AC
AAPQ - AABC  [by SAS-similarity].

%:%:%:»BC#PQ. B
11. AAFD ~ AEFB, as ZAFD = ZEFB (vert. opp. £) and ZDAF = ZBEF (alt. £).
AF _FD.
EF FB
12. ZBED = ZACB =90°
ZEBD = ZCAB = (90° — £B)
14. CA=CB = ZCAB= ZCBA

= 180° - ZCAB = 180° - ZCBA c
= ZCAP = ZCBQ.

AP _ AC

AC~ BQ

- AP _BC 1. Ac=Bq)

}; -« ABED ~ AACB.

Now, AP X BQ = AC? =

AC ™ BQ = A

AP _BC.

Thus, ZCAP = ZCBQand 4= = 5

AACP ~ ABCQ.



15.

16.

17.

18.

19.
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AC _CB _ AC_BD. A
BD CE _ CB CE
Also, 22 = 21 = BD =DC. D
AC_DC _ AC_CB
Thus,"=p"="GF = DC = CE
and ZACB=/DCE=/C. 1 2
B E C

AACB~ ADCE  [SAS-similarity].
In AABC, P and Q are midpoints of AB and AC respectively.

PQ||BC [by midpoint theorem]. D R C
And so, AAPQ ~ AABC /
AP_AQ_PQ_PQ_1 ,

_1 1,1 %
AB_ AC BC ~BC 2 PQ=3BC=3;DA ’.

. _1 _ .

) AP—ZABandBC—DA] Iy

In ACDA, RQ|| DA and RQ = 3 DA.
In ABDA, SP|| DA and SP = 3 DA.

1
2
SP||RQ and PQ|| SR and PQ = RQ = SP = SR.

In APAC and APDB, we have D
ZAPC =£DPB [vertically opposite angles] A
ZPAC = 4ZPDB [angles in the same segment]
.. APAC~ APDB [by AA-similarity].
And so, A - PC _ ps.pg=pc.pD. c °
"PD PB
B

Clearly, ABDC is a cyclic quadrilateral.
21+ 22 =180°. .. ()
In APAC and APDB, we have: A
ZAPC =4ZDPB [common]
ZPAC=ZPDB [each equal to (180° — £1)] C
[Note ZPAC+ Z1=180° (linear pair)
and ZPDB + /1 = 180°. {using (i)}
APAC ~ APDB  [by AA-similarity]

PA _PC S — g
PD - PB = PA-PB=PC-PD.

(a) ABLBCand DP L AB = DP||BC = DP||BQ
BC L ABand DQ L BC = DQ||AB = DQ|| PB pH
BQDP is a rectangle. 2
And so, BQ=DP and BP = DQ 1
Inrt. ABQD: /1+2£2=90° ) B

In ACDB, SR|| BC and SR = 5 BC = 3 DA.

o

And so,

O

OJQ)
N
(@]
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Inrt. ADQC: £3=24=90° ... (i)
Inrt. ABDC: £2+23=90° ... (iii) [ BDC=90]
From (i) and (iii), we get £1 = £3.
From (ii) and (iii), we get £2 = Z4.
ABQD ~ ADQC  [by AA-similarity]
And so, —= bQ _DQ DQ?=BQ-QC = DQ*=DP-QC [." BQ=DP]
DQ QC
(b) By proving APDA ~ APBD (in a similar way), we get

PD _ AP 2 _ 2_ .. _
PBE-DP = DP“=BP- AP = DP-=DQ" AP [ BP=DQ]

RATIO OF THE AREAS OF TWO SIMILAR TRIANGLES

THEOREM 1 The ratio of the areas of two similar triangles is equal to the ratio of
the squares of their corresponding sides.
[CBSE 2002, '02C, '04, ‘05, '05C, 06, '06C, '07, ‘08, '08C, '09C, '10]
GIVEN AABC ~ ADEF.
ar(AABC) _ AB*> _ AC*> _ BC®
TO PROVE = = ===
ar(ADEF) DE* DF? EF?

CONSTRUCTION Draw AL 1 BC and DM L EF.

D
|
|
|
|
|
|
I

A
|
|
|
|
|

L

B c E M F

PROOF Since AABC ~ ADEF, it follows that they are equiangular and

their sides are proportional.

AB _BC _ AC. .
LA=4D,/B=/E, ZC= AFandﬁ ﬁ DP ... (1)

Now, ar(AABC) = (% X BC X AL)

and ar(ADEF) = (l

) ><EF><DM)~

1
ar(AABC)  *BCXAL po o ap

ar(ADEF) %XEFXDM EF ~ DM
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Al AL _ BC ...(iii) [ in similar triangles, the ratio

%DM ~ EF
of the corres. sides is the same
as the ratio of corresponding
altitudes]
Using (iii) in (ii), we get
ar(AABC) :(E E):LCZ
ar(ADEF) \EF = EF/ FEF?
ar(AABC)  AB? ar(AABC)  Ac?
ar(ADEF) Dp? ™ ar(ADEF)  DF?
ar(AABC) AB?  AC’ BC®

Hence, - (ADEF) ~ DE?~ DF? EF

Similarly,

THEOREM 2  If the areas of two similar triangles are equal then prove that the
triangles are congruent. [CBSE 2010]

GIVEN  AABC ~ ADEF such that ar(AABC) = ar(ADEF).
TOPROVE AABC = ADEF.

PROOF AABC ~ ADEF (given)
ar(AABC) _AB* _ AC? _B_Cz.

=  ar(ADEF) DE? DF* EF -
A D
B C E F
Now, ar(AABC) = ar(ADEF) [given]
ar(AABC) ..
— =1 ... (i)
ar(ADEF)

From (i) and (ii), we get
AB*> _ AC* _ BC? _
DE* DF* EF?

=  AB?=DE? AC*=DF?and BC* = EF?

= AB=DE, AC=DF and BC=EF

= AABC=ADEF [by SSS-congruency].

1

THEOREM 3  Prove that the ratio of the areas of two similar triangles is equal to the
ratio of the squares of their corresponding altitudes.
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GIVEN AABC ~ ADEF, AL 1. BC and DM L EF.
ar(AABC)  AI*

TO PROVE ar(ADEF) — DME
PROOF We know that the D
ratio of the areas of A

two similar triangles
is equal to the ratio
of the squares of the

corresponding sides.

B L cC E M F
ar(AABC)  AB? .
ar(ADEF) DE? - ()

Now, in AALB and ADME, we have

ZALB = ZDME =90° and £B = ZE [ AABC ~ ADEF].
AALB~ ADME [by AA-similarity]
AB _ AL
DE DM
AB* _ AL (i)
DE*> DM?

From (i) and (ii), we get
ar(AABC) _ AI*
ar(ADEF) ~ DM?

THEOREM 4  Prove that the ratio of the areas of two similar triangles is equal to the
ratio of the squares of their corresponding medians.

GIVEN AABC ~ ADEF, AP and DQ are the medians of AABC and ADEF
respectively.
ar(AABC)  Ap?
ar(ADEF)  DQ?
PROOF We know that the ratio of D
the areas of two similar

. . A
triangles is equal to the
ratio of the squares of their /N
corresponding sides.

ar(AABC) _ AB* .
ar(ADEF)  DE2 - )
Now, AABC ~ ADEF

AB _ BC _2BP _ BP
DE EF 2EQ EQ

TO PROVE
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AB _ BP _ .. -
= DpE” EQ and ZB =ZE [ AABC ~ ADEF]
= AAPB~ADQE [by SAS-similarity]
_ AB_AP
DE DQ
AB* _ AP? ..
= 2 2 ce. (11)
DE*= DQ

From (i) and (ii), we get
ar(AABC) _ Ap*
ar(ADEF) ~ DQ?

THEOREM 5  Prove that the ratio of the areas of two similar triangles is equal to the

ratio of the squares of their corresponding angle-bisector segments.

GIVEN AABC ~ ADEF in which AX and DY are the bisectors of ZA and ZD

respectively.
ar(AABC)  AX?
TO PROVE ar(ADEF) ~ DY?
PROOF  We know that ratio of the areas of two similar triangles is equal to

ratio of the squares of their corresponding sides.
ar(AABC)  AB?

ar(ADEF)  DE2 . M
AABC ~ ADEF
= ZA=4D A
= toa-1.p %\
2 2
= ZBAX=ZEDY. B X cC E Y F

Now, in AABX and ADEY, we have
/BAX =ZEDY and 4B=ZE [." AABC ~ ADEF].
AABX ~ ADEY [by AA-similarity]
AB _AX
DE DY
AB* _ AX? .
DE? - DYZ. ... (ii)

From (i) and (ii), we get
ar(AABC) _ AX*
ar(ADEF) T DY?




406

EXAMPLE 1

SOLUTION

EXAMPLE 2

SOLUTION

EXAMPLE 3

SOLUTION
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SOLVED EXAMPLES

If the areas of two similar triangles are in the ratio 25 : 64, find the
ratio of their corresponding sides. [CBSE 2009]
Let AABC and ADEF be similar. Then,

ar(AABC) _ AB*> _ BC* _ AC?

ar(ADEF)  DE? EF* DF?

ABV? _(BCY _(ACVY_25 _(5¢

(DE) - <EF> - (DF) 64 (8)
AB _BC _AC_5,
DE EF DF 8

Hence, the ratio of their corresponding sides is 5 : 8.

In the adjoining figure, S and T are points P
on the sides PQ and PR respectively of
APQR such that PT =2 cm, TR =4 cm
and ST is parallel to QR. Find the ratio
of the areas of APST and APQR.

[CBSE 2010] Q R

ST|QR (given)

ZPST=2ZPQR [corresponding angles]
and ZPTS = ZPRQ [corresponding angles].
And so, APST ~ APQR [by AA-similarity].

ar(APST) pr®>  PT?

ar(APQR)  PR> (PT+TR)>

2 _4_1

:(2+4)2 T3 9

The areas of two similar triangles AABC and APQR are
25 cm?® and 49 cm? respectively. If QR = 9.8 cm, find BC. [CBSE 2006]
We know that the ratio of the areas of two similar triangles is
equal to the ratio of the squares of their corresponding sides.
ar(AABC)  Bc?
ar(APQR) ~ QR?

<g%>2 _ar(AABC) _é_(5)2

" ar(APQR) 49 \7

BC _5 _, BC_5

QR 7 798 7
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_5X9.8
BC—*7

Hence, BC =7 cm.

cn=5X1.4cm =7 cm.

EXAMPLE 4  Theareas of two similar triangles are 81 cm?® and 49 cm? respectively.
If the altitude of the bigger triangle is 4.5 cm, find the corresponding
altitude of the smaller triangle. [CBSE 2002]

SOLUTION  Let the given triangles be AABC and ADEF such that
ar (AABC) = 81 cm? and ar (ADEF) = 49 cm?. Let AL and DM be
the corresponding altitudes of AABC and ADEF respectively.
Then, AL =4.5 cm.

We know that the ratio of the areas of two similar triangles is
equal to the ratio of the squares of their corresponding altitudes.
ar(AABC)  A1?
ar(ADEF)  DM?
ALY _ar(AABC) _ 81 _ (9
(DM) T ar(ADEF) 49 ~ (7)
AL _9 45 _9

DM 7 " DM 7

DM = 4'59>< 7 cm = % cm = 3.5 cm.

Hence, the altitude of the smaller triangle is 3.5 cm.

EXAMPLES  The areas of two similar triangles are 121cm?* and 64 cm?
respectively. If the median of first triangle is 12.1 cm, find the
corresponding median of the other. [CBSE 2001]

SOLUTION Let AABC~ ADEF such that ar(AABC)=121cm? and
ar (ADEF) = 64 cm®.
Let AP and DQ be the corresponding medians of AABC and
ADEF respectively such that AP =12.1 cm.

We know that the ratio of the areas of two similar triangles
is equal to the ratio of the squares of their corresponding
medians.

ar(AABC)  Ap?

ar(ADEF)  DQ?

<£>2 _ar(AABC) 121 _ (11)2

DQ ar(ADEF) 64
AP _11 _ 121 _11

DQ_§:>DQ_§ [." AP=12.1cm]

8
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SOLUTION
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(12.1X8)
= Q—— m = (1.1X8)cm = 8.8 cm.

Hence, the corresponding median is 8.8 cm.

AABC ~ ADEF in which AX and DY are the bisectors of ZA and
2D respectively. If AX = 6.5 cm and DY = 5.2 cm, find the ratio of
the areas of AABC and ADEF.

We know that the ratio of the areas of two similar triangles is
equal to the ratio of the squares of the corresponding angle-
bisector segments.

ar(AABC)  Ax? (65)% 6572 _ (5 _ 25
ar(ADEF)  DY*  (5.2)° _<5.2> B (4) T 16

ar(AABC):ar(ADEF) = 25:16.

In the given figure, the line segment
XY is parallel to side AC of AABC X
and it divides the triangle into
two parts of equal area. Prove that
AX:AB=(2-y2):2.
Since XY || AC, we have B Y ¢
ZA=/BXY and £C = ZBYX [corres. 4].
AABC ~ AXBY
ar(AABC) _ AB* .
ar(AXBY)  XB? - @)
But, ar(AABC) =2 X ar(AXBY) [given]
ar(AABC) ..
7ar(AXBY) =2. ... (i)
From (i) and (ii), we get
AB? AB
XB? XB ) 2
— 4B 2= AB=/2xB)
= AB=y2(AB-AX)
= J2AX=(/2-1)AB
AX_(2-1) V2 _(2-V2)
ABT 7 a2

Hence, AX : AB=(2—y/2):2.

—2 (4B

=
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In the given figure, AABC and ADBC are A
on the same base BC. If AD intersects BC
at O, prove that

ar(AABO) A0 o Sa e
ar(ADBC) ~ DO [CBSE 2000, 05, '07C]

D

GIVEN AABC and ADBC are on the same base BC and AD
intersects BC at O.

ar(AABC) A0 A
TOPROVE 2+ (ADBC) ~ DO
CONSTRUCTION Draw AL L BC and
DM L BC. B c
PROOF In AALO and ADMO, we
have
ZALO = ZDMO = 90° 5
and ZAOL = ZDOM (vert. opp. £).
AALO ~ ADMO [by AA-similarity]
_, AL _4O "
DM ~ DO e
1
ar(AABC) 2 XBCXAL — 4p a0
ar(ADBC) 1 “pM~po Lusing ()]

§><BC><DM

ar(AABC) AO

Hence, - ADBC) ~ DO

ABCD is a trapezium in which AB||DC and AB=2DC. If the
diagonals of the trapezium intersect each other at a point O, find the
ratio of the areas of AAOB and ACOD.
GIVEN A trapezium ABCD in which D C
AB||DC and AB=2DC. Its diagonals
intersect each other at the point O.
ar(AAOB)
ar(ACOD) A B
METHOD OF SOLUTION In AAOB and ACOD, we have

ZAOB =ZCOD [vert. opp. £]

TO FIND
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SOLUTION
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Z0AB=2Z0CD [alt. int. £]
AAOB~ ACOD [by AA-similarity].

We know that the ratio of the areas of two similar triangles is
equal to the ratio of the squares of the corresponding sides.

ar(AAOB) A2 (2X DC)?

ar(ACOD) D~ DC [ AB=2DC]
_4XDC*_4.
pc* 1

Hence, ar(AAOB): ar(ACOD) =4:1.

In a trapezium ABCD, O is the point of intersection of AC and BD,
AB||CD and AB =2 X CD. If the area of AAOB = 84 cm?, find the
area of ACOD. [CBSE 2005, '09]

In AAOB and ACOD, we have D C
Z0AB=2Z0CD [alt. int. £]
and ZOBA = £Z0DC [alt. int. A£].
AAOB~ ACOD A B
[by AA-similarity]
ar(AAOB)  Ap* (2CD)?
ar(ACOD) CD? CD?

_4XCD?
~cpr *

[ AB=2XCD]

—  ar(ACOD) = % X ar(AAOB) = (i X 84) m? = 21 em?.
Hence, the area of ACOD is 21 cm?>.

D, E and F are respectively the midpoints of sides AB, BC and CA of
AABC. Find the ratio of the areas of ADEF and AABC.

In AABC,Dand F are the midpoints of sides AB and CA
respectively.
DF || BC [by midpoint theorem] A
= DF||BE.
Similarly, EF || BD.
BEFD is a parallelogram

O
A

= /B=/EFD,EF=BD= %AB B E c
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and DF=BE = %BC.

Also, ECED is a parallelogram

= ZEDF=ZC.

Now, in ADEF and ACAB, we have
ZEFD = /B

and ZEDF = £C.
ADEF ~ ACAB  [by AA-similarity].

1 2
ar(ADEF) _ar(ADEF) DF? (78¢)

ar(AABC) ar(ACAB) BC2  BC?

And so, = %
Prove that the area of an equilateral triangle described on one side of

a square is equal to half the area of an equilateral triangle described
on one of its diagonals. [CBSE 2005C]

GIVEN A square ABCD and equilateral ABCE and ACF have
been described on side BC and diagonal AC respectively.

TOPROVE ar(ABCE) = %ar(AACF).

PROOF Since each of F

the ABCE and AACF is

an equilateral triangle, D C
so each angle of each
one of them is 60°. E
So, the triangles are
equiangular, and hence
similar.

ABCE ~ AACF.
We know that the ratio of the areas of two similar triangles is
equal to the ratio of the squares of their corresponding sides.

ar(ABCE) BC?* _ BC?

ar(AACF) ~ AC?  2(BC)?

[ AC=4y2B(C]

Hence, ar (ABCE) = % X ar(AACF).
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Prove that the area of an equilateral triangle described on a side of
a right-angled isosceles triangle is half the area of the equilateral

triangle described on its hypotenuse. [CBSE 2006]
GIVEN A AABC in which ZABC =90° and AB=BC. AABD
and ACAE are equilateral triangles. E
x2
TOPROVE ar(AABD) = % X ar(ACAE). A
X

x2

PROOF Let AB = BC = x units. D
hyp. CA = yx*+x* = xy/2 units. " Bk o

Each of the AABD and CAE being equilateral, each angle of
each one of them is 60°.
AABD ~ ACAE  [by AAA-similarity].
But, the ratio of the areas of two similar triangles is equal to
the ratio of the squares of their corresponding sides.
ar(AABD) AB* _ x* _ x* _1

ar(ACAE)  CA? (xy2)2 22 2

Hence, ar(AABD) = % X ar(ACAE).

If D is a point on the side AB of AABC N
such that AD:DB=3:2 and E is a
point on BC such that DE|| AC, find
the ratio of the areas of AABC and
ADBE. [CBSE 2008C]

w
m
O

Let AD=3x cm and DB=2x cm.
Then,

AB = (AD+ DB) = (3x + 2x) cm = 5x cm.
In AABC and ADBE, we have

ZCAB=ZEDB [corresponding 4]
and ZACB =4DEB [corresponding A].
AABC ~ ADBE  [by AA-similarity]
ar(AABC) _ (AB)® _(5%)* _25¢* _ 25
ar(ADBE) (DB)2 (2x)° 4 4
= ar(AABC):ar(ADBE)=25:4.
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EXAMPLE 15 In the given figure, DE||BC and A
AD:DB=5:4.
Find the ratio ar (ADFE) : ar (ACFB).

[CBSE 2000]

SOLUTION Let AD = 5x cm and DB = 4x cm. Then, B c

AB=AD+ DB =5x cm +4x cm = 9x cm.
In AADE and AABC, we have
ZADE = ZABC [corres. 4]
ZAED =ZACB [corres. A].
AADE ~ AABC [by AA-similarity]
= DE_AD _5x_5, ... (d)
BC AB 9% 9
In ADFE and ACFB, we have
ZEDF =ZBCF [alt. int. £]
and ZDEF = ZCBF [alt. int. 4£].
. ADFE ~ ACFB
ar(ADFE) _ DE*> _ DE® _ (@)2 _ (5)2 _25
ar(ACFB) (CB*> BC? \BC 81
= ar(ADFE):ar(ACFB) =25:81.

9

EXERCISE 7C

1. AABC ~ ADEF and their areas are respectively 64 cm? and 121 cm?. If
EF =154 cm, find BC.

2. The areas of two similar triangles ABC and PQR are in the ratio 9 : 16. If
BC =4.5 cm, find the length of QR. [CBSE 2004]
3. AABC ~ APQR and ar (AABC) = 4ar (APQR).If BC =12 cm, find QR.

4. The areas of two similar triangles are 169 cm? and 121 cm” respectively.
If the longest side of the larger triangle is 26 cm, find the longest side of
the smaller triangle.

5. AABC ~ ADEF and their areas are respectively 100 cm” and 49 cm?. If

the altitude of AABC is 5 cm, find the corresponding altitude of ADEF.

[CBSE 2002]

6. The corresponding altitudes of two similar triangles are 6 cm and 9 cm
respectively. Find the ratio of their areas.
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7. The areas of two similar triangles are 81 cm? and 49 cm? respectively.
If the altitude of the first triangle is 6.3 cm, find the corresponding

10.

11.

12.

13.

altitude of the other.

[CBSE 2001]

. The areas of two similar triangles are 100 cm? and 64 cm? respectively.

If a median of the smaller triangle is 5.6 cm, find the corresponding

median of the other.

. In the given figure, ABC is a triangle and PQ

is a straight line meeting AB in P and AC
inQ.If AP=1cm, PB=3cm, AQ=15cm,
QC =4.5 cm, prove that area of AAPQ is %

of the area of AABC. [CBSE 2005]

In the given figure, DE||BC. If DE =3 cm,
BC =6 cm and ar(AADE) =15 cm?, find the
area of AABC.

AABC is right-angled at A and AD L BC. If
BC=13cm and AC =5 cm, find the ratio of
the areas of AABC and AADC. [CBSE 2000C]

In the given figure, DE||BCand DE: BC = 3:5.
Calculate the ratio of the areas of AADE and
the trapezium BCED.

In AABC, D and E are the midpoints of AB
and AC respectively. Find the ratio of the
areas of AADE and AABC.

A
1 cmNS cm
P Q

3cm 4.5cm

3cm

B 6 cm c

>
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ANSWERS (EXERCISE 7C)

1. 11.2cm 2.6 cm 3. 6 cm 4.22 cm 5.35cm  6.4:9
7.49cm 8.7cm  10. 60 cm? 11.169:25 12.9:16 13.1:4

HINTS TO SOME SELECTED QUESTIONS

, 07 36_4_
6. Required ratlo—@—gﬁ—g—&&

AP_ 1 _1 AQ_ 15 _15_1,
"AB (1+3) 4 AC (15+45) 6 4
AAPQ ~ AABC  [by SAS-similarity]

ar(AAPQ)7£7 AP _ (12 1
ar(AABC)7A327< ) ()716

AB 4

= ar(AAPQ) = % -ar(AABC).

ar(AADE) DE* 32 9 1 .
10. ar(AABC) B2 2 36 4 [ AADE~ AABC]

= ar(AABC)=4Xar(AADE) = (4 X 15) cm? = 60 cm?.
11. In ABAC and AADC, we have
ZBAC=ZADC =90°
and ZACB=4DCA = £C.
ABAC ~ AADC. [by AA-similarity].
ar(AABC) _ ar(ABAC) _ BC? .

ar(AADC) ar(AADC) A2

12. AADE ~ AABC.
ar(AADE) pE? _(DE)z_(3>2_ 9

5

25

ar(AABC) ~ pc2 ~ \BC
Let ar (AADE) = 9x sq units.
Then, ar (AABC) = 25x sq units.
ar (trap. BCED) = ar (AABC) — ar(AADE)
= (25x — 9x) sq units = (16x) sq units.
ar(AADE)  9x 9

ar(trap. BCED) 16x 16
13. Clearly, DE|| BC.
AADE ~ AABC.
ar(AADE)  AD?>  AD?> 1.

ar(AABC) ~ AB? (2AD)? T3
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PYTHAGORAS’ THEOREM

We have proved earlier in this chapter that:

"If a perpendicular is drawn from the vertex of the right angle
of a right triangle to the hypotenuse then the triangles on both sides
of the perpendicular are similar to the whole triangle and also to
each other.”

Now, we shall use this theorem to prove the Pythagoras’ theorem.

THEOREM 1 (Pythagoras’ theorem) In a right triangle, the square of the
hypotenuse is equal to the sum of the squares of the other two sides.

[CBSE 2001, '02, '03, '04, '04C, '05, '06, '06C, 07, '07C, '09]

GIVEN A AABC in which ZABC =90°. A
ToPROVE AC*= AB*+BC>. o
CONSTRUCTION Draw BD 1. AC. Ve
PROOF In AADB and AABC, we have //
LA=ZA (common) B c
ZADB = ZABC [each equal to 90°]
AADB~ AABC [by AA-similarity]
_, AD_AB
AB AC
= ADXAC=AB~. . (i)
In ABDC and AABC, we have
£LC=4C (common)
ZBDC =ZABC [each equal to 90°]
ABDC ~ AABC [by AA-similarity]
_ DC_BC
BC AC
= DCXAC=BC ... (ii)

From (i) and (ii), we get
ADX AC+DC X AC = AB*+ BC?
= (AD+DC)x AC = AB*+ BC?
= ACXAC=AB*+BC? = AC?=AB*+B(C>.

THEOREM2  (Converse of Pythagoras’ theorem) In a triangle, if the square of
one side is equal to the sum of the squares of the other two sides then
the angle opposite to the first side is a right angle.

[CBSE 2001, 03, 05C, 06, '06C, '07, 09, '09C]
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GIVEN A AABC in which AC*= AB*+ BC2.
TOPROVE Z£B=90°.
CONSTRUCTION Draw a ADEF such that DE = AB, EF = BC and ZE =90°.

A D

N

AN

~

| ~

| AN

| ~

| AN

| AN

d_ N
B C E F

PROOF In ADEF, we have ZE =90°.
So, by Pythagoras’ theorem, we have
DF? = DE*+EF?
= DF?>=AB*+BC>% ...(1)) [ DE=ABandEF =B(]
But, AC*=AB*+BC~ ... (ii) [given]
From (i) and (ii), we get AC*> = DF* = AC = DF.
Now, in AABC and ADEF, we have
AB=DE,BC = EF and AC = DF.
AABC = ADEF.
Hence, «B = ZE = 90°.

SOME IMPORTANT RESULTS BASED UPON
PYTHAGORAS’ THEOREM

THEOREM 1 Ina AABC, AD is perpendicular to BC. A
Prove that (AB*>+ CD?) = (AC*+ BD?).
[CBSE 2003, '05C, '09]
GIVEN A AABC in which AD 1 BC. B
TOPROVE (AB*+CD? = (AC*+ BD?.
PROOF  From right AADB, we have
AB?*= AD*+BD* [by Pythagoras’ theorem]
= (AB*-BD*=AD> (1)
From right AADC, we have
AC?*= AD*+CD?
= (AC’-CD?*=AD> ... (i)
From (i) and (ii), we get (AB>~ BD?) = (AC*>~CD?).
Hence, (AB*+ CD? = (AC*+ BD?).

O
O
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THEOREM 2  Given a AABC in which ZA =90° and AD L. BC. Prove that
AD?*=BD-CD. [CBSE 2004C, '06, '09]
GIVEN A AABC in which ZA =90°and AD L BC. N
ToPROVE AD?=BD-CD.
PROOF In ABAC, ZA =90°.
BC2= AB*+ AC? .. ()

B D c
[by Pythagoras’ theorem].
In AADB, ZADB =90°.
AB?*= AD*+BD* ... (ii) [by Pythagoras” theorem]
In AADC, ZADC = 90°.
AC?= AD*+CD> ... (iii) [by Pythagoras’ theorem]

From (ii) and (iii), we get

(AB*+ AC?) =2AD*+BD*+CD?
BC?*=2AD*+BD*+CD* [using (i)]
(BD +CD)*=2AD?*+ BD*+CD?
BD?*+CD?*+2BD - CD = 2AD*+ BD*+ CD?
2AD*=2BD-CD = AD*=BD - CD.
Hence, AD*>=BD - CD.

uu Uy

THEOREM3  In AABC, AD L BC such that AD* = BD - CD. Prove that AABC is

right-angled at A. [CBSE 2006]
GIVEN A AABC in which AD L BC and AD*=BD - CD.
TOPROVE <A =90°.

A
PROOF Inright AADB, ZADB =90°.
AB?= AD*+ BD. ()
[by Pythagoras’ theorem]
In right AADC, ZADC = 90°. B D c
AC?= AD*+CD> ... (ii) [by Pythagoras’ theorem]

Adding (i) and (ii), we get
(AB*+ AC?) = BD*+ CD*+2AD?
=BD?*+CD?*+2BD-CD [. AD?*=BD-CD]
= (BD+CD)*= BC>.
Thus, (AB*>+ AC?) = BC?.
Hence, AABC is right-angled at A.
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THEOREM4 Ina AABC, ZABC < 90°(i.e., ZBis acute) and AD L BC. Prove that
AC?*= AB?+BC?*-2BC - BD.
GIVEN A AABC in which ZABC < 90° A
and AD 1 BC. |
TOPROVE AC?*=AB*+BC*-2BC-BD. }T
PROOF In AADB, ZADB =90°. B D C
) AB?= AD?*+BD> ... (1) [by Pythagoras’ theorem]
In AADC, ZADC =90°.
AC?*= AD*+CD? [by Pythagoras’ theorem]
= AD?*+ (BC - BD)?
= AD*+BC*+BD*~-2BC-BD
= (AD*+BD? +BC2—2BC-BD
= AB*+BC*-2BC-BD [using (i)].
Hence, AC?= AB?>+BC?*-2BC - BD.

Note BD is known as the projection of AB on BC. So, this theorem is stated as:

”In an acute-angled triangle, the square of the side opposite to an acute angle is
equal to the sum of the squares of the other two sides minus twice the product of
one side and the projection of the other on the first.”

THEOREM5 In a AABC,ZABC>90° (ie, 4B is obtuse) and AD 1 (CB
produced). Prove that AC* = AB*+ BC*+2BC - BD.

GIVEN A AABC in which ZABC > 90° and N
!
AD 1 (CB produced). |
!
TOPROVE AC?= AB*+BC*+2BCBD. |
PROOF In AADB, ZADB = 90°. S .
s, AB*=AD*+BD> ... (1) [by Pythagoras’ theorem]
In AADC, ZADC =90°.
AC*= AD*+CD? [by Pythagoras’ theorem]
= AD?+ (BC + BD)? [ CD=BC+BD]

= AD?+BC?+BD?*+2BC - BD
= (AD*+BD? +BC*+2BC-BD
= AB*+BC?+2BC - BD [using (i)].
Note BD is the projection of AB on BC. So, this theorem is stated as:
”In an obtuse-angled triangle, the square of the side opposite to the obtuse angle
is equal to the sum of the squares of the other two sides plus twice the product of

one side and the projection of the other on the first.”
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THEOREM 6  In AABC, if AD is the median, then prove that

(AB*+AC? =2(AD?*+BD?).

TOPROVE (AB*+ AC? =2(AD*+ BD?).
CONSTRUCTION Draw AL L BC.

GIVEN A AABC in which AD is the median. A
\
\
\
\
|
|

PROOF In AALD, ZALD =90°. O
ZADL < 90° and therefore, B D L ¢
ZADB >90°.
Thus, in AADB, ZADB >90° and AL L (BD produced).
AB*=AD?+BD?+2BD - DL. ()

Note

In AADC, ZADC < 90° and AL L DC.
AC*=AD*+CD*-2CD-DL
= AC?’=AD*+BD?-2BD-DL. ...(il) [ CD=BD]
Adding (i) and (ii), we get (AB*+AC?) =2(AD?*+ BD?).
This theorem can be stated as:

"In any triangle, the sum of the squares of any two sides is equal to twice the
square of half of the third side together with twice the square of the median which
bisects the third side.”

SOLVED EXAMPLES

EXAMPLE 1 Sides of some triangles are given below. Determine which of them are

right triangles.
(i) 8 cm, 15 cm, 17 cm (ii)) 9 cm, 11 cm, 6 cm
(iii) (2a—1) cm, 24/2a cm and (22 +1) cm

soLuTioN  For the given triangle to be right-angled, the sum of the

squares of the two smaller sides must be equal to the square of
the largest side.
(i) Leta=8cm, b=15cm and ¢ = 17 cm. Then,
(@®+b% ={(8)*+ (15)*} cm® = (64 +225) cm* = 289 cm”
and ¢? = (17)% em? = 289 cm?.
(@®+b?) =%
Hence, the given triangle is right-angled.
(ii) Leta=9 cm, b =6 cm and ¢ = 11 cm. Then,
@ +1%) ={(9)*+(6)* cm? = (81 +36) cm* = 117 cm?
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and c* = (11)* cm? = 121 cm?.
(@®+bY) + %
Hence, the given triangle is not right-angled.
(iii) Letp=(2a—-1)cm, g = 2y/2a cm and r = (2a + 1) cm. Then,
P*+q») =(2a—-1)*cm®+(2v/2a)* cm?
={(4a*+1~4a)+8a} cm?® = (4a>+4a +1) cm
=Qa+1)*cm?=r2
P +q)=r
Hence, the given triangle is right-angled.

A man goes 15 m due west and then 8 m due north. How far is he
from the starting point?

Starting from A, let the man go from A to B and then from B to
C, as shown in the figure. Then,
AB=15m, BC=8m and £ZABC =90°.
From right AABC, we have
AC?*= AB?*+B(C?
={(15)*+(8)* m*
=(225+64) m? 8m
=289 m?
=/289 m=17m. ~W B 15m A

Hence, the man is 17 m away from the starting position.

o
z

A ladder 25 m long just reaches the top of a building 24 m high
from the ground. Find the distance of the foot of the ladder from the
building.
Let AB be the building and CB be the ladder. Then, B

AB=24m,CB=25mand ZCAB =90°.
By Pythagoras’ theorem, we have

CB*= AB*+AC? 25m
= AC?*=CB*-AB*=[(25)?—(24)’] m?

= (625-576) m* = 49 m”

= AC=y49m=7m. 045
Hence, the distance of the foot of the ladder from the building
is 7 m.

24 m
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A ladder 15 m long reaches a window which is 9 m above the ground
on one side of a street. Keeping its foot at the same point, the ladder
is turned to the other side of the street to reach a window 12 m high.
Find the width of the street.

Let ABbe the street and let C be the foot of the ladder. Let D and
E be the given windows such that AD =9 m and BE =12 m.

Then, CD and CE are the two positions of the ladder.

Clearly, ZCAD =90°, ZCBE = 90° E
andCD=CE=15m. D o
From right ACAD, we have el %, ) é
CD*= AC*+ AD? @ .
A c B

[by Pythagoras’ theorem]

= AC?*=CD*-AD?

=[(15)*= (9)’] m*> = (225 81) m* = 144 m*.
= AC=y144m=12m.
From right ACBE, we have

CE?*=CB*+BE* |by Pythagoras’ theorem]

= CB?>=CE*>-BE?

=[(15)*~12)*m? = (225-144) m* = 81 m*
= CB=y/81m=9m.
Width of the street=AC+CB=12m+9m=21m.

Two poles of heights 6 metres and 11 metres stand vertically on a
plane ground. If the distance between their feet is 12 metres, find the
distance between their tops. [CBSE 2002]

Let AB and CD be the given vertical poles. Then,
AB=6m,CD=11mand AC=12m.

Draw BE || AC. Then,
CE=AB=6m,BE=AC=12m.
DE=CD-CE=11m—-6m=5m.

In right ABED, we have: B~~~ E
BD? = BE?+ DE?

=12+ () m?
=(144+25m*=169m*> , 2m c
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= BD=y169 m=13m.

Hence, the distance between the tops of the poles = 13 m.

In a rhombus of side 10 cm, one of the diagonals is 12 cm long. Find
the length of the second diagonal. [CBSE 2001]

Let ABCD be the given rhombus D c
whose diagonals intersect at O. V
Then, AB =10 cm.

Let AC =12 cm and BD = 2x cm. m
We know that the diagonals of

a rhombus bisect each other at A 10.cm B
right angles.

OA =% AC =6 cm, OB = 3BD = x cm, and ZAOB = 90°.
From right AAOB, we have

AB?>= 0OA*+OB?
= OB?=AB*-0A?
={(10)>~ (6)*} cm* = (100 — 36) cm” = 64 cm®
= x*=64 = x=4y64=8.
OB =8 cm.
BD=2X0OB=2X8cm=16cm.
Hence, the length of the second diagonal is 16 cm.

AABD is a right triangle in which ZA = 90° and AC L BD.
Prove that:
() AB*=BC-BD  (ii) AC*=BC-DC  (iij) AD*=BD-CD
We know that:
If a perpendicular is drawn from the vertex D
of the right angle of a right triangle to the
hypotenuse then the triangles on both sides

of the perpendicular are similar to the c
whole triangle and also to each other.

AABC ~ ADBA
AABC ~ ADAC
ADBA ~ ADAC.
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(i) AABC ~ ADBA

AB_BC _, AB_BC
DB BA BD ~ AB

(i) AABC ~ ADAC

AC _ BC 2

he = Ac = AC*=BC-DC.
(iii) ADBA ~ ADAC

AD _ BD -

cD=ap = AD*=BDCD.

= AB?=BC"BD.

EXAMPLE8  BL and CM are medians of a AABC, right-angled at A. Prove that
4(BL*+ CM?) =5BC>. [CBSE 2006C, *10]

SOLUTION GIVEN A AABC in which BL and CM are medians and

ZA=90°. A

TOPROVE 4(BL*+CM?) = 5BC?.
PROOF In ABAC, ZA =90°. y

BC?= AB2+ AC~ () 5 o

[by Pythagoras’ theorem]
In ABAL, ZA =90°.
1= AI*+ AB? [by Pythagoras’ theorem]

= Br=(tac)+ap = Brr=Lacr+ap®
= 4BI*= AC2+4AB. . (i)
In ACAM, LA =90°.

CM? = AM?+ AC?
— cmr=(LaB) +ac = amr=Lapeac
= 4CM?= AB*+4AC> .. (iii)
On adding (ii) and (iii), we get 4(BL*+ CM?) = 5(AB*+ AC?).
Hence, 4(BL* + CM?) = 5BC? [using (i)].

EXAMPLES  In  the given  figure, the A

perpendicular from A on side BC
of a AABC, intersects BC at D
such that DB = 3CD. Prove that

2AB*=2AC?*+BC%. B D c

[CBSE 2003, '05, '09]
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GIVEN A AABC in which AD 1 BC and BD =3CD.

TOPROVE 2AB*=2AC*+BC>.

PROOF We have BD =3CD.
BC=BD+CD=3CD+CD=4CD

= CD=%BC. )
In AADB, ZADB =90°.

AB*= AD*+BD*. ... (ii) [by Pythagoras’ theorem]
In AADC, ZADC = 90.

AC*=AD*+CD”. ... (iii) [by Pythagoras’ theorem]

On subtracting (iii) from (ii), we get
AB*- AC*=BD*~CD?
= [(3CD)*—(CD?*] =8CD? [." BD =3CD]

—8x 11—6}3c2 - %BCZ [using ()].

2AB?-2AC?*=B(C?.
Hence, 2AB*=2AC?+ BC>.

In AABC, 2B =90° and D is the midpoint of BC. Prove that
AC?*=AD*+3CD".
GIVEN A AABC in which £B =90°
and D is the midpoint of BC.
TOPROVE AC?*= AD*+3CD”.
CONSTRUCTION  Join AD.
PROOF In AABC, /B =90°.
AC*=AB*+BC%. ... (0 [by Pythagoras’ theorem]
In AABD, £B =90°.
AD?=AB*+BD? ... (ii) [by Pythagoras’ theorem]
= AB?’=AD?-BD*.
AC?= (AD*-BD? +BC? [using (i)]
= AC?*=AD?*-CD?*+(2CD)* [. BD=CDand BC =2CD]
= AC?*=AD?*+3CD*.
Hence, AC?= AD*+3CD>.
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EXAMPLE 11

SOLUTION

EXAMPLE 12

SOLUTION

EXAMPLE 13

SOLUTION
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AABC is right-angled at B and D is the midpoint of BC. Prove that

AC?= (4AD*-3AB?). [CBSE 2008C, '10]
GIVEN A AABC in which ZB =90° and D is the midpoint of BC.
TOPROVE AC?=(4AD>-3AB?). A

PROOF In AABC, ZB =90°.
AC?= AB*+BC?
[by Pythagoras’ theorem]

=AB?>+(2BD)* [ BC=2BD] B D c
= AB?+4BD?

= AB*+4(AD*-AB? [. AB*+BD?=AD?|

= (4AD*-3AB?).

Hence, AC?* = (4AD?*-3AB?).

In an isosceles AABC, AB = AC and BD _L AC. Prove that
(BD*-CD?* =2CD" AD.
GIVEN A AABC in which A
AB=ACand BD 1 AC.
TOPROVE (BD?—CD? =2CD- AD.
PROOF From right AADB, we have D
AB?= AD*+ BD?
[by Pythagoras’ theorem]
AC?*= AD*+BD? [ AB=AC]
(CD+AD)*=AD*+BD? [.© AC=CD+AD]
CD*+AD*+2CD- AD = AD*+ BD?
(BD*-CD?* =2CD" AD.
Hence, (BD>—CD? =2CD - AD.

O

LU Uy

AABC is an isosceles triangle, right-angled at C. Prove that
AB*=2AC.

AABC is an isosceles triangle, right-

angled at C

= BC=AC .. ()

Now, by Pythagoras’ theorem,
AB*=BC*+AC?

(@)
>
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= AB?*=AC*+AC? [using (i)]
= AB*=2AC.
AABC is an isosceles triangle with AC = BC. If AB* = 2AC?, prove
that AABC is a right triangle. [CBSE 2000C]
In AABC, we have

AC=BC. ... (i) (given)
Now, AB?=2AC? (given) %
= AB*=AC*+AC?
= AB*=AC*+BC? [using (i)] B
= ZC=90° A

[by converse of Pythagoras’ theorem]

Hence, AABC is a right triangle.
AABC is a right triangle in which £C=90° and CD L AB. If
BC=4a,CA=b, AB=cand CD = p then prove that

(i) cp=ab (ii) % = % + # [CBSE 1997C, '98, 99, '02]
p a

(i) We have an
ar(AABC) = £ X ABXCD = Sop /
[taking AB as base]
and ar(AABC)=+ >< BC X AC= ab \/

[taking BC as base]. B a c

—cp —ub = cp =ab.

Hence, cp =ab.

c
(i) cp=ab = P =
1 2 bP+ad® ..
PR [ AB*=AC*+BC’]
e
2b2 2b2 a2 b2
1 _1 .1
Hence,?Z? ?
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EXAMPLE 16 In an equilateral triangle, prove that three times the square of one
side is equal to four times the square of one of its altitudes.
[CBSE 2002, '07C]
SOLUTION  GIVEN A AABC in which AB=BC=CAand AD L BC.
TOPROVE 3AB>=4AD>.
PROOF In AADBand A ADC, we have
AB = AC (given), /B= ZC=60°
and ZADB = ZADC =90°.
AADB= AADC [AAS-congruence]
BD = DC = 2 BC.
From right AADB, we have
AB*= AD*+BD* [by Pythagoras’ theorem]
= Ap*+(Be) = ap*+1BC?
= 4AB*=4AD*+BC?
= 3AB?>=4AD? [. BC=AB].
Hence, 3AB% = 4AD>.

EXAMPLE 17 In an equilateral triangle with side a, prove that

3 3
(i) altitude = ga (ii) area = %az. [CBSE 1997, '99, '01C, '02C]

SoLUTION  Let AABC be an equilateral triangle with side a.
Then, AB=AC=BC=a. A
Draw AD L BC. |
In AADB and AADC, we have i
AB = AC (given), £B = £C = 60° a ‘I
and ZADB =2ADC =90°. :
AADB = AADC. r
BD=DC=4 °
(i) From right AADB, we have
AB?= AD*+ BD? [by Pythagoras’ theorem]
= AD=4AB*-BD*

F /- a2 311_3

/3

Hence, altitude = 5

a
s C

N
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(ii) Area of AABC = % X base X altitude = (% X BCX AD)

= (% XaX ?a) [using ()]
(B
=7z 7)sq units.

Hence, area(AABC) = (ﬁaz) sq units.

4

EXAMPLE 18 O is a point in the interior of AABC,OD L BC, OE L AC and
OF L AB, as shown in the figure.

Prove that:
(i) OA%+ OB*+ OC?>- OD?*- OE?>- OF? = AF?+ BD?*+ CE*
(ii) AF*+ BD?*+ CE? = AE*+ BF?+ CD?

SOLUTION (i) Using Pythagoras’ theorem for each of the right triangles
namely AOFA, AODB and AOEC, we get
OA?= OF*+ AF? .. ()
OB?= OD*+BD? ... (ii)
OC?= OE*+CE? ... (iii)
Adding (i), (ii) and (iii), we get
OA*+OB*+0C?

= OD?+ OE*+ OF*+ AF?+ BD*+ CE.
Hence, OA%+ OB?+ OC?- OD?*- OE*- OF>
= AF*+BD*+CE”.
(ii) Using Pythagoras’ theorem for each of the right triangles,
namely AODB and AODC, we get
OB?=0D?+BD? and OC* = OD*+CD?”.

OB?*-0C?=BD?*-CD? ... (iv)
Similarly, we have
OC?>-0A?=CE*- AE? . (V)

and OA*— OB* = AF?- BF2. ... (Vi)
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Adding the corresponding sides of (iv), (v) and (vi),
we get

AF?+BD?+ CE*- AE*-BF*-CD?*=0.
Hence, AF?+ BD*+ CE? = AE*+ BF*+CD*.

EXAMPLE 19 O is any point inside a rectangle ABCD.

Prove that OB*>+ OD? = OA%*+ OC>. [CBSE 2006C]
DEDUCTION In the given figure, O isa D c
point inside a rectangle ABCD such that e ©
OB=6cm,OD =8cm and OA=5cm, 2 +2
find the length of OC. [CBSE 2009C] o

SOLUTION  GIVEN O is a point inside a rectangle A B
ABCD.

ToPROVE OB%+0OD?*=0A?+0OC2.

CONSTRUCTION Through O, draw
POQ||BC so that P lies on AB and Q
lies on DC.

PROOF we have
POQ||BC = PQ L ABand QP L. DC
= ZBPQ=90°and ZCQP =90°.
BPQC and APQD are both rectang]les.
BP=CQ [opposite sides of a rectangle]

oK -———0

DQ= AP [opposite sides of a rectangle]
From right AOPB, we have OB*= OP”+ BP?.
From right AOQD, we have OD*= 0Q*+ DQ>.
From right AOPA, we have OA?=0P*+ AP>.
From right AOQC, we have OC?=0Q*+CQ>.
OB?+ 0OD? = OP*+ 0Q*+ BP?+ DQ?
= OP*+0Q*+CQ*+ AP?
[* BP=CQand DQ = AP]
= (OP*+ AP?) +(0Q*+CQ?)
= 0A*+0C.
Hence, OB>+ OD?*= OA*+ OC?.
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DEDUCTION  Let OC = x cm. Then,
OB?+0D?= 0A*+0C?
= 6°+8=5"+x
= x*=36+64-25=75
= x=475=5/3=(5X1.732)=8.66 = OC = 8.66 cm.
Prove that the sum of the squares on the sides of a rhombus is equal
to the sum of the squares on its diagonals. [CBSE 2005, 06, '08C]

GIVEN A rhombus ABCD whose D C
diagonals AC and BD intersect at O. v
TOPROVE (AB?*+BC?*+CD?*+DA? X

= (AC*+BD?). A

PROOF Weknow that the diagonals A B
of a rhombus bisect each other at
right angles.

ZAOB =4BOC = ZCOD = ZDOA =90°,
OA =3 AC and OB = 1 BD.

From right AAOB, we have
AB?= OA*+ OB’ [by Pythagoras’ theorem]

2

(hacf(daof - i

= 4AB?=(AC*+BD?. ()
Similarly, we have:
4BC*=(AC*+BD?) ... (ii)
4CD* = (AC*+BD? ... (iii)
4DA* = (AC*+BD? o (iV)

On adding (i), (ii), (iii) and (iv), we get
(AB*+BC?+CD*+DA? = (AC*+ BD?).

REMARK In a rhombus ABCD, we have AB=BC =CD = DA, so the above
result may be given as 4AB”> = (AC*>+ BD?).

EXAMPLE 21

P and Q are points on the sides CA and CB of a AABC, right-angled
at C. Prove that (AQ*+ BP?) = (AB®+ PQ?). [CBSE 2007, '08]
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SOLUTION
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GIVEN A AABC in which £C=90". A
P and Q are points on CA and CB
respectively. P

TOPROVE (AQ*+ BP?) = (AB*+PQ?).

PROOF From right AACQ, we have B Q c

AQ? = (AC*+CQ?. ... (i) [by Pythagoras’ theorem]
From right ABCP, we have

BP?= (BC*+CP?). ... (ii) [by Pythagoras’ theorem]
From right AACB, we have

AB*= AC*+BC. ... (iii) [by Pythagoras’ theorem]
From right APCQ, we have

PQ*=(CQ*+CP?. ... (iv) [by Pythagoras’ theorem]

From (i) and (ii), we get
(AQ*+BP? = (AC*+BC? +(CQ*+CP?
= (AB?+ PQ?) [using (iii) and (iv)].
Hence, (AQ?+ BP?) = (AB*+ PQ?).

In the figure given below, APQR is right-angled at Q and the points
S and T trisect the side QR. Prove that 8PT? = 3PR? + 5PS2.

[CBSE 2006C]
GIVEN A APQR in which ZPQR =90°,
S and T are the points of trisection
of QR.
TOPROVE 8PT?=3PR*+5PS>.
PROOF LetQS=ST=TR = x.Then, Q S T R

QS =x,QT =2x and QR = 3x.
From right triangles PQS, PQT and PQR, by Pythagoras’
theorem, we have
PS*=PQ*+QS? PT*= PQ*+ QT? and PR* = PQ*+ QR?.
3PR*+5PS*~8PT?
=3(PQ*+QR?)+5(PQ*+ Q5% —8(PQ*+QT?)
=30QR*+5Q5%-8QT>
=3 X (3x)2+5(x)%—8 X (2x)*
[" QR =3x,QS =xand QT = 2x]
= (27x*+5x*—32x%) = 0.
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Thus, 3PR%+5PS*-8PT? = (.
Hence, 8PT? = 3PR*+ 5PS>.

In an isosceles AABC, AB = AC and D is a point on BC. Prove that
AB*~AD?=BD-CD.

GIVEN A AABC in which AB = AC and D is a point on BC.

TOPROVE (AB*-AD? =BD-CD. A

CONSTRUCTION Draw AL L BC.

PROOF Inright AALB and ALC, we have:
hyp. AB = hyp. AC (given)

|

|

|

|

|

|
M
L

AL =AL (common) B D ¢
AALB= AALC [by RHS-congruence]

-. BL=CL.

From right AALB and ALD, by Pythagoras’ theorem, we have:
AB*= AL’ +BI? .. ()
AD?*= AI*+ DI? ... (ii)
AB?>- AD? = BL*~ DI?

=(BL-DL)(BL+DL)
=BD-(CL+DL) [ BL=CL]

=BD-(CL+DL)
[ BL-DL=BD and BL = CL]
=BD-CD.
Hence, AB>— AD*=BD-CD.

Inan equilateral AABC, Dis a point on side BC such that BD = %BC.
Prove that 9AD* = 7AB.

GIVEN A AABC in which AB=BC=CA A

and D is a point on BC such that
-1

BD =3 BC.

TOPROVE 9AD?=7AB2.
CONSTRUCTION Draw AL L BC.

=0
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PROOF In right triangles ALB and ALC, we have
AB = AC (given) and AL = AL (common).
AALB=AALC [by RHS axiom]

So, BL=CL.

Thus, BD = %BC and BL = %BC.

In AALB, ZALB =90°.

AB*= AL*+BIL~ ... (i) [by Pythagoras’ theorem]
In AALD, ZALD =90°.
AD?= AL*+DI? [by Pythagoras’ theorem]

= AI?+ (BL - BD)?
= AI*+BI?*+BD?-2BL - BD
= (AI2+BI2) + BD>~ 2BL - BD
— AB*+BD?*-2BL-BD  [using (i)]
S R g §
=BC +<3BC) z(ch) 3 BC
[+ aB=Bc, BD=%BC and BL:%BC]
_pr2 lpo 1,0
~ BC?+§ B~ £ BC
=%BC2=%AB2 [+ BC=AB].

Hence, 9AD? = 7AB>.

In a quadrilateral ABCD, 2B =90°. If AD*= AB*+BC*+CD?,
prove that ZACD = 90°.
GIVEN A quad. ABCD in which A
2B =90° and
AD? = AB*>+BC?+ CD?.
TOPROVE ZACD =90°.
CONSTRUCTION  Join AC.
PROOF In AABC, £B =90°.
AC?= AB*+B(C2. ... (i) [by Pythagoras’ theorem]
Now, AD* = AB*+ BC?+ CD? (given)
= AD?*=AC*>+CD? [using (i)].

® ]
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Thus, in AACD, we have AD?= AC?+ CD>.
Hence, ZACD = 90° [by converse of Pythagoras’ theorem].

Equilateral triangles are drawn on the sides of a right triangle. Prove
that the area of the triangle on the hypotenuse is equal to the sum of
the areas of the triangles on the other two sides. [CBSE 2002]

GIVEN A AABC in which ZB=90°. Equilateral triangles
ABCD, ACAE and AABF are drawn on the sides BC, CA and

AB respectively.

TOPROVE ar(ACAE) = ar(ABCD) + ar (AABF). E
PROOF ABCD, ACAE and AABF are

equiangular and hence similar. F

We have

ar(ABCD) . ar(AABF) _ BC? AB2

ar(ACAE) ar(ACAE) (CA? CA?

ar(ABCD) +ar(AABF) _ BC2+AB? _ CA? _ 1
ar (ACAE) CA? CA? D

[by Pythagoras’ theorem]

= ar(ABCD)+ar(AABF) = ar(ACAE).

Given a right-angled AABC. The lengths of the sides containing the
right angle are 6 cm and 8 cm. A circle is inscribed in AABC. Find
the radius of the circle.
In AABC, we have A
ZB=90°, AB=6cm
and BC =8 cm.
A circle is inscribed in AABC. v/
Let O be its centre and M, N y[L_r_\0o
and P be the points where it }
touches the sides AB, BC and |
CA respectively. Then,
OM L AB,ON L BC,OP L CA.
Let r cm be the radius of the circle.
Then, OM = ON = OP =r cm.
Now, AB*>+BC?=CA* [by Pythagoras’ theorem]
= 6°cm’+8°cm’=CA*= CA=10cm.

\
B N C
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Now, ar(AABC) = ar(AAOB) + ar (ABOC) + ar (ACOA)

= %XABXBC=<%><AB><OM)+(%>< BC X ON)

+(%><CA><OP)
1 1 1

= 3 X6x8=(3x6xr)+(3x8xr)+(3x10x7)

= r=2 = radius=2cm.
EXAMPLE 28  Prove that the sum of the squares of the diagonals of a parallelogram
is equal to the sum of the squares of its sides.

SOLUTION  GIVEN A parallelogram PQRS. s R

TOPROVE PR*+(QS? v
= PQ*+QR*+ RS*+SP?.
PROOF We have proved earlier that if A

AD is a median of a AABC, then P Q
AB*+ AC?=2(AD*+BD?)

ie, AB +AC?=2AD> +%BC2. ()

Now, let O be the point of intersection A

of the diagonal PR and QS.

The diagonals of a parallelogram bisect
each other.

O is the midpoint of PR as well B D C
as QS.

Applying result (i) to APQR and ARSP, we get

PQ*+QR? =200+ %PRZ ... (i)
and RS?+ SP? = 205+ 3 PR .. (i)
Adding (ii) and (iii), we get

PQ*+QR?+RS™+5P* =2(3.0s) +2(L Qs) + PR®

2 2
—  PQ*+QR?+RS2+SP? = PR*+QS>.
EXAMPLE 29 Given a AABC in which ZB=90°and AB =3 BC. Prove that

ZC=60°.

SOLUTION Let D be the midpoint of the hypotenuse AC.
Join BD.
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We have A
AC?*= AB*+BC? [by Pythagoras’ theorem]
= AC?>=(/3BC)?+BC? b

[." AB=4/3BC (given)]
= AC?=4BC*= AC=2BC
= 2CD=2BC [." D isthe midpoint of AC]
= CD=BC. .. ()
Also, we know that the midpoint of the hypotenuse of a right

B C

triangle is equidistant from the vertices.

BD =CD ... (ii)
From (i) and (ii), we get
BC=BD=CD.

ABCD is equilateral and hence Z#C = 60°.

EXERCISE 7D

. The sides of certain triangles are given below. Determine which of
them are right triangles.

(i) 9cm, 16 cm, 18 cm (ii) 7 cm, 24 cm, 25 cm
(iii) 1.4 cm, 4.8 cm, 5 cm (iv) 1.6 cm, 3.8 cm, 4 cm

(v) (a-1)cm, 2y/a cm, (a+1) cm
. A man goes 80 m due east and then 150 m due north. How far is he
from the starting point?
. Aman goes 10 m due south and then 24 m due west. How far is he from
the starting point?
. A 13-m-long ladder reaches a window of a building 12 m above the
ground. Determine the distance of the foot of the ladder from the
building.
. A ladder is placed in such a way that its foot is at a distance of 15 m
from a wall and its top reaches a window 20 m above the ground. Find
the length of the ladder.
. Two vertical poles of height 9 m and 14 m stand on a plane ground.
If the distance between their feet is 12 m, find the distance between
their tops.
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7.

10.

11.

12.
13.

14.

15.

16.

17.

. In the given figure, O is a point inside a
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A guy wire attached to a vertical pole of height 18 m is 24 m long and
has a stake attached to the other end. How far from the base of the pole
should the stake be driven so that the wire will be taut?

APQR such that ZPOR =90°, OP = 6 cm and
OR =8 cm. If PQ =24 cm and QR =26 cm,
prove that APQR is right-angled.

[CBSE 2006, '09C]

Q 26 cm R

. AABC is an isosceles triangle with AB=AC =13 cm. The length of

altitude from A on BC is 5 cm. Find BC. [CBSE 2000C]

Find the length of altitude AD of an isosceles AABC in which
AB = AC = 24 units and BC = g units.

AABC is an equilateral triangle of side 2a units. Find each of its
altitudes.

Find the height of an equilateral triangle of side 12 cm.

Find the length of a diagonal of a rectangle whose adjacent sides are
30 cm and 16 cm.

Find the length of each side of a rhombus whose diagonals are 24 cm
and 10 cm long.

In AABC, D is the midpoint of BC and AE L BC.If AC > AB, show that

AB?= AD?~ BC- DE+  BC?. [CBSE 2006¢]
In the given figure, ZACB =90° and CD L AB. ¢
BC* _BD
Prove that AC: - AD
A D B

In the given figure, D is the midpoint of side BC and AE L BC. If
BC=4, AC=b,AB=c,ED=x, AD =p and AE = h, prove that

@) bz—p2+ax+az A
2

(ii) c2=p2—ax+a— c b
4 h \p

(i) (07+ %) = 2p7 + 30

(iv) (b*—c?) = 2ax |



18.

19.

20.

21.

22.
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In AABC, AB = AC. Side BC is produced
to D. Prove that

(AD*-AC*»=BD-CD.

ABC is an isosceles triangle, right- D c
angled at B. Similar triangles ACD and
ABE are constructed on sides AC and
AB. Find the ratio between the areas of
AABE and AACD. [CBSE 2002] A B

E

An aeroplane leaves an airport and flies due north at a speed of 1000 km
per hour. At the same time, another aeroplane leaves the same airport
and flies due west at a speed of 1200 km per hour. How far apart will be

the two planes after 1% hours?

Ina AABC, AD is a median and AL L BC. A
Prove that:
2
(a) AC*= AD*+BC-DL+ (%)
2
®) ABZZADZ—BC-DL+<%) 5 L D c

(c) AC?+ AB? = 2AD? +%BC2

stream. The tip of his fishing rod is
1.8 m above the surface of the water

Naman is doing fly-fishing in a B
\
|
\
and the fly at the end of the string rests |

on the water 3.6 m away from him and M @
2.4 m from the point directly under |«——24m—»|«—12m—>
the tip of the rod. Assuming that the

string (from the tip of his rod to the fly) is taut, how much string does
he have out (see the adjoining figure)? If he pulls in the string at the rate
of 5 cm per second, what will be the horizontal distance of the fly from
him after 12 seconds?
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ANSWERS (EXERCISE 7D)
1. (i), (iii), (v) 2. 170 m 3.26m 4.5m 5.25m
ay15
6. 13 m 7. 6«/7 m 9. 24 m 10. 2 units
11. a/3 units  12. 6y/3cm  13. 34m 14. 13 cm 19.1:2
20. 300y/61 km 22. 2.8 m (approx.)
HINTS TO SOME SELECTED QUESTIONS
7. Let AB be the vertical pole and C be the position of the B
stake so that BC is a taut wire.
Inrt. AABC, ZA=90°, AB=18 m, BC =24 m.
Now,AC?+ AB?=BC? = AC? = (242-18%) m? =252 m?
= AC=y252 m =647 m. A
8. PR=yOP?+OR? = /62 +82 = 10.
Now, 242 +10% = 262, i.e., PQ?+ PR?> = QR? = QPR =90°.
10. In AABC, AB=AC =2z and BC = a. A
Draw AD L BC. Then, D is the midpoint of BC
_a,
and so BD = 2 24 24
2 2 15
AD? = AR - BD? = 42— L 152,y av15
4 4 2
B 2 D
. A
15. In AAEB, ZAEB = 90°.
AB?= AE?+BE? )
In AAED, ZAED =90°.
AD? = (AE?+DE?)
B E D

= AE’=(AD>-DE?.
AB?=(AD?- DE?) + BE? [using (i)]
= (AD?-DE?)+ (BD - DE)?

2
= (AD?~ DE?) +(3BC - DE]
= ADhchz— BC-DE.

16. AABC ~ ACBD

BC _AB 2_ ap. ;
B0 = Cp = BC*=AB-BD. . (@)
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AABC ~ AACD

c
AC _ AB 2_ an. -
AD = ac = AC?=AB-AD. ... (i)
e .. BC? _BD.
Dividing (i) by (ii), we get e AD
A D B
17. (i) AC?= AE*+EC?
2 2 A
= PR (v g) = (P e+
2 b
:p2+ax+az' c h \p
(ii) AB*= AE*+BE? B E x D C

2

2_12. (4 _ V_p2,.2_ .4
= c—h+<2 x) (h+x)ax+4
a2

=p?-ax+ mn

(iil) Add (i) and (ii).
(iv) Subtract (ii) from (i).
18. Draw AE L BC. Then, BE = CE.
AD?= AE?+DE? and AC? = AE?+ CE?
= (AD?-AC? =DE?-CE?
= (DE + CE)(DE - CE)
= (DE +BE)(DE-CE) [ CE=BE]
=BD"CD. B E c D
ar(AABC) LBZ _ AB? 1

_ _ 1o e ap2 2_ 2
19. ar(AACD) ~ ACE  2AgE 2 [ AC*= AB“+BC”=2AB"].
20. Distance covered by first plane in 1% hours N
= OP = 1500 km (north). p
Distance covered by second plane in 1% hours
= 0Q = 1800 km (west). 1500 km
Distance between the two planes after 1% hours
= PQ = /OP2+ 00 = 300/61 km. W Q 180km O
21. (a) In right AACL, AC%=AI?+LC> (@) A
In right A ALD, AI?=AD?-DI2. .. (ii)

AC? = (AD*- DI?) +LC? [from (i) and (ii)]
= (AD*-DI?) + (DL +DC)?

= (AD*-DI?)+(DL+ %BC)Z

2
— AD?+BC-DL+4BC?= AD*+BC- DL+(ES) -
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(b) Inright AABL, AB?=AI*+LB> ... (i)
Inright AALD, AI*= AD®>-DI?.. ... (iv)
AB?=(AD?>-DI»+LB? [from (iii) and (iv)]
=(AD?-DI? +(BD - DL)?
= (AD*-DI?)+ (%BC - DL)2 = AD®>~BC-DL+ (%)2-
(c) Adding the results of (a) and (b), we get

AC?+ AB?=2AD*+ 2 BC?.
22. Let of the string that was out of the rod B
=BC=yBM?+CM? = /(1.8)2+ (24> m |
\
=y/324+576 m=y9m=3m. L am
1.
He pulls the string at a rate of 5 cm per second. \
\

length of string pulled in 12 s c c M A
= (5%12)cm = 60 cm = 0.6 m. e 24m——=—12m

So, after 12 s, we have BC' =(3—-0.6)m =24 m and BM =18 m.
CM=+y(BC)2-BM2=4/(24)2- (1.8 m=y252 m ~ 1.6 m.
Horizontal distance of the fly from him after 12s=C"A
=CM+MA=(1.6+12)m
=2.8m.

EXERCISE 7E

Very-Short-Answer and Short-Answer Questions:
1. State the two properties which are necessary for given two triangles to
be similar.

. State the basic proportionality theorem.

. State the converse of Thales” theorem.

. State the midpoint theorem.

. State the AAA-similarity criterion.

. State the AA-similarity criterion.

. State the SSS-criterion for similarity of triangles.

. State the SAS-similarity criterion.

O 00 NI O U &~ W N

. State Pythagoras’ theorem.

—_
o

. State the converse of Pythagoras’ theorem.
. If D, E and F are respectively the midpoints of sides AB, BC and CA of
AABC then what is the ratio of the areas of ADEF and AABC?

—_
—_
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Two triangles ABC and PQR are such that AB=3cm, AC=6cm,
ZA=70°, PR=9cm, ZP=70° and PQ=45cm. Show that
AABC ~ APQR and state the similarity criterion.

If AABC ~ ADEF such that 2AB = DE and BC = 6 cm, find EF.

In the given figure, DE||BC such that A
AD=xcm, DB=3x+4)cm, AE=(x+3)cm
and EC = (3x + 19) cm. Find the value of x.

B C

A ladder 10 m long reaches the window of a house 8 m above the
ground. Find the distance of the foot of the ladder from the base of
the wall.

Find the length of the altitude of an equilateral triangle of side 2a cm.
AABC ~ ADEF such that ar(AABC) = 64 cm? and ar (ADEF) = 169 cm?.
If BC =4 cm, find EF.

Inatrapezium ABCD, itisgiventhat AB || CDand AB = 2CD.Its diagonals
AC and BD intersect at the point O such that ar (AAOB) = 84 cm?. Find
ar(ACOD).

The corresponding sides of two similar triangles are in the ratio 2 : 3.
If the area of the smaller triangle is 48 cm?, find the area of the larger
triangle.

3
In an equilateral triangle with side a, prove that area = %az.

Find the length of each side of a rhombus whose diagonals are 24 cm
and 10 cm long.

Two triangles DEF and GHK are such that £D =48 and £H =57°. If
ADEF ~ AGHK then find the measure of ZF.

In the given figure, MN || BC and AM : MB =1:2. A

area (AAMN) ) M N

N area (AABC)

B C

In triangles BMP and CNR it is given that PB=5cm, MP=6cm,
BM=9cm and NR =9 cm. If ABMP ~ ACNR then find the perimeter
of ACNR.

Each of the equal sides of an isosceles triangle is 25 cm. Find the length
of its altitude if the base is 14 cm.
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A man goes 12 m due south and then 35 m due west. How far is he from
the starting point?

If the lengths of the sides BC, CA and AB of a AABC are 4, b and ¢
respectively and AD is the bisector of ZA then find the lengths of BD
and DC.

In the given figure, ZAMN = ZMBC = 76°. ce
If p, g and r are the lengths of AM, MB and
BC respectively then express the length of )
MN in terms of p, g and 7. c\
76° 765
A M B
f«——a—»ja—b—»
The lengths of the diagonals of a rhombus are 40 cm and 42 cm. Find

the length of each side of the thombus.

For each of the following statements state whether true (T) or false (F):

30.

(i) Two circles with different radii are similar.
(if) Any two rectangles are similar.

(iii) If two triangles are similar then their corresponding angles are
equal and their corresponding sides are equal.
(iv) The length of the line segment joining the midpoints of any two
sides of a triangle is equal to half the length of the third side.
(v) In a AABC, AB=6cm, ZA =45 and AC=8 cm and in a ADEF,
DF =9 cm, £D =45° and DE = 12 cm, then AABC ~ ADEF.
(vi) The polygon formed by joining the midpoints of the sides of a
quadrilateral is a rhombus.
(vil) The ratio of the areas of two similar triangles is equal to the ratio
of their corresponding angle-bisector segments.
(viii) The ratio of the perimeters of two similar triangles is the same as
the ratio of their corresponding medians.
(ix) If O is any point inside a rectangle ABCD then
OA*+0C?*= OB*+0OD>.
(x) The sum of the squares on the sides of a rhombus is equal to the
sum of the squares on its diagonals.
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ANSWERS (EXERCISE 7E)
1:4 12. SAS-similarity 13. 12 cm 14. x =2 15. 6 m
«/§a cm 17. 6.5 cm 18. 21 cm? 19. 108 cm? 21.13 cm
75° 23. % 24. 30 cm 25.24 cm 26. 37 cm
_ _ab_ _
BD = b+c ;DC = e 28. MIN = +b 29. 29 cm
AT (G@)F (i)F Gv)T (v)F (vi)F (vi)) T (viii)) T (ix) T (x)T

HINTS TO SOME SELECTED QUESTIONS

g% ?g [by Thales’ theorem]

AAOB 2 2
ar(AA0B) _ AB® (é—g) =% [ AAOB~ ACOD]

ar(ACOD) ~ cp?

= ar(ACOD)= *Xar(AAOB)

/D=48,/E=/H=57° [" ADEF ~ AGHK]
ZF=180° - (£D + ZE) = 180° — (48° +57°) = 75".
MN || BC = AAMN ~ AABC.

area(AAMN) AM? [ AM )27 x 2_1
area(AABC)  Ap2 7(AM+MB 7<x+2x)

9
[AM:MB=1:2,s0,let AM = x, then MB = 2x].

Perimeter of ABMP _ MP

Perimeter of ACNR ~ NR [ ABMP ~ ACNR]

=  perimeter of ACNR = % X perimeter of ABMP = ]I\V/III{) X (PB+ MP + BM)

:gX(5+6+9)Cm:30cm.

Let the given triangle be AABC having AB=AC =25 cm, A
base BC = 14 cm.

Let AD L BC. Then, D is the midpoint of BC.

Altitude AD =/ AC?—DC? = /252 = 7% cm = 24 cm.
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27.

Let BD =x.Then, DC=BC—BD =a—x.
Now, BD _ AB

A
DC-AC [by angle-bisector theorem] b
= r__¢ £ and so a—x=ﬂ' 7
a-x b b+c ! b+c
B X D a—x
- a
28. ZAMN = #MBC = MN | BC = AAMN ~ AABC.
. AM_MN  a _MN __ac_,
AB - BC “a+b ¢ MN=UTG
29. The diagonals of a rhombus intersect at right A
angles and bisect each other.
20 cm
In the figure,
g40 4 B 21cm O
OA=?cm=ZOcm,OB=7cm=21cm.

AB = YOA2+0B? = 202+ 212 cm = y/841 cm = 29 cm.

C
30. (i) Two rectangles are similar only if their corresponding sides are proportional.

(iii) If two triangles are similar, then

(a) their corresponding angles are equal

(b) their corresponding sides are proportional (but not necessarily equal)
(iv) Let D and E be the midpoints of sides AB and AC A
respectively of a AABC.

Then, by the midpoint theorem,

D E
DE|BC = AADE ~ AABC.

B
AD _DE 1 _DE_ . 1
AB _BC ~ 2 pc - PE=3BC

AB_6 _1 AC_8,
(v) Wehave 5E=95=% BF =9
Clearly, % + % and so AABC is not similar to ADEF.

Note Here AABC ~ ADFE.

(vi) The polygon formed by joining the midpoints of the sides of a quadrilateral is a
parallelogram (not necessarily a rhombus).

(vii) The ratio of the perimeters of two similar triangles is the same as the ratio of

their corresponding sides which is the same as the ratio of the corresponding
medians.
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MULTIPLE-CHOICE QUESTIONS (MCQ)
Choose the correct answer in each of the following questions:
1. A man goes 24 m due west and then 10 m due north. How far is he from
the starting point?
(a) 34 m (b) 17m (c) 26 m (d) 28 m
2. Two poles of height 13 m and 7 m respectively stand vertically on a
plane ground at a distance of 8 m from each other. The distance between
their tops is
(@) 9m (b) 10 m (c) 11m (d) 12m
3. Avertical stick 1.8 m long casts a shadow 45 cm long on the ground. At
the same time, what is the length of the shadow of a pole 6 m high?
(@) 24m (b) 1.35m (¢c) 1.5m (d) 13.5m
4. A vertical pole 6 m long casts a shadow of length 3.6 m on the ground.

What is the height of a tower which casts a shadow of length 18 m at
the same time?

(a) 10.8 m (b) 28.8 m (c) 324 m (d) 30 m
5. The shadow of a 5-m-long stick is 2 m long. At the same time the length
of the shadow of a 12.5-m-high tree (in m) is [CBSE 2011]
(a) 3.0 (b) 3.5 (c) 45 (d) 5.0

6. Aladder 25 m long just reaches the top of a building 24 m high from the
ground. What is the distance of the foot of the ladder from the building?
(a) 7m (b) 14 m (c) 21 m (d) 245m
7. In the given figure, O is a point inside
a AMNP such that ZMOP =90°,
OM=16cm and OP=12cm. If
MN=21cm and ZNMP=90° then
NP=?
(a) 25 cm (b) 29 cm (c) 33 cm (d) 35cm

8. The hypotenuse of a right triangle is 25 cm. The other two sides are
such that one is 5 cm longer than the other. The lengths of these

sides are
(a) 10 cm, 15 cm (b) 15 cm, 20 cm
(c) 12cm, 17 cm (d) 13 cm, 18 cm

9. The height of an equilateral triangle having each side 12 cm, is
(a) 6y2 cm (b) 64/3 cm (c) 3Y6 cm (d) 6v6 cm
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AABC is an isosceles triangle with AB = AC =13 cm and the length of
altitude from A on BC is 5 cm. Then, BC=?

(a) 12cm (b) 16 cm (c) 18 cm (d) 24 cm
In a AABC it is given that AB=6 cm, AC=8cm A
and AD is the bisector of ZA. Then, BD: DC =?
(@) 3:4 (b) 9:16 & %o
(c)4:3 (d) v3:2
B D c

In a AABC it is given that AD is the internal
bisector of ZA. If BD=4cm, DC=5cm and
AB=6cm, then AC=7?
(a) 4.5 cm (b) 8 cm
(¢c) 9cm (d) 7.5 cm

In a AABC, it is given that AD A
is the internal bisector of ZA.
If AB=10cm, AC=14cm and
BC=6cm, thenCD =?

%4

(a) 4.8 cm % »
%

(b) 3.5cm

(¢c) 7cm

(d) 10.5cm

B(6-x)cmD xcm C

[«——6cm—

In a triangle, the perpendicular from the vertex to the base bisects the
base. The triangle is

(a) right-angled (b) isosceles

(c) scalene (d) obtuse-angled
In an equilateral triangle ABC, if AD L BC then which A
of the following is true?

(a) 2AB*=3AD? (b) 4AB*>=3AD?

(c) 3AB* = 4AD? (d) 3AB* = 2AD?

B D c
In a rhombus of side 10 cm, one of the diagonals is 12 cm long. The
length of the second diagonal is
(a) 20 cm (b) 18 cm (c) 16 cm (d) 22 cm
The lengths of the diagonals of a rhombus are 24 cm and 10 cm. The
length of each side of the rhombus is
(a) 12cm (b) 13 cm (c) 14 cm (d) 17 cm
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If the diagonals of a quadrilateral divide each other proportionally then
itisa

(a) parallelogram (b) trapezium
(c) rectangle (d) square
In the given figure, ABCD is a trapezium D C
whose diagonals AC and BD intersect at O v
such that OA=Bx-1)cm,OB=(2x+1)cm,
OC=(5x-3)cm and OD =(6x—5)cm. Then, A
x=? A B
(@) 2 (b) 3 (c) 2.5 (d) 4

The line segments joining the midpoints of the adjacent sides of a
quadrilateral form

(a) a parallelogram (b) a rectangle
(c) asquare (d) a rhombus

If the bisector of an angle of a triangle bisects the opposite side then the
triangle is

(a) scalene (b) equilateral
(c) isosceles (d) right-angled
e AB _ BD o
In AABC it is given that AC-DC If ZB=70" and A
ZC =50°then ZBAD =?
(a) 30° (b) 40°
(c) 45° (d) 50°
B D [
In AABC, DE|| BC so that AD =2.4 cm, AE =3.2cm A
and EC =4.8 cm. Then, AB="7?
(a) 3.6 cm (b) 6 cm D E
(c) 6.4 cm (d) 7.2 cm
B Cc
In a AABC, if DE is drawn parallel to BC, cutting A
AB and AC at D and E respectively such that
AB=72cm,AC=64cm and AD =4.5cm. Then, b £
AE=7?
(a) 5.4 cm (b) 4 cm B C

(c) 3.6 cm (d) 3.2cm
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In AABC,DE||BC so that AD=(7x—4)cm, A
AE =(5x—2)cm, DB = (3x+4) cm and EC = 3x cm.
Then, we have
D E
(a) x=3 (b) x=5
(c) x=4 (d) x=25 B c
In AABC, DE | BC such that 5 = 2+ 1f AC=5.6 cm A
then AE=7? D E
(a) 4.2 cm (b) 3.1 cm
(c) 2.8 cm (d) 2.1 cm B C

AABC ~ ADEF and the perimeters of AABC and ADEF are 30 cm and
18 cm respectively. If BC =9 cm then EF =?

(a) 6.3 cm (b) 5.4 cm (¢c) 72 cm (d) 45 cm
AABC ~ ADEF such that AB=9.1cm and DE = 6.5 cm. If the perimeter
of ADEF is 25 cm, what is the perimeter of AABC?

(a) 35cm (b) 28 cm (c) 42 cm (d) 40 cm
In AABC, it is given that AB =9 cm, BC =6 cm and CA =7.5cm. Also,

ADEF is given such that EF = 8 cm and ADEF ~ AABC. Then, perimeter
of ADEF is

(a) 22.5cm (b) 25 cm (c) 27 cm (d) 30 cm
ABC and BDE are two equilateral triangles such that D is the midpoint
of BC. Ratio of the areas of triangles ABC and BDE is
(@) 1:2 (b) 2:1 (c)1:4 (d)4:1
It is given that AABC ~ADFE. If ZA=30°, ZC=50°, AB=5cm,
AC =8 cm and DF = 7.5 cm then which of the following is true?
(a) DE=12cm, ZF =50° (b) DE =12 cm, ZF =100°
(c) EF=12cm, £D =100° (d) EF=12cm, #D = 30°
In the given figure, /BAC =90° and AD L BC.Then, A
(a) BC-CD = BC?
(b) AB- AC=BC?
(c) BD-CD = AD? B D c
(d) AB- AC=AD?
In AABC, AB =643 cm, AC =12 cm and BC = 6 cm. Then, 2B is
(a) 45° (b) 60° (c) 90° (d) 120°
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In AABC and ADEF, it is given that % = % then

(a) £B=ZE (b) £LA=4D (c) £B=«D  (d) £LA=ZF
In ADEF and APQR, it is given that ZD = ZQ and /R = ZE, then which
of the following is not true?
DE _ DF

@50 © -k  ©or-ro @ RP-OR
If AABC ~ AEDF and AABC is not similar to ADEF then which of the
following is not true?

(a) BC-EF=AC-FD (b) AB-EF=AC"-DE

(c) BC-DE=AB-EF (d) BC-DE=AB-FD
In AABC and ADEF, it is given that Z/B = ZE, ZF = ZC and AB =3DE,
then the two triangles are

EF _ DE

(a) congruent but not similar (b) similar but not congruent
(c) neither congruent nor similar  (d) similar as well as congruent

. AB _BC _CA
If in AABC and APQR, we have OR PR PQ then

(a) APQR ~ ACAB (b) APQR ~ AABC

(c) ACBA~ APQR (d) ABCA~ APQR

In the given figure, two line segments
AC and BD intersect each other at the
point P such that PA=6cm, PB=3cm,
PC=25cm, PD=5cm, ZAPB=50° and
ZCDP =30° then Z/PBA=?
(a) 50° (b) 30° (c) 60° (d) 100°

Corresponding sides of two similar triangles are in the ratio 4 : 9. Areas
of these triangles are in the ratio

(@) 2:3 (b) 4:9 (c)9:4 (d) 16:81
o BC _2 ar (APQR)
~ LL _ 2 =7
It is given that AABC ~ APQR and OR "3 then ar(AABC)
2 3 4 9
@ 3 (b) 5 @3 d 7
In an equilateral AABC, D is the midpoint A
of AB and E is the midpoint of AC. Then,
ar(AABC):ar(AADE) =? D E
(@) 2:1 (b) 4:1
(¢)1:2 (d)1:4 5 o
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AB _BC _AC_5
In AABC and ADEF, we have DE-EE_DE 7 then
ar(AABC):ar(ADEF) =7
(@) 5:7 (b) 25:49 (c) 49:25 (d) 125:343
AABC ~ ADEF such that ar(AABC) =36 cm? and ar(ADEF) = 49 cm?.

Then, the ratio of their corresponding sides is

(a) 36:49 (b) 6:7 () 7:6 (d) v6:v7
Two isosceles triangles have their corresponding angles equal and their
areas are in the ratio 25 : 36. The ratio of their corresponding heights is

(a) 25:36 (b) 36:25 (¢c) 5:6 (d) 6:5
The line segments joining the midpoints of the sides of a triangle form
four triangles, each of which is

(a) congruent to the original triangle

(b) similar to the original triangle

(c) anisosceles triangle

(d) an equilateral triangle

If AABC~ AQRP M—gAB—B d BC=15 h
Q ’ar(APQR)_4’ =18 cm an =15cm then

PR=?

(a) 8cm (b) 10 cm (c) 12cm (d) ?cm

In the given figure, O is the point of intersection ‘

of two chords AB and CD such that OB = OD A D

and ZAOC = 45°. Then, AOAC and AODB are ‘h."
(a) equilateral and similar C
(b) equilateral but not similar

(c) isosceles and similar
(d) isosceles but not similar

49. In an isosceles AABC, if AC = BC and AB?=2AC? then £C =?
(a) 30° (b) 45° (c) 60° (d) 90°

50. In AABC, if AB=16 cm, BC =12 cm and AC = 20 cm, then AABC is
(a) acute-angled (b) right-angled
(c) obtuse-angled (d) not possible

True/False Type

51. Which of the following is a true statement?

(a) Two similar triangles are always congruent.
(b) Two figures are similar if they have the same shape and size.
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(c) Two triangles are similar if their corresponding sides are
proportional.

(d) Two polygons are similar if their corresponding sides are
proportional.

52. Which of the following is a false statement?

(a) If the areas of two similar triangles are equal then the triangles are
congruent.

(b) The ratio of the areas of two similar triangles is equal to the ratio
of their corresponding sides.

(c) The ratio of the areas of two similar triangles is equal to the ratio
of squares of their corresponding medians.

(d) The ratio of the areas of two similar triangles is equal to the ratio

of squares of their corresponding altitudes.

Matching of columns

53. Match the following columns:

Column I Column II

(a)In a given AABC,DE||BC and| (p)6

% = % If AC=56cm then
AE=...... cm.

(b)If AABC~ADEF such that| (q)4
2AB=3DE and BC=6cm then

(ooIf AABC~APQR such that| (r)3
ar(AABC):ar(APQR)=9:16 and
BC=45cmthenQR=...... cm.

(d) In the given figure, AB||CD and| (s)2.1
OA =(2x+4)cm,OB = (9x —21) cm,
OC=(2x-1) cm and OD=3 cm.
Thenx=7?
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54. Match the following columns:

Column I Column II

(a) Aman goes 10 m due east and then| (p) 25,/3
20 m due north. His distance from
the starting point s ...... m.

(b) In an equilateral triangle with each| (q) 5,/3
side 10 cm, the altitudeis ...... cm.

(c) The area of an equilateral triangle| (r)10,/5
having each side 10 cmis ...... cm?.

(d) The length of diagonal of a| (s)10
rectangle having length 8 m and
breadth6 mis ...... m.

The correct answer is

ANSWERS (MCQ)

1.() 2(b) 3.() 4() 5(d) 6@ 7.(b) 8®) 9 (b
10.(d) 11.(a) 12.(d) 13.(b) 14.(b) 15.(c) 16.(c) 17.(b) 18. (b)
19. (a) 20.(a) 21.(c) 22.(a) 23.(b) 24.(b) 25.(c) 26.(d) 27.(b)
28.(a) 29.(d) 30.(d) 3L (b) 32 (c) 33.(c) 34 (c) 35 (b) 36.(c)
37.(b) 38.(a) 39.(d) 40.(d) 41.(d) 42.(b) 43.(b) 44.(b) 45.(c)
46. (b) 47.(b) 48.(c) 49.(d) 50.(b) 5L (c) 52 (b)

53. (a)~(s), (0)~(@), ()~(p), (A)~(r) 54. (a)~(1), (0)~(q), (c)~(p), (A)~s)

HINTS TO SOME SELECTED QUESTIONS

5. Let AB be the stick and AC be its shadow. E
Let DE be the tree and DF be its shadow.
AABC ~ ADEF.

@

125 m
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AB?=BD?+AD?
_ (1,7 2 1,0 2
—<2AB) +AD?= L AB?+ AD

= %ABZ = AD? = 3AB? = 4AD.

B D C

We know that the diagonals of a trapezium divide each other proportionally.
OA_OB _ 3x-1_2x+1

OC OD " 5x-3 6x-5

(Bx—1)(6x—5) = (5x—3)(2x+ 1)

18x*~21x+5=10x>~x~3 = 8x*~20x +8 =0

20 —5x+2=0=2x2—4x—x+2=0=2x(x—2)— (x—2) =0

U Ul

(x—2)2x-1)=0=x=2 or x:%-

But, x = % gives (6x —5) < 0 and the distance cannot be negative.

x=2.
Let AD be the bisector of ZA of AABC such that BD = DC. A

AB _BD _ -
Then, 7= =[5 =1= AB = AC.

So, the given triangle is isosceles.

B D C
ZA=180°—(70° +50°) = 60°.
. BD_AB . . .
Since DC = AC’ it means AD is the bisector of ZA.
ZBAD = (3 X 60°) = 30"
A
AABC ~ ABDE [ both are equilateral].
Also, BD = %BC = %AB [ Dis the midpoint of BC].
ar(AABC) _ AB* _ AB* _ 4
OW, ——pry =5 = == B C
ar(ABDE) BD? /1 2 1 D
(z48)
2B =180° - (30° +50°) = 100°. E

Since AABC ~ ADFE, we have «D = ZA = 30°, ZF = 4B = 100°
and ZE =ZC=50°. Let DE = x cm. Then,
AB_AC _ 5 _8

DF DE 75 x
8X7.5 _
5

Hence, DE =12 cm and £ F = 100°.

5x=8X75=>x= 12.
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32. In ADBA and ADAC, we have A
Z/ADB=/CDA =90°, ZABD = ZCAD =90° — £C
and ZBAD =ZACD =90° - ZB.
BD _AD
ADBA ~ ADAC = AD - CD B D c

= BD-CD=AD".
33. In AABC, AC is the longest side.
AB%+BC? = {(64/3)%+ 62} cm? = (108 + 36) cm? = 144 cm? = (12 cm)? = AC2.
by the converse of Pythagoras’ theorem, we have ZB =90°.

34. Clearly, B~ D,A < EandC < F B D
/B =/D.
A C E F
35. /D =/Q, /E=/Rand <F = /P. D Q
DE _ DF _ EF .
ADEF ~ AQRP = =5 OR~ PO~ RP
DE _EF . E F R P
PQ =RpP is not true.

36. Since AABC ~ AEDF and AABC is not similar to ADEF, so

ﬁ:ﬁ%ﬁBC DE = AB- EF is not true.

37. AABC ~ ADEF [by AA-similarity].
But AABC and ADEF are not congruent since their corresponding sides AB and DE

are not equal.

AB _BC _CA

38. =5 OR ﬁ @éB R, A< QandC < P.
APQR ~ ACAB.
s, 2POR) _ OR? _<Q_R>2_ 32_9.
“ar(AABC)  pc?  \BC _<2) T4
AD _AE _ 1
42. Clearly, =+ AB - AC 2 and ZA = ZA (common).
AABC ~ AADE  [by SAS-similarity].
AB 2v _4_ .
ar(AABC): ar(AADE) = ( ) (T) ={=4:1
m (@) :ar@ABC):&:(g) AB _6.
"\DE) ~ar(aDEF) 49 \7) " DE 7

the ratio of the corresponding sidesis 6 : 7.
45. The two triangles have corresponding angles equal and so they are similar.

the ratio of their areas is equal to the ratio of the squares of their corresponding
sides but the ratio of their corresponding sides is equal to the ratio of their

corresponding altitudes (or heights).
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So, the ratio of their areas is equal to the ratio of the squares of their heights.

: : _25_5°
Now, ratio of their areas = 36 P

= ratio of their heights = %

46. ar(AQRP) = ar (APQR).

ar(AABC) 9 32 BC 3 ...
r@ORP) 4= 52 " RP™2 [~ AABC ~ AQRP]

= PR=%><BC=%><15cm=10cm.
48. In AOAC and AODB, we have
ZAOC=2/DOB (ver. opp. £) and ZOAC = ZODB (4 in the same segment).

oC _0A _ AC
OC _ OB .. -
m:@:1$OC:OA [ OB:OD(glven)].
Clearly, OA+OD.
OA AC
@:ﬁlﬁﬁ:ﬁ]ﬁACiBD.

AOAC and AODB are isosceles and similar.
49. AB*=2AC*= AC?>+AC?*=BC?+AC? [ AC=BC].
by converse of Pythagoras’ theorem, we have ZC =90°.
50. AC is the longest side of AABC.
AB%+BC? =162 +12% = 256 + 144 = 400 = 20* = AC>.
ZB=90" [by the converse of Pythagoras’ theorem].
51. (a) Two similar triangles need not be congruent.

(b) Similar figures need not be of the same size.

(c) Itis clearly true.

(d) Two polygons are similar only when their corresponding angles are equal and

their corresponding sides are proportional.

53. (a) Let AE = x cm. Then, EC = (5.6 — x) cm. A
AD _AE 3 __x
DB EC 5 56-«x
3(5.6—x)=5x = 8x=3X5.6
_3X56_16.8 _
xX= 8 —_8 —21 B
) AB_BC 3 8 =12 ma-a
ar(AABC) _BC _ 9 _BC® _ (32 _(BCY
(c) ar(APQR) _QRZ 16_QR2 ( ) _<QR>
BC _3 _4 (4 =
QR_4:>QR_3XBC <3><4.5)cm 6 cm.

4
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OA _OB _ 2x+4 _9x-21
(d) AOAB ~ AOCD = OC=0D " -1~ 3

=  6x+12=18x2-51x+21 = 18x*~57x+9=0

—  6x2-19x+3=0= (x-3)6x-1)=0= x=3 or x=%-
But, x = % makes (2x —1) < 0. So, we reject it.
x=3.
The correct answer is: (a)—(s), (b)-(q), (c)—(p), (d)—(x).
54. (a) Let OA =10 m and AB = 20 m. Then, North
OB? = 0A?+ AB? = {(10)?+ (20)%} m? = 500 m? !
= OB =500 m=y5x100 m=10/5 m. B
3 3
ga = (g X 10) cm = Sﬁ cm.

(c) Area = @az = (@ X 10X 10) cm? =254/3 cm?.

(b) Altitude = 20m

o fom A T Eest

(d) d*>=(82+6%)m?= (64 +36)m>=100m? = d = y100 m = 10 m.
Then, the correct answer is: (a)—(r), (b)-(q), (¢)—(p), (d)—(s).

TEST YOURSELF

MCQ

1. AABC ~ ADEF and their perimeters are 32 cm and 24 cm respectively.
If AB=10 cm then DE =?
(a) 8 cm (b) 7.5 cm (c) 15cm (d) 5v/3 cm
2. In the given figure, DE||BC. If DE=5cm, A
BC=8cmand AD =3.5cm then AB=7?
(a) 5.6 cm (b) 4.8 cm
(c) 5.2cm (d) 6.4 cm B c
3. Two poles of height 6 m and 11 m stand vertically upright on a plane
ground. If the distance between their feet is 12 m then the distance
between their tops is
(a) 12m (b) 13m (c) 14m (d) 15m
4. The areas of two similar triangles are 25 cm? and 36 cm? respectively. If

the altitude of the first triangle is 3.5 cm then the corresponding altitude
of the other triangle is

(a) 5.6 cm (b) 6.3 cm (c) 42 cm (d) 7cm
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Short-Answer Questions

5.
6.

If AABC ~ ADEF such that 2AB = DE and BC = 6 c¢m, find EF.

In the given figure, DE||BC such that A
AD=xcm,DB=(3x+4)cm, AE = (x+3)cm
and EC = (3x +19) cm. Find the value of x. D E
B C
. A ladder 10 m long reaches the window of a house 8 m above the

ground. Find the distance of the foot of the ladder from the base of
the wall.

. Find the length of the altitude of an equilateral triangle of side 2a cm.

9. AABC ~ ADEF such that ar(AABC) = 64 cm? and ar (ADEF) = 169 cm?.

10.

11.

12.

13.

14.

15.

16.

If BC =4 cm, find EF.

In a trapezium ABCD, it is given that AB||CD and AB=2CD. Its
diagonals AC and BD intersect at the point O such that
ar(AAOB) = 84 cm?. Find ar (ACOD).

The corresponding sides of two similar triangles are in the ratio 2 : 3.
If the area of the smaller triangle is 48 cm?, find the area of the larger

triangle.
In the given figure, LM ||CB and LN || CD. M
AM _ AN B
Prove that AB ~ AD
L A
D
N

Prove that the internal bisector of an angle of a triangle divides the
opposite side internally in the ratio of the sides containing the angle.

3
In an equilateral triangle with side a, prove that area = %az.

Find the length of each side of a rhombus whose diagonals are 24 cm
and 10 cm long.

Prove that the ratio of the perimeters of two similar triangles is the
same as the ratio of their corresponding sides.
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Long-Answer Questions

17. In the given figure, AABC and ADBC have

the same base BC. If AD and BC intersect at
ar(AABC) _ A0 )
ar(ADBC) DO

}

O, prove that

L

<

18. In the given figure, XY || AC and XY divides

AABC into two regions, equal in area. Show

AX _(242),
AB 2

that

N

@
<
(¢}

19. In the given figure, AABC is an obtuse triangle,
obtuse-angled at B. If AD L CB (produced)
prove that AC> = AB*+BC>+2BC - BD.

L

20. In the given figure, each one of PA, QB and

T

RC is perpendicular to AC. If AP=x,QB =z,
RC=y, AB=a and BC=b, show that X

g
< Py

Lefat
y A a B b C
ANSWERS (TEST YOURSELF)
1. (b) 2.(@) 3.(b) 4(c) 5 12cm 6.x=2 7. 6m
8. Y3acm 9. 6.5cm 10. 21 cm? 11. 108 cm? 15. 13 cm

<
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